
Afrika Statistika
Vol. 14 (1), 2019, pages 1937 - 1950.
DOI: http://dx.doi.org/10.16929/as/2019.1937.143

Afrika Statistika

ISSN 2316-090X
Hellinger Distance Estimation of Strongly
Dependent Gaussian random fields
Aubin Yao N’dri 1,2,∗, Ouagnina Hili2 and Gueı̈ Cyrille Okou1

1Laboratoire Sciences et Technologies de l’environnement, Université Jean Lorougnon
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Abstract. The Minimum Hellinger Distance Estimator (MHDE) of density function
is investigated for stationary long memory (long-range dependent) random fields
observed over a finite set of spatial points. A general result on the consistency of
the MHD Estimator is first obtained and then, under some mild assumptions, the
asymptotic distribution of this estimator is established.

Résumé. L’estimateur du minimum de distance de Hellinger est étudié pour des
champs aléatoires stationnaires à longue mémoire observés sur un ensemble fini
de points de l’espace. Un résultat général sur la convergence presque sûre de cet
estimateur est d’abord obtenue, puis, sous certaines hypothèses, la distribution
asymptotique est établie.

Key words: Asymptotic properties ; Strongly dependence ; Hellinger distance esti-
mation, random field.
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1. Introduction

A random field is a collection of random variables indexed by points of Zd where
d ∈ N∗. In the case d = 1, a random field reduces to a time series. The case
d ≥ 2 is useful for stochastic phenomena evolving in more than one direction
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and showing spatial interaction. They are important in many applications and
are used, for example, to model properties of natural images (biological tissue,
stone, sand, grass, moss, foliage) ; natural phenomena (water surface, clouds),
but also in imaging (structure of materials, meteorology, etc). They are also used
to model the velocity fields in turbulent flows and permeability coefficients of rocks.

In this paper, we focus on strongly dependent random field which extends the
concept of classical strong dependence time series to the spatial domain. The
study of strong dependence random fields presents interesting and challenging
probabilistic and statistical problems and it is important to many scientific inves-
tigations. In fact, the strong dependence phenomenon is more commonly seen in
higher dimensional random fields than in one-dimensional time series. For d ≥ 2,
the reader should keep in mind the following two examples given respectively in
Lavancier (2005).

Linear random fields : Let (ξj)j∈Zd be zero-mean random variables with finite second
moments. The linear random field (Xj) is defined for any j ∈ Zd by

Xj =
∑
i∈Zd

aiξj−i, where ai = ‖i‖−βL(‖i‖)̃b
(

i
‖i‖

)
,
d

2
< β < d, (1)

with L a slowly varying function at infinity and b̃ a continuous function on the
unit sphere in Rd.

The process defined in Equation (1) is a strongly dependent stationary, isotropic
random field. The concept of isotropy is that the process covariance function γ(i, j)
is a function of the Euclidean distance ‖i− j‖.

Indeed, by Lavancier (2005), when ‖i‖ → +∞

γ(i) = ‖i‖−αL(‖i‖)2

(
b

(
i
‖i‖

)
+ o(1)

)
where α = 2β − d and

b(t) =

∫
Rd
b̃

(
s

‖s‖

)
b̃

(
s− t
‖s− t‖

)
‖s‖−β‖t− s‖−βds.

Fractional filtering field : The next random field comes from a fractional filtering
tensor product :

Xn1,n2
= (1− L1)

α1 (1− L2)
α2 εn1,n2

where Li is lag operator such that Lj1εn1,n2
= εn1−j,n2

and Lj2εn1,n2
= εn1,n2−j ,

|αi| < 1/2 for i ∈ {1, 2} and εn1,n2 a white noise.

The expression of X is given by :
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Xn1,n2
=
∑
i≥0

∑
j≥0

ψi,1ψj,2εn1−i,n2−j

where

ψi,1 =
Γ(i− α1)

Γ(−α1)Γ(i+ 1)
and ψj,2 =

Γ(j − α2)

Γ(−α2)Γ(j + 1)
.

We get

γ(j) = γ(j1, j2) ∼ cj−2α1−1
1 j−2α2−1

2

when j1 → +∞ and j2 → +∞.

