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Localization, local cohomology, and the b-function
of a D-module with respect to a polynomial

Toshinori Oaku

Abstract.

Given a D-module M generated by a single element, and a poly-
nomial f, one can construct several D-modules attached to M and
f and can define the notion of the (generalized) b-function following
M. Kashiwara. These modules are closely related to the localization
and the local cohomology of M. We show that the b-function, if it
exists, controls these modules and present general algorithms for com-
puting these modules and the b-function if it exists without any further
assumptions. We also give some examples of multiplicity computation
of such D-modules including a possibly well-known explicit formula for
the localization of the polynomial ring by a hyperplane arrangement.
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§1. Introduction

Let K be an algebraically closed field of characteristic zero and
K[z] = K|[z1,...,z,] be the polynomial ring with x = (z1,...,2,). Let
D,, = K[z](0) = K|[x](01, ..., On) be the n-th Weyl algebra, i.e., the ring
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of differential operators with polynomial coefficients with respect to the
variables x, where we denote 9 = (01,...,0;) with 9; = 0,, = 9/0x;
being the derivation with respect to x;. An arbitrary element P of D,
is written in a finite sum

P = Z ao(2)0%  with a,(z) € K|z],
aeN™

where we denote 9% = 97" - -- 99 for a multi-index o = (a1,..., ) €
N" with N being the set of non-negative integers. One can define the
dimension of a finitely generated left D,,-module M; J. Bernstein [3], [4]
proved that the dimension of M is not less than n unless M is the zero
module. A finitely generated left D,-module is called holonomic if its
dimension is n or else it is the zero module.

Let M be a finitely generated left D,,-module and f € KJz| be a
non-constant polynomial. Then the localization M[f~!] and the local
cohomology groups H: (J f)(M ) have natural structures of left D,,-module
and are holonomic if so is M, as was shown by Kashiwara [13]. More
generally, one can construct a left D,,[s]-module

M(uvas) = Dn[s](U‘@fs)

with an indeterminate s. Suppose that M is generated by u over D,,.
Then the (generalized) b-function for u and f is defined to be the uni-
variate (and monic) polynomial b, f(s) of the least degree such that

bu,(s)(u® [7) € Dy[s)(u® f1)

holds. The existence of b, ¢(s) was proved by Kashiwara [13] under the
assumption that M is holonomic outside of the hypersurface f = 0. If
M is the polynomial ring K[x] with v = 1, then b, ;(s) is nothing but
the classical Bernstein-Sato polynomial, or simply the b-function, of f.
In the same way as the Bernstein-Sato polynomial controls the localiza-
tion of the polynomial ring as a D,,-module, the b-function controls the
localization M[f~!] or its generalization D, (u @ f*).

On the other hand, algorithms to compute M (u, f,s) and the b-
function if it exists were introduced in [17] under the assumption that M
is f-torsion free. These algorithms are based on various Grobner bases
over the ring of differential operators as is presented, e.g., in [23] and
[18]. Torrelli [24] studied the b-function b, ¢(s) systematically when M
is the local cohomology group H(kfh___7 o) (K[]) under the assumption
that fi1,..., fx, f define a quasi-homogeneous non-isolated singularity,
together with the general property of M (u, f,s) under the assumption
that M is holonomic without f-torsion.
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The purpose of our study on the b-function and M (u, f, s) is twofold:
first, we want to clarify how the b-function controls the module M (u, f, s)
and the localization M|[f~!] as well as the local cohomology H (1f) (M).
This will be performed in Sections 2 and 5. These results should be
more or less well-known under some stronger conditions. See, e.g., [24]
and Chapter VI of [5], where M is assumed to be f-torsion free, or
regular holonomic. The second purpose is to remove the assumption of
f-saturatedness from our former algorithms in [17]. For this purpose, we
reinterpret the algorithm introduced in [21] for the localization M[f~!]
in Section 3. Our algorithms work at least if M is holonomic outside of
f = 0 without any further assumptions.

In the latter half of this article (Sections 5 and 6), we study the
multiplicity (in the sense of Bernstein [3]) and the length of a holonomic
D-module, as the most fundamental numerical invariants. This can be
also used to prove a relation between b, ¢(s) and M (u, f,\). We also
give some examples of the multiplicity computation of the localization or
the local cohomology. In the last section, we present, together with an
elementary proof, a possibly well-known formula on the length and the
multiplicity of the localization of the polynomial ring by a polynomial f
which defines a hyperplane arrangement. The result is that the length
and the multiplicity of K[z, f~!] both coincide with 7(1), where (t) is
what is called the Poincaré polynomial of the hyperplane arrangement.

We use computer algebra system Risa/Asir [16] for computation of
Grébner bases over the ring of differential operators, and in particular,
for computation of D-module theoretic integration, which is needed in
the localization algorithm.

We would like to thank the organizers of MSJ SI 2015 for the in-
vitation both to the conference and to the proceedings. We would be
pleased if we could convince the reader who is interested in D-module
theory of the usefulness of Grébner bases, which are the main theme of
MSJ SI 2015, over the ring of differential operators in our case. This
work was supported by JSPS Grant-in-Aid for Scientific Research (C)
26400123.

§2. The b-function for a D-module and a polynomial

Let K be an arbitrary field of characteristic zero and X = K" be
the n-dimensional affine space over K. We denote by Dx the n-th Weyl
algebra D,, over K. Let M be a left Dx-module and f € KJ[z]| a non-
constant polynomial. We can associate several D x-modules with M and
f by translating the definitions by Kashiwara [13] for analytic D-modules
to algebraic setting. First, the localization M[f~'] := M@, K|z, f!]
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and the local cohomology groups H'(jf) (M) (j = 0,1) are defined with M

being regarded as a K[z]-module; they become again left Dx-modules.
Introducing an indeterminate s, let

Ly=Klz, [~ s]f°

be the free K[z, f~!, s]-module with a free generator f*. Then L has a
natural structure of left Dy [s]-module through the action of d,, on Ly
defined by

da(x, s)

e I

0. (ol )11 =
for j =1,...,n with f; := 0f/0x;. Sometimes f~* f* is abbreviated to
f's—k'

The tensor product M ® g, L5 has a natural structure of left Dx [s]-
module induced by

O, (a2, )f%) = (0,0) ®alx,5)[* +uwdy, (ala,)f*) (1<i<n)

for w € M and a(x,s) € K|x,s]. In what follows, we fix an arbitrary
nonzero element u of M. Let

M(u, f,s) = Dx|[s](u® f*)

be the left Dy [s]-submodule of M ® g, L generated by u® f*. In a
special case where M = K|[z] and u = 1, let us denote by

Nf = K[x](l,f,s) = DX[S]fS
the left Dx[s]-submodule of £ generated by f°. Set
I(u, f) :==A{b(s) € K[z] [ b(s)(u® f*) € Dn[s](fu® f°)}.

If I(u, f) # {0}, then the (monic) generator b, ;(s) of I(u, f) is called
the (generalized) b-function for u and f. It was defined by Kashiwara
[13] with the following existence theorem.

Theorem 2.1 (Kashiwara [13]). Let Dx be defined over an alge-
braically closed field K of characteristic zero. If a left Dx-module M 1is
holonomic on Xy = {x € X | f(x) # 0}, then one has I(u, ) # {0} for
any u € M.

When M = Klz] and u = 1, the b-function by ¢(s) is nothing but
what is called the Bernstein-Sato polynomial, or the b-function, asso-
ciated with f. In fact, Kashiwara proved this theorem for a module
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M over the ring of differential operators with analytic coefficients and
a complex analytic function f. This corresponds to what is called the
local b-function. The coincidence of the local b-functions in the algebraic
setting and in the analytic setting is noticed, e.g., as Corollary 8.6 of
[17]. It will turn out in what follows that the b-function ‘controls’ the
D-modules associated with M and f.

The b-function can exist even if M is not holonomic on Xy.

Example 2.2. Set n = 2, 71 = z, 23 = y, and P = 202 + J,.
Then M := Dx/Dx P = Dxu with u being the residue class of 1 is not
holonomic even outside of © = 0 (the dimension of M is three), but has
the b-functions b, »(s) = (s +1)(s +2) and by y(s) = s+ 1. In fact, one
has

(=202 +2(s + 1)9, — Oy)(u@2*t) = (s + 1) (s + 2)u @ 2°,
Plu@y™) =(s+ Dhuy’

in M @y Klz,y, 27 2* and in M @[y K[z, y,y~ ]y respectively.

Definition 2.3. A left Dx-module M is said to be f-saturated or
f-torsion free if the homomorphism f : M — M is injective. This is
equivalent to H?f)(M) =0.

An algorithm to determine if there exists the b-function and to com-
pute it if it exists was given in [17] under the assumption that M = Dxu
is f-torsion free.

Let us define a D x-automorphism ¢ : Ly — L by

ta(z, s)f 7" %) = a(z,s + 1) f7FHfe
for a(z,s) € K|z, s] and k € N. The inverse ¢! is defined by
t alz,s)f ") = ala,s = 1)fFfe
It induces a D x-automorphism
t: M@k Ly — M ®kq) Ly,

which also induces a D x-endomorphism of M (u, f,s). Note that the
actions of t and s on M (u, f, s) satisfies the commutation relation st =
t(s—1). It follows that tM (u, f, s) is a left Dx[s]-module. It also follows
from the definition that b, ¢(s) is the minimal polynomial of s acting
on the left Dx-module M (u, f,s)/tM(u, f,s) since P(s)(fu ® f*) =
t(P(s—1)(u® f*)).
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Let A € K be a constant. Then specializing the parameter s to A,
we obtain left D x-modules

Lr(N)=Ls/(s = NLy, Ni(N) == Ny /(s = NNy

Let us denote by f* and f*|s—\ the residue class of f* in £;(\), and
that of f* in Nj(A) respectively. In particular, £;(\) = K|z, f~1]f* is
a free K[z, f~!]-module generated by f*. In the same way, we define a
left D x-module

M(uvfa)‘):M(u’fas)/(s_)‘)M(uvfaS)

and denote the residue class of u® f* in M (u, f,\) by (u ® f%)|s=x.
Kashiwara also proved the following fundamental fact, to which we
shall give an elementary proof in Section 5.

Theorem 2.4 (Kashiwara [13]). Let K be algebraically closed. If
M is holonomic on Xy, then M(u, f,\) is a holonomic Dx-module for
anyu € M and A € K.

