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Abstract.

Weight vectors of the basic representations of Ag) and Df‘_)l are

studied. They are expressed in terms of Schur’s @-functions. The up
and down motion along the string of the fundamental imaginary root
is described as a combinatorial game.

§0. Introduction

The article deals with an explicit expression of the weight vectors of
the twisted affine Lie algebras of type Agi) and Dg_)l.

In 1981 Date et al. introduced a KP like hierarchy of nonlinear
differential equations, which has the infinite dimensional Lie algebra
of type By, as the infinitesimal transformation group of solutions, and
named it the KP hierarchy of type B or the BKP hierarchy for short.
In [DJKM] they investigated the reductions of the BKP hierarchy and
related them with the basic representations of the twisted affine Lie
algebras of type AS) and D,Si)l. Using the principal realization of the
basic representation on an algebra of polynomials with infinitely many
variables, they expressed the polynomial solutions to the reduced BKP
hierarchies by means of the Schur functions.

In this context the Schur function indexed by the partition A of n is
defined by
\afiag

(0.1) Sx(z) =

L mllmg!---’

where the summation runs over the partitions p = (1™12™2...) of n
and Xz denotes the irreducible character value of the symmetric group
Sn. The original Schur function, as a symmetric function, is obtained
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from Sx(z) by putting x; = p;/j (j = 1), where p; is the j-th power
sum symmetric function. A determinant expression is also known as
the Jacobi-Trudi formula [Mac|. Utilizing this determinant formula, the
solutions to the KP hierarchy or its reductions are beautifully expressed
by means of the Schur functions.

However, theory of the BKP hierarchy is that of Pfaffians by nature
and does not fit the Schur functions well. Instead one expects that the
BKP hierarchy is related to Schur’s @Q-functions defined by, for a strict
partition A of n,

) = Z 2£<A)—§<pz+e AT
P milma!- -’

(0.2) Qx(t

p

where the summation runs over the partitions p = (1™13™2...) of n
consisting of odd parts, C;‘ denotes the irreducible spin character value
of S, and € = 0 or 1 according to that n — £()) is even or odd. The
original Q-function, as a symmetric function, is recovered from @) (t) by
putting t; = 2p;/j (§ > 1, odd).

You [Y] showed that Q,(t) solves the BKP hierarchy for any strict
partition XA, and later the present authors [NY1] investigated a relation
between the reduced BKP hierarchies and the (reduced) @-functions.

In the theory of the KP hierarchy, the r-reduction means the elimi-
nation of the time variables x,; (j > 1). For example, the KdV hierar-
chy is the 2-reduction of the KP hierarchy and has the time variables x;
(j 2 1, odd). As for the BKP hierarchy it has only the odd numbered
time variables ¢t; (j = 1, odd) from the beginning. When the reduction
number r is odd (> 3), the reduction procedure is achieved by eliminat-
ing the variables ¢,; (j 2 1, odd) in the BKP hierarchy. As a result the

infinitesimal transformation group becomes A;i) if r =24+ 1. On the
contrary, if 7 = 2¢ + 2, the representation space V = Cl[t;;j > 1, 0dd]
remains unchanged, but the infinitesimal transformation group reduced
to Dg_)l.

The weighted homogeneous polynomial solutions to the r-reduced
BKP hierarchy appear as the maximal weight vectors of the basic rep-
resentation of Ag_,) (r=20+1)or Dg)l (r = 2¢ 4 2) when one realizes
the representation on V. They are expressed in terms of the (reduced)
Q-functions [NY2].

In this article we will make a close investigation of the weight vectors
of the basic representations of Ag%) and Dﬁ)l. The up and down motion
of the weights along the string of the fundamental imaginary root is
described as a combinatorial game on an abacus representing the strict

partitions.
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valuable comments and discussions on spin representations of the sym-
metric group.

§1. Neutral free fermions and Schur’s Q-functions

We first review some ingredients of operator formalism for Schur’s
Q-functions. Let B be the C-algebra generated by ¢, (n € Z) with
respect to the relations

(1.1) Pndm + dmdn = (—1)"0n4mo (n,m € Z).

