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Remarks on 7-functions for the difference
Painlevé equations of type Ejg

Masatoshi Noumi

Abstract.

We investigate the structure of 7-functions for the elliptic differ-
ence Painlevé equation of type Es. Introducing the notion of ORG
T-functions for the Fg lattice, we construct some particular solutions
which are expressed in terms of elliptic hypergeometric integrals. Also,
we discuss how this construction is related to the framework of lattice
T-functions associated with the configuration of generic nine points in
the projective plane.

§ Introduction

There are several approaches to difference (or discrete) Painlevé
equations associated with the root system of type Eg. In the geometric
approach of Sakai [15], there are three discrete Painlevé equations with
affine Weyl group symmetry of type Eél), which may be called rational,
trigonometric and elliptic. They are formulated in the language of cer-
tain rational surfaces obtained from P2 by blowing-up at generic nine
points, and regarded as master families of second order discrete Painlevé
equations. On the other hand, Ohta-Ramani-Grammaticos [11] intro-
duced the elliptic (difference) Painlevé equation of type Eg and its 7-
functions as a discrete system on the root lattice of type Eg. Equivalence
of these two approaches has been clarified by Kajiwara et al. [4, 5] in the
framework of the birational affine Weyl group action on the configuration
space of generic nine points in P? and the associated lattice T-functions.
Besides these approaches, the elliptic Painlevé equation is interpreted as
the compatibility condition of certain linear difference equations in two
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ways by Rains [14] and by Noumi-Tsujimoto—Yamada [10]. Also, it is
known that the elliptic difference Painlevé equation has particular solu-
tions which are expressible in terms of elliptic hypergeometric functions
as in Kajiwara et al. [4], Rains [12, 14] and Noumi-Tsujimoto—Yamada
[10].

In this paper we introduce the notion of ORG 7-functions, which is a
reformulation of 7-functions associated with the Fg lattice proposed by
Ohta—Ramani-Grammaticos [11]. We fix a realization of the root lattice
P = Q(F3) of type g in the 8-dimensional complex vector space V = C8
endowed with the canonical symmetric bilinear form (+|-): V xV — C
(Section 1), and take a subset D C V such that D + P§ = D, where
0 € C* is a nonzero constant. A function 7(z) defined on D is called
an ORG t-function if it satisfies a system of non-autonomous Hirota
equations

(0.1) [(bxc|x)]m(zxad)+ [(cxalx)]T(zxbd)+ [(axb|x)]T(zxcd) =0

for all Cs-frames {+a, £b, £c} relative to P (Section 2). Here [z] denotes
any nonzero entire function in z € C which satisfies the three term
relation (2.1), and each double sign in (0.1) indicates the product of two
functions with different signs. When the domain D is a disjoint union

(0.2) D, = |_| Heins, Heins = {x €V |(¢lz) =c+nd},
nez

of parallel hyperplanes perpendicular to ¢ = (%, %, ceey %), each ORG
7-function 7 = 7(z) on D, (of type Eg) is regarded as an infinite chain
of ORG 7-functions 7(") = 7|y, = on Hey,s of type By (n € Z) (Sec-
tion 3). We say that a meromorphic ORG 7-function 7(x) on D, is a
hypergeometric T-function if 70" (z) = 0 (n < 0) and 7% (z) # 0. Sup-
posing that w € Q is a period of [z], consider the case where D = D,,.
In such a case, on the basis of a recursion theorem (Theorem 3.3) one
can show that, if a given pair of functions 7(%) (z) (z € H,,) and 7 (z)
(x € Hy45) satisfies certain initial conditions, then there exists a unique
hypergeometric 7-function 7(z) (z € D,,) having those 79 (z), 7(V)(x)
as the first two components (Theorem 4.2). Furthermore, if one can
specify a gauge factor for 7(!) with respect to a Cs-frame of type II;,
then for each n = 0,1,2,... the nth component 7(" (z) (z € Hyins)
of the hypergeometric 7-function is expressed in terms of a 2-directional
Casorati determinant with respect to the Cs-frame of type II; (Theorem
4.3). A proof of the recursion theorem (Thoerem 3.3) will be given in
Appendix A.
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In the latter half of this paper, we apply our arguments to the
elliptic case for constructing hypergeometric ORG 7-functions which
are expressible in terms of elliptic hypergeometric integrals of Spiri-
donov [16, 17] and Rains [12, 13]. The fundamental elliptic hyperge-
ometric integral is the meromorphic function I(u;p, q) in eight variables
u = (ug,uy,...,ur) € (C*)® defined by

: . 7 wnztl .

After recalling basic facts concerning elliptic hypergeometric integrals in
Section 5, we present in Section 6 two types of explicit representations
for the W (E7)-invariant hypergeometric ORG 7-functions, one by de-
terminants (Theorem 6.1) and the other by multiple integrals (Theorem
6.2). Theorems 6.1 and 6.2 will be proved in Section 7. In particular we
show there how the 2-directional Casorati determinant gives rise to the
multiple elliptic hypergeometric integral of Rains [13]:

21l (2my/—1)"
b o T2 p,q) 1 dzedz,

+2
. : Z DR Z
=1 2 Db Q) 1<i<j<n 1 n

In(u;p,q) =
(0.4)

We also give some remarks in Section 8 on variations of hypergeometric
ORG 7-functions obtained by transformations in Theorem 2.3.

In the final section, we discuss how the notion of ORG 7-functions
is related to that of lattice 7-functions as discussed by Kajiwara et al. [5]
in the context of the configuration space of generic nine points in P2.
Some remarks are also given on the similar picture in the case of the
configuration space of generic eight points in P! x P! as in Kajiwara—
Noumi-Yamada [6].

On this occasion I would like to give some personal comments on the
position of this paper. The contents of this paper are not completely
new, and many things presented here may be found in the literature.
In fact, in the group of coauthors of [5], basic structures of the ORG
T-functions were already known around the end of 2004, including the
2-directional Casorati determinant representation of the hypergeometric
7-functions. (Some part of our discussion is reflected in the work on
Masuda [8].) It was almost at the same time that Rains [12] clarified
that his multiple elliptic hypergeometric integrals (0.4) satisfy certain
quadratic relations of Hirota type that should be understood in the
context of the elliptic Painlevé equation. It took a couple of years,
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however, for us to be able to confirm that the 2-directional Casorati
determinants for a particular choice of C3-frame of type II; certainly
give rise to the multiple elliptic hypergeometric integrals of Rains. As
to further delay in presenting the detail of such an argument, I apologize
just adding that it requires much more time and effort than might be
imagined to accomplish a satisfactory paper in the language of a cultural
sphere to which its author does not belong.
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§1. FEg lattice and Cj-frames

We begin by recalling some basic facts concerning the root lattice
of type Ej.

Let V =C8® = Cvg ® Cv; @ - - - @ Cv; be the 8-dimensional complex
vector space with canonical basis {vg,v1,...,v7}, and (+|-) : VxV — C
the scalar product (symmetric bilinear form) such that (vi|v;) = &;;
(i,7 € {0,1,...,7}). Setting

(11) ¢:(%7%7...,%):%(U0+U1+~~'+U7)€‘/,

we realize the root lattice Q(FEg) and the root system A(Eg) of type Eg
as

(1.2)

P={acZU(¢p+Z%) | (¢la) € Z} CV, A(Es)={a€ P|(ala)=2},

respectively (see [1] for instance). This set P forms a free Z-module
of rank 8 and the scalar product takes integer values on P. The theta
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series of the lattice P = Q(Fyg) is given by

(1.3) > ¢"1") = 14240°+2160q" +6720¢° +17520¢°+30240¢'*+- - - ,
acP

and A(Eg) consists of the following 240 vectors in P:

(1.4)

(1) +v; +v; 0<i<j<T) o (5) 4 =112,
(2) 2(£vg £ vy £+ +v7) (even number of — signs) - - 27 = 128.
In this root system, we take the simple roots

(1.5)

ag = p—vg—v1—v2—v3, «a; =v;—v11 (j=1,...,6), ar=vr+vg

corresponding to the Dynkin diagram

(1.6) o T o

(e 5] Qg Q3 Qg Qs Qg (6%4

so that P = Q(Es) = Zag ® Zay & -+ & Zar. (For mutually distinct
i,j € {0,1,...,7}, (ey]aj) = —1 if the two nodes named «; and «; are
connected by an edge, and (o;|a;) = 0 otherwise.) The vector

(17) ¢ = 3ag + 2aq1 + das + 6asg + Hay + das + 3ag + 2a7

is called the highest root with respect to the simple roots ag, a1, ..., a7.
Note also that the weight lattice P(Eg) coincides with the root lattice
Q(FEs) in this Eg case.

For each oo € V with (o]a) # 0, we define the reflectionrq : V — V
with respect to a by

(L8) ra(v)=v—(@Pp)a  (veV),

where oV = 2a/(ala). The Weyl group W (Fg) = (r, (o € A(E3)))
of type Eg acts on V as a group of isometries; it stabilizes the root
lattice P = Q(Eg) and the root system A(Eg). We denote by s; = rq,
(j=0,1,...,7) the simple reflections. Then, W (Es) = (s0,51,...,57) is
the Coxeter group associated with the Dynkin diagram (1.6). This group
is generated by sq, s1,.-..,s7 with fundamental relations s? =1 =
0,1,...,7), sis; = s;s; for distinct ¢,7 € {0,1,...,7} with (cy]e;) =0
and s;5;5; = s;js;5; for distinct 4,5 € {0,1,...,7} with (oy|ey) = —1.
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In the Eg lattice P = Q(Fjs), the root lattice Q(F7) and the root
system A(E7) of type Er are realized as
w9) QE;)={acP|(¢la)=0}=Zag®Zay @ ® Zag,
1.9
A(Er) = {a € A(Es) | (4]a) = 0},

respectively. The root system A(Er7) consists of the following 126 vec-
tors:

(1.10)
(1) £(v; —vy) 0<i<j<?) - (3)-2=56
(2) 3(fvo+twvy +---+v7) (four — signs) .- (i) =70.

The highest root of A(E7) with respect to the simple roots ag, a1, . .., ag
is given by

(1.11) v1 — Vg = 20 + 201 + 3ag + 4as + 3ay + 2a5 + ag.

We denote by W(E7) = (rq (o € A(E7))) = (S0,51,---,86) the Weyl
group of type FE7. Note that W (E7) contains the symmetric group Sg =
(Twg—wvys 15 - - - 5 S6) acting on V through the permutation of vy, vy, . . ., v7,
and is generated by this &g together with the reflection sg with respect
to g = ¢ —vg — V1 — Vg — V3.

In this paper, the following notion of Cj-frames plays a fundamental
role.

Definition 1.1. Forl =1,2,...,8,aset A = {+ag, +a1,...,ta;_1}

of 21 vectors in V is called a Cj-frame (relative to P), if the following
two conditions are satisfied:

(1) (ai|aj) = (52‘]‘ (O <i,j< l),
(2) a,-:i:ajeP (0§Z<]<l), 2a; € P (O§Z<l)
This condition for A = {4ao,...,+a;_1} means that the set of 2/2
vectors

(1.12) Ax(C) ={+aita;|0<i<j<l}U{£2a|0<i<l}CP

form a root system of type C;. For [ = 1,2,...,8, we denote by C; the
set of all Cj-frames.
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Example 1.2 (Typical examples of Cs-frames).

(0) Ao ={xvy, tv1,..., o7}

(1) Ay ={=xap,*aq,...,£ar},
ao:%(vo+vl+02+v3)7 ay = 5(v4 —v5 — v + v7),

a1 = 3(vo+v1 —v2 —v3), as=3(—vs+vs—Vs+v7),

vy — 5 + Vg + v7),

vy + vs + vg + v7).

az = %(Uo—m +v2 —v3), ag=

(
(=
(=
(

[ ST T ST

as = %(Uo —vy —v2 +u3), ar=
(2) A2 = {:l:a07:|:a1, .. .7:|:a7},

ap = 5(d+vo—v7), ar=21i(¢p—vo+uvr),
aj=vj+3(o+vr—¢) (j=1,...,6).

In the following, we denote by N(v) = (v|v) the square norm of
v € V, and by ¢(v) = (¢|v) the scalar product of v with ¢. Also, for a
subset S C V given, we use the notations
(1.13)
Sy ={veS|wv)=k}, Se—r={veS|(ov)=k} (k € C)

to refer to the level sets of N and ¢ respectively.

Note that each Cj-frame (I = 1,2,...,8) is formed by vectors in
(%P)Nzl = %(PN:4). The set Py—4 of all vectors in P with square
norm 4 consists of the following 2160 vectors that are classified into
three groups under the action of the symmetric group Ss:

(1.14)

(0) +2u, 8-2 =16,

(1) v £ vy £ vy £ 3 (%) -2t = 1120,

2) L(+£3vg + v £--- £ v7) (odd number of — signs) ---  8-27 = 1024.
2

The Weyl group W(Esg) acts on Py—4 transitively. In fact we have
Pn_yNP*T = {¢p—vy+v1}, where PT = {1} IS P| (ajlv) >0(0<j < 7)}
stands for the cone of dominant integral weights. It turns out that the
stabilizer of ¢ —vg + vy is W (D7) and that

(1.15) Py—y & W(Es)/W (D7), |Pn=s|=|W(Es)/W(D7)| = 2160.

The following two propositions can be verified directly on the basis of
this transitive action of W (FEg) on Py—4.

Proposition 1.3.
(1) For each a € (§P) =1, there exists a unique Cs-frame containing a.
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(2) The set (3P)n=1 is the disjoint union of all Cs-frames: (1 P)n=1 =
UAECS A
(3) The number of Cs-frames is given by |Cs| = 2160/16 = 135. O

Proposition 1.4. Fiz a positive integer | € {1,...,8}.
(1) The Weyl group W (Es) acts transitively on the set C; of all Cj-
frames.
(2) Each Ci-frame is contained in a unique Cs-frame.
(3) The number of Ci-frames is given by |C;| = 135 - (?) O

§2. ORG r-functions

In this section we introduce the notion of ORG 7-functions, which
is a reformulation of 7-functions associated with the Fg lattice proposed
by Ohta-Ramani-Grammaticos [11].

We fix once for all a nonzero entire function [z] in z € C satisfying
the three-term relation

2.1) [BEA][zta]+[ytallz£f]+[atbllz49] =0 (2,0,8,7 € C).

Throughout this paper, we use the abbreviation [+ 8] = [a+ S]] — f]
with a double sign indicating the product of two factors. From (2.1)
it follows that that [z] is an odd function ([—z] = —[z],[0] = 0). We
remark that the three-term relation (2.1) can be written alternatively as

(22) xalwtpl-[Bwal = xullatf]  (s,waB€C),

or

[z+a] [wxa] [z+w][aLpf]
@8 L TH  wEA kEAwEs 0P
It is known that the functional equation (2.1) for [z] implies that the
set of zeros @ = {w € C|[w] = 0} form a closed discrete subgroup of
the additive group C. Furthermore, such a function [z] belongs to one of
the following three classes, rational, trigonometric or elliptic, according
to the rank of  ([19]):

(2.4)

(0) rational 2] = e(coz® + 1) 2 (Q=0),

(1) trigonometric : [z] = e(cpz? + 1) sin(rz/w1) (= Zw),

(2) elliptic s 2] = e(coz? + 1) 0(2]Q) (Q=Zuw & Zws),

where e(z) = e2™=1z and ¢g, ¢; € C. In the elliptic case, € is generated
by complex numbers wq,ws which are linearly independent over R, and
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o(z|€2) stands for the Weierstrass sigma function associated with the
period lattice 2 = Zwi ® Zws. In the trigonometric and elliptic cases,
[2] is quasi-periodic with respect to € in the following sense:

(2.5) [z +w] = eve(nu(z + 5))[z] (weQ),

where 7, € C (w € Q) are constants such that 1,1, = N, + N (W, €
Q), and ¢, = +1 or —1 according as w € 202 or w ¢ 2Q).

