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On pairs of geometric foliations on a cuspidal edge

Kentaro Saji

Abstract.

We study the topological configurations of the lines of principal
curvature, the asymptotic and characteristic curves on a cuspidal edge,
in the domain of a parametrization of this surface as well as on the
surface itself. Such configurations are determined by the 3-jets of a
parametrization of the surface.

§1. Introduction and preliminaries about cuspidal edges

A singular point x of a map f : (R2, x) → (R3, 0) is called a cuspidal
edge if the map-germ f at x is A-equivalent to (u, v) �→ (u, v2, v3) at
0. (Two map-germs f1, f2 : (Rn, 0) → (Rm, 0) are A-equivalent if there
exist diffeomorphisms S : (Rn, 0) → (Rn, 0) and T : (Rm, 0) → (Rm, 0)
such that f2 ◦S = T ◦f1.) If the singular point x of f is a cuspidal edge,
then f at x is a front in the sense of [1] (see also [21]), and furthermore,
they are one of two types of generic singularities of fronts (the other one
is a swallowtail which is a singular point u of f satisfying that f at u is
A-equivalent to (u, v) �→ (u, u2v + 3u4, 2uv + 4u3) at 0).

It is shown in [22] that a cuspidal edge can locally be parametrized
after smooth changes of coordinates in the source and isometries in the

Received May 31, 2016.
Revised January 23, 2017.
2010 Mathematics Subject Classification. Primary 53A05, 58F14;

Secondary 58K05, 34A09, 53C03, 58F10, 58F18.
Key words and phrases. Cuspidal edge, principal configuration, lines of

curvature.
Partly supported by the Japan Society for the Promotion of Science (JSPS)

and the Coordenadoria de Aperfeiçoamento de Pessoal de Nı́vel Superior under
the Japan-Brazil research cooperative program and the Grant-in-Aid for Scien-
tific Research (Young Scientists (B)) No. 26400087, from JSPS.



412 K. Saji

target by

(1.1) f(u, v) =

(
u, a1(u) +

v2

2
, b2(u) + v2b3(u) + v3b4(u, v)

)
,

where a1(u), b2(u), b3(u), b4(u, v) are C∞-functions satisfying a1(0) =
a′1(0) = b2(0) = b′2(0) = b3(0) = 0, b′′2(0) > 0, b4(0, 0) �= 0. Writing
a1(u) = a20u

2/2 + a30u
3/6 + u4h1(u), b2(u) = b20u

2/2 + b30u
3/6 +

u4h2(u), b3(u) = b12u/2+u2h3(u), b4(u, v) = b03/6+uh4(u)+vh5(u, v),
we have

(1.2)
f(u, v) =

(
u,

a20
2

u2 +
a30
6

u3 +
v2

2
,

b20
2

u2 +
b30
6

u3 +
b12
2

uv2 +
b03
6

v3
)
+ h(u, v),

where b03 �= 0, b20 ≥ 0 and

h(u, v) =
(
0, u4h1(u), u

4h2(u) + u2v2h3(u) + uv3h4(u) + v4h5(u, v)
)
,

with h1(u), h2(u), h3(u), h4(u), h5(u, v) smooth functions. Several dif-
ferential geometric invariants of cuspidal edges are investigated ([20, 22,
23, 25, 27, 28]), and coefficients of (1.2) are such invariants. According
to [22], it is known that a20 coincides with the singular curvature κs, b20
coincides with the limiting normal curvature κν , b03 coincides with the
cuspidal curvature κc and b12 coincides with the cusp-directional torsion
κt at the origin. The singular curvature is the geodesic curvature of the
singular set with sign, and the limiting normal curvature is the normal
curvature of the singular set, and they relates to the shape of cuspidal
edge (see [28]). The cuspidal curvature measures the wideness of the
cusp, and the cusp-directional torsion measures the rotating ratio of the
cusp along the singular set (see [22, 23]).

On the other hand, let U ⊂ R2 be an open subset and (u, v) a
coordinate system on U . Let

(1.3) ω = a(u, v)dv2 + 2b(u, v)dudv + c(u, v)du2

be a 2-tensor on U , where a, b, c are smooth functions, called the co-
efficients of ω. We call ω = 0 a binary differential equation (BDE )
corresponding to ω. If b2 − ac > 0 at x ∈ U , then ω(x) = 0 defines
two directions in TxU , and integral curves of these directions for two
smooth and transverse foliations, called foliations with respect to ω. If
b2−ac = 0 at x ∈ U , then generically ω(x) = 0 defines a single direction,
and the integral curves form in general a family of cusps. Thus we are
mainly interested in behavior of integral curves of a BDE near a point
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where b2 − ac vanishes. We call discriminant of a BDE the set where
b2 − ac = 0. If the single direction is transverse to the discriminant,
then the BDE is equivalent to dv2 + udu2 = 0 ([7, 8]). The normal
form for the stable cases when the single direction is tangent to the
discriminant is obtained in [9, 10]. Topological classifications of generic
families of BDEs are obtained in [3, 5, 6, 26, 29, 32]. On the other hand,
BDEs as geometric foliations on surfaces in three space is studied in
[2, 12, 15, 16, 17, 29]. See [11, 18, 19] for other approaches for geometric
foliations.