Let us define the specialization homomorphism
Px: M @y Ly — M Qg Lf(N)

by
pA(v@alz,s)f 7 f5) =v@alz, A fF A

for v e M, a(x,s) € K[z, s], and k € N. Then py(P(s)w) = P(A)pa(w)
holds for any w € M ®k,) Ly and P(s) € Dx[s]. Since any element
of (s — \)M(u, f,s) is sent by py to zero, py induces a surjective Dx-
homomorphism

pr: M(u, f,A) — Dx(u® f*) C M ®gq) Ly(N),

which sends (u ® f*)]s=x to u® f*. It is not injective in general even
if M = K[z] and u = 1. For example, 9,2° = 0 holds in £,(0) but
0, (x| 5=0) does not vanish in N, (0).

Lemma 2.5. Let M = Dxu be a left Dx-module generated by u.

(1) Every element of M@y Ly can be expressed as Q(s)(u® f5~F)
with some Q(s) € Dx|[s] and k € N.

(2) Let X be an arbitrary element of K. Then every element of
M ®ga) Lf(N) can be expressed as Q(u & fAF) with some
Q€ Dx and k € N.
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Proof. From the identity
(W R = (O 0)@ R v (s — k) fifF !
for any v € M and k € Z, we get

(02,0) ® f57F = (8, f — (s — k) fi) (v @ f57F1).

By induction, we can show that for any multi-index o« € N and k € Z,
there exists Qq(s) € Dx|[s] such that

(030) ® f*7F = Qals)(v @ fomH1o),

This proves the statement (1). The statement (2) can be proved simi-
larly. Q.E.D.

o

i

The following proposition should be well-known; see, e.g., Proposi-
tions 7.1 and 7.4 of [17]. The case M = K|x] and f = 1 was proved by
Kashiwara [12].

Proposition 2.6. Let M be a left Dx-module generated by uw € M
and assume that there exists the b-function by r(s). Let X be an element
of K and suppose that by, ;(A — k) # 0 for any positive integer k. Then
(1) The image px(M(u, f,s)) = Dx(u®[*) coincides with M® gy
L(N). In other words, M @y Lf(N\) is generated by u ® f>
over Dx.

(2) kerpn N M(u, f,s) coincides with (s — \)M(u, f,s). Hence
px i M(u, f,\) = Dx(u® f) is an isomorphism of left Dx -
modules.

Proof. (1) In view of Lemma 2.5, we have only to show that
u ® f27F belongs to pr(M(u, f,s)) for any k& € N. This is obvious
for k = 0 since px(u® f*) = u® f.

Let us show that u® f2~* belongs to px(M(u, f,s)). Suppose k > 1.
There exists P(s) € Dx[s] such that P(s)(u® f571) = b, ¢(s)(u ® f*).
Applying t =%, we get

P(s—k)(u® 78 = b, s(s — k) (u® %)

in M @[y Lf. Proceeding inductively, we see that there exists P(s) €
Dx/s] such that

(1) P(s)(u@ [2)=buf(s—1)---bys(s —k)u® [k

holds in M ®gi,) L. The homomorphism py gives an identity

PN (u® f2) =by A —=1)-by fN—k)u® fAF
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in M @iy L(N). Since by, p(A—j) # 0 for j =1,...,k by the assump-
tion, it follows that
1

by, AN —=1) by s (A — k)ﬁ()‘)(u®f>\)

u®f)\—k _

The right-hand side belongs to px (M (u, f,s)). This completes the proof
of (1).

(2) Assume px(Q(s)(u ® f*)) = 0 with Q(s) € Dx[s]. There exist
l € Nand Q; € Dx which are zero except finitely many indices j such
that

Qs)(u® ) =Y (Qu) ® (s = A f*".
>0

By the assumption, px(Q(s)(u® f*)) = (Qou)® f*~" vanishes in M & x|y
L;(\), which means that (Qou) ® f~' vanishes in M ®, Kz, f~1].
It follows that (Qou) ® 1 = f{(Qou) ® f~' =0in M @Kl Klx, f71].
Consequently, (Qou) ® f* vanishes in M @k, L. Thus we have

Qs)(u® f*) = (s=2) Y _(Qu)@(s=AY T 7! = (s=N)Q' () (ux f*7F)

Jj=1
with some k € N and Q'(s) € Dx|[s] in view of the proof of Lemma 2.5.
By using (1) we obtain

buj(s = 1)+ bup(s = B)Q(s)(u @ f7) = (s = N)Q'(s) P(s)(u® f*).

Hence by f(A—1) - by (A—k)Q(s)(u® f*) belongs to (s —A)M (u, f,s).
This completes the proof of (2). Q.E.D.

The following proposition extends Lemma 1.3 of Walther [27] for
the case M = K[z] and v = 1 almost verbatim.

Lemma 2.7. Under the same assumption as in the preceding propo-
sition, assume moreover that b, y(X) = 0. Then one has

Dx(fu® f*) ¢ Dx(u@ f*)
in M ®pz) L5(N). In particular, M @51 L(N) is generated by u® f*,
but not by u® fA = fu® f*, over Dx.

Proof. There exists P(s) € Dx|s] such that P(s)(fu ® f*) =
bu,r(s)(u ® f%). Assume Dy (fu ® f») = Dx(u ® f*). Then there
exists A € Dx such that (1 — Af)(u® f*) = 0. By virtue of (2) of the
preceding proposition, there exist Q(s), R(s) € Dx|[s] such that

1-Af =Q(s)+ (s = MR(s),  Q(s)(u®f*) =0.
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It follows that

Pt 6 pry = "I A e ) 4 b ()RS 1)

by,
_ <S{<‘;)A + R(S)P(s)> (fu® 7).
This means that b, ;(s)/(s — \) belongs to the ideal I(u, f), which con-
tradicts the definition of b, f(s). This completes the proof. Q.E.D.

Summing up we obtain

Theorem 2.8. Let M = Dxu be a left Dx-module generated by
u € M and f € Klx] be a non-constant polynomial. Assume that there
exists the b-function by, §(s) for uw and f. Then the following conditions
on A € K are equivalent:

(1) by, (A —k) #0 for any positive integer k.

(2) M R Ly(A) is generated by u ® f* over Dx.

Proof. Assume b, (A — k) = 0 for some positive integer k and let
ko be the maximum among such k. Then by (1) of Proposition 2.6 and
Lemma 2.7, we have

Li(N) =LA —ko) = Dx(u® fr*)
2 Dx(u®@ fA7%T) 5 Dx(u@ f).

Hence L()) is not generated by u® f*. Q.E.D.

The converse of the statement (2) of Proposition 2.6 will be given
in Theorem 5.9 of Section 5 under the additional assumption that M is
holonomic on Xy.

Let us recall local cohomology of D-modules. Let M be a finitely
generated left Dx-module, and I be an ideal of K[z]. Then the k-th
local cohomology group H }C (M) supported by [ is defined to be the k-th
derived functor of the functor

M +— HY(M) = {u € M | I*u = 0 for some k € N}.

They have natural structure of left D x-module, and they are holonomic
if so is M as was proved by Kashiwara [13] in the analytic category.

If I is the principal ideal (f) generated by f € KJxz], then there
exists an exact sequence

0 — Hlp(M) — M — M[f™'] — H{;(M) — 0
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of left Dx-modules, where ¢ stands for the natural homomorphism such
that t(v) = v® 1 in M[f71] = M ®k(a) Klz, f~1] for v € M. Hence
there is an isomorphism H{, (M) = M[f~']/«(M) as left Dx-module.
In general, algorithms to compute Hf (M) as left Dx-module were
given in [17] for the case I is principal, and in [26] and [20] for general
I, under the condition that M is holonomic. See also [25], where related
topics such as associated primes and the Weyl closure are also discussed.

Corollary 2.9. Let M = Dxu be a left Dx-module generated by
u € M and f € Klx] be a non-constant polynomial. Assume that there
exists the b-function by §(s) for uw and f. Then the following conditions
are equivalent:

(1) by, r(7) #0 for any integer j < k.

(2)  The localization M|[f~1] is generated by u® f~* over Dx.

(3)  The local cohomology group H(lf)(M) is generated by the coho-

mology class [u® f~*] over Dx.

Proof. The equivalence of (1) and (2) is a special case of Theorem
2.8. In general, if M[f~!] is generated by u ® f~*, then H(lf)(M) =
M([f~'/u(M) is generated by its residue class. Conversely, assume that
M[f~Y/u(M) is generated by [u ® f~*]. Then for any w € M[f™!],
there exist P, € Dx such that

w=Pue )+ Quel=(P+Qff) uc f").

Henece M[f~1] is generated by u @ f~*. Q.E.D.

§3. Localization algorithm revisited

Let X = K™ be the n-dimensional affine space over K. Let M be a
left module over Dy = D,, and f € K|[z] be a non-constant polynomial.
Then X; := {z € X | f(z) # 0} is an affine open subset of X. Our
purpose is to reformulate the algorithm given in [21] for computing the
localization M[f~1] := M @y K[z, f~'] as left Dy-module by using
local cohomology, hoping to clarify the meaning of the algorithm as well
as to make the canonical homomorphism ¢ : M — M[f~!] more explicit.

We assume in what follows, as well as in [21], that M is a holonomic
Dx-module, or else it is holonomic on Xy with K being algebraically
closed; i.e., Char(M) N 7~ *(Xy) is an n-dimensional algebraic set of
7~ (Xy), where Char(M) is the characteristic variety of M, which is an
algebraic set of the cotangent bundle T*X = {(z,£) € K™ x K"} and
m:T*X — X is the projection (see e.g., 2.4 of [18]).
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Introducing a new variable ¢, set Y = X x K 3 (z,¢) and
Z :={(z,t) €Y | tf(z) =1}.
Then Z is an affine subset of ¥ which is isomorphic to Xy. Let
Byjy = Hjyj(uy—1y (K[, ) = K[, t, (tf = 1) 7"/ K[z, 1]

be the first local cohomology group of K|z, t] with support in Z, which
we regard as a left Dy-module. An arbitrary element of Bzy is ex-
pressed as

{(tﬂ;)(x—’tl))W] (k €N, a(z,t) € K[z, 1]),

where the bracket denotes the residue class in By .
Set f; = 0f/0x; for i =1,...,n and define

5(k,l) _ [ fl+1 :l
SO

for k,l € Z with [ > —1. Note that 6V = 0 by the definition if k& < 0.
As left K[z, t]-module, Bzy is generated by §F=1 with k € N.
We have the following identities for k,l > 0:

fl+2

(tf—l)’““} = —(k + 1)§¢H+1LIHD),
fif! i

(I+1) [W} —(k+1) [W]

fitf —14+1)f
(tf — 1)k+2 }

_ (l + l)fi5(k’l71) - (k + l)fi(5(k’l71) + 5(k+1,l71))
= (= k) fid ™) = (ko + 1) fr Y,

. tfitt tf —1)+ 1} 7 i _

80D = —(k +1) [

9, 6k

=+ 1)f:6®D — (k4 1) [

In particular, we have
(Ot + k)6 = —(k + 1)s*FLD 4500 = 5O.=1),
Hence Byy is generated by 500 = [f(tf —1)7'] as a left Dy-module.