In what follows we fix a nonzero constant § € C such that Zé NQ =
{0}. Let D be a subset of V = C® stable under the translation by Pd,
namely D + Pé = D.

Definition 2.1. A function 7(x) defined over D is called an ORG
T-function if it satisfies the non-autonomous Hirota equations
(2.6)
H(a,b,c) : [(bEc|x)]T(ztad)+[(ctalz)|r(x£bd)+][(atb|x)]T(z+cd) =0

for all Cs-frames {+a, +b, £c} relative to P.

A Cs-frame {+a,+b, £c} defines an octahedron in V' of which the
twelve edges and the three diagonals are vectors in the FEg lattice P.
Hence, if one of the six vertices {x £ ad, z 4+ bd, x + ¢d} belongs to D,
the other five belong to D as well by the property of a Cs-frame. Also,
by Proposition 1.4 the number of Cs-frames is |C3] = 135 - (§) = 7560.
Hence, the equation to be satisfied by an ORG 7-function is a system of
7560 non-autonomous Hirota equations, which we call the ORG system
of type Es. (A bilinear equation of the form (2.6) is also called a Hirota-
Miwa equation.)

In Definition 2.1, as the independent variables of 7(z) one can take
both discrete and continuous variables. The two extreme cases of the
domain D are:

(2.7) (1) D =wv+ P§ (fully discrete), (2) D =V (fully continuous).

There are intermediate cases where D is a disjoint union of a countable
family of affine subspaces. In such cases, we assume that 7(z) is a
holomorphic (or meromorphic) function on D.

Proposition 2.2. For any constant ¢ € C, the entire function
(2.8) (x) = [g5(@l2) +d  (z€V)

1s an ORG T-function on V.
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x + b

)

[(b £ c|z)|m(z £ ad) + [(c £ a|z)]T(z £ bd) + [(a £ bla)]T(x £ cd) =0

Fig. 1. Non-autonomous Hirota equation

Proof. Noting that 7(z £ ad) = [ (z|z) + § + ¢ £ (a|z)], set
(29)  z=55(l)+5+e a=(dz), B=(bz), v= ()

Then the Hirota equation H(a,b,¢) reduces to the functional equation
(2.1). Q.E.D.

The ORG 7-function (2.8) can be regarded as the canonical solution of
the ORG system. We give below some remarks on transformations of
an ORG 7-function.

Theorem 2.3. Let D be a subset of V with D+ Pé = D, and 7(x)
an ORG T-function on D.
(1) (Multiplication by an exponential function) For any constants k,c €
C, any vector v € V and € = £1, the function

(2.10) 7(z) = e(k(z|z) + (v|z) + ¢)7(ex) (v € eD)

is an ORG T-function on €D.
(2) (Transformation by W (Es)) For any w € W(FEy), the function w.T
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defined by
(2.11) (w.r)(z) = 7(w'.x) (r € w.D)

is an ORG T-function on w.D.
(3) (Translation by a period) For any period w € Q and any v € P, the
function T defined by

T(z) = e(S(z;v,w))7T(z — VW) (r € D+ww),

2.12
(2.12) S5 0,w) = 25 (vl el — vw),
1s an ORG T-function on D + vw.

Proof. Since Statements (1) and (2) are straightforward, we give a
proof of (3) only. Set y =z —vw € D so that
(2.13) [(bxc|a)]T(z £ ad) = [(bEcly +vw)]e(S(z £ ad; v, w))T(y £+ ad).

Since
(2.14)
[(b+cly +vw)] = [(b+ cly) + (b+ c|v)w]
€(btclv)w (T (b + c|v) (b + cly + vF))[(b + cly)],

we have
[(b=£ cly + vw)]

(2.15) = €(brelv)wE(r—clo)w (b £ cly)]e (20w ((blv)b + (¢
= €(btc/)wE(b—clo)w (b £ cly)]e (20w ((blv)b + (¢

On the other hand,

[v)ely +v%))
lv)elz —v¥)).
S(x + ad;v,w) + S(z — ad; v, w)

(2.16) =L (v |x)((v|x —vw) + (52) + 21y, (alv)(alz — v§).
This implies

(2.17)
[(b £ c|a)]T(x + ad)

= €(btc|v)wC(b— c\v)w[(b + cly)]r(y + a5)€(7§—3 z)((v]r —vw) + 52))
(an((ah})a + (b|v)b + (c|v)c|z — U%))
7(

Hence, validity of the Hirota equation for 7(x) reduces to proving

(218) E(b+c|v)wb(b—clv)w = €(ctalv)wC(c—alv)w = €(a+blv)w(a—blv)w:
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Since this holds trivially for w € 2Q, we assume w ¢ 2Q. In view of
the transitive action of W (Es) on Cs, we may assume {+a,+b, £c} =
{+£wvo, £v1,tve}. Then, for distinct ¢, 5 € {0,1,2}, we have

(2.19) veZh = (v; +vj|v) = (v; —vj|v) mod 2,
) vE P+ = (v; +v;]v) # (vi — vjlv) mod 2.
Since
+1 (k=1 mod 2),
(2.20) €rwblv = ( )
-1 (k#!1 mod 2)

for w & 29, €(y, 1v; [v)wE(v;—v;|v)w takes the value +1 or —1 according as
v € P belongs to Z® or ¢ + Z8&, regardless of the choice of the pair 1, j.
This completes the proof of (3). Q.E.D.

We remark that the composition of two translations of (3) by aw
and by bw for a,b € P and w € () results essentially in the same trans-
formation as the translation by (a + b)w. In fact we have

e(S(z;bw)e(S(xz —bw;a,w))T(z — (a + dbw)

(2:21) = e(k(z|z) + (v|z) + ¢)S(x;a + byw)T(x — (a + b)w)

for some k,c € Cand v € V.

83. FEg 7-function as an infinite chain of F; 7-functions

Recall that the root lattice Q(FE7) of type E7 is the orthogonal com-
plement of ¢ in P = Q(Es). In what follows, we denote by

(3.1) H,={zeV | (¢|z) =k} (k€C)

the hyperplanes in V' defined as the level sets of ¢ = (¢|-). Fixing a
constant ¢ € C, we now consider the case where the domain D of an
ORG 7-function is a disjoint union of parallel hyperplanes

(3.2) De=| | Hegns.
nez

Note that each component H.y,s (n € Z) is invariant under the action
of W(FE7) and the translation by Q(E7)d, and that the whole set D is
invariant under the translation by Q(Eg)d. In this situation, we regard a
function 7(x) on D, as an infinite family of functions 7(™) () on H,, s
(n € Z) defined by restriction as 7(") = 7 , for n € Z. In order

Hc+n
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to investigate the system of Hirota equations for 7(")(x) (n € 7Z), we
classify them under the action of the Weyl group W (Ex).
For a Cj-frame A = {#ay, ..., +a;_1} given, we consider the multiset

(3.3) p(A) = {£p(ao), ..., Fp(a-1)},

where p(v) = (é]v) (v € V). As to the three Cs-frames of Example 1.2,
we have

(34)  w(A) ={(£3)"}, A1) = p(42) = {(£1)?,0"%}.

Here the symbol ¢" (resp. (+c)") indicates that ¢ appears (resp. both
+c and —c appear) with multiplicity n in the multiset. We say that
a Cs-frame is of type I if p(A) = {(£3)%}, and of type 11 if p(A) =
{(£1)2,0'2}.

(3.5) Cg-frame of type I Cg-frame of type II

Proposition 3.1. Any Cs-frame is either of type 1 or of type 11.
Furthermore, these two types give the decomposition of the set Cs of all
Cs-frames into W (E7)-orbits:

Cs = Cg1UCs11, ICs1| =72, |Csui| =63;

3.6
( ) C&I = W(E7)A0, C&H = W(E7)A1 = W(E7)A2

In order to analyze the W (E?7)-orbits in Cg, we first decompose Pn—4
into W (E7)-orbits. As a result, Py—4 decomposes into the form
(3.7)
Pyn—4 = PN=4,p=2 U PN=4,,=1 U PN=4,p=0 U PN=4,p=—1 U Pn=4,,=2,

and each level set of ¢ forms a single W(Er7)-orbit. The five W(Er)-
orbits are described as follows.
(3.8)

e |2 [ v ] o [-t] -2

representative || g—vo+v1 | ¢—2v9 | p—2v9g—vg—v7 | —2v9 | —p—vo+V1

stabilizer W(D6) W(A6) W(D5 X Al) W(Aﬁ) W(D@)

cardinality 126 576 756 576 126
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The “representative” indicates a unique vector v in the orbit such that
(ajlv) >0 (j =0,1,...,6). According to this decomposition of Pn—4,
(%P)Nzl = %(PN:4) decomposes into the five W (Er7)-orbits with ¢ =
1, %, 0, f%, —1. Proposition 3.1 follows from the fact that %d)fvo and vy
belong to Cs-frames of type I, and %(¢—U0 +v1), %(¢—U6 —v7)—vp, and
%(—qﬁ —vp +v1) to those of type II. Note that, among the 63 Cs-frames
of type II, 35 are obtained from A;, and 28 from A, of Example 1.2 by
the action of the symmetric group &g C W (E7).
We remark that in any Cg-frame {+ag, +a1,...,+ar} with

(3.9) D: (plaj)=2% (i=0,1,...,7),

we have 1 (ag+a1+---+a7) = ¢. Also, in any Cs-frame {+ag, +a1, ..., tar}
with

(310) (D) :  (dlag) = (¢lar) =1, (dla;j) =0 (j=1,...,6),

we have ag + ay = ¢. Since these statements are W (E7)-invariant, by
Proposition 3.1 we have only to check the cases of Ay and A; of Example
1.2, respectively.

By Proposition 1.4, each C3-frame is contained in a unique Cg-frame.
Hence, by Proposition 3.1 we obtain the following classification of C3-
frames.

Proposition 3.2. The set Cs of all Cs-frames decomposes into four
W (E7)-orbits:

(311) C3 = C371 U CB,IIO [ CS,Hl ] 63,112.

These four W (E7)-orbits are characterized as follows.

| type | T | I | I | 1L |
(3.12) 0 (2P ] 08 [0t (1207
cardinality || 5672 | 2063 | 30-63 | 663 |

According to the four types of Cs-frames, the Hirota equations for
(") () are classified as follows. For each Cs-frame {4ag,4a1,+as} of
type I with

(3.13) D :  (¢lao) = (glar) = (¢laz) = 3,
the Hirota equation H(ag,ai,as) takes the form
Dpg1y2: (a1 £ as|z)]7™ (2 —agd) TV (24-a0d)
(3.14) + [(az % aolz)]7™ (2 —a18) 7" (z4-a16)
+ [(ao £ a1|2)]7™ (2 —a28) 7"V (2 4+a98) = 0
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; (1) () (1)
/ 7 >}< —_—— >’< %

56 - 72 = 4032 20-63 = 1260 30-63 = 1890 6-63 =378

Fig. 2. Four types of 7560 C5-frames

for € H.i(y41/2)5- This bilinear equation describes the relation-
ship (Bdcklund transformation) between the two 7-functions 7™ (z) and
(D) (x) on Heyps and He{ (n+t1)s, respectively. When {+ag, £a1,+as}
is Cs-frame of type Iy, 111, Ils, we choose ag, a1, as so that

(Io) = (¢lao) = (¢lar) = (¢laz) =0,
(3.15) (Iy) = (plag) =1, (¢lar) = (¢laz) =0,
(I2) :  (dlao) = (¢lar) =1, (¢laz) =0.
Then the corresponding Hirota equations are given by
(3.16)
(o) : [(a1 £ a2]2)]7™ (2 + agd) + [(az £ aolz)]7™ (z + a16)
+ [(ao £ a1]2)]7™ (z £ as6) = 0,
)y [(a1 £ ao]2)]7 " D (2 — agd)T ™ (2 + agf)
= [(ap £ as|z)]7 ™ (x + a10) — [(ao + a1]|2)]7™ (z £ asd),
(L), [(a1 £ agl2)]r ™V (z — agd)7 "V (2 + agd)
— [(ao £ a|2)l7 ™ V(@ — a16)7" D (2 + a,0)
= [(a1 % ao|z)]7™ (& + ay0)
for x € Heyns. Note that the Hirota equation of type (Ily), is an
equation for 7(") (x) on H.,s only, while those of types (II;),, and (II3),,
are equations among the three 7-functions ("= (x), (") (z), 7"+ ().
A bilinear equation of type (IIy), can be regarded as a discrete version
of the Toda equation.
For each n € Z, the system of 1260 Hirota equations (Ily),, for

7™ (x) on H.i,s can be regarded as an ORG system of type F7. In this
way, the whole ORG system of type Eg for 7(x) on D, can be regarded
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as an infinite chain of ORG systems of type E; for () (x) on Heyngs
(n€Z).

Theorem 3.3. For an integer n € Z, let 7"~V (z) and 7" (z) be
meromorphic functions on H.y(,_1)s and Heyns, respectively. Suppose
that T("’l)(x) # 0 and that the following two conditions are satisfied:

(A1): 7=U(z) and (") (x) satisfy all the bilinear equations of type
(Dn-1/2-

(A2): 7" (2) satisfies all the bilinear equations of type (Ig)y,.
Then there exists a unique meromorphic function ™1 () on Hef(ny1)s
such that

(B): 7=U(z), 7" (z), 7D (x) satisfy all the bilinear equations
of type (I1)n.
Furthermore, this T("“)(x) satisfies the following conditions:

(C1): 7(=V(2), 7™ (z), 7V () satisfy all the bilinear equations
of type (Ilz)n.

(C2): (M (x), 7D (x) satisfy all the bilinear equations of type
(Dny1/2-

(C3): (vt (2) satisfies all the bilinear equations of type (11p) 1.

This theorem can be proved essentially by the same argument as
that of Masuda [8, Section 3]. For completeness, we include a proof of
Theorem 3.3 in Appendix A.

4. Hypergeometric ORG 7-functions

Keeping the notations in the previous section, we consider an ORG
r-function 7 = 7(x) on

(41) D.= |_| Heins, Heypns = {517 € V| (¢|$) =c+ n5} (n € Z),
nez
where ¢ € C. For each n € Z we denote by 7(") = T’H*’ ) the restriction
of 7 to Heyns.
Definition 4.1. A meromorphic ORG 7-function 7(x) on D, is

called a hypergeometric T-function if (") (z) = 0 for n < 0, and 7(0) (x) #
0.

We now apply Theorem 3.3 for constructing hypergeometric 7-func-
tions. Since 7(-Y(x) =0 (z € H._s), for any Cg-frame {+ay,...,+ar}
of type II with

(4.2) (¢lag) = (¢laz) =1, (¢la;) =0 (i=1,...,6),
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70 (x) (x € H.) must satisfy the following three types of equations:

(Iy)o :  [(ao £ ar|z)]7 @ (z £ a;6) =0,

()0 : [(ar £ a;]2)]7O (& £ a;0) = [(ar £ ai|2)]7O(x + a;0),

(Io)o :  [(aj + ax|2)]7O(x + aid) + [(ar £ ai|2)]7O (x + a;0)
+ [(ai £ a;]2)]7O(z £ axd) = 0,

(4.3)

where r = 0,7 and 4, j, k € {1,...,6}. Noting that ag + a7 = ¢, in order
to fulfill (Iy)q for any Cs-frame of type II, we consider the case where
c=w € Qis a period of [z], so that [(ag + a7|z)] = [(¢|x)] = [w] = 0.
Equations of type (IIp)o follow from those of type (Ily);. In fact, since

+ a5]z)]
44 7Oz + a;6 :[(%7]7(0) x xagd
( ) ( J ) [(aoiak|$)] ( k )
for any distinct j, k € {1,...,6}, equations (Ily)g reduce to the func-
tional equation (2.1) of [z].
Theorem 4.2. Let w € Q be a period of the function [z]. Let

7O (x) and 7V (z) be nonzero meromorphic functions on H,, and H,, s,
respectively. Suppose that

7O (x+a10) [(ap £ a1l|z)]
*5) (e L) ~ a0 Laale)] © )

for any Cs-frame {£ag, a1, +as} of type 11y with (plag) = 1, and

[(a1 £ a2|x)]7'(0) (x — aoé)T(l)(x + apd)
(4.6) 4+ [(az £ ao2)]7 O (z — a16)7V (z + a,6)

+ [(a0 = a1|a:)]7'(0)(a: — agé)T(l)(J; +a20) =0 (v € Hyps5)2)
for any Cy-frame {£ao,£a1, £as} with (¢lao) = (¢lar) = (¢laz) = 3.

