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Littlewood-Richardson Coeflicients and
Kazhdan-Lusztig Polynomials

Bernard Leclerc and Jean-Yves Thibon

Abstract.

We show that the Littlewood-Richardson coefficients are values
at 1 of certain parabolic Kazhdan-Lusztig polynomials for affine sym-
metric groups. These g-analogues of Littlewood-Richardson multi-
plicities coincide with those previously introduced in [21] in terms of
ribbon tableaux.

81. Introduction

Let A=A\ >...2 A >0)and g = (g1 > ... > p, > 0) denote
two partitions of length < r, identified in the usual way with dominant
integral weights of the complex Lie algebra gl,.. It was shown by Lusztig
[28] that the multiplicity K, of the weight u in the finite-dimensional
irreducible representation W () of gl,. with highest weight A is the value
at 1 of a certain Kazhdan-Lusztig polynomial P, ,, for the affine sym-

metric group ér. (For the definition of @T and n), see below Sec-
tion 2.1). Moreover, Lusztig proved [27] that the polynomial P, ,(q)
is equal to the Kostka-Foulkes polynomial K ,,(¢) defined as the coefli-
cient of the Schur function s) on the basis of Hall-Littlewood function
P.(q) [33]. A combinatorial expression of K ,(q) had previously been
given by Lascoux and Schiitzenberger in terms of semi-standard Young
tableaux [35, 33].

It is well known that K , is also equal to the multiplicity of W(A)
as an irreducible component of the tensor product

W) ®---®W(nr)

of symmetric powers of the vector representation of gl,. Let now ON

, V) be arbitrary dominant weights and let cﬁm’m ) denote the

Received December 14, 1998.



156 B. Leclerc and J.-Y. Thibon

multiplicity of W{A) in
W) e @ Wr®).

A g-analogue clé(l),.., ,V(s)(q) of this multiplicity has been introduced in
[21] by means of certain generalizations of semi-standard Young tableaux
called ribbon tableaux, and it has been proved that when the partitions
v) have only one part y;

o (@) = K u(9)-

The purpose of this paper is to establish that for all (), ... ,Vi‘s), A'the
c")(l) ) (q) are Kazhdan-Lusztig polynomials for the group &,.

Let us outline how this result is obtained. As mentioned by Lusztig
in [28], the expression of the weight multiplicity K , as a value at 1 of
a Kazhdan-Lusztig polynomial might be deduced from the conjecture of
[26] for the characters of irreducible representations of GL, over an alge-
braically closed field of characteristic n > r together with the Steinberg
tensor product theorem. In [30, 31] a similar conjecture was formulated
for the characters of irreducible representations of U,(gl,.) when ¢% is a
primitive nth root of 1. A remarkable feature of the quantum conjecture
is that the restriction n > r is no longer necessary. This conjecture is
now proved due to work of Kazhdan-Lusztig and Kashiwara-Tanisaki.
On the other hand Lusztig has derived in [30] an analogue of the Stein-
berg tensor product theorem for the quantum case. From these two
facts, it is easy to deduce that the Littlewood-Richardson multiplicities
are value at 1 of Kazhdan-Lusztig polynomials (see below, Section 3).

However this would not provide the link with the g-analogues de-
fined by means of ribbon tableaux. We shall therefore follow a different
approach and rely on the construction given in [22] of a canonical basis
in the level 1 Fock space representation of the quantum affine algebra
U, (;[n) This canonical basis satisfies a formal g-analogue of Steinberg’s
tensor product theorem which may be formulated in terms of the combi-
natorics of ribbon tableaux. On the other hand, Varagnolo and Vasserot
[42] have recently verified a conjecture of [22]. They proved that the co-
efficients of the expansion of this canonical basis on the standard basis
of g¢-wedge products coincide with the Kazhdan-Lusztig polynomials oc-
curing in Lusztig’s conjecture. Using these two results, we are able to
express the cl’)(,)’m (@) as Kazhdan-Lusztig polynomials.

‘More precisely, they belong to a family of parabolic analogues of
Kazhdan-Lusztig polynomials introduced by Deodhar [4, 5]. There are
two types of such polynomials associated with the Hecke algebra modules
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obtained by inducing respectively the characters T; — —q and T; —
g~ ! of a parabolic subalgebra. The C,),‘u) = (g) turn out to belong

to the family denoted by ﬁ;f y in [5] and by nz, in [39], which is less
well understood. In particular Iggi y may be 0 even if z < y in the

Bruhat ordering. Also, since the ]ZJ y are equal to alternating sums of
ordinary Kazhdan-Lusztig polynomials, it is not a priori clear whether
these polynomials have non-negative coeflicients. However, according to
experts, it seems probable that they admit a geometrical interpretation
in terms of Schubert varieties of finite codimension in an affine flag
manifold !. This would settle the positivity conjecture VI.3 of [21].
Note that in the case of two factors the polynomials ¢}, ) (q) are
known to have non-negative coefficients because of their combinatorial
interpretation in terms of Yamanouchi domino tableaux given in [2].

That the non-vanishing of the polynomials ﬁz{ y is a difficult problem
should not be too surprising. Indeed, our result shows that this contains
as a special case the non-vanishing of the Littlewood-Richardson coef-
ficients. There has been some important recent progress by Klyachko
on this classical subject [19] using toric vector bundles on the projective
plane (see the reviews of Zelevinsky [44] and Fulton [8]). Maybe some
new understanding will arise from the connection with affine Schubert
varieties.

A few comments concerning the growing literature on g-analogues of
Littlewood-Richardson coefficients are in order. In [36] Shimozono and
Weyman have studied the Poincaré polynomials of isotypic components
of some virtual graded G L,-modules supported in the closure of a nilpo-
tent conjugacy class. These are g-analogues of Littlewood-Richardson
multiplicities C,ﬁ(l),m’,,(s) satisfying a g-Kostant formula and a Morris-

like recurrence. In the case where all partitions v(9) are rectangular (i.e.
the corresponding weights are multiples of a single fundamental weight)
and are arranged in non-increasing order of width, these polynomials
have non-negative coefficients. (This is not true in general, but see [36},
Conjecture 4.) In this case, a combinatorial interpretation in terms of
semi-standard Young tableaux was given by Shimozono {37, 38|, which
shows that they coincide with the generalized Kostka-Foulkes polyno-
mials studied by Schilling and Warnaar [34] in relation with exactly
solvable lattice models and Rogers-Ramanujan type identities. A dif-
ferent combinatorial interpretation using rigged configurations has been
conjectured by Kirillov and Shimozono [18] and recently verified [17].

!Added 09/1999. This has eventually been proved by Kashiwara and
Tanisaki (preprint math.RT/9908153).
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It is believed that for rectangular shapes in non-increasing order these
Poincaré polynomials are equal to the corresponding c,’)mw e (g) but
the reason for that is still unclear.

Let us describe more precisely the contents of this paper. The results
rely mainly on four sources, namely the parabolic analogue of Kazhdan-
Lusztig polynomials developed by Deodhar in [4, 5], our joint paper
with Lascoux on ribbon tableaux and generalizations of Kostka-Foulkes
polynomials [21], our previous note [22], and the paper of Varagnolo
and Vasserot [42]. Since [22] contains no proofs, and since only a small
part of [21] and [42] is needed to obtain our results, we thought it would
be appropriate to provide a self-contained exposition of this material.
Thus the style of the paper is openly expository and we hope it can be
read without a previous knowledge of these four sources. However for
what concerns parabolic Kazhdan-Lusztig polynomials, we decided to
omit the proofs because they can be found in the optimum exposition
by Soergel of Kazhdan-Lusztig theory from scratch [39].

So in Section 2 we explain all the necessary background on (ex-
tended) affine symmetric groups S, and their Hecke algebras H In par-
ticular we introduce the two presentations (Coxeter-type and Bernstein-
type) and give the relations between them. Following [42] we construct
a representation of I;TT on the weight lattice P, of gl,. and introduce its
two Kazhdan-Lusztig bases. The coefficients of these bases on the basis
of weights are the parabolic Kazhdan-Lusztig polynomials (for various
parabolic subgroups).

In Section 3, we recall the Lusztig conjecture for quantum gl, at an
nth root of 1, the tensor product theorem, and using a formula of Little-
wood we deduce from this that the Littlewood-Richardson coefficients
are value at 1 of parabolic Kazhdan-Lusztig polynomials (Theorem 3.3).

In Section 4 we recall following [21] the definitions of ribbon tableaux
and their spin, we introduce the g-analogues ¢}, ),... w0 (@), and we state
our main result (Theorem 4.1). ’

In Section 5 we explain the construction of [42] and consider a quo-
tient F,. of P, whose bases are naturally labelled by dominant integral
gl,.-weights. This space can be identified in a natural way with the
(finitized) g-deformed Fock space of Kashiwara, Miwa and Stern [15]
considered in [22]. Projecting on F, the Kazhdan-Lusztig involution of
P, one gets the involution defined in [22] in terms of g-wedge products.
This implies that the canonical bases of [22] have coeflicients given by
some parabolic Kazhdan-Lusztig polynomials (Theorem 5.12).

In Section 6 we study the action of the center Z (I:VT) of I?T on F, and
show that it can be expressed via the combinatorics of ribbon tableaux.
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We then prove that the vectors G, 0 of the canonical basis indexed by
non-restricted weights A are obtained from the restricted ones by acting
with an element of Z (I—AIT) This should be regarded as an analogue in
this setting of the Steinberg-Lusztig tensor product theorem. Then we
give the proof of Theorem 4.1.

In Section 7 we review the construction of Kashiwara, Miwa and
Stern of the Fock space Fo, obtained by taking the limit r — oo in
Fr. It affords a level 1 integrable representation of the quantum affine
algebra U, (;[n) We investigate the behaviour of the canonical bases of
F, introduced in [22] with respect to the semi-linear involution induced
by the conjugation of partitions, and derive from this a symmetry of the
polynomials c.))ﬂ),... (@) (Theorem 7.13) and an inversion formula for
parabolic Kazhdan-Lusztig polynomials (Corollary 7.15). This formula,
together with a result of Du, Parshall and Scott [7], provides an alter-
native proof of Soergel’s character formula for tilting modules in type A
(Remark 7.16).

- Finally Section 8 provides some numerical tables of g-Littlewood-
Richardson multiplicities and Kazhdan-Lusztig polynomials, which may
serve as examples of the results discussed in the text.

§2. Affine symmetric groups and their Hecke algebras

2.1. Affine symmetric groups

Let G, denote the Coxeter group of type A,_1. Forr = 2, this is
the group generated by sg,s1 subject to the relations s = s% = 1. For

r > 2, G, is generated by sg, sy, ... ,Sr—1 subject to

(1) 8i8i415; = Si+15i8i41,

(2) 8iSj = §;Si, (1—7 # £1),

(3) '51,2 =1,

where the subscripts are understood modulo 7. The subgroup generated
by s1,...,Sr—1 is isomorphic to the symmetric group &,. The group 6,
has a concrete realization as an affine reflection group. Let (e3,... ,€)

denote the standard basis of R", and define a scalar product by putting
(€,€5) = 0ij. Set a; = €, —€541 (1 < i <r—1)and ap = € —€1. Let b,
denote a Cartan subalgebra of gl,.. We identify R" with (the real part
of) b} in the usual way, so that P = P, := @)]_, Ze; becomes the weight
lattice, Q@ = @, = @:;11 Za; the root lattice, a; (1 < i < r — 1) the
simple roots, —ag the highest root, etc. For « € R" and m € Z, denote
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by Su,m the affine reflection defined by

(/\,a)+ma

Soem(A)=A—2 (@)

Then for any m € Z*, the assignment
80— Sagym, Sit+>So0 (1<i<r—1)

defines a faithful representation 7, of ér as a discrete subgroup of the
group of affine transformations of R". In coordinates, we have

7T‘rn('sz)()\) = (Ala s 7Ai+la)‘ia ER 7>‘7')’ (1 <i<r-— 1),
ﬂm(SO)()\) = ()\r +m,Az,. .., Ara1, A — m)

Note that for s € &,., m,(s) does not depend on m. We shall therefore
simplify the notation and write s\ in place of mm, (s)(A).

