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Littlewood’s Formulas and their Application
to Representations of Classical Weyl Groups

Kazuhiko Koike* and Itaru Terada

Introduction

The reciprocity between the representations of the general linear
groups and the symmetric groups is well known. For example, in I.G.
Macdonald’s book [M], this reciprocity is described as a ring isomorphism
between the ring 4 of symmetric functions in countably many variables
(see [M], [K-T]) and the graded ring R=@, R(&,), where R(S,) is the
free Z-module generated by the irreducible characters of the symmetric
group of degree n and the multiplication in R is defined for fe R(S,) and
g e R(3,) by f-g=indg }z (fXg). In an analogous manner, we define a
graded ring R, =@®,R(W(B,)) using the characters of the Weyl groups
W(B,) of type B, and a homomorphism from this ring R,, to 4. This
homomorphism clarifies the relationship between the representations of
GL(n) and the rule of decomposition (into irreducible constituents) of the
representations of &,, induced by an irreducible representation of W{(B,).
In this procedure, Littlewood’s formulas play a crucial role. Here,
Littlewood’s formulas mean the expansion formulas of the following
four symmetric rational functions into Schur functions:

O I A=zz),

1gi<jsn

@ I (—zz)7,

1sisjsn

G I (—zz),

15i<jsn

6] [T (I—zz).

1sisjsgn
These formulas are also essential in describing the relations between the
representations of GL(n) and those of Sp(2n) and SO(n) (see [K-T]).

§ 1. Littlewood’s formulas

The four rational functions listed in the introduction are all &,-
invariant (where &, acts by the permutations of variables {z;}7_,), There-
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fore if we embed the rational functions (1), (2), (3), and (4) into the
formal power series ring C[[z,, z, - - -, z,]], they can be expressed as linear
combinations (finite or infinite) of Schur functions %;;.,,(2)(z)’s. Here,
XormyD(@) (z=(z, z,, - - -, 2,)) is the irreducible character of GL(n, C)
corresponding to the Young diagram (or equivalently partition) 4, restrict-

ed to the standard maximal torus T'={diag(z,, z, ---,z,)}. We must
prepare a few notations first.
For a partition x=(k,, k,, -- -, k,), 2¢ denotes the even partition

2k =2k, 2k,, - - -, 2k,). For a distinct partition a=(w, as, - -, &)
(@,>a,> - >a,=1), ['(a) denotes the partition ['(e)=(;,—1, a;—1,
<o, as—1ay, ay, - - -, a,), using the Frobenius notation. The Frobenius
notation (e, ¢ty - -+, @, | By, Bos -+ -, B,) €Xpresses the Young diagram
A=, A3, - -+, A,) Whose diagonal consists of r squares and the «;, 8,
(1<i<r) and the 2, (1<i<n) are combined with the relations:

“2:21—1‘3 ﬁi:'?i—lﬂ léléra

where we put ‘A=(2}, 25, - - -, 2}). Here, !2 denotes the transposed Young
diagram of 2. In terms of Young diagrams, (a;, ap, - - -, @ | By <+ +» Br)
is the diagram illustrated in Figure la. For example, I'(3, 2) is the one in
Figure 1b.

a1

LY |

A

— (g ——P

I < (3P

Fig. la Fig. 1b

The following Lemma 1.1, 1)-4) was found by D.E. Littlewood (see
[L, p. 238]). Under the setting of modern terminology, I.G. Macdonald
[M, p. 45] gave the detailed proof of 1) and 2). But in [M, p. 46], he gave
only an outline of the proof of 3) and 4). In view of the importance of
this lemma, here we give the complete proof of 3) and 4).

Lemma 1.1 (D.E. Littlewood).