Then there exists a unique hypergeometric T-function T = 7(x) on D,
such that 7™ (z) = 0 for n < 0 and

47 9@ =1@) (zeH,), V(@)=1@) (z€Hys)

Proof. We apply Theorem 3.3 to nonzero meromorphic functions
=D (z), 7™ (z) on Hyy(n_1)s, Hetns, for constructing 71 (z) on
H 4 (ny1)s recursively for n = 1,2,.... At each step, we need to show
that the meromorphic function 7("*1)(z) determined by Theorem 3.3 is
not identically zero. If 7("+1)(z) = 0, the bilinear equations (II5),, imply

(4.8) [(ap £ a1|2)]7™ (z £ a26) =0 (z € Hypns)
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Fig. 3. 2-Directional Casorati determinants

for any Cs-frame {£ag, £a1, £as} of type Iy with (¢|ag) = (¢lar) = 1,
(dlaz) = 0. Since ag + a1 = @, [(ag + a1]z)] = [w + nd] # 0. Also, since
[(ao — a1|x)] # 0, we have 7(") (z 4 a9d) = 0 and hence 7(™(z) = 0 on
H, tns, contrarily to the hypothesis. Q.E.D.

We now fix a Cs-frame {+ag, £a1,+as} of type II; with (¢|ag) = 1,
(#lar) = (¢|az) = 0. Then the 7-functions 7(™ on H, ;s forn = 2,3, ...
are uniquely determined by the bilinear equations
(4.9)

(L) = [(a1 £ ag]a)]7" Y (2 — apd) 7™V (2 + apd)
= [(ao £ az|z)]7™ (z £ a,16) — [(ap £ a1|z)]7™ (& + asd)
of Toda type. From this recursive structure, it follows that the 7-

functions 7(" (x) are expressed in terms of 2-directional Casorati de-
terminants.

Theorem 4.3. Under the assumption of Theorem 4.2, suppose that
M (x) on Hyys is expressed in the form 7 (x) = ¢ (2)y(z) with a
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nonzero meromorphic function g™\ (z) such that

g (x £ a10) _ [(ap £ a1]x)]
gV (x £ azd) [(ao £ az|z)]
for a Cs-frame {+xao, a1, +as} of type 11} with (dlag) = 1, (Plar) =
(¢lag) = 0. Then the components ") (x) of the hypergeometric T-

function T(x) are expressed as follows in terms of 2-directional Casorati
determinants:

(4.10) (z € Hopps).

(@) = g™ (2) K" (x),
K™ (z) = det (¢ (2))" iy (@€ Hopno)

¥} s

(4.11)

forn=0,1,2,..., where

(4.12) ¥ (z) =(x — (n— Dagd + (n+1—i — j)ard + (j — i)azd)

ij

fori,j=1,...,n. The gauge factors (™ () are determined inductively

from g (z) = 7O (z) and ¢V (x) by

g™V (x — agd)g™ D (x + agd) _ [(ap £ as|x)]
9" (x + a16) [(a1 + as]z)]

(4.13) (z € Hyyns)

forn=1,2,....
Lemma 4.4. The gauge factors ¢"(x) (x € Hy ns) defined by

(4.13) satisfy

g™ (x £ a,6) _ (ap + ai]z)]

9™ (z £ azd) ~ (ap %+ az|z)] (n=0,1,2,...).

(4.14)

Proof. Formulas (4.14) for n = 0,1 are included in the assumption
for ¢ (z) = 7(9(z) and ¢V (x). For n = 1,2,..., we show inductively
that g("*1)(z) defined by (4.13) satisfies this condition. From (4.14) for
g™ (z), we have

n+1 [(ap £ aslz)] g™ (x % a1d)
( + )($+CL §) = [(a(l):l:az\:l:)]g(" 1)(1._;05)
(4.15)
~ lao £ a1]z)] g™ (z £ asf)
(a1 £ azlz)] g (x — agd)
and hence
1) () = (a0 azlw) = 9] 9" (x — agd £ a14)
(4.16) [(a1 £azfz)]  g"=V (2 — 2a06)

[(ao £ ai]z) — 0] g™ (& — apd £ azd)
(a1 £ azlz)] gD (z — 2a00)
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From these two expressions of g("*1)(z) we obtain

(4.17)
(1) (3 4 050 = [(ao + az|2)][(ap % as|z)—26] g™ (z—aed & a1 + asd)
g 2 [(a1 * as|z) £ 4] gD (z — 2a00 + asd)
(1) (3 4 0y6) = [(ao + a1]2)][(ap % a1|z)—28] (™) (z—aod & a1 + asd)
g ! (a1 + as)z) £ 0] 9D (z — 2a90 + a10)

Then by (4.14) for g(*=1(x) we obtain

(4.18)
gt (2 £ a19) _ [(ao % a1|z)][(ap £ ai|z) — 28] g™~V (z — 2a¢6 + asd)
gt (z £ az0)  [(ag  az|x)][(ao £ as|z) — 20] g(=V) (z — 2a¢d & a16)
_ [(ag + ay])]
[(ao + az|z)]
as desired. Q.E.D.

Proof of Theorem 4.3. Using the gauge factors ¢(™)(z) defined as
above, we set

(4.19) 7O(2) = gV (z), W(x)=gW(@)p(x),
and define K™ (z) by
(4.20) 7™ (z) = g™ (2) K™ (z) (n=0,1,2,...).
Then the bilinear equation (4.9) is written as
[(a1 % as)|2)]g" Y (z — apd) g (2 + agd)
KO (2 — a8) K™Y (2 4 agd)
= [(ao % as|x))g™ (z £ a10) K™ (& + a16)
— [(ap £ a1]x)]g"™ (x £ a2d) K™ (z £ ayd).

(4.21)

By Lemma 4.4, we have

(a1 + 02\55)]9("_1)(90 - a05)9(n+1)(x + agd)

4.22
(4.22) = [(ao % as|x)]g™ (z £ a16) = [(ao £ a1|2)]g™ (z + azd).

Therefore, the main factors K" (z) are determined by

(4.23) K Y(z—agd) K" (2 +agd) = K™ (z+a,0)— K™ (z+a90)
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forn = 1,2,... starting from K (z) = 1, KM (x) = ¢(x). For example,
we have
(4.24)
§) Yz +a2d)
K(Q) _ + _ + _ 1/)(1: + ay
(x 4+ apd) =9 (x + a10) —p(x £ axd) =det Wz — ) Dz — ard)]’

K®) (2 4 2a00)

V(x4 2a16)  Y(r+a1d+axd)  Y(x+ 2a90)
=det | (x + a1 — azd) P(x) Pz — a6 + agd)
Y(x —2a26)  Y(x—a16—a0) P(x — 2a19)

In general, this recurrence (4.23) for K(")(x) is solved by the Lewis
Carroll formula for the Casorati determinants with respect to the two
directions a; + as and a; — as. Namely, for n = 1,2,..., we have
(4.25)

K™ (z+ (n —1)agd) = det ((z + (n+ 1 —i — j)aid + (j — i)as2d))

n
i,j=1
with the vectors v;; = (n+1—1—j)ar + (j —i)az (4,5 = 1,...,n)
arranged as follows.

V14

V21
V31
.
(4.26) "
This implies the expression (4.11) for K™ (z). Q.E.D.

§5. Elliptic hypergeometric integrals

In this section, we recall fundamental facts concerning the elliptic
hypergeometric integrals of Spiridonov [16, 17] and Rains [12, 13].
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Fixing two bases p, ¢ € C* = C\{0} with |p| < 1, |¢| < 1, we use the
multiplicative notations

(5.1) 0(2:p) = (D)oo (p/21 D)oo (2iD)ee = [[(1 = 1'2),
=0
for the Jacobi theta function, and
(5.2)  T(zp,q) = (Pa/5P: Do (20, @)oo = ﬁ (1-p'¢’z)
(2P, @)oo 520

for the Ruijsenaars elliptic gamma function. These functions satisfy the
functional equations

0(pz;p) = —2'0(z;1p),  0(p/zp) = 0(2;p),

—1

The multiplicative theta function 6(z; p) satisfies the three-term relation
(5.4)
cO(be™sp)0(az™ip)+ab(ca™p)0(b2"5p) +bO(ab™"s p)0(cz™ s p) = 0,

corresponding to (2.1). Here we have used the abbreviation 8(ab*!;p) =

O(ab; p)f(ab~1; p) to refer to the product of two factors with different

signs. Note also that

(5.5)

_ 1y, 1. +1. _ g, .

T pg) (1= 27)(p2" 5 p)oc (927 50)00 = =27 0(2;p)0(2; q).
Following Spiridonov [16, 17], we consider the elliptic hypergeomet-

ric integral I(u;p,q) in eight variables u = (ug,u1, ..., u7) defined by

(p;p / [T 0 uwﬂ;p,q) dz
5.6 I(u;p,q) = —.
(5.6) ( ) = 47T — ES T

) z
Here we assume that v = (ug,u1,...,u7) is generic in the sense that
upuy; ¢ p~Ng™N for any k,1 € {0,1,...,7} (N = {0,1,2,...}). This

condition is equivalent to saying that the two sets

Soz{piquk|’L',j€N, k€{071a77}}a
Seo = {p_iq_julzl ,...,7}}
of possible poles of the integrand are disjoint. For the contour C' we take

a homology cycle in C*\(Sp U S ) such that n(C,a) =1 for all a € Sy
and n(C,a) = 0 for all a € Sy, where n(C;a) stands for the winding

(5.7)

)



T-Functions for the difference Painlevé equations of type Eg 23

number of C' around z = a. Note also that, if |ux| <1 (k=0,1,...,7),
one can take the unit circle |z| = 1 oriented positively as the cycle C.

The following transformation formulas are due to Spiridonov [16]
and Rains [13].

Theorem 5.1. Suppose that the parameters u = (ug,uy,...,ur)
satisfy the balancing condition uguy - --uy = p2q¢>. Then the following
transformation formulas hold:

(5.8)
(1) I(U,p, ) - I U 'P,q H F uzujvpv H F(U{L@,p, Q)a
0<i<j<3 4<i<j<T
~ ~  ~ ~ ~ CZRY, pq/u0u1u2u3 (/L = 07 17 23 3)7
u=(up,us,...,ur), u;= ]
7RV, pq/u4u5u6u7 (Z = 4a 5a 67 7)7

and
(5.9)
(2) I(u;p,q) =1I(u;p,q H I'(uiuj;p,q),
0<i<j<T
u=(do,...,u7), U =+/pq/u; (i=0,1,...,7).
Note that, if the parameters u = (ug, u1, . .., u7) satisfy uouy - - - uy =

p?q? and |ug| = |pq|i (k =0,1,...,7), then both u and u satisfy the
two conditions as well.

Taking another base r € C* with |r| < 1, we set
0<i<j<7
where

I(zp,q,7m) = (250,04, 7)o (PG 230, 4, 7) 0

5.11 > y

(5:11) (zip.¢.7)ee = [ (1—p'q'r*2).
i,5,k=0

Note that

(5.12)

L(rzip,q,r) =T(zip, Q)T (20,0,7), T(pgr/z;p,q,v) =T(z;p,q,7).

Proposition 5.2. Under the condition ugu; - - - u7 = p>q>, the func-
tion ¥ (u;p,q,r) defined by (5.10) is invariant wzth respect to the trans-
formations u — u and u — U.
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Proof. When {i,j,k,1} ={0,1,2,3} or {4,5,6,7}, one has

(5.13) (wuj;p,q,r) = T(pg/urws; p, q,r) = T(rugus; p, g, )
' = T(ug, wi; p, Q)T (upur; p, q, 7).
Also, for distinct 4,5 € {0,1,...,7},

(5.14) L(uiug;p,q,m) = (pg/uiug; p,q,r) = T(rusu;; p,q,r)
' = T (rujug; p, )T (uiug; p, g, 7).

Using these formulas, Theorem 5.1 can be reformulated as
(5.15) (u;p,q,r) = ¥(u;p,q,r) = ¥(U;p,q,7)
under the condition ugu; - - - u7 = p?g?. Q.E.D.

Returning to the elliptic hypergeometric integral (5.6), we notice
that the integrand

7
_ o T(urz*ip,q)

5.16 H(z u:

(5.16) (z,u;p, q) 2 )

satisfies

(5.17) Ty H (2, w5 p, q) = 0(upz™ p) H (2, u;p, q)

with respect to the g-shift operator Ty, in uy (k€ {0,1,...,7}):

(5.18) Ty fuo,ur, ... ur) = fluo, ..., quk, ..., uz).
Hence, by the functional equation (5.4) we have
(5.19)

(Uke(uju]f%p)Tq,ui + uie(ukufl;p)Tq,uJ- + uje(uiu;ﬂp)Tq,uk>H(zv us; p, Q)

=0

for any triple 4, j, k € {0,1,...,7}. Passing to the integral, we obtain the
following contiguity relations for the elliptic hypergeometric integral.

Proposition 5.3. The elliptic hypergeometric integral (5.6) satis-
fies the three-term relation
(5.20)
(urf(ujui s p) Ty, + wib(wpui s )Ty, + ui0(uiuy s p) Ty, ) I (w5 p, q)
=0

for any triple i,j,k € {0,1,...,7}.
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Tt is known that the elliptic hypergeometric integral I(u;p, ) of (5.6)
gives rise to terminating elliptic hypergeometric series in the special cases
where pq/upu; = p~ Mg~ for distinct k,1 € {0,1,...,7} and M, N € N
(see for example Komori [7]). Here we give a remark on the case where
pq/uour = g~ for simplicity. We use the notation of very well-poised
elliptic hypergeometric series

(5.21)

o~ 0(a* ao; T aip;
12Vii(aosar, ..., az;q,p) = Z (Oq(a(yop) (H M) .

qag/a;;p;q)

r kz; , _
0(z:p; @)k = W =0(z;p)0(qgz;p) - 0(¢" '2p) (k=0,1,2,...

assuming that a; € p?q~ for some i € {0,1,...,7} and N =0,1,2,....

