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Abstract. In this paper!, our goal is to investigate, first, the multi-state consecutive kj,-out-
of-m,, : G series systems and second, the multi-state consecutive k,-out-of-m,, : G parallel
systems (see definitions 1 and 2). We begin by giving a non recursive formula which calculates
the state distribution and the reliability of multi-state consecutive k-out-of-n : G system in
the case where the number k of functioning components depends on the system state level
(see agreement 1), then we extend the used method to the multi-state consecutive k,-out-
of-m,, : G series and multi-state consecutive k,-out-of-m,, : G parallel systems. In the end,
we illustrate the obtained theoretical results by a numerical application.

Résumé. Dans ce papier, notre but est d’étudier, premierement, les systemes k,,-consécutifs-
sur-m,, : G série a multi-états, et deuxieément, les systemes k,-consécutifs-sur-m,, : G par-
allele & multi-états (voir définitions 1 et 2). Nous commencons par donner une formule non
récursive permettant le calcul de la distribution d’état des systemes k-consécutifs-sur-n : G
a multi-états et donc de déduire leur fiabilité dans le cas ou le nombre k des composants qui
fonctionnent dépend du niveau d’état du systeéme (voir agreement 1). Ensuite, nous faisons
une extension de la méthode utilisée aux systemes k,-consécutifs-sur-m,, : G série a multi-
états et k,-consécutifs-sur-m,, : G parallele & multi-états. Enfin, nous illustrons les résultats
théoriques obtenus par une application numérique.
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1. Introduction

A consecutive k-out-of-n : G system is a system with n linearly ordered components, this
system works if and only if at least k& (k < n) consecutive components work Bon (1980),
Kontoléon (1980), Kuo et al. (1990). Many engineers and researchers were interested by
such system and its related systems because of their wide range of applications (telecom-
munications, transport network, oil and gas pipelines, distribution water systems,...). Most
researches in the reliability theory deal with binary systems of binary components, where
there exist only two states: functioning or failed. El-Neweihi et al. (1978) is an example of
some recent work that has been done on the extensions to multi-state components.

Until 2003, all researchers considered that the number k of functioning components in a
binary or a multi-state consecutive k-out-of-n : G system is independent of the state of the
system. However, Huang et al. (2003) proposed more general definitions of the multi-state
consecutive k-out-of-n : F' and G systems where the number &k of functioning components
can take different values k; for the different states j (j =1,2,..., M) of the systems. Ac-
cording to them, a multi-state consecutive k-out-of-n : G system is at the state j or above
(j =1,2,..., M) if and only if at least k; consecutive components are at the state [ or above
for all I (1 <1< j), and a multi-state consecutive k-out-of-n : F' system is below the state
j(j=1,2,..., M) if and only if at least k; consecutive components are below the state [ for
all I (1 <1< j). They provided an algorithm for evaluating system state distribution of de-
creasing multi-state consecutive k-out-of-n : F' system (i.e. ky > ko > ... > kyps), and another
algorithm to bound system state distribution of increasing multi-state consecutive k-out-of-
n : F system (i.e. k1 < ko < ... < kp). Zuo et al. (2003) proposed a recursive formula for
evaluating the system state distribution of a consecutive k-out-of-n : G system when the
system has only three states (M = 3), and for the other case (M > 4), they provided an
algorithm to bound the system state distribution. Belaloui and Ksir (2007) established a
non recursive formula for computing the exact reliability of multi-state consecutive k-out-
of-n : G systems without constraints on M or on k; for all j (1 <j < M). Usually most
of the studies assume independence among components, because computation of reliability
characteristics of a system that consists of dependent components is difficult especially when
a specific type of dependence is not known Destercke et al. (2014), Eryilmaz (2009).

In the present work, since each one of the both (consecutive k,-out-of-m,, : G series and
consecutive kp-out-of-m,, : G parallel) systems is compound of blocks, and in order to reach
the previous declared goal, we proceed as follows: we evaluate the reliability of each block
which has the multi-state consecutive k,-out-of-m,, : G configuration (n =1,2,..., N), then
we extend the method to get the reliability of the global system.

Before that, let us begin with some notations and assumptions that we need afterwards.

1.1. Notations

N : number of blocks in the system.

m., : number of components in block n, n € {1,2,...,N}.

M + 1 : number of states of components, blocks and the global system.
M : perfect functioning, 0 : complete failure.

S =1{0,1,....M}.
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X, : state of component ¢ in block n, X,,; € S, i € {1,2,....,my,}.
X, = (Xn1, Xn2, ...y Xnm,, ) vector of states of components in block n.
ky; : minimum number of consecutive components in block n with X,,; > j, ¢ € {1,2,...,m,}.
Pi,j = P{an > .7}
Qij=1—-P,;=P{X,; <j}.
bij = P{Xni = ]}
On (res. ¢s) : structure function of block n (resp. the system), ¢,,, ¢s € S.
R,; =P (X,)=y),j=12,..,.M,n=1,2,..,N.
Py (j) =P (s =)
exactly b components in a block are at state j, which
Rj (b,a) = P < include among them at least k; consecutive components
and the other a — b components are below j

1.2. Assumptions

1. The system is multi-state monotone decreasing (blocks and global system).

2. The X,; are mutually independent.

3. Each component, each block and the system can assume M + 1 states.

4. The possible states of each component, each block and the global system are ordered:

state 0 < state 1 < state 2 < ... < state M

5. The components states distributions in each block are known.

Definition 1. A multi-state consecutive k,-out-of-m,, : G series system is a system with N
blocks, linearly disposed. Each block has the multi-state consecutive k,-out-of-m,, : G system
configuration (n = 1,2,..., N). The system works if all the blocks work, and each block works
if and only if at least k,, consecutive components work (k, < m, forn=1,2,...,N).

