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Wild Ramification in the Imperfect Residue Field Case

Osamu Hyodo

Introduction

The aim of this paper is to study wild ramification of complete discrete

valuation fields without the assumption that the residue field is perfect.
In the case where the residue field is perfect, there is a beautiful theory of
ramification groups (Serre [14] §4). The difficulty of our case is that
there seems to be no such a theory in general. As applications of our
study, we shall show the following three results. In the following, let K
be a complete discrete valuation field of mixed characteristics (0, p).
() Miki [9], [10] studied Z,-extensions of K. He showed that any
Z ,-extension of K is contained in a composite of an unramified extension
of K and a Z ,-extension of the *“canonical subfield” k of K. Here, k is
characterized by the following properties.

(0-1-1) k is complete with respect to the valuation induced from K.

(0-1-2) The residue field of k is the maximal perfect subfield of the
residue field K of K.

(0-1-3) k is algebraically closed in K.

We generalize his result by using continuous cohomology (Tate [16]).
Let H4G, A) be the g-th continuous cohomology group of a topological
group G with coefficients in a topological G-module A: Let Gg=
Gal (E,,/E) be the absolute Galois group of a field E, and let (r) denote
the r-th Tate twist for re Z (cf. Tate [16] p. 262).

Theorem (0-2). Assume that the residue field K of K is separably
closed. Then the inflation map induces an isomorphism

HYG,, Z(r) = H Gy, Z(r)) if r#l.

As HYGg, Z,)~Hom (Gg, Z,) classifies Z,-extensions of a field
E, Miki’s result is the particular case r=0 of Theorem (0-2). (Miki’s
result can be reduced to the case where K is separably closed).
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(2) Miki also studied the inseparable degree of the residue field extension
of cyclic extension of K. Let ex be the absolute ramification index of K.
He showed that for any cyclic extension L/K,

(0-3-1) the residue field extension L/K is separable if ex<p—1 ([10]
Prop. 9),

(0-3-2) the inseparable degree [L: Kl;pep<p°x if [L: K]=[L:K]
([9] Prop. 6).

We give a more precise estimate depending only on e;. Define integers
f(n) and g(n) for n=1 as follows.
In the case (p—1)|n, we put

f(my=max {l+a+b|p*+(p**—)(p+ D)~ 'pP=n-(p—1)7",
a,be Z, 0<b},

g(n)y=max {1+a+b|p*+p*—1Zn-(p—1)"',a,be Z,0<b}.
Otherwise, we put

f(my=max{a+b|r-p*='+p*Xp*—p+1)(p—1(p+1)"'<n,
a,be Z,0<b},

g(m)y=max {a+b|r-p* '+ p*"2Ap*—p+1)(p—1)<n,
a,be Z,0<b},

where r is the minimal non-negative integer such that r=n mod(p—1)
(In particular, g(n)< f(n)<342-log,(n) and g(n)=f(n)=0 if n<p-—1).
The following result includes (0-3-1) and (0-3-2).

Proposition (0-4). For any cyclic extension L/K,
(0-4-1) we have [L: K]jpeep < p/e®.
If we assume moreover [L: K]=[L: K],
(0-4-2) we have [L: K];peep < p9Ce®).

(3) The following result is interesting even if K is perfect. Let A be an
abelian variety defined over K which has good reduction. We define the
“connected part’” m,°°"(4) of the geometric fundamental group = &°(A)
(by definition 7,2°%(A4) is the Gg-co-invariant of the Tate module T(A4) of
A) as the kernel of the specialization

7y 8% (A) —» w20 (4,),

where A is the reduction of 4. It is well-known that =,°°" (4) is a finite
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p-group (Bloch [1] Prop. 2.4). We can deduce the finiteness effectively
from (0-4-2) by considering the p-adic completion of the function field of A.

Proposition (0-5). m,°°" (A) is killed by p9(cx),
As g(n)=0if n<p—1, we have;

Corollary (0-6) (Kato-Saito [7] Prop. 7). If ex<p—1, we have
7 80 (A) 7,80 (4y).

To show the above results (1), (2) and (3), we define the depth of
ramification as a measure of wild ramification and study its behaviour
in cyclic extensions. Our key tools are inequalities concerning the depth
of ramification (§4). In the classical case (i.e. the residue field is finite),
they can be obtained by using the local class field theory (Serre [14] §15).
In our general case, we make use of higher local class field theory (Kato
[5] and Parsin [12]). We study the information about wild ramification
which is contained in higher local class field theory (Kato [5] and Par§in
[16]), and deduce some of the inequalities.

The plan of this paper is as follows. In Section 1, we give the result
(Theorem (1-5)) concerning wild ramification and higher local class
field theory. Section 2 is devoted to show some general properties of the
depth of ramification, and Section 3 to the proof of Theorem (1-5). Our
key inequalities are treated in Section 4. In Section 5, (resp. Section 7)
we prove Proposition (0-4) (resp. Theorem (0-2)). We give a proof of
Proposition (0-5) in a little more general situation in Section 6.

I am grateful to Professor Hiroo Miki. He kindly pointed out his
results to me. I am also grateful to Professor Kazuya Kato for his
valuable advices and encouragements.
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§1. Ramification and local class field theory

Let K be a complete discrete valuation field with finite residue field
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and with the normalized valuation vg. It is well-known that the homo-
morphism of the local class field theory

¥, : K* — Gal (K,,/K)
contains information about ramification. Namely,

(1-1-1) ¥ ,(0%) corresponds to the maximal unramified abelian extension
of K (here, O% is the unit group of K).

(1-1-2) Y, (U%) coincides with the i-th upper ramification group of
Gal (K,,/K) for i= 1, (here Uy = {1+ y|v,(y)=i} is the i-th principal unit
group).

Kato [5] and Parsin [12] generalized the local class field theory for an
“n-dimensional local field”” K by using Milnor’s K-group K¥(K). They
constructed a homomorphism generalizing ¥,

¥, KM(K) —> Gal(K,,/K).

We naturally hope that the above homomorphism contains infor-
mation about ramification. The result corresponding to (1-1-1) was shown
in [5], and Kato [6] and Lomadze [8] generalized (1-1-2) under some
(restrictive) condition. The trouble in generalizing (1-1-2) without any
restriction is that there seems to be no nice theory of ramification groups
(Kato [6] Rem. (3.7) and Lomadze [8] p. 364). (Principal unit group as
Uk can be defined for Milnor’s K-groups KM (K).)

What we shall do is to define the depth of ramification which works
well in general, and to give our result (Theorem (1-5)) which may be
interpreted as a generalization of (1-1-2).

Definition (1-2). An n-dimensional complete discrete valuation field
K (we abbreviate it as “n-DVF”’ in what follows) is a field endowed with
a sequence of fields {k;}o<;<, such that

(1-2-1) k; is a complete discrete valuation field with residue field k;_,
for 1<ign.