In this paper, following [12, 13, 15, 26, 29], we stick to special BDEs
from differential geometry of surface inR3. There are three fundamental
BDEs on a regular surface in R3. Let f : (R2, 0) → (R3, 0) be a regular
surface with a unit normal vector field ν. Let ωlc, ωas and ωch be
2-tensors defined by

ωlc = (EM − FL)dv2 + (EN −GL)dudv + (FN −GM)du2,
ωas = N dv2 + 2M dudv + Ldu2,
ωch =

(
2M(GM − FN)−N(GL− EN)

)
dv2

+ 2
(
M(GL+ EN)− 2FLN

)
dudv

+
(
L(GL− EN)− 2M(FL− EM)

)
du2,

where (u, v) is a coordinate system on (R2, 0), and(
E F
F G

)
=

(〈fu, fu〉 〈fu, fv〉
〈fv, fu〉 〈fv, fv〉

)
,

(
L M
M N

)
=

(〈fuu, ν〉 〈fuv, ν〉
〈fuv, ν〉 〈fvv, ν〉

)
,

where 〈 , 〉 stands for the standard inner product of R3. Each integral
curve of the foliations with respect to ωlc is called a line of curvature,
each integral curve with respect to ωas is called an asymptotic curve
and each integral curve with respect to ωch is called a characteristic
curve or harmonic mean curvature curve. Asymptotic curves appear
only on a domain where the Gaussian curvature K of f is non-negative,
and characteristic curves appear only on a domain where the Gaussian
curvature K of f is non-positive. Since ωch = 0 can be deformed as

(NH −GK) dv2 + 2(MH − FK) dudv + (LH − EK) du2 = 0

⇔ N dv2 + 2M dudv + Ldu2

Gdv2 + 2F dudv + E du2
=

K

H

(
=

2

κ−1
1 + κ−1

2

)
,

where K is the Gaussian curvature, H is the mean curvature, and κ1,
κ2 are the principal curvatures of f , we see that along the characteristic
curve, the normal curvature of it is equal to the harmonic mean of the
principal curvatures (see [13], for example).
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§2. Preliminaries on BDEs

In this section, following [5, 6], we introduce a method to study
the configurations of the solution curves of a BDE. Let ω(u, v) be the
2-tensor on (U ; (u, v)) ⊂ R2 as in (1.3). If (a, b, c) �= (0, 0, 0) at x ∈ U ,
then ω is called of Type 1 at x, and if (a, b, c) = (0, 0, 0) at x ∈ U , then
ω is called of Type 2 at x. If ω is of Type 2 at x, then δ = b2 − ac has a
critical point at x. Since we are interested in local behavior of ω, we set
x = (0, 0). If ω is of Type 1, then ω defines a single direction at points
on Δ, and if it is of Type 2, then all directions in the plane are solutions
of ω = 0 at that point. Moreover, if ω is of Type 2 at x, then Δ is not a
smooth curve. We are interested in the configurations of the foliations
of ω = 0. We define the following equivalence.

Definition 2.1. Two binary differential equations ω1 = 0 and ω2 =
0 are equivalent if there exist a diffeomorphism germ Φ : (R2, 0) →
(R2, 0) and a non-zero function ρ : (R2, 0) → R such that ρ

(
Φ∗ω1

)
= ω2

holds. If Φ is a homeomorphism such that Φ takes the integral curves
of ω1 to those of ω2, they are called topologically equivalent.

If two binary differential equations are equivalent then the config-
urations of their foliations can be regarded the same. To obtain the
topological configurations, we use the following method developed in
[5, 6, 12, 15, 29, 30]. We separate our consideration into the following
three cases:

• Case 1: (a(0), b(0), c(0)) �= (0, 0, 0) and δ(0) �= 0 (Type 1).
• Case 2: (a(0), b(0), c(0)) �= (0, 0, 0) and δ(0) = 0 (Type 1).
• Case 3: (a(0), b(0), c(0)) = (0, 0, 0) (Type 2).

Consider the associated surface to ω

M = {(u, v, [α, β]) ∈ (R2, 0)×RP 1 | aβ2 + 2bαβ + cα2 = 0}.
Then M is a smooth manifold if b2 − ac �= 0, or if au + 2bup+ cup

2 = 0
and av + 2bvp + cvp

2 = 0 do not have any common root. The second
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condition is equivalent to

(2.1) det

⎛
⎜⎜⎝
au 2bu cu 0
0 au 2bu cu
av 2bv cv 0
0 av 2bv cv

⎞
⎟⎟⎠(0) �= 0.

