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On pairs of geometric foliations on a cuspidal edge

Kentaro Saji

Abstract.

We study the topological configurations of the lines of principal
curvature, the asymptotic and characteristic curves on a cuspidal edge,
in the domain of a parametrization of this surface as well as on the
surface itself. Such configurations are determined by the 3-jets of a
parametrization of the surface.

§1. Introduction and preliminaries about cuspidal edges

A singular point z of amap f : (R?, z) — (R?,0) is called a cuspidal
edge if the map-germ f at x is A-equivalent to (u,v) — (u,v? v3) at
0. (Two map-germs f1, fo : (R",0) — (R™,0) are A-equivalent if there
exist diffeomorphisms S : (R",0) — (R",0) and T : (R™,0) — (R™,0)
such that fo 0S5 = To f;.) If the singular point = of f is a cuspidal edge,
then f at z is a front in the sense of [1] (see also [21]), and furthermore,
they are one of two types of generic singularities of fronts (the other one
is a swallowtail which is a singular point u of f satisfying that f at u is
A-equivalent to (u,v) — (u, u?v + 3u?, 2uv + 4u?) at 0).

It is shown in [22] that a cuspidal edge can locally be parametrized
after smooth changes of coordinates in the source and isometries in the

Received May 31, 2016.

Revised January 23, 2017.

2010 Mathematics Subject Classification. Primary 53A05, 58F14;
Secondary 58K05, 34A09, 53C03, 58F10, 58F18.

Key words and phrases. Cuspidal edge, principal configuration, lines of
curvature.

Partly supported by the Japan Society for the Promotion of Science (JSPS)
and the Coordenadoria de Aperfeicoamento de Pessoal de Nivel Superior under
the Japan-Brazil research cooperative program and the Grant-in-Aid for Scien-
tific Research (Young Scientists (B)) No. 26400087, from JSPS.



412 K. Saji
target by
2
L) ) = (wan) + o) +0%a(w) + Phau,0)).

where aq(u),ba(u),bs(u),bs(u,v) are C*°-functions satisfying a;(0) =
ay(0) = ba(0) = b5(0) = b3(0) = 0, b5(0) > 0, b4(0,0) # 0. Writing
al(u) = a20u2/2 + a30u3/6 + u4h1(u), bg(u) = b20U2/2 + b30U3/6 +
utha(u), bs(u) = brau/2+uhg(w), ba(u,v) = bos/6+uhy(u)+vhs(u,v),
we have

2
flu,v) = (u, %uz + %US + %,
(1.2)
b b b b

where bgz # 0, boyg > 0 and
h(u,v) = (0, uthy (u), u*ho(u) + w?v?hs(u) + uv*ha(u) + v*hs (u, v)),

with hq(w), ha(u), ha(u), hy(u), hs(u,v) smooth functions. Several dif-
ferential geometric invariants of cuspidal edges are investigated ([20, 22,
23, 25, 27, 28]), and coeflicients of (1.2) are such invariants. According
to [22], it is known that agg coincides with the singular curvature ks, bag
coincides with the limiting normal curvature k,, bps coincides with the
cuspidal curvature k. and b5 coincides with the cusp-directional torsion
k¢ at the origin. The singular curvature is the geodesic curvature of the
singular set with sign, and the limiting normal curvature is the normal
curvature of the singular set, and they relates to the shape of cuspidal
edge (see [28]). The cuspidal curvature measures the wideness of the
cusp, and the cusp-directional torsion measures the rotating ratio of the
cusp along the singular set (see [22, 23]).

On the other hand, let U C R? be an open subset and (u,v) a
coordinate system on U. Let

(1.3) w = alu,v)dv? + 2b(u, v)dudv + c(u, v)du?

be a 2-tensor on U, where a,b,c are smooth functions, called the co-
efficients of w. We call w = 0 a binary differential equation (BDE)
corresponding to w. If b> —ac > 0 at x € U, then w(z) = 0 defines
two directions in T,U, and integral curves of these directions for two
smooth and transverse foliations, called foliations with respect to w. If
b?—ac = 0at z € U, then generically w(z) = 0 defines a single direction,
and the integral curves form in general a family of cusps. Thus we are
mainly interested in behavior of integral curves of a BDE near a point
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where b? — ac vanishes. We call discriminant of a BDE the set where
b?> — ac = 0. If the single direction is transverse to the discriminant,
then the BDE is equivalent to dv? + udu® = 0 ([7, 8]). The normal
form for the stable cases when the single direction is tangent to the
discriminant is obtained in [9, 10]. Topological classifications of generic
families of BDEs are obtained in [3, 5, 6, 26, 29, 32]. On the other hand,
BDEs as geometric foliations on surfaces in three space is studied in
[2, 12, 15, 16, 17, 29]. See [11, 18, 19] for other approaches for geometric
foliations.