Proposition 5.4. Under the balancing condition uouy - --u7 = ¢>,
we assume either q/uou; = ¢~ for some i € {1,...,6} or q/uouy =
pqg~ N, where N =0,1,2,.... Then we have

I(pu07u17 -e5 U, PUTD, q)

I'(¢*/ud; p, )T (uo/u7; p, q)
= I'(ugu; p,
(5.22) 1ng<z§6 ey )Hk 1 T(qui/uos p, @)Y (q/usuz; p, q)

- 12Va1(q/uds q/uoua, - . ., q/uoug, ¢/uouz; ¢, p).-
Sketch of proof. Under the balancing condition ugu; - - - u7 = p?q?,

we set t = (to,t1,...,t7), t; = \/pq/u; (i=0,1,...,7), so that
(5.23)

I(t;p,
I(u;pv )*Itpa H I‘ukul,p, ) ( ?f)t .
0<k<I<7 H0<k<l<7 ( Kl Ds q)

We investigate the behavior of the both sides in the limit as pg/ugu; —
q~ N, namely, tot; — ¢~ V. In this limit uy — pg* ™+ /ug, t7 — ¢~V /to,
the integral I(u;p,q) on the left-hand side has a finite limit, while

I(t;p, q) gives rise to singularities due to pinching of the contour at

(5.24) ¢ty — ¢ N, TRt = Ny (K=0,1,...,N).
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By the residue calculus around these points, we can compute the limit

I(t;p,q)

hm
tr—q~Nto H0<k<l<7 F(tktl;pv Q)

(5.25) _ H 1T 1 ¢ Nt /to; p)

[lo<icj<o P(t tj;p,q) =0 _N+V/t2 p)

12Vir (pts tota, - -, tote, pg 54, p).
Hence, under the conditions ugu; - - - u7 = p*¢® and pq/ugur = ¢~ %, we
obtain
(5.26)

7
I(w;p,q) =T /udip, @) [ [T(wo/uispa)  []  Tlwiugip,q)

1<i<j<7

~12Vi1 (pPq/ud; pa/uoua, . . ., pg/ugus, p°q/uouz; ¢, p).

Noting that 15V11(ag; aq,...,ar;q,p) is invariant under the p-shift oper-
ator T, alTp; for distinct 4,7 € {1,...,7}, we see that the same for-
mula (5.26) holds if we replace the condition “pq/ugu; = ¢~ by
“pg/uou; = ¢~ for some i € {1,...,6}”. Then, replacing ug, ur by
pug, puy respectively, we obtain (5.22). Q.E.D.

86. W (E7)-invariant hypergeometric 7-function

In the following, we present an explicit hypergeometric 7-function for
the ORG system of type Fg in terms of elliptic hypergeometric integrals.

We denote by x = (¢, z1,...,27) the canonical coordinates of V' =
C® so that
(6.1)
x = (xo,T1,...,T7) = ToVo + -+ +x707; 2 = (vi]x) (i=0,1,...,7).

Note that the highest root ¢ = %(vo—l—vl +---+wvy) of A(Es) corresponds
to the linear function

(6.2) (plz) = %(l‘o +a1 4+ 7).

We relate the additive coordinates x = (xg,21,...,27) and the multi-
plicative coordinates u = (ug, uy,...,ur) through u; = e(x;) = €27V -1%i
(i=0,1,...,7). We also use the notation of exponential functions

(6.3) u* =e((Nz)) (A€ P),
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so that u% = u; (i =0,1,...,7) and u® = (uguy - - - uz)2.

We now consider the case where the fundamental function [¢] (¢ € C)
is quasi-periodic with respect to the Q = Z1 @ Zw, Im (w) > 0, and is
expressed as

(6.4 =2"26(zp), ==e(0)
with base p = e(w), |p| < 1. This function has the quasi-periodicity
(6.5) [(+1=-[C, [+@]=—-e(-C—-%F)[]

and hence 171 =0, 7z = —1. Note also that
(6.6) [+ ] = a " 10(ab™;p)  (a=e(a),b=e(B)),

and that the three-term relation (5.4) for 6(z; p) corresponds to (2.1) for
[€]. As to the constant § € C, we assume Im (0) > 0, and set ¢ = e(9)
so that |¢| < 1.

As in Section 1, we take the simple roots

(67) a0:¢—v0—vl—v2—vg7 aj:vj—ij (jzl,,G)

for the root system A(E7). Since vy — vy is the highest root, we see that
the Weyl group W(Ey) is generated by &g = (ry; —v,,,(j = 0,1,...,6))
and the reflection sg = ro, by 0 = T¢—vg—vy—vs—vs- 1he symmet-
ric group Gg acts on the coordinates x = (zg,x1,...,27) and v =
(ug, u1,...,ur) through the permutation of indices, while sy acts on
the additive coordinates as

N xi+%((¢|a?)—l‘o—l‘1—$2—x3) (0=0,1,2,3),
(68) So(xz) B {l’i + %((¢|$) — Ty —T5 —Tg — 137) (Z = 47 57 6a 7)?

and on the multiplicative coordinates wug, u1,...,u7 as
(u? 2 =0,1,2,3
(69) SO(U@) _ uz(u¢/u0u1u2u3)i (Z s Ly 4y )7
ui(u /U4U5U6U7)2 (7’ = 4557677)'

We now restrict the coordinates x; and u; to the level set
(6.10) H.={zeV|(¢lz)=3(@o+a1+ - +a7)=r} (k€C)
so that u® = (uguy - --u7)2 = e(x). Then the action of sg is given by

xi+%(/§—x0—x1—$2—$3) (i:O7172a3)7

6.11 i) =
(1) o) {xi—ké(fﬁ—m—xs—xe—m?) (i =4,5,6,7).
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and by

i . =0,1,2,3),
(6.12) so(u;) = uiv/e(K)/uourugus (Z )
uiv/e(k) /ugusugur (i =4,5,6,7).

respectively. Suppose k = w + J so that e(k) = e(w + 0) = pg. In this
case, we have ugu; - - - uy = p>q® on H s, and the action of sy coincides
with the transformation u; — u; in (5.8). Proposition 5.2 thus implies
that the function

(6.13) U(u;p,q,r) =I(wip,g) [ Tluswspgr)
0<k<I<T

regarded as a function on H. 5, u® = pq, is invariant under the ac-
tion of sg. Since W(u;p,q,r) is manifestly symmetric with respect to
u = (up,u1,...,ur), we see that U(u;p, q,r) is a W(Er)-invariant mero-
morphic function on H,s. We remark that the transformation u; — u;
in (5.9) coincides with the action of

(6.14) W = To77T12734756701277034770567 € W (E7),

where r;; = 1y, o, and Tijp = T¢—v;—v;—vy,—v,- Lhis means that the
transformation formula (2) of Theorem 5.1 follows from (1).

We rewrite the contiguity relations of (5.20) as

(6.15)
w5 M0 (uju s p)us Ty, 1 (u p, @) + ug O(ukud s p)us Ty, 1 (us p, q)
+u; 0w s pyug Ty, I (us p, ) = 0.

Since ui_lé)(uiu]il;p) = [x; £ x;], this means that

(6.16) [+ aplu; Ty, L (wip, q) + [on £ @3]u) Ty o, 1(u; p, q)
+ [z £ xj]ungqyukI(u;p, q) =0.
In view of this formula, we set

(6.17) J(@) = e(=Q(x)I(u;p,q), Q(z) = g5(z[x).
Note that

(6.18) Q(z + ad) = Q(z) + (alz) + 1(ala)s

for any a € P. Since

(6.19) Q(x +vi6) = Q(z) + (vilz) + 36 = Q(x) + z; + 56



T-Functions for the difference Painlevé equations of type Eg 29

we have
(6.20)

1
I+ 0i0) = e(~Q(@) g Fur Ty I(uipog) (i€ {0,1,....7)).
Hence by (6.16) we obtain the three-term relations
(6.21) [xjtxg]J(z+v:i0)+[rr tx;)J(x+0v;0)+ [z, £ 2] T (z+v,0) = 0,

namely
(6.22)
[(vj Lok |2)]J (2 4v:0) +[(vk £vi|2)] T (2 +v;0)+ [(v; £v|2)] T (2 +vEd) =0
for any triple 4, j,k € {0,1,...,7}.

On the basis of these observations, we construct a hypergeometric
7-function on
(6.23) Do =| | Hopns CV

neZ

with the initial level ¢ = w. For this purpose we introduce the holomor-
phic function

(6.24) Fa)= [] T(wuj;p.qq (zeV).
0<i<j<7
Theorem 6.1. There exists a unique hypergeometric T-function
7(x) on Dy such that 70" (x) = 0 (n < 0) and
(6.25)

70 () = F(x+ ¢d) = H I'(quiujsp,q,q) (v € Hg),
0<i<j<7

7(1)(95) = F(x)J(x)
e(-Q@)I(wpq) [ Tlwujpa.q) (€ Heps).

0<i<j<T7

Furthermore 7(z) is a W(Er7)-invariant meromorphic function on D .

Proof. We need to show that 7(9)(x) and 7()(x) satisfy the two
conditions of Theorem 4.2. We first show that 7(°)(z) (z € H,) is
W (Er)-invariant. Since the Gg-invariance is manifest, we have only to
show that it is invariant under the action of sg. Noting that

p/ukul ({Za]7k7l} = {0517273})7
(6.26) So(U{LLj) = § WUy (Z S {0, 1,2, 3},] S {4, 5,6, 7}),
p/’LLkUl ({Zvj,kvl} = {4a576a7})
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for x € H,,, we have

(6.27)  so(T(qusug;p,q,q)) = U(pg/urui; p, g, q) = T(queus; p, q,q)

for {i,7.k,1} = {0,1,2,3} or {4,5,6,7}. Since I'(u;uj;p,q,q) is so-
invariant for i € {0,1,2,3}, 7 € {4,5,6,7}, we have so(7("(z)) =
70 (x). We now verify that our 7(°)(z) satisfy the condition (4.5) for
any Cs-frame {+ag,+a1,+as} of type II; as in (3.15). Since the Cjs-
frames of type II; form a single W (E7)-orbit, by the W (E7)-invariance
of 7 (z) we may take

o o deee

a1 = 3(vo+v1 —va —v3), az=%(vo—v1+ vy —v3)
so that
(6.29)

{CLO :l: 0,1} = {’UO + V1, V2 + 1)3}, {CLO :l: CLQ} = {’UO + Vg, U1 + Ug}.
In this case one can directly check

7O (z +a18)  O(uour; p)0(uzus;p)

— _ [zo + z1][x2 + 23]
(6.30) 7O (x £ a30)  O(uouz;p)0(uius;p)  [ro + zo][r1 + 23]
| (o * mia)
[

(ao £ agl2)]”

We next verify that 7(%)(x) and 70V (x) satisfy (4.6) for any Cs-

frame {£ao, a1, *as} with (¢la;) = 1 (i = 0,1,2). Since 7™M (z) =

e(—Q(x))¥(u;p,q,q) is W(E;)-invariant, we have only to check (4.6)
for {+ap, a1, tas} = {£vg, v, tvs}, namely,

E:(vjit)mz]T(o)(x —08)7W (& 4 v98) + [22 £ 20]7 O (z — v18) TV (& 4 v16)
+ [z0 + 21]7O (2 — v20)7M (& + v26) = 0.

Since

(6.32) F(z+ @0 — vp0) F(x +vid) = F(a + ¢6)F (x),

we have

(6.33)
7Oz — 08)T D (& 4+ v8) = Flaz 4 ¢6 — vpd)F(z + vpd)J (2 + vi0)
= F(z + ¢0)F(x)J(z + vi0)
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for each k = 0,1,...,7. Hence the three-term relations (6.21) for J(x)

imply

(6.34)

[2; + )7 (2 — v:6)7W (z 4+ v;0) + [2 + 2] 7O (2 — v;0)TD (2 + v;0)
+ [z + 25170 (@ — vp0)7 (& + v;6) = 0

for any tripe 7,7,k € {0,1,...,7}. The W(E;)-invariance of 7(x) on D

follows from the uniqueness of 7(z) and the W (E)-invariance of (%) (z)
and 7 (z). Q.E.D.

We next investigate the determinant formula of Theorem 4.3 for the
hypergeometric 7-function of Theorem 6.1 with initial condition

(6.35)
0@y = [ Tlquuip.a.q) (z€Hy),
0<i<y <7
(@) =e(-Q(@) I(wip,q) [ Tlwujip.g.q) (v € Hops).

0<i<j<7

For the recursive construction of 70" (2) (z € Hy ) for n = 2,3,.. .,
we use the Cg-frame A; = {+ag,+ay,...,+ar} of type II of Example
1.2, where

ao = 5(vo +vi + vz +03), as = 5(ve — 5 — v +v7),
(6.36) a1 = %(Uo +vr—va —v3), a5 = g(—va+vs — s+ v7).

az = 5(vo —v1 +v2 —v3), ag = 5(—va —v5 +v6 + 1),

a?’:%(vo—ful—vz—l—vg,), (17:%(U4+U5+U6+U7)‘

Note here that (¢lag) = (élar) = 1, (¢la;) = 0 (i = 1,...,6) and
aog + a7 = ¢. This Cg-frame A; contains the following 30 Cs-frame of
type I1;:

(6.37) {*ao, ta;,%a;}, {£ar, xa;,+q;} (1<i<j<6).
Since

(6.38) ap = ¢ —vg — V1 — V2 — V3 = ay — ao,

we have

(6.39) so(ag) = a7, so(ar) =ao, sola;)=a; (i=1,...,6).

This means that the Cs-frames {+ao, ta;, £a;} and {+a7, +a;, +a;} are
transformed to each other by sg. To fix the idea, we consider below the
cases of Cs-frames {+ag, a1, tas} and {£a7, £a1,tas}.
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Theorem 6.2 (Determinant formula). The W (E7)-invariant hyper-

geometric T-function of Theorem 6.1 is expressed in terms of 2-directional
Casorati determinants as

(6.40) ) (@) = ¢ (@) det (65 @)),_, (@ € Heorns)

forn = 0,1,2,..., where the gauge factors g(™ (x) and the matriz ele-

ments wz(Jn)(x) are given as follows according to the Cs-frame of type 111
chosen for the recurrence.

(1) Case of the Cs-frame {+ag, tai, £as}:

(6.41)
o) () = Pe-nQ@)
II Tlwuipae [] T ww;p,g ),
0<i<j<3 0<i<3
or 4<i<j<7 4<§<7

d(n)(m) = q2( ) PQ/Uoul H “uous; p; Q)k—lg(qk_nuo/us;iﬂ; Dr—1,

H 0(q" " uruz; p; @)r—10(¢""u Juz; p; Q)k-1,

k=
qu(_;%)( ) I(q 741507 jt17qj71t27qi71t3at4at5at65t7;p7 q)a

t, — Uk \/ PQ/U0U1U2U3 (k = 07 17 2a 3)7
" ug/pq/ususuuy (k= 4,5,6,7).

(2) Case of the Cs-frame {+ar,+ay, tas}:

(6.42)
() e(
n p
9" (x) = T I T "wiusipq.9),

O<z<]<7

() n
d™ (2) = ¢~ (%) (ugus)( H9 Fuous; p; q)k—10(q" " uo/us; p; k-1

n
H 0(q" " urug; p; Q)k—10(¢" " ur Juz; p; k-1,

v (@)
t

I(q" "to,q" Tt1,q" ta, ' s, ta, ts, te, i D, ),
%(1 n)

q Uk -
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Rewriting the 2-directional Casorati determinants above, we ob-
tain expressions of the W(E7)-invariant hypergeometric 7-function in
terms of multiple elliptic hypergeometric integrals. For the variables
t = (to,t1,...,t7), we consider the multiple integrals as in Rains [12, 13]:

In(t;paq) :In(t07t17~~ t7;p7q)

_ (pvp) ( q;9q HHk 0 tkzil;paq)
(6.43) 2”n'(27r\/_ cn i %ip,4)

Zl “en dzn
II 9(#12?1;19)#

DY Z
1<i<j<n 1 n

We remark that I,,(¢;p,q) is a special case (with s = ¢) of the BC,
elliptic hypergeometric integral

(p;p)% 11, tkz Yip,q)
2"n'(27r\/7 / H - 0 ;

(6.44) )
. H F(szil lpg q) dz - dz,
I i
1<i<j<n (Z ! j 17p,CI) 21 Zn
of type II.