€]

=3 T Zerm(6)E),
= 8=
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® “’n—ZT—?TZZ ﬁzf Yo 1o (26)(2),

£)=n

n(n=1)/2

3) [ (—zz)= fZO Iéf (= D" % (I (@))(2),
PR
Al (a))=n

n(n+1)/2

4 ) ( —z,z;)= JZ: Z (-1)|a]XGL(n)(tF(0[))(Z)'

ar>ag>e e >as
a(tl(a))sn

Proof of (3). We shall use the denominator formula of H. Weyl for
the Lie algebra 80(2n, C). We define 80(2n, C') to be {X e 8l(2n, C) | XJ,+
J, ' X =0}, where J, is the following matrix:

2n >

1 N

A

As a Cartan subalgebra we take = {H=diag(h,, - - -, h,, —h,, - - -, —h)}
Let ¢,: 5—C be defined by ¢,(H)=h, and 4, be the root system of
30(2n, C') with respect to 2. Fix a set of positive roots 45 ={e; +¢,; i <j}
and let p, denote the half sum of the positive roots, i.e.

or=n 37 a=(—Det (1=Dest - - +e0r

2 AEAD

Then the denominator formula of H. Weyl is given by

> det(w)erro=[] (e*—e=D=er» [] (1—e?),
aed; aeAl-,

wWEW (Dn)

where W(D),) is the Weyl group of type D, and “det” denotes the linear
character of W(D,) taking the determinant of the representation of W(D,)
on hi. We shall define ¢, e GL(9}), i=1, 2, - - ., n by ¢,(e,)=¢, if j i,
é(e)=—¢,. Then W(D,)=(S,, ¢¢;, (1<i<j<mn)) where S, acts on

% by the permutations of the base elements ¢, of §%. W(D,) has the
following coset decomposition with respect to ©,,:

W(Dn) = Z @n¢i1¢iz tr ¢izt‘

1=i1<ia<l<igt=n
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We put

0Dtz iaveesine = PisPia * * Piael0p
=p0p —2(n— il)eil —2(n— iZ)eig — e =2(n— izz)em'

Since ¢,(0,)=pp, We have

det (w)e**p= >, > det (W)e™p,isia, orsin.

wEW (D) 1561<+-<ig=n—-1 wESy

We put e¢i=z, (i=1, 2, - . -, n) in the denominator formula. Since

e [[ (I—e)=z;® Pz "Dzt 1 (I—zz)1—zz;")

aed'ﬁ 1=i<j=n
= [ (A—=zz)? -_Z]Tl)
1si<jsn
=lsi1;Ij§n (I—Zizj)xlz_(n_l)’ Z—("—2)9 R Z_l’ l!
and
> det (w) e”®p,u,i,ee008)
WEGH
(i1) (22) (ik)

(1) —(n-2 Z1 21 24 -1
=|z (=D == g gt L e L g , 1

(the numbers i, above the determinant signify the positions of the corres-
ponding columns), we have

(1—-2zz)
1gi<jsn

-(n-1) n-i1 n-ig -1
z el Z vz ezl 1
l > ’ } > ) > B | %

1gi1<- 5 2isn—1 |z =D, z= Bz T

Multiplying both the denominator and the numerator on the right-hand
side of the above equality by (z,z, - - - z,)"! and permuting the columns,
we have

(sp+1) (81+1)
n-1 n-8 n-1+s n-1+8
|Z , e, 28k koo, Z 1’...,2’”

kK=
1Si<e<igEn-1 zrhzmt ez, 1
where we have put s,=n—i, s,=n—1g,, - - -, s,=h—1i,. Since i,<n—1,
1<, <sp <o - - <s;<n—1.

(sx+1) (s1+1)
lzn—l, . Z"_s", Zn—1+sk, “ee, Zn—1+s;’ cee, 2z, ll

VAR L AR |

=(— I)ISIXGL(n)(F(S))’

Claim.
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where s=(s;, 8, - - -, 5) and [s]=8,+ 8+ - - - + 5.
Proof of (3). We use induction on k.
If k=1, the numerator on the left-hand side of the claim equals

(s1)

n~1 n—-1+s
Iz v, Z 1,---,2,1!. -

If we exchange the columns, we have

[zr-t, ez L g 1]

=__(___1)31|Zn—1+31, Zn-—l, e, Zn-sl, Zn—sl—Z’ - ll

Owing to H. Weyl’s character formula (see [W, p. 201, Theorem 7.5B))
it follows that

n -1 n—-1+381
IZ y e, Z , v

EER O N AN 0}

Iz’”"i’ ce., Z, ll

Assume that the claim holds for k—1. If we put s’ =(s,, 85, -+ +, S5_1)
and exchange the columns, we have

(the numerator of the claim)
=(—1

(& +sx)
n—-1+8 n=-1+8p— n—1 n-1+¢
z LY 4 Lzrtlo, k,...,l!,

Moreover if we move the (k-ts,)-th column to just behind the column
zr~1+se-1 we have