In the literature (e.g. [DJKM]) the generators ¢, are referred to as the
neutral free fermions. Define the degree on B by deg¢, =1 (n € Z). If
we let By (resp. By). be the subspace consisting of the elements of even
(resp. odd) degree, then B = B & B; has a structure of a superalgebra.
Let F = Fo®F1 = Bo|0) ®B1|0) (resp. F* = (0|Bo & (0|B;) be the Fock
space (resp. the dual Fock space), where the vacuum |0) (resp. (0|) is
defined by

(1.2) #n|0) =0 (n<0) (resp. Ol¢go =0 (n>0)).

The vacuum expectation value (0]a|0) (a € B) is uniquely determined
by setting (0|1|0) = 1, {0]|¢o|0) = 0.

We construct a realization of Fy. The normal ordering for the neu-
tral free fermions is defined by

(1'3) g¢n¢mg = GnPm — (0|¢n¢m|0>
Define the Hamiltonian by
1 n
(1.4) H@) =5 > 3 (-1 t50n6jon.
=1 nez
j:odd

Let V = C[t;; j 2 1, odd] be the algebra of polynomials with infinitely
many variables. There is an isomorphism from Fj to V' defined by

(1.5) al0) — (0]e¥®a)0) (a € By),
which is often called the boson-fermion correspondence. The subspace

(1.6) By = Z Cnmg¢n¢mg;cnm =0if |TL + ml >0
n,meZ
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of a completion By admits a structure of a Lie algebra isomorphic to the
one dimensional central extension of e¢(oo0). The Cartan subalgebra of
B, consists of the (infinite) linear combinations of ¢, (n € Z).
Although certain infinite sums are allowed as elements of B, the space
V affords an action of B,,. This Fock representation of By, on V' is best
described by the vertex operator

__b—a £(t,p)+E(t,q) ,~26(D,p™ 1) +26(8,07 1)
1.7 Z(p, q ——(e P e -1
(1.7 (p,9) 3 F Q)

which corresponds to the action of ¢(p)¢(q) on Fo, where ¢(p) =
> nez $np™. Here we have set £(t,p) = Z_j;dld t;p’ and £(0,p7 ) =
j:o
19 —j

L

A strict partition is a sequence A = (Ay,..., A24) of non-negative
integers with A; > - -+ > A9y 2 0. The number of positive parts is called
the length of A and denoted by £(\). When fermions are associated with
the strict partition A, we always append 0 in the tail of A if £()) is odd.
For a strict partition A = (A1,...,Aaq), put vy = @r, - - P, |0) € Fo.
It is shown in [DJKM] that {vy ; A is a strict partition} forms a weight
basis for the Fock representation of By.

In order to express these weight vectors as elements in V' via the
boson-fermion correspondence, we recall Schur’s Q-functions. Define
polynomials ¢,(t) € V by

oo
P =% " gn(t)p™.
n=0

For positive integers m,n (m > n > 0) put

Qmn)(t) = am()an(t) +2 Z(_l)k4m+k (t)gn-x(t),
k=1
Q(n,m)(t) = _Q(m,n)(t)'

And finally, for a strict partitions A = (A1,... , Aaq), set
Qx(t) = PHQi 2 (1),

where Pf stands for the Pfaffian of a skew-symmetric matrix. We refer
to this polynomial Q,(t) as the Q-function associated with the strict
partition A. The original Q-function [e.g. Mac], as a symmetric function,
is obtained from Q,(t) by putting t; = 2p;/j (5 > 1,0dd), where p; is
the j-th power sum symmetric function.
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Using anti-commutation relations of the neutral free fermions, it is
easy to see that

[H(¢), ¢(p)] = &(t, p)b(D),
from which one deduces
eHO¢(p)e™H® = e2dH®) g(p) = P y(p).

Looking at the coefficient of p™, one has

eH® g e~H® — qu(t)¢n_k
k=0
for any n € Z. Consequently we have

(0'6H(t)¢m¢nlo> = %Qm(t)‘h(t) + Z(*I)kaHc(t)Qn—k(t)
k=1

1
= 5Qmm(?)

for m > n > 0. A standard fermion calculus shows that

<0|€H(t)¢/\1 T ¢/\2¢|0) = 2ide(Q()\i,)‘j)(t)) = 2_1d‘Q)‘(t)

for a strict partition A = (A\q,... , Aag).

