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Abstract. The aim of this paper is to provide pointwise and uniform moderate deviations
principles for the kernel estimator of a nonrandom regression function. Moreover, we give an
application of these moderate deviations principles to the construction of confidence regions
for the regression function.

Résumé. L’objectif de cet article est de donner les principes de déviations modérées,
ponctuels et uniformes, satisfaits par I’estimateur a noyau d’une fonction de régression déter-
ministe. De plus, nous donnons une application de ces principes de déviations modérées a la
construction de régions de confiance pour la fonction de régression.
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1. Introduction

We consider the following regression model
Yi,n = /“‘[’(t’i,TL) + Ein, 1=1,...,n,

where 1 is an unknown real function defined on the interval [0, 1], the errors ¢;,, form a
triangular array of independent and identically distributed random variables with expecta-
tion zero and finite variance o2, and (t1,nst2,ms -« - s tn,n) is the sampling of the interval [0, 1]
defined by t; , = (¢ — 1)/n. This assumption of equidistance is not essential, but simplifies
the presentation of the method and the proofs. There is no loss of generality to assume the
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random variables (€; ,)1<i<n.n>1 are defined in the same probability space, e.g. in the prod-
uct space [[,,~; R™ endowed with the probability P = ®,,>1P&™ where P, is the probability
law of €.

For sake of simplicity, we omit the index n, and write:

Yi=ult) +e, i=1,...,n. (1)

A large amount of literature is devoted to the study of the model (1), in particular to
construct hypothesis tests and confidence bands based on asymptotic convergence to the
normal distribution. Among many others, let us cite Davison and Tsai (1992), Dette and
Munk (1998a), Dette and Munk (1998b), Dette et al. (1998), Dieboldt (1995), Eubank and
Hart (1992), Eubank and Spiegelmann (1990), Gasser et al. (1986), Hérdle and Mammen
(1993), Hérdle and Marron (1990), Mohdeb and Mokkadem (2004), Mohdeb and Mokkadem
(2015), Munk and Dette (1998) and Stute (1997). The use of moderate deviations principles
(MDP) for the construction of confidence bands has been introduced by Mokkadem and
Pelletier (2006) in the random design set up. Our purpose is to extend this approach to
the case of fixed design model (1). Based on the sample (ti,Y4), i = 1,...,n, we define the
kernel estimator p,, of p by setting

1 <« t—t;
t) = Y;K

where the bandwidth (h,) is a sequence of positive real numbers that goes to zero, and
where the kernel K is a function satisfying [, K(z)dz = 1.

Let us recall the concept of large and moderate deviations. A function J : R — [0, 00] is
called a good rate function if, for each M < oo, the level set {x € R: J(z) < M} is a
compact set. A R-valued sequence (Z,),>1 satisfies a large deviations principle (LDP) with
speed (v,,) and good rate function J if:

(a) (vn) is a positive sequence such that lim, o v, = 00,
(b) for every Borel set B C R,

—inf__sJ(z) < liminf, o v, logP(Z, € B)

< limsup,, . vy, logP(Z, € B) < —inf_ 5 J(2),

zeB

where B and B denote the interior and the closure of B respectively. Let (vn) be a
nonrandom sequence that goes to infinity. If the sequence (v,Z,)n>1 satisfies a LDP, we
say that (Z,),>1 satisfies a MDP.

The main purpose of this paper is to establish pointwise and uniform MDP for the sequence
(ttn, — ). For any function G' and positive sequence (uy,,), set

1 < t—t;
(Gt = 36 ().

and let (v,,) be a nonrandom sequence that goes to infinity. For ¢ €]0, 1[, we give conditions

under which the sequence
- (m(t) = (1))
" VI(KZ,t, hy)
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satisfies a LDP with speed (nh,, /v2) and good rate function
2
x

J iz —.

T 952

Moreover, let (p,) be a nonrandom positive sequence that goes to zero. We give conditions
under which the sequence

|pn () = p(t)]

Un sup —_——
t€lpn,1—pn] v I(KQ’ t7 hn)

satisfies a LDP with speed (nh,,/v2) and good rate function J on R*.

Large and moderate deviations principles have been widely applied in statistical inference.
Their use has been initiated by the papers of Chernov (1952) and Bahadur (1960), and
then developped in various directions. Let us cite, among many others, Borovkov and
Mogulskii (1992), Groeneboom (1980), Ibragimov and Radavicius (1981), Kallengerg
(1982), Kallengerg (1983a), Kallengerg (1983b), Korostelev and Leonov (1995), Nikitin
(1995), Mokkadem and Pelletier (2006), and Puhalskii and Spokoiny (1998). In Section 2.2,
we provide an application of our MDP results to the construction of confidence regions for .

Our paper is now organized as follows. Our assumptions and main results are stated in
Section 2. Section 3 is deserved to the proofs.

2. Assumptions and Main Results

The assumptions to which we will refer in the sequel are the following.

(A1) i) K is a nonnegative and Lipschitz function on R such that
o K(2)dz=1, [,2K(2)dz=0, and [;2*°K(z)dz < oc.

ii) There exists m > 3 such that lim|,|_, [2|™ K (2) = 0.
(A2) i) p is Lipschitz on [0, 1].

ii) 1 is twice differentiable on ]0, 1, sup,¢jo 1 [/ (t)| < 00, and sup,¢jo 17 [ ()] < oo.
(A3) There exists a > 0 such that E(exp(ale;])) < oo.

2.1. Moderate deviations principles

Our main results are the two following theorems.

Theorem 1 (Pointwise MDP). Let (A1), (A2)i), and (A3) hold, and set t €]0,1[. For
all sequences (hy,) and (vy,) satisfying the conditions

NNy Un
VUp — OQ, ’UT — 00, and m — 0, (2)

n n
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the sequence

v (:un(t) _]E(Nn(t>))
" VI(K2,t hy)

satisfies a LDP with speed (nhy,/v2) and good rate function J on R.

Theorem 2 (Uniform MDP). Let (A1), (A2)i), and (A3) hold, assume that (hy) and
(vn) satisfy the conditions

Tlhn Un
n k) o1 7171 \ ) d 7 i
Up —> 00 o2 Tog(1/) — 00, an oz -0 (3)
and let (p,) be such that
1 . hn m—2
0<pn < 30 Pn — 0, Z— — 00, and vn<> — 0. (4)

Then, the sequence

o sup |1n (t) — E(un(?))]
t€[pn,1—pn] I(K27t7hn)

satisfies a LDP with speed (nhy,/v2) and good rate function J on RT.