(1-2-2) K=k,

An n-DVF K has a (not necessarily unique) n-dimensional valuation
(we abbreviate it as “n-DV’’ in what follows)

vg: KX—>» Z"cQ",

where Q" has the lexicographic order, such that
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UK(nn+ 1 —i)=(09"~7 0, 1.’ Ov"’ 0)9
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where 7; denotes a lifting of some prime element of k;,. For any finite
extension L/K, L is an n-DVF and vy extends uniquely to L. Thus v,
extends to the valuation of an algebraic closure K,

vg: (K — Qn.

Definition (1-3). Let M/L be a finite separable extension of algebraic
(finite if n = 2) extensions of K. We define the depth of ramification of M/L

by
dg(M/L)=inf {UK(TrM/L(y)/Y) lyeM>}.

We shall show (Proposition (2-2)) that the right-hand-side of (1-3)
exists. In the case where n=1 and L/K is finite, the depth of ramification
is closely related to the different (note that the definition of the different
is possible only in this case). To be precise, we have the formula

(1-4) dg(M/L)=v(2 M/L) — (vg(m) — vg(mar)

where 2/, denotes the relative different of M/L and =, (resp. my) denotes
a prime element of L (resp. M). In particular dg(M/L)=0 if and only if
M/L is tamely ramified.

We define “principal unit groups’’ for the Milnor’s K-group of an
n-DVF K with an n-DV vg. Recall that the Milnor’s K-group KM(E) for
a field E is by definition the quotient of E*X®---®,E* (n times) by the
subgroup generated by the elements of the form a,®---®a, such that a,+
a,=1 for some s#t. We denote the image of a;®---®a, by the symbol
{ay,...,a,}. For Z"3i>0=(0,...,0), let U'KM(K) be the subgroup
generated by the symbols of the form {1+x, y,..., y,—;} Where vg(x)=i
and y;eK*for 1gjsn—1. (If n=1, U K¥(K)=Uk.)

To the end of this section, let K be an n-dimensional local field. By
definition, K is an n-DVF and k, is a finite field (cf. (1-2-1)). Fix an
n-DV vg and let ch(ky)=p. Let L/K be a finite abelian extension.
Then ¥, induces an isomorphism (Kato [5] II §3.1 Theorem 1 (1))

KY(K)[N (K} L))~ Gal (L/K),

where N denotes a norm homomorphism. We define the subgroup G(L/
K) for i>0 by the image of U'KM(K), i.e.

G'(L/K)=U'KY(K)/(Ny k(K (L)) n U'K}(K)).

Then we can show that G}(L/K)=0 for sufficiently large i and that G!(L/K)



292 O. Hyodo

is a p-group, where 1=(0,...,0, 1). By (1-1-2), G(L/K) coincides with
the i-th upper ramification group when n=1.
We define the jumping numbers j(I) for /=1 by

j(y=max {l<ieZ"|4G(L/K)zp'} u{0}.

For the later use, we note (i) j(1)=0 if $#GY(L/K)<p', and (ii) both
$#G/(L/K)z p' and $G/OT(L/K)<p'~' if 4G (L/K) 2 p".
In case n=1, we can show by using (1-1-2) and (1-4)

dx(LIK)=(p=1) 3 J(D- ™

Conversely we can deduce (1-1-2) from the above formula in this case.
In the general case, we have;

Theorem (1-5). There are inequalities
(=1 £ i) p SdULIK)Z p(p—1) 3 D).

We shall give examples ((3-4) and (3-5)) which show (1-5) is best
possible. It seems that we can define nice ramification groups only when
the first equality of (1-5) holds.

§2. The properties of the depth of ramification

In this section, we show some general properties of the depth of
ramification. Throughout this section, let K be an n-DVF and fix an n-DV
vg of K. Asis explained in Section 1, vy extends uniquely to K.,.

We give some notations. Let {k;}o<;<, be as in (1-2-1). We call
ko the residue field of K. Let Og={x € K|vg(x)=0} be the valuation ring.
Note that O does not depend on the choice of vi. Let L be a finite
extension of K and fix another n-DV

v L — Zn,
Then there exists an upper triangle matrix T(L/K)e M, (Z) such that
vg(x) - T(L/K)=v1(x)
for any xe(K,,)*. So we have by definition
(2-1) dg(M[L)- T(L/|K)=d (M/L)

for any finite separable extension M/L. Here we consider an element of
Q" as a row vector. It is easily seen that the diagonal components of
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T(L/K) do not depend on the choice of vy and v,, and that [/;: k,]-
det(T(L/K))=[L: K].

We call L/K unramified if all diagonal components of T(L/K) equal
one and the residue field extension is separable. A tamely ramified ex-
tension is defined to be a composition of an unramified extension and an
‘extension whose degree is prime to the characteristic of the residue field.
We can see Gg=Gal(K,,,/K) has a normal subgroup I (resp. P} which
corresponds to the maximal unramified (resp. tamely ramified) extension

of K. It is well-known Gg/I~G, , I/P~ %H Z? and P is a pro-ch
1#ch(ko)
(ko)-group. In particular, I is a pro-solvable grgup.

We first show that the right-hand-side of (1-3) exists. (If n=1, this is
trivial.)

Proposition (2-2). Let M/L be a finite separable extension of finite
extensions of K. Then there exists a minimal element in

{vr(Tra W)/y) | ye M*}.

By the structure of G,, we see that there are subextensions M =
L,>--oL;> L such that

(2-3-1) [L;;(:L]isaprimefor1<ism-—1,
(2-3-2) L,/L is unramified.
So, to prove (2-2) it suffices to show the following Lemmas (2-4) ~(2-6).

Lemma (2-4). Let N be a subextension of MJL. Assume (2-2)
holds for both M|N and N|L. Then (2-2) holds for M/L. Moreover we
have

dg(M/L)=dg(M[N)+dg(N/L).

Lemma (2-5). If M/L is unramified, then (2-2) holds for M|/L.
Moreover we have dg(M|L)=0.

Lemma (2-6). Let p be a prime and assume [M: L]1=p. Then (2-2)
holds for M/L.

We prove (2-4). By the assumption, we can choose ae€ M™* (resp.
b e N*) such that

dg(M[N)=0v(Tryyy (a)[a) (resp. dg(N/L)=vg(Try,(b)/D)).
Let ¢ =b-(Try n(a))™!, then we have

UK(TrM/L (c-a)c-a)= UK((TrM/N (a)/a)- (TrN/L (b)/b)).
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So we obtain dx(M/N)+ dy(N/L)Y=v,(Try,, (c-a)/c- a).
On the other hand, it can be easily seen
dy(M|N)+d(N/L)Sv(Try, (y)/y) ~ forany yeM>.
This proves (2-4). To prove (2-5), it suffices to show
v (Trag (1) Y)=0 for some yeM™,

since vg(Trp 0 () ¥)Z0 for any ye M*.