Consider the projection π : M → R2, π(u, v, [α : β]) = (u, v). Then
π−1(u, v) consists of two points if b2−ac > 0, and is empty if b2−ac < 0.
Let us set p = β/α (we need to consider the case q = α/β for some
cases) and F(u, v, p) = ap2 + 2bp + c. If Fp(0) �= 0, then π is a local
diffeomorphism, and if Fp(0) = 0 and Fpp(0) �= 0 hold, then π is a

fold (a map-germ h : (R2, 0) → (R2, 0) is a fold if h is A-equivalent to
(u, v) �→ (u, v2)). Let us consider the vector field

ξ(u, v, p) = pFp(u, v, p)∂u+Fp(u, v, p)∂v−
(
pFu(u, v, p)+Fv(u, v, p)

)
∂p.

Then ξ is tangent to M, and the projections dπ(ξ1), dπ(ξ2) satisfy

ω(dπ(ξi), dπ(ξi)) = 0 (i = 1, 2),

where ξi = ξ(u, v, pi) and π−1(u, v) = {(u, v, p1), (u, v, p2)}, or π−1(u, v)
= {(u, v, p1)}. To study geometric the foliations of ω, we use ξ on M.

2.1. Case 1

We assume that b2 − ac > 0 at 0. Then one can easily see that
the BDE (1.3) is equivalent to a BDE a dv2 + 2b dudv + c du2 = 0
which satisfies (a(0, 0), b(0, 0), c(0, 0)) = (1, 0,−1). Furthermore, it holds
that for any k > 0, a BDE a dv2 + 2b dudv + c du2 = 0 which satis-
fies (a(0, 0), b(0, 0), c(0, 0)) = (1, 0,−1) is equivalent to a BDE a dv2 +
2b dudv+c du2 = 0 whose k-jet of (a, b, c) at (0, 0) is (1, 0,−1), moreover,
it is equivalent to a BDE

(2.2) ωreg = dv2 − du2 = 0

([6, Proposition 4.4]). Therefore the configuration is a pair of transverse
smooth foliations.

2.2. Case 2

We consider the case 2, namely (a(0), b(0), c(0)) �= (0, 0, 0) and
δ(0) = 0.

Lemma 2.2. We assume that (a(0), b(0), c(0)) �= (0, 0, 0) and
δ(0) = 0. If ω as in (1.3) satisfies

j1(a, b, c)(0, 0) = (0, 0, α0) + (α1v, α2v, α3u+ α4v),
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then it is equivalent to a BDE a dv2+2b dudv+c du2 = 0 which satisfies
(j1a(0, 0), j1b(0, 0), j1c(0, 0)) = (1, 0, u) when α0α1 �= 0.

Proof. We assume that α0α1 �= 0. Consider u = V + β1U
2 +

β2V
2, v = U and R = 1 + β3U , where β1, β2, β3 ∈ R. Then Rω(U, V )

is given by(
α1U +O(2)

)
dV 2 +

(
2(α2 + 2α0β1)U +O(2)

)
dUdV

+
(
α0 + (α4 + α0β3)U + (α3 + 4α0β2)V +O(2)

)
dU2,

where O(2) stands for remainders of order 2. Setting β1 = −α2/(2α0),
β2 = −α3/(4α0) and β3 = −α4/α0, and re-scaling, we get the desired
result. Q.E.D.

Any BDE of the form (1.3) with (j1a(0, 0), j1b(0, 0), j1c(0, 0)) = (1, 0, u)
is smoothly equivalent to

(2.3) ωcusp = dv2 + u du2 = 0

([8], see also [6, Section 4.2], [30, Proposition 3.3-2]). The solutions form
a family of cusps.

2.3. Case 3

We assume (a(0), b(0), c(0)) = (0, 0, 0). In this case, δ has a critical
point at 0. We assume M is a smooth manifold. Since Fp(0, 0, p) = 0
holds, ξ has a zero at (0, 0, p) if and only if pFu(0, 0, p)+Fv(0, 0, p) = 0.
This is a cubic equation for p. Set

(2.4) ϕω(p) = ϕ(p) = pFu(0, 0, p) + Fv(0, 0, p).

Let Dω = D denotes the discriminant of this equation. If D > 0 then
ϕ(p) = 0 has three distinct real roots, and if D < 0 then ϕ(p) = 0 has
one real and two distinct imaginary roots.