Lemma 3.1. One has (tf —1)6(%% = 0 and (9., — f:0:t*)6(%%) =0
fori=1,....,n.
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Proof. The first equality follows immediately from the definition.
The second equality follows from

9,t2600 = 9,151 = 51—

in view of the formulae above. Q.E.D.

Let us regard Byz|y as a module over the subring K[z] of Dy and
consider the localization

Bziy[f ™' == Bzyy @ Klz, f]
= Ko, t, 71 (tf = D)7/ K[z, f )

with respect to f. Let us denote the residue class in Bz‘y[f_l] by [e]" in
order to distinguish it from the residue class in Bzy which is denoted

[o].
Lemma 3.2. The natural homomorphism

a(z,t) }H{ a(xz,t)

] = [ g € Bl

L/ZBz|y9 |:

1s an isomorphism of left Dy -modules.

Proof. Assume /([a(x,t)(tf — 1)7F71]) = 0 with a(z,t) € K|x,1].
Then there exists an integer [ such that fla(z,t) is divisible by (¢f—1)k*1
in K[x,t]. Since f and tf—1 are relatively prime, a(z, t) must be divisible
by (1 — tf)**1. This proves that ¢/ is injective.

Let us show that «/ is surjective. It suffices to show that

[Fmtf = 1) e/ (Bgy)

for any k,m € N by induction on k + m, which obviously holds for
k =m = 0. Suppose k +m > 1. We have

tf C[iw@r-1] 1 [
tf =D L@f =D [tf - D! tf =1k
It follows that
fm ! tfl_m / fm !
[(tf - 1>k+l} - [(tf - 1>k+1] - [(tf - 1>k] '
By the induction hypothesis, the right-hand side belongs to the image
of «/. This completes the proof. Q.E.D.
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Proposition 3.3. Let M be a finitely generated left D x-module.
Then the homomorphism

Bzly @k M — Bzjy @Kz M[f ']

of left Dy -modules, which is induced by the natural homomorphism t :
M — M[f~1] is an isomorphism.

Proof. We have

Bzly @) M[f '] = Bzly @k (K|z,
= (Bzly @k K[z
=By [/ @Ko M

!
S

Hence the isomorphism ¢’ induces an isomorphism

Bzly @k(e) M — By [f '] @k(e) M = Bzy @k M[f 1],

Q.E.D.

Proposition 3.4. Let M be a finitely generated left D x-module.

Then there exists an isomorphism
By ®kje) M — Bz iy [f 1] @k, p-1) M[f ]

of left Dy -modules.

Proof. We have

Bziyl[f 71 @kl p-1) MIf ]
= (Bzly @k Kz, [ 7)) @k, p-1) MIf 7 = Bzyy @5 M1
This completes the proof combined with Proposition 3.4. Q.E.D.

Let Dx[f~'] := K[z, [ !|® k() Dx and Dy [f '] := Kz, [ @y
Dy be the localization of Dy and Dy by f, which can be regarded as
ring extensions of Dx and of Dy respectively. Then Bzy| f71] and
Bz‘y[f’l] O K[z, f~1] M[f~1] have natural structures of left Dy [f~!]-
module.

Definition 3.5. We set 60) = /(6U)) for j € N. We denote
§ =60,

Lemma 3.6. As an element of the left Dy [f~']-module Bzy[f~'],
the annihilator of & coincides with the left ideal of Dy [f ] generated by

tff_lv amiffiatt2 (’L:].,ﬂ’L)



366 T. Oaku

Proof. By Lemma 3.1, these operators annihilate §. Assume P €
Dy [f~!] annihilates §. There exist elements @Q; and R of Dy [f~!] such
that

P=Qo(t—f"")+> Qi — :0i*) + R
1=1

and that R belongs to K[z, f~1,0;]. Writing R in a finite sum

!
R=Y rix)f "]
j=0

with r;(z) € K[z] and k,l € N, we have

l l
0=R6=> fri(x)d]s (=175 Fry ()
j=0 =0

=i = 1)

=f (tf — 1)1

Since ¢/ is injective, this implies that r;(z) = 0 for any j > 0, that is,
R=0. Q.E.D.

Proposition 3.7. Any element of Byy [f '] @ ks, p-1) M[f'] is
uniquely expressed as a finite sum ijo 50 ® v with v; € M[f~1].

Proof. By Lemma 3.6, By [f '] is isomorphic to K[z, f~*,9,] as
left K[z, f~']-module. Hence §¢) = (—1)7(1/4)d/6 (j € N) constitute
a free basis of Bzy[f~'] over K[z, f~']. This implies the assertion of
the proposition. Q.E.D.

Definition 3.8. Set ¥; := 9,, — fi0;t*> for i = 1,...,n. Define a
ring homomorphism 7 from Dx to Dy by

7:Dx 3 P(z,0;) — P(x,94,...,9,) € Dy.

Since ¥4, . ..,9, commute with each other, and [¥;,z;] = J;;, this sub-
stitution is a well-defined ring homomorphism.

Lemma 3.9. One has
8OV @ Pv=7(P)6Y @v), s P =1(P)(0®)

in Bzly @) M and in Bz)y [~ @kp g1 M[f ] respectively for any
veEM,v € M[f~'] and P € Dx.
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Proof. We have only to show the first equality. Since
(02, — [:0:%)5) =0,
we have

7(02,) 00V @ v) = (9, — f:0:4*)6*0 @ v + 6V © 9,0
=600 g Oz, V.
We can verify that
7(P)(80? @ v) = 6 @ (Pv)
holds by induction on the order of P. Q.E.D.
Proposition 3.10. Let v € M[f~'], P € Dx, and k € N. Then

P(f~*v) = 0 holds in M[f~'] if and only if 7(P)t*(§ ® v) = 0 holds in
By [f 7 @k, g1 M[f1].

Proof. Since t* f*§ = (1 +t*f¥ — 1)6 = 6, we have by Lemma 3.9

§®@ P(f~*v) =7(P)(d @ f*v)
=7(P)tFfF (6 @ f~Fv) = 7(P)t* (6 @ v).

This vanishes if and only if P(f~*v) = 0 by Proposition 3.7.  Q.E.D.
Summing up we obtain

Theorem 3.11. Let M = Dxu be a left Dx-module generated by
u and I = Annp,u the annihilator of u so that M = Dx/I. Let
L2 M — M[f~1] be the canonical homomorphism which sends u € M to
u® 1. Let G be a finite set of generators of I, and J be the left ideal of
Dy generated by {7(P) | P € G} and tf — 1. Then
(1) J coincides with the annihilator Annp, (0 @ t(u)) of 0 @ t(w)
in Bzy [f~!] @Ko 1) Mf71].
(2) Bz lf Y @Kz, p-1) M[f'] is generated by 6 @ v(u) as a left
Dy -module.
(3) As aleft Dy-module, Bz|y @iy M is isomorphic to Dy /J.

Proof. (1) Tt is obvious that J is contained in Annp, (§ ® ¢(u)).
Suppose P(§ @ ¢(u)) = 0 with P € Dy. There exist R € Dy [f~!] and
aa,j(x) € K[z, f~1] which are zero except finitely many (o, j) € N* x N
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such that
pP= Z Qo ](if)a ( flatt2) . (azn _ fnatt2)a"
a€Nm >0
+R(t—f71)
=> (@) +Rt—f)
j=>0

with Q; 1= 3" cyn @a,j(@)02 € Dx[f~']. Then we have

P @u(u) =) 9lm(Q)( @u(w) =Y (=1)j16Y) @ Qju(u)

j>0 7>0

and consequently Q;i(u) = 0 for each j > 0 by Proposition 3.7. This
implies that f!Q;u = 0 holds in M, that is, f'Q; belongs to I, for
some | € N independent of j. We may also assume that 'R belongs
to Dy f. Hence f'P = 250 AT(f'Q;) + f'R(t — f~1) belongs to J.
Since (1 — t'f1)* P belongs to Dy (1 — t'f!), and hence to J, if we take
k € N sufficiently large, and ¢! f'P belongs to .J, we conclude that P
itself belongs to J.

(2) By the assumption, Lemma 2.5, and Proposition 3.7, an arbi-
trary element of Bz y [f ™ @[y, y-1) M [f '] is expressed as a finite sum

Y old@Piue f)

=0

with P; € Dx and k € N. We get

Y dliePue )= dlr(P)0e e )
§>0 §>0
=Y olr(Ptt e @ (ue )
7>0
=>_ ol r(P)t* (6 @ u(u)).
7>0

This completes the proof of (2).
(3) follows from (1), (2) and Proposition 3.4. Q.E.D.

Definition 3.12. For the sake of simplicity of the notation, let us
set
M = Bzy[f '] @Kz, p-1y M[f ' = Bzly @) M
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and define a homomorphism ¢ : M[f~1] — M /d; M by
o) =6®v mod &M

for v e M[f~1).

Theorem 3.13. The homomorphism o : M[f~'] — M /8,M is an
isomorphism of left Dx[f~]-modules, and consequently of Dx-modules.

Proof. By Proposition 3.7 one has direct sum decompositions
M=@eMf e 0WeMf e 0P eMf)o--
oM = (VoM e (@ e M) e

as K|z, f~1]-modules. Hence ¢ is an isomorphism of K[z, f~!]-modules.
For v € M[f~'] and P € Dx[f™'], one has

P(6®v)=7(P)0®v)=06® Pv mod d,M

since P — 7(P) belongs to 9,Dy. Hence ¢ is an isomorphism of left
Dx[f~1]-modules. Q.E.D.

Theorem 3.14. Assume K is algebraically closed. If M is holo-
nomic on Xy, i.e., if Char(M)N7~(X) is an n-dimensional algebraic
set, then Dy /J is a holonomic Dy -module.

Proof. We may assume M = Dx /1. By the definition, we have
Char(Dy /J) = {(z,t;£,7) € K> |
o(P)(x,61 — fit?T, ... & — fut®T) (VP €I), tf(x)=1}
= {(xvt;§7T) | (1‘,§1 - fthTv e 75” - fTLtZT) S Char(M)v tf({E) = 1}

Hence there is a bijection

(Char(M) ﬂwfl(Xf)) x K3 (x,&71)
— (2, 1/f(2); & + fit?7, ... & + fut?T) € Char(Dy /J).

This implies that Char(Dy /J) is of dimension n + 1. Q.E.D.

