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Introduction

The purpose of this survey is to explain the theory of Kyoji Saito on
the period map for the universal unfolding of a holomorphic function
with only isolated critical points, which he has been developing in a series
of published and unpublished papers [SK1] through [SK19]. We can take
advantage of the added perspective of algebraic analysis developed by
Sato, Kashiwara, Kawai and Mebkhout as well as results obtained by
Morihiko Saito.

For a positive integer n which we eventually assume to be even, let
F,(x, t") be a holomorphic function on a neighborhood X of the origin in
C™'x C* with coordinates (x,?")=(Xy +++, X, ty, - -+, ,) such that
F,(0, 0)=0 and that the function Fi(x, ') in x e C"*! for each fixed ¢’ has
at most isolated critical points. Consider the holomorphic map

0: X—>SCCXTCCXCH,

defined by ¢(x, t')=(F(x, t’), t') for a neighborhood S (resp. T') of the
origin in C XC*™! (resp. C*™*) with coordinates s=(t,,¢") (resp. t'=
(t,, - -+, t,)). Thus ¢ gives rise to a family, parametrized by s =(¢,, ') € S,
of germs of n-dimensional hypersurfaces

X,i=¢ ' (8)={(x, t') € X; t, — Fy(x, t') =0}

in C"*' with at most isolated singular points.
The critical locus

C:=Specan (0x/(0F,/0x,, - - -, 0F/0x,))
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of ¢ is a closed analytic subspace of X and is finite over S. Its image

D:=¢(C) is called the discriminant locus of ¢. Thus X, for se S is

smooth if and only if s is not in D. X, is then called a Milnor fiber for ¢.
Consider the holomorphic function

F(xs tb t/):=t1—E(x’ t,)

on the neighborhood Z:=X X S of the origin in C"*' X C* with coor-
dinates (x, t,, ¢). Let p: Z—S be the projection p(x, #,, t’):=(#,, ¢t") and
denote by @, the holomorphic tangent sheaf of S, i.e., the sheaf of germs
of derivations with respect to the variables ¢, -« -,,. Let

C:=Specan (0,/(3F/3x,, - - -, 8F/ox,)).

¢: X—S is said to be the universal unfolding of the holomorphic function
f(x):=—F(x, 0) if the O-linear map sending @ e Oy to the image 4F of
#F under the canonical surjection p,@,— p,0s is an isomorphism

@S——j-—)p*(%.

In this case, p=dim S coincides with the so-called Milnor number of f(x).
Moreover, @ then has a commutative and associative @g-algebra struc-
ture, with 3,:=4/d¢, as the identity, induced from that on p,0; by the
above isomorphism. We denote the product on @ so defined by 8«6’ € O
for 6 and ¢’ in @;. Thus (0«6 )F=(OF)@'F). We also have an (;-linear
endomorphism w of ©¢ which corresponds to that on p,0; induced by
the multiplication of F on @5. Thus w(@)F =F(fF). The determinant A4
of w turns out to be the defining equation for the discriminant locus
DC S with the reduced structure.

¢: X—S is neither smooth nor proper and may not be algebraizable,
either. Nevertheless, we can construct the Gauss-Manin system 5 for ¢,
a left module over the sheaf 9 of germs of holomorphic linear differential
operators on S. Its restriction to S\ D is

g lsvo = (@s®csR"SD*Cx) IS\D

and coincides with the n-dimensional relative de Rham cohomology sheaf
for the smooth morphism X\ ¢~'(D)—S\ D, endowed with the usual
Gauss-Manin connection. It is a locally free @ ,-module of rank p with
the subsheaf of the horizontal sections equal to (R"04Cy)|s\p, Whose
stalk at s € S\ D is the n-dimensional cohomology group H™(X,, C) of the
Milnor fiber X,.

In the terminology of algebraic analysis, & turns out to coincide with

the n-th integration In Oy of the Py-module O along the fibers of ¢ and
¢
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is a holonomic left & -module with regular singularities. (Note, however,
that we shift the degree of the conventional one for convenience. In the
literature, & is the zero-th integration along the fiber.) 5 also has an
increasing filtration {£®; k ¢ Z} by @g-submodules such that

FOIE* V=055 keZ,

where %75 is the sheaf of germs of relative (n+ 1)-forms for ¢ and is @4~
invertible.

H® is called the Brieskorn lattice for ¢ and was shown to be (s-locally
free of rank y by Brieskorn [B1], Sebastiani [S1], Greuel [G], Malgrange
[M1] and Saito [Sk1]. [B1] showed that 5 has a Gauss-Manin connec-
tion with regular singularities along D and algebraically describes the
monodromy of the Milnor fibers for ¢.

When ¢: X —S is a universal unfolding, Saito describes the structure
of & in terms of interesting linear algebra on @ and then constructs a
period map from a ramified covering S of S to a yu-dimensional complex
affine space E. For that purpose, he proposed to choose a certain global
section '

e HY(S, 5Y)

called a primitive form. It was M. Saito [Sm7] who actually showed the
local existence of a good primitive form.

A good primitive form ¢ determines a torsion-free integrable connec-
tion

V. @SX@S%»@S sending (4, 6') to V7 ,¢'

with V7 ,(9,)=0 for all § € @4, an Os-linear endomorphism N: O3—0; and
a nondegenerate symmetric Og-bilinear form J: O3 X O—0s, which to-
gether satisfy nice properties described in Section 4. { generates 5 as a
left Zg-module and satisfies the following system of holomorphic linear
differential equations:

00 ={(0%6)0,+V ,0'}C forall 6, ¢ e O
w(@)0,L =(N(6)—8)¢ for all § € O
w(@),=r{ for a rational number r,
where 9, =09/0t, and where the Og-linear endomorphism w of &, and the

product §«6’ on O are those defined by the universality of the unfolding.
By the Poincaré duality, the solution sheaf of 5 turns out to be

%0"193(5, (OS) = RnSDlCX’
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the n-th direct image with proper support of Cy by ¢ and is a constructible
Cs-module. Its restriction to SN\ D is Cy,p-locally free of rank y with the
stalk at each s € S\ D canonically isomorphic to the n-dimensional homol-
ogy group H,(X,,C) of the Milnor fiber X,. When » is even, Saito
describes the intersection form on H,(X,, C), up to a nonzero constant
multiple, in terms of an amazing algebraic formula involving , J and w
above. (cf. Theorem 4.6 and Corollary 4.7.)

Note that a section 7 of R"p,Cy over S\ D can be thought of as a
family, parametrized by S\ D, of #-dimensional homology classes ¥(s) of
the Milnor fibers X;. The evaluation at the section { of & gives rise to a
Cy\ p-linear map

(1/2zi) IC (R0, Co)|svo—>0s\0

in Saito’s notation, which sends 7 to (1 /2n:i)”j g.
T

Modifying the above system of holomorphic linear differential equa-
tions, Saito introduces a new holonomic left Zz-module with regular
singularities

ME =D my, foreach ke C

via the defining relations

i_<i _.i)j__y (i)}m —0
{atiat,. or, o1, ) or, P\, M1

_a_>a_N<_i) k12 Vm —0
{w( at, / ot ot, +l )ati }m’“

for all i and j between 1 and p. Sending m, ., to 8,m, (resp. m, to {), we
have a @-homomorphism ¢, : A *+D— A® (resp. e: A O—F).
The solution sheaf

()

M,c : =%om9s(.///(k), @S)

is a constructible Cs-module such that (M,)|s, is Cgp-locally free of
rank p#+1. We have the induced C-linear maps

¥ My—>M,,, and ¢*: R, Cy—>M,.

The evaluation at m, gives a Cg-linear map M,—>(0, whose image contains
the constant sheaf C; and consists of the “holomorphic solution func-
tions” for the system of differential equations (x,).
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If we choose a C;-basis {9,, - - -, 3,} with 9,=d/d¢, of the subsheaf 6%
of horizontal sections of @ with respect to the connection J, then the
defining relations (x,) above have a much simpler form so that the image
of M, in @5 under the evaluation map at m, consists of elements u in 0
satisfying the system of holomorphic linear differential equations

aiaju—:(ai*aj)alu for léi,jgy

(x%4)
w(0,)0u=(N@,)—(k+1)2,)u for 1<i<p.

A coordinate system (v, - - -, v,) of S is said to be flat if 3/6v,=a, and if
{o/ov,, - .-, 8/ov,} is a Cg-basis of 8% It then gives a “flat” open
embedding v: S—C* sending s € S to v(s):=(vy(s), - - -, v,(s)).

Saito then shows that the quotient of (M,,)|s» by a canonical
submodule Cy\, is a self dual locally free Cg,,-module of rank t using
the same formula as the one he used to describe the intersection pairing in
terms of &, J and w.

The situation is particularly nice, when 7 is even. In this case, we
have a composite Cs-linear map

¥ ef

R,Cy M, M, coe—>M,

which induces (8,)"” on the solution functions (1/2xi)" f g for 1 e R, Cy.
T

The smallest (possibly infinite) unramified covering ¥—S\ D, such that
the pull-back to Y of (M,,,.)|s\p 1S Cy-free turns out to have an extension
S—S as a ramified covering with S nonsingular and with the image equal
to {s € S; X, has at most simple singularities}. If we choose independent
holomorphic functions u,=1, u;, - - -, 4, on S which satisfy the system of
differential equations (xx,,,) above, we get a local isomorphism

u: S>E:={(yp, - -+, ) € C**1; y=1}
into a p-dimensional complex affine space by sending § to u(5):=(u,(3),

-+, u,(8)). This is the period map of Saito. Together with the “flat”
open embedding v above, we have a commutative diagram

§—L>E

L,

S——>C*

with 4'* as the Jacobian determinant of the map E—C*. Except when
J(x):= —F(x, 0) has a simple (i.e., rational double when n=2) or simple
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elliptic critical point at the origin, it is yet unknown if u: S§—E is injective.
Nevertheless, u seems to have properties much nicer than »’: §’—E’ which
we obtain using R"¢,Cy=3Fom, (5, O5) instead of M,,. We refer the
reader, for instance, to Looijenga [L1]-[L4], Saito [Sk4], [Sk15]-[Sk19],
Saito-Yano-Sekiguchi {SYS], Ishiura-Noumi [IN], Noumi [N2], Varchenko
[V1]-[V3] and Varchenko-Givental [VG].

In Section 1, we define the Gauss-Manin system £ and give an
indication for an elementary proof of its basic properties. Those readers
familiar with algebraic analysis can just read this section up to the state-
ment of Theorem 1.2 and then turn to Appendix for the idea of the proof.

In Section 2, we prove the Poincaré duality for the Gauss-Manin
system. This duality is known to hold in a more general context as we
see in Appendix. Here we give a more elementary proof by means of the
relative Serre duality due to Ramis-Ruget [RR]. This Poincaré duality is
equivalent to Saito’s algebraic description in Section 4 of the intersection
pairing.

In Section 3, we deal with the formal microlocalization

E:=proj lim,__,, E/8®

with respect to the variable ¢, which has the structure much simpler than
that of 5. We prove the microlocal version of the Poincaré duality
which is equivalent to Saito’s higher residue pairing, as Kashiwara pointed
out (cf. [Sm7]).

Section 4 is the main part of this survey. We here deal with universal
unfoldings and explain Saito’s interesting linear algebra on @y arising
from the choice of a good primitive form. We explain in great detail the
system of differential equations mentioned above, which plays a key role
in the construction of the period map.

In Appendix, we overview the part of algebraic analysis relevant to
Saito’s work surveyed here.

Unless otherwise mentioned explicitly, the results surveyed here are
due to Kyoji Saito, although we do not indicate where in his papers each
of the results can be found. The readers are also referred to his papers
for relevant results due to people other than Saito himself. The references
given in this survey are quite incomplete.

Thanks are due to Kyoji Saito-and Masaki Kashiwara for stimulating
conversations. Thanks are also due to Morihiko Saito, Akira Fujiki,
Takeo Ohsawa and Yuji Shimizu who helped the author to understand
some of the results explained here.
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§1. The Gauss-Manin systems

For a positive integer m, let T be an open set containing the origin
O of the complex affine space C™! with coordinates ¢t'=(¢,, - - -, t,). Our
main concern here is a family ¢: X —S, parametrized by T, of holomorphic
functions of the following form: We fix an integer n>>2. (We need this
assumption in our spectral sequence arguments below, although most of
the results also hold for n=1.) XCC"*'XTCC""*XC™* is an open
set containing the origin O and with coordinates (x, t")==(xy, « -+, X,
by + o +s by), While SCCXTCCXC™ ! is an open set containing the
origin O and with coordinates s:=(t,, t')=(t,, t, - - -, ¢,). Then ¢: X—S§
is a holomorphic map which sends (x, ') to (F,(x, ¢'), t) for a holomorphic
function Fi(x, t') on X such that F,(0, 0)=0.

Furthermore, we assume that for each fixed ¢’ e 7, the function
Fi(x,t')in x € C™** has at most isolated critical points. Thus ¢: X —S
is necessarily flat and can also be thought of as a family of germs of »-
dimensional hypersurfaces in C**! with at most isolated singular points.

For technical reasons, we assume that the following are satisfied:

Assumptions. (i) ¢ is a Stein morphism and each fiber is either
smooth or is contractible with isolated singular points. Moreover, the
restriction of ¢ to the critical locus C defined below is finite (i.e., proper
with finite fibers) over S.

(ii) The projection g: X —T sending (x, ¢’) to ¢’ is a Stein morphism
with contractible fibers.

(i) The projection z: S—T sending s=(t,, ') to ¢’ is again a Stein
morphism with contractible fibers.