§2. Basic representation of Agi)

In this section we fix £ > 1 and put r = 2/ + 1. The Lie subalgebra
Ag) of B is realized by the following Chevalley generators:

21a)  eo=v2) (~1) ' Pkrd_kr13,

keZ
(2.1b) ei=» (—1)*"Prr_ic10_krtid,
kez
(2.1¢) er = Z(—1)k+e+lg¢kr+£¢—kr—£—lga
kez

21d)  fo=V2) (-1 hkrdokrrad,

k€EZ
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(2.1e) fi= Z(—1)k+i+lg¢kr——i¢—kr+i+lg7

kEZ

(2.11) fo=> (-1 " Grr o116 -kr—e3,
kez
21g) oy =2 ()" Sher—1d-prro + 1,
kez
(2.1h)  af =D (=" Chrryidkriio — SBkr—i-10—kr+i+13) 5
kez

21)  of = (1) bkrped_kr—el,
kezZ

for 1 <7 < £~ 1. The fundamental imaginary root reads
-1
6=2 Z a; + ay.
s

As we have seen in the previous section, the polynomial ring V =
C[t; ; 7 2 1, odd] can be viewed as a Bo,-module via the boson-fermion
correspondence. Moreover any Q-function @Qy(t) is a weight vector. The
restriction to the Lie subalgebra Ag) corresponds to the specialization
g¢" = —p" of the parameters in the vertex operator (1.7). The Lie al-
gebra Ag‘;) stabilizes the ideal I(") of V generated by tir ( 2 1, odd),
because p’" + ¢’ = 0 (j € Z). Hence A;%) acts on the quotient alge-
bra V() = v/I ("), which will always be identified with the subalgebra
V =C[t; ; 721, 0dd and j # 0 (mod r)]. This action is shown to be
irreducible and in fact isomorphic to the basic representation of Ag?
with the highest weight vector 1 € V(7).

For a polynomial F(t) € V, denote the r-reduced polynomial of F'(t)
by

FO(t) = F(t), _ypemo €V®

Since the Cartan subalgebra of Agi) is contained in that of By, all r-

reduced @Q-functions Qy) (t) are weight vectors under the action of the
former.

To describe the weight of a given r-reduced Q-function, we need the
following r-abacus:
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® 2 s o @
rort1 @ r+3 - 2r—2 2r—1
@ W +2 243 - 3r—2 3r—1

3r 3r+1 3r+2 3r+3 r -2 4r-1

For a strict partition we put a set of beads on the assigned positions. The
above figure is the r-abacus representing the strict partition
(2r+1,2r,r+2,7 —1,1).

Theorem 2.1. Let Qg\r) (t) be an r-reduced Q-function of weight wi(\).
Then a strict partition corresponding to weight wt(\) + § is obtained by
one of the following:

(1) Move a bead one position up along a runner.

(2) Remove the bead at the position r.

(3) Remove the two beads at positions s and r — s, simultaneously,
for1 < s <4

Proof. Since each a; (0 < i < £) has degree 1 in this realization (the
principal realization), 6 = 225;3 a; + a¢ has degree r. Each move
described above decreases the degree of the corresponding r-reduced Q-
function by r. Accordingly it suffices to show that the fermion operators
corresponding to the moves (1)—(3) commute with o (0 <4 < £). Let
v = ¢x, -+ Pr,,|0) be the given weight vector in Fy. Up to sign, the
move (1) is achieved by multiplying v by S¢k—rd—k> (k = r + 1) from
the left. The commutation relations

[ay,§¢k—r¢—k§] =0
are verified by using the general formula:

(2.2)
[§¢a¢bg,§ c¢d2] = (“1)b5b+c,og¢a¢d2 - (—1)b5b+d,02¢a¢cg
— (—1)%0a+c,006Pae + (—1)*atd,00PPeo
+ (=1)*F(a4¢,0054¢,0 — asd,006+4,0) (Y (—b) — Y(a)),
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where
1 a>0
Y(@)=¢ & a=0
0 a<O.

Likewise the moves (2) and (3) are achieved by multiplying S¢—_, o2
and 2¢_shs_r2 (1 < s < £), respectively, from the left. By a direct
computation these operators are shown to commute with a;/ 0<igé).
1

We should remark that each move in the above theorem corresponds
to the removal of a r-bar from a (shifted) Young diagram introduced by
Morris [Mo2].