The DX module M/atM is nothmg but the integral of the Dy-
module M with respect to t, and M is isomorphic to Dy /J by Theorem
3.11. Suppose that M is holonomic on X;. Then M = Dy/J is a
holonomic Dy-module by the theorem above. Hence M /8t]\~4 is also
a holonomic Dx-module. In particular, there exists kg € N, or else
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ko = —1, such that M /9, M is generated by residue classes [t/ ® u] =
o(u® f=7) for 0 < j < k.

The relations among these generators, i.e., a presentation of the
Dx-module M / 9, M can be computed by the integration algorithm for
D-modules under the assumption that what is called the b-function
b(s) with respect to the weight vector w = (0,...,0,1;0,...,0,—1) for
(1, T, t; 0z, ..., 0y, ,0) exists. The integer kg above can be taken
as the maximum integer root of b(s). See [19], [23], [18] for details. This
condition is fulfilled if Bz|y ® k[, M = Dy /J is holonomic, which is the
case if M is holonomic on Xj.

In conclusion, we get

Algorithm 3.15 (localization). Input: A set Gg of generators of
a left ideal I = Annp,u of Dx such that M = Dxu.
Output: a presentation of M[f~1].
(1) Let J be the left ideal of Dy generated by 7(Go) U {tf — 1}.
(2) Compute the b-function b(s) of Dy /J with respect to the weight
vector (0, ...,0,1;0,...,0,—1) by e.g., Algorithm 5.6 of [18]. Quit
if b(s) does not exist; the computation fails.
(3) Let ko be the maximum integer root of b(s) if any. Then
Dy /(J + 9, Dy, which is isomorphic to M /9, M, is generated
by the residue classes [t/] with 0 < j < ko. If kg < 0 or b(s)
does not have any integer root, then M[f~!] = 0; quit.
(4) Compute a set G of generators of the left Dx-submodule

ko
N= {(PO7P17~-'5P1€0) € (DX)kOJrl l ij[tj] :O}
=0

of (Dx)**! by using the integration algorithm (e.g., Algo-
rithm 5.10 of [18]). Then one has isomorphisms

M[f~'] = Dy /(J + 8 Dy) = (Dx)**!/N,
by which u®1, ..., u® f %0 correspond to the residue classes
[(1,0,...,0)], ..., [(0,...,0,1)].

In [21], the homomorphism 7 above (denoted ¢ in [21]) is defined
with oJ; replaced by 8., — fit?0;. This induces the homomorphism M —
M|[f~1] which sends u to u ® f~2 instead of u ® 1.

The algorithm above and the isomorphisms

H(Of)(M) =ker: = Annp, t(u)/Annp, u, H(lf)(M) = M[f~1]/u(M)
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also provide us with algorithms to compute H (7 ) (M) for j = 0,1, which
work at least if M is holonomic on X¢. We remark that H. Tsai gave an
algorithm for H (Of)(M ) without any assumption on M; see Algorithms
4.3 and 4.5 of [25].

Algorithm 3.16 (:(M) and H(Jf)(M)) Input: A set Gy of

generators of a left ideal I = Annp, u of Dx such that M = Dxu.
Output: presentations of (M), H(lf)(M), and H?f)(M) as
D x-modules.

(1) Compute the integer ko and a set Gy of generators of the mod-
ule N of Algorithm 3.15.
(2) Compute a set G of generators of the left ideal

I:={P & Dx|(P0,...,0) € N} = Annp, 1(u)

of Dx by using a Grobner basis of N with respect to a POT
(position-over-term) order (see e.g., Chapter 5 of [9]). Then
one has (M) = Dx /I with the correspondence ¢(u) < 1.

(3)  Set

'1 = {(P17~--7Pk0) | (P07P1,-~-,Pko) e Gy (HP() S Dx)}

and N’ be the left Dx-submodule of (Dx ) generated by GY.
Compute a set G5 of generators of the left ideal

I :={PcDx|(0,...,0,P) € N'} = Annp, [fF01(u)]

of Dx by using a Grobner basis of N’ with respect to a POT

order. Then one has H{; (M) = Dx/I; with the correspon-
dence [f~Fou(u)] « 1.

(4) Set Gy ={Py,...,P}. Compute a set of generators of the left
D x-module

I
No := {(Ql,m,Qz) e (Dx)'|> QP € I}
j=1
through syzygies among { Py, ..., P} UGy. Then one has
Hpy (M) = 1/I=(Dx)"/No
with the correspondence

Pyu <+ (1,0,...,0) mod Ny, ..., PBu<(0,...,0,1) mod Np.
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In what follows, we freely use the notation and the terminology
introduced in Chapters 2, 3, 5 of [18] concerning weight vectors, Grobner
bases, and b-functions.

Example 3.17. Set n =1 and x = x;. It is easy to see that
N;x = DXxS = Dx/Dx(iEax — S)

Since the b-function of x is s + 1, A;(\) is isomorphic to the submodule
Dxa* of £,()\) and hence z-saturated, if A ¢ N. So let us consider
M = N;(0) = Dx/Dxxz0,. Let u be the residue class of 1 in M.
The left ideal J of Dy defined in Theorem 3.11 is generated by tx — 1
and 0, — 0:t2. A Grobner basis of J with respect to a monomial order
adapted to the weight vector (1,0;—1,0) for (¢,x, 0, 0,) is

te—1, 2%0,—0;,, t0,—x0,+1 = Ot—x0,, t20,—0y+2t=0t>—0,.

The b-function of J with respect to the weight vector above (see 5.2 of
[18]) is divisible by s(s — 1) by virtue of the operator 9;t* — 9,. Hence
the integration module M /9, M = Dy /(J + 9, Dy) is generated by the
residue classes [u] and [tu], which correspond to v ® 1 and v ® z~! in
M{[z~1] respectively, over Dx. The fundamental relations among the
generators can be read off from the Grobner basis above as follows (see
Algorithm 5.10 of [18]):

wftu] — [u] =0, 0,[ul =0, z?0.[tu] +[u] =0, (20, + 1)[tu] = 0.
We translate these relations to vectors
(—1,2), (04,0), (1,2%0,), (0,20, +1)

in the free module D%. Let N be the left Dx-submodule of D3 gen-
erated by these vectors. By using Grobner bases of N with respect to
POT orders we can confirm that Annp, [u] = Dx9, and Annp, [tu] =
Dx (20, +1). Hence M|[z~'] is generated by v ® ! and isomorphic
to Dx/Dx (20, +1) = K[z, 2~ '] with the correspondence u® x~1 « T.
The image (M) of t : M — M[z~"] is isomorphic to Dx /Dx0, = K|x]
with the correspondence u ® 1 <+ 1. Finally we get
H{,y(M) = kert = Dxdpu = K[d,Ju = Dx /Dx,

H{,y (M) = Dx[tu]/Dx[u] = Dx /Dxz.

(z

The following is an example of non-holonomic M:
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Example 3.18. Set n = 2, 71 = z, 22 = y, P = 202 + 0y, and
M = Dx/DxP = Dxu as in Example 2.2. Then M is x- and y-
saturated. The localizations of M are

M[z'] = Dx(u®2™%) = Dx/Dx(220,> + 420, + x0, + 2),
Mly™'l = Dx(u®y ') = Dx/Dx (vyd,> + yd, + 1).
The first local cohomology groups are
HE,\ (M) = Dx[u®a~? = Dx/(Dxa® + Dxxd,),
H(ly)(M) =Dx[u®y '] = Dx/Dxy,
both of which are not holonomic.

Example 3.19. Set n =2, 21 = z, 25 = y, and f = 23 — y2. Let
us consider

M = Dx/(DXamf + Dxayf) = Dxu (u = T)
The characteristic variety of M is
Char(M) = {(z,y:€,m) € K* | 2® —y* = 0} U{(2,4;0,0) | (z,y) € X}.

Hence M is holonomic on X but not on X. The localization M[f~1] is
given by

M[f~ '] = Dx/(Dx (220, + 3yd, + 6) + Dx (2yd, + 32°9,))

with the correspondence v ® 1 <+ 1 and is holonomic on X. Hence we

have +(M) = M[f~'] and H(lf)(M) = 0. Algorithm 3.16 also gives a

presentation of H(Of)(M ), which is rather complicated. We can verify
that its characteristic variety is

Char(H(p) (M) = {(z,y:&m) € K* | 2° —y* = 0}

as is expected.

84. Algorithms for v ® f* and the b-function

The purpose here is to give algorithms to compute M (u, f,s) and
M (u, f,\) as well as the b-function b, f(s) for an arbitrary D x-module
M = Dxu that is holonomic on Xy, and an arbitrary non-constant
polynomial f. Algorithms for these objects were already given in [17]
under the additional assumption that M is f-saturated. We remove this
assumption by using the localization algorithm.
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Set X = K™ and Y = K"*! with coordinates x = (1,...,x,) of X
and (x,t) of Y. Let f = f(x) € K[z] be a non-constant polynomial and
let Z be the affine subset Z = {(x,t) |t = f(x)} of Y. (Note that Z is
different from what was defined in the previous section.) We regard the
local cohomology group

By = Hy(K[z,t]) = K[z,t,(t — )7 ']/ K[x,1]
as a left Dy-module. For k € N, let

(—1)k! }
(t — f(z))kt?

be the residue class in By y and denote §(t — f) = 6(0(t — f). Then
0(t — f) satisfies a holonomic system

(t= 1ot —f)= (0, + [i0)(t—f) =0 (1<i<n)

with f; = 0f/0x;. Hence there exists an isomorphism Bzy = Dy /Jy
with

509t — f(a)) = [

Jo := Dy (t = ) + Dy (Oa, + f104) + -+ + Dy (O, + falr)

as left Dy-module since Jy is maximal. In particular, %) (t — f) (k € N)
constitute a free basis of By over Klz].

Following Malgrange [15], let us give L7 = Dx[s]f° a structure of
left Dy-module by

t(a(z,s)f 7R %) = a(z, s+ 1) fFFLfS,
O(alz,s)f 5 f*) = —sa(z,s — 1) fF1f°

for a(x,s) € K[z,s] and k € N. The actions of ¢t and J; on Ly satisfy
[0¢,t] = 1, and they commute with x;, d,,. Hence the definition above
extends to the action of Dy on Ly. In particular, 0yt f* = —sf* holds,
which will play an important role in what follows.

With respect to this action, we can regard Bzy as a left
Dy-submodule of £; by identifying 6% (t — f) with (=1)*s(s —1)---
(s —k+1)f*"%in L;. In fact, we have

Jo = Annp, f* = Annp, i(t — f)

since Jp annihilates f* as well as 6(¢ — f) and Jp is a maximal left ideal.
For a left Dx-module M = Dxu, let us consider the tensor product
M ® iy Bz|y, which is a left Dy-module.
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Definition 4.1. Set ¢ := 9,, + f;0, for i = 1,...,n. Define a ring
homomorphism 7 from Dx to Dy by
7' Dx 3 P(x,0,) — P(x,9,,...,9)) € Dy.