We can always attain these conditions by replacing 7, X and S by
smaller open sets, e.g., small open balls centered at the origin.
The critical locus

C:=Specan (Ox/(@F,/0x,, - - -, 0F,/0x,))

is a closed analytic subspace of X, and the restriction of ¢ to C is finite
over S by assumption. We define the discriminant locus D:=¢(C)CS to
be the image with reduced analytic structure. Thus for s in S the fiber
¢~'(s) is smooth if s is not in D, while it has isolated singular points if s is
in D. Obviously by Sard’s theorem, we have D=S. (D is in fact a
divisor on S. See Lemma 2.5).

Remark. Eventually in Section 4, we assume ¢: X—S to be a uni-
versal unfolding of the function C"*'—C sending x to f(x): = — F,(x, 0) so
that the dimension m of S coincides with the so-called Milnor number
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pi=dimg0Oc¢n+./(3f]3%y, - - -, 8f]0x,)
of f(x).

As usual, we denote by 2 the sheaf of germs of holomorphic linear
differential operators of finite order on S. It contains the structure sheaf
04 as the subring of zero-th order operators and contains the holomorphic
tangent sheaf @; as the subsheaf of pure first order operators. D is
generated as a ring sheaf by @ and Oy.

The following complex (K', §) on X will play a key role in this paper.
To define it, we denote by

%, d) with d=dy,

the relative de Rham complex on X with respect to the smooth morphism
q: X—T.

Definition. (K, d) is the complex

J J [} [
0—>K '—5K'—>K'—s. . . — K0
on X defined for each integer j by
K7:=02%4110.]: = 2% ®q-10nq " (O)01],

where ¢ ~*(0,)[0,] is the polynomial ring over ¢ (@) in a variable 3,, and
the ¢~'(0,)[9;]-linear map §: K/—K’** sends »d; in K’ with w e 24} and
v>0to

@) =(dw)d; —(dF; N w)d;"?,

where Fi:=F(x, t’). We define a left ¢ '(2)-module structure on each
K’ as follows so that § becomes ¢~ '(Dg)-linear: Let w be in 24} and let »
be a nonnegative integer.

(a) The subring g (0;) of ¢ (@) acts through the usual g~(¢,)-
module structure on 247} and ¢ ~(0,)[d.], i.e.,

a(wd?): = (aw)d; for a in g0 ;).
(b) The multiplication by the element ¢, in ¢~'(0;) is defined by
H(wd)): =(F0)0} —vwd; ™.
(c) The element /3¢, of ¢~ '(O;) acts as multiplication by 3,, i.e.,

0/0t)(wd?): = woi*".
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(d) For 2< j<m, the element 9/d¢; of ¢~ '(0,) Cep~'(O;) acts by
(0/0t)(03): = (8w/0t,)3; — {(oF; /ot )w}d; **,

where 0w)/0¢; is the partial derivation of the coefficients in @, of » with
respect to the wedge products of dx,, - - -, dx,.
Finally, we introduce an increasing filtration by ¢ (0 s)-submodules

FOK CFOK C.e. . CFOR ..
on K" defined for each j and nonnegative integer k by
FOKI = ngj+k—n «Qfﬁ%' <01,

It is straightforward to check that the above formulas indeed define
a left ¢7'(2;)-module structure on K’ and that §: K'—K'*' is ¢ (Ds)-
linear satisfying

HFBKY)CTFPK'.

For instance, the actions of ¢, and 9/0¢, satisfy the relation [9/0¢,, #,]=1.
The above definition might look artificial and unnatural. As we see
in Appendix, however, it is an explicit rendition of a complex arising

naturally in connection with the integrations along the ﬁbersf 0y and
¢

rr 0 in algebraic analysis.
L4

Remark. Since ¢: X—S is a holomorphic map, we have a canonical
homomorphism ¢ *(0g)—0;. This induces a ¢~'(0s)-module structure
on 2%+, hence on K?. With respect to this latter structure, #, acts as
multiplication by F;, but we should forget this action. Instead, in our
definition above, it is convenient to regard ¢, as acting on 2%}; as multi-
plication by F,, while on ¢~'(0,)[0,] as the derlvatlon —0/9(0,). More-
over, if we introduce a new function

F(x’ s):=t1~Fl(x, t/)

as we do in later sections, the above (c) and (d) can be unified so that
the action of § € ©¢ becomes

(03 : =(0w)d;+ (O F)wds ™.

Taking the n-th hyperdirect image with respect to ¢, and that with
proper support, of this complex (K', d), we get the Gauss-Manin systems
& and &, on S, which are the main objects of our study. In this section,
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we indicate the steps necessary to give elementary proofs for the following
theorems.

Theorem 1.1 (The Gauss-Manin system for ¢).
(1) For each integer j, we have a canonical isomorphism

Rip (K", )=+ K", ¢40),

where the left hand side is the hyperdirect image, while the right hand side
is the cohomology sheaf of the complex (K, ¢.0) of left Dg-modules
obtained as the ordinary direct image of (K', 8).

(2) We have

Rip(K’, 8)= {@S ]::O
0 j=#0,n.
(3) The n-th hyperdirect image |
E:=Rpu(K", 0)=H"(p+K", 0+0)
is a left @ s-module and we have an exact sequence

0——> R (0 (0s))—>E —> 0 H#" (K", §) —>0.

The right hand term, having support on D, is the direct image of the n-th
cohomology sheaf #"(K', 3) on X of the complex (K', &), while the left hand
term is the n-th ordinary direct image of the sheaf ¢~'(05) so that its restric-
tion to SN\ D is a locally free O, ,-module

R0, (07" (Os)|s\0 ={05®csR"0+Cx}5\0>

where Cx (resp. Cy) is the constant sheaf on X (resp. on S).
(4) We have an increasing filtration by Og-submodules

e CHEY D FO~EO ...
on B defined for each nonnegative integer k by

E®:=Image [R"p(F K, §)—> R, (K", 5)]
0 :={t e BO; 5t e HO}

satisfying the following:

(i) E® for each integer k is Og-coherent with U, S®=5. More-
over, 5™ is Og-locally free of rank equal to the Milnor number y for each
k<0.
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(ii) The multiplication by o, is surjective on 5 and E® ={¢ ¢ &5,
0,5 e 5%} for each k.
(iii) For each k,

k kE-1) ~ 1
E®|FE-D =g Ont

has support on D, where Q%55 = Q%1/(dF, \ Q%) is the sheaf on X of relative
(n+1)-forms for X/S, and is O -invertible.
(iv) We have a canonical O s-isomorphism

EO = QUL (dF, N\ dp, 2751,

the so-called Brieskorn lattice. Moreover, the wedge product with dF,
induces Og-isomorphisms

AN ¢ 0udp]dp uh—=5 8D
AF N : R (D)5, dyys)—>5?.

Remark. As we see in Appendix, we have
RpuK', 0)=Rpo(@s. s @00~ = 0,
14

the integration along the fibers but with the degree shifted from the usual
one. The same remark applies to Theorem 1.2 below, where we have

; -
Ro(K", 5)=R901(9s«—x®£x@x)["n] =1 I Oy,
¢

the integration with proper support along the fibers.

For k<0, our & coincides with ' appearing in Saito’s papers.
The filtration we obtain gives information equivalent to the decreasing
Hodge filtration {®'5; | e Z} with

QE:=F"""b forleZ

which appears in a more recent theory due to Brylinski [B2], [B3], M. Saito
[Sm3], [Sm4], Kashiwara and others, which deals with the derived category
of filtered complexes of holonomic Zs-modules with regular singularities.

Theorem 1.2 (The Gauss-Manin system with proper support).
(1) For each integer j, we have a canonical isomorphism

Rio(K", 0)="""(R"¢,K", R"p\0),

where the left hand side is the hyperdirect image with proper support, while
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the right hand side is the cohomology sheaf of the complex of left Dg-modules
obtained as the n-th ordinary direct image with proper support of the com-
plex (K, §).

(2) We have

roio-f, 12
(3) The n-th hyperdirect image with proper support
B :=R"p(K", §)=H"(R*¢, K", R"¢,5)

is a left D g-module and we have an exact sequence

O—)Rn¢z(€0—l(@s))—>51—>90*%n(K'a 0)—>0.

The right hand term has support on D, while the left hand term is the n-th
ordinary direct image with proper support of the sheaf ¢~ (0s) so that its
restriction to SN\ D is a locally free 0, ,-module

R"SDl(SD'l(@s))|S\D={@s®csRn90!Cx}!s\D-
(4) We have an increasing filtration by O s-submodules
Ce ngn-l)cg§")cg§"+l)c e
on B, defined for each nonnegative integer k by
F{"*":=Tmage [R"p(F "*PK", )—>R (K", 3)]
0 i={t e BM; 956 e B}

satisfying the following:

(1) &A™ for each integer k is Og-coherent with U, S" =45, (cf.
Corollary 2.2).

(ii) The multiplication by 9, is surjective on 5, and 5" ={¢ e 5,;
0,& € B{**Y} for each k.

(iti) For each k, we have an O g-isomorphism

EW[EED =, 2%
(iv) We have a canonical @ s-isomorphism
E{"={y e dR"p,0x; dF, \p=0}.

We now give a sketch of elementary proofs for these theorems.
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The hyperdirect image is the common abutment of two well-known
spectral sequences

1j*:= R, Ki=—=>Ri**p (K", 0)
1% : = Rig (4K, 0) =R (K", ).

By our assumption, ¢ is a Stein morphism. Thus
R, M=0 for k0 and an @,-coherent module M

(see, for instance, [BS]). However, K’=02431[0,] is an infinite direct sum
of locally free ¢y-modules 24%7-9; of finite rank and is not @g-coherent.
As M. Saito pointed out (cf. Scherk-Steenbrink [SS, § 3]), R¥¢, does not
commute with inductive limits so that we cannot immediately conclude
Ij*=R¥p,K'=0 for k+0 and IJ’=R’¢.(K’,d). Thus Theorem 1.1,
(1) is not so trivial. We come back to its proof after we prove most of
the other statements of the theorem.

Similarly, the hyperdirect image with propsr support is the common
abutment of two spectral sequences

I{’kl=Rk¢sz:Rj+k¢!(K" 5)
Ilg’k:=Rj90!(%k(K.’ 5)):Rj+k§0l(K., 5)

Since ¢ is a Stein morphism of relative dimension #, we know that
Rfo M =0 for k+#n,

if M is Oy-locally free of finite rank by Ramis-Ruget [RR, Théoréme 1],
Fujiki [F] and Ohsawa [02], [O3]. Since KY is an infinite direct sum of
locally free @x-modules of finite rank, we cannot immediately conclude
that I}"*= R*p,K/=0 for k+#n and Ij"=R’*"¢p (K", §), either. Again we
come back to this later.

As for the second spectral sequences, we need more information on
the cohomology sheaves s#*(K", §) on X.

Since q: X—T is a smooth morphism of relative dimension n-1, the

following is well-known:

Lemma 1.3 (The Poincaré lemma). The relative de Rham complex
R2%r, d) with q~(Or)-linear d =dy,, satisfies
q7'(0r) j=0
HN(Q%)r, d)=
RP%/r, d) {0 0.

On the other hand, the wedge product
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dR N\ 1 R—>02%1

with dF, is @ x-linear and obviously gives rise to a complex (2%, dF;\).
Then we have the following:

Lemma 1.4 (The generalized de Rham lemma. cf. Saito [Sk3]).
Jj#En+1

w5 j=ntl

0
AN Qs de/\)={

Since £2%,s=2%,r/(dF,\2%;;) for each j, we see by Lemma 1.4
above that the wedge product with (—1)/dF,; induces an isomorphism

(—IYdF, N+ Qbys—>dF, 2% CREACF™KICK!

for 0<j<n. Since 6((—1)/dF,ANw)=(—1)*""dF,\dw for @ in 2%, we
thus have a homomorphism of complexes

p: (Q:Y/Ss dX/S)—_-)(y(n)K.a 6)C(K.’ 5)’

The cohomology sheaves #7(Q%,s, dx/s) are left ¢ '(PDs)-modules for
which ¢, € 9~'(0g) acts as multiplication by F,, ¢ (@) acts through the
differentiation on the coefficients of differential forms and 9,=09/0¢t,

¢(O;) acts as follows: If the image & in 2%, of & € Q% 4z satisfies dysE
=0, so that d&=dF, \y for 5 &€ 2%,r, then 3,=0/o¢, sends & to the image
7 of » in H#(Q%s, dxss). The action thus defined is the usual Gauss-
Manin connection. The following can be found in Pham [P, p. 159f] and
is an easy consequence of Lemmas 1.3 and 1.4:

Lemma 1.5. (i) The above homomorphism of complexes induces a
0~ (Dg)-linear homomorphism

Ox: e%j(g.x'/sy dx/s)’—‘)%pj(K.s 5),

which is bijective for j #n and is injective for j=n with the image equal to
the ¢ (0g)-submodule

FOAHNK, 8):=dF,\{y € Q% r; dnp e dF; N\ Q% }/(dF, \NdS2%1
of the ¢ (0 g)-submodule
FOAHNK, 0):=(dF, Ny r)(dF, \Nd Q%1

of FOHK',d):= Q2% +/(dF,\dQ%,}). More generally for each non-
negative integer k, the ¢ (Og)-linear map H#(F*K',d)—H#"(K',d) is
injective and we define F ®#"(K", 8) to be its image.
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(ii) For j+0, the supports of H(Q%s, dys) and HI(K',5) are
contained in the critical locus C.

(iii) The multiplication by 8, is surjective for #°(k’, 8) and is bijective
for H#I(K", 8) with j +0.