This realization shows that ér contains a large commutative sub-
group, namely the image under 7.} of the group of translations by the
vectors of the lattice m@. Write Tr(\) for the translation by A € R",

and let £; denote the element of ér corresponding to Tr(ma;) under 7y,.
Then one can check that

t1 = (S0Sr—1Sr—2 - -5352)(8384 -+ - Sr—18051),
t2 = (5150Sr—1 - 5453)(5455 - - - S05152),

tr_1 = (37—257—331'—4 te 3130)(3132 T 51'——331"-237'—1)7

to = (Sr—1Sr—28r—3-- - 5251)(S182 - Sr—28r—150)-

It will be convenient to enlarge S, by adding the translations by
vectors of the lattice mP. Al’)\stractly, this extended affine symmetric
group that we shall denote by &, may be defined as the group generated
by so, s1,...,Sr—1, 7 subject to relations (1), (2), (3) together with

4) TS; = Si41T,

where again subscripts are understood modulo r. It is clear that each
w € &, can be written in a unique way as

(5) w = 7%0, (keZ, oe6,).
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An alternative useful presentation is as follows. The group ér is gen-
erated by the elements s1,...,8._1,¥1,...,¥r subject to relations (1),
(2), (3) with all indices between 1 and r — 1 together with

(6) Yi¥s = Y5Ys
(7) 8iy; =y;8; for j # 4,4+ 1,
(8) $i¥iSi = Yit1-

The homomorphism 7, can then be extended to ér by setting
7l'm(yi) = Tr(mei)a 7l'm(7‘) = 5&110‘9&2,0 Tt S&r—l,o 'I‘r(mer),
or in coordinates

Fm(yz)()‘):()‘ly ’)"i+m7~" 7/\1“)7 (1.<_'LST)7
ﬁm(T)(A) = ()‘T +m, /\1’ s a’\'r—2a A1"—].)-

The following equations relate the two above presentations of ér:

(9) Yi = §i_15i—2 " 51508r—18r—2 " - Si417, 1<i<r)
(10) T = 8182 Sr—1Yr,
(11) S0 = 37'—131‘—2"'323152";3r—1y1_1y7‘-

(In (9) the subscripts are understood modulo 7.)

Note that ér is not a Coxeter group. However, one can still define
a Bruhat order and a length function. Let w = 7%0,w’ = ™0’ with
k,m e Z, o,0/ € S,. We say that w < v’ if and only if kK = m and
o < o', and we put £(w) := £(0). Define

A {AeR" |m>XA 22X 22X\ >0} if m>0,
T AERT mM< AL <A< <A <0} if m<O,

and A, = Arm N P (see Figure 1). Then A, ., is a fundamental
domain for the action of @r on R via m,,, that is, each orbit intersects
it in a unique point. Let A € P, and let v be the intersection of A, ,, with
the orbit of A. Then there is a unique w(A, m) € &, of minimal length
such that m,(w(A,m)){(v) = A. Let &,,, be the parabolic subgroup
consisting of the w such that 7, (w)(v) = v. (Since |1 — vp| < m,
S,m C 6,.) Then w(A, m) is the minimal length representative of the
coset

w(A, m)Bym = {w € &, | mm(w)(¥) = A}.
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Fig. 1. The action of éz on P, via m_p

In this way, we can associate to the data (A, m) a certain element w(A, m)
of ér. This will allow us to pass from the indexation by weights of the
Littlewood-Richardson coeflicients to the indexation by elements of (%r
of the Kazhdan-Lusztig polynomials.

Example 2.1. Take r =3 and A = (5,3,0). Then
w(A,3) = 7251, w(X, 2) = 73508182, w(A, —2) = 775515058251 5250.
<

For A = (A1,...,Ar) € Pset A\g := A\ +m, Ary1 := A1 — m and
define the descent function

1 if A; > )‘i+17
desc(A,i,m):=¢ 0 if A = Ajya, 0<i<r).
-1 if Ay < Ajpa,

Note that

desc(X,0,m) = desc(A,r,m), desc(\, i,m) = desc(mm(7)(A),7+1,m).
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Geometrically, desc()\, 4, m) = 0 means that X lies on the reflecting hy-
perplane Hy, of mp(8;:), i.e. Tm(8;)(A) = A, and desc(, 3, m) = sgn (m)
means that A belongs to the 1/2-space defined by H,, which contains
the fundamental domain A, ,, i.e. s;w(A,m) > w(A, m).

Lemma 2.1. Let A € P,i € {0,...,r—1} and m € Z*. Let
v = w(A,m)"(\) be the point of A, m congruent to A under m,,. One
has the three following alternatives:

(i) desc(A\,i,m)=sgn(m) <= s;w(A,m)=w(s;\,m)>w\m),
(i1) desc(A,i,m) =0 = sw(A,m) =w(A,m)s;

for some s; € G, p,,
(iii) desc(\,i,m) = —sgn(m) < s;w(A,m)=w(s;\,m) < w(\m).

Proof — This is a reformulation of Lemma 2.1 (iii) of [4]. Indeed,
desc(\,4,m) = —sgn(m) if and only if s;w(A,m) < w(A,m) and in
this case s;w(A,m) = w(s;A,m) by [4]. Also, desc(A,4,m) = 0 if and
only if s;w(A,m)v = w(A, m)v which shows that s;w(\, m) belongs to
the same coset as w(A,m) and is not minimal in this coset. In this
case, by [4], there exists s; € &, ,, such that s;w(\, m) = w(\, m)s;.
Finally, desc(A, i, m) = sgn (m) if and only if s;w(A, m) > w(A,m) and
siw(A, m)v # w(A, m)v. In that case, again by [4], s;w(A, m) is minimal
in its coset and thus equal to w(s; A, m). ]

If v is regular, that is, 6, ,, = {1}, then case (ii) does not occur and we
obtain the following criterion

(12) siw>w < desc(wy,i,m) =sgn(m), (we @T)

In particular, takingm =r and v =p:=(r —1,r - 2,...,1,0) we get
that

o~

(13) s;w>w <= desc(wp,i,r) =1, (w e &,).

For A € P, set y* := y}'---yM. Every w € &, has a unique
decomposition of the form w = y*s, where A € P and s € &,.. Therefore
each coset wG, contains a unique element y*. It follows from (8) that
for s € 6., sy = y**s. This implies that each double coset &, w&, in
@,. contains a unique element y* with A € Pt := {peP|wm>2p >
... > pr}, the set of dominant weights. For A € P*, we denote by ny
the element of maximal length in &,y*G,.

Lemma 2.2. Let A€ Pt uc P~ := —P* ands € &,. We have
Usy™) = £(s) + Ly, £(yMs) = L(y*) + £(s).
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In particular ny = woy®, where wy denotes the longest element of &,.

Proof — If A\ € Pt then a := y*p satisfies oy > ag > --- > a,. Let
§ = 8;, - - 8i;, be areduced decomposition of s. By repeated applications
of (13) we see that £(sy*) = £(y*) + k, which proves the first statement.
The case of p is similar. Finally, woy* belongs to the double coset of y*
and for s € &, (s # 1), £(swoy™) = £(swo)+£(y*) < £(wo)+£(y™) so that
swoy” is not maximal. The argument is similar for right multiplication
by s, since woy* = y@°* wg, and weX € P~. O

Example 2.2. Take r = 3. Then,

n2,1,00 = 323152yfy2 = 523182808281827'3,
n(1,1,1) = S2818201Y2Y3 = 8231827'3-
<
In fact, Lemma 2.2 easily follows from a general formula of Iwahori
and Matsumoto ([11], Prop. 1.23) which in our case reads

(14) sy )= Y =Nl+ DD =X +1],
i<j i<j
s(i)<s(4) s(3)>s(7)
where s € &, and A € P. In particular, if A € P* then £(y*) =
Y iz (r +1 —24)A;, which shows that

(15) Uy + ) = ™M), (A ue PH).

Lemma 2.3. Let A\ € Pt and set \* := wo(—\). Then, for all
n > r one has

w(nA + p, —n) = ny. 7L,

Proof — Since n > r, the weight
vi=m_o(t" wo)(p) =(1-n,2—m,...,r —1—n,0)
belongs to A,,_, and we have
nA+p=71_n(Y ) (p) = mon(y Pwor ") (v).
The stabilizer of v in w_n(@r) is trivial, that is, v is a regular weight.

Therefore we get

w(n + p,—n) = y rwer " = woyWe "N =y, oL
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2.2. Affine Hecke algebras

The Hecke algebra H, := H (@,.) is the algebra over Z[g, ¢~ !] with
basis T, (w € G,) and multiplication defined by

(16) TowTw = Tyw if Z(ww’) = f(w) +E(w’),
(17) (To. ~ ¢ ) (Ts, + @) = 0.

There is a canonical involution z — T of H, defined as the unique ring
homomorphism such that § = ¢~ and T, = (T,,-1)"L.

To simplify notation, we put T; := Ts, and we write 7 instead of T',.
Then we have the two following presentations of fIr corresponding to
the two above presentations of &, (see [27, 29]). First, H, is the algebra
generated by T; (0 < i <7 — 1) and an invertible element 7 subject to
the relations

(18) TTinTi = Tia 1Ty,

(19) T:T; = T;T;, (i —j # +£1),
(20) (T —a ")(Ti+q) =0,

(21) 7T = Tip1 7

Alternatively, ﬁr is the algebra generated by T; (1 < i < r — 1) and
invertible elements Y; (1 < i < r) subject to the relations (18), (19),
(20) with subscripts between 1 and r — 1 together with

(22) YiY; =YY,
(23) T.Y; = Y;T; for j # 4,5+ 1,
(24) T,Y;T; = Yiy1.

The following equations relate the two above presentations of H,:

(25)  Yi=TiaTip NI 'TAT T, (1<i<n)
(26) T=T7'Tyt---TNY,,

(27) To = Tf-llTr——lz o ‘T2—1T1— sz—l T Tr——llyl—lyr'

(In (18)(19)(21)(25) the subscripts are understood modulo 7.)

Note that for A € P, we have two natural elements in H, correspond-
ing to the translation by A, namely, Y := Yl’\1 < Y2 and Ty = Tyr.
They do not coincide in general. (For example if r = 3, Ty, = T1ToT
and Y = Th T, 0_17'.) In fact the T do not commute in general. However
it follows from (15) that ThT, = Thyy = T, T if \,p € P*. Let A€ P
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be written as A = X — A\ with X, )" € P*. Bernstein has introduced
an element T € H, by
Ty :=T,Ty"

This element is well-defined, i.e. it does not depend on the choice of X’
and X', and T)\T,, = Th4, = T,T) for all A\, u € P. With this notation
one can check that

(28) YA =D =T\, =T, T}
In particular, if A € P~ then
(29) YA =T.
2.3. Action of H, on the weight lattice
Let P = P, := Z[g,q" '] ®z P. We shall use the descent function
to g-deform the representation =, of &, on P into a representation II,,

of fIr on P. Indeed, it follows from Lemma 2.1 that I?T acts on P by
Iy (7)(A) i= 7 (7)(A) and for 0 < i <r —1,

Tm (8:)(A) if desc(A,i,m) = sgn(m),
0, (T3)(A) := {q_l)\ if desc(),i,m) =0,
Am(s:)(A) + (@7 — @)X if desc(),i,m) = —sgn(m).

Warning From now on in order to simplify the notation we shall of-
ten omit the dependence on m and write for example T;\ in place of
I, (T3)(A), or s;A in place of my,(s;)(A). We hope that this will not
create confusion.
In terms of the Kazhdan-Lusztig elements C! := T;+q and C; := T;—q !
we have
SiA+ g if desc(A,i,m) = sgn(m),
Cix=<(g+qg X if desc(\,i,m)=0, (0<i<r—1),
sid+ ¢ A if desc(\ i,m) = —sgn (m),

0 if desc(A,i,m) =0, 0<i<r-1).

siA—g 1A if desc(),i,m) = sgn (m),
Ci) =
SiA — g if desc(A,i,m) = —sgn(m),

These formulas show that the H,-module P decomposes as

P = @ ﬁru.

VEAr,m
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Moreover, each summand of Ehe right-hand side is isomorphic to an
induced module. Indeed, let H,,, be the subalgebra of H, generated
by the T; such that s;v = v, and let 1,-1 denote the 1-dimensional

-~

H,, m-module in which T; acts by multiplication by ¢g~—!. Then

the isomorphism being given by
(30) A€ & Tym ® 1.
In particular A = T\ m)V-

2.4. Kazhdan-Lusztig polynomials

The module P, := flrl/ is a parabolic module of the type considered
by Deodhar in [4, 5]. (Note that if v is a regular weight, then P, is
just the regular representation of PAIT) Therefore P, has two Kazhdan-
Lusztig bases constructed as follows (see [39]). Define a semi-linear
involution on P, by

g:=q %, IV =TV (zGFIT),

and two lattices

L= @ zZld» Ly = P zZig

28w 2eB.v
Then there are two bases C’;r, Cy (Ae érl/) characterized by
ct=ct, or=cx,
and
C} =X mod gL}, Cy =Amod g 'L;.

When v is regular these bases coincide with the Kazhdan-Lusztig bases
C!, and C,, respectively under the isomorphism (30).