Since 91, ..., commute with each other, and [¢], z;] = J;;, this sub-

stitution is a well-defined ring homomorphism.

Since ¥,0(t — f) =0 for 1 <i < mn,
T (P)(v®@d(t— f)) =Pv®d(t— f)

K

holds for any v € M and P € Dx. Hence we have
Pu® 855(15 - = 8f(Pu ®o(t—f)) = 857-’(P)(u ®o(t—f)).
This proves

Lemma 4.2. If M = Dxu, then the left Dy -module M ®k[4) Bz|y
is generated by u ® 0(t — f).

Theorem 4.3. Let M = Dxu be a left Dx-module generated by u
and f € K[z]. Let G be a finite set of generators of I := Annp,u and
let J be the left ideal of Dy generated by {7'(P) | P € G} U{t — f}.
Then J coincides with the annihilator Annp, (u @ 6(t — f)). Moreover,
if M is a holonomic D x-module, then M ®g,) Bz)y is a holonomic
Dy -module.

The first part of this proposition was proved by Walther [26]. The
proof is almost the same as the proof of Theorem 3.11. The last assertion
can be proved in the same way as Theorem 3.14.

Thus we have an algorithm to compute M @[, Bz|y- The inclusion
Bz x C Ly induces a homomorphism

Y M Qg Bziy — M Qg Ly

of left Dy-modules. Our main aim is to compute the D x[s]-submodule
M(u, f,s) = Dx[s](u® f*) of M ®kiy Ly, which is the image of the
submodule Dx[s](u ® f*) of M ®[5) Bz|y by 1. The following lemma
was proved in [17] as Proposition 6.13.

Lemma 4.4. The homomorphism 1 above is injective if and only
if M is f-saturated.

Proof.  An arbitrary element of M @/, Bz|y is expressed uniquely
as

k
w=>Y v;®6V(t-f)
j=0
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with £ € N and v; € M. Then

k
d(w) =Y (1Y@ (s(s = 1)--- (s —j + 1) [/ f*)
0

Jj=

vanishes if and only if each v;® f~/ vanishes in M ® [,) K[z, f '], which
is equivalent to v; € H?f)(M). Q.E.D.

Lemma 4.5. Let M = Dxu be a left Dx-module generated by u
and f € K[z] be a non-constant polynomial. Let v : M — M[f~] be the
canonical homomorphism. Then ¢ induces isomorphisms

M®K[m] ﬁf%L(M) ®K[x] ['f7 M(’U,,f,s);)L(M)(U,f,S)
of left Dx[s]-modules.

Proof. Since L is isomorphic to K[z, f~!,s] as a K[z, s]-module,
we have only to show that the natural homomorphism

Mf= = u(M)[f1]

is an isomorphism, which is obvious by the definition. The second iso-
morphism follows from the first. Q.E.D.

Summing up we obtain

Algorithm 4.6 (M(u, f,s) and M (u, f,\)). Input: A finite set of
generators of a left ideal I of Dx so that M = Dxu = Dx/I, a
non-constant f € K[z, and A € K.

Output: presentation of M (u, f,s) and of M (u, f, \).

(1) Compute ¢(M) = Dx/Annp, ¢(u) by Algorithm 3.16.

(2) Compute J = Annp, (¢(u) ® 6(t — f)) by using Theorem 4.3.

(3) Compute J N Dx|s], which is equal to Annp  5(¢(u) ® f°) =

Annp  q(u® f°).

(4) The substitution s = A for generators of J N Dx|[s] gives a set

of generators of Annp, (u ® f)]s=x.

Proposition 4.7. Let M = Dxu be a left Dx-module generated by
u and f € Klz] a non-constant polynomial. Then the b-function b, f(x)
exists if and only if there exists a nonzero polynomial b(s) € K|s| such
that
(2)
b(=0¢t)(u®0(t — f)) € tDx[t0](u @ 6(t — f)) = Dx [tO]t(u @ o(t — [)).

If M is f-saturated and such b(s) exists, then b, ;(s) is the monic poly-
nomial of the minimum degree among such b(s).
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Proof.  Assume that (2) holds. Then there exists P(s) € Dx][s]
such that

b(=0it)(u@6(t = f)) = P(=0it)t(u@d(t = f)) = P(=0,t) f(u@6(t - f)).

Applying the homomorphism 1 we get b(s)(u ®@ f*) = P(s)(u ® f*1).
Hence b, f(s) exists and divides b(s).

On the other hand, assume that there exist nonzero b(s) € K|[s]
and P(s) € Dx[s] such that b(s)(u ® f*) = P(s)(u ® f*T1) holds in
M ®kps) L5 Then as is seen by the proof of Lemma 4.4, there exists
k € N such that

FPo(—0t)(u®s(t — f)) = fFP(—0ut) f(u® 5(t — f)).
Since
FEb(=0ut) (u@6(t— f)) = b(—04t) f* (u@d(t— f)) = b(—det)t" (u@(t— f))

holds, we get

OFv(—ot)tF (u @ o(t — f))
=0y f*P(=0ut) f(u® &(t — f)) € Dx[td]t(u ® 6(t — f)).

This completes the proof because there exists c¢(s) € K[z] such that
OFb(—0pt)th = c(—0xt). Q.E.D.

Now we obtain an algorithm to determine whether the b-function
exists and to compute it if it does:

Algorithm 4.8 (b, f(s)). Input: M = Dxu = Dx /I with a finite
set of generators of I and a non-constant f € K[x].
Output: the b-function b, ¢(s) if it exists. ‘No’ if it does not exist.
(1) Compute J' := Annp, (u® 6(t — f)) by using Theorem 4.3.
(2) Compute I’ = (J'+ Dx[s]f)NK][s] by elimination. If I’ # {0},
then there exists b, ¢(s). Otherwise, the b-function does not
exist; output ‘No’ and quit.
(3) Compute a set of generators of J := Annp (v ® f°) by Al-
gorithm 4.6.
(4) Compute I(u, f) = (J + Dx|[s]f) N K|s] by elimination. Let
by, ¢(s) be the monic generator of I(u, f).
Algorithm 4.9 (Dx(u® f*)). Input: M = Dxu = Dx/I with a
finite set of generators of I, a non-constant f € K[x], and A € K.

Output: presentation of Dx (u® f*), i.e., Annp, (u® ) if by, ¢ (s)
exists.
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(1) Compute M(u, f,s) and by, ¢(s) by Algorithms 4.6 and 4.8.
Quit if b, r(s) does not exist.

(2) Let ko be the maximum nonzero integer, if any, such that
by, f (A — ko) = 0. If there is no such ko, then set kg = 0.

(3)  Compute I := Annp, (u® f*7*) from Annp, q(u® f*) by
substitution s = A — kg.

(4) Compute the left ideal

I:ff.={PecDx|PfecI}
by an appropriate Grobner basis. Then one has
I:ff =Annp, (u® f).

Example 4.10. Set n = 2, 71 = z, 22 = y, P = 202 + 0y, and
M = Dx/DxP = Dxu as in Example 2.2. By Algorithms 4.6 and 4.8
we obtain b, ,(s) = (s + 1)(s +2), by y(s) = s+ 1, and

M (u,z,s) := Dx[s](u® x*)
= Dx|[s]/Dx|[s](#20,% — 2520, + 20, + s> + s),
M(u,y,5) := Dx|s](u ® y*) = Dx[s]/Dx[s](xyd.* + ydy, — s).
Example 4.11. Setting n = 2 and x1 = z, o = y, let us consider
f(z,y) = 2® —y* and
. 1 1
Ny = Dx[s]f*, M5:Nf(6> :J\/f/(s—6>/\/f.
We have M = Dx /I = Dxu with u := f*|,_; /¢ and
I =Amnp,u= Dx (220, + 3ydy, — 1) + Dx(2y0, + 3m28y).

Then Algorithm 3.15 shows that M[f~!] is generated by u® f~! and is
isomorphic to Dy /J with

J=Amp,u® f~! = Dx (220, + 3yd, + 5) + Dx(2y0, + 32%9,,).

In fact, M[f~!] is isomorphic to £;(1/6) = K[z, f~f/6 = Dx f=5/5,
and +(M) to the submodule Dy f1/6.

By Algorithm 3.16, we have «(M) = Dx/Jy with the left ideal .Jy
generated by

200, +3y0y — 1, 2yd, + 32%0,, 892 + 2Tyd; + 90;.
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Note that Jyp is strictly larger than I because of the last generator.
Algorithm 3.16 also yields presentations of the local cohomology groups

H{p (M) = Dx /(Dxx + Dxy) with (895 + 27yd + 90, )u +— 1,
H;(M) = Dx/(Dxz+ Dxy) with [u® f~!]+—T.

The b-function for u and f is

by f(s) = (s+ 1)<s+ %) (s + g) = bf(s+ %),
where bs(s) = (s+1)(s+5/6)(s + 7/6) is the b-function of f.

Example 4.12. Set n =2 and x; = z, 92 = y and consider
M = H,, (K[z,y]) = Dx /(Dxzy+Dx (20,+1)+ Dy (ydy+1)) = Dxu

with v = [(zy)~!]. Then M[z~1] is generated by u ® 1, and hence
M[™] = (M) and H(lx)(M) = 0. We have
M[z™"] = Dx/(Dx (20, + 1) + Dxy),
H(Ox)(M) = Dx/(DXx + Dxay)
with the correspondence u ® 1 <+ 1 and yu <+ 1 respectively. The b-
function of u := [(zy)~!] and z is b, .(s) = s. The module M (u,z,s)

M(u,z,s) = Dx[s]/(Dx[s](xd, — s+ 1) + Dx|[s]y).

Example 4.13. Set n =3, 1 =z, ©o =y, 3 = 2z, and
f =% — 9?22 Let us consider
M = Hi,p(Klz,y)) = Dxu  (u=[(=f)""]).
The localizations M[z~!] and M[f~!] are given by

M[z™'] = Dx(u®1)

= Dx/(Dx f + Dx (220, + 320. +8) + Dx (yd, — 20z),
M[f'=Dx(u®1)

= Dx/(Dxz + Dx(ydy, + 2) + Dx (20, +2).

In particular, we have H(lw) (M) = H(lf) (M) = 0. The zeroth cohomology

groups are
H{,y(M) = Dx /(Dxx + Dxd, + Dx0.)
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with the correspondence fu <> 1, and H?f) (M) = Dx /I with the corre-
spondence (yd, + 2)u > 1, where I is the left ideal generated by

12, YOy — 20;, 2x0, + 320, + 8§, x38y — 25y0, — 427y,
fo. — 4zy°, x3a§ —219% — 62%0, — 422,
822902 + (272207 + 8120, + 24)0,,.