When D > 0, let p1, p2, p3 be the solutions of ϕ(p) = 0 and
p1 < p2 < p3. When D < 0, let p1 be the solution of ϕ(p) = 0. If
ϕ(0) = Fv(0, 0, 0) = av(0) �= 0 then pi �= 0 (i = 1, 2, 3 or i = 1) holds.
We need to understand the singularity of ξ near pi. If Fu(0, 0, pi) �= 0,
then M is parameterized by v as (u(v, p), v, p) near (0, 0, pi). We denote
the linear part of ξ by

j1ξ(0, 0, pi) =
(
ξ11v + ξ12(p− pi)

)
∂v +

(
ξ21v + ξ22(p− pi)

)
∂p.

Also we remark that since F(u(v, p), v, p) ≡ 0, it holds that Fuuv+Fv ≡
0, where ≡ means that the equality holds identically. On the other hand,
pi is a solution of ϕ(p) = 0, and ϕ(p) = pFu + Fv, we have

uv(0, pi) = pi.
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Furthermore, Fp = 0 at (u, v) = (0, 0), it holds that up = 0 at (v, p) =
(0, pi). We have

ξ11 = Fupuv + Fpv

ξ12 = Fupup + Fpp

= 0 (at (0, 0, pi))
ξ22 = −(Fu + pFuuup + pFup + Fuvup + Fvp)

Thus the eigenvalues of the linear part of ξ are
(2.5)
α(pi) = Fupuv+Fpv and−ϕ′(pi) = −(Fu+pFuuup+pFup+Fuvup+Fvp).

The configuration of the integral curves of ω is determined by these
information. The following theorem is known. Let detHess δ(0, 0) be
the determinant of the Hesse matrix of δ(u, v) at (0, 0).

Theorem 2.3. [5, Theorem 4.1] Let ω be a 2-tensor as in (1.3)
and satisfies (a, b, c)(0) = (0, 0, 0), detHess δ(0, 0) < 0, D �= 0 and ϕ(p)
and α(p) do not have any common roots. Then the BDE ω = 0 is
topologically equivalent to one of the following BDEs:

• The case D > 0 : (Then ϕ(p) = 0 has 3 roots p1, p2, p3.)
– ω3s = vdv2 + 2ududv + vdu2 = 0 (3 saddles) when

−ϕ′(pi)α(pi) are negative for all i = 1, 2, 3.
– ω2s1n = vdv2 + 2(v − u)dudv + vdu2 = 0 (2 saddles + 1

node) when −ϕ′(pi)α(pi) are two negative and one posi-
tive for i = 1, 2, 3.

– ω1s2n = 3vdv2−4ududv+3vdu2 = 0 (1 saddle + 2 nodes)
when −ϕ′(pi)α(pi) are one negative and two positive for
i = 1, 2, 3.

• The case D < 0 : (Then ϕ(p) = 0 has 1 root p1.)
– ω1s = vdv2 + 2ududv + vdu2 = 0 (1 saddle) when

−ϕ′(p1)α(p1) is positive.
– ω1n = 2vdv2 − ududv + 2vdu2 = 0 (1 node) when

−ϕ′(p1)α(p1) is negative.

Note that in the case of D > 0, all −ϕ′(pi)α(pi) i = 1, 2, 3 cannot be
positive, see [5]. The integral curves of the above BDEs are in Figures
1, 2, 3 which are taken from [5].

§3. Geometric binary differential equations on a cuspidal edge

Let f : (R2, 0) → (R3, 0) be a parametrization of a cuspidal edge.
We take f as in (1.2). Then the coefficients of the first fundamental
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Fig. 1. Integral curves of ωreg and ωcusp.

Fig. 2. Integral curves of ω3s, ω2s1n and ω1s2n. Here and
in the rest of the paper, the dashed curves are sep-
aratrices, i.e., they are integral curves that separate
distinct topological sectors.

Fig. 3. Integral curves of ω1s and ω1n.

form of the cuspidal edge with respect to f are

(3.1)

E = 1 + (a220 + b220)u
2 + (a20a30 + b20b30)u

3 + b12b20uv
2

+
1

4

(
a230 + b230 + 2a20p(0) + 2b20q1(0)

)
u4

+
1

2

(
b12b30 + 8b20q2(0)

)
u2v2 + 2b20q3(0)uv

3

+
1

4
b212v

4 +O(5),
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(3.2)

F = a20uv +

(
1

2
a30 + b12b20

)
u2v +

1

2
b03b20uv

2

+
1

4
b03b12v

4 +

(
1

2
b212 + 4b20q4(0, 0)

)
uv3

+
1

4

(
b03b30 + 12b20q3(0)

)
u2v2

+

(
1

2
b12b30 + 4p(0) + 2b20q2(0)