These bases can be computed recursively as follows [39]. First, by
definition, C} = C, = v, and more generally C:r,w =CL, = ™y (k €
Z). Let X € &,v and suppose that Ct (resp. C) has already been
calculated for all g < A, that is, such that w(u,m) < w(A\,m). Then
compute vy = C! Ct (resp. vy = C;C,;) where y and i satisfy s;(1) = A
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and desc(y,4,m) = sgn (m). Then v} (resp. vy) is invariant under the
bar-involution and belongs to L} (resp. L; ). Write

vy =A+ Zaaa mod gL}, (resp. vy =X+ Zbﬁﬂ mod ¢ 1L}),
B

where an, bg € Z. The weights o, 8 occuring in the right-hand side are
certainly < A and we obtain

Ch =vf - Z aeCE  (resp. Cy =vy — Z bsCz)

Example 2.3. Let us take r = 3, m = —2 and compute C(—O,S,l)‘

We have w((0,6,1), —2) = s2505152507 "% and
v :=w((0,6,1),-2)7(0,6,1) = (-1,0,0).
Clearly,
Cana = Crs-100) = (2:2:3).

Then we compute successively (t = ¢~1)
Chng = (1,2,4) —£(2,2,3),

C’(_1 4,2) T (174’2) - t(1’2’4) - t(2»372) + t2(2’2,3),

V2,4 =
(1 4,2) —
Va2 = Clanr = 41,2) —(1,4,2) - £(2,1,4) +1%(1,2,4)

-1(3,2,2) +t%(2,3,2),

Yo.16) = Cone = (0,1,6) — 1(4,1,2) —£(0,4,3) +1°(1,4,2)
+%(2,2,3) — t(1,2,4) — t(0,2,5)
+t2(3,2,2) +t%(0,3,4) — t3(2,3,2),

Vios1) = (0,6,1) —t(0,1,6) — #(4,2,1) +°(4,1,2) — £(0,3,4)

+(0,4,3) + 2t3(1,2,4) — 2t(1,4,2)
+2t%(2,3,2) — 2t3(2,2,3) — £(0,5,2)
+1%(0,2,5) + t2(0,4,3) — t3(0,3,4).

We see that v, ¢ ) = (0,6,1) +(0,4,3) mod tL; . Thus subtracting the
previously calculated element

Cloa,3 = (0,4,3) —(0,3,4) — (1,4 ,2) +1%(1,2,4) +t2(2,3,2) — t3(2,2,3)
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we get
Cle1) = (0,6,1) —(0,1,6) — #(4,2,1) + 2(4,1,2) + £7(1,2,4)
—1(1,4,2) + t2(2,3,2) — t3(2,2,3) — (0, 5,2)
+1%(0,2,5) +t2(0,4,3) — t3(0, 3, 4).
’ <o
Put
= Z P:c,w(Q)Tz-
IL‘E@T
Then
Cy = Z Pz,w(“q-l)T:c-
ze@r
L(w)—2(x)

The P, ,, are the Kazhdan-Lusztig polynomials (up to a factor ¢
and the change of variable g — ¢~2). Similarly for A € &,v write

C;-Z Z P::)\(Q)N’ Z )‘( q 1

”‘661‘1’ p,€6rl/

Then P:,  and P—,\ are respectively equal to Deodhar’s polynomials

J
w804 Pl o w(3ym)

the change of variable ¢ +— q~2), where J is the set of indices i of the
Coxeter generators s; € 6, ,. Their expression in terms of ordinary
Kazhdan-Lusztig polynomials is given by

Theorem 2.4 (Deodhar [4, 5]). Let wg,, be the longest element of
Sym. Then

(again up to a factor ¢?)—4=) and

-P,j:,\ = Pw(u,m)wQ.,,w(/\,m)wo,.,v Pﬂ_,)\ = Z (_Q)Z(Z)Pw(u,m)z,w(/\,m)'
Z€6u,m

We shall also need the following simple observation (see [39], Remark
3.2.4). Suppose that desc(), i, m) = desc(y, 4, m) = —sgn (m). Then
(31) Pl x=qPf,, P, \=4qP,,.

This follows from the fact that if desc(}, i, m) = —sgn (m) then

CiCt =(g+gqMCY, GOy =—(¢g+a")C5.
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83. Littlewood-Richardson coefficients and Kazhdan-Lusztig
polynomials

3.1. The Lusztig conjecture
Let U,y(gl,) be the quantum enveloping algebra of gl,. This is a
Q (g)-algebra with generators E;, F;, ¢*% (1<i<r—-1,1<j<r).
The relations are standard [14] and will be omitted. To avoid confusion
when ¢ is specialized to a complex number, we shall write K;*L in place
of gt<. Let U, z(gl,) denote the Z[g, ¢~ 1]-subalgebra generated by the
elements
W ._ B oom B e
E;” = T FY o= Ik K7,
where [k]! := [k][k—1] - --[2][1] and [k] := (¢*~q¢7*)/(g—q~1). Let ( € C
be such that ¢? is a primitive nth root of 1. One defines Uc(gl,) =
Uq,z(gl,) ®2z(q,4-1) C where Z[g,q~'] acts on C by g — ¢ [30, 31].
Let A € PF. There is a unique finite-dimensional Uy(gl,.)-module
(of type 1) Wy () with highest weight A. Its character is the same as in
the classical case and is given by Weyl’s character formula

(32) chWy(A) = sa(e, ..., e),

(k € N),

where s\ denotes the Schur function (see [33]). Fix a highest weight
vector uy € Wy(X) and denote by W, z()) the Uy z(gl,)-submodule of
W,(X) generated by acting on uy. Finally, put

We(A) = Wy,z(A) ®2z[q,q-1] C.

This is a Ug(gl,)-module called a Weyl module [30]. By definition
ch We(A) = ch Wy ().

There is a unique simple quotient of W,()) denoted by L(X). Its
character is given in terms of the characters of the Weyl modules by the
Lusztig conjecture. Put m = —n (this assumption will be in force for
the whole Section 3) and consider the action of @T on P via m,,. For
X € Pt write v := w(A + p,m) (A + p). Then

Theorem 3.1 (Kazhdan-Lusztig, Kashiwara-Tanisaki).

chL(X) = Y (~1)wOFrpmD=L@) P xtpmy (1) ch We (w(v) — p),

w

where the sum runs over the w € &, such that w < w(A + p,m) and
w(v) —p e Pt.
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Note that if A is a singular weight the coefficient of a given Weyl
module W¢(u) in the right-hand side of Theorem 3.1 is an alternating
sum of P, ,,(x,m)(1) over the stabilizer &, ,,,. In fact, using the notation
of Section 2.4 one can rewrite Theorem 3.1 as

(33) ch L(X) Z Py pasp(—1) chWe(n),

where the sum is over the 4 € Pt such that pu+ p € éru.

Example 3.1. Taker =3,n=2and A =(4,0,0). Then A\ +p=
(6,1,0) and for m = —n = —2, one has

C(;S 1,0) — (6’ 1’0) - q_l(ﬁ’ 0, 1) - q—l(la 6v0) + q—2(0,6, 1)
+¢72(1,0,6) — ¢73(0,1,6) — ¢~1(5,2,0) + ¢ 2(5,0,2)
+¢72(2,5,0) — ¢73(0,5,2) — ¢73(2,0,5) + ¢~ %(0, 2, 5)
+q7%(4,3,0) — ¢73(4,0,3) — ¢73(3,4,0) + ¢7%(0,4, 3)
) —

+¢74(3,0,4) — ¢75(0,3,4).

It follows that the character of L(4,0,0) for (2 = —1 is given by
ChL(4, 0, 0) = ChWC(4,0,0) - ChWC(3, 1,0) + ChWC(Q, 2, 0).

3.2. The tensor product theorem

Let Fr denote the Frobenius map from U¢(gl,) to the (classical)
enveloping algebra U(gl,.) [30, 3]. This is the algebra homomorphism
defined by Fr(K;) =1 and

Fr(E.(k)) _ E(k/ ) if n divides k, Fr(F(k)) _ F(k/") if n divides k,
¢ otherwise, t otherwise.

(Here we slightly abuse notation and denote by the same symbols the
Chevalley generators of Ue(gl,.) and those of U(gl,).) Given a U(gl,)-
module M, one can thus define a U¢(gl,)-module M Fr by composing
the action of U(gl,) with Fr. If M is a finite-dimensional module with
character the symmetric Laurent polynomial ch M = ¢(e,...  er),
then

chMFr:pn(w)(e“,.. ,eT) 1= o(e™, ..., e™ ),

the so-called plethysm of ¢ with the power sum p,, (see [33]). In partic-
ular, the character of the pullback W(A)F* of the classical Weyl module
W () is the plethysm p,(sy).
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Theorem 3.2 (Lusztig [30]). Let A € Pt. Write A = A® +nA(V),
where X(®) 4s n-restricted, that is,

0<A? A% <n  (@<i<r-1).
The simple U¢(gl,.)-module L(\) is isomorphic to the tensor product
L)) ~ LO©®)y @ WW)Fr,

Consider now the particular case when ) is a partition whose parts
are all divisible by n. Then, writing nA in place of A, we deduce from
Theorem 3.2 and Eq. (33) that p,(sx) = ch L(n)) is given by

(34) pn(SA) Z p,_+pfn,\+p( 1ChWC(ﬂ Z p,+p,n,\+p( 1)8#7
m

where the sum is over the g € P+ such that g+ p € &, (nA+p) = 8,p

3.3. Expression of the Littlewood-Richardson coefficients

Let A\ € PF ={A € P |\ > X2 > ... > A\, > 0}, the set of partitions
of length I()\) < 7. It is a well-known result of Littlewood [25] that the
coefficients in the expansion of p,(sy) on the basis of Schur functions
are Littlewood-Richardson multiplicities. More precisely, if u € P} is
such that y+p € S, p then there is a unique expression

ptp=v+na,  (y=sp, €&, a€N")

such that i < j and ; = «; (n) implies 7; > 7;. Then for k €
{0,1,...,n — 1} the subsequence of a consisting of the a; such that
v; = k —r is a partition u(*) (possibly empty), and one has [25]

(35) (Pn(52) 5 80) = (1) (sx 5 840 - 8u0n-1))

where (-; -) denotes the standard scalar product of the algebra of sym-
metric functions for which the sy form an orthonormal basis. The n-
tuple of partitions (u(®,...,u(" 1) is called the n-quotient of p and
(—1)¥®) the n-sign of y, denoted &, (u). Conversely, provided that r is
large enough, given an arbitrary n-tuple of partltlons (u©,.. ,u("‘l))
there exists a unique g € P} such that u+p € &,.p and  has (u(o) D)
as n-quotient (see [33, 13])

Example 3.2. Letr = 8, n = 3, and p = (6,6,4,4,4,3,2,1).
Then

p+p=(13,12,9,8,7,5,3,1) = (7,6,3,5,4,2,0,1) + 3(2,2,2,1,1,1,1,0).
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Thus the 3-quotient of u is

(@, 1p®, 1@ = ((1,1),(2,2,1),(2,1)).

Let us define the Littlewood-Richardson coefficient
C,);w),,,. RCE M (8@ Sum-1) 5 S»)
= WE?) e - aWEr ) : wH).
Combining (34) and (35), we have obtained

Theorem 3.3. Let A\, u®,..., u™V be partitions and denote by
p the partition with n-quotient (u®, ..., u=Y). Take r > I(u), the
number of parts of . Then,
by —_
Cu, . pn-n = Pu+p,nA+p(1)
where thg right-hand side is a Kazhdan-Lusztig polynomial of parabolic
type for G, with m = —n. In other words, setting
v = wlnd+ p,—n) " (nA + p),

one has in terms of the (ordinary) Kazhdan-Lusztig polynomials for ér

Aoy = O (DD Py nyz wmatp,-n)(1).
26611,—"

If I(A) > r the polynomial P, ., , is not defined, but in this case
I(A) > l{u) and it is easy to see that cl);(O)r“ un-n =0.

Note that if w = 7%, W’ = ™0’ with k,m € Z, 0,0’ € ér,
then P, . is nonzero only if ¥k = m and then P, . = P, ,. Thus the
Kazhdan-Lusztig polynomials above are in fact polynomials for &,..