In this paper, following [12, 13, 15, 26, 29], we stick to special BDEs
from differential geometry of surface in R®. There are three fundamental
BDEs on a regular surface in R®. Let f : (R?,0) — (R?,0) be a regular
surface with a unit normal vector field v. Let wj., wes and we, be
2-tensors defined by

we = (EM — FL)dv?+ (EN — GL)dudv + (FN — GM)du?,
Was = Ndv?+2M dudv + L du?,
wen, = (2M(GM — FN) — N(GL — EN)) dv?

+ 2(M(GL + EN) — 2FLN) dudv
+ (L(GL — EN) = 2M(FL — EM)) du?,

where (u,v) is a coordinate system on (R?,0), and

(E F) _ <<fuafu> <fuafv>> (L M) _ <<fuu,l/> <fuv7V>>

G (fo, fu) (fo, fo))” \M N (fuvsv)  (fou,v))’

where (, ) stands for the standard inner product of R?. Each integral
curve of the foliations with respect to wj. is called a line of curvature,
each integral curve with respect to wgs is called an asymptotic curve
and each integral curve with respect to wgy, is called a characteristic
curve or harmonic mean curvature curve. Asymptotic curves appear
only on a domain where the Gaussian curvature K of f is non-negative,

and characteristic curves appear only on a domain where the Gaussian
curvature K of f is non-positive. Since w., = 0 can be deformed as

(NH — GK)dv? + 2(MH — FK) dudv + (LH — EK)du® =0
N dv? + 2M dudv + L du? K(_ 2 )

Gdv? +2F dudv + Edu? ~ H

- -1 —1
Ky + Ko

where K is the Gaussian curvature, H is the mean curvature, and xq,
Ko are the principal curvatures of f, we see that along the characteristic
curve, the normal curvature of it is equal to the harmonic mean of the
principal curvatures (see [13], for example).
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§2. Preliminaries on BDEs

In this section, following [5, 6], we introduce a method to study
the configurations of the solution curves of a BDE. Let w(u,v) be the
2-tensor on (U; (u,v)) € R* as in (1.3). If (a,b,¢) # (0,0,0) at z € U,
then w is called of Type 1 at x, and if (a,b,c) = (0,0,0) at 2 € U, then
w is called of Type 2 at x. If w is of Type 2 at x, then § = b> — ac has a
critical point at x. Since we are interested in local behavior of w, we set
x = (0,0). If w is of Type 1, then w defines a single direction at points
on A, and if it is of Type 2, then all directions in the plane are solutions
of w = 0 at that point. Moreover, if w is of Type 2 at x, then A is not a
smooth curve. We are interested in the configurations of the foliations
of w = 0. We define the following equivalence.

Definition 2.1. Two binary differential equations w; = 0 and wy =
0 are equivalent if there exist a diffeomorphism germ ¢ : (R270) —
(R?,0) and a non-zero function p : (R*,0) — R such that p(®*w;) = wy
holds. If ® is a homeomorphism such that ® takes the integral curves
of wy to those of wq, they are called topologically equivalent.

If two binary differential equations are equivalent then the config-
urations of their foliations can be regarded the same. To obtain the
topological configurations, we use the following method developed in
[5, 6, 12, 15, 29, 30]. We separate our consideration into the following
three cases:

e Case 1: (a(0),b(0),c(0)) #
e Case 2: (a(0),b(0),c(0)) #
e Case 3: (a(0),b(0),c(0 )):

Consider the associated surface to

(0,0,0) and §(0) # 0 (Type 1).
(0,0,0) and §(0) =0 (Type 1).
(0,0,0) (Type 2).

M = {(u,v,[a, B]) € (R*,0) x RP'|aB?+ 2baf + ca® = 0}.

Then M is a smooth manifold if b2 — ac # 0, or if a, + 2b,p + cyp? =0
and a, + 2b,p + c,p?> = 0 do not have any common root. The second
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condition is equivalent to

Ay, 2b, ¢, O

0 a, 2b, cy
a, 2b, ¢ O (0) #0.

0 a, 2b, c

(2.1) det

Consider the projection 7 : M — R?  m(u,v,[a : 8]) = (u,v). Then
7~ (u,v) consists of two points if b2 —ac > 0, and is empty if b2 —ac < 0.
Let us set p = /a (we need to consider the case ¢ = «/f for some
cases) and F(u,v,p) = ap® + 2bp + c. If F,(0) # 0, then 7 is a local
diffeomorphism, and if F,(0) = 0 and F,,(0) # 0 hold, then 7 is a
fold (a map-germ h : (R?,0) — (R?,0) is a fold if h is A-equivalent to
(u,v) = (u,v?)). Let us consider the vector field

&(u, v, p) = pFp(u, v, )0+ Fy(u,v,p) 0y — (pFu(u, v, p) +Fy (u, v, p)) Ip.
Then £ is tangent to M, and the projections dr (1), dn(&2) satisfy

where & = £(u, v, pi) and 7 (u,v) = {(u, v, p1), (4, v, p2)}, or 7 (u, v)
= {(u,v,p1)}. To study geometric the foliations of w, we use £ on M.

