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Introduction

Let p be an odd prime number, Q, the p-adic number field, & a finite
algebraic extension of @, and k the algebraic closure of k. In [3], A. V.
Jakovlev describes the absolute Galois group G(k/k) of k of even degree
by using generators and relations (cf. [2]). However, this description is
very complicated and not explicit. In [7], H. Koch says that a simple
description of G(k/k) in terms of generators and relations seems impossible.
Recently, in [5], Jannsen and Wingberg give a simple description of the
absolute Galois group of £ of any degree by using generators and relations.
The purpose of this part is to give an account of the result of Jannsen and
Wingberg [5]. This part is the sequel of Miki [8]. Readers are advised.
to recall the definition of Demuskin formation in [8].

Notation and terminology

Throughout this paper, Z and Z denote the rational integer ring and
the inverse limit of all finite cyclic groups, respectively. For a prime
number p, we denote by Z, the p-adic integer ring and by Q, the p-adic
number field. F, denotes the prime field Z/pZ. For a profinite group
G, we denote by G the maximal pro-p-factor group of G. For elements
x,ye G, weput[x, y]=xyx"'y~'and x*=yxy~'. For closed subgroups
H and S of G, we denote by [H, S] the closed subgroup of G generated
by {[x,y]|xe H,ye S}. We denote by G** the factor group G/[G, G].
If G is commutative, we denote by G* the dual group of G, by Tor (G)
the torsion part of G and by G(p) the p-part of G. Let A and B be G-
modules. - We denote by ADB the direct sum of 4 and B. We denote
by H"(G, A) the n-th cohomology group of G with coefficients in 4. Let
s be a natural number and (Z/p*Z)* the multiplicative group of the factor
ring Z/p*Z. Let a be a continuous homomorphism of G into (Z/p*Z)*. For
elements x+p°Z € Z/p’Z and ¢ € G, we define (x+p*Z) =a(o)(x+p°Z).
By this definition, we can regard Z/p°Z as G-module. We denote by
Z|p°Z(x) this G-module. From now on, p denotes an odd prime number.
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1. Let F,,, be a free profinite group with basis z,, - - -, z,. For an
odd prime number p, we put g=p”’°, where f; is a natural number. LetG
be a profinite group with basis g, = such that gro~'=7% Let F,,,xG be
the free profinite product of F,.; and G (cf. [1],[9]). Let W be the nor-
mal closed subgroup of F, , *G generated by {z,, - - -, z,} and I the normal
closed subgroup of W such that the factor group W/I is the maximal pro-
p-factor group of W. Then [ is a closed normal subgroup of F,,,xG.
Hence we put F(n+1, G)=(F,.*G)/I and P=W/I. We denote by x,
the image of z; in F(r+1, G). Then P is a normal closed subgroup gen-
erated by x,, - - -, x, and F(n+1, G) has topological minimal generators
g, 7T, X, - -+, X,. We have also the exact sequence

I—>P—>Fn+1, G)TG———)I (splits). We put G=U(G).

Let 5 be a natural number. Let &« be a continuous homomorphism of G
into (Z/p’Z)* and 3 a mapping of G into Z¥ such that 8 is a lifting of
a (not necessary a homomorphism). We suppose that a(z)®-0/2=—1
mod p for odd integers » and f;. Let / be a prime number and {p,, p,,
Ds, - - -} the set of prime numbers such that every p, is prime to /. For
every integer m, there exist integers a,, and b,, such that

I:amlm"l_bmp;np;n' ° pﬁ'
We put z,=lim b, p7p>- - - p" e Z. For an element 0 € G, we put

(%, 0)=(xFDpxF@p. . . xFC? "N g)=s/@-D  and

{x, p}=(xFDp2xPED g2 . . . xPCP ™D )T/ (=D,
For the even integer n, we put
r=x5°(x,, T)ﬁm_l[xu X[ X5, X+ [X0 15 X

We take a, b € Z such that —a(ez®) mod p € (FY)* and that —a(oz”) mod
p¢(FXP. Weput

yxzxigpﬂ{xl, T2p+1}021g{{x1’ Té’“}, szg}%rg{{xn Tg“}s UzTg}rz(pHm .
Here we put 0,=0¢™ and z,=c™. For the odd integer n, we put
r=x5"(xp, )" 7 [x;, yillxe, Xa] - + +[Xp-1 Xl

Then we put X(G, n, s, B)=F(n+1, G)/(r), where (r) is the closed normal
subgroup of F(n-+1, G) generated by r. Then Jannsen and Wingberg
have the following in [5]:
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Theorem 1. The above profinite group X(G,n,s, B) is a Demuskin
Sformation over G with degree n, torsion p* and character c.

We have the following in [7] or [10]:

Theorem 2. Let Y, and Y, be profinite groups such that they are
Demuskin formations over G with degree n, torsion p* and character «.
Then Y, and Y, are isomorphic as topological groups.

Theorem 4 in [8], the above Theorem 1 and Theorem 2 show the
following main theorem:

Theorem 3. (cf. [5]). Let p be an odd prime number, k a finite alge-
braic extension over Q, of degree n, q=p’° the cardinality of the residue
field of k, k the algebraic closure of k and T the maximal tamely ramified
extension of k such that k contains T. Let pu,=(C) the p-torsion part of the
multiplicative group T* of T and p° the order of pur. Let G be the Galois
group of T over k, @ a homomorphism of G into (Z[p*Z)* such that {* =%
Jor any element p ¢ G and B a mapping of G into Z} such that B is a lifting
of a. Let o,t be generators of G such that ore™'=1% Then the Galois
group of k over k is isomorphic to X(G, n, s, p) as topological group.