Definition 2. A multi-state consecutive kj-out-of-m, : G parallel system is a system
with N blocks, parallely disposed. Each block has the multi-state consecutive k,-out-
of-m,, : G system configuration (n = 1,2,..., N). The system works if at least one block
works, and each block works if and only if at least k, consecutive components work
(kn <my, forn=1,2,...,N).

According to the definitions and assumptions above :

A Dblock n is a multi-state consecutive kj-out-of-m,, : G system which has m,, linearly
ordered components (n = 1,2, ..., N), this block functions if and only if there are at least k,
consecutive components which are working (k, < m,, forn=1,2,...,N).

Agreement 1 : In our further considerations, we suppose that the number k,, is not con-
stant, but it depends on the system state level j, in other words : where in mainting at least
a certain system state level might require a different number of consecutive components to
be at a certain state or above.
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2. Evaluation of multi-state consecutive k,-out-of-m,,:G system’s reliability

By extending the binary theory results, we present an approach which evaluates the reli-
ability of multi-state consecutive k,-out-of-m,, : G system because each block has a such
configuration.

By considering:
én (X ;) > j = block n works
¢n (X,,) < j = block n fails,

and similarly :
Xni > j = component ¢ of block n works
Xpi < j = component ¢ of block n fails.

Our aim is to calculate the state distribution of block n, i.e. :
R, ;=P(on (X)) =1J), 7=0,1,2,.... M and n=1,2,...,. N

for this, we use a non recursive formula based on a combinatorial approach Belaloui and
Ksir (2007), and then we deduce reliability of block n as following :

M
> Rpa , §=0,1,2,.., M.
a=j

Definition 3. Huang et al. (2003) ¢, (X,) = j if and only if at least k,; consecutive
components are in state j or above and at most k,, — 1 components are in state h for
h=j+1,j+2,..M, j=12 . M.

The formula which computes R,, ; i.e. the probability that the block n is at state j is given
in Belaloui and Ksir (2007) by:

My M
Rpj=P(¢n(Xn)=4)= Y |Rjlkn,ma)+ >  H (h) (1)
k}n:k‘nj h=j+1,k,n>1

where R; (ky,my) and H, ,in (h) are probabilities defined as following :

1. Rj (kn,my) is the probability that exactly k, components are at state j, among them
there are at least k,,; consecutive components, and the other (m,, — k,) components are
<7

2. Hj, (h) is the probability that :

— At least 1 and at most ky, — 1 components are at state h (h > j).

— At most k,, — 1 components are at state u for j < u < h.

— The total number of components > j is ky, which include among them at least k,;
consecutive components.

— m, — k, components are at states < j.

Journal home page: www.jafristat.net



M. Bouloudene, and S. Belaloui, Afrika Statistika, Vol. 10(1), 2015, pages 751-762. State
distribution and reliability of some multi-state systems with complex configurations. 755

— The block n is at state j. Hj (h) can be expressed by :
nh—l knh—1)—1=1I1 ky(p—2)—1—1I2

=2 X 2.

11=1 i2=0 13=0
kng+n—1-Tnn-j-1)

R{(W (= 1) im0 ) oy

tn(h—j)=0
where
a
IafZim fora=1,2,....h—j
m=1
and

R{(W (= 1) b0 )

is the probability that there is :
— 41 components at state h.
— 19 components at state h — 1.
— ip(h—j) cOmMponents at state j + 1.
— kn — ip(n—j;) components at state j.
— The remaining (m,, — k,) components are < j.

3. Reliability of multi-state consecutive k,-out-of-m,,: G series system

Since we have N blocks joined in series, so the system’s state depends on the worst block,
and according to (1), the system’s reliability is given by :

P (¢s > j) 121£N¢n (X,) > j)

)
EZ/—\

P (¢n (Xn) 2 J)

3
Il
-

Il
==

ZRM . (2)

Knowing the state distribution of any block at the different possible states, we can deduce
the state distribution of the global system which is given by:

N

M
H ZRM 11| X BRee]- (3)

n=1 n=1 a=j+1
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4. Reliability of multi-state consecutive k,-out-of-m,, : G parallel system

Counter to the series case, and because we have N blocks joined in parallel, the system’s
state depends on the best block. Using (1), the system’s reliability is given by :

Ploe>)) = P< max_én (X») zj>

1<n<N

=1-P (11<r711a<XN¢n (X,) < J)

N M
=1- 1_[1 1_ZRn,a : (4)
n= a=j

In the same way of the previous case, we obtain the state distribution of the global system
as follows:

Py(j) = P(¢s 2 j)—P(¢s 2 j+1)

I
o
|
=
3
Q
|
=
|
oy
3
Q
C)

5. Numerical application

The obtained results can be illustrated over the two following examples.