The following is known:

Proposition 1.6 (Brieskorn {B1], Sebastiani [S1], Greuel [G], Malgrange
[M1] and Saito [Sk1]). We have

Os j=0

Rip (2%s dy/s)=
§0*( X155 Axss) {0 0,1

and an exact sequence 0_’Rn99*(§0—1(05))_’1?”?*(9:&’/5, dX/s)“")SD*%"(IQ:r/s,
dy1s)—0 with R0, (%5, dx;s) being Og-locally free of rank equal to the
Milnor number u. Moreover,

. o7(0s) j=0
HNR%s, dxss) =
Q%55 dxss) {0 20, n

and the support of #"(2%,s, dyxss) is contained in the critical locus C.

As we have just seen in Lemma 1.5, 5#*(K", §) has an increasing
sequence of ¢ '(0g)-submodules FWH#™(K",d) for k>—2. Since the
multiplication by 9, is bijective on S#*(K", §), we easily see that

FOHNK, 8) =0 FOHK", 5)

for k> —2. We can thus define #®#"(K",d) for k< —3 as well by
this formula and get an increasing filtration {F®#™(K',8): ke Z} of
H#™(K", 8) by ¢ ' (0s)-submodules. Using Lemmas 1.3 and 1.4, we can
easily show that

FOHDK, §)|FEDAK, 6= 25k

holds also for k<< —2, hence for all integers k.

In view of this, we get the following, using spectral sequences, our
assumption at the beginning, Lemma 1.5, Proposition 1.6 and the result
(R4 Cx)|s\p =0 for j =0, n due to Milnor [M3]:

Corollary 1.7. We have

0s J=0

Rip, (K, 0)=
@s( ) {O =20,
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and an exact sequence 0— Ry (¢ ' (0g))—E —@ (K", 6)—0 with §®
being Og-locally free of rank equal to the Milnor number y for k<<0. More-
over, .

o 1o
e, = {00
0 Jj =0, n.

The support of (K, 0) is contained in the critical locus C. The multipli-
cation by 0, on H#™(K', ) is bijective and #™(K', ) has an increasing
Siltration {F * A™(K", 0); k € Z} by ¢~'(Oy)-submodules such that

F 0 H K, 8)=0"F V4K, )
with
FOANK, 0)=02%1/(dF, NdD% 1),
FOHNK,0)FEVAHNK, =0y  forkeZ
and the wedge product with (—1)"dF, induces an isomorphism
A Qx5 Az s)—>F A K", 9).

Remark. By Lemma 1.4, results similar to those in Corollary 1.7
hold if we replace (K", d) by its subcomplex (F VK", d) for / >n. Namely,
@S j =0
0 J#0,n,

-10 i—0
HFOK", §)= 7(0s) J
0 j#0,n

Rip(F VK", )= {

and we get an exact sequence 0— R"p,(¢p™'(0g)) — R"p (F VK", §)—
s (F DK, §)—0. Moreover, since F VK7 is Oy-coherent for all j this
time, we have I{"* = R*p(# P K’)=0 for k=0, hence Ij"*=R/(F VK", 9).

In view of the remark above, Lemma 1.5 and Corollary 1.7, we have
an exact sequence

0——> R0, (97 (05)——>ED——>p (FOAK", 5))—>0

for I >n, hence for all /, since the multiplication by 3, on R"p, (¢ *(0y)) is
surjective. Thus

1 -1y __ 1 1y I+1
E( )/5( )__sD*Q}"/'S and 815()—_,5(*-)

for all /.
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Similarly, for the spectral sequence
1) *=RipH#* K", ))— R *o (K", )

we have II"*=0 if k=0, n and j arbitrary; II;"=0 for j#0; and II}"=
oK', 8). Moreover, 1I{°=Rip (¢ '(0s)) vanishes for j+#n, 2n by
Milnor [M3] and by our assumption on ¢. Since n>>2 by assumption,
we get Theorem 1.2, (2) and an exact sequence

0 113-° &, 113" 0.

As before, we more generally have an exact sequence

0 1130 H® o (FDHK, 8))—>0
so that
EPEE N =0, 0% and 0,E8H =50

for all I. The Og-coherence of F{» for all / will be shown in Corollary
2.2,

The proofs of Theorem 1.1, (1) and Theorem 1.2, (2) due to Scherk-
Steenbrink [SS] proceed as follows:

The quotient complex 2" :=K'[/# ‘K" has a filtration by subcom-
plexes F W2 :=F WK [F™K" for [>n. By Lemma 1.5, (i), Corollary
1.7 and the remark after it, we see that s#7(2)=0 and H#/(FPD2)=0
for j#n. Moreover, #"(2’) and #"(F “2") have support on C.

Using the second spectral sequences, we thus see that Rip,(2)=
= (2) and Rip,(2)=¢.s#(2") vanish for j+n and have support
on D for j=n. The same result holds when we replace 2" by # 2"

Since ¢ is a Stein morphism and F# ™K’ is @y-coherent, we have
R'¢, FK7=0 and hence an exact sequence of complexes

00—, F K —— 0 K'—>¢, 2 —0.
We have a commutative diagram

e HpuF K ) A puK ) H 1 L)

LT

<> RIG (F MK )—> R0 (K') —> Rip, (2)—>- - -,

where the first (resp. second) row is the long exact sequence of coho-
mology sheaves (resp. hyperdirect images) and the arrows «,, 8, and 7,
are the edge homomorphisms for the first spectral sequences.
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As we pointed out in the remark after Corollary 1.7, we see that «,’s
are isomorphisms. To show B,’s to be isomorphisms, it thus suffices to
show that so are 7,’s. 'We have

022 =0,(ind lim F®2)=ind lim g, (F®2),

since F W97 is Oy-locally free. Hence #7(p,2")=ind lim H#(p F D 2.
Moreover,

Rip(2) =0, /(2)=p(ind lim #(F D 2))=ind lim g, #/(FD L),

since the restriction of ¢ to C is proper over S. We are done, since
F N 9! is O4-coherent, hence

HpxF PV 2)=Ri9F VD)= H(FDL).
Thus we have Theorem 1.1, (1).

Since F™K? and F P2’ are Oy-locally free of finite rank and since
¢ is a Stein morphism of relative dimension n, we have R*p,(F ™K?)=0
and R (FDP92)=0 for k=n. Thus the same argument as above
shows Theorem 1.2, (1).

Finally, to conclude the proof of Theorems 1.1 and 1.2, we need to
show (4), (iv). We analyze 5 and £, through the first spectral sequences
in greater detail than necessary here, since we need the result in the next
section, where we sketch the proof of the fact that 5 and &, are holonomic
left @g-modules with regular singularities and prove that the Poincaré
duality holds.

We need the following consequences of Lemmas 1.3 and 1.4, which
we can show again using spectral sequences, our assumption at the
beginning and Milnor’s result in [M3]:

Lemma 1.8. (i) (2% 7, 05d)=0 Jor j#0, n.

. . 0 Jor j#n+1,
(i)  Hps2% 7, ps(dF,; /\))={ - .

0x2%5  forj=n+1.
(i) AR5, Ripd)=0  for j+0,n.

: 2 O n 2% for j=1,
(iv) H#'(R"0Q% 7, R ¢,(dF,/\))={ 0* e or fo£ L,
We have already seen that

Os J=0,
,yfj(gD*K., ¢*5)=RJ¢*(K.3 5) =10 J #0, n,

g j=n,



K. Saito’s Period Map 609

E! Jj=n,
”j_n(RnSO!K.: Rn9015)=R1591(K., 0)=10 J#n, 2n,
Os  j=2n.

In fact by Lemma 1.8, (ii), we easily see that the wedge product with dF,
induces an @g-isomorphism

Os={y € 040y; dF, \Ndy=0}
{7 € 0 8% 15 dyp=0, dF, \p=0} =0, K", ¢+9).
Similarly by Lemma 1.8, (iv), we see that
%&n(Rn?!K.a Rnﬂoxa):Rn% E{ﬁ’/(dFM\an(P!Q}—/%' s

which is ¢g-isomorphic to R**¢ (K", §)=05.

By Lemma 1.8, (i), (ii), we know that ¢,d: I:=¢, 2% r— 0 0%} is
surjective and that the kernel of ¢ (dF, /\): I—¢, 2%} coincides with dF; A\
¢0+82%7. For simplicity, let us denote p,d and ¢ (dF; \) by d and dF, A,
respectively. We then have the following easy result for 5':

Proposition 1.9. (i) I:=¢, 0%, has the following sequence of
7~ Y0 p)-submodules

I=: IOV DIDD ... DLDOLDLDI
defined inductively by
IR i =d " Y(dF, \NI¢#*D) Jor k>1,
I":=(dF, \) " dF, \d,2%7)=do, %1+ dF N 2%,
Li=d"YdF, Adp 253 = (ker d)+dF, Apy @%b,
L:.=d Y(dFRNI,_,) Jor k>1.

I’ and 1" are O s-submodules of 1. Moreover, dI'® =dI = ¢, 0%}, dl,=
AR NI =dI' =dF, \d¢, 5%} and

Al =dF, NT**D, dl,=dF, NI _, Sfork>1

are all Og-submodules of ¢, S0% 7.
(ii) For k>0, the x~'(0Or)-homomorphism d%d: I—¢, Q%705 C e, K"
induces

(dDef/(dL)ot=E®  for k0.

(ili) The wedge product with dF, induces an O s-isomorphism
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dE,N 1 ICW D s d[CRdL = B0 for k>1.

As for Z,, we have the following: By Lemma 1.8, (iii), (iv), we
know that R"¢(dF;/\): R"¢,0x—R"p 2%, is injective and that the kernel
of R*od: R"¢,2%,r—R"p,2%,r coincides with dR"p,0, since n>>2. We
again denote R"p,d and R"p,(dF,/\) simply by d and dF,\, respectively.

Proposition 1.10. (i) Define the Os-submodule J of R"¢ 0 by
J:={8 & R'g,0x; dF, Ndf=0}=d~"(dR"p0) N (ker (dF; \).

We then have a surjection d: J—dJ =(dR"¢,0) N (ker (dF, \)) and a bijec-
tion dF,/\ :J=dF,N\JCdJ. J has a sequence of n~'(0,)-submodules

J=:JODJEV DD ... DJ,DJ D,
defined inductively by
JCER i =d " (dF, \NJ**Y) Jor k>1,

J03=kel‘ [d: R"gD!@X—»Rngo!Q}/T],
Jo=d-dF AT, fork>1.

JE are O g-submodules of J.  Moreover,
dIB =dF, NJ D, dJ,=dF N\Jy_, Sfor k>1

are all O g-submodules of R"¢,(2%,r).
(ii) For k=0, the homomorphism 8%d: J—(R"¢,2%,r)- 05 C R, K°
induces ‘

(dr)ok/(dl)es=E"®  for k>0.
(iii) The wedge product with dF, induces an O g-isomorphism

dF,/\ 1 JCED_d] et = Finb Sfor k>1.

§ 2. Regularity and the Poincaré duality

By the very definition, we have a canonical homomorphism of left
2 s-modules '

£ 8:=Ro(K',6)—>8:=R"0.(K", 5),
which sends £'{" to & for all k. By Theorems 1.1 and 1.2, the stalks of &,

and 5 at s € S\ D are 5,,=0;, Q(R"0,Cx), and H,=0s, Dc(R*04+Cx),-
It is well-known that (R"¢,Cy),=H"(X,, C), where X;:=¢7!(s) is the
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Milnor fiber, while (R"¢,Cy), is canonically isomorphic to the n-dimen-
sional homology group H,(X,,C). Thus the above homomorphism &
contains information on the canonical C-linear map

’53: Hn(Xs’ C)=(RnSDICX)s—)(RnSD*CX),s:Hn(Xs! C)

for the Milnor fibers. By the Poincaré duality for the Milnor fibers, we
have canonically

H”(Xs, C)ZHomC(Hn(Xsa C)7 C)9

which, together with &, gives (—1)*™*)” times the intersection pairing
H(X,, CYX H(X,, C)—C.

In this section, we extend these to the entire S in the context of
9,modules. In Saito’s papers, the Poincaré duality is not explicitly dealt
with. As we see in Section 3, however, he deals with its formal microlocal
version. As we also see in Section 4, he gives a description of the Poincaré
duality in terms of primitive forms when ¢: X—S is a universal unfolding.

We also give a sketch of the proof that 5 and &, are holonomic left
9 s-modules with regular singularities.

Since FCR[ECE D =e Q7L has support on D for each integer k by
Theorem 1.1, we get a canonical injective O¢-linear map

Home (R, Og)——>Hom, (HCF, O).
We can define on the resulting inductive limit
ind lim,_.., #om, (59, O)
a canonical left 2g-module structure by letting 4 € @4 act by
(0u)(§):=06(u(&)) —u(68)

for u e Homo(H", Og) and & e 5D, We also endow the inductive
limit with the increasing filtration {¥'™™; ke Z} given by ¥® =
%omms(g(—k), ).

Both (i) and (ii) in the following are due to Kashiwara.

Theorem 2.1 (The Poincaré duality). (i) For each integer k, we
have a canonical Og-homomorphism

B ——Hom, (£F7D, Ug),

which is an isomorphism for k>0 and which gives rise to a left 9 s-isomor-
phism
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8,—">ind lim,_.., Kom, (5, Oy)

decreasing the filtration by n—1.
(i) &, is the left Dg-module adjoint to 5, i.e.,

B \=5% 1= Extly, 95(5, 93)@@“’51-
As a consequence of (i), we first get the following:

Corollary 2.2. E® is Og-locally free of rank p for all integers k. In
particular, 5, is Os-flat.