2.1. Casel

We assume that b*> — ac > 0 at 0. Then one can easily see that
the BDE (1.3) is equivalent to a BDE adv? + 2bdudv + cdu® = 0
which satisfies (a(0,0), b(0,0), ¢(0,0)) = (1,0, —1). Furthermore, it holds
that for any & > 0, a BDE adv?® + 2bdudv + cdu®? = 0 which satis-
fies (a(0,0),(0,0),¢(0,0)) = (1,0,—1) is equivalent to a BDE adv? +
2b dudv+c du? = 0 whose k-jet of (a, b,¢) at (0,0) is (1,0, —1), moreover,
it is equivalent to a BDE

(2.2) Wreg = dv? —du?> =0

([6, Proposition 4.4]). Therefore the configuration is a pair of transverse
smooth foliations.

2.2. Case 2
We consider the case 2, namely (a(0),b(0),c(0)) # (0,0,0) and
5(0) =0.

Lemma 2.2. We assume that (a(0),b(0),c(0)) # (0,0,0) and
0(0) =0. If w asin (1.3) satisfies

3 (a,b,¢)(0,0) = (0,0, a0) + (a1v, a2v, a3u + av),
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then it is equivalent to a BDE a dv®+2bdudv +cdu?® = 0 which satisfies
(31a(0,0), j1b(0,0), 5¢(0,0)) = (1,0,u) when apai # 0.

Proof. We assume that aga; # 0. Consider v = V 4 B1U? +
BoV?2, v =U and R =1+ B3U, where 31, 32,33 € R. Then Rw(U,V)
is given by

((,YlU + 0(2)) dv? + (2(042 + 20&051)(] + O(Q)) dUdv
+ (Oé() + (g + apfB3)U + (a3 + 4ap52)V + 0(2)) au?,

where O(2) stands for remainders of order 2. Setting ;1 = —as/(2a),
P2 = —ag/(4ap) and B3 = —ay/ag, and re-scaling, we get the desired
result. Q.E.D.

Any BDE of the form (1.3) with (j'a(0,0), jb(0,0),5'c(0,0)) = (1,0, u)
is smoothly equivalent to

(2.3) Weusp = dv? +udu® =0

([8], see also [6, Section 4.2], [30, Proposition 3.3-2]). The solutions form
a family of cusps.

2.3. Case 3

We assume (a(0),b(0),¢(0)) = (0,0,0). In this case, § has a critical
point at 0. We assume M is a smooth manifold. Since F,(0,0,p) =0
holds, ¢ has a zero at (0,0, p) if and only if pF, (0,0, p) + F,(0,0,p) = 0.
This is a cubic equation for p. Set

(2.4) vu(p) = ¢(p) = pFu(0,0,p) + F,(0,0,p).

Let D, = D denotes the discriminant of this equation. If D > 0 then
©(p) = 0 has three distinct real roots, and if D < 0 then ¢(p) = 0 has
one real and two distinct imaginary roots.

When D > 0, let py, p2, ps be the solutions of ¢(p) = 0 and
p1 < p2 < p3. When D < 0, let p; be the solution of ¢(p) = 0. If
»(0) = F,(0,0,0) = a,(0) # 0 then p; #0 (i =1,2,3 or i = 1) holds.
We need to understand the singularity of & near p;. If F,(0,0,p;) # 0,
then M is parameterized by v as (u(v,p), v, p) near (0,0, p;). We denote
the linear part of £ by

31€(0,0,p;) = (&11v + &12(p — i) Ov + (§21v + Ea2(p — pi)) Op.

Also we remark that since F(u(v, p),v,p) = 0, it holds that Fyu, +F, =
0, where = means that the equality holds identically. On the other hand,
p; is a solution of ¢(p) =0, and ¢(p) = pF, + F,, we have

uy (0, p;) = p;.
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Furthermore, 7, = 0 at (u,v) = (0,0), it holds that u, = 0 at (v,p) =
(0,p;). We have

511 = ]:upuv + fpv
512 = -Fupup + —Fpp
=0 (a’t (Oa 07pl)>
&2 = —(Fu+pFuuty + Fup + Fuvty + Fup)

Thus the eigenvalues of the linear part of & are
(2.5)
a(pz) = ]:upuU""va and _@,(pi) - _(‘Fu+pfuuup+pfup+fu1)up+-?vp)-

The configuration of the integral curves of w is determined by these
information. The following theorem is known. Let det Hessd(0,0) be
the determinant of the Hesse matrix of 0(u,v) at (0,0).

Theorem 2.3. [5, Theorem 4.1] Let w be a 2-tensor as in (1.3)
and satisfies (a,b,c)(0) = (0,0,0), det Hess6(0,0) < 0, D # 0 and ¢(p)
and a(p) do not have any common roots. Then the BDE w = 0 is
topologically equivalent to one of the following BDEs:

o The case D > 0: (Then ¢(p) =0 has 3 roots pi,p2,ps.)

- w35 = vdv? + 2ududv + vdu? = 0 (3 saddles) when
—¢'(pi)a(p;) are negative for all i =1,2,3.