Let mg (resp. Iy) be the residue field of M (resp. L). 1f M/Lis unramified,
we have

Tryg, (=Tt (§)  forany ye0,,

where ~ denotes the reduction to the residue field. So for any yeO,,
such that Tr (y)#0, we have

mo/lo

vx(Tryy, (DY) =vr(Trpg (¥)) — 0(¥) =0-0=0.
We proceed to prove (2-6). Choose an element y € M* such that
Q1) o Eo(LY) i o LISo M),
2-7-2) yeOyand y¢l, if v (L*)=v(M*).

In both cases consider the minimal polynomial f(X) of y over L. Then
f(X) is a monic polynomial of degree p. By Euler’s lemma (Serre [14]
p. 65) we have

. 0 if 0=j<p-2,
(2-83) Try (S )™= .
if j=p-—1.

Any element z of M is a summation
p—-1
z= 3 a;-yi(f'(y)"') where a;eL for 0<j<p-1,
i=o

and by (2-7-1) and (2-7-2) we have
vg(z)=min {vg(a;- y/(f'(y)"NI0=jsp—1}.
Hence we obtain by (2-8)
(2-9) vi(Tryy (2)/2)=vi(a,- ) —v(z) 2ok (Y 72 ().
The equality of (2-9) holds if vg(z)=vg(a,- - y?~1f'(y)"")). In particular
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it is the case if ;=0 for 0<j<p—2. Thus (2-6) is proved.
The above proof of (2-6) shows:

Lemma (2-10).. Assume M/L is a cyclic extension of a prime degree
p. Then for any generator o of Gal (M/L) and for any y € M* satisfy-
ing the condition (2-7-1) or (2-7-2), we have

dg(M[L)=(p—1)-vg(1—(a-y)/y).
In fact,as f(X)= TI (X—o0-y), we have

ceGal(M/L)

(2-11) yrfi(y)= I1 ) 1=(a-»)/».

1#0eGal(M/L

And it is easily checked that v(1—(o-y)/y) coincide for all 1+# 0 e Gal
(M/L).

Remark (2-12). In fact dg(M/L)=0 if M/L is tamely ramified.
This can be seen easily from (2-4), (2-5) and the fact v (m)=0 for any
integer m prime to ch (k).

Secondly we calculate the norm groups. The proof of the following
Proposition (2-13) is the same as Serre [14] §5 Proposition 4.

Proposition (2-13). Let L/K be a cyclic extension of degree a prime
p and let o(s)=(s—dg(L/K))- T(L/K) for se Z". Then we have

Ny(Ug)=Ug if (p—1)7'p-dg(LIK)<se Z".
Proposition (2-14). Let the notations be as above. We have

(2-14-1) N (U?©KM(L))> UsKM(K)
if (p—D7'p-d(L/K)<seZ".

(2-142)  Np(UsTEROHKM(L) < USKH(K)
if 0<seZ".

The assertion (2-14-1) can be seen from (2-13) and the formula
Npjlx, y3={Npx(x), y} for xeL* and yeKM (K). The assertion
(2-14-2) can be seen by using Kato [5] I p. 322 Lemma 2.

Thirdly we study the depth of ramification in the case where n=1,
i.e. K is a complete discrete valuation field. Recall that in this case dy(M/
L) is defined even if L/K is infinite algebraic. (But in this case dg(M/L)
may not be a rational number.)

Lemma (2-15). Let L=lim L; be an algebraic extension of a com-
jedJ
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plete discrete valuation field K (each L; is finite over K) and let M, be a
finite separable extension of L;, linearly disjoint from L over L;, for some
jo€dJ. Let M;=L Mofor]>]0 and M = _mM =M,L. Then we have

d(M,[L)Sd(My[Ly) if jo<J'<),
dx(M[L)=inf {dx(M;/L))|jo=j€J}.
Lemma (2-15) can be seen easily. The following Lemma (2-16)

can be seen by a straightforward calculation using (2-10) and shall be
used in the proof of (4-2) and (7-5).

Lemma (2-16). Let K be a complete discrete valuation field of mixed
characteristics (0, p), and assume K contains a primitive p-th root { of
unity. Then we can classify all cyclic extensions L/K of degree p as in the
following table.

L=K(y) with the equation ; ramification - ; dg(L/K)
a) yP=w-m ; L=K s ek
b) yr=u 5 [L: Klinsep=P 5 €x
¢) yr=1+w-n5, 0<s<e’p, (s, p)=1; L=K s ex—p W(p—1)s
d) yr=1+u-nrt, 0<t<e 5 [L: Klinsep=P ; ex—(p—1)-t
e) yr=1+w-(1-07, we¢Q ; [L: Klep=p ;0

where u, w EOI)E, u $ Kp’ e’=(p_ 1)_1eK (eK=vK(p))9 Q={xp—x I X EK}
and 7 is a prime element of K.

§3. The proof of Theorem (1-5)

In this section we prove Theorem (1-5) and give some examples.

We first prove (1-5) in the case where L/K is cyclic of a prime degree.
Note that the left-hand-side and the right-hand-side of (1-5) coincide in
this case. So it suffices to show p~!(p—1)-j(1)=d(L/K) since j(l)=0
for 1=22. 1If dy(L/K)=0, then we can see easily j(1)=0 by (2-14-1). If
dx(L/K)>0, we may assume without loss of generality that the first
component of dg(L/K) is greater than zero by Lemma 6 (2) of Kato [5]
Il p. 664. We may assume moreover that K is a complete discrete valu-
ation field with residue field F= F,.((X,))---((X,-,)). Then the assersion
p Hp—1)-j(1)=dg(L/K) follows from (2-10), Kato [5] II p. 668 ~670
(C) and (D) and an isomorphism

ZpZ =5 Q1 (1 —y)Qp1 (v is a Cartier operator)
w w

dX, dX,_,

X, Aer A X,

1 [
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which can be seen easily from Lemma 3 of Kato [5] IT p. 624.
Next we prove (1-5) in general. Let L, be a subextension of L/K of
a prime degree, such that

(p—1)"'p-dy(Lo/K)y=min {j(1) | j(D#0} if Gal(L/K)=G'(L/K),
dg(Lo/K)=0 otherwise.

Let {j'()} be the jumping numbers of L/L,. (We fix an n-DV v, of L,
and T(L,/K)eM,(Z) as in (2-1), and write T instead of T(L,/K) for
simplicity).

We claim
3-1-1) j'(D=0 if j()=0 orboth j(l+1)=0 and
dx(Lo/K)=p~(p—1)-j(D),
(3-1-2) e(JN=j(N=j)- T otherwise,
where @(s)=(s—dg(Ly/K))- T.

The assertion (3-1-1) is trivial. To show (3-2-2), we consider a
commutative diagram (Kato [5] II p. 661 Corollary 1)

KM(Lo)/Ny (KM(L)) 22o'%, KM(K)/Nx(KM(L))
(3-2) Al A
Gal (L/L,) C—  Gal(L/K).