To describe the problem more specifically in this paper, we consider (Xj)j∈Zd a sta-
tionary, long-range dependent gaussian random field with density f(x, θ0), where
x ∈ R and θ0 is assumed to belong to a compact subset Θ of Rp.
A set of random variables Xj, j ∈ Zd is called a d−dimensional stationary Gaussian
field, if the random variables Xj1 , Xj2 , . . . , Xjn have a joint normal distribution for
any j1, j2, . . . , jn ∈ Zd ; E(Xi) = E(Xj) for any i, j ∈ Zd and

γ(j) = E(X1X1+j) = E(XiXi+j)

∼ ‖j‖−αL(‖j‖)b
(

j
‖j‖

)
, ‖j‖ → +∞

where the function L, is a slowly varying function at infinity :

lim
s→+∞

L(st)

L(s)
= 1, t > 0 ; 0 < α < d

and b a continuous function on Sd = {x ∈ Rd, ‖x‖ = 1}.

We assume throughout this paper that E(X1) = 0 and E(X2
1) = σ2(θ0). We also

suppose that the long memory parameter satisfies α = α(θ0).

The main goal of this paper is to estimate the parameter θ0 and study its asymp-
totic properties. This study extends N’dri and Hili (2018) to the random field. We
construct an estimator θ̂n of the parameter θ0. The values of this estimator are in
the parameter space Θ and minimize the Hellinger distance between f(., θ0) and
fn, the kernel density estimator.

For d = 1, the kernel density estimator fn of f introduced by Rosenblatt (1956)
and Parzen (1962) is defined for any positive integer n and any x ∈ R by

fn(x) =
1

nbn

n∑
i=1

K

(
x−Xi

bn

)
, x ∈ R.
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We denote

In =
{
i = (i1, ..., id) ∈ Zd, 1 ≤ il ≤ n, l = 1, . . . , d

}
for n ∈ N∗.

In this case, the density estimator fn of f is defined for any positive integer n and
any x in R by

fn(x) =
1

ndbn

∑
i∈In

K

(
x−Xi

bn

)

=
1

ndbn

n∑
i1=1

n∑
i2=1

...

n∑
id=1

K

(
x−Xi1,...,id

bn

)
.

The rest of the paper proceeds as follows. Section 2 presents the assumptions and
states our main results (Theorem 1 and Theorem 2). We prove an important result
in Theorem 1, the convergence of the kernel density estimator to the true density
f(x, θ0) in the Hellinger topology. Then, applying this asymptotic property, we show
consistency property for the Minimum Hellinger Distance Estimator(MHDE). The
asymptotic distribution of this estimator is studied in Theorem 2. The proofs of
this Theorems are given in section 3.

The following notations are adopted throughout the paper : ∼, −→P , −→D denote
respectively asymptotically equivalent, convergence in probability and convergence
in distribution. For every site i, j ∈ In ⊂ Nd, ‖i−j‖ is the Euclidean distance between
sites i and j. The integer m is the Hermite rank of a family defined in the subsection
2.3.

2. Statement of assumptions and results

2.1. Assumptions

Assumptions A

(A1) Suppose that 0 < mα(θ0) < d, ndbn → +∞ and there is a positive real δ such as

lim
n→+∞

nδ−α(θ0)∧(d−mα(θ0)) = 0.

(A2) The bandwidth is such that : bn := n−3τ for some τ > mα(θ0)
12 .

(A3) The kernel K is bounded with compact support, such that
∫
R uK(u)du = 0 and

0 <
∫
R u

2K(u)du < +∞.

Assumptions B

(B1) For each θ ∈ Θ, the function x 7→ f(x, θ) is twice continuously differentiable.
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(B2) For each x ∈ R, the function θ 7→ f(x, θ) is continuous.

(B3) For each x ∈ R, the function θ 7→ ∂
∂θj

f1/2(x, θ) , for 1 ≤ j ≤ q is continuous and
for every j, the function θ 7→ ∂

∂θj
f1/2(x, θ) is in L2(Rq).

(B4) For each x ∈ R, the function θ 7→ ∂2

∂θj∂θk
f1/2(x, θ), 1 ≤ j, k ≤ q is continuous

and for every j, k, the function θ 7→ ∂2

∂θj∂θk
f1/2(x, θ) is in L2(Rq).

(B5) For θ, θ′ ∈ Θ, θ 6= θ′ implies that {x ∈ R f(x, θ) 6= f(x, θ′)} is a set of positive
Lebesgue measure.

2.2. Minimum Hellinger Distance Estimators (MHDE)

In this subsection, we will briefly discuss minimum Hellinger distance estimation.
Let f(x) and g(x) be any two densities ; the Hellinger distance between f(x) and
g(x) is defined as the L2-norm of the difference between square root of density
functions, i.e.