Example 3.3. Take r = 3 and n = —m = 2. The dominant
weights occuring in the expansion of C(?i,3,0) are

(6,3,0), (6,2,1), (5,4,0), (4,3,2),
with respective coefficients

1, =%, —¢7, ¢q
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This gives the following expressions for some Littlewood-Richardson co-
efficients (which are all equal to 1):

@) _ p- @1 _ p-
¢, = Pes0.6300 i@ = Pez.630):

(2,1) _ — (2,1) _ _
¢ = o060l €0 = Fas2),6300)-

In terms of ordinary Kazhdan-Lusztig polynomials for é3 we can write
for example

2,1
051),()1,1) = PSz8082 132505231323032(1) - P32808281 ,82303231828082(1) =2-1
<
Example 3.4. Let us express the coefficient 08?31()21) = 2 in

terms of Kazhdan-Lusztig polynomials. We take r = 4, A = (3,2,1)
and p = (4,4,2,2) so that u has 2-quotient ((2,1);(2,1)). It follows
that

(3,2,1) . p—
C3,1),2,1) = P(7,6,3,2),(9,6,3,0)(1)‘

This Kazhdan-Lusztig polynomial corresponds to the following elements
of 64:

—-10
w((9, 6, 3, 0), —2) = 8§1525153525180515835258153805183S52807T ,

w((7,6,3,2), —2) = 51525153525150518352507  *°.

<

Observe that if n > r, then the n-quotient of the partition ny =
(npa, ... ,npe) is just ((u1),...,(@r),0,...,0) up to reordering, and
therefore Theorem 3.3 gives

_ oA _
Pnu+p,n)\+p(1) = Clur), (pr) = KA,/,H

the Kostka number. On the other hand, taking into account Lemma 2.3
and the fact that the weight nA + p is regular, one also has

Pn_u+p,n,\+p(1) = Pn,,* Y e (1) = Pnp, Tax (1)
Hence

Pn,_“n)‘(]') = K,\*’u* = K/\,}L
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since the weight multiplicities of the contragredient representation W (\*)
are equal to those of W(X), and we recover the expression of [28] for the
weight multiplicities.

Thus we see that the modular Lusztig conjecture with its restric-
tion m > r is enough to express the weight multiplicities in terms of
Kazhdan-Lusztig polynomials, but for what concerns the general tensor
product multiplicities we need the case n < r and the quantum Lusztig
conjecture.

§4. Littlewood-Richardson coeflicients and ribbon tableaux

4.1. Ribbon tableaux
Let us start from the well-known formula

(36) hu =" [Tab (A, )] 51,
A

where h, := h,, ... h, is a product of complete homogeneous sym-
metric functions and Tab (A, p) denotes the set of semi-standard Young
tableaux of shape A and weight u [33]. Let n € N*. Semi-standard n-
ribbon tableaux are combinatorial objects which replace ordinary Young
tableaux when one substitutes the plethysm p,(h,) in place of h, in (36).
More precisely, denoting by Tab (A, u) the set of n-ribbon tableaux of
shape A and weight u (to be defined below), one has

(37) ZE" ) |Tab (A, u)] sa,

where €,()) is the n-sign of A.

A ribbon tableau of weight 1 = (1,1, ... ,1) is called standard. Stan-
dard ribbon tableaux were introduced by Stanton and White [41] in rela-
tion with generalizations of the Robinson-Schensted correspondence for
the complex reflection groups G(n,1,r) = (Z/nZ) 1 &,. In particular,
the case n = 2 (domino tableaux) is related to Weyl groups of type B, C,
D, and therefore to the geometry of flag manifolds for classical groups
[23] and to the classification of the primitive ideals of classical enveloping
algebras [1, 9]. Semi-standard domino tableaux were introduced in [2]
for calculating the multiplicities of the symmetric and alternating square
of an irreducible representation of gl,. (see also [16, 24]). In an attempt
to extend the results of [2] to higher degree plethysms, semi-standard
n-ribbon tableaux were defined in [21] and several conjectures were for-
mulated. We shall give a brief review of [21] refering to the paper for
more detail.
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h(R)

Fig. 2. An 11-ribbon of height h(R) = 6

Fig. 3. A skew diagram 6 with its subdiagram 8| shaded

A ribbon is a connected skew Young diagram of width 1, i.e. which
does not contain any 2 x 2 square (see Figure 2). The rightmost and
bottommost cell is called the origin of the ribbon. An n-ribbon is a
ribbon made of n square cells. Let 8 be a skew Young diagram, and let
8! be the horizontal strip made of the bottom cells of the columns of 8
(see Figure 3). We say that 6 is a horizontal n-ribbon strip of weight
m if it can be tiled by m n-ribbons the origins of which lie in 8}. One
can check that if such a tiling exists, it is unique (see below Lemma 6.3
and Figure 7). Now, an n-ribbon tableau T of shape /v and weight
u={p1, ..., i) is defined as a chain of partitions

v=acalc---ca =2\

such that a/a*~! is a horizontal n-ribbon strip of weight p;. Graphi-
cally, T may be described by numbering each n-ribbon of a'/a’~! with
the number ¢ (see Figure 4). We denote by Tab,(\/v, u) the set of n-
ribbon tableaux of shape A/v and weight p. Define the spin of a ribbon
R as spin(R) := h(R) — 1 where h(R) is the height of R, and the spin
of a ribbon tableau T' as the sum of the spins of its ribbons. Then the
sign (—1)P(T) depends only on the shape A/v of T and is equal to the
n-sign £,(A) when v is empty. We denote it in general by e,(\/v).
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1 4
1 1

Fig. 4. A 4-ribbon tableau of shape (8,7,6,6,1), weight
(3,2,1,1) and spin 9

4.2. A g-analogue of the Littlewood-Richardson coeflicients

Using a classical formula for multiplying a monomial symmetric
function by a Schur function one can easily derive Eq. (37). Note that
since hgy, = hy (s € &), (37) implies that

(38) |Tab (A, su)| = [Tabn (A, p)l, (s € &r).

Let ¢, denote the adjoint of the endomorphism f — p,(f) of the space
of symmetric functions with respect to (-; -). Recall from Section 3.3 the
definition of the n-quotient (A®, ... A(»=1) of a partition A of length
r such that A+ p € @Tp (for the action of ér on weights via m,). Then
(35) is equivalent to

(39) ©n(sa) = €n(A) Sp©) - Sx(n-1),
where we put ,(A) =0if A+ p & érp. By (37) we have

|Tab n (X, u)| = €n(A) (Pr(hu) ; 1) = en(A) (hus on(s1))-

Recalling that the basis dual to {h,} is the basis {m,} of monomial
symmetric functions, we thus have

(40) Sx(©0) "+ Sp(n—1) = Z |Tab (A, )| my,.
pnept

Hence, putting z7 := z3* .. 22" for a ribbon tableau T of weight o =
(a1,-..,ar), we get using (38)

(41)

SA\() * " Sx(n-1) = E Z E mT — E $T

w€PT \peG,u \TETabn(),0) TETab , (),
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5L hi 5 L5 J—LT—I 5 LG
1] |l 1\1_‘ 1l 1l 11 1L1‘| 1|17 |2 12
i ey e e B Y o P B A B
1'3_ lz—l—l_li ’l_lL 1—3_1 li] 1|Ll l2 l2 l2

Fig. 5. The 3-ribbon tableaux of shape (3,3,3,2,1) and
dominant weight

where we denote by Tab (A, ) the set of n-ribbon tableaux of shape A
(and arbitrary weight).

Now we can introduce a g-analogue of (41) via the spin of ribbon
tableaux and set

(42) GO, A Digz)y= ) gDl

TETab n(A,-)
It was proved in [21] that this function is symmetric with respect to the
variables z;. (This is not clear a priori, and the proof will be recalled be-

low (see Remark 6.5).) Thus, expanding on the basis of Schur functions
we get

(43) GO, A\ Dig,7) = ZCK(0>,,,,,,\(n—1>(Q) sv (),

where the c§, ~ ,wm 1(¢) € Z[q] are some g-analogues of the Littlewood-
Richardson coefficients. The symmetric function (43) is the function
éf\")(a:; q) of [21] up to the change of variable q ~— ¢~2 and rescaling by
an appropriate power of g.

Example 4.1. The partition having as 3-quotient = ((1), (1,1}, (1))
is p = (3,3,3,2,1). Thus the symmetric function G((1),(1,1),(1);q) is
calculated by enumerating the 3-ribbon tableaux of shape p and domi-
nant weight, and counting their spin (see Figure 5). One obtains

G((1),(1,1),(1);9) = ¢"'ma1y + (¢ + ¢°)me2)
+(2¢" +2¢° + ¢*)m 11
+ (3¢" +5¢° + 3¢® + @)ym(1,1,1,1)
=q"s@1) + S22 + (@ +¢¥)s@a
+¢s(1,1,1,1)-
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Lo

We can now state our main result, which is the g-analog of Theo-
rem 3.3.

Theorem 4.1. With the notation of Theorem 3.3

Cﬁ(m,m,,t(n-l)(‘I) = Plipnate(D

= Z (—q)E(z)Pw(u+p,—n)z , w(ni+p,—n) ((1)
z€6u,—n

The next two sections will be devoted to the proof of Theorem 4.1.
This proof does not rely on the Lusztig conjecture and thus will give an
independent proof of Theorem 3.3.

§5. Canonical bases and Kazhdan-Lusztig polynomials

5.1. Another basis of P

The basis of P consisting of the weights A is adapted to the Coxeter-
type presentation of ﬁ, in terms of the generators Ty, ... ,Ty-1,7. There
is another natural basis adapted to the Bernstein presentation in terms
of Ih,...,Tr-1,Y1,...,Y,, which is defined as follows. Fix m € Z* and
consider the action of I:T,n via II,,. Every A € P has a unique expression

as A =mB+~v (B,7 € P, v € 6, Arm). We define V) := Y?y. In other
words, the basis {V\} is characterized by
(44) Vy=1v (v € 6rArm),
(45) YPVA = Vaims (A, B € P).

Example 5.1. Take r =2 and m = —2. Then

Vi-1,-2) = Y2(-1,0) = T17(-1,0) = (-1, -2),

Vicg,—1) = Y1(0,-1) = Tg '7(0, —1) = (-2, 1),

V(2,—1) = Y1~1(07 —1) = T-ITO(Oa —1) = (25 _1)7

Vicig) = Y5 H(=1,0) = 7717 1(=1,0) = (=1,2) + (¢ — ¢~ ')(0,1).
Take r = 3 and m = —3. Then

Vieg,—13) = Y3 '(-2,-1,0)=7"'T7'T; (-2, -1,0)
= (—_27—173)+(q_q_1)(0a—1a1)+(q_q_l)(—270a2)
+(q - q—1)2(__1’ 07 1)
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Remark 5.1. Let n = |m|. The basis {V)} can be naturally iden-
tified with the basis of monomial tensors of a certain U, (sl,,)-module (see
Section 7.1). o

As illustrated by Example 5.1, in some cases the vectors V), and A
coincide. This is made more precise in the following

Proposition 5.2. If A\ = mfB + v as above with 8 € P~ then
Va = A. In particular, if m <0 and A € P*, orm >0 and A € P,
then V\ = A.

Proof — Put s = w(y,m) and v = s~'y. Then by (29) and Lemma 2.2
Vi =YPy = TpTow = Tys, v.

For 0 # 1in 6, ., C &, one has £(so) > £(s) (because s is minimal in
its coset s6,,,,) and so € G,. Hence by Lemma 2.2

UyPs0) = LyP) + (sa) > L(y7) +£(s) = £yPs).
Therefore y°s is also minimal in its coset, that is w(\,m) = y?s, and
Vi = Tyﬁs V= Tw(A,m) v=A

O

The next proposition gives a key relation between the bar involution and
the basis V). It will result from the following

Lemma 5.3. Let 3€ P and s € &,. Then

(YPT,) = T Y0P T yys.

Proof — Recall that £(wos) + £(s) = £(wog), hence TyosTs-1 = Ty
and Ty = T 1Ty,s. Write 8 = 8’ — 8" with g/, B’ € Pt. By (28)
we have YP = Tﬁ,Tﬂ,, . Hence, (YBT,) = Tﬁ,,lT 1Twos- Now, using
Lemma 2.2 we see that
1p— 1mp— 1 -
Tﬂ” T = Tﬁ/Tw() TwOB// = T Tw ﬁ'T'WO/BN

because 8/, 8" € P*. Now, wof = (~woB") — (—wpB'), with —woB”,
—wpf'€P*. Hence, using again (28), (YAT;) = T, Y AT, ,. m]
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Proposition 5.4. Let A € P and let v € A, ., be the point con-
gruent to A. Then
W= q_[(wo'V)TJOIVwo)\,
where wo,,, is the longest element in the stabilizer &G, p,.