)
u3v +O(5),

(3.3) G = v2 +
1

4
b203v

4 + b03b12uv
3 + b212u

2v2 +O(5),

where O(n) stands for remainders of order n (n = 1, 2, . . .). Since f
is as in (1.2), we see fu × (fv/v) �= 0. We set ν2 = fu × (fv/v), and
L2 = 〈fuu, ν2〉, M2 = 〈fuv, ν2〉, N2 = 〈fvv, ν2〉. Then we have:

(3.4)

L2 = b20 + (b30 − a20b12)u− 1

2
a20b03v

− (
a30b12 − 12q1(0) + 2a20q2(0)

)
u2

− (
a30b03 + 6a20q3(0)

)
uv

+
(
2q2(0)− 4a20q4(0, 0)

)
v2 +O(3)

M2 = b12v + 4q2(0)uv + 3q3(0)v
2 +O(3)

N2 =
1

2
b03v + 3q3(0)uv + 8q4(0, 0)v

2 +O(3).

We have L2 = L|ν2|, M2 = M |ν2|, N2 = N |ν2|. It should be remarked

that there exist C∞-functions F̃ , G̃, Ñ , M̃ such that G = v2G̃, F = vF̃ ,

N2 = vÑ and M2 = vM̃ holds. We set

(3.5) Ẽ = E, F̃ =
F

v
, G̃ =

G

v2
, L̃ = L2, M̃ =

M2

v
, Ñ =

N2

v
.

3.1. Lines of principal curvature

In this subsection we consider the BDE ωlc = 0. Using (3.5), ωlc = 0
is equivalent to

v2
(
F̃ Ñ − vG̃M̃

)
dv2+v

(
ẼÑ − v2G̃L̃

)
dudv+v

(
ẼM̃ − F̃ L̃

)
du2 = 0.

To determine the topological configuration of ωlc = 0, we factor out v
and consider ω̃lc = 0, where

ω̃lc = v
(
F̃ Ñ − vG̃M̃

)
dv2 +

(
ẼÑ − v2G̃L̃

)
dudv +

(
ẼM̃ − F̃ L̃

)
du2.
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We have the following proposition.

Proposition 3.1. The BDE ω̃lc = 0 is equivalent to the BDE
ωreg = 0.

This proposition implies that the lines of principal curvature of a
cuspidal edge form a pair of smooth and transverse foliations in the
domain of a parametrization.

Proof of Proposition 3.1. Set

(a, b, c) =

(
vF̃ Ñ − v2G̃M̃ ,

1

2

(
ẼÑ − vG̃L̃

)
, ẼM̃ − F̃ L̃

)
.

Then since b(0) = Ẽ(0)Ñ(0), Ẽ(0) = 〈fu, fu〉 (0) �= 0 and Ñ(0) =
〈fvvv, ν2〉 (0) = b03 �= 0 hold, ω̃lc is as in Case 1. Moreover, since a(0) = 0
and b(0) �= 0, we see that b2 − ac > 0 at 0. Hence ω̃lc is equivalent to
ωreg = 0 (See Section 2.1). Q.E.D.

The fact of the existence of the curvature line coordinate system at
cuspidal edge is also shown in [24].

An example of picture of this configuration on the cuspidal edges is
in Figures 4. Since one family of the integral curves are tangent to the
null direction on singular curve, one family of the integral curves near
singular curve form the (2, 3)-cusps. A map-germ (R, 0) → (R3, 0) is an
(2, 3)-cusp if it is A-equivalent to t �→ (t2, t3).

Fig. 4. Integral curves of ω̃lc on images of cuspidal edges.

3.2. Asymptotic curves

In this subsection we consider ωas = 0, and it is equivalent to ω̃as =
N2 dv

2 +2M2 dudv+N2 du
2 = 0. Since M2(u, 0) = 0, and N2(u, 0) = 0,
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the singular set i.e., the cuspidal edge curve is part of discriminant of
ω̃as = 0, and, ∂v is a solution to ω̃as = 0 on the singular set. By (3.4),

(3.6)

δ(u, v) = −1

2
b20b03v +

(
1

4
a20b

2
03 + b212 − 8b20q4(0, 0)

)
v2

+
1

2
b03

(
a20b12 − b30 − 2b20q3(0)

)
uv

+
(
− b03q2(0) + 6b12q3(0)

+ 6a20b03q4(0, 0)− 7b20(q4)v(0, 0)
)
v3

+

(
1

4
a30b

2
03 + 3a20b03q3(0)− 8b30q4(0, 0)

+ 8b12q2(0) + 8a20b12q4(0, 0)

)
uv2

+

(
1

2
a30b03b12 − 6b03q1(0) + a20b03q2(0)

+ 3a20b12q3(0)− 3b30q3(0)

)
u2v +O(4).