Let us point out that, to obtain the uniform MDP, we require the condition
nhy,[v2 log(1/h,)] ™! — oo in (3), whereas, for the pointwise MDP, the slightly weaker condi-
tion nh,v,? — oo in (2) is sufficient. This difference of assumptions between the pointwise
case and the uniform case is usual in the nonparametric framework. It is of course com-
pletely explained by the difference between the pointwise and the uniform weak asymptotic
behaviours of the kernel estimator u,. As a matter of fact, let us recall that, for ¢ €]0, 1],
1n(t) is known to satisfy the central limit theorem (CLT)

\/nhn (Mn(t) _]E(Mn(t))) 2)./\/‘(0 0_2)
I(K2,t, hy) T

Zo(t) =

(where 2 denotes the convergence in distribution) and that, for p €]0,1/2[, Stadtmiiller
(1986) proved that

2log(1/h,) | sup  |Zu(t)] — /2log(L/hn) (L +na)| B Z* (5)

t€[p,1-p]

where Z* is a random variable whose distribution function is z — exp(—2exp(—=z)), and
where (n,) is a nonrandom sequence (explicitly given in Stadtmiiller (1986)) satisfying
lim, oo, = 0. It follows that, for the sequences (v,) such that nh,v, 2 5 oo and
nhy[v2log(1/h,)]~1 — 0, the sequence (v, [pn(t) — E(un(t))]) converges in probability
to zero, whereas the sequence (v, Supse, 1-p, [1tn(t) — E(un(t))]) does not, so that a
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pointwise MDP for p,, exists, but not a uniform MDP.

It is often more convenient to have MDP for u, — p rather than for p, — E(p,): this is the
object of the following corollaries.

Corollary 1 (Pointwise MDP). Let (A1), (A2)i), and (A3) hold. Set t €]0,1[, and as-
sume that p is twice differentiable at t. Then, for all sequences (hy,) and (vy,) satisfying the
conditions in (2) and such that v,h2 — 0, the sequence

 (m(t) — ()
" VI(K?thy,)
satisfies a LDP with speed (nhy,/v2) and good rate function J on R.
Corollary 2 (Uniform MDP). Let (A1)-(A3) hold. Then, for all sequences (h,) and (vy,)

satisfying the conditions in (3) and such that v,h2 — 0, and for all sequences (p,) satisfying
the conditions in (4), the sequence

b (0= a0
t€lpn,1—pn] VI(K2,t, hy)

satisfies a LDP with speed (nh,, /v2) and good rate function J on RT.

2.2. Application to the construction of confidence regions

Moderate deviations principles allow to construct confidence regions with positive log-
arithmic asymptotic level. These confidence regions have an asymptotic level equal to
one. Moreover, they often are asymptotic almost sure sequences of confidence regions. Let
us recall the notion of the logarithmic asymptotic level and of asymptotic almost sure
sequences of confidence regions, as defined in Mokkadem and Pelletier (2006).

Let {D,} be a sequence of confidence regions of an unknown parameter 6, and let {2 denote
the underlying probability space. The logarithmic asymptotic level of {D,} is v (y > 0)
with speed w,, (w, — o) if

1
lim . logP(0 & D,,) = —~.

n—oo

Moreover, {D,,} is an asymptotic almost sure (or consistent) sequence of confidence regions
of 0 if there exists g C 2 such that:

e P(Q) =1
e Yw € Qy, AN (w) such that n > N(w) = 0 € D, (w).

To deduce confidence regions for u from Corollaries 1 and 2, we need to estimate the variance
o2 of the errors €;: we use the estimator

n—1 2
1 2/1 1
-2 E : , V..V
S — 3 <2YZ_1 ZYH_1 Y,)
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introduced by Gasser et al. (1986). Moreover, we need to strenghten Assumption (A3) in
the following way.

(A’3) There exists a > 0 such that E(exp(ac?)) < co.

2.2.1. Application to the construction of confidence intervals

The pointwise MDP given in Corollary 1 allows to prove the following proposition.

Proposition 1. Let (A1), (A2)i) and (A’3) hold. Set t €]0,1[, assume that p is twice differ-
entiable at t, and let (h,) and (v,) satisfy the conditions in (2) and be such that v,h2 — 0.
Then, for any § > 0, we have

2 o/ L (K2,t, hy, o/ I(K2,t, hy, 2
Tim - 1ogP (uu>¢[unu>—6av(v”),un@>+égvﬂ})]> z

= — 2 .
Moreover, if the additional condition nhy[v2log(1/h,)]~1 — oo holds, then the sequence of

intervals
on/I(K2,t, hy
[una>6v(v)

on /LK, hyy

is an asymptotic almost sure sequence of confidence intervals of u(t).

Remark 1. Proposition 1 holds in particular by choosing (h,) = (n7%), 0 < a < 1/2, and
(vn) = (n®) with 0 < b < min{2a,1 — 2a, (1 — a)/2}.

Before comparing the confidence intervals given by Proposition 1 with those obtained by
application of the CLT, let us first state the following corollary, which says that the quantity
I(K?,t,hy) in the bounds of the confidence intervals of Proposition 1 can be replaced by
other quantities.

Corollary 3. Let (h}) be a bandwidth such that lim,, o, b = 0 and lim,_,., nh}? = .
Throughout Proposition 1, the quantity I(K?2,t,hy,) can be replaced either by I(K? t,h%) or
by [ K2(s)ds.