We also have

M (u,z,s) = Dx|[s]/(Dx][s ]f+DX[3](2x8$—|—3y8y—25+8)
+ Dx[s](y9y — 20z)),

M (u, f,s) = Dx[s]/(Dx|s]x + DX[S](yay —2s-2)
+ Dx[s](ydy — 20z)).

The corresponding b-functions are
3\2 1\2
bux(s):sQ(sfé) , bu7f(s):s2(s—f) .

85. Length and multiplicity of D-modules

W set X = K™ as in the preceding sections. First let us recall basic
facts about the length and the multiplicity of a left D x-module following
J. Bernstein ([3],[4]). Let M be a finitely generated left Dx-module. A
composition series of M of length k is a sequence

M=My2M 22 My=0

of left D,,-submodules such that M;/M;_; is a nonzero simple left D x-
module (i.e. having no proper left Dx-submodule other than 0) for
i = 1,...k. The length of M, which we denote by length M, is the
least length of composition series (if any) of M. If there is no compo-
sition series, the length of M is defined to be infinite. The length is
additive in the sense that if

0O—N-—M-—L—0

is an exact sequence of left D x-modules of finite length, then length M =
length N + length L holds.
For each integer k, set

Fk(Dx) = { Z aaﬁmo‘é‘ﬁ | Aop € K}

lee|+181<k
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In particular, we have Fy(Dx) = 0 for £ < 0 and Fy(Dx) = K. The
filtration {Fy(Dx)}rez is called the Bernstein filtration on Dx.
Let M be a finitely generated left D x-module. A family {F}, (M)} ez
of K-subspaces of M is called a Bernstein filtration on M if it satisfies
(1) Fo(M) C Fyy (M) (W €Z),  Upen Fe(M) = M,
(2) Fj(Dx)F(M) C Fjpr(M) (Vj, k€ Z).
Moreover, {Fj, (M)} is called a good Bernstein filtration if there exist
u; € Fi,(M) (i =1,...,m) such that

Fk(M):Fk—kl(DX)Ul+"'+Fk—km(DX)um (VkEZ)

If {F,(M)} is a good Bernstein filtration, then each Fj (M) is a finite
dimensional vector space over K and Fy,(M) = 0 for k < 0 (see e.g., 2.3
of [18]).

Let {Fj (M)} be a good Bernstein filtration on M. Then there exists
a polynomial p(T) = cqT? + c4_1 T +--- + co € Q[T] such that

dirnK Fk(M) = p(k’) (k > 0)

and dlcg is a positive integer. We call p(T) the Hilbert polynomial of M
with respect to the filtration {Fy(M)}. The leading term of p(T") does
not depend on the choice of a good Bernstein filtration {Fj(M)}. The
degree d of the Hilbert polynomial p(T) is called the dimension of M
and denoted dim M. The multiplicity of M, denoted mult M is defined
to be the positive integer d!cy. The dimension and the multiplicity are
invariants of a finitely generated left D y-module.

If M # 0, then the dimension of M is not less than n (Bernstein’s
inequality). By definition, M is holonomic if M = 0 or dim M = n. If
M is a holonomic left Dx-module, we have an inequality length M <
mult M and hence M is of finite length in particular. Moreover, the
multiplicity is additive for holonomic left D y-modules.

We can compute the dimension and the multiplicity of a given
finitely generated (not necessarily holonomic) Dx-module by using a
Grobner basis with respect to a term order compatible with the Bernstein
filtration.

Example 5.1. Let M be the Dx-module with X = K? defined in
Example 4.11. We get exact sequences

0 — Hlp (M) — M — (M) — 0,
0 — Hlpy(M) — M — M[f™"] — H{;(M) — 0
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with H?

(f)(M)fZVHQ

Gy (K2, y]) = Hy) (M). We have
mult M = mult M[f~] =6, multu(M)=5,
mult HYp) (M) = mult Hipy (M) = 1.

The following two propositions are easy and should be well-known.

Proposition 5.2. Let f be a non-constant polynomial in x1, ..., x,.
Then the multiplicity of K|x, f~1] is at most (deg f 4+ 1)", where deg f
stands for the total degree of f.

Proof. Let d be the degree of f. Then
_ a
Fu(K[z, f7Y) := {W |a € Klxy,...,z,], dega < (d+ 1)k}

for k € Z constitute a (not necessarily good) Bernstein filtration on
K|z, f~1], which is finitely generated over D,,. Since

dimge Fy(Ke, 1) = (0TI,
n
we have dim K[z, f~!] = n and mult M < (d + 1)". Q.E.D.

Proposition 5.3. Letn =1 and f € K[z] = K[z1] be non-constant
square free. Then one has mult K[z, f~1] = deg f + 1.

Proof.  Set M := H(lf) (K[z]). Then M is isomorphic to Dx/Dx f
since f is square-free. Hence
Fy(M) := Fi(D1)[f 7] 2 Fi(D1)/Fr—a(D1) f
with d := deg f constitute a good Bernstein filtration on M. Since

_ (k42—2) _(k—;l+2> :dk—%d(d—i%)

holds for k& > d, the multiplicity of M is d. Q.E.D.
We shall give two examples in two variables.

Proposition 5.4. Set X = K? and write x; = x, 1o = y. Set
f = a™ + y with positive integers 1,m. Then the multiplicity of
Klx,y, f~1] equals 2max{l,m}.
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Proof. 'We may assume m < [. Set M := H(lf)(K[sc, y]). Since the

b-function b¢(s) of f does not have any negative integer < —2 as a root
(see e.g., 6.4 of [14]), M is generated by u := [f~!] € M over Dx. The
annihilator Annp, u is generated by

fo E:=l1x0s +mydy +ml, P:=1y"~'0, —ma™"'9,

(see also 6.4 of [14]). A Grobner basis of Annp[f~!] with respect to
a total-degree reverse lexicographic order < such that = y = £ = 7
is G = {f,E, P}, where £ and n are the commutative variables corre-
sponding to 0, and 0, respectively. In fact, in case m < [ the S-pairs
(see Chapter 3 of [18]) are divisible by G:

sp<(fa E) = Zxaxf - ylE = ImE - myayfa
spo(f,P) =10, f —yP =a""'E, sp.(E,P)=y" 'E—aP=mo,f.
The initial monomials of the Grébner basis G are inL(f) = ¥/,

in(E) = z¢, ing(P) = y'~'¢. Hence for k > | we obtain

dimg Fy(Dx)/(Annp, [f~] N Fx(Dx))

= t({a'y e it j+ v <K\ (269 7hE)

=t{z'y'n’ i+j+rv <k j<i-1}

+H{y e [ j v <k j<i-2p>1}

-1 . 1-2 .
B 24k—j 2+k—j—1\ 20—-1,
_Z< 2 )+Z< 2 =gy B
j=0 3=0
On the other hand, in case m = [ we have

sp<(f, E) =10, f —2'"'E = yP,
spL(f,P) =1y 0, f —alP=y'P+12l710,f
spo(E,P) =y 'E — 2P =10,f.
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The initial monomials are in4(f) = 2!, inL(F) = z¢, ing(P) = y'~ ¢
(Note that y'~1¢ = x!~1y holds.) Hence for k > [ we obtain
dim g Fk(Dx)/(AHHDX [fil] ﬂFk(Dx))
= t{a'y & i+ j+p+v < kR (2l 26,y 70E))
=t{a’y'n” [i+j+v<ki<i-1}
+H{y e | j+ptr <k j<l-2,p>1)
-1 . -2 )
24k —i 24 k—j—1\ 2-1,
f— - k
L)) e

Hence the multiplicity of M is 2l — 1 in both cases. This proves the
assertion. Q.E.D.

Proposition 5.5. Set X = K? with x1 = « and x5 = y. Set
f = a™ + y' + 1 with positive integers I,m. Then the multiplicity of
Klx,y, f~1] equals lm + |l —m| + 1.

Proof. We may assume m < [. Set M := H(lf)(K[x, y]). Since the

curve f = 0 is non-singular, the b-function is b¢(s) = s+ 1. Hence M
is generated by u := [f~!]. The annihilator Annp, u is generated by f
and P :=ly'~10, — maz™ 10, since f = 0 is non-singular.

In case | = m, G = {f, P} is a Grobner basis of Annp, [f~!] with
respect to a total-degree reverse lexicographic order < such that x >
y >~ & = n. In fact, we have

sp(f, P) = ly' 10, f — ' P = ly"0, f + 2'P.
Since in4(f) = 2! and inL(P) = y'~1¢, we have for k > 21
dimKFk(DX)/(AnnDX[ffl]ﬁFk(DX))
= t({a"y e i+ j+p+v<NY\ (2 y''¢)
=t{zlyin” |i+ji+v<k i<l-1}
+ {2y it jtp+r <k i<I-1,0<j<1-2 p>1}
-1 . -1 1-2 o
24+ k—1 24k—1—-j5—-1 2,
= T = k2.,
() an )

In case m < [, the Grobner basis of Annp[f~!] with respect to the same
order as above is G = {f, P,Q} with

Q :=1(z™ +1)0, + ma™ *yd, + miz™ .
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In fact, we have

Sp<(f,P) =10, f —yP =Q,
Sp{(f? Q) = l{Emamf - le = _mxm—lyayf - yP + me,
pL(P.Q) = 2Py 71Q = —ma™ 0, f — P,

Since in (f) = 4!, inx(P) = y'~1¢, in(Q) = 2™, we have for k > I+m,

dimg Fi(Dx)/(Annp, [f~ N Fr(Dx))
= t{a"y & " i+ +u+v<kP\ @yl 2me))
={z'y'n" i+j+v <k i<l-1}

+H{ay e it it ptr <k i<m-—1,j<1-2 p>1}

-1 . m—11-2 .
24+k—1 24k—1—7-1
2 ()22 ()
i=0 =0 j=0
1 _
:MkQ_’_
2
Hence the multiplicity of M is l+m(l —1) =ml+1—m. Q.E.D.

Now let us resume the study on M (u, f,s) for a Dx-module M =
Dxwu and a polynomial f. As in the preceding section, set ¥ = X x K
and Z = {(x,t) €Y | t = f(2)}.

Lemma 5.6. Let M = Dxu be a left Dx-module generated by u.
For any A € K, the endomorphism of M(u, f,s) defined by s — X is
injective. Hence the sequence

0 — M(u, f,s) 223 M(u, f,s) — M(u, f,\) — 0

of left Dx-modules is exact.