HD2(f, g) =

∫ +∞

−∞

[
(f(x))1/2 − (g(x))1/2

]2
dx.

Let X1, X2, · · · , Xn be strongly dependent random field with density belonging to
a specified parametric family {f(., θ) : θ ∈ Θ}. To motivate the MHDE, replace f
by f(., θ) and g by fn, a non-parametric estimator of the density. Therefore, the
Hellinger distance in our question becomes the distance between the true den-
sity f(., θ0) and the non-parametric density estimator of the Xi’s, which can be
expressed as follows :

HD2(f(., θ), fn) =

∫ +∞

−∞

[
(f(x, θ))1/2 − (fn(x))1/2

]2
dx . (2)

The Minimum Hellinger distance estimator of θ is defined to be the value θ̂n (in the
parameter space Θ), if it exists, that minimizes the relation (2), namely

θ̂n = argmin
θ∈Θ

HD2(f(., θ), fn).

Beran (1977) has shown that the MHDE is more robust than maximum likelihood
estimator when data contaminations are present. Furthermore MHDE is known
to be asymptotically efficient under a specified parametric family of densities and
is minimax robust in a small Hellinger metric neighborhood of the given family
(see Beran (1977)).

Let G denote the class of densities metrized by the L1 distance. We define the Min-
imum Hellinger Distance Functional (MHDF) to be the functional T : G → Θ such
that
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T (g) = argmin
θ∈Θ

HD2(f(., θ), g).

By applying Assumption (B2) and (B5), Beran (1977) shows the existence of
MHDE for Θ compact and discusses the extension of the result for noncompact Θ.
Moreover T (f(., θ)) may have multiple values, so we shall assume that it stands for
any one of those values.

Remark 1. The assumption (B5) is the identifiability assumption on the
parametrization.

2.3. Main Results

In this subsection, we study in Theorem 1, the efficiency property of the MHD
estimator. For the proof of this Theorem, we use the continuity of the functional
T (see Beran (1977)). The study of asymptotic distribution property in Theorem
2 is very important because it is useful in the selection criteria of the estima-
tors. Knowing the asymptotic distribution of the estimator can allow to solve the
estimation problem to the interval confidence construction or the hypotheses tests.

Theorem 1 (almost sure convergence). Let assumptions (A1)-(A3), (B1), (B2) and
(B5) be fulfilled. If θ0 is in the interior of Θ, then θ̂n almost surely converges to θ0

when n→ +∞.

For the following theorem,

S(., θ) = f1/2(., θ), Ṡ(., θ) =
(

∂
∂θ1

f1/2(., θ), · · · , ∂
∂θq

f1/2(., θ)
)T

, Ṡ(., θ)T is the transpose
of Ṡ(., θ) and

ρ(x, θ) =

[∫ +∞

−∞
Ṡ(x, θ)Ṡ(x, θ)T dx

]−1

Ṡ(x, θ).

Consider Id the identity function, I{.} the indicator function, F (.) the continuous
marginal distribution function of the sequence (Xi)i and Fn(x) = n−d

∑
i∈In

I{Xi ≤

x}, x ∈ R, the sample distribution function. The integer m is the Hermite rank of
the family

{I{Id(.) ≤ x} − F (x) : x ∈ R} where F (x) = P(Xi ≤ x).

Let Fn(x)− F (x) = n−d
∑

i∈In
Bx(Xi), where Bx(.) = I{Id(.) ≤ x} − F (x).

In L2(φ), let’s consider the Fourier-Hermite expansion

Bx(.) =

+∞∑
k=m

Jk(x)
Hk(.)

k!
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where

Hk(z) = (−1)k exp(z2/2)
dk

dzk
(
exp(−z2/2)

)
, z ∈ R.

is the k − th Hermite polynomial and Jk(x) = E(Hk(.)Bx(.)), k = 0, 1, . . . .

Denote by

d2
m,n = V ar

∑
i∈In

Hm(Xi)


,

J ′m(x) =
dJm(x)

dx

and

Ym,n =
1

dm,n

∑
i∈In

Hm(Xi)

m!
.

The long-range dependence condition for the sequence (Xi)i becomes

0 < mα(θ0) < d.

In addition, we have

ndd−1
m,n ∼

√
(1−mα(θ0))(2−mα(θ0))

2m!

nmα(θ0)/2

Lm/2(n)
.