Hall (1992) shows that, to construct confidence intervals, slightly undersmoothing is more
efficient than bias estimation. Let (h) be a bandwidth and p be the kernel estimator of p
computed with this bandwidth (p}(t) = (nh}) ™t >0, VK [(h}) 7 (t — t;)]). To construct
confidence intervals for p by applying the CLT and by slightly undersmoothing, (h’) must
be chosen such that nh*® — 0 (and, for instance, such that nh’® — oo), in which case yu (t)
is known to satisfy the CLT

%ﬂ) B N(0,1).
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Set a €]0,1[, and let t,/o be the a/2-quantile of the standard normal distribution. The
estimator 62 of Gasser et al. (1986) being consistent, it follows that

I(K2?,t,hy)

, . On oo/ I(K2,t, h*
In,oc(t) - [un(t) - ta/2 ( n)

y () Ftyp———

m H ( ) a/2 m ]

is a confidence interval for p(t) with asymptotic level 1 — a. Now, let (u,) be a positive
sequence such that u, — oo and nhX>u? — 0, set (h,) = (u,h) in the definition of j,,(t)
and

I(K2t, hr G/ T(K2,t, by
oI LR +ta/2<>] ,

In(t) = lun(t)—ta/z - N Vnhi,

The interval Z,(t) is simply the translation of Z; ,(¢) from the (random) quantity g, (t) —
Hy, (t): it has the same width as the interval Z;; (), but its asymptotic level clearly equals one
(and not 1 — a < 1). The application of Corollary 3 ensures that its logarithmic asymptotic
level equals ti /2 /2 with speed w,,. Let us point out that this implies that, for n > 0 and n

large enough,
42
un) S P(,U,(t) g In(t)) S €xXp <_ [ 042/2 - 77‘| un) .

exp (—

The convergence rate of the level of Z,,(t) toward one is thus larger when (u,,) goes faster to
infinity. Of course, (u, ) cannot be chosen arbitrarily large because of the condition nh>ut —
0. However, it is interesting to note that it is always possible (and advised) to choose (uy,)
large enough so that nh? — oo. In this case, the interval Z,(t) is centered on an estimator
n(t) for which there is no CLT (the sequence (h,,?[u,(t) — p(t)]) then converging to a
usually nonzero constant), but the convergence rate of its level toward one is larger than
when Z,,(t) is centered on estimators for which a CLT exists.

£
R

2.2.2. Application to the construction of confidence bands

The uniform MDP given in Corollary 2 allows to prove the following proposition.

Proposition 2. Let (Al), (A2) and (A’3) hold, assume that (hy,), (vy), and (pn) satisfy
the conditions in (3) and (4), and that v,h2 — 0. Then, for any § > 0, we have

P AVAILSRATS

Un

2
lim L,;logﬂ” (3?5 € [pns 1= pnl, p(t) & |pn

b
n—oo nhy,

Hn(t) +6

Un

&n\/I(KQ,uhn)] ) 52
Moreover, the sequence of sets of functions

Un

D, = {g [0.1] = R, Jg(t) — ()] < 67V IE ) gy m}

is an asymptotic almost sure sequence of confidence regions of .
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Remark 2. Proposition 2 holds in particular by choosing a Gaussian kernel K or a kernel
K with bounded support, (h,) = (n7%) with 0 < a < 1/2, (v,) = (nb) with 0 < b <
min{2a, 1 — 2a, (1 — a)/2}, and (p,) = (n") with 0 < r < a.

The quantity I(K?,t, h,) appearing in the bounds of confidence bands of Proposition 2 can
be replaced by other quantities, as stated in the following corollary.

Corollary 4. Let (h%) be a bandwidth such that lim,, . nh? = oo and lim,_, pn/hl, =
0o. Throughout Proposition 2, the quantity I(K?,t,hy,) can be replaced either by I(K?,t,h})
or by [5 K?(s)ds.

Let us note that the confidence bands with logarithmic asymptotic level 62/2 with speed
(nhy, /v?) provided by Proposition 2 (or by Corollary 4) are unions of confidence intervals,
which all share the same logarithmic asymptotic level that also equals §2/2 with speed

(nhy Jv2).

To conclude this section, we now compare the confidence bands obtained by application of
the MDP with those constructed with the help of result (5) of Stadtmiiller (1986).

Let (k%) be a bandwidth, and let pf be the kernel estimator of p computed with
the help of this bandwidth. To construct confidence bands by applying the result (5)
of Stadtmiiller (1986) and by slightly undersmoothing, (k%) must be chosen such that
nh’?log(1/h%) — 0 (and, let us say, such that nh’3log(1/h}) — 00). Set p €]0,1/2[, 24
such that exp(—2exp(—z,)) =1 — «a and, for all t € [p,1 — p],

Ti(0) = | e) - VIS R W\/mgumz) (x/é ot

e ] CERE

The union (on ¢ € [p,1— p]) of the confidence intervals Z(¢) is a confidence band for y with
asymptotic level 1 — a, since the result (5) of Stadtmiiller (1986) guarantees that

ﬁlog(l/h2)> ’

ﬁlog(l/h:)ﬂ '

lim P(Vt € [p,1—p], u(t) €L (t) =1— .

n— oo

Let us point out that the asymptotic level of each confidence interval Z(t) is clearly 1. More
precisely, the application of Corollary 3 (with (h,) = (h}) and (v,) = (\/nhy/log(1/h%)),
together with a continuity argument, ensures that, for all t € [p,1 — p|, the logarithmic
asymptotic level of Z*(¢) equals 1 with speed log(1/h). There is thus a big difference
between the confidence bands obtained by application of the MDP and those constructed
with the help of the asymptotic law of the normalized uniform errors: when MDP are used,
the confidence intervals whose union gives the confidence band, and the confidence band it-
self, share the same (logarithmic) asymptotic level, contrary to the case the result (5) is used.
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Now, let (u,) be a positive sequence such that u, — oo and nh3[log(1/h})]"tut — 0, set
(hn) = (uphl) and, for t € [p,1 — p],

To(t) = | pa(t) — 22V j?%h N (f ot

G/ I(K2,t, ) " 2o
pnlt) + == ! Vioa(1755) (f”” \/ilog(l/h::)ﬂ'

For each t € [p,1 — pl, Z,,(t) is the translation of Z*(t) from the quantity p,(t) — pk(¢). The
application of Corollaries 3 and 4, together with a continuity argument, ensures that the
confidence intervals Z, (¢) and the confidence band defined as the union (for ¢t € [p,1 — p]) of
the intervals Z,,(t) have a logarithmic asymptotic level equal to 1 with speed u,, log(1/h%).
In particular, this implies that, for n > 0 and n large enough,

exp (= [1+nfunlog(1/hy)) <P (3t € [p,1 = pl, u(t) € Tn(t)) < exp (= [1 —nfunlog(1/hy)) -

The application of MDP thus allows to get confidence bands, which have the same width as
those constructed by using the result (5) of Stadtmiiller (1986), but whose asymptotic level
is better. Let us point out that it is preferable again to choose (u,) going to infinity as fast
as possible (but such that nh*>[log(1/h%)] " ut — 0), and thus to center the intervals Z,, on
an estimator y, for which the result (5) does not hold. Let us finally note that the simplified
intervals

G /I(K2 8, 1) 5o/ T(K2, 8, 1%

T(0) = |palt) - 2o (1/h5) . un(t) + VIS sy
\/nhi \/nhi

and the confidence band defined as the union (for ¢ € [p,1 — p]) of the intervals Z/ (¢) have

the same logarithmic asymptotic level as the intervals Z,,(¢) (and the associated confidence
band).