—  wasin = vdv? + 2(v — u)dudv + vdu?® = 0 (2 saddles + 1
node) when —¢'(p;)a(p;) are two negative and one posi-
tive for i =1,2,3.

- Wisen = 3vdv? —4dududv+3vdu® = 0 (1 saddle + 2 nodes)
when —¢' (p;)a(p;) are one negative and two positive for
i=1,2,3.

e The case D < 0: (Then ¢(p) =0 has 1 root p;.)

- wis = vdv? + 2ududv + vdu?® = 0 (1 saddle) when
—¢'(p1)a(p1) is positive.

- wip = 2vdv? — ududv + 2vdu? = 0 (1 node) when
—¢'(p1)a(p1) is negative.

Note that in the case of D > 0, all —¢/(p;)a(p;) i = 1,2, 3 cannot be
positive, see [5]. The integral curves of the above BDEs are in Figures
1, 2, 3 which are taken from [5].

83. Geometric binary differential equations on a cuspidal edge

Let f: (R?0) — (R? 0) be a parametrization of a cuspidal edge.
We take f as in (1.2). Then the coefficients of the first fundamental
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&M

Fig. 1. Integral curves of wyey and weysp-

Fig. 2. Integral curves of wss, wasi, and wigs,. Here and
in the rest of the paper, the dashed curves are sep-
aratrices, i.e., they are integral curves that separate
distinct topological sectors.

Fig. 3. Integral curves of wi, and wy,.

form of the cuspidal edge with respect to f are

EFE =1 + (a%o + b%O)UQ + (a20a30 + bgobgo)ug + b12b20u1/2

1
+ 1 (ago + b3y + 2a20p(0) + 2b20q1(0))u4

(3.1) 1 _ 5
+ 3 (b1zb30 + 8b20Q2(0))U 0% 4 2b20q3(0)uv

1
+ Zb%Q’UZl + 0(5),
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1 1
F = A20UV + <2a30 + b12b20> u2v + 51)031)2071'02
1 4 L, 3

+ 15035120 + §b12 + 4b20q4(0,0) | uv
(3.2) | N

+ 1 (bo3b30 + 12b20q3 (0))U v

1
+ (2512530 +4p(0) + 2520612(0)) uwv + O0(5),
1

(3.3) G = v+ Zb%3v4 + bozbizuv® + biyuv® + O(5),

where O(n) stands for remainders of order n (n = 1,2,...). Since f
is as in (1.2), we see f, x (fy/v) # 0. We set vo = f, x (fy/v), and
Lo = (fyu,v2), My = (fuv,v2), No = (fvu,2). Then we have:

1
Ly = g+ (bso — azobi2)u — 5(1205031)

— (asobrz — 12¢1(0) 4 2a20¢2(0)) u?
— (asobos + 6a20q3(0))uv

(3.4) )
+ (242(0) — 4a2044(0,0))v* + O(3)
My = biav + 4g2(0)uv + 3¢3(0)v? + O(3)
1
Ny = §b03v + 3q3(0)uv + 8¢4(0,0)v% + O(3).

We have Ly = L|va|, My = M|vs|, N2 = N|vs|. It should be remarked
that the~re exist C*°-functions F',G, N, M such that G = v?G, F = vF,
Ny =ovN and My = vM holds. We set

~ ~ [ = ~ ~ My ~ N
(3.5) E:E,F:—,G:%,L:LQ,M:—Q,N:—Q.
v v v v

3.1. Lines of principal curvature

In this subsection we consider the BDE w;. = 0. Using (3.5), w;. =0
is equivalent to

v? (ﬁﬁ — véﬂ) dv?4v (Eﬁ — U2éZ) dudv +v (E]\Z— ﬁi) du? = 0.

To determine the topological configuration of w;. = 0, we factor out v
and consider w;. = 0, where

Wie =0 (ﬁ]\Nf — ’UGM) dv? + (EN — UZGZ) dudv + (EM— ﬁi) du?.
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We have the following proposition.

Proposition 3.1. The BDE w;. = 0 is equivalent to the BDE
Wreg = 0.

This proposition implies that the lines of principal curvature of a
cuspidal edge form a pair of smooth and transverse foliations in the
domain of a parametrization.

Proof of Proposition 3.1. Set
Yl e N~
(a,b,¢) = (vEN — v2GM, 5(EN—UGL), EM—FL) .

Then since b(0) = E(0)N(0), E(0) = (fu, f.)(0) # 0 and N(0) =
(fowws v2) (0) = bos # 0 hold, Wy, is as in Case 1. Moreover, since a(0) = 0
and b(0) # 0, we see that b*> — ac > 0 at 0. Hence &, is equivalent to
Wreg = 0 (See Section 2.1). Q.E.D.

The fact of the existence of the curvature line coordinate system at
cuspidal edge is also shown in [24].

An example of picture of this configuration on the cuspidal edges is
in Figures 4. Since one family of the integral curves are tangent to the
null direction on singular curve, one family of the integral curves near
singular curve form the (2,3)-cusps. A map-germ (R,0) — (R*,0) is an
(2,3)-cusp if it is A-equivalent to t — (2, 3).