Proof. EH® for k>n is Og-locally free of rank p by Theorem 2.1,
(i), since so is & for /<< —1 by Theorem 1.1, (4), (i). We are done as
in Corollary 1.7.

Remark. As Kashiwara pointed out, 5® for k>1 may not be
Oslocally free. Thus the canonical homomorphism 5—5@,0s(xD),
given in (2) below immediately before Theorem 2.6, may not be an
isomorphism.

We also sketch the proof of the following regularity in this section
(cf. Appendix).

Theorem 2.3. & and 5, are holonomic left 9 s-modules with regular
singularities.  Their characteristic varieties in the cotangent bundle T*S
of S are both equal to the union (T¥S)YU(T%S) of the zero section T¥S
of T*S and the closure TS in T*S of the conormal bundle in S of the
smooth locus of the discriminant D.

As the first step in proving these results, we recall the following from
Saito’s papers, which reappear in Section 4 and in Appendix:

The fiber product Z:=X X .S is obviously an open set in C**' X C™
containing the origin with coordinates (x, s)=(Xg, +*+, Xps by, * * *5 Lp)-
We denote by p: Z—S and II: Z—X the projections. ¢: X—S gives rise
to the section ¢: X—Z of II defined by a(x, t'):=(x, Fi(x, t), ). Thus
o is an isomorphism onto the nonsingular hypersurface o(X)={(x, s) € Z;
F(x, s)=0}, where F(x, s):=t,—Fy(x, t’).

zZT—>X

T

We have
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C:=1IT-(C)=Specan (0 /(3F/dx,, - - -, 3FJdx,))

so that p: C—S is the base extension of qg: C—»Tby n: S—T. Since the
fibers of ¢ have at most isolated singularities, C (resp. C) is finite over S
(resp. T) and is a complete intersection in Z (resp. X), hence is Cohen-
Macaulay. Thus p,0s is Os-locally free of rank equal to the Milnor
number g Similarly, ¢,0, is O,-locally free of rank p.

We have an exact sequence

F
0—0s—>0s—0,0,—>0

and CNa(X)=a(C), where the arrow with F denotes the multiplication
by the restriction [F to C of F:=F(x,s) regarded as an element of
HYZ, 0;). We thus have the following:

Lemma 24. (i) The Ogmodule 0,0, has an Og-locally free resolu-
tion

px(F)
0—>p40¢ X > Px0¢—>¢, 0 0.

(i) Let 4:=det(p4(F)) be the determinant of the Og-endomorphism
DPs«(F) of po0p. Then the divisor Specan (0s/405) is set-theoretically equal
to the discriminant D of ¢.

Let 27,5 with d:=dj,s be the complex of relative Kéhler differential
forms for the smooth morphism p: Z—S of relative dimension n+1. The
wedge product with dF= —dF, gives rise to another complex (27,5, dF /\)
of ¢,-modules as in Section 1. Then we have the following, the first
assertion of which is again due to Saito [Sk3].

Lemma 2.5. (i) (The generalized de Rham lemma)

- 0 for j#n+1
A2y, s, AF N)=
@ersr BN {Qm/wm%s) for j=n—+1.

(ii) (The Poincaré lemma)

pi(0s)  forj=0
0 Jfor j 0.

(i)  QPL(dF N\Q%,s) is Og-invertible and

A QLz1s d)={

F
0——>Q2%5/(dF N Q% 5)——>2%5/(dF N2%,5)—>0 . L2%)5—>0
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is exact. Taking its direct image under p, we get an Og-locally free resolu-
tion of ¢4 Q%34

Consider the left 2 ¢-module
Os(xD):=04[4™"]=ind lim, .05 D),

the sheaf of germs of meromorphic functions on S whose poles have
support on D. Since gr*(&) and gr*(5)) for each k e Z are isomorphic to
©482%t by Theorems 1.1 and 1.2, we have by Lemmas 2.4 and 2.5 the
equalities of left Zg-modules for each k:

EQy0s(xD)=EF"Q,s05(xD), & :®,s0s5(xD)=EF{"®,s05(xD)
as well as canonical left 2 g-isomorphisms
ind lim,,_, , #om, (51, Of)
=H ome (5, Os(xD))=Hom, (EQ,0s(xD), O5(xD)).

Thus Theorem 2.1, (i) will be the consequence of the following:
(1) There exists a perfect 0-bilinear pairing

oy YT EMXECD— (0.
Its scalar extension
<, oo (51®as@s(*D» X (E®as@s(*D))“““>08(*D)

is a perfect O¢-bilinear pairing satisfying

(O, &) +<n, 05 =0y, &)

for all§ € O4, n e 5,Q,,05(xD) and & ¢ £Q, (D).

(2) The canonical Pg-homomorphism £,—5,Q,0s(xD) is an
isomorphism.

The following is a particular case of the relative Serre duality due to
Ramis-Ruget [RR].

Theorem 2.6. For each j, the composite
R0, Q%10 X3 82%57 ' —> R0, 2% ——>0g

of the cup product with the trace map is a perfect topological O s-bilinear
pairing, where @, 2%17 (resp. R"¢,2%,) is a Fréchet nuclear space (resp.
the strong dual of a Fréchet nuclear space). Similarly, we have a perfect
topological O¢-bilinear pairing

R"'p 0% s X 3855 ——> R 'p 0% 5—0s.
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Lemma 2.7. There exist canonical perfect Og-bilinear pairings

oy DT EMXETH—0,,

€ D pu(Q%5/(dF ND% ) X py(Q%15/(dF N2%,5)—>0s
such that for each k>0 the Og-bilinear pairing
gr (&) X gr(&)——>04(xD)/ 0

induced by the former is perfect and coincides with the perfect O g-bilinear
pairing

SD*Q:EY';; XQx }7@——){98(*1))/05.

induced by the latter under suitable identifications gr™**(5))=¢, 2% k=
gr(&).

Proof. On the one hand, H{"=dJ={dp e dR¢,0y; dF,/\ df=0}
by Proposition 1.10, (ii). On the other hand, we have an isomorphism
(dF,N\): I/ =dI Y [dl,= 5" by Proposition 1.9, (iii), where I=¢, 0%,
DI'=do, 2% +dF Ny 251

The canonical surjection R"p Q% 7—R"¢(K",8)=0s with kernel
dF, \dR"p,2%,; coincides with the trace map. By Theorem 2.6, we have
a perfect topological pairing

RnSO! }/TXI——>R7L90: 75?7;'—““')0s

which sends (7, «) to the image [f U] € Og of ¥ U € R, 0%'7.
It induces a perfect pairing dJ X (I/I')— 0s. Indeed, [rUI']=0
means

() 0=[rU@F N 2% DI=1(dF, A1) U 0 2%,7]=[dF, N(T U 0, 2%,7)]
and

(%) [rUdw]=0 for all w € ¢, 2%7.

(*) is equivalent to dF; A7=0 by the relative Serre duality in Theorem 2.6.
(%) also implies 7 04 2%7 CdR ¢, 2%+ dF, AR"p,2%,; by Lemma 1.8,
(iv), hence d(r Uw) € dF, NdR"¢,$2%;3 for all w € ¢, 02%7;. Thus (xx) is
equivalent under (%) to [(d7)Uw]=[d(7 Uw)]—[r Udw]=0 for all we
¢482%,7 again by the relative Serre duality. Hence [r UI’]=0 is equivalent
to d¥=0=dF,/\7, which is nothing but 7 € 4J by Lemma 1.8, (iii).

Thus we have a perfect @g-bilinear pairing

dB, lda_,]y:=[(dB) U]
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for dpe dJ=5™ and [da_,] e dI*""]/dI,= 5", where [d«_,] is the coset
of dee_; € dI*™Y modulo dl, and «, € I is determined uniquely modulo 7’
by da_,=dF,A\ea, By its scalar extension, we have an @g-bilinear pairing

E+0 % BB 50 (D)

whose restrictions to F{"*¢¥0 x H¢® and F{"*®» x £*D have values in
@s. Hence we get an Og-bilinear pairing

gt (&E ) X gr (&) —>0s(xD)/0s.

On the other hand, we clearly have an exact sequence of complexes

F
0—>(Q%/s, AFN)—>(2%,5, AF N)—>(0 1 2%/r, dF; /\)—>0,

where the arrow with F denotes the multiplication by F. It induces exact
sequences of complexes

0——(pf2%,5, AFN)—>(ps8%,5, AFN)— (04 2% 1, dF; N)—>0
and
0—>(R"0, 2% 7, AF; N)—>(R**'p,Q7 5, AF N)——>(R"*'p, 225, AFN\)—0.

By Lemma 1.8, (ii), (iv) and by similar results obtained from Lemma 2.5,
the exact sequences of cohomology sheaves arising from these exact
sequences are reduced to

n+lp, (F
0—> o LA 0
0— @ P*(F)’

where
A i=ker [dFN\ : R"'p,0,—>R**'p QY]
@:=coker [dF/\ : pu 8% ,s—> PS54
By Lemma 2.5, both #" and ¥ are canonically isomorphic to the locally

free Og-module p, (2% /(AFNA2%,5)) of rank p.
By Theorem 2.6, we have a perfect topological @4-bilinear pairing

Rn”PzQ%/s X Px ’;/‘é‘j——>@s

for each j, sending (b, a) to [bUd], where the bracket denotes the trace
map R"*'p2%+i—0¢ which is surjective and has kernel dR™*'p,2%, by
Lemma 2.5, (ii). These pairings for different j’s are obviously compatible
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with dF/\ so that we have a perfect @s-bilinear pairing { , ): A X E—0,
which sends (b, [da]) to

(b, lda]) := —[b U (da)]=[(db) U ],

where b is in " CR**'p,0, and [da] is the image in € of da e dp,Q%,s=
D%

d induces (s-linear isomorphisms R**'p,(d): A = dA CR"*'p,2%,s
and p,(d): I/I’=%, which obviously commute with R**'p,(F) and p,(F),
respectively, where I:=p,Q2%,s and [":={a ¢ I; da e dF A p,2%,s}. Hence
we have a perfect @s-bilinear pairing

(¢, Y: @)X TI'—>0,.

The Og-bilinear pairing which it induces on the cokernels of R**p,(F)
and p,(F) and which has values in Og(xD)/0; is perfect and coincides with
the pairing gr***(&)) X gr ¥(8)—0s(xD)/0s above induced by { , ) for
k>0, since " is then @g-locally free by Theorem 1.1, (4), (i). Thus
we conclude that this latter is also perfect.

Proof of Theorem 2.1. We show (1) and (2) stated immediately
before Theorem 2.6.

By Lemma 2.7, we already have the perfect @s-bilinear pairing re-
quired in (1). Its scalar extension to O4(xD) satisfies (O, &)+ (y, 6&)=
64y, &, since 4" for v large enough preserves £ and &% for ke Z
and for 4 € @4 by the definition of the action of § on K.

Using Lemma 2.7, we can show by induction on k>0 that the
induced Og-bilinear pairing

, Y EMPXECHY 50,
is perfect for k>>0. Hence we have canonical isomorphisms

5,=ind lim,_...B"*»—"">ind lim,_.. #ome(E*, 0)
= Homo (8, O5(+D))«=—E5 ®,,0(xD).

Thus we have (2).
£,=E* in (ii) was shown in a more general context by}Kashiwara-
Schapira [KS] as we see in Appendix. g.e.d.

Remark. Kashiwara also constructed the 9 g-isomorphism
E*——>ind lim,_,_ 5 om, (&P, O5)

using the first Spencer sequence
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0—> D ® A"y F* ™ >+ DRy BV —>F—0,
which is exact for k large enough at each point of S.

A sketch of the proof of Theorem 2.3. By Theorem 2.1, (ii), it suffices
to check the assertion only for &.

To compute the characteristic variety of &, we look at the non-
negative part of the filtration

0CEOCED ... ...

by 0s-coherent submodules. By the definition of our ¢ (2 )-module struc-
ture on K, the associated graded gr(Zs)-module 5@ (P,., F®/HF*-1)
is the fiber product of

(i) & which is annihilated by gr'(2;)=6; and

(i) (p42%8)®,,0sl0,] on which each e gr'(D;) acts as 3, - @4 (I6F]),
where 6, 3, € gr'(9,) are the images of 6, 9, € Oy and where ¢, ([6F]) is
the image of 8F € 0 in ¢, 0, acting as multiplication on ¢, £27%%

(iii) with respect to the surjective homomorphisms

E(O) H?*Q}%(“—(?* Eé) ®as 05[31],

the first one being the canonical surjection F©—Z®/F¢Y while the
second being the reduction modulo 3,.
Thus the characteristic variety is (T%S) U(T%S) and & is holonomic.
Unfortunately, the graded gr(92g)-module above is not reduced,
hence we cannot immediately conclude that & has regular singularities.
Instead, Saito uses Deligne’s criterion

Os(—log D)- E® c F® forkeZ

for regularity, where O 4(—log D):={0 € O4: 64 e 40,}.

By the definition of the action of § on K°, we have g5 C &® for
all k ¢ Z if and only if @ belongs to the kernel of @ ¢—¢, 0, which sends
to ¢, ({6F]). As we see in Proposition 4.1, this kernel coincides with
O4(—log D) when ¢: X—S is a universal unfolding, and we are done in
this case. The general case is a pull-back of a universal unfolding, hence
the regularity also follows. g.e.d.