Thus if b20 �= 0, then the BDE is in Case 2. In this case, by (3.4), ωas = 0
is equivalent to ωcusp = 0 (see Subsection 2.2). By [28, Corollary 3.6],
b20 �= 0 implies that the Gaussian curvature is unbounded and changes
sign between the two sides of the cuspidal edge. This means that in this
case, the singular set of cuspidal edge plays the same role as the parabolic
curve on regular surfaces. Since b20 �= 0, then the BDE is ωcusp = 0,
this implies that the folded saddle, the folded node, the folded focus in
Davydov’s classification [9] (see also [30, Section 3.2]) does not appear
not only cuspidal edges, but also all singularities written in the form
(1.1) (for instance, cuspidal cross cap).

We assume now b20 = 0. Then the BDE is in Case 3. We have the
following. If a20b12 − b30 �= 0, then δ is a Morse function near 0. We
study the geometric foliation near 0 as in Subsection 2.3. We consider

F(u, v, p) = N2 + 2M2p+ L2p
2.

Then we have

(Fu,Fv,Fp)(u, v, p) =
(
(N2)u + 2(M2)up+ (L2)up

2,
(N2)v + 2(M2)vp+ (L2)vp

2, 2M2 + 2L2p
)
,

(Fu,Fv,Fp)(0, 0, p) =
(
(L2)up

2, (N2)v + 2(M2)vp+ (L2)vp
2, 2Lp

)
=

((
b30 − a20b12

)
p2,

1

2

(
b03 + 4b12p− a20b03p

2
)
, 0

)
.
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In this case, the left hand side of (2.1) is (b30 − a20b12)
2b203/4. Thus if

b30 − a20b12 �= 0 at 0, then M = {F = 0} is a smooth manifold. We
have ϕas = ϕωas and Das = Dωas defined in Subsection 2.3 as follows

ϕas(p) = (b30 − a20b12)p
3 − 1

2
a20b03p

2 + 2b12p+
1

2
b03,

4Das = a320b
4
03 + 13a220b

2
03b

2
12 − b30(128b

3
12 + 27b203b30)

+ 2a20(64b
4
12 + 9b203b12b30).

Furthermore, α(p) is given by

α(p) = 2(b30 − a20b12)p
2 − a20b03p+ 2b12.

If pi is a solution of ϕas(p) = 0 and pα(p) − 2ϕas(p) = −b03 − 2b12p
holds, then α(pi) �= 0 if and only if −b03 − 2b12pi �= 0. Assume that
b12 �= 0. Substituting p = −b03/(2b12) into ϕas(p), we get

ϕas

(−b03
2b12

)
= − 1

8b312
b03

(
4 + b203b30

)
.

If b12 = 0, then pα(p) − 2ϕas(p) = −b03 �= 0. Since we assume that
b30 − a20b12 �= 0, if b12 = 0 then b30 �= 0. Thus we get α(pi) �= 0 if and
only if

4b312 + b203b30 �= 0.

We can now use Theorem 2.3 to obtain the following result.

Proposition 3.2. If b20 �= 0, then ωas is equivalent to ωcusp = 0.
If b20 = 0, b30 − a20b12 �= 0, Das �= 0 and 4b312 + b203b30 �= 0, then

ωas is topologically equivalent to one of the following :

• The case Das > 0 : (Then ϕas(p) = 0 has 3 roots p1, p2, p3)
– ω3s (−ϕ′

as(pi)α(pi) are negative for all i = 1, 2, 3).
– ω2s1n (−ϕ′

as(pi)α(pi) are two negative and one positive
for i = 1, 2, 3).

– ω1s2n (−ϕ′
as(pi)α(pi) are one negative and two positive

for i = 1, 2, 3).
• The case Das < 0 : (Then ϕas(p) = 0 has 1 root p1)

– ω1s (−ϕ′
as(p1)α(p1) is negative).

– ω1n (−ϕ′
as(p1)α(p1) is positive).

Remark 3.3. We observe that by the Proposition 3.2, b20, b30 −
a20b12 and 4b312 + b203b30 have geometric meanings. In fact, b20 is the
limiting normal curvature and b30−a20b12 coincides with the derivation
of limiting normal curvature (see [23]). The invariant 4b312 + b203b30 is
related to the singularities of parallel surfaces of the cuspidal edge (see
[31, Lemma 3.1]).
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3.3. Characteristic curves

We consider the BDE ωch = 0. Using (3.5), we show that ωch = 0
is equivalent to v(a dv2 + 2b dudv + c du2) = 0, where

a = v
(
ẼÑ2 +

(− G̃L̃Ñ − 2F̃ M̃Ñ
)
v + 2G̃M̃2v2

)
b = v

(− 2F̃ L̃Ñ + ẼM̃Ñ + G̃L̃M̃v
)

c = −ẼL̃Ñ +
(
G̃L̃2 − 2F̃ L̃M̃ + 2ẼM̃2

)
v.