Fig. 4. Integral curves of w;. on images of cuspidal edges.

3.2. Asymptotic curves

In this subsection we consider w,s = 0, and it is equivalent to W, =
Ny dv? + 2Ms dudv + No du? = 0. Since M(u,0) = 0, and No(u,0) =0,
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the singular set i.e., the cuspidal edge curve is part of discriminant of
Was = 0, and, 9, is a solution to W,s = 0 on the singular set. By (3.4),

1 1
(5(’&, ’U) = —§b20b03’U + <4a20b(2)3 + b%Q — 8b20Q4(0, 0)) ’U2

1
+§b03 (azoblz —b3g — 2520(]3(0))UU

—i—( — bo3g2(0) + 6b12¢3(0)

+ 6a20b03¢4(0,0) — 752{)@4)71(0»0))7)3

(3.6) 1 )
+ 1(1305)03 + 3a20bo3q3(0) — 8b3044(0,0)

+ 8b12¢2(0) + 8agpb1244(0, 0)) uv?
1
+ <2a30b03b12 — 6bo3q1(0) + a20b0392(0)
+ 3a20b12¢3(0) — 3b30gs3 (0)>U20 +O(4).

Thus if bog # 0, then the BDE is in Case 2. In this case, by (3.4), wes =0
is equivalent to weysp = 0 (see Subsection 2.2). By [28, Corollary 3.6],
bag # 0 implies that the Gaussian curvature is unbounded and changes
sign between the two sides of the cuspidal edge. This means that in this
case, the singular set of cuspidal edge plays the same role as the parabolic
curve on regular surfaces. Since byy # 0, then the BDE is weysp = 0,
this implies that the folded saddle, the folded node, the folded focus in
Davydov’s classification [9] (see also [30, Section 3.2]) does not appear
not only cuspidal edges, but also all singularities written in the form
(1.1) (for instance, cuspidal cross cap).

We assume now byg = 0. Then the BDE is in Case 3. We have the
following. If agpbis — b3g # 0, then ¢ is a Morse function near 0. We
study the geometric foliation near 0 as in Subsection 2.3. We consider

F(u,v,p) = No + 2Map + Lop*.

Then we have

(]:u7]:'u7]:17)(u7v7p)

((N2)u + 2(M2)up + (La2)up?,
(NQ)U + 2(M2)Up + (Lz)vp2, 2Ms5 + 2L2p),
(Fus Fos Fp)(0,0,p) = ((L2)up27 (N2)y + 2(Ma)up + (L2)vp?, 2Lp)

1
= ((bso — azobi2)p?, 3 (bos + 4b12p — azobo3p2)70) :
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In this case, the left hand side of (2.1) is (b3g — azobi2)?b35/4. Thus if
bso — agobiz # 0 at 0, then M = {F = 0} is a smooth manifold. We
have pqs = ¢u,. and D,s = D,,,. defined in Subsection 2.3 as follows

1 1
©as(p) = (bzo — azobi2)p® — 5(12017031172 + 2b1op + 51)03,
4D, = adybis + 13a3b25b% — byo(128b3, 4 27b2,b30)

‘|‘ 2(120(64[)%2 + 9b(2)3b12b30).
Furthermore, a(p) is given by
a(p) = 2(bso — azobi2)p* — az0bosp + 2b12.

If p; is a solution of @.s(p) = 0 and pa(p) — 2¢as(p) = —bos — 2b12p
holds, then a(p;) # 0 if and only if —bps — 2b1ap; # 0. Assume that
bia # 0. Substituting p = —bg3/(2b12) into @as(p), we get

—bog 1 9
. = —— 4 .
PLas < 2b12 ) Sb‘;’z b03( + b03b30)

If b13 = 0, then pa(p) — 2¢4s(p) = —bos # 0. Since we assume that
b30 — a20b12 7é O, if b12 = 0 then b30 75 0. Thus we get Oé(pi) 75 0 if and
only if

463, 4 basbso # 0.
We can now use Theorem 2.3 to obtain the following result.

Proposition 3.2. If by # 0, then wes is equivalent to weysp = 0.
If bQO = 0, b30 — a20b12 7é 0, Das 7& 0 and 4b:{)2 -+ bg3b30 7& 0, then
wWas 18 topologically equivalent to one of the following:
o The case Dys > 0: (Then @qs(p) = 0 has 3 roots pi,pa, ps)
- wss (=l (pi)a(p;) are negative for all i = 1,2,3).
—  wosin (=L (pi)a(p;) are two negative and one positive

fori=1,2,3).
—  wison (=L (pi)a(p;) are one negative and two positive
fori=1,2,3).

e The case Dys < 0: (Then @qus(p) =0 has 1 root py)
— wis (¢l (p1)a(p1) is negative).
win (—¢as(p1)a(py) is positive).