Theorem 2 (asymptotic distribution). Let assumptions (A1)-(A3) and (B1)-(B5) be
fulfilled.If θ0 lies in the interior of Θ and

∫ +∞
−∞ Ṡ(x, θ0)Ṡ(x, θ0)T dx is a non singular

(q × q)-matrix, then the limiting distribution of ndd−1
m,n(θ̂n − θ0) is

(Zm(1)/m!)
∫ +∞
−∞

(
ρ(x, θ0)/2f1/2(x, θ0)

)
J ′m(x)dx where (Zm(t))0≤t≤1 is the Hermite pro-

cess.

3. Proofs

Proof of Theorem 1. First we state the following lemma required in proof.

Lemma If the assumptions (A1)-(A3), (B1), (B2) and (B5) are satisfied, then fn almost
surely converges to f(., θ0) in the Hellinger topology.

Proof. We have fn(x)− f(x, θ0) = fn(x)− Efn(x) + (Efn(x)− f(x, θ0)).
Now, we show
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fn(x)− Efn(x) =
1

ndbn

∑
i∈In

(
K

(
x−Xi

bn

)
− EK

(
x−Xi

bn

))
→ 0 a.s., n→ +∞.

For k ∈ N let’s defined

Bk,n := {|fn(x)− Efn(x)| ≥ ε} with n ∈ [2k, 2k+1[ .

We have

Bk =
⋃

2k≤n<2k+1

Bk,n =
⋃

2k≤n<2k+1

{|fn(x)− Efn(x)| ≥ ε}

=
⋃

2k≤n<2k+1


∣∣∣∣∣∣ 1

nd−1bn

∑
i∈In

(
K

(
x−Xi

bn

)
− EK

(
x−Xi

bn

))∣∣∣∣∣∣ ≥ nε


⊂
⋃

2k≤n<2k+1


∣∣∣∣∣∣ 1

nd−1bn

∑
i∈In

(
K

(
x−Xi

bn

)
− EK

(
x−Xi

bn

))∣∣∣∣∣∣ ≥ 2kε


⊂

 max
2k≤n≤2k+1

∣∣∣∣∣∣ 1

nd−1bn

∑
i∈In

(
K

(
x−Xi

bn

)
− EK

(
x−Xi

bn

))∣∣∣∣∣∣ ≥ 2kε


Thus,

P(Bk) ≤ P

 max
2k≤n≤2k+1

∣∣∣∣∣∣ 1

nd−1bn

∑
i∈In

(
K

(
x−Xi

bn

)
− EK

(
x−Xi

bn

))∣∣∣∣∣∣ ≥ 2kε

 .

Fix an x and let,

Mk = max
2k≤n≤2k+1

∣∣∣∣∣∣ 1

nd−1bn

∑
i∈In

(
K

(
x−Xi

bn

)
− EK

(
x−Xi

bn

))∣∣∣∣∣∣ .
Then, there exists j′ ∈ [2k, 2k+1] such that

Mk =

∣∣∣∣∣∣ 1

j′d−1bj′

∑
i∈Ij′

(
K

(
x−Xi

bj′

)
− EK

(
x−Xi

bj′

))∣∣∣∣∣∣
≤ 1

2k(d−1)b2k

∣∣∣∣∣∣
∑

i∈I
2k

(
K

(
x−Xi

b2k

)
− EK

(
x−Xi

b2k

))∣∣∣∣∣∣
+

1

2k(d−1)b2k

∣∣∣∣∣∣
∑

i∈I
2k+1−I2k

(
K

(
x−Xi

b2k

)
− EK

(
x−Xi

b2k

))∣∣∣∣∣∣
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and

E
(
M2
k

)
≤ 2

22k(d−1)b2
2k
E

∑
i∈I

2k

(
K

(
x−Xi

b2k

)
− EK

(
x−Xi

b2k

))2

+
2

22k(d−1)b2
2k
E

 ∑
i∈I

2k+1−I2k

(
K

(
x−Xi

b2k

)
− EK

(
x−Xi

b2k

))2

.

Let ε > 0, by Markov inequality

P
(
Mk ≥ 2kε

)
≤ 2

ε222kdb2
2k
V ar

∑
i∈I

2k

(
K

(
x−Xi

b2k

)
− EK

(
x−Xi

b2k

))

+
2

ε222kdb2
2k

(Card(I2k+1 − I2k))2E

(
K

(
x−Xi

b2k

)
− EK

(
x−Xi

b2k

))2

.

Let
Ui =

1

b2k

(
K

(
x−Xi

b2k

)
− EK

(
x−Xi

b2k

))
.