We factor out v, so ωch = 0 is topologically equivalent to ω̃ch = a dv2 +
2b dudv + c du2 = 0. Since a(u, 0) = 0, and b(u, 0) = 0, the singular set
is a part of discriminant of ω̃ch = 0, and ∂v is a solution to ω̃ch = 0 on
the singular set. The function δ = b2 − ac is given by

v
[
Ẽ2L̃Ñ3 +

(
4F̃ 2L̃2 − 2ẼG̃L̃2 − 4ẼF̃ L̃M̃ − 2Ẽ2M̃2

)
Ñ2v

+
(− G̃2L̃3 − 4F̃ G̃L̃2M̃ − 4F̃ 2L̃M̃2 + 6ẼG̃L̃M̃2 + 4ẼF̃ M̃3

)
Ñv2

+
(
G̃L̃2 − 4F̃ L̃M̃ + 4ẼM̃2

)
G̃M̃2v3

]
.

When f is taken as in (1.2), we have

a =
1

4
b203v +O(2),

b =
1

2
b12b03v +O(2),

c = −1

2
b20b03 +

1

2

(
a20b12b03 − b30b03 − 6b20q3(0)

)
u

+
1

4

[
a20b

2
03 + 8b212 + 4b20

(
b20 − 8q4(0, 0)

)]
v +O(2),

δ =
1

8
b303b20v +

1

8
b203

(− a20b03b12 + b03b30 + 18b20q3(0)
)
uv

− 1

16
b203

[
a20b

2
03 + 4

[
b212 + 2b20

(
b20 − 12q4(0, 0)

)]]
v2 +O(3).

Since b03 �= 0, if b20 �= 0, then ω̃ch is as in Case 2, and if b20 = 0, then it
is as in Case 3. In the following, we divide our consideration into these
two cases.

The case b20 �= 0 : By the argument in Subsection 2.2, ω̃ch = 0 is
equivalent to ωcusp = 0. In this case, by (3.4), ωas = 0 is equivalent to
ωcusp = 0 (see Subsection 2.2). Like as the case of ωas = 0, the singular
set of cuspidal edge plays the same role as the parabolic curve on regular
surfaces. Moreover, the folded saddle, the folded node, the folded focus
do not appear.
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The case b20 = 0 : The left hand side of (2.1) is b603(a20b12−b30)
2/64.

Thus M is a smooth manifold if a20b12 − b30 �= 0 at 0. Furthermore,
δ is of Morse type if and only if a20b12 − b30 �= 0. This is exactly
the same conditions as the case of asymptotic curves. We assume that
a20b12 − b30 �= 0. We need to consider F(u, v, p) = a + 2bp + cp2 and
ϕch(p) = (pFu + Fv)(0, 0, p). We have

(3.7)
4ϕch(p) = b203 + 4b03b12p

+ (a20b
2
03 + 8b212)p

2 + (2a20b03b12 − 2b03b30)p
3,

and the discriminant Dch = Dωch
of the cubic ϕch is given by

(3.8)

Dch = −b203
64

(
a320b

6
03 + 11a220b

4
03b

2
12

− 2a20(16b
2
03b

4
12 + 9b403b12b30)

+ 256b612 + 160b203b
3
12b30 + 27b403b

2
30

)
.

Furthermore, 4α is given by

4α(p) = 2b03(a20b12 − b30)p
2 + (a20b

2
03 + 8b212)p+ 2b12b03.

Then we have

(3.9)

4ϕ′
ch(p)α(p) = 4b203b

2
12 + 4b03b12(a20b

2
03 + 8b212)p

+ (a220b
4
03 + 26a20b

2
03b

2
12 + 64b412 − 10b203b12b30)p

2

+ 5b03(a20b
2
03 + 8b212)(a20b12 − b30)p

3

+ 6b203(−a20b12 + b30)
2p4,

and the condition that ϕch(p) and α(p) do not have any common roots
is given by 4b312 + b203b30 �= 0. We summerize the above discussion in the
following proposition.

Proposition 3.4. If b20 �= 0, then ωch is equivalent to ωcusp = 0.
If b20 = 0, b30 − a20b12 �= 0, Dch �= 0 and 4b312 + b203b30 �= 0, then

ωch is topologically equivalent to one of the following :

• The case Dch > 0 : (Then ϕch(p) = 0 has 3 roots p1, p2, p3)
– ω3s (−ϕ′

ch(pi)α(pi) are negative for all i = 1, 2, 3).
– ω2s1n (−ϕ′

ch(pi)α(pi) are two negative and one positive
for i = 1, 2, 3).

– ω1s2n (−ϕ′
ch(pi)α(pi) are one negative and two positive

for i = 1, 2, 3).
• The case Dch < 0 : (Then ϕch(p) = 0 has 1 root p1)

– ω1s (−ϕ′
ch(p1)α(p1) is negative).