(the numerator of the claim)

=(_1)|sllzn—l+s1’ cee, Zn—1+sk_1’ Zn~—l+sk’ Zn—l, ey II.
In the above determinant, we denote the set of exponents of z by

I,=(7’l—1+s1, A '5n—1+sk7n—19 Tt

/\ /\
n__l__sk’ .. .’n.._l._s“ ceey, 1, O)’

and also the exponents of z in the denominator of the claim by 9=
(n—1,n—-2,...,1,0). Then if we put 1=I,—3d, according to the
character formula, the left-hand side of the claim exactly expresses
(—1D)'"*%g1m(A). On the other hand, if we use the induction hypothesis
for 8’ =(s,, 8;, + - -, §,_,) We have

Is’=(n_1+sla Tt n_1+sk—1’ n-—la R

T /\
n'—l_—sk-b o ',n—"l""'sb Y 13 O)
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and I,,—6=1I(s"). Comparing I, with I, the variation of exponents is
exactly caused by exchanging the (k4-s,)-th exponent of I, for n—1-4s,
and moving the (k-+s,)-th column z"~'*%* to right behind the column
zrn-**se-1 But if we refer to the case k=1, this variation corresponds to
adding the hook of Fig. 2 diagonally to the Young diagram

I'()=(s—1,8,—1, -« -, 8 y— 1|8y, 8, « -+, S_y)-

Hence the claim is proved.

-~ J’k—————>l

4

Fig. 2
(3) follows immediately from the above claim.

Proof of (4). We use Weyl’s denominator formula for 8p(2n)=
{X e 38l(2n) | XJ;,+J5,“ X=0}, where J;, is the following matrix:

n > < n >

1

-1

N
=
|
Pt
“—I—>c—3—>

b and the ¢, are defined in the same manner as in the proof of (3). Let
A ={e;xe; (i>]), 2¢;} be a set of positive roots of 8p(2n) and let p,=
172 3, g be the half sum of the positive roots, then p, is given by
pc=ne;+(Mm—1)e,+ - - - +e,. Let us recall Weyl’s denominator formula:

>, det(w)ero=erc [ (1—e™),

wEW (Cn) a€d}
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where W(C,)=<(C,,¢; 1<i<n)). As before W(C,) has the coset
decomposition with respect to &, as follows:

W(Cn)= U @n¢z‘1¢ig o '¢ik-

1si1<ia< -+ <igSn

If we put e~*i=2z, (1<i<n) and take the sum for every coset, we have

(41) r)
... Zn+1—731 e Zn+l—-i1,; e Z—li
(I—ZZ)= | s b b 3 5 s
]s—[jsn T e ingn zr Yz % .,z 1

151
Multiplying both the denominator and the numerator by (z.z, - - - z,)*

and permuting the columns, we have

(sk) (s1)
!Z"‘l, cae, ZPSE Ll ZRYSL L7 1|

(1—zz)=
lsisjsn

1501 < T <ipsn ALt - A ’
where s,=n+1—i, s,=n4+1—1i, -+ ., s,=n+1—7, and 1<s,<s,, <
s <

Therefore we have only to prove the next claim.

(s1) (s1)
-1
lz" IR AL A LA Lt A ll

|Zn—1, zn—Z’ cee,z, 1]
=(— D" 22wy ())(2).

But the proof is similar to that of (3), so we omit it.

Claim.

§2. Relations between the classical Weyl groups and the Universal
Character Ring

In this section we deal with the relations between the Weyl group
W(B,)= W(C,), referred to as W, hereafter, and the Universal Character
Ring A. First, let us recall the definition of the ring 4 (cf. [M]).