Proof — By Lemma 5.3, V) = (YPT,)v = T;lY%AT, ,v. The min-
imal length of an element o € &, such that ov = (wos)v is £(wps) —
£(wp,). Hence Tyysv = q~4™0) (wys)v, and this proves the proposi-
tion. 0O

Example 5.2. Take m = —2 and A = (2,0). Then,
Vizo = Y7 '(0,0)=7"175(0,0) = (2,0) + (¢ — 7 1)(0,2),
T Wz = T7¥7(0,0) = 7771757 (0,0) = (2,0) + (g — 1)(0, 2).

<

5.2. Action of ﬁr on the basis V)
The next lemma allows to compute the action of H, on {V}.

Lemma 5.5. Letie{l,...,r — 1} and k € Z. There holds

k k -1 YF - Yz’il
LY =Y. Ti+(9—¢q )YHle‘*—YHl.
In other words,
k
YETi+(a—a ) D VY, (k>0),
TiYik — Jj= 1

YA T+ (g - ZY“]Y;TI’“, (k < 0).
Proof — Tt follows from (24) (20) by a straightforward computation. O

Let A€ Pand 1 <i<r—1. erte/\ mp + v with 8,y € P and
v € &rArm. Then V) = (Hﬁéz 1+1Y ) (YiYipr)P 1 Y TPV, Since
T; commutes with Y; (j # 4,7+ 1) and Y;Y;41, we have

TV = H Yjﬁj (YiYi+1)ﬁi+lnnﬁi_ﬁi+1VT
J#i,i+1
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Thus to compute T;V), we can use the commutation relation of Lemma 5.5
with k = §8; — 8,41 together with the fact that since V,, = v, we have
Vs if desc(y, i, m) = sgn (m),
TiVy =< ¢ Ws,y if desc(y,i,m) = 0,
Vey + (@' —q)Vy  if desc(y,4,m) = —sgn (m).
5.3. Projection on the positive Weyl chamber

From now on we fix n > 2 and we assume that ﬁ, acts on P, via
I_,. Introduce the Z[gq, ¢ ']-submodule

r—1

TIr = ZimC’{ C Pr,

i=1
and define F, := P,/J,. The image of A € P in F, under the natural
projection
pr : P — F,
will be denoted by [A] = [A1,...,\;]. For v € P, we have by definition
pr(Cjv) = 0 = pr (T;v) + g pr (v).

Hence taking v = XA € P, we obtain that if \; < A;41 then [A] =
—q~Ys;A], and if \; = Ai41 then [A] = 0. This implies that a spanning
set of F, is given by the [A] such that Ay > A2 > ... > A\.. We put
Ptt:={A€eP A >X>...>\}L

Lemma 5.6. {[\] | A € P**} is a basis of F.

Proof — Suppose that ), pit ax[A] = 0. Then >, piy axd € J;.
Recall that

Cuo = Y (—q) @4, = Ty = 3 (—g) 4wl T
€6, 56,
satisfies Cy,,C{ =0 (1 < i <r —1). Hence J, C kerCy,. Thus
Col 0 e = 3 ay(—g) Iy =,
AEPTH AePt++, €6,

which implies that ay = 0 for all A € Pt+. |

Note that for v € P, Clv = C!%. Hence J, C J, and one can define a
semi-linear involution on ¥, by

(46) pr (v) := pr (9) (v € Pp).
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Let us define
(47) IA) := g4 pr (13).

Then, by Proposition 5.2, for A € P** we have |A) = ¢~4%0) [)], so that
{IA) | A € P**} is also a basis of F,. The next proposition shows that
it is also useful to work with the vectors |\) associated with arbitrary
weights A € P, which can be thought of as some ¢-wedge products (see
below Section 7.2).

Proposition 5.7. For A € P, we have
W = (_1)f(w0)qf(w0)—f(wo,u) o N).

Proof — By Proposition 5.4 we have V) = ¢~¢we)T 1V, \. But for
all v € P,

pr (Tg, v) = (—¢) ") pr (v).
Thus,

| )_:ql(wo) pr(V)\) — ( 1)Z(wo —Z(wol/)pr( wo/\)
( 1)3(11)0) £(wo)—£€(wo,) |w )\)

O

Remark 5.8. It is easy to check that the exponent £(wo) —€(wo ,)
of q is equal to the number of pairs (¢, 7) with 1 < ¢ < j < r such that
Ai — A; is not divisible by n. o

The next proposition gives a set of straightening rules to express an
element |u) with u ¢ P*T on the basis {|\) | A € P**}.

Proposition 5.9. Let u € P be such that p; < pit1. Write
Wivi = pi+kn+jwithk >0 and0<j <n. Then

(48) |w) = —|sip) if =0,
(49) |y =—q Ysip) if k=0,
(50)  |u) = —q Ysin) — i "k m) — a7 yFy i sin) otherwise.

Proof — To simplify the notation, let us write | = p; and m = p;41.
Since the relations only involve components i and ¢ + 1 we shall also use
the shorthand notations (k,1) and [k,[) in place of Vi, . i1 kimirar. ur)EPr

and |(/J‘17 7ﬂi—lak7l7,ui+27--' 7“7‘)) € ‘F’f"
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Suppose j = 0. It follows from Section 5.2 that T;(l,1) = q~(l,1).
Hence (1,1) € im C}. Since (Y; ¥ +Y;;%)C! = C/(Y;7F+Y,7}) we also have
v,k + Y;L’f)(l,l) = (m,l) + (I,m) € im C}, and thus |[, m) + |m,l) = 0.

Suppose k = 0. Then T;(l, m) = (m,!) by Section 5.2, and Cj(l, m) =
(m,1) + q(l,m) € im C!, which gives |l,m) = —¢~|m, ).

Finally suppose that j,k > 0. By the previous case (m,l + kn) +
q(l + kn,m) € imC]. Applying Y* + Y%, we get that (m,l) + (m —
kn,l + kn) + q(I,m) + q(l + kn, m — kn) € im C], which gives the third
claim. a

Example 5.3. Take r =2 and n = 2. Then
|174> = —q—l |4’ 1) - |3a2> - q—l |273>a
by Eq. (50), and |2,3) = —¢~!|3,2) by Eq. (49). Thus

|1a4> = _q—l |4’ 1) + (q_2 - 1) |3a 2)

Hence, by Proposition 5.7, |4,1) = |4,1) + (¢ — ¢~ %) [3,2). o

For p € Pt write |u) = Y, cp++ axu(q) |X). Using Proposition 5.7
and Proposition 5.9, we easily see that the coefficients ay,(g) satisfy the
following properties

Corollary 5.10. (i) The coefficients ax,(q) are invariant under
translation of A and p by €1 + --- + €.. Hence it is enough to describe
the ax,(q) for which A— p and p — p have non-negative components, i.e.
A — p and p — p are partitions.

(ii) If axu(q) #0 then A € éru. In particular, if A\ — p and p — p are
partitions, they are partitions of the same integer k.

(iii) The matriz Ay with entries the ax,(q) for which X — p and p—p
are partitions of k is lower unitriangular if the columns and rows are
indezed in decreasing lexicographic order.

Example 5.4. For n = 2 and r = 3, the matrices Ay for k£ =
2,3,4 are

(4,1,0)  (3,2,0) (5,1,0) (4,200 (3.2,1)

1 0 0
1 (1) 0 1 0
q q q_q-l 0 1
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(6,1,0) (5,2,0) (43,00 (4,2,1)

1 0 0 0
g—q! 1 0 0
g?2-1 g—q! 1 0

0 @?—-1 q—-q! 1

5.4. Canonical bases of F,

Let £t (resp. L£7) be the Z[g] (resp. Z[g~!))-lattice in F, with
basis {|A\) | A € P**}. The fact that the matrix of the bar involution
is unitriangular on the basis {|{\) | A € P**} implies by a classical
argument (see [32], 7.10 and [6]) that

Theorem 5.11.  There exist bases {GY | A € P**}, {Gy | A €
Pt} of F. characterized by:

i) Gi=Gt, Gy =¢Gj,
(i) GY =|\) modgl*, Gy =)\ modg 1L.

These bases were introduced in [22] (in the limit 7 — oo, ¢f. Section 7),
using Proposition 5.7 as the definition of the bar involution on F. Set

GE =Y au@N, Gy =) bul-g")u.
A u :

Let Ci and L; denote respectively the matrices with entries the coef-
ficients cy,(q) and I),(g) for which A — p and u — p are partitions of
k.

Example 5.5. For r =3 and n = 2 we have

6,1,0) (520) (4,30) (4,21)

1 0 0 0
Ce= 1 0 0
0 q 1 0
q ¢ q 1
(6,1,0) (52,00 (4,3,0) (4,2,1)
1 q q? 0-
Li= 1 q 0
0 0 1 q
0 0 0 1
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Clearly, if ¢y, or Iy, # 0, then A and p lie on the same orbit

under ér. Let v be the point of A, _, on this orbit. Write @ :=
w(weA, —n)wo,, and similarly @, := w(wep, —n)wp,,. The main result
of this section is

Theorem 5.12 (Varagnolo, Vasserot [42]). With the above nota-
tion, we have

(51) l>‘yl" = Pu_’k,

a parabolic Kazhdan-Lusztig polynomial for the action of @r on P, via
T_pn, and

(52) o= Y (-0 Py, s,
€6,

Remark 5.13. (i) In view of Theorem 2.4, it follows from Eq. (52)
that ¢y , is also a parabolic Kazhdan-Lusztig polynomial of negative
type with respect to the parabolic subgroup &, of 6,, (but for the right
H -module 1,-1 ®py, H ). This agrees with the expression obtained by
Goodman and Wenzl when p — p is a n-regular partition [10].

(ii) Let F, denote the specialization of F, at ¢ = 1. Define a Z-linear
map ¢ from the Grothendieck group of finite-dimensional representations
of U¢(gl,) to F, by

WO =A+p)  (ePh).
Then comparing Theorem 5.12 and the Lusztig conjecture (33) we see

that ([L(N)] = Gy, -

Proof — Consider the element Dy := pr(C;) € F,. Then D) = D,
by (46). Since A € Ptt, desc(\,i,—n) = 1foralli =1,...,r - 1.
Therefore using (31) we see that

Dy=1[r)l > Py(-¢Y)Iw).
pEPT+

Hence (1/[r]!)Dj is bar invariant and congruent to |A) modulo ¢~ 1£~.
Thus Dy = [r]! G, and (51) is proved.
Next put E, := pr(Cf,,) € ;. Then E, = E,,. We have

Bu=pr | Y Phyual= Y | > (9~ @r% .. | @\,

S AeP++ 8661'
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This shows that E,, = (—1)4*) |u) mod ¢£*. Hence, E, = (—1)4w0) Gf.
It follows that

aw = D TOPS
8661‘

= Z (—Q)e(a)Pw(awo)\,-—n)wo,., , w(wop,—n)wo,,
GEGT

by Theorem 2.4. Finally, since woA € P~ ~ we have w(owpA, —n) =
ow(weA, —n) for all o € &,., and we get (52). a

§6. A g-analogue of the tensor product theorem

6.1. Action of Z(H,) on F,

By a result of Bernstein (see [28], Th. 8.1), the center Z(H,) of
I?T is the algebra of symmetric Laurent polynomials in the elements Y;.
Clearly, Z(H,) leaves invariant the submodule J,. It follows that Z(H,)
acts on F, = P,/J,. This action can be computed via (45) and (47).
In particular By = Y _;_, Y;* acts by

(53) Bi|A) =) A — nke;), (k € Z").
j=1

Note that the right-hand side of (53) may involve terms |u) with p & P+
which have to be expressed on the basis {|\) | A € PT*} by repeated
applications of Proposition 5.9.

Example 6.1. Take r =4 and n = 2. We have

B—2 |3a2a 170) = '7’2a 170) + |3’6’ 1,0) + l3a27510) + ,3’2a 1a4>
By Proposition 5.9,

3,6,1,0) = —¢~116,3,1,0) + (¢~2 — 1) |5,4,1,0),

13,2,5,0) = —¢~113,5,2,0) + (¢"% - 1)|3,4,3,0) = ¢715,3,2,0),

13,2,1,4) = —¢711(3,2,4,1) + (¢72 - 1)[3,2,3,2) = —q¢"2|4,3,2,1),
which yields
B—2 |3a 2a 170> = |7a 2, 170> - q_1|67 37 1a0>

+(g72-1)|5,4,1,0) 4+ ¢715,3,2,0) — ¢72|4,3,2,1).