Remark 3.3. We observe that by the Proposition 3.2, bag, b3p —
agobia and 4b3, + b33b30 have geometric meanings. In fact, by is the
limiting normal curvature and b3y — aggbi2 coincides with the derivation
of limiting normal curvature (see [23]). The invariant 4b3, + b3;bsq is

related to the singularities of parallel surfaces of the cuspidal edge (see
[31, Lemma 3.1]).
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3.3. Characteristic curves

We consider the BDE w., = 0. Using (3.5), we show that w., =0
is equivalent to v(a dv? + 2bdudv + cdu?) = 0, where

a = U(E]V2—|—(—éiﬁ—QﬁMﬁ)v—&—QéﬂQUQ)
_ (-~ 2FLN + BMN + GLi)
¢ = —ELN+ (GL* - 2FLM +2EM?)v.

We factor out v, so we, = 0 is topologically equivalent to &, = a dv? +
2b dudv + cdu? = 0. Since a(u,0) = 0, and b(u,0) = 0, the singular set
is a part of discriminant of @., = 0, and 9, is a solution to @., = 0 on
the singular set. The function § = b? — ac is given by
v [E2EN3 + (4F2L% - 2BEGL* — AEFLM — 2E*M?)N*v
(= GPT® — AFGI?NI — AF*LOT? + 6EGLAI + ABFII%) Nu?
+(GL? — AFLM + 4EM?) G|

When f is taken as in (1.2), we have

1
a = Zbg3v +0(2),
1
b = 5()12()03’0 + 0(2),
1 1
c = —5520503 + 5(@20512503 — bsobos — 6b20g3(0))u

1
+1 |:(L20bg3 + 8b%2 + 4b20 (b20 — 8(]4(0, 0)):| v+ 0(2),

1 1
5 = §b83b20v + §b33( — azobosbiz + bozbso + 18b20q3(0))uv
1
_1—61)(2)3 |:0,20b(2)3 +4 |:b%2 + 2b20 (bgo — 12Q4(0, 0)):| :| 1;2 =+ 0(3)

Since bgs # 0, if bog # 0, then w,y, is as in Case 2, and if byg = 0, then it
is as in Case 3. In the following, we divide our consideration into these
two cases.

The case byy # 0 : By the argument in Subsection 2.2, w., = 0 is
equivalent to weysp = 0. In this case, by (3.4), wes = 0 is equivalent to
Weusp = 0 (see Subsection 2.2). Like as the case of w,s = 0, the singular
set of cuspidal edge plays the same role as the parabolic curve on regular
surfaces. Moreover, the folded saddle, the folded node, the folded focus
do not appear.
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The case byg = 0 : The left hand side of (2.1) is bS5 (az0b12—b30)? /64.
Thus M is a smooth manifold if asgbio — b3g # 0 at 0. Furthermore,
0 is of Morse type if and only if asgbia — b3p # 0. This is exactly
the same conditions as the case of asymptotic curves. We assume that
as0b12 — bzg # 0. We need to consider F(u,v,p) = a + 2bp + cp? and
©en(p) = (pFu + Fo)(0,0,p). We have

4pcn(p) = bfz + 4bosbiop

3.7
(3.7) + (a20b33 + 8b35)p? + (2a20bosbi2 — 2bosbso)p®,

and the discriminant D., = D,,,, of the cubic ., is given by

b2
D¢y, = —ﬁ (agob& + 1la30bg3bT
(3.8) — 2a90(16b3b15 + g3012b30)

+ 25605, + 160625b%,bs0 + 27bg3b§0).
Furthermore, 4« is given by
4o(p) = 2bo3(azobi2 — b3o)p” + (az0bjs + 8b3)p + 2b12bos.

Then we have

4.5, (p)a(p) = 4bgzb7, + 4bozbia(azobis + 8bis)p
+ (a%obég + 26a20b(2)3b%2 + 646%2 — 1Ob(2)3b12b30)p2
+ 5bos(a20b33 + 8b35) (azebia — bso)p?
+ 6b35(—azobi2 + bso)?p*,

(3.9)

and the condition that ¢.,(p) and a(p) do not have any common roots
is given by 4b3, + b3;b30 # 0. We summerize the above discussion in the
following proposition.

Proposition 3.4. If by # 0, then wey, is equivalent to weysp = 0.
If bgo = 0, bgo - a20b12 7é 0, Dch 7& 0 and 4bi’2 + b%3b30 7é 0, then
wen 18 topologically equivalent to one of the following:
e The case Do, > 0: (Then @ep(p) = 0 has 3 roots pi1,p2,p3)
- wss (=L, (pi)a(p;) are negative for all i =1,2,3).
— wasin (=@l (pi)a(ps) are two negative and one positive

fori=1,2,3).
— wis2n (¢, (pi)a(p;) are one negative and two positive
fori=1,2,3).

o The case Dep, < 0: (Then wen(p) =0 has 1 root py)
- wis (=L, (p1)a(pr) is negative).
- win (=L, (p1)a(pr) is positive).
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Remark 3.5. We remark that if b15 = 0, then D,s = D.;,. Namely,
the configrations of foliations with respect to w,s and w,, are of the same
type.