Let A,=Z[t, t,, - - -, t,]°*=R . (GL(n)) be the graded algebra consist-
ing of the symmetric polynomials in # variables and let g, ,: ZI[t;, - - -, ¢,]
—Z[t,, -+, t,] (m=n) be the homomorphism of graded algebras defined
bY fm(t)=t, if 1<i<nand g, ,()=0 if n<i. g, , induces a homo-
morphism p,, ,: 4,—A4,. Then (4,, p.,,) becomes a projective system
and the projective limit of this system in the category of graded algebras
is denoted by 4, i.e. A=1lim 4,. We call 4 the Universal Character Ring.
By definition A is also a graded algebra: A=>",., A%, where 4*=]im /.
(4% is the homogeneous part of degree k of A,). Note that A can be
considered as the ring consisting of symmetric functions in countably
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many variables ¢, %, - -+, ¢,, --+. Let z,: A—/, be the natural projec-
tion. ,

As is well known, {Xg 1 (D} partision,an<a (d(2) denotes the depth of
the Young diagram 2) is a Z-base of 4,=R,.(GL(n)). (Here we are using
t, b, - -+, t, as variables of X;..,,(2), instead of z,z, ---,z,) It is
known that for m>=n=>d(2) we have p, ,(Xsr(n(A)=2%s1(2) and for
d(2)>k we have p, (gL (2))=0. Hence the X;,,,(2)’s form a projective
system and we may define X;,(2) € 4, where x,(Xs (1) =XgLm(R) if n1==d(2)
and 7,(X;.(A)=0 if n<d(2). {X52(AD)}s.partision DECOMES @ Z-linear base of
A.

If we take 2=(f), we also denote X,.(2)=2%;.((f)) by p;. =m.(p,) is
the sum of all monomials with coefficient 1in #,, - - -, #, of degree f. If
we take 1=(1")=(1,1, - .-, 1) (f times), then we also denote X;,(2)=
Xe((17)) by e,. If n=f, xm,(e;) is the fth elementary symmetric poly-
nomial in ¢, - - -, £,.

Our arguments here are based on the following theorem due to H.
Weyl. Let V=C™ be the natural GL(m)-space. The symmetric group
©, naturally acts on ®*V, that is, ¢ € S, acts on x,Q@x,Q- - -®x;, € *V
by

(%, Q%8+ + - X)) =X, -1y ®X; -1, ® + + + X, —1(sy-
On the other hand, 4 € GL(m) acts on @*V by
A-(x,Q®x%,Q- - - ®x;) = Ax,QA4x%,Q - - - ®Ax;,
and this action commutes with that of &, defined above.

Theorem 2.1 (H. Weyl’s reciprocity). If we regard @*V as a GL(m)
X &,-module, it decomposes as

QV= >, VEM™MQVE (direct sum).
Arpartition
a(sm
12l =k
Here V§E™ is the irreducible GL(m)-module corresponding to the character
Yorm(A), and VS is the irreducible &,-module corresponding to the Young
diagram A. (For the parametrization of the irreducible representatlons of

&, see [J-K, Chap. 2]).

Since the equivalence classes of irreducible representations of &, are
parametrized by the partitions of size k, we denote by Xg,(1) the irreduc-
ible representation of &, or its character correspondmg to a partition 2
with |2|=k.

Let R* denote the character ring of &, (over Z) Their module
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direct sum R=@,., R* (where R°=Z) can be made into a graded algebra
over Z with the multiplication - defined by

f-g=Indgmsz (fXg)e R™*"  forfeR™, geR"

The Z-linear map defined by

ch: R—— /4
w w

Xe,(2) —> X5.(D)

gives an isomorphism of graded algebras, in virtue of the above theorem
(H. Weyl’s reciprocity). (See [M, p. 61, (7.3)))
W, is embedded into &,, as the centralizer:

Wn:'_c@zn((la 2) (33 4) * (211—-— 1: 2]’1))

Ce,.(1,2)(3,4)- - -(2n—1, 2n). More precisely, if we define an injective
homomorphism 4: &,—&,, by

2i—1—>2z()—1
M) ¢ . (i=12,..--,n forre®,
2i ——2¢(i)
and put g,=Qi—1, 2i), i=1,2, - . -, n, then we have
W,=<{d(S,), o), - - -, 0,)=4(S,)) X H,

where H= <019 gy =t an>:Z;L
For each /=0, 1, 2, - - -, n, define a representation p, of H by
1 if 1<j<,

pi(oj)={_1 if i+1<j<n

Noting that W,/H~&,, we denote by X, (1, ¢) the pull-back of the
character Xg (1) to W, (¢ denotes the empty diagram). On the other
hand, the representation p, of H can be extended to that of W, by letting
A(S,) act trivially, since p, is 4(&,)-invariant. Denote this character by
X (o, () and put X, (4, 2):=%y (2, )&%y (4, (). Corresponding to
each representation p, of H, a subgroup W, X W, _, is defined by