Theorem 6.3 (Multiple integral representation). The W(E7)-
invariant hypergeometric T-function of Theorem 6.1 is expressed as fol-
lows in terms of multiple elliptic hypergeometric integrals:

(6.45)
7 () = pe(—nQ(@) Li(¢* T uspq) ] Tla' "wiugip,a.q)
0<i<j<7
= p(He(=nQ(@)) In(i: p,q)
Il Tlewuip.a,0) J] T uivsip.q,q)

0<i<j<3 0<i<3
or4<i<;<7 4<4§<7

(r € Hpans, n=0,1,2,...),

where

(6 46) T — UL/ pQ/U0U1U2U3 (k = 07 1a 27 3))
' g uk/pq/ususuguy  (k=4,5,6,7).

Theorems 6.2 and 6.3 will be proved in the next section.
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We remark here that the equality of two expressions in (6.45) implies
the transformation formula

(6.47)

L(tpa) = LEpg) ] L(q"titjip.q,9) 11 I'(q"tit3p, 4,9)
P ’ Ll T(tit;ip,q,q) AL __ T(titjip.q,q)
0<i<5<3 4<i<j<7 .

for the hypergeometric integral I,,(t;p,q) on Hey(a—n)s (toty---t7 =

p?q*=2"), where

(6.48)

o b/ P Jlotatats  (k=0,1,2,3),
t=(o,t1,..., 1), fn=s0(tr) =3 " /—pq27 lohtats )
tk\/ P n/t4t5t6t7 (k = 47 57 67 7)

This is a special case of a transformation formula of Rains [13]. Note
also, that the meromorphic function

(6.49) U, (tp,q) = In(tipg)  [[ Titsip.g.0)

0<i<y<7

on Hyy(a—p)s is W(E7)-invariant. The invariance of ¥, (t;p,q) with
respect to w of (6.14) gives rise to the transformation formula

~ T(q"tit;;p,a,q
L(tp.g) = L(Gpg) ] Lla"titsip.0.9)

(6.50) ocizi<r L(titjip,4,q)
t= (;‘,\0,%\1, .. ,;5\7)7 ;f\k =w(ty) = \/pq2_"/tk (k=0,1,...,7)

under the condition tot; - - - t7 = p?q*~2".

Applying this transformation formula7 we obtain another expression
of 7(x) of Theorem 6.3:

(6.51)
7 (2) = pe(—nQ(2)) L(yvpau ) [ Tlauiugsp.a,q)
0<i<j<7
= pEe(—nQ(x)) L. (vpau":p,9) Il Twa/wivi;p.q.q).
0<i<j<7

In the notation of (6.49), the W (E7)-invariant hypergeometric 7-function
is expressed as

70 (@) = pl)e(=nQ (@) Vu (g2~ p,g)
— p(Be(=nQ() W (p2 g2 u"sp, q)
forx € Hypns (n=0,1,2,...).

(6.52)
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§7. Proof of Theorems 6.2 and 6.3

In this section we prove Theorems 6.2 and 6.3 simultaneously.
We take the Cs-frame {+ag, +a1,+as} of type II; as in (6.36) for
constructing 7(™ (z) n = 2,3, .. .. In this case, we have
{ao £ar} = {vo +v1,v2 + vz}, {ao £ az} ={vo+va2,v1 +v3}

(7.1) {a1 £ as} = {vo — v3,v1 — v2}.

Hence, in order to apply Theorem 4.3, we need to decompose 7(1)(:17)
into the product

(7.2) TW(@) = gV (@)e(2) (2 € Hoys)
with a gauge factor satisfying
(7.3)

9P (xta1d)  [(aoEai|z)]  O(uoui;p)d(usus;p) )
g (x £a20)  [(ao £azlz)]  O(ugua; p)d(uiusz;p) (z € Hops)-

Then the gauge factors g(”)(x) n = 2,3,... are determined by the re-
currence formula

gD (2 — ag8)g™+ D (z + agf) _ [(ao £ az|x)]
g (x + a10) [(a1 £ az|2)]
B 0(upua; p)0(uius;p)

UQUgQ(UO/Ug; p)o(ul/u%p)

(7.4)

for n =1,2,... starting from ¢ (z) = 7O (z) and ¢ ().
For this purpose, using the transformation formula (1) of Theorem
5.1, we rewrite 7(Y) (z) as

(7.5)
T(l)(m) =e(=Q(x)) I(u;p, q) H I(uwiuj;p, g, q) H L (uiug;p, )
0<i<j<7 0<i<j<3
ord<i<j<7
=e(-Q) I(wp.q) [ Tluuiip,g.9) [ Tlwiugip,q,0),
0<i<j<3 0<i<3
or4<i<j<7 4<j<7
where
(7.6)
- - - ~ uin/pq/uguiugug (i =0,1,2,3),
u:(u07u17~"7u7>7 Uy = .
Ui/ pq/U4U5u6U7 (7’ = 45 57 67 7)7
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and set

(7.7)

gW(@) =e(-Q) [ Tlowuipae) [  T(wuipa),
0<i<j<3 0<i<3,4<5<7
or4<i<j<7

Y(x) = I(;p,q) (x € Hoys)-

Then one can directly verify that ¢g!)(z) satisfies the condition (7.3).
For the moment we set t = (tg,t1,...,t7), t; = w; (¢ = 0,1,...,7), so
that ¢(x) = I(t;p, q)-

We now compute the determinant

KO (@) = det (6 (2))7_. 05 (@) = bz +09),
(7.8) ol =1 —nag+ (n+1—i—ja+(j —i)a
=(1—-i,1—4,j—n,i—n,0,0,0,0).

Noting that the multiplicative coordinates of x + vgl)(; are given by

(79) (qlii/uo’ qlijulv qjinU’Qv qiinu?n Uy, Us, Uﬁ),

we obtain
(710) ’(/ijn) (.Z') = I(qn_it(h qn_jth qj_1t27 qi_lt?n t47 t57 t67 t7;p7 q)

Hence 1/}1(;-1) (x) is expressed as

() () — (B~ PiPx(8 9o
v @ = n [ MnE 6T, 5= TR
7 LEL
I

fi(2) = 0(toz* s 93 @)n—i O(ts 2™ 3 @)i1,
9j(2) = 0(t127" 5 py @) nj O(t225 503 q) -1,

for 4,57 = 1,2,...,n, where 0(z;p;q)r = 0(z;p)0(qz;p) - H(qk_lz;p)

(k=0,1,2,...). Werewrite the determinant K™ () = det (z/JE;) (m))jjzl
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as
(7.12)
n 1
K™ (x) =~ > sen(o)sen(r) H VS thy w0 @)
o, TES,
K" dz1 -+ dzp
= Z sgn(o)sgn(r H h(zk) [y k)(zk)gc,(k)(zk) --z
’ o,TES, cn k=1 n
K" n n  dzceedzy
= o 1) ) et detlon())igm =

Then the determinants det(f;(2:))};—1, det(g;(2i))} ;—; can be evaluated
by means of Warnaar’s elliptic extension of the Krattenthaler determi-
nant [18] (see also [9]).

Lemma 7.1 (Warnaar [18]). For a set of complex variables
(21,...,2n) and two parameters a,b, one has

det (B(az;™ 593 9)j—10(b2 " pi @)n—y)
(7-13) ”L "7{ _
H9 g [ #'0Giz5p).
1§i<j§n

Sketch of proof. The left-hand side is invariant under the inver-
sion z; — zi_l for each 7 = 1,...,n, and alternating with respect to
(21,...,2n). Hence it is divisible by H1§i<j§n z{lﬁ(ziz;t;p). Also, the
ratio of these two functions is elliptic with respect to the additive vari-

able ¢; with z; = e({;) for each i« = 1,...,n, and hence is constant.
The constant on the right—hand side is determined by the substitution

; = ¢ 'a (i =1,...,n) which makes the matrix on the left-hand side
lower triangular. Q.E.D.

We thus obtain
(7.14)  K™(2) =det (0} (2))],_, = d"™ (@) Li(t:p, )

where
(7.15)

()% (45 9)% / o z1 -+ dzy,
L,(t;p,q) = —— - =L 0(z _
( b Q) 2“77,'(27(\/ —l)n n H 1<’L<HJ<71 ) 21" Zn
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and
(7.16)
d™ (@) = ¢*() (ta)(2) H O(to(q" t3) ™" s Qn—k0(t1(¢" 12) ™5 p3 @)k
k=
= ¢*(3) (pg fugur)2)

H H 0(q" " wiwg; p; @) r—10(q" i Jur; p; @)1
(4,5)=(0,3),(1,2) k=1

Finally we determine the gauge factors ¢(™ (z) n =2,3,.... We set

(717) ¢™M@) = ] Tlwusip,g.0) [[ Tle""wiusip q.q),
0<i<j<3 0<i<3
or 4<i<j<7 4<5<7

so that ¢ (z) = GO (), ¢V (2) = e(=Q(x))GV(z). By a direct com-

putation, we see that G(™) (z) satisty the recurrence formula

(7.18)

g(n—l) (l‘—aoé)g("'H) (JL‘—|—a05)
G (x4 a19)

= 0(“0“2;p)H(U0U3§p)a(ulu2§p)0(ulu3§p)-

If we set g™ (z) = G (2)c™ (), the recurrence formula to be satisfied
by ¢ (z) is given by
=D (z — agd) "D (z 4 agd) 1

7.19 _
(7.19) ¢ (z + a16) upuzf(uouz s p)0(uruy ' p)

with the initial conditions ¢(?) (z) = 1, ¢V (z) = e(—~Q(x)). On the other
hand, one can verify that the functions d™(z), which appeared in the
evaluation of the determinant K (™ (z), satisfy
(7.20)

d™=V(z — agd)d™ Y (z + agd)

A (z + a15)> = (p/uou)8(uguz 5 p)0(uruz s p)-

If we set ¢ (z) = ™ (z)/d™ (z), the recurrence formula for e(™ (z) is

determined as

eV (z — apd)e™ D (z + agd)
e (x %+ a,0)

(7.21) = p/uouruzus = pe(—2(ao|z)).

With the initial conditions (¥ (z) = 1, e (z) = e(—Q()), this recur-
rence is solved as

(7.22) e™(z) = p(Be(—nQ(z)) (n=0,1,2,...).
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Hence the gauge factors g(™) (z) are determined as

(7.23) g™ (x) = ’Mgw(@ (n=0,1,2,...).
d ()
Since K™ (x) = d™ (x)I,,(t;p, q) with t = 7 as in (7.6), we also obtain

n

) (g — Pe(=nQ(@)
(7.24) d™ (z)

= p3)e(=nQ (@)™ (@) (it p. ).
This proves Theorem 6.2, (1) and the second equality of Theorem 6.3.

G (z) det (¢ (x))

i,7=1

We already know by Theorem 6.1 that 7(")(z) (z € Huy,s) are
W (E;)-invariant for all n = 0,1,2,.... Namely w(r™(z)) = 7(")(z)
for any w € W (E;). This means that, for each w € W(E;), 7 (z)
(z € Hpins) has a determinant formula

n

(3)e(—
n p 6( TLQ(iC)) n n n

and a multiple integral representation
(7.26) (@) = p3e(-nQ@) F (@) (t:p,0),

where ~(™ F(), @E?) (t,7j=1,...,n) and ¢ (k=0,1,...,7) are spec-

ified by applying w to the functions d™, G(™, wgl) and Uy on He s,
respectively. When w = sq, by the transformation

(7.27) sofug) = | wVPE o (i=0,1,2,3),
| = /b Jususucur (i = 4,5,6,7),
we obtain
(7.28)
= q2(§) (qlfanug)(;)

H H e(pq/uiuﬁp; Q)k—le(qkinui/uj;p; Q) k-1
(1,5)=(0,3),(1,2) k=1

= qf(ngl) (UZUS) g

IT  TI0Ga wivsips @)x—16a""uifuss ps )i
()=(0,3),(1,2) k=1



40 M. Noumi

and
(7.29)
F(@) =50 (@)= [ Tl "wingipa).
0<i<j<n
P (2) = so(0 (@) = 1(q" b0, q" 1, ¢ o g s, ta, b, b, tri, @),
t, = q%(lfn)uk.

Formulas (7.25) and (7.26) for this case w = sy give Theorem 6.2, (2)
and the first equality of Theorem 6.3.

§8. Transformation of hypergeometric 7-functions

From the W (E7)-invariant hypergeometric 7-function on D, dis-
cussed above, one can construct a class of 7-functions of hypergeometric
type by the transformations in Theorem 2.3. In this section we give
some remarks on this class of ORG 7-functions.

In what follows, for a root @ € A(FEs) and a constant k € C, we
denote by
(8.1) Hopw={z €V |(alz) =r}

the hyperplane of level k¥ with respect to . We consider a meromorphic
function 7(z) on the disjoint union of parallel hyperplanes

(8.2) Doy = | | Hanins C V.
nez

Denoting by 7(") () the restriction of 7(z) to the nth hyperplane H s,
we say that an ORG 7-function 7(z) on D, . is a hypergeometric -
function of direction a with initial level x if 7" (x) = 0 for n < 0 and

7O (z) # 0.

In what follows, we use the notation

(8.3) U (tipq) = Ln(tpq) [ Tlitsspa,9).

0<i<j<7
As we have seen in (6.50), this function satisfies

1 1(9_n),—
(8.4) U, (t;p,q) = Unlp2q2® ™17 p, q)

under the balancing condition tgt; - = p2¢*—2",
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Theorem 8.1. With respect to the directions +¢ and the initial
levels +w (e(w) = p), the following four functions are W (E7)-invariant
hypergeometric T-functions.

(0) T++(:C) on D¢,W = I_lnGZ H¢,W+n6 :
7" (@) = & e(=nQ () Wn(g* M us p.g)
— p(Be(=nQ() W (pt gt u"sp, q).

(1) 7o (x) on Dy~ = | ez, Hp,—otns :

(8.5)

(8.6) 7"(@) = Ua(pr 2w p,q) = U, (giu b, q).
(2) T*+(x) on D*(b,w = LInGZ H7¢,w+n6 = I_lnGZ H¢77w7n6 :

70 (2) = plBe(—nQ()) W (pF g3 uip, )

= p(3)e(—nQ(2)) ¥, (¢* Mu"sp, q).

(3) 7 (@) o0 Dy = Lyer Hoo s = Upes Homo s -

(8.7)

(8.8) (@) = U(qZwp,q) = o (p2q2™u i p, q).

Proof. The function 74 (x) is the W (FEjy)-invariant hypergeomet-
ric 7-function of direction ¢ with initial level w discussed in previous
sections. We apply the translation by —¢w to 7(x) = 704 (x) as in
Theorem 2.3, (3) to construct a 7-function

(8.9) 7(z) = e(S(z; —¢,w))T(z + p @)
on Dy — ¢w = Dy . We look at the prefactor of 7™ (z) (z €
H¢,—w+n5):
(8.10)

e(S(x; 6, @))pl e(—nQ(x)) = e(S(x; 6, m))e(-nQ(2) + (3)w).
Noting that 7, = —1 in this case, we compute

|2) + 535 (¢]2)?
3
+ 557

—~
8

(8.11)

M)

S(x;—¢,w) = 552 (d]2)(a]a + ¢w) = 55 (¢]2)
2

2
— $(ale) + Fow - Frlala) - 3

m|€]

for (¢p|z) = —w + nd. Combining this with

(8.12)  —nQ(z + ¢w) = —55(z + ¢w|r + ¢w) = — g5 (x|v) —n?w,
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we obtain

S(z; —p, @) —nQ(x) + (Z)w = -

(z]z) - n=ZHD) | =
2

3
(ale) — =5 (o) — Z5

(8.13)

@
262
W
262

by n = ((#|z) + @)/d. Hence the prefactor (8.10) for 7(™)(z) is deter-
mined as

(8.14) e = 2 (z|r) — L&t (plz) - £5).