§ 3. Formal microlocalization and the higher residue pairing

A
fd
-

In this section, we consider the formal microlocalizations £, E, of &,
&, with respect to the variable #, as well as their direct images 7,5, 7.5,.
They are much easier to handle than &, &, and appear in Saito’s papers
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together with z,5. In fact, as was pointed out by Kashiwara (cf. [Sm7]),
Saito’s higher residue pairing js nothing but the formal microlocal Poincaré
duality between 7.5 and . ~,.

Definition. (i) We denote by A:=0,((;")) the ring of formal
Laurent series in dy! with coefficients in @, i.e., those of the form
> wez@,0: with a, € 0, and aq,=0 for v sufficiently large. We endow it
with an increasing filtration {4 ; k ¢ Z} defined by

A® =0, [[o7 ok ={>, a,01; a,=0 for k<p}.

We denote by ¢: 4—A the @, -algebra involution such that 8;: = —a,.
We regard 4 as a left n,P¢-module by letting § € ©,C 05 act on the
coefficients of Laurent series, letting 4, € 7,04 act as multiplication by 3,
and letting #, € 7,0 act as the derivation —3§/d(d,) (the microlocal Fourier

transform!).
(ii) We define the ring of formal microdifferential operators on §

by
Esi=Ds®:-sopra® ().
Definition. (K", §):=(K", 6) ® ;-1(0yq ~*(4) is the complex

A A

~ 0 ~ 0
00— K ey KOs K"—>0

on X defined for each integer j by
= Q410 =2%/1® 1001 (D)

which consists of elements of the form Y., 0,0, with w, € 247 such that
o,=0 for v sufficiently large. We define an increasing filtration on K by

FORI:={>" 0,8; 0,=0 for j+k—n<v}

for k ¢ Z. The g-'(A)-linear map §: K/—K’** sends wd; in K’ with » €
244 to

8(wdy) :=(dw)d;—(dF, N\ @)3;*".

A left ¢'(Z;)-module structure on each K/ is defined exactly as for K7 in
Section 1, so that £* becomes a complex of left ga"(@“’ s)-modules and § is
“(@@S) linear satisfying 5(9"”1(’)(:37(")Kf”
By direct calculation using Lemmas 1.3 and 1.4, we have the follow-
ing, which is much easier to prove than Corollary 1.7:
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Proposition 3.1. We have #(K’,8)=0 for j+n. #"(K’,35) has
support on C and, together with the filtration induced by Z, coincides with
the ¥ -adic completion of #*(K", d), i.e.,

H#™(K*, §)=proj lim,_.., #™K", §)|F -0 K", 5).

By this result, the second spectral sequences degenerate and we get
the following, which is much simpler than the corresponding statements
in Theorems 1.1 and 1.2:

Theorem 3.2. Both Rip. (K, §)=#(p.K", 048) and Rip(K’, 5=
H- ”(R”golK R",5) vanish for j#n. Moreover, we have canonical iso-
morphisms of filtered left & s-modules

=Rou(K’, 8)=A#"(ps K", 18)= s (K", §)
!=Rn¢!(I€"9 g)Z%O(RHSD!KA.s Rn¢'5)=¢*=%ﬂn(le', 5)5

by

where the filtrations on the right hand terms are those induced by % and
where

Ei=proj lim,_, H/5", E,:=proj im,_..&,/5{™,

with the filtrations {E%:1e Z} and {E(®; e Z} induced by {E®; e Z}
and {5; 1 e Z} Under these isomorphisms, the canonical & s-homomor-
phism #: 5,—& induced by r: 5,—5 is a filtration preserving isomorphism.

In the same way as Lemma 1.8, we obtain the following using
Lemmas 1.3 and 1.4. The proof is easier this time, since g: X—T is a
smooth Stein morphism with contractible fibers and of relative dimension

n41:

Lemma 3.3.
' O, Jor j=0
1 %j Q. ) d =
(i) (9+2%, 7> 94(d)) {0 for j 0.
) ) 0 forj#=n+1
9+2%)s  forj=n+1.
0 for j£n4-1
iii %] Rn+l Q' R Rn+1 : d p—
(iii) ( Qi< x/r 9:(d) {@T for j=n+1,
. . qx 7;5;‘ fOVj=0
iv) HUR**'q,Q% 0, R 'q(dF,\))=
(iv) ( Qiéx/r (dF;\)) {0 for j 0.

By Proposition 3.1 and Lemma 3.3, we get the following by means
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of the spectral sequences exactly as in Theorems 1.1, 1.2 and 3.2 (see also
Lemmas 2.4 and 2.5 as well as the paragraphs immediately before them):

Theorem 3.4. Both Rig (K, §)=#q,K", q,8) and Riq(K’, 5=
7" (R**q,K", R"*'q,5) vanish for j=n. Moreover, we have canonical
isomorphisms of filtered left & s-modules

:R"q*(K', 5)=%n(Q*I€'> Q*5)=Q*%na€., 5)
=R"q(K", 5)—_—'%—1(]{“1‘11](" Rn“‘]xé):%k%"(K.a 5)

A
TH
5

T

Under these isomorphisms, the r,& s-homomorphism n.(£): ne =2, —n. 5 is
a filtration preserving isomorphism. Furthermore,

grk(n*él)zgrk(ﬂ*é)":"q* }735'
are O ,-locally free of rank u for each k and

gr(m4 8) = gr(m 4 £)) = (3 2%5) ®,, r(4)

50 that .5 and w8, are A-locally free of rank p, while m, 5% and r, E®
Sor each k are locally free modules of rank y over A =0 [[o7]]-

Note that the associated graded rings and modules above are with
respect to our filtrations, so that, for instance, gr(4)=0,[0,, 6r'] is the
Laurent polynomial ring in a variable §,. The last assertions above
follow from the lemma of Krull-Azumaya-Nakayama.

Remark. Later, we need the following, which we can show using
Lemma 3.3, ( i) and (ii):

(1) mB=H"(q+K", 449).

(ii) The multiplication by 6, is bijective on r,Z,' even though it is
only surjective on 5 by Theorem 1.1, (4), (ii).

(i) 7 ED =0%r, F® for all integers k.

The proof of (i) is exactly the same as that of Theorem 1.1, (i). We
can show (ii), hence (iii), as in Lemma 1.5, (iii), thanks to Lemma 3.3, (i).

The following is essentially the higher residue pairing in Saito’s
papers. It was recognized to be the formal microlocal Poincaré duality
by Kashiwara (cf. M. Saito [Sm7)).

Theorem 3.5 (The formal microlocal Poincaré duality). For the locally
free modules wy 5, and 7.5 of rank p over the ring A=0,((1")), we have a
canonical nondegenerate pairing p: T8, X e E— A which is A-linear for the
first factor and A-semilinear with respect to the lnvolutlon cof A for the
second. It satisfies the following properties for 7 € x*ul and & e m 5
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(i) p is Op-bilinear and
(9, £)0,=p(@1), §)=p(y, —3:&)
(ii) For 6 € ©,Cr, &y we have
(o(n, §))= 06, &)+ p(y, 65),

where the left hand side denotes the action of 6 on the coefficients in O of
the Laurent series p(y, &) € A.
(iii) As for the action of t, € 03 Cw, & 5, we have

t(o(y, &)= p(t;n, &) —p(y, %),

where the left hand side denotes the derivation —6/0(9,) acting on the Laurent

series p(y, ).
(iv) For each pair k, | of integers, we have

p(ﬂ*éf““ " ﬂ*é(z))___ A+D
and the induced pairing
Onsisr,1’ Q*Q"X7§ X Gy }7§= gre+ +k(7f*éx) X grl(”*é)“—’grk”(/l): O
is a nondegenerate O p-bilinear pairing.

Remark. Saito calls g,, the residue pairing and shows it to be
symmetric. Composmg p with the filtration preservmg 7, & s-isomorphism
m4(R): TS 7L, we get a pairing K: 7,5 X 78—/, which Saito calls
the higher residue pairing and which satisfies K(z, §)=K(§, 7)".

Proof. By Lemma 3.3, (iii), we have the trace homomorphism
tr: R**q Q%7 —>0;

which is surjective with kernel dR"*!¢,2%,,. By Ramis-Ruget [RR], we
have the relative Serre duality (cf. Theorem 2.6), i.e., the cup product
induces a perfect topological @ ,-bilinear pairing

ot R*q QX 42— R 4, 25— >0,

for each j. Obviously, R**'q,(dF; \) and q.(dF,/\) are mutually adjoint
with respect to p, while R**'¢q,(d) and — g,(d) are mutually adjoint with
respect to p, since the trace map has kernel equal to dR™*'q,2%, .

We now extend this p uniquely to a pairing
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p: R"1qKIX g K17 —> 1

so that it is A-linear for the first factor and A-semilinear with respect to
the involution ¢ of A for the second factor. Thanks to this twisting, we
easily see that R**'¢,(8) and —gq,(5) are mutually adjoint with respect to p.
By Theorem 3.4, we have

ﬂ*éx =ker [R**'q,(0): R"H%Ie—l"_)Ran![eo]
m B =coker [q,(8): g K" '—>q, K.

Thus we have a pairing p: w8, X mZ—A which is A-linear for the first
factor and /-semilinear with respect to ¢ for the second. By the definition
of our filtration, we clearly have

p(zr*éf”” ", W*E(D)CA(’“”’

for each pair k, / of integers.

The pairings ,.;.x,; induced on the associated graded modules are
easily seen to be nondegenerate bilinear forms on the @ -locally free
module ¢,0Q% 5 of rank . Hence, we have the equality in (iv) and p
itself is necessarily nondegenerate.

(i) follows from the A-linearity for the first factor and A-semi-
linearity for the second.

(ii) and (iii) are immediate by direct calculation. g.e.d.

Remark. We can rephrase Theorem 3.5 as follows: By sending
7y € m 5, to the homomorphism which sends & e 7,5 to p(y, &) € 4, we
have a left 7,& g-isomorphism

W*51—>~ Hom gsemi (T 5, A)

which decreases the filtration by n+1, where the right hand side consists
of A-semilinear homomorphisms u from x5 to A with respect to ¢, where
the left z, & s-module structure is defined for & € =5 by

@) :=u(—0.£)=0,-u(§)

(t)(©):=1(u(&)) +u(t:§)

(6u)(§):=00u(§)—u(5)  fordeOy
and where those u with u(z,5®)C A% for all / e Z belong to the k-th
filtration.

M. Saito [Sm7] identifies the right hand side as the left 7,&s-module
adjoint to r.5 and relates Theorem 3.5 to Theorem 2.1.
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§ 4. Universal unfoldings and primitive forms

For the holomorphic map ¢: X—S§ of our concern, we again consider
as in Section 2 the fiber product Z:=X X .S with the projections p: Z—S
and II: Z—X. Thus ¢ gives rise to a section ¢: X—Z for II which is an
isomorphism onto the nonsingular hypersurface a(X)={(x, s) € Z; F(x, 5)
=0} with F(x, s):=t,—F(x, t). Recall also that

C=0""(C)=Specan (04/(3F,/ox,, - - -, OF,[dx,))
C=1II"'(C)=Specan (0,/(0F/dx,, - - -, OF|dx,))
a(C)=C Na(X)=Specan (0/(F, dF[ax,, - - -, 3F[dx,)).

Remark. For f(x):=F,(x, 0), the fiber X,:=¢"'(0) over the origin
is the hypersurface {x € Z,; f(x)=0} in Z,= p~'(0)=C"*'. The fiber of
Ps0s at O is

(Px0)0)=04,/(0f]0%o, - - - 0f]0x,),
while the fiber
(950N 0)=05,/(f, 3f]0xo, - - -, 0f]0x,)
of 9,0, at O is nothing but
T }ozé"’xt}xo(gfyo, Ox,)

and classifies the first order deformations of X, without regard to the
embedding.

Definition. ¢: X—S is said to be a universal unfolding if the @ -linear
map sending # € O to the image 6F in p,0s of F under the canonical
projection p,0,— p,0s is an isomorphism Os=s p, 0.

Thus in this case, m=dim .S coincides with the Milnor number g.

Saito’s theory describes the Gauss-Manin systems & and &, for
¢: X—S, which contain cohomological information on the fibers, in terms
of interesting linear algebra on ©,. This feature is in marked contrast to
the usual deformation theory, in which we describe the tangent spaces of
the parameter space in terms of the cohomology groups of sheaves on the
fibers.

As the first set of ingredients for the linear algebra on @, the
universality of ¢ induces on B the structure of a commutative and associa-
tive (s-algebra as well as an Og-module endomorphism w of Oy as
follows: :
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Proposition 4.1.  For a universal unfolding ¢: X —S, define an @ p-sub-
module of n,@¢ by

g::{g e m,05; [g, 81]:-0}:@1’61@@1’-

(1) The Or-linear map which sends g e % to the image [gF] of gF
under 7, ps0;—q40; is an isomorphism 4=q,0,. This induces on % a
commutative and associative w,0g-algebra structure with 9, as the identity,
where the multiplications gxg’ € 4 and t,xg € 9 for g, g’ € 4 are defined by

[(gxg”)F]:=[gF]-[g'F] and  [(t,xg)F]:=[F]-[gF].

We denote by A the Op-linear endomorphism of % which sends ge @ to
A(g):=txge %.

(2) By the identification n*%=0gy=p,0s, we have the structure of a
commutative and associative O s-algebra on O ¢ with 9, as the identity. More-
over, the O g-module endomorphism w of O defined by

w(f):=t,0 —(z* A)6) for 0 e Og

coincides with the multiplication of p.(F) on p,0g, is injective and has O
locally free image equal to the sheaf

Os(—log D):={0 € Og; 64 € 054},

of germs of holomorphic vector fields on S with logarithmic zeros along D,
where A=det (p.(F))=det (w) as in Lemma 2.4.
(3) We have

A7 'w(@)d=40(trace (w))= 461,)— 0 (trace (4))
Jfor 0 € Og, with the Milnor number p=dim S.