W1,=<A(@z): Gy Tgs * * *y Ui> and Wn—i:<A(@n—1)a 015 Oipns * % Gn>5

where @i=<(19 2): (29 3)’ ft (1_’ 19 l)> and
S, i=L0+1,i4+2), (+2,i43), ---, (n—1,n))

are subgroups of &,,. Then, according to so-called ‘“Mackey-Wigner’s
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little group method” (See [S, p. 62, Proposition 25]), we have an irreducible
representation X, (u, v) by putting

xW,,(#’ V) = Ind%?an_i(xwi(lf‘: ¢) X XW,.-¢(¢’ V))

Then the %, (& ) (&,  are partitions with |&|+|y|=n) constitute a
complete set of representatives of the equivalence classes of irreducible
representations of W,. Just as we did for €,, we shall write V-, for
the irreducible W,-module with character X, (&, ).

If we denote the character ring of W, (over Z) by R, then their
module dirct sum Ry, =@®,, R}, with R),=Z, can be made into a graded
algebra over Z with the multiplication defined by

f-g=Indimip (fXg)e Ryy™  for fe Ry, g e Ry

Now we define another (noncommutative) multiplication in A.
Recall that an element of 4 can be regarded as a certain infinite Z-linear
combination of monomials in countably many variables ¢, ¢, ---. Let
/. g € Aand put g=>_,u,1*, where u; € Z and A runs through multi-indices,
namely the infinite sequences of nonnegative integers with finitely many
nonzero terms. Suppose all ,>0. If we bring u, copies of each ¢4, then
altogether we have a collection of countably many monomials. Arrange
them in one sequence and label them s, s,, - - - (the order is arbitrary).
If we substitute s; for each variable ¢, in f, we get a new symmetric func-
tion in A, which is denoted by fog. This multiplication o is extended for
all ge A4 by Z-linearity. This notion has been introduced and called
plethysm by D.E. Littlewood (see [L]).

7, (Xsz(2) 0 X (1)) is the character of the representation of GL(n)
obtained as the composite of the following two homomorphisms:

Op,GL(n)

GL(n)-222s GL(V)

O,GL(V )
— 5

GL(V§Erm),
We define a Z-linear map ch,,: R,—A4 by
chy (U, (2, 10)= s () © P2)(Xg (1) © €5).
It is easy to see that ch,, is an algebra homomorphism.

Caution. In general, chy, is not injective. However, the significance
of ch,, lies in the following fact.

Proposition 2.2. The decomposition coefficients of

(X 2(2) o p) (X L(t0) © €,)
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into Schur functions coincide with those of 1y (2, )ter into irreducible
constituents. That is, if we put

e ) °P2)(XGL(;U) o ey)= Z d;prL(V)

and
Yor 3 ,,L)T =3 di e, 0,

then we have djpzcij,, Sor all 2, u, and v.

N Proof. Fix an m=2n, and put |i|=i. We shall show that 43, and
dy, are both equal to the multiplicity of the irreducible GL(m)x W, X
W, _,-module

n—1

() VMV NGy V<¢ o

in @"C™. Here Q*"C™ is regarded as a GL(m, C) X &,,-modules as in
H. Weyl’s reciprocity, and W, x W,_,CW,C&,,.
By H. Weyl’s theorem, @**C™ decomposes as
"C"= 3, VIHmQV .

Iv|=2n

On the other hand, the definition of 473,, can be read as follows. Since
X, (A, ) =Indr, . (A (2, ) X X,_ (b, 1)), we have

LG | =t DXty
WiXWn—¢

Frobenius’ reciprocity shows that V%=, regarded as a W, X W,_,-module,

contains d" times of V{73, @V 5. So the multiplicity of (x) in @"C™

is also d”

Next we consider d,. Any submodule of @**C™ isomorphic to (x)
is contained in the p;-isotypical component of @**C'™ with respect to
HcWw,, because X (2, @) XXy, (¢, )|z is a multiple of p,. The p,-
isotypical component is:

@ (R'SC™) (" L(C™)),

where S, [resp. 47] denotes the symmetric [resp. alternating] product of
rank 2. W;X W,_, stabilizes this space, since it stabilizes p,. We are
going to take out its X, (2, #) X Xy, _($, w-isotypical component,

A(&,) acts on (#) as the permutations of the i tensor factors of
®IS,(C™). Soif we regard it as a GL(S,(C™)) X 4(&,)-module, then we
have
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®'S,(C™ = Z Y SLSiC QY 4en
A7 =%

Taking the action of (g, 0, - - -, 0,) into account, we see that V4
becomes a W, -module V7 .