Proof. We may assume that M is f-saturated as was seen in the
previous section. The homomorphism ¢ : M Q) Bzly — M Qg2 Ly
is injective by Lemma 4.4.

Hence we have only to show that s — A = —0;t — A is an injective
endomorphism of M @[, Bz)y. Let

k
v=> v;®69(t - f)
j=0
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be an arbitrary element of M @/, Bzy with k € N and v; € M. Then
one has

k
(s—Nv==> v;®td+ A+ 1)V (t - f)
j=0
k
== v ® (80— )+ (A= 7)sP(t = f))

k
= Ao @ 8t — )= S (i1 + (O ) @59t — f)
=1

— fupe @ 6B (& — ).
Thus (s — A)v = 0 is equivalent to
Avg = for = frjoi+(A—Jj)v; =0 (1<j<k),
which implies vy, = vp_1 = -+ = vg = 0 since M is f-saturated. Q.E.D.

Theorem 5.7. Let f € K[x] be a non-constant polynomial with K
being algebraically closed. Let M = Dxu be a left Dx-module generated
by w which is holonomic on Xy :={x € X | f(x) # 0}. Then M(u, f,\)
and M(u, f,8)/tM(u, f,s) are holonomic Dx-modules for any A € K.

Proof. Since M (u, f,s) = o«(M)(c(w), f, s), we may assume M to be
a nonzero holonomic D x-module and f-saturated replacing M by ¢(M).
Set

N =M Qkz) Bziy,  Fu(N):=F(Dy)i(t — f(z)) (k€ Z).

Since N is holonomic, there exists a polynomial p(k) of degree n + 1
such that p(k) = dimg Fj(N) for any sufficiently large k. Let us define
a filtration Fj(Dx[s]) on the ring Dx[s] by

Fo(Dxls]) = { 3 aa,527005" | ol + 18] + 25 < k}.
a,B,j
Set
Fip(M(u, f,5)) := Fe(Dx[s])(u® f*) (k€ Z).
Applying a well-known fact in commutative algebra (see e.g., Theorem
4.4.3 in [7]) to the graded module gr(M (u, f,s)) over the graded ring
gr(Dx]s]), we can show that there exist two polynomials ¢; (k) and g2 (k)
of the same degree d such that

dimg For(M(u, f,8)) = q1(2k), dimg Forr1(M(u, f,s)) = q2(2k + 1)
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for any sufficiently large k. We have d < n + 1 since Fi(M(u, f,s))
is contained in ¢ (Fj(N)) and 1 is an injective homomorphism from
M ®gy) Bzly to M @y Ly

Set M = M(u, f,s)/tM(u, f,s) and

Fp(M) = Fx(M(u, f,))/(tM (u, f,5) N F(M(u, f,5)).

Then {F} (M)} is a Bernstein filtration on the left D x-module M (i.e.,
the action of s being ignored) although we do not know at this stage
whether M is finitely generated over Dx or not.
Since t : M (u, f,s) — M (u, f,s) is injective, we have
- dimK(tM(uv I 8) N Fk<M(uv I 5))
S dlmK Fk(M(ua f7 S)) - dlmK t2Fk:—2(M(ua fv 5))
= dlmK Fk(M(uv fv S)) - dlmK Fk—Q(M(U7 fa S))
f q(k)—q1(k—2) if k> 0is even,
| 2(k) —qe(k—2) ifk>0is odd.
Since the degree of ¢;(k) —qi(k—2) (i = 1,2) is d—1 < n, this inequality
implies that an arbitrary finitely generated D x-submodule of M is holo-
nomic and its multiplicity is bounded in terms of the leading coefficients
of ¢1(k) and ¢2(k). Hence we conclude that M itself is holonomic.
We can prove the holonomicity of M (u, f,A) in the same way re-

placing t? by s — A. This fact is a special case of Theorem 6.10 in
[18]. Q.E.D.

The first statement of the following theorem is given in 6.5 of [14]
for the case M = K[z] and u = 1.

Theorem 5.8. Let M = Dxu be a Dx-module generated by u
and f € Klz| be a non-constant polynomial. Assume that the b-function
by f(s) exists. For A € K let oy : M(u, f,\+1) = M (u, f,\) be the Dx -
homomorphism induced by t, which sends (u® f*)|s=x+1 to (fu®f*)]s=x.

(1)  px is an isomorphism if and only if by, r(A) # 0.
(2) Assume that M is holonomic on Xy with K being algebraically
closed. Then one has

mult M (u, f, A + k) = mult M (u, f, \),
length M (u, f, X + k) = length M (u, f, \)

for any A € K and any integer k. In particular, one has

mult M[f 1] = mult M (u, f, k), length M[f~'] = length M (u, f, k)
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for any integer k.

Proof. There exists a commutative diagram

0
0 0 Ko(N)
00— M(u, f, s) ——= M(u, f, s) M 0
s—A—1 s—A 5—A
0 —— M(u, f,s) ——= M(u, f, s) M 0
M(u, f, A\ +1) 2 M(u, f,\) — K1(\)

0 0 0

with M = M(u, f,s)/tM(u, f,s) and some left Dx-modules Koy(A),
K1(X), where the three vertical sequences and the upper two horizontal
sequences are exact in view of Lemma 5.6. Hence by the snake lemma
we obtain an exact sequence

(3) 00— Ko(A) — M(u, f,A+1) 2% M(u, f,\) — K1(A\) — 0

of left D x-modules.
(1) Assume by, ¢(\) # 0. Then there exist a(s), c(s) € K[s] such that
a(s)(s = X) + ¢(s)by,¢(s) = 1. Hence for any Q(s) € Dx|s],

Q(s)(u® f°) = Q(s)c(s)bu,f () (u @ f7) + (s = N)Q(s)a(s)(u @ f°)

belongs to tM(u, f,s)+ (s =AM (u, f,s). If (s—A)Q(s)(u® f*) belongs
to tM (u, f,s), then Q(s)(u® f*) also belongs to tM (u, f,s). Hence s — A
is an automorphism of M.

Conversely, assume that s — A is an automorphism of M. Then the
minimal polynomial b, ;(s) of s on this module cannot be a multiple
of s — A, Summing up we have shown that b, ;(A) # 0 if and only if
Ko(A) = Ki(A) = 0. In view of the exact sequence (3), this is also
equivalent to () being an isomorphism.
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(2) We may assume that M is a holonomic D x-module and that M
is f-saturated replacing M by ¢(M). Since M is holonomic by Theorem
5.7, the length (and the multiplicity) of o(A) and the length (and the
multiplicity respectively) of ICq (\) are the same in view of the rightmost
vertical exact sequence. Combined with this fact the exact sequence (3)
proves the statement (2). Q.E.D.

This theorem provides us with an algorithm to compute the multi-
plicity of M[f~!] without any information on b, f(s); we have only to
compute a Grobner basis, e.g., of M (u, f,0) with respect to a term order
compatible with the Bernstein filtration.

Theorem 5.9. Let M = Dxu be a Dx-module generated by u and
f € K[z] be a non-constant polynomial with K being algebraically closed.
Assume that M is holonomic on Xy¢. Then the homomorphism py :
M(u, f,\) = Dx (u®f*) is an isomorphism if and only if by, (A—k) # 0
for any positive integer k.

Proof. If b, (A — k) # 0 for any positive integer k, then py is an
isomorphism by virtue of Proposition 2.6. Now suppose b, (A —k) =0
holds for some positive integer k and let ky be the maximum among
such k. Then Proposition 2.6 and Lemma 2.7 imply that py_g, is an
isomorphism and that Dx(u ® fA~**1) C Dy (u® fA~*0). Hence by
(2) of Theorem 5.8 we have

length M (u, f, \) = length M (u, f, A — ko) = length Dy (u ® f*~*0)
> length Dx (u® fA7%0+1) > length Dx (u @ f*).

Thus py is not an isomorphism. Q.E.D.

Corollary 5.10. Under the same assumptions as in Theorem 5.9,
M (u, f,\) is f-saturated if and only if b, (A — k) # 0 for any positive
integer k. In general, (M (u, f,\)) is isomorphic to Dx(u® f*).

Proof. We may assume M to be f-saturated. First note that
M ®giy) Lp(N) is f-saturated for any A € K since it is isomorphic
to M[f~1] as K[z]-module. Hence M(u, f,\) = Dx(u ® f*) is also
f-saturated under the assumption on b, f(s).

Now assume b, (A — k) = 0 for some positive integer k. Then py is
not injective. Thus there exists P € Dx such that P((u ® f*)|s=x) # 0
but P(u® f*) = 0. There exist P; € Dy and k,! € N such that

k
Plu® f*) Z )\)jfsfl.

j=0
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Then the equality P(u® u*) = 0 means Pyu = 0. Hence by Lemma 2.5,
there exist Q(s) € Dx|[s] and m € N such that

Plu® f?) = (s = NQ(s)(u @ f=™).

Take a sufficiently large I € N so that f'Q(s)f~™ belongs to Dx]|s].
Then we have

flPu f°) = (s = M(f'Q(s)f ™) (ue f*),

and consequently f!P((u ® f*)|s=x) = 0. Hence M (u, f,\) is not f-
saturated. The last statement also follows from this argument. Q.E.D.

Example 5.11. Set n = 2 and write z1 = x, x2 = y. Let u be
the residue class of 1 in M = Dx /I with I being the left ideal of Dx
generated by two operators

P =xz(1- x)@f +y(1l—2)0,0,, Po=y(l— y)8y2 + (1 —y)0,0,.