\/ilog(l/h;i)> ’

3. Proofs

Throughout the proofs, we use the following notation. For any function G, we set

I(G) = /G )ds,
[Gllee = sup|G(t)].
teR

Moreover, if G is Lipschitz, we denote by ||G||1, its Lipschitz norm.

3.1. Proof of Theorems 1 and 2

In order to prove Theorems 1 and 2, we need the following preliminary technical lemmas.

Lemma 1. Let G be an integrable Lipschitz function, and let (hy,) and (py) satisfy the

conditions P
. n
lim nh2 =00, lim p,=0, and lim — =
n— 00 n— 00 n—oo h,
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Then, we have
lim  sup |I(G,t,h,) — I(G)| = 0.

"0 te o, 1—pn]

Lemma 2. Set
v2
Ay i(u) = —n;;n logE

ep Ptz (1) = (9)
U/ I(K2,t, hy)

1) Under the assumptions of Theorem 1, we have

) u?o?
g Ar() = =5
2) Under the assumptions of Theorem 2, we have
2 2
lim sup A o(u) — Y9y,
"0 tepp,1—pn] 2

Lemmas 1 and 2 are established in Sections 3.1.1 and 3.1.2, respectively. Then, Theorems 1

and 2 are proved in Sections 3.1.3 and 3.1.4, respectively.

3.1.1. Proof of Lemma 1

Since t; = (i — 1)/n, i € {1,...,n}, we have, by setting ¢,y = 1,

1 ! t—s
I(G,t,hn)—a/o G( - )ds

1
hn

Gl g~ [
< nz ; g (s —t;)ds
Gl <
< ”2hH2 (i1 — t:)?
nooj=1
_ Gl
~ 2nh2
Moreover, we note that
1t t—s t/hn
‘/ G( )ds—/G(u)du = / G(u)du—/G(u)du
hn Jo I, R —(1=t)/hn R
oo —(1—t)/hn,
< G(u)du| + /
t/hn —00
so that
1 1 t_ s oo _pn/hn
sup —/ G( >ds/G(u)du < / |G(u)\du+/
t€lpn,1—pn) hn 0 hn R pn/hn —oo

— 0 as n— oc.

Dt t—t; t—s

G(u)du

)]

)

|G (u)|du
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It follows that

sup  |I(G,t,h,) — I(G)] < sup

1(Gyt, ) — — 1G<t_8)ds

t€lpn,1—pn) t€(pn,1—pn) hn hn
1 (-
+ sup — | G ) ds — G(u)du
h h
te[pn,l—pn] n JO n R

— 0 as n— oo,

which gives Lemma 1.

3.1.2. Proof of Lemma 2

In order to give a unified proof for both parts of Lemma 2, we set

s {t} in the framework of Part 1 of Lemma 2,
" 71 [pn,1 — pn] in the framework of Part 2 of Lemma 2,
and we prove that
u?o?
lim sup |An¢(u) — =0.
n—0o0 te&E, ( ) 2

We first note that

Ani(u) = U logE |exp (nh":f [n (1) _E(Nn(t))]>1

nh, T(KZ.t, hy)

_ Uy, IE-e Z —U\ gy (2l
N nh & P \/ K th hn hn
2
v,
= Y 1ogE
nhy, 08

= UTQL zn:lo E [ex Y
T e K2t )

:nhnzlog{”E exp( I(;(L?th) K<h )> 1”

i=1
Now, for each i € {1,...,n}, there exists ¢, between 1 and

E [exp (U ﬁ(K%’h”)eiK< hﬂz))} such that

exp Y e K (t — ti)
v/ I(K2,t, hy) hn
t—1 ’
exp Y siK< — l) -1 .
Un I(szta hn) hn
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Since E(e;) = 0, we get

u? t—t;
A 2 K2 M (2
n,t ’LL nh Z{ [ 1)2[ K2 t.h ) zK ( h, >:| Rznt( ) Rznt( )

Jul?
= 63 [[(K2,t, hy, )P/

It follows that

u?0? 1 K, (t—
Ani(u) = 20 (K21, hy) [MZK ( B >

n
= 5 = 0 (RO () + RE, ()]

02 n

n 1 2

S o+ L)
=1

To conclude the proof of Lemma 2, it remains to show that, for j € {1, 2},

lim sup —/ Z REQ t = (7)

n—oo ’n,
te€y MMin 2y

Let us first note that, by application of Lemma 1, we have
I(K? t,hy,) > I(K?) — sup [I(K? t, hy) — I(K?)|

teln
I(K?)
2

Y

for n large enough.

In the same way, we write that

I(K?t,hy) < I(K?)+ sup |[I(K? t,h,) — I(K?)|
te&y,

IN

2I(K?) for n large enough.

Let us now look at Y .- Rz(lg .(u). Let ¢ denote a generic constant that may vary from line

to line. We have, for all 7 € {1 ..,n},

t—t -
exp Y 5iK< ) > exp ¢|g,‘|||1r(||oo ,
vn/T(K2, L, ) B v /T(K2, 1, )

and thus, by (A3), for n large enough,

1 2lu
LB e —=2 ik
Ci,n Un I(sztvhn)

2|ul A
E lexp <1MI(.2)/2|51|K|00>1

c

|
AN

IN

IN
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Moreover, we note that, since E(g;) = 0,

oo (G ()
= E l2vil(ﬁi?t,hn)l{2 <thnti> P (WI&?L’WMIIIKIIOO)]
2ugI(Kuz,t, i (t f:nt) E
= vzzic2)K2 (tf:nti) E

c t—t;
< —K*? L.
o ( b, )
We thus deduce that, for n large enough, and for each ¢ € {1,...,n},

C t—ti
] < e (5).