First,

V ar
∑

i∈I
2k

1

b2k

(
K

(
x−Xi

b2k

)
− EK

(
x−Xi

b2k

))
=

∑
i,j∈I

2k

(
EUiUj − E(Ui)E(Uj)

)
≤

∑
i,j∈I

2k

∫
R2

|uiuj|
(
fi,j(xi, xj)− f(xi)f(xj)

)
dxidxj

≤
∑

i,j∈I
2k

∫
R2

|uiuj|f(xi)f(xj)‖γ(j− i)‖dxidxj

≤ C1

∑
i,j∈I

2k

‖γ(j− i)‖ (where C1 is a constant).

By the relation (6.1.5) in (Lavancier (2005), pp. 127)∑
i,j∈I

2k

‖γ(j− i)‖ ∼ 2k(2d−α)L(2k).

So
+∞∑
k=1

2ε−2

22kd
V ar

∑
i∈I

2k

1

b2k

(
K

(
x−Xi

b2k

)
− EK

(
x−Xi

b2k

))
∼

+∞∑
k=1

1

2kα
< +∞.

On the other hand,
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+∞∑
k=1

(Card(I2k+1 − I2k))2

22kd
E

(
1

b2k
K

(
x−Xi

b2k

)
− EK

(
x−Xi

b2k

))2

=

+∞∑
k=1

C2(Card(I2k+1 − I2k))2

22kd
.

We get

+∞∑
k=1

C2(Card(I2k+1 − I2k))2

22kd
=

+∞∑
k=1

d2C2

22k(d−1)
< +∞.

Borel-Cantelli lemma implies that Mk → 0 a.s., which in turn implies that

fn(x)− E(fn(x))→ 0 a.s.

On the other hand, Efn (x)− f (x, θ0) =
∫
RK (u) (f (x− bnu, θ0)− f (x, θ0)) du and for

each x ∈ R, K (u) |f (x− bnu, θ0)− f (x, θ0) | ≤ cK (u).

By the continuity of the density and by the dominated convergence theorem, we
conclude that Efn (x)− f (x, θ0)→ 0 as n→ +∞ for each x ∈ R.
Then, for all x ∈ R, fn(x) almost surely (a.s.) converges to f(x, θ0) and

P
(

lim
n→+∞

f1/2
n (x) = f1/2(x, θ0), ∀x ∈ R

)
= 1.

Furthermore, since
∫
R fn(x)dx =

∫
R f(x, θ0)dx = 1, hence

lim
n→+∞

(∫
R
|f1/2
n (x)− f1/2(x, θ0)|2dx

)1/2

= 0 a.s.

Therefore fn → f a.s. when n → +∞ in the Hellinger topology. From the conti-
nuity of the functional T (see Theorem 1 in Beran (1977)), we deduce that
θ̂n = T (fn)→ T (f(., θ)) = θ0 a.s. as n→ +∞.
This completes the proof. �

Proof of Theorem 2. We follow the proof of Theorem 2 in N’dri and Hili (2018).
Using Theorem 3 in Beran (1977), we obtain :

θ̂n − θ0 =

∫ +∞

−∞
ρ(x, θ0)(f1/2

n (x)− f1/2(x, θ0)) dx

+ Vn
∫ +∞

−∞
Ṡ(x, θ0)(f1/2

n (x)− f1/2(x, θ0)) dx,

where Vn is a real p× p matrix which tends to zero as n→ +∞.
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Hence it suffices to prove that the limiting distribution of

nd

dm,n

∫ +∞

−∞
ρ(x, θ0)(f1/2

n (x)− f1/2(x, θ0)) dx

is

Zm(1)

m!

∫ +∞

−∞

ρ(x, θ0)

2f1/2(x, θ0)
J ′m(x)dx.

We have,

nd

dm,n

∫ +∞

−∞
ρ(x, θ0)(f1/2

n (x)− f1/2(x, θ0)) dx (3)

=
nd

dm,n

∫ +∞

−∞

ρ(x, θ0)

2f1/2(x, θ0)
(fn(x)− f(x, θ0)) dx+ Rn(θ0)

where

| Rn(θ0) | ≤ nd

dm,n

∫ +∞

−∞

∣∣∣∣ σ(x, θ0)

f3/2(x, θ0)

∣∣∣∣ (fn(x)− f(x, θ0))2 dx

≤ C3

{
nd

dm,n

∫ +∞

−∞
|σ(x, θ0)| (fn(x)− Efn(x))2 dx

}
+ C3

{
nd

dm,n

∫ +∞

−∞
|σ(x, θ0)| (Efn(x)− f(x, θ0))2 dx

}
and C3 a positive constant.