Examples of pictures of these configrations on the cuspidal edges are
in Figures 5, 6 and 7. Since the integral curves emanate from singular
curve along the null direction, integral curves near the singular curve do
not form the (2, 3)-cusp but form the (3, 4)-cusps (see Appendix A).

4—/—“‘2’_

Fig. 5. Integral curves of weys, on images of cuspidal edges.

Fig. 6. Integral curves of wss, was1n and wiss, on images of
cuspidal edges.

§4. Generic foliations

In Propositions 3.2 and 3.4, all the conditions are written in terms
of the 3-jet of (1.2). We can state a genericity result for cuspidal edge.
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Fig. 7. Integral curves of w;s and wy, on images of cuspidal
edges.

By (1.2), we identify the set of jets of parametrization of cuspidal edges
with (0,0)

Cr = {(j’“al(0),j’“b2(0),j’fb3(0),jkb4(0,0)) € JR(1,1)3 x Jk(2,1) ’

a1(0) = a(0) = by(0) = 4(0) = b3(0) = 0, B,(0) > 0, bs(0,0) # 0},
for k£ > 3. With notation as before, consider

(a20, @30 - - -, b20, 030, - - -, b12, - - -, Doz, - - )
as a coordinate system of Cy, (cf. (1.2)). Define a subset of Cj, by
N = {bag =0, b3y — azobiz =0} U {byy =0, D,y = 0}
U{bao = 0, 4b35 — b33b30 = 0} U {bag =0, Dppme = 0}.

Then N is an algebaric subset of C, of codimension 2. Since the singular
set of a cuspidal edge is a curve, generically it will avoid the set N'. This
implies that for generic cuspidal edges the configuration of wj.,wqus,wep
are those in Propositions 3.1, 3.2, 3.4.

§Appendix A. Criteria for (3,4) and (3,4, 5)-cusp
In this section, we state criteria for (3,4) and (3,4, 5)-cusp. Set
alt) = (t37t4707 2 0), ea(t) = (t37t4at53 0,...,0),

and a map-germ v : (R,0) — (R",0), where n > 2 (respectively, n > 3)
is called (3,4)-cusp (respectively, (3,4,5)-cusp) if v is A-equivalent to
the map-germ ¢y (respectively, c2) at 0.
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Proposition A.1. A map-germ ~v: (R,0) — (R",0), where n >3
(respectively, n > 2) is (3,4,5)-cusp (respectively, (3,4)-cusp) if and
only if

() 7(0)=~"(0) =0,

(i) v3(0),v9(0) and v (0) are linearly independent (respectively,

linearly dependent, and v (0) and v (0) are linearly inde-
pendent) where () = d'/dt".

Although this proposition is known [4, 14], we give a sketch of proof
for the readers who are not familiar with it.

Proof. Since
O(y(1))? = d®o(+(0)) (i =3,4,5)

holds for a map @ : (R",0) — (R",0) under the assumption 7/(0) =
~"(0) = 0, it is obvious that the conditions do not depend on the pa-
rameter and the coordinate system on R™.

To show the proposition, it is enough to show that (t3 4 a1t®,t* +
ast’, azt’,0,...,0)+0(6) is A-equivalent to (3,4, ast>,0,...,0)+O0(6),
where a1, as, a3 € R. Considering the parameter change ¢ — t—a2t2/4—
(16a; + 3a3)t3 /48, it can be proved. Q.E.D.

Using Proposition A.1, we have the following:

Proposition A.2. Let f: (R*0) — (R?0) be a cuspidal edge and
v : (R,0) = (R?0) an ordinary cusp such that dfo(+"(0)) = 0. Then
4= forisa (3,4)-cusp at 0.

Proof. Without loss of generality, one can assume that f is given
by the form (1.2), and y(t) = (£ + ast* + a5t® + O(6),1?) (as,a5 € R),
because dfo(Ov) = 0. Then A(t) = (2 + ast* + ast®,t*/2,0) + O(6). By
Proposition A.1, we have the conclusion. Q.E.D.

References

[1] V. L. Arnol’d, S. M. Gusein-Zade and A. N. Varchenko, Singularities of
differentiable maps, Vol. 1, Monogr. Math. 82, Birkhduser Boston, Inc.,
Boston, MA, 1985.

[2] J. W.Bruce and , D. L. Fidal, On binary differential equations and umbilics,
Proc. Roy. Soc. Edinburgh Sect. A 111 (1989), no. 1-2, 147-168.

[3] J. W. Bruce, G. J. Fletcher and F. Tari, Bifurcations of implicit differential
equations, Proc. Roy. Soc. Edinburgh Sect. A 130 (2000), no. 3, 485-506.

[4] J. W. Bruce and T. J. Gaffney, Simple singularities of mappings C,0 —
C?,0, J. London Math. Soc. (2) 26 (1982), no. 3, 465-474.



428 K. Saji

[5] J. W. Bruce and F. Tari, On binary differential equations, Nonlinearity 8
(1995), 255-271.