First we prove the first inequality of (3-1-2). On the contrary, assume
@(j(D)>j'(I). Then by the definition of jumping numbers we have

$GPUDNLILo) < 4G I I(LILo) i,

On the other hand, if j()>(p—1)"1p-dg(Lo/K), we have by (2-14-1) and
(3-2)

GoUMYL/Ly)> GI(L/K).
Thus we obtain
P'E#GID(LIK) S $GeUONL/Ly) S p't.

This is a contradiction.  If j()=(p—1)"'p-d(L,/K), we have by (2-14-1),
(3-2) and Kato [5] II p. 668 ~670 (C) and (D)

GeUMNLILy)= G/D(L/K) n Gal (L/Ly).
By the fact Gal (L/K)=G/"(L/K) (recall the choice of L;), we have
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[L: Lo]l=#(G/"(L/K) n Gal (L/Lo)) S #G?UDNL/Le) < p~'[L: Lo].
This is a contradiction. We next prove the second inequality of (3-2-2).
On the contrary, assume j'(I)>j(l)- T. Then we have

PEEGIDOTH(LIL).
On the other hand, we have
G/ TH(LIL) = GIOH(LIK)
by (2-13-2) and (3-2). Thus we obtain
p'S#GI O TH(L/Ly) = 4G O H(L/K) = p' .

This is a contradiction.
Now we can prove (1-5) by induction on [L: K]. If dg(Ly/K)=0,
we have by (3-2-1) and (3-2-2)
JO=j)-T.

As d(L|K)- T=d, (L/L,) in this case, the assertion (1-5) for L/K follows
from that for L/L,. If d(Ly/K)>0, let [L: K]=p™ (note in this case
Gal (L/K)=G'(L/K) is a p-group). The inequalities (1-5) for L/L, are

(r=1)E JO) P A LILYSp (=D T S P

dp(L/Lo)- T~ =dy(L/K) —di(Lo/K)=dg(L/K)—(p—1)~'p- j(m),

we have
jm+CE 09 T2 (p=1)p- d(LIK) )+ (E JAHT

On the other hand we have the following inequalities by (3-1-2).

(3-3-1) 500 P sitm)+ ('Li: J-py-T
(3-3-2) jm+(E ran-11< 3 j0)

Thus (1--5) follows.

We give some examples concerning Theorem (1-5). The following
Proposition (3-4) and Example (3-5) show that the inequalities of (1-5)
are best possible in general.
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Proposition (3-4). The first equality of (1-5) holds if at most one
diagonal component of T(L/K) is divisible by p.

Example (3-5). Let g=p" and K be a complete discrete valuation
field with residue field F ((X,))---((X,-;)). Then K is an n-dimensional
local field. Let L; (1=i=<n) be a cyclic extension of K of degree p, such
that the i-th diagonal component of T(L;/K) equals p (then the other
diagonal components are necessarily one). This assumption does not
depend on a choice of n-DV’s vy and v;,. Let L be the composition
of all L;, Then the set of jumping numbers {i()|1=IZn} of L/K
coincides with {(p—1)"'p-dx (L;/K)|1Zi<n} and we have

d(LIK)= 3. ddLi/K)=p~'(p—1) ¥ ().
We first show (3-5). The assertion
{jh1=sl=n}={(p—1)""p-dx(Ly/K)|1=isn}

can be¢ seen easily by the definition of jumping numbers. Let M; be the
composition of all L; except L;. By the assumption we have v, (x)¢ Z*
for any element x € L} such that vg(x)¢ Z". So we can show

d(L]K)= 3. d(LiK)

by using (2-10) and (2-4).

To prove (3-4), we may assume Gal (L/K)=G!(L/K) replacing K by
the maximal tamely ramified subextension (cf. Remark (2-12)). Then only
one diagonal component of T(L/K) is greater than one. Let s be the
integer such that the (n—s)-th diagonal component of T(L/K) is greater
than one. We may also assume K is as in (3-5).

Lemma (3-6). Let the assumption be as above. If G'(L/K)/G**(L/
K) is not trivial for 0<te Z", then the elements of KM(K) of the following
form generate the group G'(L/K)/G**(L/K) via the homomorphism ¥, of
local class field theory.

(3-6-1) {(I4u, Xiyoiy Xy Xogopeos Xyt gt if s#n—1,
(3-6-2) {14+u, Xy,o.., X,_ 1} if s=n-—1,
where vg(u)=t.

We prove (3-4) and (3-6) simultaneously by induction on [L: K].
If [L: K]=p, (3-4) is trivial and (3-6) can be seen from Kato [5] II
p. 668~670 (C) and (D). If [L: K]>p, we fix a subextension L, of
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degree p as in the proof of (1-5). Assume (3-4) and (3-6) are valid for
L/L,. By Kato [5] I p. 322 Lemma 2, we may suppose the elements of
KM(L,) satisfying the condition of (3-6) are the symbols such that all
except the first component are contained in K*. By the proof of (1-5)
and the formula N x{x, y} ={Np,k(x), y} where xe L5 and ye K} ,(K),
we see that it suffices to show

(3-7) o(j()=j ()  for 1=I=(log,[L: K])—1.

Here the notations are as in (3-1-2). We have shown j'(I)=¢(j(])) in
the proof of (1-5). Assume j'(I)>¢(j(l)). Then we can deduce

Gi"(L[Ly)c GIMO*(L/K)
by (2-13) and (3-6). This is impossible, because
$G/ O(LIL)Zp' and $G/O+(LIK)<p't.

§4. Inequalities

In this section we shall prove the following inequalities, which are
key to the proof of (0-2) and (0-4).

Lemma (4-1). Let K be a complete discrete valuation field with
residue field K of characteristic p>0, K, be a cyclic extension of K of
degree p? and K, be the subextension of degree p. Let ex=vi(p) (if
ch (K)=p, we put ey = c0).

(4-1-1) Assume dy(K,/K)=p~lex. Then we have
0=ex—dy(K,/K;) = p~'(ex—di(K,/K)).

(4-1-2) Assume dg(K,/K)<p~'ex. Then we have
pH(p?—p+1)-dy(K,/K) S dy(K,/Ky).

Lemma (4-2). Let K be as in (4-1), K., be a cyclic extension of K
of degree p"*!, and K, be the subextension of degree p". Assume 0<
di(K,,1/K,)£2 ex. Then we have

(p—1)-dy(K,/K)<dg(K,./K,).

Remark (4-3). It seems that Lemma (4-2) in the case ch(K)=0
is valid under the weaker assumption ex—dg(K,,/K,)>p (ex—dx(K,/
K,_1)), where K,_, is the subextension of degree p"~!. This can be
checked when K is finite, by using the formula above Theorem (1-5) and
(4-7) below.
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Corollary (4-4). Let K be an algebraic extension of a complete dis-
crete valuation field of mixed characteristics (0, p), K, be a Z -extension
of K, K, be the subextension of degree p" and b,=p"(ex—dy(K,,/K,)).
Then only the following two cases can occur.