(o
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The compatibility of the bar involution with this action is given by
the next

Proposition 6.1. Foruec F,. and z € Z(f[r) one has

Zu = 2.
Proof — Since z is a symmetric Laurent polynomial in the Y;, we see
using Lemma 5.3 that z = T, 2Ty, = 2. O

6.2. Action of Z(H,) and ribbon tableaux

We shall now show that the straightening relations can be avoided

-~

provided that one uses appropriate linear bases of Z(H,). For d €
[1,7] :={1,2,...,r} and m € N* define

(54) Uy = > Y, Y, Yy,
1< <i2<...<ig<r

(55) Va = > Yyteevrt
1<41 <42 <...<1g<r

(56) U = > Y, Yy Y,
1<41 <62 <... <t <7

(57) Vmi= D YW

1<41 <63 <...<im <r

For a € [1,7]® set Uy, = L?al Uy, Vo 1= Va, ---17%, and for 8 € N**
set Ug := Up, ---Ua,, Vg 1= Vp,---Vp,. In other words, using the
notation of [33] for symmetric functions,

ga:ea(yiy--' 7Y7‘)a 904 :ea()fl—lv aY;' l)a

Us = hs(Yr,...,Y,), Vs =hg(Y7L, ..., YY)

The following formulas were obtained in [21]. They will allow us to relate
ribbon tableaux to Kazhdan-Lusztig polynomials.  Put

(59) L u@= 3 g,
TETab ,(A\/v, u)
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1
[ ] 1] 1] 1

21 |2

Fig. 6. The domino tableaux of weight (2) and (1,1)

Theorem 6.2. Let v € P} and o € [1,7]°. Set k = |a| := oy +
-+ as. We have

(59) Ualv+p) = (=) 0% S L), (=a) [+ p),
pert

(60) Vo v +p) = (—q)"" D% 3™ L8 (=a) N+ ),
AEPF

where for A € P}, X denotes the conjugate partition. .
Note that in (59) (60) X', i/, v’ may be partitions of length s > r.

Example 6.2. Let us redo the calculation of Example 6.1 using
domino tableaux. Clearly, B_2 = V(1) — 2V(2). Now, applying Theo-
rem 6.2 we have

i}(2) |p> q_2 ,(17 17 17 1) + p) - q_l |(2’ 1’ 1) + p) + !(272) + p>7
]7(1,1) |p> = q_2|(1?17171)+p> —q_ll(2’171)+p>
+(1+47)12,2) +p) —a7'(3,1) +p) +1(4) + )

as illustrated by Figure 6, and we recover the result of Example 6.1. ¢

Il

The proof of Theorem 6.2 is based on the following simple combi-
natorial lemma.

Lemma 6.3. Let A\, veP} andke[l,r]. PutB=e1+ -+ €.
The skew Young diagram X' [V’ is a horizontal n-ribbon strip of weight
k if and only if there exist s,0 € &, such that v+ p+ s(nf) = a(A+ p).
If this is the case,

L(o) = (n — 1)k — spin(\' /V/').

Proof — The proof is elementary and is left to the reader. O
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Fig. 7. A horizontal 5-ribbon strip of weight 4 and spin 7

Example 6.3. Take r = 11, A = (4,4,4,4,3,2,2,2,1,1,1) and
v =(2,2,1,1,1,1). Then X /v = (11,8,5,4)/(6,2) is a horizontal 5-
ribbon strip of weight 4. Indeed

(12,11,14,13,7,6,9,3,2,1,5) = v + p + (0,0,5,5,0,0,5,0,0,0, 5)

is a permutation of A + p. This permutation has length 9, thus the spin
of M/v' is equal to 4.4 —9 = 7, as can be checked on Figure 7. o

Proof of Theorem 6.2—  Since Vo i= \7(,1 --~l7as, it is enough to prove
the theorem in the case a = (k). Let § = €1 + - - - + €. Observe that we
can reformulate (55) as Vi = 3.5 Y ~¢. Hence we have

Velv+p)= > lv+p+7).
’YEGTnﬂ

If£ :=v+p+v & Ptt we have to use the straightening relations of
Proposition 5.9 to express |£) on the basis {|A) | A € P+*t}. But if
& < &1 then clearly we must have §; < &4+1 < & + n, and we need
only the simple relation (49). It follows that |¢) = (—q) 4P| + p),
where A + p is the decreasing reordering of £ and ¢ is the permutation
mapping £ into A + p. By Lemma 6.3, £(0) = (n — 1)k — spin(X\' /') and
we are done. The proof for Z:?k is similar. O

We now deduce from Theorem 6.2 similar formulas for the operators Us
and Vs.

Theorem 6.4. Let v € P} and B € N*°. We have

(61) CUslv+py =Y L) S(=a7Y) lu+ o),
[AEP+
(62) Valv+p) =3 L), 5(—a7") N +p).

Aept
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(7——1 lrm—|
2 2

Fig. 8. Standardization T'— T of a ribbon tableau

Proof — Again, it is enough to prove this for 8 = (k). Recall that a
composition of £ € N is an ordered partition of k, that is, a sequence
a = (aq,...,a,) of positive integers such that ). a; = k. We denote
this by a = k and we call s the length {(a) of a. There is a classical
formula for expressing the symmetric function hy in terms of the e,
namely

hy = Z(—l)k_l(a) €q-
afE=k

Thus by Theorem 6.2, we have

Vilv+p) = (=)~ RS ST (1R @OLE (=0 | 1A+ p).
A ak=k

Recall that for a ribbon tableau 7', (—1) *"™(T) = ¢, (A\/v) depends only
on the shape \/v of T. It is clear that ,(\ /v') = (=1)(»=Dke, (A /v),
hence we are reduced to prove that

O L, @)=
akE=k

To do this, we associate with each ribbon tableau T of weight o a
standard ribbon tableau 7 of weight (1,...,1) as follows. Consider two
ribbons R and R’ of T', numbered i and i’ respectively. We say that
R < R'ifi <i,ori=1 and R is to the left of R’. Clearly this is a
total order. Now 7 is the tableau with the same shape and inner ribbon
structure as T', whose ribbons are numbered 1,2,3,... in the previous
total order (see Figure 8).

Let us fix a skew shape X /v’ and consider the set £ of all ribbon
tableaux of this shape and of arbitrary weight o = k. For T' € &€ of
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weight o, write €(T) := (—1)*~4®). We want to prove that

(63)
gDk Lg\’;{j’k(q“l) if A/v is a horizontal
Z e(T) qspin(T) _ n-ribbon strip,
TeE 0 otherwise.

Let 7 € £ be a standard tableau, and let £ C £ denote the subset
consisting of those tableaux T" whose standardization gives 7. We say
that 7 is a column if for all = 1,... ,k — 1 the ribbon R;;; numbered
1 + 1 lies above the ribbon R; numbered i, that is, if the origin of R; 11
lies in a row strictly above the origin of R;. Eq. (63) will follow from
the more precise statement

(64) > D) gD =

{ ¢*T) if T is a column,
TeET

0 otherwise.

Now this is very easy. First, by definition all T € &7 have the same
inner ribbon structure, hence the same spin, and we can simplify the
powers of g of both sides of (64). Then we only have to observe that a
tableau T' € £7 is specified by the numbering of its ribbons, i.e. by a
map fr: [1,k] — [1, k] satisfying
(@) fr(i+1) = fr(@) or fr(t+1) = fr(i) +1,
(ii) if R;41 lies above R; in 7 then fr(i+1) = fr(i)+1.

Let a(7) be the number of i’s such that R;;; is not above R;. Then
clearly |E7] = 247} and more precisely the number of T € £r such
that fr(k) = j (i.e. €(T) = (—1)*79) is equal to (a(jT)). Hence by the
binomial theorem

Y 1) =

Teer 0 otherwise.

{ 1 ifa(7)=0,ie T isa column,

To finish the proof we need only note that A/v is a horizontal n-ribbon
strip if and only if there exists a (necessarily unique) column tableau 7
of shape \’'/v/, and in this case spin(7) = (n — 1)k — spin(\/v). O

Remark 6.5. Since the V,, commute, V3 is invariant under per-
n)

mutation of 3. Hence Theorem 6.4 implies that Lg\ v ﬂ(q) is also in-

variant under permutation of 3. This proves that the polynomial (42)
is indeed symmetric. o
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Fig. 9. Correspondence between n-ribbon tableaux of
spin 0 and n-restricted inner shape, and ordinary
tableaux

6.3. Action of Z(H,) on the canonical basis {G}}
For A € P}, define

Sx=sa(Y7h,. LYY € 2(Hy),
where s) is the Schur function. The following theorem is a formal ana-
logue of Theorem 3.2.
Theorem 6.6. Let A € Pt. Write A = A 4 nA®D) | where A(® s
n-restricted, that is,

0<A? A9 <n (<i<r-u,

and XV > 0. Then G5, = Sxa» Gy,

Proof — By definition of the basis G~, we have to prove that F) :=

Sxw Gy, satisties

F\ = F) and Fx=|A+p) modqg L.
The first property is clear by Proposition 6.1. Indeed, Sy is a Q -linear
combination of products of elements B_;. To prove the second one we

observe that by Theorem 6.4 for all v € P} and a € N*°, V, |v + p) €

L. Since Gy, , = IA® + p) mod ¢~'£~, and S)u) is a Z-linear

combination of operators V, we thus have
P, = S/\(l)l)\(o) +p) modqlL™.
In fact Theorem 6.4 implies

Valv+p) = Z Ish(T) +p) mod ¢ 'L,
T
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where the sum is over the n-ribbon tableaux of weight «, spin 0 and
inner shape v, and sh(T") stands for the outer shape of T'. Therefore for
all

Vo XD +p) =) "Ish(T") +p)  mod g7'L7,
TI

where the sum is over the n-ribbon tableaux 7" of weight o with inner
shape A\(® whose ribbons are all horizontal. Now A(®) being n-restricted,
there is an obvious bijection between the set of these tableaux 7" and
the set Tab (-, @) of ordinary Young tableaux of weight o (see Figure 9).
Hence, for all « :

ValXO +p) =3 [Tab (8, )| X +nf +p) mod gL
8

Comparing with the well-known formula hy = 5 |Tab (8, @)| sg which
yields

= " |Tab(B,a)| Ss,
B
we deduce that for all 3,

SpIAN® 4+ p) = AO £ ng+p) mod g7iLT,

and putting 3 = A(1 we are done. O

6.4. Proof of Theorem 4.1

Let us write in the ring of symmetric functions sy = >, kx,, hu.
Then we also have m, =), K, sx. Hence

G(/‘(O)a'-- ,p(n—l);q) ::ZL(n)( Z (Z H)\VL(n) > Sx,

v

which gives
Cﬁ(o),,,, -0 (@) = Z raw L (q
On the other hand, by Theorem 6.6 and Theorem 5.12 we have

-1
Sxlp) = n/\+P Z u+p,n>\+p )1+ p).
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Finally, using Theorem 6.4 we get

Sxlp) =D mawVolo) =) (Z“AVL(" - )) I+ p)
v m v
= Z C//)(O),... u(n=1) (—q—l) |/J’ + p>’
"

and by comparing the coeflicients of |i + p) we have

C;)(o) u=D (@ = ;H-p n)‘+p(q)

§7. An inversion formula for Kazhdan-Lusztig polynomials

In this section we extend the coefficients to Q (¢} and work with

P,:=Q (q) ®z(g,4-1] Pr, Fr:=Q (q) ®z[q,9-1] Fry

ﬁr =Q (q) ®Z[q,qﬁl] ﬁr-

7.1. Action of U, (g[ ) on the weight lattice of gl

Let U, (5[,,) be the quantum enveloping algebra of the affine Lie
algebra sl,. This is a Q (q)-algebra with generators e;, f;, ¢t" (0 <
i < n —1). The standard relations can be found for example in [20]
and will be omitted. There is a canonical involution z — T of U, (sl,)
defined as the unique ring homomorphism such that § = ¢~ 1, & = e;,
and f; = f;. R

Using the basis {V} for m = —n one can define an action of U, (sl,)
on P,. First we start with the trivial case r = 1, where P, reduces to
P1 = @,z Q(9)Vi. It is immediate to check that the formulas

fiVi i= di=i Viga, eVl = Oi=it1 Vi-1, gtV 1= gEG=ittimi)

extend to an action of Uq(ﬂn) on P;. Here, a = b means congruence
modulo n and d,=p is the Kronecker é equal to 1 if a = b and to 0
otherwise. Then using the comultiplication

Afi=fi®1+4¢"® f;
(65) Aei=e;®q¢ M +1Qe;,
Aq:l:hi - qu:hi ® qihi’
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and identifying P, with P?’" by V) — V), ® --- ® V)., we obtain the
following formulas

r

(66) f'LV)\ = Z qzi;ll(s)\kEi—’S)\kEi_H) V)\+€j7
j=1
Aj=i
r
(67) eV = Z q D keir1Oag=i— 0 =it1) Vie,-
Jj=1
Aj=itl

Proposition 7.1. This action of Uq(sA[n) on P, commutes with
the action of H, via II_,.
Proof — 1t is clear from (66) (67) that

FiYRVN = fiVa_nu =Y, fiVi, eYHV) = e;Vi_nu = YueiVy,

that is, the action of U, (;[n) commutes with the operators Y#. Hence,
recalling the discussion of Section 5.2, we see that it is enough to prove
that f;T;V, = T;f;V, for v € 6, A, _, and 1 < j < r — 1. Moreover,
since T; only acts on components j and j + 1 of 7y, we can assume that
r = 2. Then the claim is verified by a direct computation. For example
on the one hand

JoT1 Vii—n,0) = fo Vio,1-n) = Vi1,1-n),
and on the other hand

TifoVia-noy = ¢ ' TiVii—n,1) = q_llez_lV(l-n,l—n)

=q MY 'y + (g - q_l)Yfl)Vu—n,l-n) =Vi,1-n)-
O

Remark 7.2. This action of Uq(;[n) does not commute with the

positive level action II,, of ﬁr. For example if r =2 and n =3

LIs(T) (Vo)) =4 WViozy,  Ta(T1)(f2Viz0)) = aV(0,3)-

However, one can easily obtain an action commuting with II, by simply
replacing the comultiplication A of (65) by its opposite

APfi= ;0" +10fi, APei=e;®1+q¢ M ®e;
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The action of U, (;[n) is compatible with the bar involution of P, in
the following sense.