This is Appell’s hypergeometric system F; with all parameters equal to
zero. The singular locus of M is a line arrangement defined by

fi=a(@=1yly—1)(z—-y) =0.
Let t : M — M[f~!] be the canonical homomorphism. Then M[f~1] is
generated by f~2.(u) and ((M) is given by
(M) = Dxt(u)
= Dx/(Dx0,0, + Dx((1 — 2)0,” — 0,) + Dx ((1 — y)9,* — 9,)).
The b-function with respect to u and f is
bu,s(s) = (s +1)*(s +2)*(s + %)2(5 + %)2(5 + g)
As to multiplicities we have
mult M =10, mult.(M) =05, mult M[f~'] = 36,
mult Hly) (M) = 31, mult HYpy (M) = 5.
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The characteristic varieties are

Char(M) = {(z,y;:&;n) |z =y =0} Uf{r =y =1} U{z =9 =0}
Ufe—1=n=0u{y=¢=0tU{y—1=¢=0}
Ufz —y=¢+n=0u{{=n=0}

Char(¢(M)) ={z —1=n=0}U{y—1=¢=0}U{{=n=0},

Char(M[f ) ={z=y=0U{r—1=y=0}U{z=y—1=0}
U{z=y=1}U{e=n=0U{z—-1=n=0}
U{y=¢=0U{y-1=¢=0tU{e—y=¢+n=0}
U{¢=n=0}

Char(H(lf)(M)):{xzy:O}U{m—lzy:O}U{xzy—1:O}
U{z=y=1}U{e=n=0U{z—-1=n=0}
Ufy=€=0}Ufy—1=¢=0}Uf{z—y=¢+y=0},

Char(H?f)(M)):{x:yzo}u{x:yzl}u{xznZO}
U{y=¢=0tu{z—y=E{+n=0}

Example 5.12. Set X = K* and consider the A-hypergeometric

system associated with the matrix A = (1) } ; i , which is taken
from Example 4.3.9 of [23]. Tt is the left Dx-module M,(by,bsy) =
Dx /H (b1, b2) with the left ideal H,4(by,bs) of Dx generated by oper-

ators
2101 + 1205 + 303 + 404 — by, 1905 + 31303 + 41404 — b,
0007 — 03, 0104 — 0203, 0304 — 0,03, 0703 — O3

with parameters b1,by € K. Computing a Grobner basis of the left ideal

of Dx|[b1,bo] (i-e., regarding by and by as indeterminates) generated by
these operators with respect to a term order < such that

o + 18] < |o/| + 18] = bibla®d® < bkbha 9

and that b bg =< 2292 for any i, j, a, B, we can verify that the multiplicity
of Ma(by,b2) is 16 unless by = 1 and by = 2, while the multiplicity of
M4(1,2) is 17. A similar phenomenon with respect to the holonomic
rank was shown in [23].
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On the other hand, the characteristic variety of M4 (by, b2) does not
depend on by, bs and its singular locus is the zero set of

g(x) = x124(25623 25 + (—19223 w0w3 — 2725) 23

2 2 2, 4 3.3
— 6rw5wsry — 2700 — dosy).

For example, the b-functions of u :=1 € M4(1,2) and x1 is by, (s) =
s(s + 1)(s + 2), while the b-functions of v := 1 € M4(0,0) and z; is
by, (8) = (s +1)2. Algorithm 3.16 ensures that M4(0,0) and M4(1,2)
are x1- and xz4-saturated. The computation of the localization with
respect to g is intractable.

§6. Hyperplane arrangements

Let us prove a formula on the multiplicity and the length of the
local cohomology H(lf)(K[x]) or the localization K|z, f~!] of the poly-
nomial ring when f defines a hyperplane arrangement in the affine space
X = K". We set R = K|[z] in what follows.

The length of such modules was studied e.g., in [1], [27]. The char-
acteristic cycle of the local cohomology with respect to an arrangement
of linear subvarieties was studied in [2]. Although not explicitly stated,
Corollary 1.3 of [2] should yield main results of this section. Nero Budur
informed the author that Theorem 6.4 below follows from results in Sec-
tion 1.7 of [8]. We give an elementary direct proof with a hope to make
both the statement and the proof more accessible.

Lemma 6.1. Let hg = ho(z) € K|x] be a linear polynomial and I
be an ideal of R = K|z]|. Let R’ := R/Rhg be the affine ring associated
with the hyperplane ho(x) = 0 and set I' = (I + Rho)/Rho. Then we
have

length H}, ), (R) = length Hi, ' (R)),
mult H} | g, (R) = mult H}, " (R')
for any integer i.

Proof. Since Hﬁzh()(R) = 0 for 7 # 1, there is an isomorphism

H gy (R) = Hiy gy, (H iy, (R)).

We may assume by an affine coordinate transformation, which pre-
serves the Bernstein filtration, that ho(z) = x,. Then we may regard
R’ = K|x1,...,2,—1] and have an isomorphism

Hpy, (R) =2 R @k H(lzn)(K[’Ian
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where the tensor product on the right-hand side is a left module over
D, = D,_1 @k D1 with D; being the ring of differential operators in
the variable x,,.

Let {f1,..., fr} be a set of generators of I. We may assume that
fi,..., fr belong to R'. (We replace f; with its homomorphic image in
R’.) Then for 0 < iy < --- < iy < r with & € N, the localization by

fil R fik ylelds

(Hll%ho (R))f7,1 e fiy T Hll%ho (R)[(fn c fik)_l]
= R}il"'fik QK H(lmn)(K[a?"])

On the other hand, we have
(Hing (R)a, = Hppy (R, '] = R @k (H(,,, ) (K[wn]))e, = 0.

Hence H}-ﬁ%ho (Hpy,, (R)) is the (i —1)-th cohomology group of the Cech
complex

0— R @ Hy oy (Klan]) — B R, @xc Hy ) (Klza))
1<i<r
— P Ry, 0k H,(Klwa) —
1<ii<io<r

which is isomorphic to H}, '(R') ® H(IIR)(K[:En]) (see e.g., Theorem
7.13 in [11]). This implies

Hi g (R) = H YR @ Hi,, ) (K[n)
~ Hi7Y(R') @k (D1/Dyy,)
= (Dn/ann) XD, H}"fl(R/)a

where D,,/D,x,, is regarded as a (D,,, D,,_1)-bimodule. The rightmost
term is the D-module theoretic direct image of H}TI(R’ ) with respect
to the inclusion Hy := {x € X | 2, = 0} = X. In view of Kashiwara’s
equivalence in the category of algebraic D-modules (see e.g., Theorem
7.11 of [6] or Theorem 1.6.1 of [10]), there is a one-to-one correspondence
between the D,,_;-submodules M of H}Tl(R’) and the D,,-submodules
M@k H} )(K[a:n]) of H}, gp,,(R). This implies

(xn

length H}, ), (R) = length Hi, ' (R).
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Next, let us show
mult Hj | g, (R) = mult H}, ' (R').

Let {F}} be a good Bernstein filtration on H}, '(R') and set m =
mult 7}, *(R'). Then there exists a polynomial p(k) and k; € Z such
that

dimg Fy, = p(k) = k"' 4+ (terms with degree < n — 1)

(n—1)!

holds for k > k. Define a filtration {G},} on Hi, '(R') @k H(lzn)(K[mn])
by

k
Gy = > Fj@r(Kwy |+ + K, =) @F@)KK -,

where K[z, 7] denotes the K-space spanned by the residue class of 7.
Tt is easy to see that {G}} is a good Bernstein filtration. Hence we have

ki1—1

dlmKkaZdlmKF = ZdlmKF +Z

Jj=k1

By the assumption, there exists a polynomial ¢(k) of degree < n — 2
such that

P) = G+ 1) G+ =2) + ().

Since
k
i+ (G+n—2)
j=k1

we have

dimg Gy, = TJ@" + (terms with degree < n) (VE > ky).
n!

Thus we also have mult Hj, p. (R) = m. This completes the proof.
Q.E.D.
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Theorem 6.2. Let f € Klx] be a multiple of essentially distinct
linear polynomials and A be the hyperplane arrangement in X = K"
defined by f. Let Hy be an element of A. Set A" := A\ {Hy} and let
f be the product of the defining polynomials of hyperplanes belonging to
A'. Let us regard

A//I:{HQHO|H€A/,HQH07£®}

as a hyperplane arrangement in the affine space Hy. Let R’ = R/Rhg be
the affine ring of Hy, where hg is a polynomial of first degree defining Hy.
Let " € R be the product of the defining polynomials of the elements
of A”. (Set f" =1 if A” =0.) Then one has

length H ;) (R) = length H ;) (R) + length H{ ;) (R') + 1,
mult Hiy) (R) = mult H ) (R) + mult H . (R') + 1.

Proof. By the Mayer-Vietoris exact sequence (see e.g., Theorem
15.1 in [11]), we get an exact sequence

1 1 1 2
of holonomic left D,-modules because H(lf,) +(ho)(B) = 0. Since the
length and the multiplicity of H, (1h0)(R) are both one, it follows that

length H(lf)(R) = length H(lf,)(R) + length H(zf,)+(ho)(R) +1,
(4)  mult H;)(R) = mult H ) (R) + mult HZy 00 (R) + 1.
Since (f"") = R'f” = (Rf’ + Rhg)/Rho, Lemma 6.1 implies
mult H(Qf’)-i-(ho) (R) = mult H(lfu)(R/),
length HEpy 40 (R) = length H{po (R').
This completes the proof in view of (4). Q.E.D.
Corollary 6.3. length H(lf)(R) = mult H(lf)(R).

Proof. This can be easily proved by induction on .4 by using The-
orem 6.2. Q.E.D.

The intersection poset L(.A) is the set of the non-empty intersections
of elements of A including X. For Y,Z € L(A), the Mobius function
w(Y, Z) is defined recursively by

- > uv,wW) ifzZCy
u¥.2)=q = if Z=Y
0 otherwise.
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Set u(Y) = u(X,Y). Then (—1)°dmX;(X) is positive (see e.g. The-
orem 2.47 of [22]). The Poincaré polynomial of the arrangement A is
defined by
r(A) = Y aY) ()Y
YeL(A)

Theorem 6.4. Let A be a hyperplane arrangement in X = K"
defined by a polynomial f € R = K[x]. Then the length of H(lf)(R) is
m(A 1) — 1.

Proof. Let Hy be an element of A defined by a first degree polyno-
mial hg. Let us prove the equality by induction on §.A. Since H,(R)
is a simple left D,,-module and 7({Hy},t) =t + 1, the equality holds if
A={Hy}. Let A’, A” be as in the proof of Theorem 6.2.

By the induction hypothesis, we have

length H(lf,)(R) =7(A,1) -1, length H(lf,/)(R') =7(A",1) -1
Hence by Theorem 6.2 we get
length H(lf)(R) = length H(lf,)(R) + length H(lf,/)(R') +1
=m(A, 1) +m(A”, 1) — 1.

On the other hand, m(A,t) = w(A’, t)+tr (A", ) holds (see e.g., Theorem
2.56 of [22]). Thus we get

length Hjy(R) = 7(A', 1) + w(A”,1) =1 = m(A,1) - 1.

This completes the proof. Q.E.D.

Corollary 6.5. Let A be a hyperplane arrangement in X = K"
defined by a polynomial f € R = K[z]. Then the length of R[f™] is
m(A,1).

Actual computation can be done effectively by using the recursive
formula of Theorem 6.2. For example, we have m(A,t) = (2t +1)(3t+1)
and hence (A1) = 12if f = zy(z — 1)(y — 1)(z — y) with X = K2, If

f=ayz(z+y)(z-y)(z+2)(r—2)(y+2)(y—2)

with X = K3, then we have 7(A,t) = (¢t + 1)(3t + 1)(5¢ + 1) and hence
m(A,1) = 48. For these relatively small examples, direct computation
of the local cohomology group is also possible.
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