[6] J. W. Bruce and F. Tari, Implicit differential equations from the singularity
theory viewpoint, Banach Center Publ. 33 (1996), 23-38.

[7] M. Cibrario, Sulla reduzione a forma delle equationi lineari alle derviate
parziale di secondo ordine di tipo misto, Accademia di Scienze e Lettere,
Instituto Lombardo Redicconti 65 (1932), 889-906.

[8] L. Dara, Singularités génériques des équations differentielles multiformes,
Bol. Soc. Brasil Math. 6 (1975), 95-128.

[9] A. A. Davydov, Normal forms of differential equations unresolved with re-
spect to derivatives in a neighbourhood of its singular point, Functional
Anal. Appl. 19 (1985), 1-10.

[10] A. A. Davydov, Qualitative Theory of Control Systems, Translations of
Mathematical Monographs 142, American Mathematical Society, Provi-
dence, R.I. Moscow 1994.

[11] A. A. Davydov, G. Ishikawa, S. Izumiya and W. Sun, Generic singularities
of implicit systems of first order differential equations on the plane, Jpn.
J. Math. 3 (2008), no. 1, 93-119.

[12] R. Garcia, C. Gutierrez, and J. Sotomayor, Lines of principal curvature
around umbilics and Whitney umbrellas, Tohoku Math. J., 52 (2000),
163-172.

[13] R. Garcia and J Sotomayor, Harmonic mean curvature lines on surfaces
immersed in R®, Bull. Braz. Math. Soc. 34 (2003), 303-331.

[14] C. G. Gibson and C. A. Hobbs, Simple singularities of space curves, Math.
Proc. Cambridge Philos. Soc. 113 (1993), no. 2, 297-310.

[15] V. Guinez, Positive quadratic differential forms and foliations with singu-
larities on surfaces, Trans. Amer. Math. Soc. 309 (1988), 477-502.

[16] V. Guiniez, Locally stable singularities for positive quadratic differential
forms, J. Differential Equations 110 (1994), no. 1, 1-37.

[17] V. Guifiez, C. Gutierrez, Rank 1 codimension one singularities of positive
quadratic differential forms, J. Differential Equations 206 (2004), no. 1,
127-155.

[18] A. Hayakawa, G. Ishikawa, S. Izumiya and K. Yamaguchi, Classification of
generic integral diagrams and first order ordinary differential equations,
Internat. J. Math. 5 (1994), no. 4, 447-489.

[19] S. Izumiya and F. Tari, Apparent contours in Minkowski 3-space and first
order ordinary differential equations, Nonlinearity 26 (2013), no. 4, 911
932.

[20] S. Izumiya, K. Saji and N. Takeuchi, Flat surfaces along cuspidal edges,
J. Sing. 16 (2017), 73-100.

[21] M. Kokubu, W. Rossman, K. Saji, M. Umehara and K. Yamada, Singu-
larities of flat fronts in hyperbolic 3-space, Pacific J. Math. 221 (2005),
no. 2, 303-351.

[22] L. F. Martins and K. Saji, Geometric invariants of cuspidal edges, Canad.
J. Math. 68 (2016), 445-462.



Geometric foliations on a cuspidal edge 429

[23] L. F. Martins, K. Saji, M. Umehara and K. Yamada, Behavior of Gaussian
curvature and mean curvature near non-degenerate singular points on
wave fronts, Geometry and Topology of Manifolds 154 Springer Proc.
Math. and Statistics, 247-281.

[24] S. Murata and M. Umehara, Flat surfaces with singularities in Euclidean
3-space, J. Differential Geom. 82 (2009), no. 2, 279-316.

[25] K. Naokawa, M. Umehara and K. Yamada, Isometric deformations of cus-
pidal edges, Tohoku Math. J. (2) 68 (2016), 73-90.

[26] J. M. Oliver, On pairs of foliations of a parabolic cross-cap, Qual. Theory
Dyn. Syst. 10 (2011), 139-166.

[27] R. Oset Sinha and F. Tari, On the flat geometry of the cuspidal edge, to
appear in Osaka J. Math., arXiv:1610.08702.

[28] K. Saji, M. Umehara, and K. Yamada, The geometry of fronts, Ann. of
Math. 169 (2009), 491-529.

[29] F. Tari, On pairs of geometric foliations on a cross-cap, Tohoku Math. J.
59 (2007), no. 2, 233-258.

[30] F. Tari, Pairs of foliations on surfaces, Real and complex singularities,
London Math. Soc. Lecture Note Ser. 380, 305-337.

[31] K. Teramoto, Parallel and dual surfaces of cuspidal edges, Differential
Geom. Appl. 44 (2016), 52-62.

[32] R. Thom, Sur les équations différentielles multiformes et leurs intégrales
singuliéres, Bol. Soc. Brasil. Mat. 3 (1972), no. 1, 1-11.

Department of Mathematics, Graduate School of Science, Kobe University,
Rokko, Nada, Kobe 657-8501, Japan

E-mail address: saji@math.kobe-u.ac.jp