Proposition 7.3. Forzx € Uq(;[n) and v € P, one has (zv) =
T U. In other words,

fiv = fim, €U = e;D 0<i<n-1).

Proof — We can assume that v = V). Then by (70) and Proposition 5.7
we have

— r } —
(68) TFiVh:= q—l(wo,g) thol Z qZ‘L:i(JAkEi_J,\kEi+1) Vwo(A+5j)
j=1

AjE’i

Here, £ € A, _,, is the point congruent to A + ¢;, which does not depend
on j because A; is required to be = i. On the other hand, since f;
commutes with TJOI by Proposition 7.1,

"
J— i—1 L .
£V = q—e(wo,u) Tu;ol Z qzk=1(5,\r+l_k51 Ox p1_p=it1) Vw0A+€j
Jj=1

)\r+1_.]'E’i

r .
(69) = q—l('wo,u) T‘l;ol Z q22={ (O, yq_g=i—0x, g _p=it1) Vo Ortes)
j=1

Aj=t

It remains to check that the coefficients of T\5! Vi, (a+e;) in (68) and (69)
are equal, which is equivalent to

Y (nzi = Oaemirr) — 1= L(wo) — E(woye)-
k=1

This is elementary, using for instance Remark 5.8. The formula for e; is
similar and its proof is omitted. ]
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7.2. Action of U,(sl,) on F,

Since the action of U, (;[n) on P, commutes with the action of ﬁr,
the subspace I, := Q(q) ®zq,q-1] Jr is stable under Uq(;[n) and we
obtain an induced action of U, (sln) on F,. As explained in Section 7.1,
the vector V), should be regarded as a monomial tensor V), = V), ®---®
V). Hence its projection |A) on F, should be thought of as some g-
wedge product [A) = Vi, Ag- - -Aq V), with the anticommutation relations
replaced by the straightening rules of Proposition 5.9. The action on |A)

of the generators of Uq(;\[n) is obtained by projecting (66), (67):

r 7 —
(70) fl})\) = Z qzixi(é,\kzi—&\kzﬂ—l) |)\ + Ej)a (0 S 1 S n— 1),

j=1
)\j =1

r
(1) ey = > g Th=inOn==n=i) N —¢;) (0<i<n-1).

=1
Aj=i+1

Note that if A\ € Pt then A +¢; € P*+. It follows that either |\ £ ¢;)
belongs to the basis {|A) | A € P**}, or |A+e;) = 0. Hence, Eq. (70) (71)
require no straightening relation and are very simple to use in practice.
The compatibility of the bar involution with this action is given by the
next

Proposition 7.4. Foru e F, and 0 <i<n—1 one has

fiv = fiw, €U = eu.
Proof — This follows immediately from (46) and Proposition 7.3. 0O
7.3. The Fock space F,
For s > r define a linear map ¢y, : F;, — F; by
Crs(IA)) == A1, ... s Ap, =1, = —1,...,—s+1) (A e P).

Then clearly ¢t 0 ors = @rt. Let Foo := imF, be the direct limit

of the vector spaces F, with respect to the maps ¢, . Each |[)) in F,
has an image ¢, (|]A)) € Foo, which should be thought of as some infinite
g-wedge

er(IAN) =Var Ag - AgVa, AgVor Ag Vo1 Ag -
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Lemma 7.5. (i) If A\r < —r then ¢,(|A)) =0.
(i) If A € Pt and A\ > —7 then ¢-(J]A) £ 0.
Proof — (i) Write A, = k < —r and consider the element
(pr,—k—i—l(l)\)) = ')\1, “ee 7>\r7 —Tr,—=r — 1, e ,k>

By applying Proposition 5.9 one checks easily that |k, —r, —r —1,... , k)
straightens to 0 in F_g_, 2. Therefore ¢, _k4+1(]A)) = 0, hence ¢, (J]A)) =
0. (ii) By Lemma 5.6 if A\ € P+ and A, > —r then ¢, 5(|\)) # 0 for all

s > r. Hence ¢,(]A)) # 0. o
Let P* denote the set of all partitions, 4.e. of all finite non-increasing
sequences of positive integers. Put p} := (0,—1,...,—r + 1), and for
a = (a,...,as) € Pt define

) := @s(la + p5))-

It readily follows from Lemma 5.6 and Lemma 7.5 that {|a)|a € P}
is a basis of F,. We define a grading on F., by requiring that

deg |a) := i ;.
i=1

Then for all A € P, ¢,(]A)) is homogeneous of degree

T

deger(|A) =D (\i+i—1).

i=1
In particular, if };_, (A +% — 1) < 0 then ¢,(]A)) =0.

7.4. Action of Uq(gln) on Fo,
Let A € P,. It follows easily from (70) that

(72) Jiors(IN) = @rat,s fiprri1 (1A)
for all s > r. Hence one can define an endomorphism f; of F, by
(73) Fier(IN) = @ri1 fiorrta (IA)

and thus get an action of U (s1n) on Foo.

On the basis {]a) | @ € P} this action is expressed as follows. Let o
and 3 be two Young diagrams such that g is obtained from « by adding
a cell v whose content is = ¢ mod n. Such a cell is called a removable
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i-cell of B, or an indent i-cell of a. Let I (a, B) (resp. R](a,3)) be the
number of indent i-cells of a (resp. of removable i-cells of a) situated
to the right of v (7 not included). Set N (a,f) = I (a, 3) — R} (o, B).
Then Eq. (70) gives

(74) fila) =N @>P)p),
B

where the sum is over all partitions 3 such that 8/« is an i-cell.
Defining an action of Uj (sl,) is not as straightforward since there
is no formula like (72) for e;. For example if n = 2,

e1]2) = 1),

e1|2,-1) =q7'|1,-1),

e1]2,-1,-2) = |1, -1,-2) + |2, -1, -3),
e1|2,-1,-2,-3) = ¢ *|1,-1,-2,-3),

and in general

e1p1,2r |2) = ¢ L p1,2r€1|2),
€1¥1,2r+1 |2> = (p1,2,-+1€1|2> -+ '2, -1,...,-2r+1,-2r — 1).

However, one can check that putting e;p,(|\)) := ¢~%=" ¢,(e;|\)) one
gets a well-defined action of U, (sl,) compatible with (73) (see [15]). Its
combinatorial description is given by

(75) elf) =Y ¢ N @D|a),

where the sum is over all partitions a such that 5/« is an i-cell, and
N}(a, B) is defined as NI (a, 3) but replacing right by left.

In contrast to F,, the representation F., has primitive vectors, i.e.
vectors annihilated by all e;. In particular the vector |0) labelled by the
unique partition of 0 is primitive. In fact F, is a level 1 highest weight
integrable representation of Uq(s:\ln), while F,. is a level 0 representation
(without highest weight). As shown by Kashiwara, Miwa and Stern
[15], the decomposition of F, into simple Uq(gln)-modules is obtained
by considering the limit 7 — oo of the action of Z (ﬁr) on F,.

7.5. Action of H,, on F
Let A € P,. It follows from the easily checked relations

|_S,—7",——-’]"—1’_'_,,_S>:0’
(70 {|—T,—r—1,...,—s,_r)=0, (s=r=0)
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that the vector s By, ¢r,s(|A)) is independent of s for s > r large enough.
Hence one can define endomorphisms By, of Fo, by

(77) Bror(IA) i= @s Bers(|A)) (kK€ Z7, s> 1).

By construction, these endomorphisms commute with the action of U, (;[n)
on F,. However they no longer generate a commutative algebra but a
Heisenberg algebra. Indeed, it was proved by Kashiwara, Miwa and
Stern [15] that

1— q—2nk

0 otherwise.

We shall denote this Heisenberg algebra by H,. The elements Z]g, 17g,
Ug, Vg of Z(H,) also give rise to well-defined elements of Ho, that we

still denote by ng, V,g, Ug, V3. By Theorem 6.2 and Theorem 6.4, their
action on the basis {|v), v € P} of Fy is given by

(79) Uslv) =g DE S L8 (=0 ),
pEPH
(80) Valv) = ¢~ 3" L0, 4(=a) 1Y),
AP+
(81) Uslv) = > L s(=a71) |w),
peP+ )
(82) Vslv) = 3 L), s(=a7H) V),
AEP+

where k = |3|. It was shown in [15] that F is irreducible under the
commuting actions of Uy(sl,) and H. It follows that {V;3|0), 8 € P*}
is a basis of the space of primitive vectors of Fo, for U,(sl,,).

7.6. The bar involution of F,

Before introducing the involution we need the following lemmas.

Lemma 7.6. Letu € Pyy1 suchthat p; > —-m(i=1,...,m+1)
and Y (1 +i—1) <m. Then |u) =0.

Proof — We have

=Y ax|))

+
XeP}T,
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for some coefficients ). Because of the hypothesis y; > —m and of
the form of the straightening relations, the components of the weights
A occuring in this sum must all be > —m. On the other hand, setting
a; = \;+1—1 we see that « is a partition with |a| < m, hence l(a) < m.
Thus the last component of all the A must be = —m, and the sum is
empty. O

Lemma 7.7. Let A\ € P. and let m > r. Assume that \; >
-m(i=1,...,r) and > ;(A\i +i—1) <m. Then
| =m, A1,y Ap, =1, ,—m + 1)
=(=1)"¢ "V |X\,... A, =1, ,—m+1,—m),

where a(A) ={j <r | N\jE -—-m}+H#{-r>i>-m+1]|j#—m}.
Proof — Consider the straightening of
v=|—mA...,A\p,—T,...,—m+1)

computed by means of Proposition 5.9. At each step, if the third rule
(50) has to be used, then only the first term of the right-hand side
may be non-zero. Indeed the two other terms involve weights p which
satisfy the hypothesis of Lemma 7.6. Therefore the straightening of v
is simply obtained by reordering its components and multiplying by the
appropriate sign and power of q. m]

If A satisfies the hypothesis of Lemma 7.7, then repeated applications of
this lemma show that for p > m,

(_1)(’2’)qb()\,p) | —Py..., T, AM ce ,Al)
= (—1)(1;)qb(’\’m) |—m,..., =" Ary.o A, —m —1,...,—p)
Here b(\,p) is the number of pairs (%,5) of components of the vector

(AMy.-- yAr, =7, ...,—p) with i #Z j mod n. In other words, using Propo-
sition 5.7 and Remark 5.8

‘PT,P(I)‘» = Sam,p(‘Pr,m(lA»)'

Thus we can define a semi-linear involution on F, by putting

(83) (X)) := em(Lrm(IA)) (A € Pr, degipr(|N)) =m, A > —m).

In particular, for « € P* and s > |a|, we have |a) = ps(Ja + p¥)).
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Proposition 7.8. ForacPt,0<i<n—1 and k € N* we have

fila) = fila), eila) =e;|a),
B_gla) = B_gla), Bila) =g V*B;]a).

Proof — For f; and B_y, the proof readily follows from Proposition 7.4,
Proposition 6.1 and (73) (77) (83). (Note that the condition \; > ~m
in (83) is preserved by the action of these lowering operators.) Let us
prove the statement for By. We argue by induction on deg|a). In degree
0, the unique basis vector is |0) and we have Bg|0) = B;|0) = 0, so the
claim is trivially verified. Let us assume that the result is proved for all
|cr) of degree < m. Since the action of the operators B_; and f; on |0)
generates the whole Fock space, it is enough to prove that

By fiv=¢"""V*B fiv,  BrBow=¢"""V*By B
for all v of degree < m. Now By and f; commute, so

B fv = fiBev = fiBrv = fi(¢*™ V¥ Byv) = P V* B, fiw

= ¢*"= kB fv.
If | # k we know that By and B_; commute and we can argue similarly.
Finally if I = k, by (78),
1 — g2(n=Dk _
g ?
1— g2n=Dk _
o ?