2. Outline of proof of Theorem 1. Weput X=X(G, n, s, f) and N=
(r). Since we can show r=7"7*@""'=1 mod P, we have PON. We put
V=P/N. Then we have the following commutative diagram:

I I

Y

NN

J—>P——>Fnt+1,G) TG_) I (exact)

I—> I} > X >G—> I  (exact)
®
A
I I
(exact) (exact)

Let H be an open normal subgroup in G such that the kernel of & contains
H. Let U be the open subgroup of F(r-+1, G) such that U/P=H. We
put Xy;=¢ '(H) and G’=G/H. For an element x ¢ P, we put x=x[P, U].
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Then we can show that P/[P, U] is a free Z,[G’];module with free basis x,,
-+, X, (cf. [9]). Since we have the exact sequence I—N—P—V—I, we
have the exact sequence

0—>H'(V, Q,/Z)—>H'(P, Q,/Z,)Y—>H'N, Q,/Z,).
Hence we have the exact sequence
(H'(N, @,/ Z,)")*~>(H'(P, @,/ Z,)V*~(H'(V, @,/ Z,)")*—0.
Hence we have the exact sequence
N/IN, Ul——P|[P, Ul—> V][V, Xz]—>O0.

Therefore we can prove that Tor (V/[V, X,]) is isomorphic to Z/p*Z(a?)
as G-module (cf. [4]).
Since we have c¢d,(H)=1, we have the exact sequence

0—>H'(H, Q,/Z,)—>H'(Xy, Q,/Z,)—>H'(V, Q,/Z,)**—0.

Here cd, is a cohomological p-dimension. From the duality theorem, we
have the exact sequence :

0—> V[V, Xgl—> Xo—> H*— 0.

Hence we have (Tor (X%))(p)=Tor (X2)= Tor (V/[V, X.)=Z/p*Z(ee7Y).
Here “=” means a G-module isomorphism. From calculations of coho-
mology groups, we have H*(Xy, Q,/Z,)=0 and H¥X,, Z/p'Z)*=
{a € Tor (XY¥)|p'a=0} for positive interger i. Hence we have
dim H{X, F,)=1 and H* Xy, Z|p°*Z)= Z|p*Z(c).

Let D be a pro-p-group. We put D°=D and D=(D*-")?[D*-', D].

Lemma. (cf. p. 71 in [6]) Let D be a pro-p-group such that dim H'(D,
F,)=m and that dim H*(D, F,)=1. Let p,, - - -, p,, be minimal generators
of D such that [[7, 0% []ic;los 0,1°¢ =1 mod D?, where a,, a;;¢€ Z,.
There exists some a, such that a, ¢ pZ, or there exists some a,; such that
a;; ¢ pZ,. Let2, ---,%,(e H(D, F,)) be dual basis of p,D*[D, D], - - -,
0. D?[D, D]. Then there exists a generator & of H¥D, F,) such that 2,U%;
= —ay;& for i<j. Here “U” is the cup product of H\(D, F,)X H(D, F,)
into H*(D, F,).

Let e be the order of ¢H in G/H. Let G=|J%, p,H be the disjoint
union of the left cosets of H and fthe order of ¢(H, ¢) in G/(H, ). Let
u be a non-negative integer such that ¢’=t* mod H. For an element x ¢
X, we denote by % the image of x in X. Let {X,, %,, pixj}ml ..... . be dual

j=1,0e0ym
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basis of {¢/7~*, %, %¢%},.,,...,, . We should notice that {g/z~%, %, X¢ }l Leeorn

J=1,0e0m J=lieerim
are minimal generators of X,;. We suppose that 7 is even. From calcula-
tions, we have ‘

Y~
L=sprexprainef, o't O 7([%y, K] - - [£a-y, XD mod X7

Here, ae Z,, ky e Z,[[G]], 25 € Z,[[G]] and /cHZHe_Z,,eG, a(p)p mod
pZ,[G’]. Hence, from Lemma, we have

pX;UpX 1= —alp)é forj=1,3,5,-.-.,n—1,i=1,2,3, .
%UZ,=—alo)'es
and the other cup-products of the above basis is 0. Here § is a generator
of H¥(X,, F,). This shows that the cup-product of H(Xy, F,) is a non-
degenerate skew-symmetric bilinear form. Let Inf be the inflation map-

ping of H'(H, F,) in H(X,, F,) and H'(H, F,)- the orthogonal comple-
ment of Inf (H'(H, F,)) in H'(X,, F,). Then we have

H'(H, F,)*/Inf (H'(H, F,))= (éél Fp[G']xu_l)@(é Fp[G’]X%).

2% F[G';-, and @74 F,[G'IX,; are total isotropy G’-module.
We suppose that n is odd. We have 7, =% mod X} for some d e
F,[G’]. Hence we have

—~
15)?5’“)??%}”1”[)?0, o.fT—u]ea(u)—l[xl, J?ﬂ”'ﬂye
X ([fz, xs] e [x~n—13 fn])mwe mOd -YIZ{
We put C,=F,X,®F,%, Ci=F,[G, C=@{"?F,[G',; and C,=

@2 F[G'yy,,. From Lemma, we have the following orthogonal de-
composition of H'(X, F,):

Hl(fm F): CoJ_C1J_Cz_LC3-

Then C, and C, are total isotropy G-modules and the cup-product U is a
non-degenerate skew symmetric bilinear form in C,®C,. By using sym-
plectic modules over F,[G’], we can prove that F,[G’]X, is total isotropy
G’-module.
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