This factor does not effect on the Hirota equations, and can be elim-
inated by Theorem 2.3, (1). We thus obtain the 7-function 7, _(z)
of (8.6) by replacing e(z) = w in the last two factors of 744 (z) with
e(x + ¢w) = p®u = p2u. The other two functions 7_ () and 7__(x)
are obtained by replacing z in 74 (z) and 74 _(z) with —z, respec-
tively. Q.E.D.

We now apply Theorem 2.3, (3) for constructing hypergeometric 7-
functions with initial level 0. Let a € P be a vector with (¢|a) = 1, so
that

(8.15) Dy +aw=Dyo=| | Hyns.
neZ

Then, from

(8.16) (@) = Un(p? s pg) = Ua(gPulp,q)
we obtain a hypergeometric 7-function

ral) = e(S(zi 0, @))74 (2 — aw)
e(S(w;a,@))Wu(p~"p2¢* " u; p,q)
e(S(x; a,w))\lln(p“q%u_l;p, q)

(8.17)

on Dy o, where
(8.18) S(z;a, @) = — 5z (a|z) (z|z — aw).

When a € A(FEg), namely (ala) = 2, there are 56 choices of a with
(¢la) = 1:

(8.19) a=vp+v, ¢—vp—v (0<Ek<I<T).

Those 7-functions 7,(x) on Dy correspond to the 56 hypergeometric
7-functions in the trigonometric case studied by Masuda [8].
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In general, let w = k + lw € Q (k,l € Z) a period, and take two
vectors a,b € P with (¢la) =k, (#|b) =1+ 1. Then

(8.20) e(S(z;b,@))Te_(z —a — bw)

is a hypergeometric 7-function on Dy ,,. Furthermore, let v € A(Eg) be
an arbitrary root of the root system of type Fs, and choose a w € W (Eg)
such that a = w.¢. Then

(8.21)

w(e(S(x;b, @) _(r—a—bw)) = e(S(w™ a;b, @)y _(w o —a—bw)

provides a hypergeometric 7-function on D, ,, in the direction a with
initial level w.

89. Relation to the framework of point configurations

In this section, we give some remarks on how ORG 7-functions are
related to the notion of lattice 7-functions associated with the configu-
ration of generic nine points in P?.

9.1. Realization of the affine root system Eél)

We first recall from [5] the realization of the affine root system of

type Eél) in the context of the configuration of generic nine points in
P? (see also Dolgachev-Ortland [2]). We consider the 10-dimensional
complex vector space

(9.1) h=bh39=Ceo®Ce; @ Ceg

with basis {eg,e1,...,e9}, and define a scalar product (nondegenerate
symmetric C-bilinear form) (-|-) : h x h — C by

(eo|€0> =-1, (ej‘ej) =1 (] € {17"'79})7
(62|6J):O (Zaje{oalaag}v Z#])

This vector space is regarded as the complexification of the lattice

(9.2)

(9.3) L=1Lsg="7Zeo®Zes ®ZLes® - DZLeyg Ch=Dhsg

endowed with the symmetric Z-bilinear form (-|-) : L x L — Z. In geo-
metric terms, L = L3 g is the Picard lattice associated with the blowup of
P? at generic nine points p1, ..., pg. The vectors ey and eq, ..., eg denote
the class of lines in P? and those of exceptional divisors corresponding
to p1,...,pg respectively, and the scalar product (-|-) on L represents
the intersection form of divisor classes multiplied by —1.



44 M. Noumi

The root lattice of type Eél) is realized as

(9.4) QEY) =Zao ®Zoy @ -+ ® Zag C L,
where the simple roots ag,aq,...,as € b are defined by
(9.5) ag=e€y—e —ex—e3, ;=€ —¢€j1 (j=1,...,8)

with Dynkin diagram

(9.6) o T o

(5] (65 Q3 Qg Qs Qg (6%4 asg

(These a; are called the coroots h; in [5]). Note also that

(9.7)

c=3e)—e — - —eg
:3a0+2a1 +4052+60&3+50&4+40[5+3046+2047+Ot8 GQ(Eél))

satisfies (clo;;) = 0 for j = 0,1,...,8. Denoting by h* = Home(h,C)

the dual space of h, we take the linear functions ¢; = (e;|-) € h*
(j = 0,1,...,9) so that h* = Cep ® Cey @ --- ® Cey, and regard
e = (eo;€1,.-.,€9) as the canonical coordinates for . We often identify

h* with b through the isomorphism v : h = h* defined by v(h) = (h|-)
(h € b), and denote the induced scalar product by the same symbol (-|-).
When we regard the simple roots as C-linear functions on b, they are ex-
pressed as v(ap) =ep—e1—e2—egand v(oj) =¢;—¢€j41 (J=1,...,8).
Setting 6 = (¢|:) =39 — &1 — -+ — &9 € b*, we regard below this null
root § € h* as the scaling unit for difference equations.

The root lattice of type Fyg is specified as Q(Eg) = Zag @ Zay ®
oo Loy C Q(Eél)). The vector space b is decomposed accordingly as

(98) h=h®Cc®dCTd, bh=Cap®Cay & ®Cay, d=—eo— L,

where
(9.9) (clh) =0, (dlh)=0 (heh); (ce)=0, (cld) =1, (dld)=o.

The 8-dimensional subspace b C h can be identified with the vector space
V = C8 that we have used throughout this paper for the realization of the

root lattice P = Q(FEsg). Noting that f; ={h eb|(clh) =0, (dh) =0}
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and Q(Es) = LN f;, we define the orthonormal basis {vg,v1,...,v7} for
b by

(9.10) vj=e;—1(eo—eg)+3c (j=1,...,8), vy=—uvs.
Then the highest root and the simple roots of type Eg are expressed as

p=3%wo+uv+--+uv7)=c—as,

(9.11) _
=0 —vy—v1 —Vv2—v3, o =v;—vjp1 (j=1,...,7)

respectively, which recovers the situation of Section 1. In what follows,

we identify § with V' through this orthonormal basis {vg,v1,...,v7}.
The corresponding C-linear functions z; = (v;|-) € h* are realized as

(912) szej—%(eo—a;)—i—%(i (jzl,...,S), rg = —Is8.

For each a € b with (a]ar) # 0, the reflection r,, : h — b with respect
to « is defined in the standard way by

(9.13) ro(h) =h—(a”|h)a (he€h), o =2a/(ala).

The affine Weyl group W(Eél)) = (s0, 81,-..,8s) of type Eél) (Coxeter
group associated with diagram (9.6)) then acts faithfully on b through
the simple reflections s; = 14, (j = 0,1,....8). We remark that this
group contains the symmetric group &9 = (s1,...,ss) as a subgroup
which permutes ey, ..., eg. The affine Weyl group W(Eél)) also acts on
the dual space h* through s; = ro; : h* — h* defined in the same way
as (9.13). These actions of W(Eél)) on h and h* leave the two scalar
products invariant. Note also that ¢ € h and § € h* are invariant under
the action of W(Eél)).

Setting ho = {a € b | (c|la) = 0}, for each o € ho we define the Kac
translation ([3]) Ty : h — b with respect to « by

(9.14)  Ta(k) = h+ (cln)a = (Sala)(clh) + (alm)e (b€ b).

It is directly verified that these C-linear transformations T, € GL(bh)
(v € ho) satisfy
(9.15)

(1) (Tu(WITa(W)) = (BIK) (€ bo; bW € b),

(2) TaTB = TBTa = Ta-i—B (0576 € bO)v Tie = ldf) (k € C)v

(3) wlhw™' =Tya (a€howeW(ED).
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Note also that
(9.16) To(h) =h—(alh)c (heb,(c]h) =0), Ta.(c)=c

for any « € bhg. For a Z-submodule Q of by given, we denote by T(Q) C
GL(bh) the abelian subgroup of Kac translations T, (a € Q). We remark
that, if & € hg and () # 0, then the Kac translation T}, is expressed in
the form T, = r._ovrev as a product of two reflections. This implies in
particular that the Kac translations Ty, (j = 0,1,...,8) by simple roots
belong to the affine Weyl group W(Eél)) = (S0, 81,-..,58) C GL(h). It
is known ([3]) in fact that W(Eél)) splits into the semidirect product

(9.17)  W(EY) = T(Q(Es)) x» W(Es), W (Es) = (50,51,...,57).

We remark here that the linear action of W(Eél)) on h extends to a big-
ger group T(hO)W(Eél)) =T (V) x W(Es) including the abelian group
T(V) of Kac translations with respect to V = C ®7 Q(Eg). Note that
T(V) x W(Eg) acts also on h* so that v : h = h* intertwines its linear
actions on h and h*.

Before proceeding further, we clarify how the linear actions of Kac
translations on ) are related to the affine-linear actions of parallel trans-
lations on V. Note first that, for each x € C, the hyperplane

(9.18) b ={he€bh|(clh) =k} Ch

is stable by W(Eél)) and by T'(hg). On this hyperplane b, of level k, the
null root 6 = (c|-) € b* is identified with the constant function § = x.
For each (u, k) € Cx C*, we define a quadratic mapping v,y : V — bx
by

(9.19) Yy (@) = Ty-1,(kd) — pe = x — (5 (z]z) + p)e+ kd  (z € V).

These mappings 7(,,x) induce the parametrization v, : V' x C B
(w5 1) = Y(um)(x) of by for each k € C*, as well as the isomorphism
7:V x C x C* 5 b\ho of affine varieties such that

(9.20) y(z;p,k) =z — (o (z|2) + p)c+ kd (z€V,peC,keCr).

Furthermore, this isomorphism is equivariant with respect to the action
of the group T(V) x W(Eg) on V x C x C* specified by

(9.21) Tow.(z; p, k) = (w.a + Koy u, k) (v € V,w € W(Ey)).
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Through this isomorphism, the coordinates (x; u, k) = (xo, Z1,...,27; 1, K)
for V. x C x C* and € = (eg;e1,...,£9) for h\bo are transformed into
each other through

(9.22) vj=ej—3(eo—c0)+ 36 (=1,....8), m=—as,
. ILL:_%(6|E), /{/:5’

where (gle) = —e3 + €2 + -+ + &2, and by

g0 = 2x0 — 2(¢|z) + 3(; (x|2) + p + 35),
(9.23) g =zj+z0— (dz)+ (@) +p+36 (G=1,...,7),
es = —(dl7) + 5 (x]z) + p+ 35, €9 = o (z]2) + p — 35,

where (¢[z) = L(zg + 21 + -+ 27), (2|2) = 2% + 2?1+ - + 2.

9.2. Lattice 7-functions vs. ORG 7-functions
We now consider the W(Eél))-orbit

(9.24) M =Msg=W(E"){er,... e0} = W(EM)eg € L = Lsg

in the Picard lattice. Noting that eg € M is W (Eg)-invariant, we see that
the natural mapping W(Eél)) — M : w — w.eg induces the bijection
Q(E3) = M : a + T,.e9. The orbit M = W(Eél))eg is intrinsically
characterized as

(9.25) M={AeL| (AJA) =1, (c]A) =-1}.

To see this, suppose that A € L satisfies (A|[A) = 1 and (c[]A) = —1.
Then, the difference 5 = A—eg satisfies (5]5)+2(eg|3) = 0 and (¢|8) = 0.
This implies 8 = A —¢eg € Q(Eél)) and Tg.eg = eg + 8 = A. Taking
a = [+ (eg]B)c € Q(FEs), we see that A is uniquely expressed in the
form

(9.26) A=ey+a+j(ala)e, aeQ(Es),

and hence A = T/\:leg.eg = T;t.eg. We remark that « is the unique
element in Q(Eg) such that A — eg = o (mod Cc), which we call the
classical part of A — eg € hg.

In [5], a system of lattice T-functions associated with the configu-
rations of generic nine points in P2 is defined as a family of dependent
variables 75 indexed by A € M which admit an action of the affine Weyl
group W(Eél)) such that

(9.27) wry=Tun (A€M, weW(ED))
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and satisfy the quadratic relations
(9.28)
[Ejk][gjkl]TeiTeo—ei—el + [Eki] [5kil]7-ej7-eo—ej—el + [Eij][sijl]TekTeo—ek—el =0

for all quadruples of mutually distinct ¢, 7, k,1 € {1,...,9}, where ¢;; =
g;—e; and €, = eg—e;—e;—¢k. (Here we use the notation 7, instead of
7(A) as in [5] to make clear that A is not an independent variable, but an
index.) Under the condition (9.27), 7., is W (Ejg)-invariant, and all the
functions 75 (A € M) are expressed as A = T, 7169 .7 in terms of a single
W (Eg)-invariant function 7 = 7.,. We also remark that, if equation
(9.28) holds for some quadruple of distinct 7,7, k,1 € {1,...,9}, then
it holds for all quadruples as a result of the action of &g C W(Eél)).
In the following, we use the notation oy, = [v(h)] = [(h]-)] for h € b,
so that oc,; = [e4] and o, = [gix] Where e;; = e; — e; and e, =
ey — e; — e; — e. In this notation, equation (9.28) is rewritten as
(9.29)

Oc;10c;mTeiTeo—ei—e; T Oepi O Te; Teg—ej—e; T Oei;0eisi Tex Teo—en—ep = 0.

As we will see below, equations (9.28) can be rewritten in a W(Eél))—
invariant form.

To clarify the situation, let X be a left W(Eél))—set. Noting that
functions of the form o, = [(af-)] (o € Q(Eél))) are defined over h =
h/Ce, we suppose that a W(Eél))—equivariant mapping v : X — b is
given. Regarding those o, as functions defined on X through v : X — b,
we can consider systems of lattice 7-functions 7o (A € M) defined on
X. In order to compare this notion with that of ORG 7-functions on X,
we assume that the extension T'(3Q(Es)) x W (Eg) of W(Eél)) acts on
X so that 7 is an equivariant mapping. For a function ¢ defined on a
subset U C X, we define the action of w € T(3Q(Es)) x W (Es) on ¢ to
be the function w.¢ on w.U such that (w.¢)(x) = p(w™l.2) (x € w.U).

Proposition 9.1. Let 7 be a W(Es)-invariant function on X and
set Tp = TXEeg.T for each A € M. Then the following three conditions
are equivalent :

(a) The equation
(9.30)

Oc;nOejpTeiTeo—ei—e; T ey OcpnTe; Teo—ej—er T Oei;0e,y Ter Teg—er—e; = 0

holds for each quadruple of mutually distinct i, j,k,l € {1,...,9}.
(b) The equation
(9.31)

Ouy —us Ouy —uly Tuo Tuly, T Ous—uo Tus—uly Tuy Ty, T Oug—ur Oug—uf Tus Tuly = 0



T-Functions for the difference Painlevé equations of type Eg 49

holds for each sextuple of points u;,u; € M (i =0,1,2) such that

(9.32)
ug 4 up = ur +uy =uy +uy, (u; —wilu; — ) =40 (4,5 =0,1,2).

(¢) The equation

(9.33) OaytasTag-T Lo T+ 0aytag Loy 7T, T+ 0agta Tuy 7T, T =0
holds for each triple of vectors ag,ay,as € %Q(Eg) such that

(930)  (ala) =dy tata;eQB) (ij=0,12).