_ 4—2(n—-1)k
— qZ(n—l)k (B—kBk +k Lf%r) T = q2(n—l)kBkB_k?

ByB_rv=B_pByv+k

= q2(n_1)kB_kBk§ +k

— qz("_l)kBkB_kv.

The proof for e; is similar, using the commutation relation
hi _ q—h.‘

q
e, fj] = 05—
e 31 = 05T

Proposition 7.8 implies that for |3| = k,

(84)  Vsla) =Vsla), Vg la) = Vgla),
85  Uple) =" D% Usla),  Usla) = " V¥ g]a).



204 B. Leclerc and J.-Y. Thibon

7.7. The scalar product of F,
Define a scalar product on Fo, by (|a), |8)) = das-
Proposition 7.9. For u,v € F, one has
(fiu7 ’U) = (u7 qhi_leiv)7 (eiu ) U) = (’LL, q—hi—lfiv>7
(vau, v) = (u, ﬁav), (Vau, v) = (u, Upv).

Proof — This follows immediately from (74) (75) (79) (80) (81) (82).

7.8. Symmetry of the bar involution
Define a semi-linear involution v — v’ on Fo, by |a)’ := |a), where
o/ is the partition conjugate to o € P+.

Proposition 7.10. For u € Fo, and 8 € Pt with |8| = k, there
holds

(ew) = g"—"le_su, (fiw)' =g~ h==1f_qud,
(Vou)’ = (=q) V% Vg, Usu)' = (~q) " D* U,
Proof — This also follows from (74) (75) (79) (80) (81) (82). a

Let Sg =), K8,aVa be the element of Hy, corresponding to the Schur
function sg. The third equation above implies that

(86) (Spu)’ = (—q) ™Dk Sp.

Theorem 7.11. For u,v € Fo, we have

(@, v) = (u', V).

Proof — The proof is by induction on the degree d of u and v. If
d = 0 this is clear. So let us assume that the theorem is proved in
degree d < m. The operators e;, fi, Uk, Vi, Uk, Vi are homogeneous of
respective degree —1, +1, —kn, +kn, —kn, +kn. Since F, is generated
by the action of the operators f; and Vi on the highest weight vector
|0), it is enough to prove that

(87) ((faw),v) = ((fiu)', V),

(88) (Vew),v) = ((Vew)', "),

for all u, v, w with degu = m — 1, degv = m, degw = m — kn.
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Let us prove (87). We have

((fiw),0) = (fiB,v) = (@, ¢" " ew) = (v, (¢hTew)').

The first equality comes from Proposition 7.8, the second from Propo-
sition 7.9 and the third from the fact that degu < m. Now, by Propo-
sition 7.8, 7.9 and 7.10

(u', (g~ Tew)')

I

(W e_v") = (v, e_")
(q—h—i_lf_iu’,?> = <(fiu),aF>7

and (87) is proved.
The proof of (88) is similar. We have

((ka)7v> = <Vkm7 ’l)) = (mvukv> = <wla (Uk’U)/>-

The first equality comes from (84), the second from Proposition 7.9 and
the third from the fact that degw < m. Then, using again Proposi-
tion 7.8, 7.9 and 7.10,

(W', Urv)) = (W', (=) "=V Uk(w)) = (W', (=) U (7))
= (=) "V, 07y = (Vo) W),

and (88) is proved. O

7.9. Canonical bases of F,

For 8 € Pt write |3) = Y acp+ ba,8(q) |@). Then, for |a| = |8] < r
it follows from (83) that we have

ba,ﬂ(‘]) = Ga+py, B+p: (@)= Qo+pr, B+pr (),

where the coefficients ay ,(¢) (A, g € PT1) have been defined in Sec-
tion 5.3. Hence by Corollary 5.10 the matrix

By :=[bas(9)], (8K k)

_is unitriangular, and one can define canonical bases {G} | a € P},
{G; | @ € P} of F characterized by:

(i) G&=0f, Ga=0s,

(i) GF =|o) mod ¢LE,, G, =|a) mod ¢7'LT,
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where £} (resp. £3) is the Z[g]-submodule (resp. Z[g~']-submodule)
spanned by the vectors |a). Set

G = dap@le), Gz =) eap(-a7")IB),

B

and
Dy = [da,5(q)],  Er:=leaps(@)], (BFk).

Then, for r > k we have

da,ﬂ(q) = ca+P7" B+pr (q)’ eayﬂ(q) = la+ﬂr’ B+pr- (q)

Hence by Theorem 5.12 we get
(89) €a,8 = P[;+Pr,a+pr’

a parabolic Kazhdan-Lusztig polynomial for é, associated with the par-
abolic subgroup &, _, which stabilizes the point v € A, _, congruent
to a + pr and B8 + p,. Also, putting @, := w{we(a + pr), —n) wo,, and
up = w(we(B + pr), —n) wo,,, we have

(90) dop = Z (-9)*® P, .z,
366,

Note that by Theorem 2.4 this is also a parabolic Kazhdan-Lusztig
polynomial of negative type associated with the subgroup &, C ér.
It is interesting to give another expression of d, g in terms of the ac-
tion m, (instead of n_,). Let P, = P./Z(1,...,1) and A — A be

-~

the natural projection P, — P,. The action 7, of &, on P, induces

an action w,, of G, on P, with fundamental alcove Ar,n = {) €
P.| A =2 X, M1 — A < n}. Let € be the point of A, con-

y T

gruent to a + p, and 8 + pr under 7, and let wg ¢ denote the longest

element of its stabilizer. Consider the projection - : &, — ér de-
fined by o7F = o (k € Z, 0 € &,), and the automorphism § of &,
defined by sg = s_; (i € Z/rZ). It is easy to check that, for A € P},
w(woA, —n) = (w()\,n))u. It follows that

(91) dop= Y (—9)*®Pg, v,
SEG,-

where v, Up are given by U, = w(a + pr,n)wo ¢, Ug = w(B + pr, n)woc.
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Remark 7.12. Consider the Uq(;[n)-submodule M of Fo gen-
erated by |0). This is an irreducible integrable representation with
highest weight Ag. By Proposition 7.8, the bar involution of F, in-
duces the Kashiwara involution of M, and it follows that the sub-
set {G} | a is n-regular } is the global lower crystal basis of M (see
[20]). The expression (90) and (91) of the coefficients of this basis
as Kazhdan-Lusztig polynomials have been obtained independently by
Vasserot, Varagnolo [42] and by Goodman, Wenz! [10] respectively. ¢

It follows from Theorem 6.6 that the basis G satisfies the following
analogue of the Steinberg-Lusztig tensor product theorem. Let o € P
of length r. Write oo = a(® + naW, where a9 is n-restricted, that is,

Ogago)—a§3)1<n 1<i<r—1).

Then G; = S, G- Taking a® = (0) and writing na in place of o
we obtain that

(92) G, = S, 0).
We can now prove the following symmetry of the basis {G }.

Theorem 7.13. Let A, u@, ..., u{"=1 be partitions. Setk = |\|.
There holds

® (G =" Vrg,
K

. _ —(n—-1k
(ii) Cﬁ(og”,,,‘(n—l)(q ) =g¢n c(u(n—l))’,_,.,(M(O))’(q)'

Proof — By (92) and (86) we have

(Gry)' = (5210)) = (=)~ V¥ Sy [0) = (—9) " D* Gy

The second equation follows now from the fact that if y is the partition
with n-quotient (u(®, ..., u(®=1) then the conjugate partition y’ has

n-quotient ((,u("‘l)),, ,(M(O)),)- C

Let {G*} denote the basis of F o, adjoint to {G} } for the above scalar
product. In other words, (G}, g;;) = dq,3. Write

Gro=> gap@8), and Gi:=[gas(@], (BFk)
5

Since {|a)} is an orthonormal basis, we have G, = D;!.

Theorem 7.14. For a € P* one has (G%) = G,..
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Proof — We have to prove that (G} )’ satisfies the two defining properties
of G, namely

(G2) =a mod ¢71L,  (G8) =(Ga)"
The first property is obvious. Indeed by definition G} = |a) mod ¢L% .
Since G = D,;l, we deduce that G} = |a) mod ¢}, which implies
that (G*)’ = o/ mod ¢~ 'L ,. The second property is equivalent to

((Ga), (G3)) =bapr (o, BFE),

because {(G%)'} is the basis adjoint to {(g;)'} Now, by Theorem 7.11,

(Ga), (G1)) = (G, GF) = (G, GF) = bap

]

Corollary 7.15. LetJi = [ja,8(q)]a,prk == [eaf,ﬂz(—q)];,]b,_k. Then
Ji. = Di. In other words, we have

> eary(=9) dv,5(9) = Sa,s;

Yk

where eqr .y and dy g are the parabolic Kazhdan-Lusztig polynomials
given by (89) (90).

Remark 7.16. (i) Let o, (8 be two partitions of k and take r > k.
By Lusztig’s conjecture (33), it follows from Corollary 7.15 that

da,ﬁ(l) = ja,ﬁ(l) = [W(a,) : L(IB/)]7

the multiplicity of the simple U¢(gl,.)-module L(8’) in the Weyl module
W(a'), as was conjectured in [22], Conjecture 5.2.
(ii) For A € PTF, let T(\) denote the indecomposable tilting U (gl,)-
module with highest weight A\. By Proposition 8.2 of [7] which states
that

W(d): L(8")] = [T(B) : W()],

we see that [T'(08) : W(a)] = do,p(1). Taking into account (91) we thus
get another proof of the character formula of Soergel [40] in type A.
Note that we do not need to deduce the formula for singular weights
from that for regular weights (see [39], Remark 7.2). In particular, we
see that the formula is also valid for n < r, when all integral weights are
singular.
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L1 1 [ 1] 1| 1]

Fig. 10. The Yamanouchi domino tableaux of shape (422)

§8. Tables

We illustrate our results by giving some tables of g¢-Littlewood-
Richardson coefficients and of polynomials dy g(¢q). These tables are
g-analogues of those calculated by James in [12], which were the starting
point of our investigation. They have been computed using the package
FOCK written by the authors and available as a part of the environment
ACE [43].

8.1. Canonical highest weight vectors of the Fock space

representation of U, (sl)

The following tables give the coefficients e2q,5(—g~!) of the expansion
of G5, on the standard basis {|3)} for n = 2 up to partitions of 10. They
should be read by columns, e.g.

g(_4) = |4) - q—l |3a 1) + q_2 |2a 2)

These vectors form a basis of the subspace of primitive vectors of Fo.
Their coefficients are the g-analogues cf;(o),”(l) (—q~') of the Littlewood-
Richardson multiplicities for all partitions x(©®, p®) with |u©®|4|u®| <
5. They are easily computed using the combinatorial description of [2]
in terms of Yamanouchi domino tableaux. For example the row labelled
(42?) is given by the tableaux of Figure 10.

6 (42 (2

6 1 0 0
(51) -—q~1 0 0
2
(4) (‘i) (20) (12) g2 . 0
2 - (412) o —q¢' 0
@ 1 gii qq_2 (1) (%) —¢* —¢! 0
(12) —g7! @y o g (313) 0 g2 0
a o q—2 @) o K !
! (1) 0 —q7* ¢!
(1) o g2
(1% o —q8
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8.2. Basis {gg} of the Fock space representation of Uq(ﬁA l2)

The following tables give the coefficients dqo g(g) of the expansion of
g; on the standard basis {|a)} for n = 2 up to partitions of 10. They
should be read by columns, e.g.

g(‘g,l) = ,37 1) + q |27 2) + q2 |27 17 1)

Each square matrix corresponds to a weight space of F,. (The weight
space containing |10) being too large, the corresponding matrix had to be
displayed on two pages.) The 1-dimensional weight spaces corresponding
to the partitions (1), (2,1), (3,2,1), (4,3,2,1) have been omitted.

4 1 0 0 0
B1) ¢ 1 0 0 0
2) 1 0 3) 1
(;; . (i3; (22) 0 ¢ 1 0 O
! ! (21%) ¢ ¢® ¢ 1 0
(1) ¢ 0 0 ¢ 1
5) 1 0 0 0 0
(32) 0 1 0 0 0 4 1 0
(312 ¢ ¢ 1 0 O ;13)
(2%1) 0 ¢* ¢ 1 0 @)
(1) ¢ 0 q 01
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