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On the Orders of the Generators in the 18-Stem
of the Homotopy Groups of Spheres
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§1. Introduction

Let 77 be the 2-component of z,(S™). The purpose of this paper is
to determine the orders of the generators of the groups =7, ,, for n=10,
11 and 12. H. Toda determined =7,, for i<19 and all » in [2]. He
defined the generators 2”, & of =y and 2/, & of nj, making use of Pro-
positions in [2, Chapter 11] which assert the existence of new generators
under certain conditions. Thus he obtained the group structures and
generators of z7, ,, (=10, 11 and 12) in [2, Theorem 12.22], which states

8= ZDZ,DZ,: generated by 2, & and p,,0 p,
Ta=Z,DZ,PZ,: generated by X, & and 1y, o fiys,
=2, DZ,PDZ,PDZ,: generated by &,,, EX, E&’ and 1,0 fiys.

But the orders of 2”7, &, A’ and & were not determined in [2]. In
this paper, in order to investigate their properties further, we shall define
new elements &7, 27 and 1" of zll by Toda brackets. Then making use
of the various properties of Toda brackets, we shall obtain many relations
involving these new elements and the ones defined in [2]. These results
will be stated in Propositions 1-4: These relations enable us to determine
the orders of 27, &”, 2’ and &’. As the main results of this paper we shall
determine the direct summands of z%,,, for n=10, 11 and 12;

Theorem. The group z7, ., (n=10, 11 and 12) has the following direct
summands with the generators defined by H. Toda in [2).

T =Z{§"YDZAE" £ X" YDZy{n10° s}
71';; = 8{&-/}@24{$/ + 2,}®Z2{77u ° ﬂxz}a
= Zaz{slz}@)Z‘i{ES, + 4512}®Z4{E$/ + EZI}C'DZz{%z ° ﬂxa}’
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where Z,{&" 42"} means that either &’ -2 or & —2" is the generator of
order 2.

We remark that K. Oguchi obtained in [1, (2.19)], the same results
as the above theorem. But, as we see by [1, Lemma (2,18)], his genera-
tors are different from those defined by H. Toda in [2].

We shall prove the theorem at the last part of this paper. We shall
use the notations of [2]. 'We shall use the results of [2, Chapters 1-4] and
many relations listed in [2, Chapter 14] and [1, Table I}.

§2. Some new elements and relations

In this section we shall define some new elements by Toda brackets.
Studying the Hopf invariants of these elements, we shall determine the
various relations involving Toda’s elements 27, &7, 2, & and others.
These results enable us to prove our Theorem in the next section.

We shall define three elements of 33 by the following Toda brackets:

Er 2 .3 . S 2
e {0109 017 ° Naes 7726}15 e {Gloa €17 ° Nass 7725}1, e {0'10 © Vi7s Vass 7726}1'

We remark that A(e;g) =050 555 0 673 AB1e) =040 9160 D=0, 0 V% and A(e;y+
i) =035 o 735 by [2, (7.1)], since 9f=¢j=7, 0 &;;=¢, © 5;,=0 by [1, Proposition
(2.8) (2)] and [2, Lemma 12.10 and (7.20)]. Thus the above Toda brackets
are well-defined.

Proposition 1.

M I‘{({?”) aat/t °=520+V59§ H(j”) =719 ° Ex0) HQ'y=y%,.
(2) 227=0; 28"=22"=0,y0&,; mod 20,50 ;.

() &'=E8"=21"+1¥" mod ¢;50 Ly, Py fus-

4 28"=0y0{; mod 20,0 &y

Proof. (1) We have H(£") e H {01, 0170 sy Doshr = — 4705 0 73) © 7
= (&9 16) © Py =115 © £xp+ i  Similarly, we have the other results.

Q) 28"=8"02t¢ {0105 G170 7ass Tass © 203 =015 0 E{0y5 0 73 ass 2026} 2
g0y mod 20,508, by [2, Lemma 9.1], with the indeterminacy of the
Toda bracket gyy0 Ex}o 26, ={20,,08;;}. It follows then that 28" =
00y mod 2¢,,0&,;.  Similarly we have the other results.