Up,

IN

u
S e m— T
v/ TR 1)

2 |ul .
€; exXp <MK2)/2|€1|||K||00>]

It follows that, for n large enough,
2

'Un n
. > Rz(,lr)b,t(u)

i=1

c < t—t
K —
v2nhy, ; ( han >
c
< [I(K‘*) + sup {I(K* t, hy) — I(K")}].
n teén
Since v,, — 00, the application of Lemma 1 then ensures that

2 n
v’ﬂ
nhe Z Rﬂ,t(“)

n
" oi=1

lim sup
n—00 te€y

:0,

so that (7) holds for j = 1. Let us finally look at >, Rz(zrzt(u) In view of the upper bound
(6), we clearly have, for n sufficiently large,

¢ = t—t;
K3 :
Vpnhy, ; ( h, )

< £ [1([(3) + sup {I(K®,t,h,) — I(K?)}] .

Un, teé,

n

2
’Un 2
S R ()

i=1

IN

The application of Lemma 1 then ensures that
n

2
U’IL 2
S R (w)

i=1

lim sup
n=0teg,

:0’

which proves (7) in the case j = 2, and concludes the proof of Lemma 2.
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3.1.3. Proof of Theorem 1

In view of the first part of Lemma 2, Theorem 1 is a straightforward consequence of the
application of Gértner-Ellis” Theorem (see Dembo and Zeitouni (1998)).

3.1.4. Proof of Theorem 2

We first prove the following lemma.

Lemma 3. Under the assumptions of Theorem 2, we have, for any § > 0,

v2 U | o, (8) — B (T —62
2 P[ (1) <u<>>|zélgm

lim sup log sup TR0,

n—oo Tiip t€[pn,1—pn)

Then, we give the body of the proof of Theorem 2.

Proof of Lemma 3 For all u > 0, we have, by application of Chebyshev’s inequality,

. [vnmn(t) — Elun(t)) | 5] . [exp (nhnuwn(t) - E[un@m) - exp (nhnu5>
T(K2, 1, hn) v /T2, 1, ) i

n

nhy,ud nhynu(pn (t) — Elpn (£)])
exp [ o2 ] E (exp l o JI(K2.E ) ])

IN

IN

nhyud nhy,
exp [— " ] exp [vant(u)} ,

n n
so that

% e s P[vnwn(t)wn(wbz (5] c wbt s M)
]

nhy tE[pn,1—pn I(K27 t, hn) tE[pn,1—pn]
2 2 2 _2
< —ud + Y9 oy sup  |Ap(u) — 4o
te[Pnal_Pn] 2

The application of the second part of Lemma 2 then ensures that, for all v > 0,

2 (1 (8) = B (¢ 202
lim sup Un log sup P Un (#n () [ (1)) >4 s+ 27
nooo Nhpy t€[on,1—pn] I(K2,t, hy) 2

IN

It follows that

2 ) 2 2
lim sup n log sup P Un (#in (1) [n (D)]) >§| < inf (—U(S—l— va )
n—oo Nhn t€(pn,1—pn) I(K27tu hn) u>0 2
—52
= ﬁ.
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In the same way, we prove that, for all u > 0,

2 _
ilog sup P Un(Elpin (O] — (1) >0 < —ud+  sup A, (—u),
nhn t€[pn,1—pn] I(K27tahn) t€lpn,1—pn]

from which we deduce that

2
n

lim sup log sup
n—oo Min t€[pn,1—pn]

U (Elpn ()] — pn(?)) S5l < —5?
I(K2,t, hy) o

Finally, noting that

» max {P [vnwn(f) —E[ungtm . 51 T

Un(Elpn (D] — (1) 5] } |

(K2t h, - I(K2,t,hy,)
we obtain
2 | () — Epan (¢ —52
lim sup Un log sup P Untn(?) [ ()] >0 < -
n—oo MNhp te[p,“l—pn] I(K2,t,hn) 20

Proof of Theorem 2 Set R,, = v, 1h3, and let N(n) be the integer part of R, 1. There exist
N(n) points of ]0, 1], x§">,x§”), .., 2% such that

N(n)
0,1[c UNTIBY) where ng’):{te 0,1], |t — ™ an}.
We have
nnt_Ent nnt—Ent
p| ap  Calimd [u()}|>5] . P[ wp a8~ [u()]|>51
t€[pn,1—pn] I(K?,t, hy) j=1 teBY N[pn,1—pn) I(K?,t, hy)
ol () — Bl (¢
< N(n) max P sup V| fin () [“()”25.
1<j<N(n) teB&j)ﬂ[pn,l—pn] I(Kz,t,hn)

Now, for all j € {1,...,N(n)} and all t € BY n [pn,1 — pn], we have:

Onltin(®) = Blun@) _ valin(t) = pnay™ )| vnlpan (5") — Blpn (2]

I(KQ,t,hn) - I(KQ,t,hn) I(K2,t,hn)
U |E [t (5] — Elpn (1)]]
I(K2,t,hy,) ’
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Set i €]0,4[. Since K is Lipschitz, we have, for all n large enough and all j € {1,..., N(n)},

on Elpin (2] — Elpn (1)) Zw ( ti) (ot
I(KQ,t,hn) nh \/ K2 t h hn hn
on (SuPregon Iu(t)I) IKIz |
1
h2/I(K2,t,hy)
vn (supyeo.s 1)) 1K R

2\ /I(K2)/2

IN

IN

IN

IN

n
T

Moreover, we note that, for all n large enough and all j € {1,...,N(n)}, | K|l < 1/Vhny,
and

(n) (n)
n nt - Mn — i _ti
I(K2,t, h, nhy, I(KQ,t,hn) hn, hn
2
< Yi||| K
Un”K”LRn
< i) + |&i
S N TG ;Hu( )+ leal]
g n | K| R (supte]o,l[lu(t)\) onllK || Ry Z”:‘ |
- h2\/1(K?)/2 nh2\/I(K?)/ o
<