A weight A is said to be maximal if A + ¢ is no longer a weight. It is
known [K, Lemma 12.6] that A is a maximal weight if and only if A lies
on the Weyl group orbit through the highest weight Ag. The maximal
weight vectors are the r-reduced Q-functions Q&T) (t) with A obtained
as the “stalemates” of the game described in Theorem 2.1. These r-
reduced Q-functions Qg‘r) (t) coincide with the (full) @Q-functions @ (t)
and solve the r-reduced BKP hierarchy [DJKM]. For the case r = 3, the
Q-functions associated with the strict partitions

{0, 3n+1,3n—2,...,4,1),3n+2,3n—1,...,5,2) (n>=0)}

cover the maximal weight vectors for AgZ).
The r-reduced Q-functions {Qf\r)(t); A is a strict partition} are lin-
early dependent. The linear relations satisfied by those functions are

fully investigated in [NY2]. Here we only restate Proposition 2.1 in
[NY2].

Proposition 2.2. The set

{ QE\T) (t); A is a strict partition with no part divisible by r}

forms a weight basis for V(7).

Another combinatorial way to compute the weight of a given strict
partition A is known as follows. Draw the Young diagram A and fill
each cell with a non-negative integer in such a way that, in each row the
sequence (0,1,2,...,£6—1,£4,£—1,...,2,1,0) repeats from the left as
long as possible. Let k; (0 < ¢ < £) be the number of i’s written in the
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Young diagram. Then we have
¢
Wt()\) =Ag— Z kiay.
i=0

For example, let A = (9,5,4,2,1). Then the A§2)—weight of Qa(t) is
Wt(>\) = Ao - 7(10 - 6(11 — 5012 — 30&3

since we have the Young diagram

or1y2(312{1{0(0]1
0|1)12|3]2
0123

011

0

§3. Basic representation of Dﬁ)l

In this section we fix £ > 2 and put r = 2/ + 2. We discuss the basic
representation of Dﬁ)l. For the most part the arguments are parallel to
those in Section 2.

Let w = exp(27i/r). Consider the reduced vertex operators

Zp(p,—w'p) =Y ZPp' (1< <)
i€EZ

Then the homogeneous components Zi(j ), together with the Heisenberg
Lie algebra, constitute a Lie algebra acting on V = Clt;; j > 1, odd |,
which is isomorphic to the basic representation of D£2+)1-

The Chevalley generators and coroots of Dﬁ)l are described in terms
of the fermion operators as follows:

(3.1a) e0=V2Y brr_16-krd,

keZ

(3.1b) e =(=1)" ) SBrrridkr_i-1o,

kEZ
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(3.1¢) e = (-1)"V2D Srried_kr—e-12,

kEZL
B1d)  fo=—V2)_ Pkrd-kri1c,
k€Z
(3.1¢) fi=(-1) Zg¢kr+i+1¢—kr—ig,
keZ
(3.1f) fe= (_l)eﬁzg¢kr+l+l¢—kr—lga
k€Z
(Blg)  of =—2) bkr—16-kr410 + 1,
kezZ
(31h) (12/ = (_l)z Z<g¢kr+i¢—kr——ig - g¢kr—i—l¢—kr+i+lg),
k€Z
(3.1i) af = (-1)2)  SPkrred—kr—e3,
kezZ

for 1 < i < £— 1. The fundamental imaginary root reads

/4
d= Z Q.
1=0

Note that the Cartan subalgebra of Dg_)l is the intersection of that of

B, and Dﬁ_)l. Hence any Q-function Qx(t) for a strict partition is a
Dg_)l-weight vector. In contrast with the case of Agi), we do not have

to eliminate any variables of the Q-functions. Therefore these weight
vectors are automatically linearly independent.

We will describe the weight of a given @-function. To this end we
need the following r-abacus:

1 @ Y 242 243 20+1
4+4 4L+5 4L+6 5044 5046 6L+5

N
~
+
N
N
S
+
'S
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For a strict partition we put a set of beads on the assigned positions.
The above figure is the r-abacus representing the strict partition (5£ +
7,404 3,304+ 5,304+ 3,20+ 3,£+1,2).

Theorem 3.1. Let Qx(t) be a Q-function of weight wt(\). Then a
strict partition corresponding to weight wt(\) + & is obtained by one of
the following:

(1) Move a bead one position up along the leftmost runner.

(2) Remove the bead at the position £ + 1.