4-4-1) dy(K,+1/K,)=0  forall n.
(4-4-2) {b,|n=0} is bounded.

Corollary (4-5). Let K be as in (4-1), K,, be a cyclic extension of K
of degree p" and K, be the subextension of degree p™ for 0<mZn.
Assume K, /K is wildly ramified.

4-5-1) If dy(K, /K, _1) <2 ek, we have
d(Kn/ K- ) Z(p* '+ D) (p—D(p+1)~'p™ and
d(K,/K)2(p*" = 1) (p+1)p™™.

(4-5-2) Assume moreover [K,: K]=[K,: K]. Then if dy(K,/Kn_{)<
27 leg, we have

di(K,,/K,,-)Zp"—p"~' and  dy(K,/K)zp"—1.

First we deduce Corollaries (4-4) and (4-5) from (4-1) and (4-2).
By (2-15) we see that (4-1) is still valid if we take K as in (4-4). So (4-4)
can be seen from (4-1). In fact if dg(K,+,/K,,) >0 for some m, (4-1-2)
assures us that dg(K,,,/K,)=p ek for sufficiently large n and then we
can apply (4-1-1). In the case n=1, (4-5-1) (resp. (4-5-2)) follows from
the fact (p—1)"'p-dy(K/K)e Z (resp. (p—1)"'d(K,/K)e Z) (cf. (2-10)).
The general case can be shown by induction by using the following (4-6).

Sublemma (4-6) Assume d(K,/K,-1)<2 lex. Then we have
(4-6-1) d(K,/Kp-1)2(p—1)-d(Kp-1/K)+(p—1)-p™™

(Note ex, <p™-ex). If we assume moreover [K,,: K]1=[K,,: K],
(4-6-2) d(Kn/Km-1)Z(p—1) - dg(Kp-1/K)+(p—1).

Sublemma (4-6) is a consequence of (4-2) and the fact (p—1)|ex-
ex'dg(Kp/Kyp-y) (cf. (2-10)).

Secondly we prove (4-1). The first inequality of (4-1-1) can be seen
from (2-16) (or from the fact vg(p)=ex). We shall show the other
inequalities. We can reduce (4-1) to the case where K is finitely generated
over F,, as any complete discrete valuation field is the completion of an
inductive limit of a directed system of complete discrete valuation fields
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whose residue fields are finitely generated over F, (Kato [5] IT §1.5 Cor. 2
to Lemma 10). Let (n—1)=trans. degree,, K. Then K is a finite
extension of F,(X,,...,X,_,). Let E=K-F,((X,))--((X,-,)), then E/K
is a separable extension of K. So we can reduce (4-1) moreover to the
case where K is an n-dimensional local field.

Thus it suffices to prove (4-1) for the first component of the depth of
ramification of the extension of n-dimensional local fields K,/K. Let
{j(D} (resp. {j(I),}) be the jumping numbers (resp. their first components)
of K,/K. Then by Theorem (1-5), we have

d(K,[K)=p~'(p—1)-j(2) and de(K,/K)Z p~2(p— 1) (p-j(1) +().
So di(K,/K )2 p~'(p—1)-j(1)— p~2(p—1)*j(2).
Now (4-1) can be seen from the following;
Lemma (4-7). Let the assumptions be as above.
(4-7-1) If j(2); 2(p—1)~ex, we have j(1), 2j(2); +ex.
(4-7-2) Ifj(2) =(p—1)~'ex, we have j(1); 2 p-j(2), .

Let ¥,: KM(K)— Gal (K**/K) be the reciprocity map. Choose
x e U/DKM(K) such that ¥, (x) is not trivial in Gal(K,/K). Then, as
K,/K is cyclic, ¥,(xP) is not trivial in Gal(K,/K). Let m=min {j(2)+
vk(p), p-j(2Q)}. As (Ui cUg, we have x?e U"KM(K). Thus we
obtain j(1)=m. Noting that ey is nothing other than the first component
of vg(p), we have (4-7).

Remark (4-8). Though (4-2) cannot be shown by using Theorem
(1-5), we can prove a similar result to its corollary (4-5-1) by using (1-5).
Let the notations be as in (4-5) and let r be the minimal integer such that
p">(p—1)"tex. Then we have

dy(K,/K)z(p*"=1)(p—1)~'p™ if mzr.

In fact we can reduce this to the case where K is an n-dimensional local
field, and in the similar way to (4-7) we can show the first components
{j(D,} of jumping numbers of K, /K satisfy

jm—i),=2p} for 0Zism.
Now our assertion follows from (1-5).

Lastly we prove (4-2). We only give a proof for the case ch (K)=0,
as it suffices for the later use. The proof of the case ch (K)=p is similar.
Let e,=ey [ex, 7, be a prime element of K,, d=dy(K,,/K,), and ¢ be a
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generator of Gal(K,,,/K). We may assume K contains a primitive p-th
root { of unity, for we have d(M({)/L({)) = dx(M/L) for any finite separable
extension M/L (to see this, use (2-12) and the fact that M({)/M and L({)/L
are tamely ramified). By (2-16), we can suppose K, ,=K((1+y)*™") for
some y € K,, such that

(4-9-1) vk()=(p—1)""p-(ex—d),
(4-9-2) pre,-vk(y) if K, . =K,
(4-9-3) y-my ek ¢ K2 if [K,yp: Ko dinsep=D-

We put (14+y)? '=14+w. Then vg(w)=p log(y)=(p—1)"1(ex—d). As
a?"(1+w)={-(1+w), we have

(4-10) (L= 07" w's w— o w= (1 —0)(14+w).

On the other hand, we can choose z,€ K, and z,,, € K,, ;\K,, satisfying
the following conditions. (Note that (1—0)-wé¢ K, as (1—0?")-w¢ K,,.)

4-11-1) (1-0)-w=z,+2z,,¢,
(4"_11_2) en'vK(Zn+1)¢Z if Kn+1=K——n5
(4_1 1‘3) Zn+1 n;en'UK(Zn+1) ¢ I?n if [R—n-:. Kt]insep=p'

(The choice of z, and z,,, is not unique, but v,(z,, ) is uniquely deter-
mined). Let140+---+0P" ! act on both sides of (4-11-1), then we have

(4-12) (1=07")-w=Trg x(z,)+(1+0+--+02"" 1)z, ;.
Now the key point is
(4-13) Uk(Zpr 1) >(p— D)7 Peg.