1 VI ¢
1t

We then deduce that, for all n large enough, all j € {1,...,N(n)}, and all t € BY) N [pn,1—
pn], we have

3

valpin(t) = Bl (0] _ vnlin (") = Elpn 2] L, €|
2 (2R

I(K?,t,hy,) I(K?2,t, hy)
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so that, for all j € {1,...,N(n)},

. l Onlin(6) ~ Elpm(D]] 5]

sup -
teB N[pn.1—py] I(K2,t, hy,)

2 (n)
P [Un|ﬂn( ) — Elun Ly |

( Vin & n
ﬁ ) + - ;|<€i|25—2]

(n) (n) " -
Un |n nx hn hn
B TG e LG ) RV <SP RO SN
VIR L) " PoonE
Vi & 0
>7
+ P Z|€l‘—2
P vnlun(()> Efpn (25 >5—n| +P Mi\elﬂ
= I(K2,t, hy) D=t

Now,

Vhn < " 1 ¢ Ui
P == =P|= ’L i 2 — — M,

where M,, = %Z:L:l E(|e;|). Since the g; share the same variance o2, we have M,, < o. It
follows that, for n large enough, # — M,, > n, and thus

Vhn n 1 «
P E | > 2 - E — Y >l .
[ no el > D) n L (leil = E(lei])) = n

It follows that, for n large enough,

b ap len® —Elm @]l
te[ﬂvulfpn] I(K27tahn)

(") (n) n
Un |t Elpy, (x; 1
O SR 1 7 o 1 ) B P23 e = EGe) 2 0
1<j<N(n) I(K2,t,hn) n =
< N(n) sup P Un | f1n (1) [1n ()] > 5 72 les] — E(|e:])) > n
tE[pml—/’n] I(K2>ta hn) n =1

n

2N (n) max {te[pil,llppn]P l TR2.0 ) >0 7]] , P l” ; (leil = E(lei])) > 771 } .

IN
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v2 Un‘:un (t)
" Jog P sup >4
nhy, t€(pn,1—pn] I(K27 tv hn
02
U |pin (1) — Elpn (1)]]
< n log[2N (n)] + max< log  sup P[> >d-n| ,
i [ 2N tE[pn,1—pn] vl I(K2,t, hy,) !

i=1

logIP’[Tlen: les| — E(jei]) >4H.

Now, we have:
[ ]

vn vn
i log[2N(n)] = lim_ e [log v +log(1/hy)] =

e By application of Lemma 3,

2 i () — Epn (t —(6 —mn)?
limsupv—"log sup P Unlttn(t) [ ()] >d0—n §(72n).
n—soo Nhy tEpn,1—pn] I(KQa t, hn) 20
e By application of Theorem 2.7 of Petrov (1995) to the random variables |e;| — E(|e;|),
lim i lo P z”: (lesl —E(les])) = lim ﬁ l10 P lzn:(|5| —E(lei])) > = —00
n—oo 1 h, & P ¢ i) =m _n~>oohn n & n ! i) =1 - ’
We thus deduce that, for any 7 €]0, d],
2 ol i (1) — B[ (t —(6—mn)?
lim sup n log P sup Unlttn (1) [n (0] >4 < (7277)
n—oo Nin t€[pn,1—pn] I(sztah’n) 20
Since 1 > 0 can be chosen arbitrarily small, it follows that
2 nltn (£) — B ( —6?
lim sup Un log P sup Unl i () [n (D] >0 <55 (8)
n—oo Mhn tE[pn,1—pn] I(sz t, hn) 20

Now, set tg € Np>1[pn, 1 — ppn). We clearly have

P[ wp Zabn(®) ~ Bl (0] 5]Zplvn|un<to>—1€[un<to>1|2 5],
t€[pn,1—pn] I(K2,t, hy) I(K?2,to, hn)

so that the application of Theorem 1 ensures that

2 ol (1) — Elpn (t —52
lim inf Un log P sup Unfn (1) [n (1)) >45| > - (9)
n—oo nhy, t€[on,1—pnl I(K2,t, hy,) 20

The combination of (8) and (9) gives

2 n|Mn t _]E mn t
lim —2 logP sup Unln () [ ()] >6| =—J(9).
n=00 Nhy, t€lpn,1—pn] I(K2,t, hy)
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Since the sequence | sup _ Unltin () Elpn (D] is positive and since J is continuous
t€(pn,1—pn] /I(Kz,t,hn)

on [0,4o0[, increasing, and goes to co as d— oo, the application of Lemma 5 in Worms

(2001) ensures that (SUpte[pn,lpn] Ul“(t)E[“"(tm> satisfies a LDP with speed (nh, /v?)

VI(K2,t,hy)

and good rate function J on R™.

3.2. Proof of Corollaries 1 and 2

Corollary 1 (respectively Corollary 2) is a straightforward consequence of Theorem 1 (re-
spectively Theorem 2) together with the following lemma.

Lemma 4. 1) Under the assumptions of Corollary 1, we have, Vt €]0, 1],
lim_ v, [E(a (1)) — p(t)] = 0,
2) Under the assumptions of Corollary 2, we have
lim  sup v [E(n(t)) — ()] = 0.

"0 te(pp,1-pal

In order to give an unified proof for both parts of Lemma 4, we set again

e {t} in the framework of Part 1 of Lemma 4,
" 71 [pn,1 — pn] in the framework of Part 2 of Lemma 4,
and we prove that
lim Sup vn, |E(Mn(t)) - /J'(t)‘ =0.

n—00 te€y,

Let ¢ denote a generic constant that may vary from line to line. We first note that, V¢ € &,,
1 ! t—s
E(pun(t)) — — K d
B (0) -~ - [ e () as
1 « t—t; I t—s
nhZM(tz)K< A ) / M(S)K( h )ds

“u )
L ¥ e L=t t—s

< e y —

< hn;/t, M(h)K( ™ ) ,u(s)K( I )‘ds
1 n tit1 t—t; tiy1 t—t, PR

< = t;) — K d K _K

< e s (e [ | () - (5
1Ko o~ [F+ supyoap (b)) By ptin

< TZ \ ||M|L(s—ti)ds+< - )Z t K|z (s —t;)ds

noi=17t z — J,

el (o w1 1K1

- 2nh, 2nh2

<

~ nh?’