By using the same arguments as in the proof of Theorem 1, we get

nd

dm,n
|ρ(x, θ0)| (fn(x)− Efn(x))2

≤ L−m/2(n)

(
2α(θ0)(m(k+1)

2 −2k) + d22

(
(k+1)mα(θ0)

2 −4k(d−1)
))
|ρ(x, θ0)| → 0

when k → +∞ and for, m ∈ {1, 2, 3}.

By using Assumption (B3), (B4) and the dominated convergence Theorem, we ob-
tain

nd

dm,n

∫ +∞

−∞
|ρ(x, θ0)| (fn(x)− Efn(x))2dx→ 0 a.s., n→ +∞.

By assumptions (A3) and (B1), Taylor’s formula in one variable gives for x such as
|u∗ − x| < |bnu|,
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Efn(x)− f(x, θ0) =

∫ +∞

−∞
K(u)(f(x− bnu, θ0)− f(x, θ0))du

= bnf(x, θ0)

∫ +∞

−∞
uK(u)du

+
b2n
2
f (2)(u∗, θ0)

∫ +∞

−∞
u2K(u)du.

We get,

|Efn(x)− f(x, θ0)| ≤ b2n
2

sup
x
|f (2)(u∗, θ0)|

∫ +∞

−∞
|u|2K(u)du < +∞.

By using assumption (A2) we deduce,

lim
n→+∞

nmα(θ0)/2(Efn(x)− f(x, θ0))2 = lim
n→+∞

nmα(θ0)/2b4nζ
2(θ0) = 0

where

ζ2(θ0) = sup
x

(
|f (2)(u∗, θ0)|

2

)∫ +∞

−∞
|u|2K(u)du < +∞.

Moreover, by combining the relation (3), Assumptions (B3) and (B4), we obtain

nd

dm,n

∫ +∞

−∞
|ρ(x, θ0)| (Efn(x)− f(x, θ0))2dx→ 0 as n→ +∞.

Consequently, Rn(θ0)→ 0 when n→ +∞.

We are now studying the first term on the right hand side of the relation (3).
Using assumptions (A1)-(A3) and (B3)-(B4), we show that

nd

dm,n

∫ +∞

−∞
|ρ(x, θ0)| (Efn(x)− f(x, θ0))dx→ 0 as n→ +∞.

As in Csörgő and Mielniczuk (1995), we get

Dm,n(x) =
nd

dm,n
(fn(x)− Efn(x))

=
1

bn

∫ +∞

−∞
K

(
x− y
bn

)
d

 1

dm,n

∑
i∈In

[
I{G(Xi)≤y} − F (y)− Jm(y)Hm(Xi)

m!

] (4)

+
1

dm,n

∑
i∈In

Hm(Xi)

m!
× 1

bn

∫ +∞

−∞
K

(
x− y
bn

)
J ′m(y)dy.
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By using integration by parts in the relation (4) and the relation (6.1.7) in Lavancier
(2005) :

sup
y∈R

∣∣∣∣∣∣ 1

dm,n

∑
i∈In

[
I{G(Xi)≤y} − F (y)− Jm(y)

m!
Hm(Xi)

]∣∣∣∣∣∣→P 0,

we show that
nd

dm,n

∫ +∞

−∞

ρ(x, θ0)

2f1/2(x, θ0)
(fn(x)− Efn(x)) dx

and

1

dm,n

∑
i∈In

Hm(Xi)

m!
×
∫ +∞

−∞

ρ(x, θ0)

2f1/2(x, θ0)
J ′m(x)dx

have the same distribution.

Then, using Theorem 1’ in Dobrushin and Major (1979), we conclude that

Ymn

∫ +∞

−∞

ρ(x, θ0)

2f1/2(x, θ0)
J ′m(x) dx →D Zm(1)

m!

∫ +∞

−∞

ρ(x, θ0)

2f1/2(x, θ0)
J ′m(x) dx

where Ymn = 1
dm,n

∑
i∈In

Hm(Xi)
m! .

Therefore

nd

dm,n
(θ̂n − θ0) →D (Zm(1)/m!)

∫ +∞

−∞

ρ(x, θ0)

2f1/2(x, θ0)
J ′m(x)dx.

The proof of Theorem 2 is complete.
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