Proof. Note first that equation (9.30) is a special case of (9.31)
where ug = e;,u1 = ej,us = e, and v = ey — ¢;. Hence condition
(b) implies (a). We consider equation (9.31) for a sextuple u;,u; € M
(1=0,1,2) as in (b). Introducing
(9.35) 9=3(ui+v), bi=3zu—u) (i=0,12),

. ui:g+bia u;:g_b’b (Z:Oa172)a

we rewrite equation (9.31) into the equation

(9:36)  Obytby TgtbyTg—bo T Tbakbo Tg+b1 Tg—by T Tboby Tg+by Tg—by = 0

for a sextuple of points g + b, € M (i =0, 1,2) such that

(937) (bz|bj) = 51‘73‘, +b; = bj S Q(Eél)) (Z,] =0,1, 2)
In this setting, bg, b1, b2 and g are characterized by the conditions
(9.38)

g€ 3L, (glg

)
bi € 3L, (clb;) =
Since b; € %Q(Eél)) (1 =0,1,2), they are expressed as
(9.39) bi =a; +kic, ki=(gla;) € 3Z (i=0,1,2),
where
(9.40) a; € %Q(Eg), (gla;) € %Z, (ailaj) = 6;5, a; £a; € Q(Es).

Note that (c|g — eg) = 0 and hence g — eg € %Q(Eél)). In this situation
we have

(9.41) Tt a;=a; + (g —eolai)c=a; + kic=0b; (i=0,1,2),

g—eg
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and hence we see that equations (9.36) and (9.33) are transformed into
each other by the actions of Tj;_., and Tg:leg. These arguments show
that condition (c¢) implies (b). Note also that equation (9.33) is a special
case of (9.36) where g = eg + 3¢ and b; = a; (i = 0,1,2). We finally
show that (a) implies (c¢). Suppose that equation (9.30) holds for some
quadruple of distinct i,7,k,1 € {1,...,9}. Since it is a special case of
(9.31), we see that equation (9.33) holds for some triple ag,a;,as €
1Q(E3) satisfying (9.34), namely for some Cj-frame {+ag, +a1,+as}
in the terminology of Section 1. Since the Weyl group W (FEjs) acts
transitively on the set of all Cs-frames, we see that equation (9.33) holds
for all Cs-frames, which implies (c). Q.E.D.

By abuse of terminology, we say that a function 7 is an ORG 7-
function if it satisfies the non-autonomous Hirota equations (9.33) for
all Cs-frames relative to Q(Eg). Proposition 9.1 means that a family of
functions 75 (A € M) on X is a system of lattice 7-functions if and only
if 7 = 7., is a W(FEg)-invariant ORG 7-function on X. General ORG 7-
functions which are not necessarily W (Eg)-invariant can be interpreted
as the system of lattice 7-functions over a covering space of X.

Setting

(9.42) X =W(Es) x X = {(w,z) | w € W(Es), = € X},
we define an action of T(3Q(Fs)) x W (Es) on X by
(9.43) Tyw. (v, z) = (ww', Tow.z) (o € 3Q(Es), w € W(Ey))

so that the projection X — X is equivariant. Let U be a subset of X
and suppose that U is stable by the group T(Q(Eg)) of translations.
Then the subset U C X defined as

(9.44) ﬁ:{(w,x)efﬂwEW(Eg), rewlU} = |_| {w} x w.U
weW (Eg)

is stable by the action of W(Eél)) =T(Q(Es)) x W(Es). To a function

7 defined on U, we associate a function 7 on U by setting
(9.45) T(w,z) = (w.r)(z) =T(w ta) (weW(Es), € wl).

The function 7 on U is W (Eg)-invariant and 7 on U is recovered from 7
as 7(1,2) = 7(z) (z € U). Also, any W (Eg)-invariant function on U is
obtained in this way from a function on U. Note also that the function
7 on U satisfies equations

(9.46) 0aytayTay- T Tor' TH0aytacTay T Ty TH0agta Tay. 7 Ty, T =0
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for all Cs-frames {+ag, +a1, +as} relative to Q(Fy) if and only if the
W (Es)-invariant function 7 on U satisfies

(947) OaytasTay 7 T TA0aytaTay T Ty T4 Oagsay Tuy 7 Ty, 7 =0

for all Cs-frames {+ag, +a1, +as} relative to Q(Fs). Applying Proposi-
tion 9.1 to the mapping

(9.48) F: U—=b: F(wz) =) (weW(Es),zewl),

and 7 on 17, we obtain the following characterization of an ORG 7-
function on U.

Proposition 9.2. For~a function 7 on a subset U C X, consider
the function T defined on U. Then 7 is an ORG T-function on U if
and only if the functions Tp = TAileg.? (A € M) form a system lattice

T-functions on U.

We apply this proposition for constructing lattice 7-functions from
ORG 7-functions discussed in this paper. Fixing a nonzero constant
k € C*,let D C V be a subset such that D + Q(Es)x = D, and take an
ORG 7-function 7 = 7(z) on D with § = & in the sense of Definition 2.1.
We then define the action of T,w € T(V)x W (Es) (v €V, w € W(Eg))
on V by

(9.49) Tyw.xr =w.x + K (xeV).

We denote by 7 : b — V the orthogonal projection to h =V in (9.8),
and by 7, : h, — V its restriction to h,. This projection 7, : b, — V is
equivariant with respect to the action of T'(V') x W (Es) and compatible
with the scalar product in the sense (v|m.(h)) = (v|h), (v € V,h € ).
Introducing a subset U of b, by

(9.50) U=mn."(D)={h€bu|m(h) € D} Ch,,

we regard 7 as a function on U through the projection n, : U — D.
Note that the isomorphism

(9.51) Ve VX C bt vela, p) = — (5 (2]@) + p)e + wd,

induces the parametrization v, : D x C = U of U = 7, 1(D) with an
invariant parameter p € C. Then obtain a W (Eg)-invariant function 7
on

(9.52) U= || {w}xwlUcW(Es)xh,
weW (Es)
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by setting
(9.53) T(w,h) = 7(me(w b)) =7(w ta) (weW(Es), hewl),

where ¢ = m.(h) € w.D. By Proposition 9.2, the family of functions
TA = TA__leg.? gives a system of lattice 7-functions on U. If we take
the classical part o = mo(A — eg) € Q(Es) of A — eg, then we have
7o = T 1.7, and hence

(9.54) Ta(w,h) = T(w, To.h) = T(w 7 (Ta.h)) = T(w™ (2 + Ka)),

for any w € W(Eg) and h € w.U, where = m,(h) € w.D.

Theorem 9.3. Let k € C* be a generic constant. Suppose that a
subset D C V is stable by W (Es) and D+ Q(Es)x = D. Let T(x) be an
ORG 7-function on D with 6 = k. For each A € M, define a function
A on U of (9.52) by

(9.55) Ta(w,h) = T7(w . (z + Kka)) (w € W(Eg), h € wlU)
with o = mo(A — e9) € Q(Es) and x = 7 (h) € w.D. Then 7 (A € M)
form a system of lattice T-functions on U.

For example, we consider the hypergeometric the ORG 7-function
7(2) = 74— (x) of Theorem 8.1 defined on

D= D¢,—w = |_| H¢,—w+nm
(956) ne”L

Hy —coinw ={z €V |(¢lz) = —w+ns} (n€Z),

under the identification § = x. The components 7(") = T|Hy i
(n € Z) are then given by 7(™(z) =0 (n < 0) and
(9.57)

7M@) = U, (p2q2 " Mu;p,q) = Uu(gzup,q) (n=0,1,2,...)

in terms of the elliptic hypergeometric integral (6.49). Here, p = e(w),
q = e(k) and u; = e(z;) denote the multiplicative variables correspond-
ing to z; (j =0,1,...,7). In this case, the subset U = (D) C b, is
specified as U = | |5, Un, where

Up={h€b|(¢|h) =@ +nk}

(9.58) ={heb,|(aslh) =+ (1—n)x} (n€Z).
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We regard the ORG 7-function 7(x) as a function on U through the
coordinates

(9.59) zj=¢;j—3(eo—co)+ 36 (i=1,...,8), mo=—us.
The corresponding lattice T-functions 7o (A € M) on
(9.60) U= || {w}xwU
weW (Bs)
are defined as
(9.61) a(w, h) = T(w . (z + ka)) (w e W(Eg), h€wl),
where o = mo(A — eg) € Q(Eg) and z = 7. (h). Since
(9.62) ej—eg=v9+v;—d+c (j=1,...,8),
the nine fundamental 7-functions 7., (j = 1,...,9) are specified as

Te,; (W, h) = T(w™.(z + K(vo +v,—9¢) (j=1,....7),

(9.63) ~ = ~ .
Tes (W, h) = 7(w™ " .(x — k), Teo (W, h) = T(w™".2).

for w € W(FEg) and h € w.U.

9.3. Remarks on the P' x P! picture

The difference Painlevé equation of type Eg can also be formulated
in terms of the configuration of generic eight points in P! x P'. In this
case, following the formulation of [6] we use the Picard lattice

(964) L = Zhl EB Zhg EB Ze1 EB Zeg EB e @ 268
with the symmetric bilinear form (-|-) : L x L — Z defined by
(hilh;)) =0 (i=1,2), (hylhg) = (halhy) = —1,

(9.65) (ei‘ej):(sij (i,j=1,...,8).

If we denote by (f,g) the inhomogeneous coordinates of P! x P!, h; and
h, represent the classes of lines f = const. and g = const. respectively,
and eq,...,eg the classes of exceptional divisors corresponding to the
generic eight points. This Picard lattice and its symmetric bilinear form
are identified with those we have used in the P? picture through the
change of bases

(9.66)
hi =eg—e2, ho=ey—e1, e1 =€y —e1 —e2, e =¢€j41 (j=2,...,8),
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and

(9.67)

eg=hi+hy—e;, es=h;—e;, ea=hy—e;, e;=¢;_1 (j=3,...,9).
The simple roots ag, a1, ..., ag are now expressed as

(9.68)

ap =ej—eg, a1 = hi—hy, ap =ho—e1—ey, a; =¢j_1—¢; (7 =3,...,8).

The complex vector space h = C®y L is decomposed as ) = F)@(Cc@(Cd
where

(969) c:2h1+2h2—e1—-~-—e8, d:—eg—%c.

In this realization, the orthonormal basis {vg,v1,...,vg} for V = [; is
given by

(9.70)

vy =h; —e; — 3(hy +hy—e; —eg) + ic,

02=h2—e1—%(h1+h2—e1—68)+%0>

vj:ej_lf%(h1+h27e17e8)+%c (j=3,...,8), vg=—us.
Accordingly, the coordinates x = (xg,1,...,27) for V are given by
(9.71)

T1=m —€ —2(m+n—e —es) + 10,

$2:772—61—%(7714‘772—61—68)4-%5,

zj=¢€_1—3(m+m—e—e)+36 (j=3,...,8), xg=—us.

where n; = (h;]-) (i =1,2) and ¢; = (¢]) ( =1,...,8).
In this framework, a system of lattice T-functions is defined as a
family of dependent variables 74, indexed by the same orbit

(9.72) M =W(EM e, ... et = W(EM)es C L,

which admit an action of W(Eél)) such that

(9.73) wry =Ten (weW(ENM), AeM)

and satisfy the quadratic relations

(9.74) 0e,,.0e, ;1 Te; Thy—e; + Oepy Ocyni Te; The—e; + Oei;Teyi; Ter Thy—ep = 0

for » = 1,2 and for mutually distinct ¢,7,k € {1,...,8}, where ¢;; =
e;—e; and e,;; = h,.—e;—e;. Through the expression 7o = TAilegTeg, this
notion of lattice 7-functions is interpreted by that of ORG 7-functions
in the same way as in Proposition 9.2 and Theorem 9.3.
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SAppendix A. Proof of Theorem 3.3

In this Appendix, we give a proof of Theorem 3.3. The following
proof is essentially the same as the argument in Masuda [8, Section
3]. We first prove Theorem 3.3 under an additional assumption that
(=D (z) and 7(") (z) are W (FE7)-invariant. After that we explain how
the general case can be reduced to the invariant case.

A.1. Preliminary remark

We begin by a general remark on the Hirota equations associated
with Cs-frames. Fixing a Cj-frame A = {+ay,...,+a;} (I =3,...,8),
we suppose that a function 7(x) satisfies the Hirota equation
(A1)
T(xxa;0)[(a; £ag|z)|+7(xxa;0)[(ar£a;|x)]+T(xtard)[(a;ta;|z)] =0

for any triple 4,7,k € {1,...,{}. We also assume that [(a; £ a;|z)] # 0
on the domain of definition of 7 for any distinct pair 4,5 € {1,...,{}.
Then (A.1) can be written as

T(x + a;0)[(ar £ aj|z)] — 7(x + a;0)[(ar £ a;|z)]
[(a; + a;|z)]

(A2) 7(z+tard) =

for any k € {1,...,1}. In view of this expression, for each u € V we
define

T(x £ a;)[(uxajlx)] — 7(xr £ a;)[(u £ a;|x)]

(A.3) Jij(ziu) = [(a; £ aj|x)]

for each distinct pair 4,5 € {1,...,1}, so that f;;(x;ar) = 7(z £ axd)
(k€ {1,...,1}). A simple but important observation is that the three-
term relation (2.1) of the function [z] implies the functional equation
(A.4)

fig (@3 u0) [(ua Fuo|@)] + fij (25 ur) [(uz £ uolx) |+ fij (5 uz) [(uo L ua [2)] = 0
for any ug, u1,us € V. From this, for any distinct pair r,s € {1,...,1}
we obtain

(A.5)

fi(@;su)[(ar £ as|@)] = fij(@; ar)[(u £ aslo)] — fij (@5 as)[(v £ ar|z)]
=7(z + a.0)[(u + as|z)] — T(x £ asd)[(u £ ar|z)]
= frs(z;u)[(a, £ as|z)],

and hence f;j(z;u) = frs(2;u). Summarizing these arguments, we have
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Lemma A.1. Let A = {£a4,...,%a;} be a Ci-frame and sup-
pose that T(x) satisfies the Hirota equation (A.1) for any triple i,j,k €
{1,...,l}. Then the function
(A.6)

i) = T(z £ a;)[(u £ aj|x)] — 7(x + a;)[(u £ a;|z)]

[(ai £ a;]x)]

(z,ueV)

does not depend on the choice of distinct i,5 € {1,...,1}. Furthermore,
it satisfies

(A7)

f(@suo)[(wr £+ ualz)] + f (5 u1)[(u2 £ uolw)] + f (23 u2)[(uo £ wa|z)] =0

for any ugp,uy,us €'V, and
(A.8) flzsar) =7(x +ard) (k=1,...,1).

Returning to the setting of Theorem 3.3, we suppose furthermore
that 7"~ (2) on H,y(,_1)s and 7(")(z) on Heyy,s are W (E7)-invariant.
For a function ¢ = ¢(x), the action w.¢ of w € W(FE;) is defined by
(w.p)(z) = p(wt.x). We say that ¢ is invariant with respect to w if
w.¢ = @, namely, p(w~'.2) = ¢(z). Note also that, for the function v
defined by ¢(z) = p(x+v) (v € V), we have (w.¢)(z) = (w.)(z+w.v),
and hence (w.y)(z) = ¢(x + w.v) if ¢ is w-invariant.

A.2. Definition of 7("*Y: W(F;)-invariance and (II,),

We first show that there exists a unique W (Er)-invariant (meromor-
phic) function 7"tV (z) on Hey(nt1)s that satisfies the bilinear equa-
tions of type (II),.

We consider the Cs-frame A = {£ag, *aq,...,+ar} defined by
ao=3(o—vi+9¢), a1 =3i(vi—vo+9),
aj=vj+i(vot+vi—¢) (=2,....7).