n
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Now, in the framework of the first part of Lemma 4, we introduce a sequence (p,,) such that

lim p, =0 and p, > h%m_3)/(m_1) for all n
n—oo

(where m is defined in (A1) 4¢)). We then have

Pn

lim — =o0, and t € [p,,1— p,] for all n large enough.

n—oo n

We deduce that, for n large enough and Vt € &,

& [ (2) e

_ / lt — ho) K (w)du — / Bt K () du
(t=1)/hn

R
(t—1)/hn
(i o) |1
t€01[

IN

t/hn
[ [u(t — ) — u(8)] K ()

t—1)/hy

t/hn
< [ [u(t = ht) — p(8)) K (u)du

t—1)/hn,

w)du +

+ ( sup ,u(t)|> / K (u)du.
t6]0>1[ |u|>pn/hn

oo

t/hn

K(u)du

Since limy oo |u|™ K (u)du = 0 and lim,_~ prn/hy, = 00, we have, for n large enough and

vt e &y,

IN

/ |u|~™du
[u|>pn/hn

1—-m
el Pn
I,

2 .
ch; since p, >

/ K(u)du
‘“|>Pn/hn

IN

hrglm—?))/(m—l).

IN

It follows that, for n large enough and Vt € &,

t/hn
[E(un(t)) — p(t)| < / [u(t = hyu) — p(t)] K (u)du| + ¢ [m + hﬂ
(t=1)/hn
Now, since f(tt/jlf) Jhn uK (u)du = — fug[t}—l ] uK (u)du and since pu is twice differentiable
at t, we have o
t/h
[l o)~ (o) K (0)d
(t_l)/hn
— _ !/
s / 2 [M(t hnu) 5(2) + hpup! (t) s | K
R hnu hn " hn
+ hnu’(t)/ uK (u)du. (10)
ug[5w]
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It is straightforward that the second right-handed term is O(h}). For the first right-handed
term, we note that, for any u # 0,
{u(t — haw) — p(t) + haup(t) |

h2u? fn 2

lim
n— oo

(11)

In the framework of the first part of Lemma 4, it can easily be seen that the bracketed term
in (11) is bounded for each ¢ by a constant independent of h, and w. It follows that, by
Lebesgue’s Theorem,

— /it _ _ _H) K (u)du
Jim /(tl)/hn (t — o) — pu(0)] K ()l = 1 /R K (u)du.

In the framework of the second part of Lemma 4, we note that, in view of Taylor expansion,
the bracketed term in (11) is uniformly bounded by (SUPte]0,1[ |u"(t)|), and thus

1 t/h/n
lim sup 3 Sup / [u(t — hpu) — p()] K(u)du| < +o0.
n—00 n tE[anl_PN] (tfl)/hn
In both cases, we finally obtain
1
s 0 [E(n0) — (0] < con (1 + 1 ).
Since v,h2 — 0 and v, /(nh2) — 0, Lemma 4 follows.
Remark: If the support of K is bounded, then, the integrals fIU\>P /h K(u)du and

flu|>p Ih |u| K (u)du vanish for n large enough, so that, for n sufficiently large,

1 2
sup [B(pn (1))~ (0] < cte |+ 02

without any additional condition on p,,.

3.8. Proof of Propositions 1 and 2, and of Corollaries 3 and /

We first show how the logarithmic asymptotic levels given in the first parts of Propositions
1 and 2 (and of Corollaries 3 and 4) are deduced from the MDP stated in Corollaries 1
and 2. Then, we establish the almost sure parts of our results stated in the second parts of
Propositions 1 and 2 (and of Corollaries 3 and 4).

3.3.1. Logarithmic asymptotic levels
We need the following preliminary lemma.

Lemma 5. Assume (A'3) holds. Then, for all § > 0, there exists c(§) > 0 such that

hmsupllogp (|62 = 0| = 8) < —c(9).
n—oo N
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Proof of Lemma 5

Forie {2,...,n— 1}, set

2
2/1 1
: (YH + 5 Yir - Y;)

2
2/1 1
Uiz(nﬁzml—m) ~E|3(5

3\2

We have
P(

65 —E(62)|>0) < Py +Py+Ps
with

vV
Wl >

1
P, =P P Z Uj
j=243i

0<i<(n—4)/3

IV

1 5

P, = P 150

2 n—2 > U 3
j=3+3i

0<i<(n—5)/3

v

1 )

Py =P ) g
3 n—2 Z Ui 3
j=4+3i

0<i<(n—6)/3

In view of Assumption (A’3) and Lemma 2.2 of Petrov (1995), easy computations ensure
the existence of v > 0 and T > 0 such that, for all ¢ € {2,...,n— 1} and for all t € [-T,T7,
E(exp(tU;)) < exp(gt?). Since the random variables that appear in the sum of Py (k €
{1,2,3}) are independent, Theorem 2.7 of Petrov (1995) applies and ensures that

o < amoc o (L2 |y (1022}

lim sup % logP (|62 —E(62)] > 6)

n—oo

It follows that

IN

n— 00 1<k

R )
maxq — , — .
9y 6

lim sup % logP (|67 —E(62)] >6) < —c(9).

—

1
lim sup -~ {log?) + log ( max_ Pkﬂ

IN

Setting ¢(8) = min {62/(97) , T6/6}, we get

2

Since 67

is asymptotically unbiased, Lemma 5 follows.
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Proof of the first part of Propositions 1 and 2, and of Corollaries 3 and 4

In order to give a unified proof of Propositions 1 and 2, and of Corollaries 3 and 4, we
introduce the following notations.