(3) We recall that H(&”)=1,,0 55+15, by [2, Lemma 12.19].  Then,
these elements have the same Hopf invariant and hence

5”55/,——:—'?/‘*'2” mod Eﬂ'g7={0'10 oL M1 © ﬂn}

by the exactness of the EH 4-sequence and the result of Ex¥, on [2, p. 164].
(4) is the immediate consequence of (2) and (3).
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Proposition 2. (1) TR=ZJANDZAV B Zfn10 ).
(2) Eﬂ%g-——-—Z,‘{El ”}@Zz{Ez”}@Zz{ﬂu o /«_‘12}-
Proof. (1) As we see by the argument on [2, p. 164], we have to
settle the following group extension;
H
O'_-)Z4{0'10 ° C17}@Zz{7]10 ° ﬂ11}——)ﬂ%g——>zz{yig}@zz{7719 ° 520}_‘_)0'

Then we have the result by Proposition 1 (1) (2).
(2) Since the kernel of E: zj3—nj is generated by A(us,) =200y
by [2, (12.25)], and 42" =2¢,, - {,, by Proposition 1 (2), we have the result.

Proposition 3. (1) E zi’ize;‘; o 75 mOd 75 0 iy

(2) e 7730=4§13+4Z; A’=21"4+¢" mod gyp° Ly N1 © fais 20 =2¢"
=00 {;; mod 20,0 ;s

(3) HQ@")=1n140 &

Proof. (1) Since g,,0v,,=0 by [2, (7.20)], we have
E* " € E¥a,y0 V4, Vag Dot C {0120 Yies Vs Yash =105 © 7= {615 © Tag» 912 © fizs}
by [2, Theorem 12.17, (5.9), (7.14) and (12.23)]. Then we may put
E*}" =X} 0 Doyt Vo © flus for some integers x and y.

Now, we see that E*rl=Z{E*A"}DZ{E*1"}®Z{n,, 0 o5} by Proposition
2(2), for E: nii—ri: is monic by the result on [2, p. 165]. Then we con-
clude that x=1 mod 2.

(2) and (3). By [2, Lemma 12.19], we may put
@ H@" )=+ X +ng0e,) Sfor x=0o0r1

We have H(X)=H(1")+xH(&")=H(i’+x&") by Proposition 1 (1) and
[2, Lemma 12.19]. Then by the exactness of the EH 4-sequence we have

(b) '=1"+x&" mod Exyy={0,g0 L1, oo 1} for the integer x in (a). '

Applying E®: mjs—r3 to the relation (b) with the facts that F2’=21" and
E&"”=2¢' by [2, Lemma 12.19], we have E*1=2E*' —2xE*%’ mod 5,; > f1,,
since g3 0 £p,=0 by [2, (12.23)]. Making use of the relations E*1” = o 7,
mod 75,50 g, by (1) of this Proposition; E*2’=22 and E*%’=2§, by [2,
Lemma 12.19], we may put

(©) e 0 s =42—4xXE s+ Y75 0 fs for the integer x in (a) and some integer y.
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By [2, Lemmas 12.15, 12.18 and 12.24, Proposition 12.20, Theorem 14.1],
we have the following relations in the stable range;

e¥op=awo 772=77* o 772=4u*=4§ and E~21=2%,

Then applying E~: ali—ni=2Z*}PZ{ne g} =Z{E}DZ,{n- a} (by [2,
Theorem 12.22 and Lemma 12.24)) to the relation (c), we have

(d) x=1mod2; y=0mod?2.
Then by (a) (b) and (c), we have
(©) H@')=1ng0ey; A'=1"+&" mod 010° Cans Mo © flars €1 © Pao=4A+4E .

Now, we see 28" =g,,0{;; mod 2q,,¢ {;; by Proposition 1 (4). It follows
then that

=2"—8&"=2"48&" mod ay50 Lup, Yo © L
Since 24" =0 by Proposition 1 (2), we have by Proposition 1 (4),
2" =28"=¢,40;; mod 2¢,50 &,
This completes the proof.

Proposition 4.

(1) efo7,=2EX+2EE mod 4EX, 4EE'; py, ok =22 428 mod
47, 4¢'.

() 44X +E)=0; 4V=4=0, 0.

3 H(Z/) =&+

E H
Proof. (1) In the exact sequence myh—mis—> s, We se€ H (el 0 7,5) =
H(ek) o pg=1v3;5095,=0 by [2, Lemma 12.15], and hence o 5, € Emyy=
{EX, E&', pyy0 iy} (see [2, p. 165]). We may put

(f:) et o =xEX+yE& +zy,0 s for some integers x, y and z.

Applying E we have efon, = xE*2'+ yE*¢ +2p,,0 gy, = 2XA4+2y5,+
Znys 0 oy, by [2, Lemma 12.19]. On the other hand, we have already shown
that e, o 95, =421+4&,; by Proposition 3 (2). Thus we have 42+4&,=¢f o 15,
=2xA4 2615+ 2915 0 g In 7 = ZJ D Z{E5}DZo{n15 0 s} by [2, Theorem
12.22]. It follows then that x=y=2 mod 4; z=0 mod 2. Then we have
the first relation by (f).