On the other hand, 4(&,_;) acts on (}) as the permutations of the
n—i tensor factors of @ *A(C™). So if we regard it as a GL{(A(C™)) X
4(8,_))-module, we have

R IA(C™= I VEHLENRY a0,
| (=n—i
Taking the action of {a;,;, 6;.., - *, 0, into account, we see that V-9
becomes a W,_;-module Vs
Hence the X,,(2, ¢) X Xy, _ ($, p)-isotypical component of ®**C™ is

GL(S2(C™)) GL(A42(C™))
yiHSemRQYy QVEin®Visra'

As a GL(m, C)-module, VfL“Z‘C”L”@VfL(’”(C” affords (Xg.(2) o p)(Xar(p)
oe). By the definition of d3,, it contains 43, times of V5“™. So the
multiplicity of (x) in ®*C™ is also d3,. O

By the definition of plethysm, the following four equalities hold:

. 1 f
! 1T 1\ T, o,
) (1—z;z) f?;: (psoe),
1=i<j<n
") : zi 7.(Dy o Do),
(1’—2121) f=0
1sisjsn
. _ - ]
iii) 1§K]_gn( 2,2,) sz]0 ma(e; 0 ey,

W) (—zz)=5 mles o).

1gigjsn

Comparing these with D.E. Littlewood’s Lemma 1.1, we have:

Proposition 2.3.
i) Dyoey= Z Xe2.(*(2K)),

x:partition
El=

i) Propi= 2, Xqi(2x),
x:plzzll‘tition

iif) e;o0e,= 2 Ygr(L()),

a=(aj1,ag,+<+,ag
a1>azl> >a;>0

iv) ejop= 3 XulT()).

a=(a1,az,+**,as)
a1>a2[>-|-->as>0
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Applying Proposition 2.2 to Xy (¢, (7)), Xy (), &), Xy (6, (17)), and
Y, ((17), 4), we have: ’

Proposition 2.3'.

Dt o] = 3 o)
i) 9] = 2 1.0,

i) % (1n))T = 3 1e,0@)

Gan
Wn  a=(ai,ag,:+,as
ar>ag>e>ag>0
lal=n

Son
W) A (09| "= B telT@).
a1>a2l2~~=-n>ag>0

The formula ii) has been applied to the projective geometry over
finite fields by J.G. Thompson [T].

Moreover, it should be noted that we can derive an algorithm to

decompose the representation of &,, induced by an arbitrary irreducible

representation of W,. For a partition A=(2,, 2,, - - -, 4,) of depth k, we

have
Di Di+1 ot Payse-n

YorB)=det | Pu-t P17 Puriey

Di-t-1 Pr—tx-2) *** Pi

Hence, by ii) of Proposition 2.3, X;.(2)  p, is given by

Z XGL(zlf) ce Z XGL(2'€)
11=4 el =A% (k=1)
Xear(2 Xer(2
Xgz(R) o p;=det l»s=Z:{z—1 ax(26) . |~i=§_~(k—2> or(2r)
Xer(2K) -+ 37 Xar(2K)
el = 4= (k= 1) 1474
Similarly,
2. Xez((26)) e 20 Xen('(26)
|sl=21 lel=21+(k-1)
Xar(t(2 e Xar(F(2
Lou(R) o ¢,=det |:1§2—1 ez(*(26)) . I:I=1§;(k—2) a2("(26))

ST 2e(fQ0) -r DT Aen('(26)

|#] =25~ (k-1) tel=2x
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For partitions g and v, Xg,(#)%s.(v) can be computed using Little-
wood-Richardson’s rule. Combining these facts with Proposition 2.2,
we obtained an algorithm to write down the irreducible constituents of the
representation of &,, induced by any irreducible representation of W,.

[J-K]

[K-T]

[L]

M]
[S1
[T]

W]
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