Proof. (1) follows from the definition of universality, since p,0s=
Psll*0;=1%q4 0.

(3) is a consequence of (2). Indeed, w(d) is in O (—log D) by (2),
hence w(f)4 belongs to 40s. We get the desired equality by comparing
the leading coefficients, since 4=1tf—(trace At~ 1+ .- ..

Here is a sketch of the more involved proof of (2) due to Saito [Sk11,
(2.3) and (4.3)]: In view of Lemma 2.4, it suffices to show that O ¢(—1log D)
coincides with the kernel of the @g-linear map sending 0 € O to [0F] €

+0c.
? The scheme-theoretic image of C under ¢ is Specan (04/ ), where

Fi=ker[0s—0,0cl={g € Os; p*(g) € FOz+ > o< j<n (0F/3x,;)0s}.
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We first note that ¢ is principal, i.e., £ =h0; for some A, and has the
same radical as 40, since Cis an (m—1)-dimensional complete intersec-
tion in X and is finite over S. We thus have

Os(—log D)={0 e O; 6h € hOg}.

Any 6 e O can be written as =ad,+6 with a € 05 and ¢’ € z¥0,. Thus
by the chain rule applied to ¢: X —S, we have

9*(OD)=(0F) |- ¢*@h)+0'(p*h),

where (6F)|y is the pull-back of F € HAZ, 0,) by ¢: X —Z, while ¢ is
the lifting of ¢’ to O so that §'t,=#'t, for 2<j<m and §'x,=0 for 0<
i<n.

¢: X—S is a universal unfolding by assumption. Hence, as Saito
shows, _# coincides with its radical and there exists a codimension one
analytic subset C’C C such that the germ of the map ¢ at each point in
C\\C’ is analytically trivial. Thus (8/d¢,)"(¢*h) for 2< j <m vanishes on
C, while the image of ¢*(3,4) in @, is not a zero divisor. By restricting
the above identity to C, we get

lp*(6m]=[6F]-[p*(@:M]

and conclude that [§F]=0 if and only if [p*(0h)]=0, i.e., 6h e F =h0;.
q.e.d.

Saito introduced the notion of primitive forms, which enables us to
describe 7. & completely in terms of linear algebra on ¢ ={g e n,05; [g. ]
=0}. It was M. Saito who proved in [Sm7] the local existence of good
primitive forms in general.

Theorem 4.2 (K. Saito and M. Saito). If S is small enough, then there
exists

£ & HY(S, 59)=H'(T, my 5 ") C HY(T, 7, 8Y),

which satisfies the following properties:

(i) The map sending 0 € O4 to 6L ¢ 5 is an Og-isomorphism. In
particular, 5® =0, hence 5= 2.

(") The image in gr-\(z45) =g, Q%% of € € £, 5" is a generator as
an invertible q,0,-module. Hence for each integer k, the map sending
g € & to the image in gr*(n,5) of g6*C € m, E® is an O-linear isomorphism

G5 g1 (4 5)
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and the map sending gQ0d* to gd¥¢ is a filtration preserving A-linear isomor-
phism

IRy, A3, 5.
(ii) Forg, g’ in 9Crn,DsCryés we have
ge’l e L1 90.L and t.gl e 9o+ 9C.
(iii)  For the higher residue pairing

A ﬁ*(ﬁ)"lxid

- A &5 0
K: g B X B Tyl X weH——>/

in the remark after Theorem 3.5, we have
K(gl, 8'0) e 0,07 forallg, g’ e &.

(iv) For the Euler operator E:=w(d,)=10,— A(d,) € n,0s(—log D),
we have E{=r{ for a rational number r.

Remark. We do not reproduce the long proof here. A result of
Malgrange [M2] first reduces it to a problem on the fiber z~(0). Then a
crucial role is played by the deep results due to Deligne, Varchenko,
Scherk and Steenbrink in the theory of mixed Hodge structures.

K. Saito calls ¢ satisfying (i") through (iv) a primitive form. (i) is
certainly stronger than (i’) and is a consequence of M. Saito’s proof of the
local existence. He constructs a section for Z—gr’(&) which is “good”
with respect to various filtrations. Let us here call such a primitive form
good.

According to both Saitos, however, we might need to impose addi-
tional conditions on good primitive forms for them to be of intrinsic
interest in the general case. See also the remark immediately before
Proposition 4.5 below.

By Proposition 4.1, we have a commutative and associative m,0¢-
algebra multiplications gxg’ and #,xg=—A(g) on 4. Hence clearly by (i),
(ii), (iii) above, there exist Vg’ ¢ %, N(g) € ¥ and J(g, g) € O, for each
pair g; g’ in ¢ such that

8g'C=WV 8"+ (gxg"o:L,
1,g{=N(g)or'{+A(g),  and
K(gt, g'0)=J(g, gNor .

The following is then immediate by straightforward computation:
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Lemma 4.3. A primitive form £ € HYS, 5") determines a biadditive
map

V:9x4—% sending (g,8") to Vg,

an Op-linear endomorphism N: ¥—% and a nondegenerate symmetric O -
bilinear form J: ¥ X $—0, which together satisfy the following properties
forallg, g, g"in%:

(1) For ae Oy, we have Vg’ =alV,g") and V (ag))=(ga)g’+
a(V ,g"), where (ga) € Or CwyOs is the derivative of a with respect to g& 4
CryBs.

) V;g=0andV 0,=0.

B) Vigeri8' =V V8" =V (V,8") and

V (g'x8")—V (gxg")+g+(WV ,.g")—g'+(V ,8'") =g, g'xg".

This latter for g" =0, is reduced to the torsion-freeness V ,¢'—V ,.g=Ig, &',
where [g, g’]:=gg’ —g'g € ¥ is the Lie bracket.
() V(N(gN=NWV,g) and

V (A(g)— AW 8")=(gt)g’+N(gxg ) —g+(N(g')+&").
(5) J(gxg’,g")=J(g’,gxg") and
g (g, gN=J8',g")+JI(g", V&)
(6) J(A(g), g")=J(g, A(g")) and
(n+1)J(g, g)=J(N(g), g)+J(g, N(g')).

(7) N(©@,)=ro, holds for the rational number r in Theorem 4.2, (iv).
Moreover, the Euler operator E=w(d,)=1,0,— A(9,) satisfies V ,E=—N(g)
+(r+1) and [E, g]l=N(g)—(r+1g—V 458-

If we denote by L,, the Lie derivative with respect to 9,, then the
0 r-submodule

Fi={0 € 7,25; Lo,(@) =0} =0,dt,®2}

of n. 2% is dual to ¢ with the nondegenerate @ -bilinear pairing,
{ , y: FX%—>0, induced by the canonical Og-bilinear pairing { , >:

§X0Os—0s. The O,-bilinear form J on ¢ then gives rise to an @,-
isomorphism (resp. @g-isomorphism)

J: 9-5>F  (resp. J: Og—>0%)
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denoted by the same letter, so that {J(g),g>=J(g g") for g, g’ ¢ %
(resp. @5). By Lemma 4.3, we have

NI @), 8> =<y, (n+1g—N(g))
J(g'sI (), 8> =<1, g'*8)

for g, g’ € & (resp. O;) and 5 € F (resp. %) as well as

JAT (), g»=<n, A(g)y  forgeFandpeF
JIw(T (), 6> =<y, w)> for § € O and 5 e 2%.

By Lemma 4.3 we have an integrable connection V/: O, X ¥— % on
%, i.e., a left Z,-module structure. Thus in addition to * and 4 on &
and x and w on G4 given by the universality as in Proposition 4.1, a
choice of a primitive form provides the second set of ingredients for linear
algebra on ¢ and @ as follows:

Proposition 4.4. Let IV, J and N correspond to a primitive form £ e
H(S, B as in Lemma 4.3 and denote by the same letters the pullbacks
to Og by r.

(i) ¥:={0e%;V 0=0foralge%}is a Cpsubmodule of ¢ of
rank equal to p=dim S such that

G=0,00,9 and Oy=m*G=0,80%
with O%=x"(%"). Moreover, 4" contains 9, and has the properties [8; ']
=0 and
w(3)a —w(d") = N(0%9") — 0x{N (") +'}
for all 3,3 € 4. N induces a Cp-endomorphism of 47 with N(0,)=rd,,

while J induces a nondegenerate symmetric Cp-bilinear form J: 4" X "—
Cr such that

(n+1)J@, 3)=J(N(@),3)+J (@, N@)

forall 8,9 € &°. In particular, (n+ 1)~ is an eigenvalue of N if so is a.

(ii) We have the dual integrable connection V: O, X F —F and its
pull-back V: O3 X Q5—02% so that F':={we F; V,0=0for all g € O} is
a Cp-module of rank p satisfying

F = @T®sz‘gzy and ‘QlS= *F = 08@03(92')7

with (%Y =z"(F") killed by the exterior differentiation ds on 2%. N
induces a Cp-endomorphism of F', while J induces a Cr-isomorphism
J: 9" =3 F" and a Cg-isomorphism J: O%=(02%Y .
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Remark. We need the following simple observations later: If
{05, ---,9,} and {8, - - -, 8,} are C-bases of & satisfying J(0;, 07)=0,;,
then {J(37), - - -, J(9,)} is a Cp-basis of #7 dual to the C;-basis {3;, - - -, 9,}
of ¢’ so that we have ,

&= 1<1<uJ (8 0,)0; forge @,
D=2 h<icu <0, 0,073 forpe F

as well as

dsv=731;<.(0,u)J(07) and
Vods)=21ci<u (6ajv)'](a,;)

for ve Og and 6 € @5 Saito defines the sheaf of flat coordinates on S by

FEC:={ue0;0ucCsforall 5 e OF}
={u e Os; 00'u=0 for all 3, 3’ € OF}
={u e Og; (06’ —V ,0)u=0 for all 4, §' € O},

which is a Cg-submodule of 0y of rank p-+1 containing Cs. The exterior
differentiation d gives rise to an exact sequence 0—Cg—F € —(2%)"—0.
Saito defines a flat function on S to be 7 € H(S, # %), unique up to
addition of constant functions, such that J(3,)=dsr. In particular, dyr is
in (%) and satisfies ds(w(3,)r) = 2r —n)dsr.

Remark. If { is a good primitive form in the sense of the remark
immediately after Theorem 4.2, then the C,-endomorphism N of ¢’ is
semisimple with rational numbers as eigenvalues. K. Saito expects them
to be positive, hence also to be less than n-+1 by Proposition 4.4. This is
indeed the case for the universal unfoldings of weighted homogeneous
polynomials with only isolated critical points.

M. Saito showed that the eigenvalues of N do not depend on the
good primitive form chosen, but may depend on the primitive forms if
they are not good.

Recall that the multiplication by 3, on r,5 and x,& is bijective by
the remark immediately after Theorem 3.4 and by the fact that .5 is
a module over A=0,((07")). Hence it is also bijective on HYS, &)=
HY(T, z,,E)C HT, ,5), although it is not on & itself.

For a primitive form £ e H(S, £ ") and g, g’ ¢ &, let

P(g,8):=g8" —V g’ —(gxg)0, € 7 D
0(g):=w(g)d,—N(g)=1,g0,— A(g)0,— N(g) € 7, D5
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and regard them also as elements of 9s. By Lemma 4.3, we easily see
that P(g, g’) is O,-bilinear in g, g’ and satisfies

P(g, g')0,=0,P(g, &),
while Q(g) is @,-linear in g and satisfies
(Q(2)+2)8,=0,0(2)-
For 9 and &’ in ¢’, we have much simpler expressions
P(9,0")=00" —(0%3")d,
0(©)=w(9)d, — N(9) = 1,00, — A(0)3, — N (3).
The following is then immediate by Lemma 4.3 and Proposition 4.4:
Proposition 4.5. For a fixed primitive form { e H(S, ") let
Coo1:=0% e H'(S, &) forkeZ.
Then it satisfies the system of holomorphic linear differential equations
P(g,8)k-1=0  forg,g'ed

{0@)+k+1)g}li=0  forged
{E—(r—K)}C.1=0,
or equivalently,
00'Cy_1=(0%0")0:C fora, o e%”
w(0)0,L,_1 ={N (@) —(k+ 1)3}; _, foroe @’
E¢,_=(r—k),._, with E:=w(3,).

As a consequence, it also satisfies

w(0)0'Ci .= {N(0%0") — (k4 1)(0%0")}Cx
W0y -1={0x(N (@) —k0")}L s
for 8, &' € 4" by Proposition 4.4.

The surprising algebraic description of &: 5,5 given below is due to
Saito [Sk14]. He came across the formula in his explicit calculation in
[Sk4] for simple (i.e., rational double when n=2) singularities.

Theorem 4.6, Except when n is odd and ¢~*(0) has only ordinary
double points, the restriction kg p of the canonical D g-homomorphism i: 5,
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=ind limy_,_., #om,(E®, O5)—E& is a nonzero constant multiple of the
restriction &'|s\p of the left @ g-homomorphism r':=ind lim,_.__, ; deter-
mined by a primitive form ¢ € H(S, 5") as follows:

Kyt Homeg (59, O5)—>EHT7FH

k)i =(—1* 2 icicn u(ajCk—l)w(a;‘)Cn-k—l

Jor u e Hom, (E®, O5), where {3,, ---,0,} and {05, - - -, 0,} are Cr-bases
of 9" such that J(9;, 07)=20,;.

Proof. Ttis clear that the above expression for «; does not depend
on the choice of {9;} and {9/}.