We give a proof of (4-2) assuming (4-13). Note vg(1-0)=(p—1)"1eg
(Serre [14] §4 Proposition 17).  Since we have vg((1—0?™)-w)=(p—1)"leg
by (4-10), we have by (4-12) and (4-13)

(4-14) vx(Trg, k(z,))=(p—1)"tex.
As
(4-15) vk(z,) Z k(1 —0) - w)>(p—1)"!(exg—d),

we have by the definition of the depth of ramification

(4-16)  vx(Trg, x(z,)) —d(K,/K) Zvg(z,) > (p— 1) (ex —d).
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Then, Lemma (4-2) follows from (4-14) and (4-16). Now we return to
the proof of (4-13). Let (1 —o¢) act on both sides of (4-12), then we have

(I—-0)-w-(1-0)=(1—-07")-2,4,.
So by (4-11-1), we have
(4-17) (1= z,+(1=0 zps1=(1=06"") 241 .
By (4-11-2), (4-11-3) and (2-10), we have
(4-18) v (1 =07") - 2,4 ) =Vil(Zu+ )+ (P— D)7 d <vg(zy4 ) +(p—1)leg.
By (4-15), (4-17) and (4-18), we obtain
Uk(Zn+ 1) =0x(Z) +(p— 1) ex —d)>2-(p—1)"!(ex —d).

Now (4-13) follows from the assumption d £2 leg.

§5. Inseparable degrees of residue field extensions

To the end of this paper, let K be a complete discrete valuation field
of mixed characteristics (0, p). In this section we prove Proposition (0-4).

We may assume K is separably closed and moreover [L: K] is a power
of p. Solet [L: K]=p" and let K,, be the subextension of degree p™ for
0<m=n (L=K,). We may also assume K,/K is wildly ramified.

First we prove (0-4) in the case (p—1)fe,. The key fact is;

Lemma (5-1). Let r be the minimal non-negative integer such that

r=eg (mod p—1) and let s be an integer such that p=[K,: K]. Then we
have

r<sp(ex —dy(K,/K,-1)).

We see that p"S(ex—dx(K,/K,_,)) is a non-negative integer by
(4-1-1) and the fact ey fex=p" 5. By (2-10) we know that p"s-dy(K,/
K, _,) is divisible by (p—1). So, (5-1) follows from the fact p"Sey=
r (mod p—1).

Define an integer [ by

I=min {1=m=n|dg(K,/K,_1)>p legt U{n+1}.
By (4-1-1) and (5-1), we have for I<n

prSex—dy(K,/Ky- 1) Sp' " (ex—d(K)/K;_})).
So
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(5-2) Pir+d(K) /K _ ) Seg.

If I=n+1, (5-2) holds by replacing [ by [—1.
We want to prove the following inequalities for m<1.

(5-3-1)  dKu/Ky-)>pm ¥ (p?>—p+D(p—D(p+1)!
(5-3-2)  d(Ku/Kyu-)>p"3(p*=p+1D)(p—1) if [K,: K]=p".

If m=1, (5-3-1) (resp. 5-3-2)) follows from the fact d(K,/K)=p~(p—1)
(resp. dg(K{/K)=(p—1)) (cf. (2-16)). If m=2, we have by (4-1-2)
dK(Km/Km— 1) gp_l(p2_p+ 1) ° dK(Km— I/Km—z) .

So, in this case (5-3-1) and (5-3-2) follows from (4-5).
Now (0-4) in the case (p—1)fex follows from (5-2), (5-3-1) and
(5-3-2).

Remark (5-4). If the assertion in (4-3) is true, we can replace (5-3-1)
(resp. (5-3-2)) by

d(Ky/K,- )2 (p* '+ D (p—D(p+1)7'p™!
(resp. dg(Ky/K;-)Zp'"(p—1)).

So we can prove (0-4) in the case (p—1)te for f(n)=max {a+b|r-p*!
+(p2* 1+ 1)p—1)(p+ D) 'p~*~1<n, a, be Z, b=0} and g(n)=max {a+
blr'pa_l+pb(p—l)§n7 a, bEZ’ bgo}'

Next we prove (0-4) in the case of (p—1)|ex. In this case K contains
a primitive p-th root { of unity.

As in the proof of Miki [9] Proposition 6, we use the following well-
known fact.

Lemma (5-5). There is an element y € K,_, such that

NK,._./K(,V)=C~

We fix yeK,_; such that Ng _ «(y)=(. As (e Uk, we have ye
Uk,..,. Let y,=Ng._ () and let v,=v(l—y,) for 0OSm=n-—1.
Then by Serre [14] §5 Lemma 5, we have

(5-6-1) V2 Vps1+di(Kps1/Kp) i Vi1 2(p— D)7 di(Kpni1/K,)
(5-6-2) vpy=p-Vpy1 if Vpr1<(@P—1D)"1d(K,+1/K,).
Define an integer | by

I=max {0=m=n-2{v,:12(p— D7 'di(Kps1/K)} U {—1}.
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As v, <v,, and d (K, ,/K,)>dx(K,/K,_1), we have
Vm+12(p—D)7'd(Kpy11/Ky)  for 0=m=I
Thus by (5-6-1), (5-6-2), (2-4-1) and the fact vo=vx(1—-{)=(p—1) ey,
we have
(5-7) 0<y,- =p'~ " 2((p— 1)~ 'ex—du(K;14/K)).
Let [K,: K]=p*. Then we have
[K,—:: K]l2p! and p"<v, ;.

In the case p#2, we have di(K,,,/K)<2 leg by (5-7). So by (5-7)

and (4-5-1) we have
pPrEp A (p— D7 lek— (¥ =D (p+ D7),

So
(5-8-1) P =D ()T S (p— D ey
Assume s=n. Then by (5-7) and (4-5-2), we have
(5-8-2) priT?+p S (p— 1) tex+ 1.

Now (0-4) in the case (p—1)| ex and p#2 follows from (5-8-1) and (5-8-2).
In the case p=2, if d(K,,,/K;))=2 ek, we have by (5-7)

Py, Sex—di(K 1 /K)Sex—27tex—di(K,/K)
<27M(ex—dx(K,/K)).

So (5-8-1) and (5-8-2) holds by replacing | by I—1. Thus we have
completed the the proof of (0-4).

§6. An effective finiteness of the “connected part” of fundamental groups
of abelian varieties

In this section we prove Proposition (0-5) in a little more general
situation. Let K be a complete discrete valuation field of mixed charac-
teristics (0, p) and A be an abelian variety defined over K which has
stable reduction. We define the “connected part” n5o" (4) of n8(A4) as
follows.

Let .« be the Néron model of A (Raynaud [13]) i.e. &/ is a com-
mutative group scheme defined over Og characterized by the following
properties.

(6-1-1) A~ x o K
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(6—1—‘2) HOmOK(Y; M)=H0mK(YX Ok K, A)
for any scheme Y smooth over O.