{t} in the framework of Proposition 1 and of Corollary 3

€n = { [pn, 1 — pp] in the framework of Proposition 2 and of Corollary 4 (12)
An(t) = I(K2?,t,hy) in the framework of Propositions 1 and 2 (13)
TV I(K2 0t hE) or I(K?) in the framework of Corollaries 3 and 4

With these notations, the first part of Propositions 1 and 2, and of Corollaries 3 and 4 can
be rewritten as

2 G/ A (D) G/ A0 (D) 52
nh_>n;o mlog]? <3t €&, ut) & [un(t) -4 o , Mn(t)+0 - = -5
(14)
Set § > 0 and 7 €]0, 1[. We have
ony/ An(l 5ny/ An(t
P (ateen, ult) ¢ lunof) oIV A (1) 4 g2 AnD) )
= oy vl =]
| te€s An(t)
< P |sup Unlin(t) = p(t)] > 06, and 6. > (1—n)o?| +P[62 < (1—n)o”]
| te€s, An(t)

IN
=
wn
=

o

<
3
=
3
=
|
=
=

v
o,
—

|

3
+
g

o

)
|
Q

[ V]
AN
|

=
Q

N

[ I(K2,1,h,) Valtin () = p(t)] o s s
<P sup Y~~~ 2 "/ SuUp ———_—o—2 | > §,/1 — +Pl|6, —0°| >no”|.
= _<te£ A0 ) (@i VIR ) )~ m Rl > ]

For n sufficiently large, we have

VI(K?,t, hy)
sup Y——2""2 < /147,
tesli AL(E) -

(this is obvious in the framework of Propositions 1 and 2, and a consequence of Lemma 1
in the framework of Corollaries 3 and 4). It follows that, for n large enough,

F (3’56&“ ut) & lun(ﬂ *5&”1)714"@ () 4+ 67V An (D)

n ,UTL

. t) — p(t 0y/1— N
<P supvlmn() .u“( )|Z n +P[|O’?L—0'2|>’l70'2],
te€, or/I(K?,t, hy) V1i+n
< 2max {IP’ lsup Unlitn(t) = n() S VLo , P67 —o0? > T]UQ}}.

teg, o/I(K2,t,h,) — V147
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Now, the application of Corollary 1 (respectively of Corollary 2) in the framework of Propo-
sition 1 and Corollary 3 (respectively of Proposition 2 and Corollary 4) ensures that

2 _ /1 — _ 52 1—
n—oo nhy, te€n O’\/I T Vit 2(1+n)

The application of Lemma 5 giving

2 2
lim sup U}:L logP (|62 — 0®| > no®] < <limsup Z”) [—c(no?)]

n—roo n n

we deduce that

2 6/ A (t
lim sup “n logP (Elt €&, p(t) & [,un(t) —507() ;
n—ooo Nhp Un
Gn/An(t) —0%(1—n)
n(t) +0———= < —
#n(?) o, ) = a1+
Since n €]0, 1[ can be chosen arbitrarily small, we obtain
2 6/ A (t
lim sup Vn logP (Elt €&, p(t) & l,un(t) 75%771() ,
n—oo nhn Un
6/ A (t —62
pat) + 672V AnD ) <7 )

On the other hand, set ty € N,>1&,. For n large enough, we have I(K?, to, hy,)/An(to) >
(1 —mn), and thus

5/ An(l Tn/ Anlt
P <3t€5m p(t) ¢ [ﬂn(f) - p2 /el ’ ””(t)MU”i() )
_ P | sup L@ — Ol 5o
_tESn An(t)
> P Un|Mn(tO) _:U'(tO)| > 56n
An(tO)
> P Un|pin (to) — p(to)| > do and o2 > (1 *77)&721
I(K?to,hn) — 1=
> P Un i (to) — p(to)| > J —P [0’2 <1 _U)UEJ
K o h) 1=
~ 2
> P 'Unmn(to :u(to)| > 9 P |:6'721—0'2| = e :|
(K27t07h’ﬂ) 1_77 1_77
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Now, the application of Corollary 1 ensures that

2 _ )
- logplvnmn@o) plto)| 6 ] R

n—oo nhy,

O'\/I(KQ,to,hn) 1_77

Since, in view of Lemma 5, we have

1 2 2
lim sup — log P [|[7721 —o? > e } < —c( e ) ,
n—oo T 1—n L—=n

we deduce from (16) that

P[\&? o2| > ﬂ}

lim ! o,
n—roo ]P) ’U,,Llu,"(to)fy,(tg)l > 0
or/I(K2 tg,hn) 1-n
so that, for sufficiently large n, we obtain
ony/ Anl(t 5/ An(t
P (ateen, ult) ¢ lunm oIV A (1) 4 g2 AnD )
1 _
> Lp [ nlpn(to) — plto)l 0
2 o/ I(K2,tg, hy) 1—n

Applying (16) again, we get

2 on/ An(t
lim inf — logP (Elt €&, p(t) & l,un(t) —507() ;
n—o0 nhn Un
Ony/ An(t) —52
n(t) +6————= >
pin () + o > = 20192
and thus, since 1 €]0, 1] can be chosen arbitrarily small,
v2 Gn/An(t)
liminf —2 logP | 3t € &,, u(t (1) — g TV
iminf - log ( €é M()%Z[u() o
An An t _52
fin(t) + 62 - ® ) > =

Property (14), and thus the first part of Propositions 1 and 2, and of Corollaries 3 and 4,
are then a straightforward combination of (15) and (17).

3.3.2. Asymptotic almost sure confidence regions

Set

Un

D, = {g [0,1] = B, [g(t) — pn(t)] < 622V A gy sn}
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where &, and A, (t) are defined in (12) and (13) respectively. The application of (14) ensures
that the logarithmic asymptotic level of {D,,} is 62/2 with speed nh,, /v2. Set v €]0,52/2].
In view of Proposition 1.3 in Mokkadem and Pelletier (2006), if

nhy,
Zexp (—'yvz) < 00, (18)

then {D,} is an asymptotic almost sure sequence of confidence regions. To prove (18), we

use the conditions
nhy,

hZ — 0 d —F7+—— 19

B Y A 1

(the first one is in the statement of Propositions 1 and 2, the second one is the additional

condition in Proposition 1, and stands in Conditions (3) required in Proposition 2). Set

n €]0,1/5[. On the one hand, the first condition in (19) ensures that nh,v,%[nhd]~1— oo,
and thus, for n large enough,

nhy,
exp | —v 2

On the other hand, the second condition in (19) guarantees that, for n large enough,
nhyv, 2 > [2/(ny)]log(1/hy,), and thus

nhy,
exp { =75

The combination of (20) and (21) gives (18), which concludes the proof of Propositions 1
and 2, and of Corollaries 3 and 4.

IN

exp (f’ynhi)

IN

exp (—yn' =) if hy, > 7M. (20)

IN

exp (_727 log(l/hn)>

< n?if h, <n7M, (21)
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