Since w is self-adjoint with respect to J as we saw immediately before
Proposition 4.4, we have

ky)=(—1)" Z1sjs;¢ u(W(aj)Ck-l)a;'Cn-k-x-

Moreover, W(3))ln_i-1 = WLy = (N(@)— (n — k)34 i, and
w(0,)C=w(0,)0,C 1 =(N@;,)—(k+1)3,)%;_;. Also (n+1)id—N is the
adjoint of N with respect to J. Hence we have

k(u)=(—1)*"! ZISJSﬂ “(W(aj)Ck)aQCn-k-z=’f;c+1(u)

for u in Hom,(F**Y, O5). Thus {x;} gives rise to an ¢s-homomorphism
£’ of the inductive limits.

We now show that £’ thus defined is left Dg-linear, i.e., £'(Gu)=06«'(u)
for all § € @5 and u € Hom, (5®, O5). Indeed, we have (Bu)(0,l;_1)=
0w,y _,)) —u(63,C,_,) by definition. It thus suffices to show that

— lejs/z u(609,C;, -1)W(39)Cn k1= le]gy u(ajCk—l)aw(a‘,f)Cn—k—l’

which is an immediate consequence of 69,C,_,=(0%0,)Ce, OW(O})Cr i -2=
(@xw(@))C -1 -1 and J (03, 3")=J (@, 0x0").

As Saito [Sk8] showed, a left 9 ,-homomorphism &, |gp—& |s\p is
necessarily a constant multiple of #|5 , except when n is odd and ¢~'(O)
has only ordinary double points. q.e.d.

By the Poincaré duality (cf. Theorem 2.1 and Appendix), the ca-
nonical Zg-homomorphism «: Z,—& gives rise to a homomorphism of
perverse Cg-modules k: Solg(8)=DR(&,)—>DRg(&). If we take the
zero-th cohomology sheaves, we get a Cg-homomorphism

K: r%pomg‘g(g, (Ds)—-—)%omgs(@s, E)

We also have Cg-isomorphisms (cf. Appendix)
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Rngo!cx—l)%omgs(ﬁ?, 05) and R”gD*CX—:—)Jfom@S(@S, 5)

As a consequence of Theorem 4.6, we have the following in view of the
remark immediately after Proposition 4.4:

Corollary 4.7. Except when n is odd and ¢~ (O) has only ordinary
double points, the restriction kg p, of the canonical Cg-homomorphism

K: R"SDECX—_—QfomgS(E, @S)—),}fomys(@s, E)=R"§D*CX

coincides, up to a nonzero constant multiple, with the restriction &'\ p, of the
Cs-homomorphism &’ determined in terms of a primitive form { ¢ H(S, £")
as follows: £'(u) € Homy(Os, &) for u e Hom, 5, ) sends 1 € Og to

()= (—1)* lejs;t u(ajCk—l)w(a;')Cn—k—l
=(—1* lejs;z aj(u(Ck—l))w(a‘li)Cn—k—l
=(—1)* w(J " dstt(Cr-)Cn-r-15

which is an element of 5 killed by O and is independent of k and the choice
of (9,} and {23).

Remark. We have canonical homomorphisms

R*¢,Zy R*p,Cx = %Omgg(E; 0Os)-

Thus the evaluation at & ¢ & of the right hand side gives a Zg-homomor-
phism R, Z,—0g sending 1 € R"¢p, Zy to (1/2zi)" I & in Saito’s notation,
4

a motivation for which is as follows: On the one hand, a section 7 of
R, Z, over S\ D can be regarded as a family, parametrized by s € S\ D,
of n-dimensional homology classes 7(s) € H.(X,, Z) of the Milnor fiber
X,=¢ (s). On the other hand, a section a of ¢, %] gives rise to a
section & of 5 as its image. Outside D, we can find o € ¢, 2%, such
that dF, ANo=a. Such w=: Res («/(t, — F})) determines a closed holomor-

phic n-form w(s) on each fiber X,=¢ '(s) for s € S\ D. Then (1 /Zﬂi)”J- &
7
is nothing but a holomorphic function on S\ D whose value at s e S\ D
is (1/2 m‘)”I o(s), the period of w(s) with respect to 7(s) ¢ H,(X,, Z).
)

r(s
A primitive form & e H(S, V) determines a decreasing sequence
of @s-submodules {D L, _,; ke Z} with the generator {,_, of 2, ,
satisfying the system of differential equations in Proposition 4.5. As in
Proposition 4.8 below, we can show that 2, =2, if k+r and if
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k41 is not an eigenvalue of the Cs-endomorphism N of ¥°. Thus if { is
a good primitive form in the sense of the remark immediately after Theo-
rem 4.2, we have

5=9s5=9sc_139£03 DD =Dl = -

for [ large enough. However, these 9 ¢-submodules do not behave well
with respect to the @g-rank outside D and to the Cg-homomorphism

(k: %OMQS(QSCR—D @S)'—>%0m_@s(@s, QSCn—k—l)

such that ¢,(@)(1)=(—1)*w(J " (dst(C; )L, -5 for u in the left hand side
as in Corollary 4.7.

Instead, Saito introduces new left Dg-modules .#™ below with
complex parameters k such that there exists a surjective left &s-homomor-
phism AP —-PL, , if k is an integer. These ZPg-modules .#* are
reminiscent of those considered in Kashiwara [K1]:

Definition. For a fixed primitive form ¢ € H°(S, £¢ "), we define
ME =D m, foreachke C

to be the left P¢-module generated by a single element m, whose anni-
hilator is the left ideal in &, generated by

P(g,g") and Q(g)+(k+1)g  forallg,g’'e?

in the notation defined immediately before Proposition 4.5. We denote
by

&t MED—> AP, e MO—>5, Bi: MP—>0;
the 9s-homomorphisms defined by
e(Myr):=0my, e(my):=(, Bu(m):=1.

Obviously, B, is surjective with kernel 20@¢m,. By Theorem 4.2,
(i), ¢ is surjective if { is a good primitive form.

As in Proposition 4.5, we have much simpler alternative defining
relations

90'm,, = (0+9")o,m,, w(@)o,m, ={N(9) — (k+ 1)o}m,
for all 9, &’ in ¥*. Consequently, we have

' w(@)my, = {3'x N (9) — k(0'x0) }ymy, 00'0{ " 'm,, = (0x0")0{m, and
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W(@)3'0{ = {N (@) — (k+ /)@ )0l "'m,
for j>1 by Lemma 4.3 and Proposition 4.4. In particular, we have
w(@)o{m,={N@)—(k+j)a}o{'m,  forj>1.

Proposition 4.8. For each good primitive form { and for each k e C,
we have the following:

(i) A™ is a holonomic left Ds-module with regular singularities
such that AP g, is a locally free Og,p,-module of rank p+1. ,

(ii) For the rational number r appearing in Theorem 4.2, (iv), (w(8,) —
r++k)m, generates a Ds-submodule which is Og-free of rank one. If kr,
this gives a 9 s-splitting for the surjective 9 g-homomorphism B,: M ¥ —0g.

(iii) Let I be the rank of the kernel of the Cp-endomorphism N —
(k+1)id of ¥". Then ker [e,: MV 4] and coker [g,: ME+D— 4]
are Og-locally free of rank 141 (resp. ), if k+1£r (vesp. k+1=r).

Proof. (ii) is clear by N(3,)=rd, and the relations satisfied by m,
mentioned above.

To show (i), let us note w(@;)=04(—log D) by Proposition 4.1.
For each v >0, denote by 2% the subsheaf of 9 consisting of differential
operators of order not greater than v and consider the filtration {2¢m,;
y=>0} of #™ by coherent Os-submodules. By the relations satisfied by
m, mentioned above, we have

DYy =05+ 1< i<, O50]'my, and
w(@) DY m, C DY m, fory>1.

Hence #*® is a holonomic left @¢-module with regular singularities as in
the proof of Theorem 2.3. Since the determinant 4 of w is the defining
equation for D in S by Lemma 2.4, (ii), the restriction of w to S\ D is
surjective.

(iii) coker [¢,] is generated over P, by the image 7, of m, with the
relations

0,7, =0, d0'm, =0, {N@®) — (k4 1)a}mi, =0

for all 9, ' in %’. Note that the Cr-endomorphism N of ¢’ is semisimple
as we saw in the remark immediately before Proposition 4.5. On the
other hand, (w(6,)—r +k+ Dm,,, and w@m,,, with N@)=(k4-1)o are
obviously contained in ker[e,]. Using the filtration above, we easily see
that they in fact generate ker [¢,;] over 0. q.e.d.
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Remark. Saito also considers the quotient Pg-module
M E = MP]OS(W@,)—r1 +K)my,
which, by (ii) above, is a direct factor of A® if k+£r.

Rec;all that the sheaf of flat coordinates on S was defined in the
remark immediately after Proposition 4.4 as

F€:={vels; ddv=0forallo, o e ¥}

By Proposition 4.8 and by the same formula as that in Corollary 4.7, we
get the following:

Theorem 4.9. Given a good primitive form {, define constructible
Cs-modules for each k ¢ C by

My =Homa (M, Oy) and M i=Homy(Os, M),

(1) We have an injective (resp. surjective) Cg-homomorphism f§: Cg
—>M, (resp. (By)s: M}—Cyg). Moreover, the Cg-homomorphism e*: R Cy
= Homy (5, O5)—M, is injective.

(2) The restriction to SN\ D of M, and M}, are mutually dual locally
free Cg p-modules of rank p—+1.

(3) The evaluation map M,—0s at m, respectively sends p*(Cs) and
ker [ef: M,—M, ] isomorphically onto the sheaf Cs of constant functions
and

{ve F€:0,v=0, N@v=(k+1)ov for all 3 ¢ 4"},

which is Cg-locally free of rank 141 (resp.l) if k-+1£r (resp. k+1=r)
for I as in Proposition 4.8, (iii).

(4) We have a canonical Cg-homomorphism j,: M,—M. _, such that
Juw) for ue M, sends 1€ 0g to j(w(1):=w(J (dsu(m,))m,_, ¢ M"",
which is killed by @z, We have (e,_;_1)x °Jx= —Ji+10F with obvious
induced C s-homomorphisms ef : My—M, ., and (e,_)5: My_—>M)_,_,.

(5) The restriction of j,, to SN\ D induces a Cg,p-isomorphism

J
coker [5#1]s\0 ——> ket [(Ba-u)]lsro-
For simplicity, let us adopt the following in view of (3) above:
Definition. For a fixed primitive form ¢, denote by

dsM,C 8% keC
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the image of the Cs-homomorphism M,—0,—2% with kernel BF(Cs)
obtained as the composite of the evaluation map at m, and the exterior
differentiation d.

) Proposition 4.10. Let IV be the connection on £ as in Proposition 4.4,
® (1) ForkeC,0eOsanduec M, we have
V wol(dsu(m,)) =J (0+{([(n — k) id — N o J ~)(dsu(m,))}).
(@ Foru, ---,u, e M, we have

Vw(a)(dsul(mk)/\ cee /\ds”p(mk))
={( "‘2‘1 —k)ww)(log DYdsu(m) A -+ Adsinm)

with respect to the induced connection on Q2%t=det Q5. In particular, if
dsu(m)N - - - Ndgu,(my)=det (0u;(m,))J@)N - - - NJ(@,) does not vanish
Sor Cgs-bases {0} and {07} of " with J(0;, 07)=0,;, then

dsu(m) N\ - - - Ndgu,(m)=cA™DEEJ@IN - - - NJ(@})
for a nonzero constant c. ‘

Proof. (1) is clear by the remark immediately after Proposition
4.4, since for the @g-endomorphism B of @ defined by B(#'):=60x6" for
¢’ € O, we have

w(0)d u(m;) ={(N o B)(3,)—(k+ 1) B(0,)}u(my).
(2) By (1) above, we have

14 w(v)(dsul(mk) VARERWAN dSu/t(mk))
={trace (Bo [(n—k)id — N])}dsu,(m,)/\ - - - Ndgsu,(my).

Thus it suffices to show that

2 trace (Bo N)=trace (B)=w(@)(log 4).

n+1

We have the first equality, since Jo BoJ ' and Jo NoJ~! are adjoint to
B and (n+1)id — N, respectively, by Lemma 4.3. By Proposition 4.1, (3),
we have w(f)(log 4)=04(trace (w))= (%) —8(trace (4)). The extreme right
hand side is the trace of the @Os-endomorphism of @4 sending g € O to
6t) —V(A(g)) + AV (g)), which is equal by Lemma 4.3, (4) to
—N(xg)+0x(N(g)+g)={Bo N—No B+ B}g). g.e.d.



638 T. Oda

The 2-homomorphism ¢, : A% — 4% obviously induces V' ;,: ds M,
—dsM,,,. By Theorem 4.9, (2), (5) we have a Cj, ,-isomorphism
Ji: dsMy|sp—>H omc(ds M, _x, Cs)ls\p-

Moreover, if { is a good primitive form, the surjective 2 s-homomorphism
e: MP—E induces a C-homomorphism

R, Cy= %OMQS(Ea Og)—>My——>dsM,,

whose restriction to S\ D is an isomorphism if r=0. Thus by Corollary
4.7, Theorem 4.9 and Proposition 4.10, we get the following:

Corollary 4.11. Let £ be a good primitive form with r+0. Then
dsMlsp and dsM,_,|s\p for each k € C are locally free Cg p,-modules of
rank p canonically dual to each other. We have a sequence of Cg\ -
homomorphisms

~ Va,
RnSDlCX!S\D——__)dSMOIS\D"—a_)dSMI]S\D__>' .