Let o/° be the connected component of .o/, ,/° be the kernel of
multiplication by n, and define the fixed part (,«°)/ by the maximal
finite flat subgroup of ,.o7° as in Grothendieck [3]. Then for any prime I,
{(;n2°)'}, forms an I-divisible group. Recall that there is a canonical
exact sequence of finite flat group schemes over O

R L A e R .

where (,27°)7>con (resp. (,7)/>¢t) is connected (resp. etale). Thus we can
define the subquotients of the Tate module T(A)=1lim ,4(K.,), T/(A),

T/-con(4) and T/-¢4(A) as the Tate module of {(,.«7°)” (nKsep)},,, {(, 2 °)S>com

(Ksep)}n and {(,7°)/:¢(K,,)}, respectively. (These groups are Q-GK-
modules. In fact T/-¢°?(A4)is a Z,-module). We have an exact sequence

(6-2) 0 — T/>co0(4) —> TS(A) —> T/+¢{(A4) —> 0.

Definition (6-3). We define the “connected part’” 7n$om (4) as the
image of the natural homomorphism

T/ocon(4) — T(A)g, =180 ().

(Here, T(A)¢, is the Gg-co-invariant. For the isomorphism T(A)g, ~
nge (A), see Bloch [1] Lemma 5.3.)

Remark (6-4). If A has good reduction, we have T/(A4)=T(A4) and
T/ t(A)g=mnt (4;) where A,=s7 %o, K is the reduction of A. So by
(6-2) we have an exact sequence

0 — 7§ (4) — nfeo (4) — nf*o (4) — 0.
Thus Definition (6-3) coincides with the definition in Introduction.

Now we prove (0-5) assuming A has stable reduction. Assume
there is an element of order p" in n$°" (A). Then by definition, there is
a subgroup H of ,-A(K,,) satisfying the following properties.

(6-5-1) Ho{o-x—x|xe A(K,), 0€Gg}

(6-5-2) (A (Keep) H=Z|p"Z

(6-5-3) (&)™ Koep) HIH=Z|p'Z

Let A=A/H, then by (6-5-1) A is defined over K. Let
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Y A—— Al ,A~A

be a natural homomorphism. Then ¥ is a cyclic covering of degree p".
Let o7 be the Néron model of 4, then by (6-5-2) and (6-5-3) there exists
an exact sequence of group schemes over Oy

(6-6) 0— F— o —> o4 —0,

where # is a connected finite flat group scheme over Oy of order p’.
(By (6-5-3), ¢ is a subgroup of (,.o°)/><".) Since # is connected, we
can replace o/ by «7° and & by &°in (6-6). Let . (resp..# ) be the
completion of the function field of «/° (resp. .« °) by the discrete valua-
tion correspondes to &7°x o, K (resp. o/ °x o, K). Then 4 and % are
complete discrete valuation fields of mixed characteristics (0, p). More-
over 4 |4 is a cyclic extension of degree p", and since ¢ is connected,
we have [ : H]=[H: Hlinsep=p"- Thus by (0-4-2), we obtain
r=g(ex)-

§7. A generalization of Miki’s theorem

In this section we prove Theorem (0-2).
Let K be a complete discrete valuation field of mixed characteristics
(0, p) with separably closed residue field and let k be the canonical subfield
of K (cf. (0-1-1)~(0-1-3)). For any integer n>0 let {, be a primitive
"th root of unity, K,=K((,), k,=k(,), K.,= U K,, k,= U k, and

K;‘O (resp. km) be the p-adic completion of K (resp. kX ) As k is
algebraically closed in K, we have Gal(K,/K)~Gal(k,/k). By Tate
[16] Prop. (2.2), we have

N N
K3x~HYGg_, Z,(1)) and kX~H'(G,_, Z,1)).
Proposition (7-1). Let C=Gal(K_/K)=Gal(k,/k). Then we have

an isomorphism
HO(C, k x(r) = H°(C, K> »r) if r#0.

We deduce Theorem (0-2) from (7-1). Consider the following com-
mutative diagram of exact sequences where the vertical arrows are inflation
maps.

(7-2)
0—— HY(C, Z,(r)-", HY(G,, Z,(r)Res, HY(C, k3(r—1)) — HX(C, Z,(r))

l l | l

0— H'(C, Z,(r)-12L HY (G, Z,(r))-Res, HY(C, K (r—l))—>H2(C Z,(r)
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Now (0-2) follows from (7-1) and (7-2).
Before we prove (7-1), we give some notations. For an algebraic
extension N of K, let Q(0y)=1lim Q,(0y)/p" be the p-adic completion of

the absolute differential group 2>f the integer ring Oy and let Oy(I)=
lim (@ Oy)/p" for a set I.
n el

Proposition (7-1) can be seen from the following Lemmas (7-3) and
(7-4).

Lemma (7-3). We have an exact sequence of C-modules

N s A
0 — k% — K3 48, Q(0.),

where dlog is defined by dlog(y)=dyly for y e Ok, and dlog(w)=0 for
weky.

Lemma (7-4). We have H(C, Q(O_)(r))=0 if r#0.

To prove (7-3) and (7-4), we need the following little stronger version
of a theorem of Epp [2].

Proposition (7-5). Let K and k be as above, | be a Z -extension of k,
and L=1K. Then for any finite extension M|L such that l is algebraically
closed in M, we have

[M: L] = [M E:linsep .
We will give a proof of (7-5) at the end of this section.

Corollary (7-6). Let e, be the ramification index of K,/k,. Then
we have e,=1 for n>0. In other words, a prime element of k, is still
a prime element of K, for n>0.

We prove (7-6). By Theorem (31.1) of Nagata [11], we can choose
a subfield K, of K such that

(7-7-1) K, is complete with respect to the valuation induced from K,
(1-1-2) Ko=K,
(7-7-3) pis a prime element of K,

Then K/K, is a totally ramified extension of degree ey, and a prime element
of k, is a prime element of Kk,, so e, equals the ramification index of
K,/Kok,. As k is algebraically closed, k,/k, is a totally ramified Z,-
extension. We apply (7-5) for L=k (K k,)=Kyk,, and M=K, then
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we have [K: Kok]1=[K_: Kok,,]=[K.: K]. Thus we obtain [K,: K]=
[K: Kyk] for n>»0. Now (7-6) follows from the fact e,-[K,: K]=[K,:
KOkn] = [K' KOk]

Lemma (7-8). Fix an integer n=2 satisfying the condition of (7-6).
Choose {u;};.; < Ox, such that {u;},,, forms a p-base of K,. Let {x;},,; be
the canonical base of Oy (I) and let C,=Gal(K/K,). Then we have an
isomorphism of Og_-C,-modules

Ok _(I) = Q(0.)
w w
x; — du,u;

We prove (7-8). By the same argument as Hyodo [4] §4, we can
show that there is an exact sequence of Og_-C,-modules

0— Koo/9(1) — im Q(Ox ) — Ok, (1) ®oy Ok.. — 0,
w

a(Cr)r - PadC/C
b-du;ju; —» x;®b

where 9={yeK_ |vg(»)=—(p—1)"te,}. We see that Q(O0y )=
lim (lim Q(OKm))/ p’, and that K,/3 is p-divisible. Thus we have (7-8).