A strict partition corresponding to weight wit(A\) + 25 is obtained by one
of the following:
(3) Iterate the procedures obtaining wt(\) + 4.
(4) Move a bead one position up along a runner except for the leftmost
one.
(5) Remove the two beads at positions s and r — s, simultaneously,
for1<s< /L.

Proof. The idea is the same as in Theorem 2.1. In this case the degree
of § = Zf=0 a; equals to /2 = £+ 1. Since the moves (1) and (2)
(resp. (3)—(5)) decreases the degree of corresponding Q-function by r/2
(resp. r), we only have to check that fermion operators corresponding
to those moves commute with o) (0 < i < £). Let v =¢;, - - - ¢4,|0) be a
given weight vector. Up to sign, the move (1) is achieved by multiplying
oDk(e+1)P—(k+1)(e+1)o from the left of v. Therefore it suffices to check
that

[o7 ) Pr(e+1)P—(kr1)e+nyal =0 (0 <i < ),

which is easily verified by (2.2) and the the fermion expression (3.1) of
ay. Likewise the moves (2), (4) and (5) are achieved by multiplying
S (e41)%00s SPk(e+1)+sP—(k+2)(e+1)-s6 (1 < 5 < £), and 3¢shr—s (1 <
s £ £), respectively, from the left. It is easily verified that these operators
commute with af (0 <i<¥). g

The maximal weight vectors are the Q-functions @ (¢) with A cor-
responding to the “stalemates”. These Q-functions solve the r-reduced
BKP hierarchy [DJKM]. For example, the strict partitions whose Q-

functions are maximal weight vectors for Df) of degree up to 12 are
{0,(1),(2),(3),(2,1),(3,1),(5), (3,2),(6),(5,1),(3,2,1),
(7),(6,1),(5,2),(5,2,1),(7,2),(6,3),(9,1),(7,3),(6,3,1),
(6’ 5)’ (10’ 2)7 (7a 5)’ (97 2’ 1)7 (67 5a 1)1 (77 3, 2)}

Another combinatorial way to compute the weight of a given strict
partition A is known as follows. Draw the Young diagram A and fill
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each cell with a non-negative integer in such a way that, in each row the
sequence (0,1,2,...,£—-1,£,0,£—1,...,2,1,0) repeats from the left as
long as possible. Let k; (0 < 7 < £) be the number of i’s written in the
Young diagram. In other words,

k; = Z(ﬂrj+i+l + /J’Tj"""_i)’
j=0

where N = (uy, po, ... ) is the transpose of \. Then we have
e
Wt()\) = AO - Z k,‘,ai.
1=0

For example, let A = (9,5,4,2,1). Then the D‘(f)—weight of Q(t) is
Wt(/\) = Ay — Tag — oy — 4as — Sag

since we have the Young diagram

112(13]312|1]0]0
11233
1123

1

Ol O O O ©

Finally we make a remark on the weight multiplicity for the basic
representation of D§2+)1- A converse move of (1), (2) (resp. (3), (4),
(5)) makes a weight vector of weight wt(A) — & (resp. wt(\) — 26) from
the given strict partition A. Starting from the highest weight Ag, which
corresponds to the empty partition (, the number of bead configurations
for the strict partitions of n(£ + 1) is equal to b¢)(n), defined by

=2 ®(n n=¢(q2)_ 1 _ 1
2 WO =5 S = SR @

This enumeration is an easy exercise of combinatorics. Since the maxi-
mal weights are on the Weyl group orbit through Ay and they are all of
multiplicity one, we have

mult(A — né) = b®(n)

for any maximal weight A [K].
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§4. Application to the case of Agl)

We now apply the results of the preceding section to the basic rep-

resentation of Agl). To this end, we first recall the following theorem
which is due to M. Wakimoto.

Theorem 4.1. Lete; and f; (i = 0,1,2,3) be the Chevalley generators
and oy (1 =0,1,2,3) be the simple coroots of D§2). Put

€0 = ep + €3, é1=V2(e1 + e2),
(4.1) fo=fo+ f3, h=V2(f+ f),
&y = ay +ay, &y =2(oy + ).

Then &; and f; (i = 0,1) generate a Lie subalgebra isomorphic to Agl).
Moreover, the restriction of the basic representation of Dflz) to this sub-
algebra remains irreducible and turns out to be the basic representation
of AWM

i
Proof. It is straightforward to check that &;, f; and &Y (i = 0,1) satisfy
the defining relations of Agl).