Va, ~
—>dsM, ]S\D'_‘a_) dsM, lS\D—"—)RnSD*CX |s\ps

the first and the last of which are isomorphisms. The composite coincides
with (—1)"&'|s\p, where &’ is as in Corollary 4.7. Moreover, for k € Z, we
have

det (dsM, |s\p)=4""D""* det (25) |s\0)

as Cgp-submodules of 2% ,. In particular, if n is even, then dsM,;|s\p is
a canonically self dual locally free Cg\ p,-module of rank p such that

det (25 |s\0) = 4" det (dsM oz 5\p)-

Remark. It is quite likely that r=+0 for any good primitive form.
As Saito poses, it might also be an interesting problem to study the con-
structible C'g-modules

Exth (MD,05)  for j>O0.

There is an attempt in a special case by Maisonobe-Miniconi [MM] by
means of the Cauchy-Kowalevsky theorem.

From now on, we fix a good primitive form { with r 0 and assume
nto be even. Here is a brief sketch of the construction of Saito’s period

map.
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By Theorem 4.9, M, ;,|s\p i8 Cg\p-locally free of rank p+1. The eval-
uation at m,,, maps it injectively to @, sending the subsheaf 8%.(Cs\,)
isomorphically onto the sheaf Cgs , of constant functions. There exists
the smallest, possibly infinite, unramified covering 1: Y—S\ D such that
2¥(M,2|5.0) becomes Cp-free. Thus there exists a (z+1)-dimensional
complex vector space ¥ with a fixed nonzero v, € ¥ such that A¥(M,.|n5)
is the constant sheaf V7, and that v, is mapped to the constant function 1
by the pulled-back evaluation map Vy—@y. Thus we have a holomor-
phic map Y—V* to the dual complex vector space V* with the image
contained in the p-dimensional affine hyperplane

E:={leV*; l(vy)=1}.

Y —E is necessarily a local isomorphism. Indeed, the image of the com-

posite Vy—0y ixQ; generates Q% over 0y, since dsM,,|s» generates
Q% over Og, .  Note that 25, =0;Q(V/Cv,).

Saito then constructs a nonsingular complex manifold S with a
reduced effective divisor D satisfying the following properties: (1) Y=
S\D, (2) 2: Y—>S\D extends to a flat holomorphic map a: §—S with
the image equal to {s e S; X,=¢~'(s) has at most simple singularities},
(3) for any s e D, there exists a neighborhood U in S of s such that the
restriction U'—U of & to any connected component U of a~(U) is finite
(i.e., proper with finite fibers) and (4) Y —E extends to a local isomorphism

P:S—>E.

This P is Saito’s period map.
By Proposition 4.10 and Corollary 4.11, the Jacobian determinant of
the ramified covering map a: S—S is

Jac (@)= cd4"? for a nonzero constant ¢

with respect to flat coordinates of S.

By Theorem 4.9 and Corollary 4.11, the Cg-homomorphism j,: M,
— M, induces the self duality of dgM.,,/s|s\r. Hence we obtain a C-linear
map i,,,: V—V* which induces an isomorphism

It VICU——>(V[Cvp)*.

Note that j,,, corresponds to the symmetric Cy-bilinear form J,,: M,/ X
M, ,—Cy given by

sy, )= {W(J —l(dsu(mn/z)))}”,(mn/z)
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for u, v’ € M,,,. This induces the symmetric C-bilinear form I,, on V
corresponding to i}, above, hence the nondegenerate symmetric C-bilinear
form I, on V/Cuv, corresponding to i,,, above.

Consider the Cg-submodule of M,,,, defined by

M, )i =Hoomy (M TP, O5)={u € M,,; w@ u=(r —n/2u}

in the notation of the remark immediately after Proposition 4.8. If r=
n/2, then by Proposition 4.8, (ii), M,|s\, is mapped isomorphically onto
dsM,;|s\p- Hence we have a codimension one C-subspace 7 of ¥ which
is mapped isomorphically onto ¥V/Cv,. In this case, the C-bilinear form
on ¥ induced by I,,, can be identified with I,,, on V/Cv,. I, induces a
nondegenerate symmetric C-bilinear form, hence a nondegenerate quad-
ratic form Q on (V/Cv)*=V*. We can show that

P¥Q)=a*(@)/(r—n/2)  if r+n/2,

where P*(Q) is the pulled-back function to S of Q and ¢ is a flat function
on S as defined in the remark immediately after Proposition 4.4. For the
proof, we use the fact that w(J~'(dyz))=w(d,), which acts on M, as the
multiplication by (r —n/2).

Remark. Here is a comparison between the period map above and
the conventional one found, for instance, in Looijenga [L1], Saito [Sk7] and
Varchenko-Givental [VG]:

By Corollary 4.11, we have a Cg, ,-homomorphism

V3)"": R0, Cx|s\p—>dsMppo|s\p-

This is an isomorphism if and only if the C,-endomorphism N of %’ has
no positive integral eigenvalues by Theorem 4.9, (3). If we use R"p,Cy|s\p
instead of dsM,,|s\, We get another period map P’: S’—E’ from a
ramified covering S’ of S to a p-dimensional complex affine space E’.
Since (,,)"* might have nontrivial kernel in general, P’ has less chance of
being injective.

Since this survey is already getting too long, we do not attempt to
write out the interesting formulas in this section explicitly in the case of
the universal unfolding of a weighted homogeneous polynomial f(x) with
simple or simple elliptic critical points. We refer the reader, for instance,
to Looijenga [L1]~ [L4], Saito [Sk4], [Sk15] ~[Sk19], Saito-Yano-Sekiguchi
[SYS], Ishiura-Noumi [IN], Noumi [N2], Varchenko [V1] ~[V3] and
Varchenko-Givental [VG].
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Appendix. Algebro-analytic overview

In this appendix, we have a brief look at Saito’s results in the
previous sections from much more powerful perspective of algebraic
analysis.

We have already given .an introductory survey of algebraic analysis
in [O1], to which we refer the reader for necessary notation and refer-
ences. We point out, however, that Kashiwara [K2] and Kashiwara-
Schapira [KS] have since appeared and contain the proofs of some of the
basic results necessary here.

We do not go into the more recent theory of filtered regular
holonomic Pg-modules due to Brylinski [B2], [B3], M. Saito [Sm3], [Sm4]
and others which combines algebraic analysis and the theory of Hodge
structures.

Let us first recall the Riemann-Hilbert correspondence.

Let S be an m-dimensional complex manifold. On the one hand,
D?.(9;) denotes the derived category of bounded complexes of left 2¢-
modules whose cohomology sheaves are holonomic with regular singular-
ities. On the other hand, D*(Cy) denotes the derived category of bounded
complexes of Cs-modules whose cohomology sheaves are constructible
Cs-modules. Then the de Rham functor DRy(M):=RHomy (05, M)
gives an equivalence of categories

DRy: D;4(25)—>D;(Cy),

which is due to Kashiwara-Kawai and Mebkhout and is called the
Riemann-Hilbert correspondence. The subcategory Pew(Cs) of perverse
sheaves, by definition, corresponds via DRy to the subcategory of D?,(2y)
of objects arising from single holonomic left 2¢-modules with regular
singularities. For instance, we have

DRS(@S) =Cs.
We have the adjoint functor Ag from D?,(D;) to itself defined by
A(M):= R Homg (M, D5)®, 05 [3m] = M*[2m,

where M*:=RHom, (M, 25)Q,,w5'[m] with m=dim S. In particular,
we have
As(ms)=03[2 dlm S] and @gk:@‘g-

On the other hand, we have the Verdier dual functor Vg from D(Cy)
into itself defined by

Vo(F):=R Homg F, Cs[2m)),
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which satisfies V3(Cs)=Cs[2m]. The Riemann-Hilbert correspondence is
known to be compatible with these dualities, i.e., the Poincaré-Verdier
duality holds:

DRgo Ag=VsoDRy.
Sometimes convenient is the anti-equivalence
Sols: D},(25)°—>D(Cs)

given by the contravariant solution functor Solg(M):=RH om, (M, O5)=
DR(M*)=RH# om¢(DR(M), Cs).

For a holomorphic map ¢: X—S of complex manifolds, we have
contravariant functors

Ro,, Ro,: D¥(Cx)—>Di(Cy)

taking the direct image and that with proper support, which satisfy the
Verdier duality

RoyoVy=VsoRp, and  RpoVy="VsoRo,.

On the other hand, we have the notions of the integration along the
fibers of ¢ and that with proper support: For a complex N of left D-
modules, we let

I N:=Rpy(Zs. y @ N)[—dim X-+dim S]
fr N:=Ro(Zs_®F N)[—dim X+dim S].
¢

This definition is different from the usual one appearing in the theory of
Kashiwara and Kawai which does not have the degree shift by —dim X+
dim S. We adopt the present definition, since it behaves better under the
de Rham functors.

One of the basic results in algebraic analysis is the following result of
Kashiwara [K2, Theorem 8.1]: When ¢: X—S is proper, the integration
along the fibers induces the functor

j ¢ Do (D) —>Do(Ds5),
14
which satisfies

DRSOJ=R¢*0DRX and ASoI=JoAX,
¢ [ ¢
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the latter being the Poincaré duality.
When ¢ is not proper, I and I no longer give rise to functors from

D!, (D) to D2,(Ds). Nevertheless, Kashiwara-Schapira [KS, Theorem
9.4.1] shows the following when ¢ and N e D?,(9y) satisfy certain condi-
tions (e.g., ¢ is non-characteristic for N):

o) I N and f’r N belong to D?,(Ds).
® ?

(2) DR, (L N) — Rp, (DR (V) and DRS(Er N) — Ro,(DR (V).
(3) The Poincaré duality holds:

AS(LN)=I:”AX(N) and AS(IZTN>=L AL(N).

In particular, the above condition is satisfied in the case of our con-
cern in this paper, i.e., N=0; and the fibers of ¢: X¥—S have at most
isolated singularities. - Hence we have the following:

(1”y The cohomology sheaves

J pr, J pr
I@X:yﬂ(f @X) and I @X:sz(f @X)
14 14 £ 14

are holonomic left 2-modules with regular singularities.

@) DRy([ 0x)=Rou(Cy) and DR([" 0s) =Ro(Ca.
® ¢
(3") The poincaré duality

A([ ox) —[" st ana ([ 0x) =] 4st00

holds. Since A3(0x)=04[2 dim X], A(M)=M*[2dim S]and n=dim X
—dim S, we have

(L @X) - ﬁr 0x[2n] and (ﬁ:r ) X) Y L 0,121].

We now relate these results to Saito’s results in the previous sections
by showing

) [ or=Roux0)  and [T or=Rox0).
(4 14

Hence Ii 0x=R’0. (K", ), Ipr’](OX=Rjgol(K', d) and we in particular
[ [

have the following:
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. 0, j=0 g, j=n
Jv O0x=4{0 j=#0,n and f 0y=130 j=+#n,2n
’ g j=n Os j=2n

where 5 and 5, are holonomic left 2;-modules with regular singularities
(cf. Theorems 1.1, 1.2 and 2.3). We thus have canonical isomorphisms
of Cy-modules

%Omgs(@s, 5!)=Rn§0lcx= 9f"m@s(ﬂa @s),
Homg(Os, §)= R4 Cy=Homs (&, Us).

As in Sections 2 and 4, consider the fiber product Z:=X X S with
the projections p: Z—S and II: Z—X. Moreover, ¢: X —Z is the closed
embedding onto the nonsingular hypersurface o(X)={(x, s) € Z; F(x, 5)
=0}. Since p=p o ¢ with ¢ proper, we have

f @X=J J 0, and fr@;f”f 0,
¢ pJe [4 P Jo

by generality on the integration along the fibers. We also know that

M::Ja COX—_—-%%a(X)](@Z)[I]=((OZ[F—1]/0Z)[I]

as left 9,-modules. Note that M is supported on ¢(X) but is not a
module over ¢4,0,=0,/F0,. By the quasi-isomorphism

Q%/s@az‘@Z——)@&—Z[n +1]

we get
L Oy =L M:=Rp(Ds_ QL M) —n—1]=Rp,(2,,58,,M, V)
and similarly
f:r Ox zferzkpz(Q'Z/s(@”M, 7),

where (2%,s®,,M, F) is the complex of left p~'(Z,)-modules arising from
the integrable connection V: M—07%,,&,,M defined by the left 2 ,-module
structure of M and satisfying V(om) =(dw)@m+(— 1Yo \Vm for m e M,
w e D},sand di=dy,.

To prove our claim (x) above, it thus remains to show that the com-
plex (2,/s®,,M, V) of left p~(Zs)-modules is isomorphic to the restriction
I (K))ecxys 0) to (X)) of the pull-back (IT-*(K"), §). Indeed, we have
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Q.Z/s=H*(Q:r/7')=”-1(~Q:Y/T)®n-1(u)0z~

Moreover, we have a IT~{(0x)-isomorphism

@Z[F—l]/@z = @kZO(H—I(CDX)Ia(X))Zka

where 2, is the class of (—D*k!2ziF**' modulo @,. Since F=t,—
Fy(x, t), we see that

tAy=FA,—ka,_, VA= —(dF)2 . and
02, =(O0F)2 ., for 6 € p~1(Oy).

Thus the obvious isomorphism from I77'(2%57)],x,0F t0 II Q%) |scx) e
sending wd? to wl, gives rise to a left p~'(Pg)-isomorphism from
II(K) s, to

D2/5® 0, M=) n-1(03) Prezo I (O ]sxA)1]
=(@kzoﬂ“l(.Q:Y/T)],,(X)Zk)[l],

which is easily seen to be compatible with § and /.
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