Let us now consider the next relation. The element 7, 0¢ff is in
T =2ZPZ{X, EYPZ,{n, o ps} [2, Theorem 12.22]. Then we may put
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() Py o e=al +b& 4y 0 iy, for some integers a, b and c.
Applying E*®: nii—nis to the relation (g), we have
s © e =aE*’+DbE*¢ + ey 0 fas=2aE24-2b&, 4 s 0 fiys,

by [2, Lemma 12.19], where 7, cefi=cf # po=cf o, =4E2+4¢, by [2,
Proposition 3.1] and Proposition 3 (2). It follows then that

4E2+4§14=7714 ° €1>§=2QE2+2b$14+C7714 ° flis

in ny=ZJ {EQPZ{&,,}PZ{n.s o 5} by [2, Theorem 12.22]. Thus we have
a=b=2mod 4; c=0 mod 2. Then we have the second relation by (g).

(2) By (1), we see 4(X' &) =2(p,; o eff) =11 0 25 =0.

4&’ =2EE&" = ¢,, 0 &3 mod 20y, 0 {;s = 0 by Proposition 1 (4) and [2,
(12.23)].

(3) We may put by [2, Lemma 12.19],

(h) H(2/)=521+d(ﬁz1+521) Jor d=0 or 1.

We shall now use [2, Proposition 11.13] for a=2' € w3, =2+ d (s +¢15)

e mi (where d is the integer in (h)), n=9, i=27, just as in the proof of
[2, Lemma 12.19]. Then there exists an element 7 of z33 such that 2a=E7
and H(")=E*(e;s+d(515+¢55)) © 7 mod 2E%rii=0. Then we have

22'=Er and H()=¢;o 7}27+d(1719+519) © Nar-

We have a relation EA”=21=E7 in zj by [2, Lemma 12.19]. Since Ker
(E: mg—my)=1{20,0 L} by [2, (12.25)], we have 2/=7 mod 20,0 ;;, and
hence H(A)=H(1). It follows that 7go0e,=H(A")=H{)=¢y° s+
d(Dy5+&15) 0 57 by Proposition 3(3) and (h), or d(5;,+¢;5) 0 9,=0. Then
d=0 and we have the result. This completes the proof.

§ 3. Proof of Theorem

V/e shall use the results on [2, pp. 164-167]. To prove the result of
712, we have to settle the group extension

H
0—>Eny—rmig——>Z, {5} Zo {115 0 £30}—>0

where Exy=ZJ{0y 0 LD Z{n100 fir} bY [2, p. 164].  Since H(E")=yv},+
Teo e by [2, Lemma 12.19], H(X") =506, by Proposition 3(3) and
22 =28"=0,,0 L, mod 20,40 ;; by Proposition 3(2), we have the result
of z13.

Let us consider the exact sequence
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H
0 Enyg >3 Z {00} D Zo{er }—>0.

The relation 23" =2&"=¢,,0 {;; mod 20,0 {,, implies 42”7 =4&" =2a,° ;.
Then by [2, (12.25)], we have

Ery=Z{ENYPZEE" +EX"YDZy{ny o fi1s}-

Since H(&))=0y};-¢, and H(2)=e, with the relations 22’ =E2” and 2¢’
=F¢&” by [2, Lemma 12.19] and Proposition 4(3), we have the result of
T

Let us consider the exact sequence

. E H
@ 0 >3 >3 \le{o'zs}—"’o-

Since H(&,,)=0,, mod 20,, by [2, Lemma 12.14], we have only to settle
the group extension. The fact H(4(o,)) = =20, by [2, Propositions 2.5,
2.2 and 2.7] implies

44(oy) ¢ Eryy and 84(oy) € Exny
by the exactness of the sequence (i). It follows that
Ker (E: Exly—m3})={84(0y)} ={16&,} =Z,.

We see 4EX’ =4FE& 0 in Ezii by (i) and the result of 3. Since E(4EX)
=4F*=82=0 by [2, Lemma 12.19], and ¢,,0 CIQ—SA(GZD)z 16&,, as is
shown on [2, p. 166], we conclude that

84(0y) =168, =4EE' =4EX =030 (s

Then Z{EE +4¢£,,} is one of the direct summands. Thus we have the
result of #12. This completes the proof of the theorem.
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