The latter can be proved by looking at the formal characters. The

formal character of the basic representation of Df) is given by the fol-
lowing infinite product:

(=)
chL(Ao; D) = eto [](1 + €7)
J

(-)
X H 1+ ej‘siaa)(l + ej5:t(a2+043))(1 + ej5i(a1+az+a3)),

j:odd

-

where § = ag + a1 + az + a3. Here H(l + e"s‘“") denotes the product

J
where j runs over the integers such that jé + a is a negative root. Under
the restriction we have oy = a3 and a3 = a2. Hence, putting é =
=)
ap + i, the “restricted character” reads e® H(l + €7%)(1 + 270t 0)

; v
which is nothing but the formal character chL(Ag; Agl)). 1

In a similar fashion, one can embed Déi) into DSE)Jrl so that the
basic representation is preserved under the restriction. Since the above
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theorem is thought of as the special case n = 1, we denote by Déz) the
subalgebra isomorphic to Agl).

As we have seen in Section 3, the basic representation of D£(12) is
realized on V = Clt;;5 > 1, odd]. Therefore V is viewed also as the
space of the basic representation of Dg) = Agl). The same argument as
in Section 3 shows that the Déz) -weight vectors are Schur’s Q-functions
for the strict partitions. In this section we need the 4-abacus in order to
determine the weight of a given Q-function. Here we give the 4-abacus
representing the strict partition A = (9,5, 3,2).

Suppose we are given a Q-function @Qy(t) of weight wt(A). A strict
partition corresponding to wt(\) + 4 is obtained by one of the following:

(1) Move a bead one position up along the leftmost runner.
(2) Remove the bead at the position 2.

A strict partition corresponding to wt(A) + 24 is obtained by one of the
following:
(3) Iterate the procedure obtaining wt(\) + 4.

(4) Move a bead one position up along the first or third runner.
(5) Remove the two beads at the positions 1 and 3, simultaneously.

The strict partitions corresponding to the maximal weights are thus
characterized by the “stalemates”, which constitute the following set:

(4.2)
HCy:={0,(4n+1,4n-3,...,5,1),(4n+3,4n—1,...,7,3) (n>0)}.

Again as in Section 3, there is another way to compute the weight of
a given Q-function. Let A = (u1, 2, ...) be the transpose of the strict
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partition A\. Then the weight of @, (t) is equal to
wi(A) = Ao — Y _(Baj+1 + Hagra)ao — D (Hajiz + pajys)on.
=0 j=20

We remark here the equivalence of the 4-reduced BKP hierarchy
and the 2-reduced KP hierarchy, i.e., the KdV hierarchy [DJKM]. The
vertex operator of the former looks

ZB(pa —lp) =
1+i { ( e 1+i) 0 _;
———<{exp Z (1 —z’)tjp’> exp<—2 Z ——p 7 ) -15.
2(1 i) = 5 7 9%
7:0dd j:odd
Hence, by changing the variables
(4.3) x; = t; cos (%”) (j > 1,0dd)

and k = (1 — i)p/+/2, it reads

1+ { ( ; 10 _.

—< exp| 2 ka)exp(—Z ——k77}) -1,

2(1 —1) f; J ; j 0z
j:odd j:odd

which equals, up to constant, the vertex operator for the KdV hierarchy.

The set of all the weighted homogeneous polynomial solutions coin-
cides with the set of the maximal weight vectors. As for the 4-reduced
BKP hierarchy this set consists of @y (t) with X in HCj.

Let DPy denote the set of partitions A = (1™12™2...) for which
m; < 1 when i is odd [LT]. Let DPR4 be the subset of DPy consisting
of partitions A = (A1, A2,... ,A¢) such that 0 < A; — A\j11 < 4 for odd ¢
and 0 < A; — Aj+1 < 4 for even ¢, where Agy; = 0.