We prove (7-4). As K_/K, is a Z -extension of type (44-2) (note
for n»0, K, ,,/K, is totally ramified), we can show H9(C,, Ox_(I)(r))=0
for r#0 by the same argument as in Tate [15] §3.1 Proposition 8 (b).
The assertion (7-4) follows from (7-8) and the well-known fact

H(C, Q(0.)(r))=H(C|C,, HYC,, QO )1)).

To show (7-3), it suffices to prove Ker(d log)= k/’> It is trivial that
N
Ker (d log)> k%, so we have to show dlog(q)#0 for any q¢kX We

may assume qék" (K )P as K;‘o is torsion free. Let ¢g,e K} be a
representatxve of g in (K¥)/(K%)?" and L, ,=Ky((q,)? 7). By (7-5) we
have [L w],nsep p’- So, we obtain dg(L,;/K)>0.

Sublemma (7-9). Assume dg(L, /K ,)>p~'ex. Then we have
dlog (q) #0.

Fix an integer m such that ¢,eKX and [K,(¢!™ ): E,:]insep=p,
and let K,, ; =K, (q}""). Note that O _(a)=0,, , for any aeOy, , such
that Og (a)=0k,, .. So we have by (2-10) dy(L,,/K,)=d(K,, 1/ Ky).
By (2-16), we see that g;=1+u-w(mod (K})?) for ueOy, such that
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i¢K,” and weO, such that vg(w)=(p—1)"'p-(ex—dx(L, /K,))<ex
(here we use the assumption). So the image of g, by the homomorphism

dlog: K%/p— Q(Ok.)/p

is non-trivial. Thus (7-9) follows.
By (4-4-2) we have di(L,,.,/L,,)>p 'ex for sufficiently large r.
Consider a commutative diagram

N PN
dlog: K — Q(0g.)
4
L
dlog': Ly, — Q0., ),

where the vertical arrows are natural homomorphism. . There is an element

q’elz\;,, such that ¢(q)=(¢")*". By (7-9), we have dlog'(g")#0. Now
Lemma (7-3) follows from the fact Q(OL,,,,) is torsion free.

Our final task is to prove Proposition (7-5). 'We may assume M/L is
Galois. Let I, be the subextension of I/k of degree p" and K, be the
subfield of K satisfying (7-7-1)~(7-7-3). As K({,)/K is tamely ramified,
we may assume {, € K. By replacing K by K,l, for sufficiently large n,
we may assume

(7-10-1) a prime element =, of k is still a prime element of K

(7-10-2) there is a finite Galois extension M,/K, linearly disjoint from L,
such that M L=M.

As K is separably closed, any tamely ramified extension of K is defined
over k. So, Gal(M,/K) is a p-group, for k is algebraically closed in M,,.
By using induction, we can see easily that it suffices to show (7-5) in the
case where My/K is cyclic of degree p.

Let My=K(a?™"). We assume on the contrary M=L. Then by
Tate [15] Proposition 9, we have dg(M/L)=0. By replacing K by KI,
for sufficiently large n, we may assume ex<vg(a—1)<p-e' where ¢ =
(p— 1D~ teg (cf. (2-15) and (2-16)). As .(K*)*> UL by the assumption
that K is separably closed, we can write a as follows.

(7-11) a=  TI  (A+cPri) mod (K*)P.

ex<i<p-e’
Here, if p|i, we can take m(i)=0 and either c;e Oy such that ¢;¢ K? or

¢;=0. If pti, we can take m(i)=0 and either c; e Oy such that c;¢ K? or
;€0 Let
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ex-(1+p 1+ +p ™) +i.-p7® if ¢, ¢ 0,
h(i)=
+ otherwise,

h=min {h(i)|ex<i<p-e'}.

Then h<p-e'. Moreover h equals h(i) for unique i. To see this, note
that the p-adic valuation of h(i,) and h(i,) are different if m(i,)## m(i,).
We fix the integer j such that h=h(}).

What we have to show is the following (7-12).

(7-12) a=(l+cjy)  mod (L*)r-U",

for some ¢, Ok such that ¢/;=c; (mod O%) and y € k such that vg(y)=h,
where Uh= {1+ x|x€eL, vg(x)Zh}.

Recall M=L(a?""). By (7-12) we have [M: L];,.,=p. This
contradicts our assumption M=L. Thus Proposition (7-5) follows from
(7-12).

To see (7-12), it suffices to show
pm(l')

1+c¢ 1 mod (L*»U" if i#j,

T

(7-13)

1+c?"nf=14c}y  mod (L*)?U",

where ¢/, and y are as in (7-12). This assertion (7-13) can be obtained
by applying Lemma (7-14) below in the following way: In case ¢; ¢ O,,
we put e=p-e'—h, c=c;, w=ni and m=m(i). In case ¢;e0,, we put
e=p-e'—h,c=1,w=c;ni and m to be an integer satisfying eg-(1+
p it p ) +i-pTm> h).

Lemma (7-14). Keep the notation as above. Let y=(1+c?"w) for
mz1, where ceOg and we O, such that ex <vg(w)<p-e'. Thenfor any
>0, there exist c'€Og, yel and y' € L= Kl which satisfy

(7-14-1) y=l+c-y+y  mod (L¥)P,

(7-14-2) c'=c mod (0f),

(7-14-3) () =1+ p 14 -+ p™ ) ex+ pmoi(w),
(7-14-4) p-e’ —e<vg(y).

By induction, it suffices to show (7-14) for the case m=1. Let
s(n)=(p—D"'p-(ex—d(L,(L+w)P™)/1,)). As k is perfect, by Tate
[15] Prop. 9, we have for sufficiently large n(e),

p-e'—e<s(n(e)) and p-e' —og(w)<s(n(e)).
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By (2-16) there exists w’el,,, such that
v((L+w)-(1+w)P—1)=s(n(e)) <vg(w) and vg(w')=p log(w).
Noting that ex+2-pleg=(p—1)"1p-ex=p-e’, we have

y=QQ+c-w)P(l+cP-w)=l+p-(c—cP)-w +cP-(W+w'?+p-w')
mod (K*)P,

Now we see that (7-14-1) ~ (7-14-4) are satisfied for
c'=c—cP,y=p-w and 9y =cP(w+w?P+p-w).
Thus the proof of (7-14) is completed.

Remark (7-15). By a similar argument, we can show the following
equal chracteristic version of Proposition (7-5). Let K be a complete
discrete valuation field of characteristic p>0 and assume K is separably
closed. Let k be a subfield of K such that

(7-15-1) ks complete with respect to the valuation induced from K,
(7-15-2) k is the maximal perfect subfield of K.
(7-15-3) k is algebraically closed in K.

(Such a subfield k exists, but not necessarily uniquely). Let I be a totally
ramified Z,-extension of k and let L=IK. Then for any finite (not neces-
sarily separable) extension M/L such that [ is algebraically closed in M,
we have

[M: L] = [M E]iﬂsep .
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