– ω1n (−ϕ′
ch(p1)α(p1) is positive).
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Remark 3.5. We remark that if b12 = 0, then Das = Dch. Namely,
the configrations of foliations with respect to ωas and ωch are of the same
type.

Examples of pictures of these configrations on the cuspidal edges are
in Figures 5, 6 and 7. Since the integral curves emanate from singular
curve along the null direction, integral curves near the singular curve do
not form the (2, 3)-cusp but form the (3, 4)-cusps (see Appendix A).

Fig. 5. Integral curves of ωcusp on images of cuspidal edges.

Fig. 6. Integral curves of ω3s, ω2s1n and ω1s2n on images of
cuspidal edges.

§4. Generic foliations

In Propositions 3.2 and 3.4, all the conditions are written in terms
of the 3-jet of (1.2). We can state a genericity result for cuspidal edge.



426 K. Saji

Fig. 7. Integral curves of ω1s and ω1n on images of cuspidal
edges.

By (1.2), we identify the set of jets of parametrization of cuspidal edges
with (0, 0)

Ck =
{(

jka1(0), j
kb2(0), j

kb3(0), j
kb4(0, 0)

) ∈ Jk(1, 1)3 × Jk(2, 1)
∣∣∣

a1(0) = a′1(0) = b2(0) = b′2(0) = b3(0) = 0, b′2(0) > 0, b4(0, 0) �= 0
}
,

for k ≥ 3. With notation as before, consider

(a20, a30, . . . , b20, b30, . . . , b12, . . . , b03, . . .)

as a coordinate system of Ck (cf. (1.2)). Define a subset of Ck by

N = {b20 = 0, b30 − a20b12 = 0} ∪ {b20 = 0, Dasy = 0}
∪{b20 = 0, 4b312 − b203b30 = 0} ∪ {b20 = 0, Dhmc = 0}.

Then N is an algebaric subset of Ck of codimension 2. Since the singular
set of a cuspidal edge is a curve, generically it will avoid the set N . This
implies that for generic cuspidal edges the configuration of ωlc, ωas, ωch

are those in Propositions 3.1, 3.2, 3.4.

§Appendix A. Criteria for (3, 4) and (3, 4, 5)-cusp

In this section, we state criteria for (3, 4) and (3, 4, 5)-cusp. Set

c1(t) = (t3, t4, 0, . . . , 0), c2(t) = (t3, t4, t5, 0, . . . , 0),

and a map-germ γ : (R, 0) → (Rn, 0), where n ≥ 2 (respectively, n ≥ 3)
is called (3, 4)-cusp (respectively, (3, 4, 5)-cusp) if γ is A-equivalent to
the map-germ c1 (respectively, c2) at 0.
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Proposition A.1. A map-germ γ : (R, 0) → (Rn, 0), where n ≥ 3
(respectively, n ≥ 2) is (3, 4, 5)-cusp (respectively, (3, 4)-cusp) if and
only if

(i) γ′(0) = γ′′(0) = 0,
(ii) γ(3)(0), γ(4)(0) and γ(5)(0) are linearly independent (respectively,

linearly dependent, and γ(3)(0) and γ(4)(0) are linearly inde-
pendent) where ( )(i) = di/dti.

Although this proposition is known [4, 14], we give a sketch of proof
for the readers who are not familiar with it.

Proof. Since

Φ(γ(t))(i) = dΦ0(γ
(i)(0)) (i = 3, 4, 5)

holds for a map Φ : (Rn, 0) → (Rn, 0) under the assumption γ′(0) =
γ′′(0) = 0, it is obvious that the conditions do not depend on the pa-
rameter and the coordinate system on Rn.

To show the proposition, it is enough to show that (t3 + a1t
5, t4 +

a2t
5, a3t

5, 0, . . . , 0)+O(6) is A-equivalent to (t3, t4, a3t
5, 0, . . . , 0)+O(6),

where a1, a2, a3 ∈ R. Considering the parameter change t �→ t−a2t
2/4−

(16a1 + 3a22)t
3/48, it can be proved. Q.E.D.

Using Proposition A.1, we have the following:

Proposition A.2. Let f : (R2, 0) → (R3, 0) be a cuspidal edge and
γ : (R, 0) → (R2, 0) an ordinary cusp such that df0(γ

′′(0)) = 0. Then
γ̂ = f ◦ γ is a (3, 4)-cusp at 0.

Proof. Without loss of generality, one can assume that f is given
by the form (1.2), and γ(t) = (t3 + a4t

4 + a5t
5 +O(6), t2) (a4, a5 ∈ R),

because df0(∂v) = 0. Then γ̂(t) = (t3 + a4t
4 + a5t

5, t4/2, 0) +O(6). By
Proposition A.1, we have the conclusion. Q.E.D.
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