The “doubling” d(\) of A = (A1, A2,...A¢) € DP;y is defined by

- (P22 [2) [ 2 2] )

(cf. [BOJ]). Let A° denote the transpose of d(A) for A € DPy. If
N = (u1,p2,--.) is the transpose of A, then one sees that A° = (u; +
W2, 43 + pa, ... ). It can be verified that A° € DP, and the operation o
is an involution in DPy. Moreover the set of strict partitions is mapped
onto DPRy by o. Put A, = (r,r—1,...,2,1) for r > 1 and Ay = 0.
These are called the staircase partitions. The involution o gives a one-
to-one correspondence between the set HCy and the set of the staircase
partitions.
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Let denote by w the change of variables (4.3). More precisely, define
an algebra isomorphism

w : Clt;;5 = 1,0dd] — C[zj;5 > 1,0dd]
by w(t;) = z;/ cos(jn/4) for j > 1, odd.
Theorem 4.2. For A € HCy, we have
w(Qy) = 26728y,

In order to prove this theorem, we define the polynomial B, (z) for
a strict partition u by

mi .3
M
M("L‘) b;)z\ L 3 ’
mylmg!---

where the summation runs over the partitions p = (1™3™3 .. .) consist-
ing of odd parts, and b,),‘ denotes the irreducible Brauer character value
for the symmetric group S, of characteristic 2 [JK]. One knows that
{Bu(z); u is a strict partition} gives a weight basis for C[z;;j > 1, 0dd],
the space of the basic representation of Agl) in the KdV picture. It is
worth noting that

Sa.(z) = Ba,(x)  (r>0).

Let S, be the double cover of Sn, which is generated by 71,...7,-1
and z with respect to the relations:

2=1, zrn=mz, 1=z (1<i
(T,;Ti+1)3 =2z (1 S
TiT; = 2T5T; ('l—]l 22)

Let 8 : S, — S, be the canonical epimorphism. A partition p =
(1™2mz2...) of n determines a conjugacy class C, of S, consisting of
the elements of cycle type p. It is a classical result due to Schur that
6~1(C,) splits into two Sy,-conjugacy classes Cj and zC+ if and only
if either (1) the parts of p are all odd, or (2) p is a strlct partition
such that n — £(p) is odd. An irreducible representation of S, is said
to be “negative” if the central element z is mapped to —1. The char-
acter ¢ of a negative representation satisfies ((2Cf) = —¢(C}). For a
partition p = (p1,p2,...,pe) of n consisting of odd parts, define 7, =
MMy -« - Mg, Where mj = Tay1Ta42 Tagp;—1 (@ =p1+p2+ -+ pj-1)
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for 1 < j < £. For example, if p = (5,3,1), then 7, = 717273747677
A direct computation shows that ord(r,) = f(p) + 1 (mod 2), where
f(P) = 2Zi=35 (moay™i for p = (1™13™2...). The irreducible nega-
tive representations of S, are parametrized by the strict partitions of
n. Let ¢ ;‘ denote the character value of the irreducible negative repre-
sentation (A) corresponding to the strict partition A, evaluated on the
element 7,. One finds the character tables ({}) for n < 14 in [HH]. The
irreducible negative representation (A) has a composition series under
the reduction modulo 2. The irreducible 2-modular representations of
S,, are nothing but those of S,,, since the central element z is always
mapped to 1 when the characteristic equals 2. Therefore they are also
parametrized by the strict partitions of n. Denote by d Ap the number of
occurrence of the irreducible 2-modular representation indexed by the
strict partition p in the composmon series of (A) ( [B] ).

Let Z, = ((- l)f(”)@‘) , Dy = (dap)an and By, = (b),,, where
A and p are strict partitions of n and p is the partition of n consisting
of odd parts. By a general theory of modular representations, one sees
that

Zn = D, B,.

The Brauer characters are defined on the elements of odd order. Hence
b;‘ is evaluated on 27, if 7, is of even order. This is the reason why the

signs in Z, appear.
Theorem 4.3. For a strict partition A of n, we have
w(@y) =2N¥I23Y " d,, B,
m

where the summation runs over the strict partitions u of n, and ¢ = 0
or 1 according to that n — £()\) is even or odd.

Proof. Recall that the Q-functions are related with the power sum sym-
metric functions by

T L
= (e —tp)+a)/2pa 3"
() = ij 2 G
where the summation runs over p = (1™13™3...). Here we have put
t; = 2p;/j as before. Therefore we have

— 9((A)+e)/2 f(p) ,\351 1y
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which implies the required formula. g

For A € HC4, the decomposition number d},t is equal to 1 if = A°
and 0 otherwise [B]. This proves Theorem 4.2, since n — £(}) is even for
A€ HCy.

Looking at the square matrices D, given in [B] for n < 15, one
observes that det D,, is a power of 2. A proof of this fact will be given
in a separate paper [TY].
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