Note that (¢lag) = (¢la1) = 1 and (¢la;) = 0 (j = 2,...,7). Then,

from the assumption that 7(")(z) satisfies the bilinear equations of type
(I1p)n, by Lemma A.1 it follows that the function

(A.9)

T(”)(x + a;0)[(u £ aj|z)] — T(”)(x +a;9)[(u £ a;|x)]

(A10) f(z;u) = la; + a;]

does not depend on the choice of distinct ¢,5 € {2,...,7}. In view of
the bilinear equations of type (II;),, we define the function 7(**1 (z)
on Hey(n41)s by the equation

(A.11) 7D (2 4 ap8) Y (2 — agd) = f(x;a0).
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This implies that ("1 () satisfies

7D (2 4 ao8) 7Y (2 — apd) [(a; + aj|z)]

A.
(A.12) = 7(n )(x + a;0)[(ap £ aj|z)] — 7(m) (x £ a;d)[(ap £ ai|z)]

for any distinct 7,5 € {2,...,7}. By replacing = with x — agd, these
equations can be written as

(A.13)
T(”+1)(a:)
7 (2 —(ag+a;)d)[(ao taj|x)—0] —7M (z—(ay +a;)0)[(ap£a;|xz)—4]
(=1 (z — 2a00)[(a; L a;|z)]

for any distinct ¢,5 € {2,...,7}. In terms of the basis vg,v1,...,v7 for
V', we have
(A.14)

(n+1) _
T z) =

()= o - <¢ | RS e
(7 (@ = v0:0)7 " (= (6 — v14)6) [(vos|2) — 6)[(¢ — vajlz) — 6]
— 7 (2 — vg;0)7" )(I - ( —15)8)[(voi|z) — 8][(¢ — vis|x) — 4])

for any distinct 4,5 € {2,...,7}, where vy, = v, + vp and Vapeq =

Vg + Vp + Ve + Vgq.

We next show that this function 7("*(z) is invariant under the
action of the Weyl group
(A.15)

W(E7) = (50,51,---,56); 50 = T¢—vora3) 55 = Tw;—v;4, (J=1,...,6).

Since 7"~V (z) and 7" (z) are W (Ey)-invariant, from the fact that the
expression (A.14) does not depend on the choice of 7,5 € {2,...,7}, it

follows that T("+1)(x) is invariant with respect to so,...,ss. To see the
invariance with respect to sg, we take (i,7) = (2,3):

(A.16)

7_(n—i—l)(x) _ 1

7= (2 — (¢ 4+ vg — v1)8)[(v3 — va|x)][(} — vo123|T)]
. (T(") (x — vp20)T (”)(x — (¢—v12)0)[(vos|z) — d][(¢—v13]|2) — d]
— 7 (2 — v38)7" (& — (¢—v13)8)[(vo2l|7) — d][(9—v12|z) — 5]).

Since so(vij) = ¢—wvpy for {7, 7, k,1} = {0,1, 2,3}, this expression is man-
ifestly invariant with respect to sq. It remains to show that ("1 (z) is
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invariant with respect to s;. The s;-invariance of 7("+1)(z) is equivalent
to the equality of

(A.17)
L=7""(2— (¢ +vo — v2)0)[(v3 — v1]2)]
(7 (@ = v028)7 (2 = (¢ — v12)6)[(vos|z) — 3][(¢ — vi3|w) — 4]
— 7 (2 = v030) 7™ (& — (¢ — v13)d)[(vo2|z) — 8][(¢ — v1alx) — 4])
and
(A.18)
R=r""(z = (¢ + vo — v1)6)[(vs — val7)]
(T (@ = 0016)™M (@ — (¢ — v12)9)[(vos|) — 8][(6 — vag|w) — 3]
— 7 (2 — v38) ™ (2 — (¢ — v23)8)[(v01|2) — 6][(¢ — vaa]) — O]).
Expanding these as L = L1 — Ly and R = R; — Ro, we look at

(A.19)
-’

=7 (z — (¢ — v12))[(vos|z) — J]
(T (@ = (¢ + vo—v2)8)T ™ (2 —026)[(v3 — 01 |2)] [(p—v13|2) — 3]
—7( D (@ — (¢ + vy —v1)8) 7™ (z—v010)[(v3 —v2|2)][(¢—v2s|7) —]).

Setting u; = %qb —v;and y =x — (%qb + vp), we compute the last factor
as

(A.20)
7D (y — un8) 7™ (y 4 u26)[(u1 + usly)]
— 7Dy — 4y 8™ (y + 1y 6)[(ug + usly)]
= 7D (y — uzd) 7™ (y + usd) [(u1 + usly)]
=7 D (2 — (¢ + vo — v3)6)7" (2 — vo38)[(v2 — v1]7)][(¢ — vi2]) — I]

by the bilinear equation of type (I),,—1/5 for the Cs-frame {4-u1, £uo, +us}.
Hence we have

(A.21)
— Ry =7 D (@ — (¢ + v — v3)0)7™) (& — v938) 7™ (z — (¢ — v12)8)
“[(vos|z) = &][(v2 — v1])][(¢ — vi2|z) — 6].
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On the other hand, we have
(A.22)
Lo — Ry
= 7 (@ — v930)[(¢ — vi|z) — 3]

(D (@ = (¢ + vo — v2)8)7 (2 — (p—v13))[(vs —v1]2)][(voalx) — J]

7 (@ = (¢ + vo—v1)8)T (2= ($—v23)8) [ (v3 — 2| )] [(vor |7) —6]).

Setting b; = %’U0123 —v; (1=0,1,2,3) and z = & — (¢ — by )d, we compute
the last factor as
(A.23)
77D (2 = byd) 7 (2 + ba6)[(by £ bs|2)]

— 77D (2 — 18) 7 (2 + b1.6) (b2 £ bs|2))]
= 7D (2 — b38)T ™ (2 + b30)[(b1 % bo|2)]
= 70D (@ — (¢ + vo — v3)8)7" (2 — (¢ — v12)8)[(v2 — 1 |2)][(vos|z) — 3]
by the bilinear equation of type (I),,—1 /5 for the Cs-frame {4by, £by, b3}
Hence
(A.24)
Ly — Ry = 7" Dz — (¢ + vy — v3)0)7™ (2 — v938) 7™ (2 — (¢ — v12)8)

[(voz|z) — 6][(v2 — v1]2)][(¢ — vi2|z) — d]
= Ll - Rla

which implies . = R as desired.

Recall that W (E;) acts transitively on the set of all Cs-frames of
type II;. Since 7("*1 () is W (E7)-invariant and satisfies (A.12), it
readily satisfies the bilinear equations of type (IIy),, for all Cs-frames of
type I1;.

Since 7"V (z) is W (E;)-invariant, we have only to show that it
satisfies the bilinear equation of type (Ily),, for a particular Cs-frame of
type Ils.

Taking the Cs-frame (A.9) of type II as before, we look at the bilin-
ear relations

7D (2 4+ 0, 6) 7"V (& — az,6)
(A25) 70z 4 a98)[(ap + aslz)] — 7V (z + azd)[(ay, + az|z)]
[(az & ag|z)]
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of type (II1),, for k = 0,1. From these we have
(A.26)
T (2 + ap8)7 "V (2 — aod)|[(az £ ag]x)]

— 7D (1 4+ 418)7 D (2 — a16)[(as £ aolz)]

7(n) (x £ agd)

[(ag £ as|z)] (I(ao % as|@)][(az £ ar]x)] — [(a1 £ as|z)][(az + aolz)])
— 7—(”) (1; + 0,25)[((10 + a1|x)],

which is the bilinear equation of type (Il3),, for the Cs-frame {+ao, %ax,
+as} of type .

A4, (1) = (Dng1y2

We have only to show that the bilinear equation (I),,41/2 holds for
some particular Cs-frame of type I.

Taking the Cs-frame of (A.9), we look at the bilinear relation

(A.27)
T (@)7 ) (@ — (¢ + vo — v1)0)[(vs — v2|2)][(¢ — vor23]2)]
=7 (@ — (¢ — v12)8) 7™ (& — v626)[(vos|z) — 3][(¢ — vi3|z) — ]
— 7 (2 = (¢ — v13)6)7") (& — v03)8)[(v02|2) — 6][(¢ — v1a]) — ]

of type (II1),. Replacing x with = 4 (vg — v1)d, we rewrite this formula
into

(A.28)
T (@ 4 (vo — v1)8)7" " (@ — 60)[(vs — va])][(¢ — vor23]2)]
=7 (@ = (¢ = v02)8) 7™ (& — v126)[(vos|2)][(¢ — v1s]2))]
— 7 (2 = (¢ — v03)8) 7™ (& — (v13)6)[(vo2|2)][(¢ — v1a])]-
Multiplying this by 7(") (z 4 (vo1 — $)8)[(¢ — va3|z)], we obtain
(A.29)
T (@ 4 (vo — 01)6)7™ (@ + (vor — 6)9)[(vs — va])][(¢ — vas|z)]
7 (@ — ¢6)[(¢ — voras|o)]
= 7 (@ = up16)7™ (& — u020) 7" (x — v126)[(urs|@)][(uas 7)) [(vos| )]
— 7 (@ = ug16)7" (2 — ug38) T (2 — v136)[(wrz]2)][(uzs|2)][(voz|2)]

where u; = %¢ —v; and w;; = u; + u; = ¢ — v;;. Then, applying the
cyclic permutation (123) to this formula, we see that the sum of those
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three vanishes term by term. It means that

(A.30)

T (2 4+ (v — 01)8) 7 (@ + (v01 — )9)[(v3 — va|2)][(¢ — vas|w)]

+...=0,

namely
(A.31)

7D (2 4 (ug — u0)8)T ™ (2 — (uo + u1)d)[(ug £ uglz)] +--- = 0.
Replacing x by = + upd, we obtain the bilinear equation
(A.32) 7 (2 4wy 6) 7 (& — uy6)[(ug £ uslz)] +--- =0

of type (I),41/2 for the Cs-frame {+uy, +uz, Fuz} of type L
A.5. (Ill)n - (IIO)n—i-l

In order to show that 7("*1)(z) satisfies the bilinear equations of
type (I1),,+1, we take the Cg-frame A = {£ag, +ay,... = a7} of type II
defined by

aj:'uj—‘,—%(’l}67—¢) (j:07172a37475);

A.33
( ) ag = 5(v6 —vr +¢), ar = 5(vr —vs+ ).

We prove that 7("+1)(z) satisfies the bilinear equation

(A.34) 7 (2 + (ag + a3)d)[(ag £ as|x)] +--- =0

of type (IIp)n41 for the Cs-frame {+as, +aq, £as}. In terms of the basis
Vg, V1, ..., 07 for V, this equation is expressed as

(A.35)

70D (@ + (00 — v3)8) T (@ + (9= 1245)8) [(va —vs5|2)] [(6—v01287)]

+...=0.
We now look at the bilinear equation

(A.36)
T (@ 4 (vg — 04)8)T D (@ — ¢6)[(v2 — v1[2)][($ — vor24|2)]
=70 (@ = (¢ = v01)8) 7™ (& — 0146)[(vo2|2)][(¢ — vaalz)]
— 7 (@ — (¢ = v02)6)7" (2 — v240)[(v01[2)][(¢ — v14]2)]
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of type (I1y),. Applying sg to this formula, we obtain
(A.37)
7D (2 4 (¢ = v1230)0)7" D (2 = 96)[(v2 — v1]@)][(v3 — va|)]
= 7" (@ = v330) 7" (= v146)[(¢ — v13]2)][(¢ — v2a|w)]
— 7 (@ = 013)8) 7" (@ — 0240)[(& — vas]@)][(& — v1al)].
Using these formulas, we compute
(A.38)
T (@ 4 (vg — v3)6)T D (@ + (¢ — v1245)6) [(va — v5|2)][(¢ — vor2s])]
T (@ - ¢)*[(v2 — vi]a))?
= (7" (@ = u018)7" (2 — v136)[(vo2|7)][(uzs|2)]
— 70 (@ = ug2)8)7" (& — v236)[(vor| )] [(ur3|2)])
(1 (@ = 0240)7" (1 — v156) [(wral)][(uss |7)]
— 70 (@ = 010)8) 7" (2 — v256)[(uaa| )] [(ur5]2)])
= 70" (2 — u016)[(vos )]
AT (@ = v138)7" (1 = 024)6)7™ (& — 0158) [(w23|2)][(wral@)][(uas |2)]
— 70 (2= 0138) 7" (2= 014)8) 7" (2 —356) [(uz3|2)] (w24 |2)] [(w15]2)] }
+ 7 (2 = u020) [(vor|)]
AT (@ = v238) 7" (2 = 014)6)T ™ (@ — 256) [(wrs|2)][(uaal)][(uss |2)]
70 (2= 0230) 7" (2= 094)8) 7™ (w—v156) [(wra|@)][(ura 7)) [(u25]2)] }
Applying the cyclic permutation (345) to this formula, we can directly
observe that the sum of those three vanishes term by term. This com-

pletes the proof of Theorem 3.3 in the case where 7"~ (z) and 7(™ ()
are W (Er)-invariant.

A.6. General case

We now consider the general case where 7"~V (z) and 7(™)(z) are
not necessarily W(E7)-invariant. In such a situation, we need to deal
with all the transforms w.7"~Y and w.7™ by w € W(E;) simultane-
ously.

For each hyperplane H, = {z € V| (¢|z) = Kk} (k € C) perpendic-
ular to ¢, we introduce the covering space

(A.39) H, = W(E;) x Hy,
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and define the action of w € W(Er7) and the translation T, (v € Hy) by
(A.40)
w.(g,x) = (wg,w.x), Tp.(g,2) = (g, +vb) (9 €W(Er), x & Hy),

so that wT, = Ty, ,w. For each function ¢ on I;T,{, the induced actions
wap (we W(E7)) and T,,.¢p (v € Hy) are described as

(A41) (w)(g,z) =v(w tg,wtz), (Tv.1b)(g,z) = (g, z —vd).
For each function ¢ on H, we define a function ¢ on H, by

(A42)  Blg,2) = (g:9)(x) =g~ @) (9 € W(Er), v € H,).

Then this function @ is W (Er)-invariant, and ¢ is recovered from @ by
o(z) = §(1,z) (z € H,). Conversely, a function ¢ on H, is W (E7)-
invariant if and only if it is obtained as the lift v = ¢ of a function ¢
on Hy.

Returning to the setting of Theorem 3.3, for the functions 7(¥) on
H,, 5 we consider the lifts 7(*) on PNIHM (k=n—1,n). Note that, for
each g € W(E7), .71 and ¢.7(") also satisfy the bilinear equations
(I)y—1/2 and (Ily),,. Hence, the lifted functions 7% (k = n—1,n) satisfy
the bilinear equations corresponding to (I),—1/2 and (Ily),. Formally,
those bilinear equations can be written as

(Ad3) Dn_1j2:  [(a1Fasl2)] 7" (g, 2—ag)7™ (g, 24a0)+--- =0
and
(A.44) (I = [(a1  azfa)] 7™ (9,2 £ ag) +--- = 0.
As in (A.12), we can define a function v = (g, ) on Hey (n41)5 50 that
(A.45)

b(g,x + apd)7" D (g,x - agd)[(a; + aj|a)]

= 7" (g, 2 — (a0 + a;)8) (a0 + aj|2)] = 7 (g, 2 + a;6) (a0 + a;|z)]

for any distinct i,j € {2,...,7}. Since 7¥) are W (E;)-invariant on
f[c+k5 (k = n — 1,n), applying the previous arguments to the lifted
functions, we see that v is also W ( E7)-invariant and satisfies the bilinear
equations corresponding to (I11),, (I12)n, (I)n41/2, (Io)ny1. Since 9 is
W (E;)-invariant, it is expressed as ¢ = 7"+ with a function on 7(*+1)

on Hc+(n+1)5:

(A46) 9(g.2) =7 (g,2) = (9.7 V) (@), 70V (2) = ¥(L ).
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Then the bilinear equations (I11)y,, (I2)n, (I)n41/2, (Ilo)n41 for Fn=1)
7 and ¢ = 71 means that 7("*1 satisfies the corresponding bilin-
ear equations of four types and that the recursive construction of 7(*+1)
from 7("~1), 7(") is equivariant with respect to the action of W (Ey).
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