Example 1 :

Let us consider a system that has a consecutive k,-out-of-m,, : G series configuration com-
pound of 3 blocks (n =1,2,3) with m; = 3, ms = 4, ms = 4 ( the second and the third
blocks are identical ).

For the first block, we consider the following given data :

m =3, M=2, k1=2 , kig=3
pio =202, p1=01, p2=0,7
p20 = 0,1, p21=03, p22=0,6
p3o = 0,2, p31=03, p32=0,5

One can notice that this block has the structure :

— 3 consecutive components out-of-3 : G ( series structure ) at level 2.
— 2 consecutive components out-of-3 : G at level 1.
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For the second block ( even the third with the necessary changes ), we consider the following
given data :

meg =3, M=3, kogy=2 , koo=3 , kog=4
pio=202, p1=01, p2=0,4, p13=0,3
p2o = 0,1, p21=0,1, p22=0,3, p23=0,5
pso = 0,2, ps1=0,1, p32=0,2, p33=0,5
pao = 0,1, ps1=0,1, ps2=0,4, ps3=0,4

We can say that the second ( even the third ) block has the structure :

— 4 consecutive components out-of-4 : G ( series structure ) at level 3.
— 3 consecutive components out-of-4 : G at level 2.
— 2 consecutive components out-of-4 : G at level 1.

Using formula (1), we can compute the state distribution of the first block as the following :
level 2 : j=2 y ]{112:3

3 2 3
Rio= Y |Ro(kimi)+ D Hp (h)| = Ro(ki,mi)=Rs(33)
ki1=k12 h=3.,k1p>1 k1=3
with
R (3,3) = p1,2p2,2p3,2 = 0,21
level1: =1, ki1=2 , kip=ki2=3>1

3

2
Ry = Z Ry (ki,mq) + Z Hy, (h)

k1=k11 h=2,k1p>1
= Ry (2,3)+ Hj (2) + R1(3,3) + H3 (2)

with
R1(2,3) = p1,0p2.1P3.1 + P1,1P2,1P3,0
Ry (373) = P1,1P2,1P3,1
2
Hy(2)= > R[(2",1°7"),3] = R[(2".1"),3] + R[(2%,1°) ,3]
i1=1
2
Hj(2)= > R[(2",1°7"),3] = R[(2".1%),3] + R[(2*,1") ,3]
i1=1
as a result

Ri1 =0,715
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level O : using the properties, we have :
Rio=1—(Ri1+ Ri2)=0,075

Using again formula (1), we can compute the state distribution of the second ( even the
third ) block as follows :

level 3 : ]:3 ; k23:4
Ry 3 = R3(4,4) = p1,3p2,3D3,3p4,3 = 0,03
level 2: §=2 | kog=3 , kop=kog=4>1

4

3 4
Rop = Y |Ra(ke,ma)+ > HE (W)| = [Ra(ka,ma) + HE, (3)]
ko=koo h=3,kop>1 ko=3

= Ry (3,4) + H? (3) + Ry (4,4) + H3 (3)

with
Ry (3,4) = p1,2p2.2p3,2Qa,2 + Q1.2P2,2D3 2P4,2
Ry (4,4) = p1,2p2,203.2P4,2
3
H3 (3) =Y R[(3",2°7"),4] = R[(3",2%),4] + R[(3%,2") 4] + R[(3°,2°) ,4]
i1=1
3 .
H; (3)= Y RI[(3",2"7"),4] = R[(3",2%),4] + R[(3%,2%) 4] + R[(3%,2") ,4]
=1
then

Ry = 0,4964.
level1: j=1 , kaa=2 , kop=kea=3 , kay=4>1

4

3
Ry = Z Ry (k2,me) + Z Hy, (h)

k2:k21 h:27k2h>1
= Ry (2,4) + Hy (2) + Hj (3) + Ry (3,4) + H3 (2) + H} (3) + Ry (4,4)
+H; (2) + H} (3)
with

Ry (2,4) = p1,1P2,103,0P4,0 + P1,0(D2,0P3,1P4,1 + P2,1P3,1P4,0)
Ry (3,4) = p1,1p2,1(p3,104,0 + D3,0P4,1) + P3,104,1(P1,1P2,0 + P1,0P2,1)
Ry (4,4) = p1,1p2,1p3,1P4,1

2

Hy(2)=)_ R[(2",1*7"), 4] =R[(2",1") 4] + R[(2%,1%) 4],

i1=1
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Hy(3)= Y R[(3",22,1°7) 4] = R[(2",1') 4] + R[(2°,1°) ,4],
11=112=0
2
Hy(2) =Y R[(2",1%"),4] =R[(2",1%) 4] + R[(2%,1") 4],
ii=1
2
Hi(2)= Y RI[(2",1*7"),4] = R[(2",1%),4] + R[(2%,17) ,4] ,
11=1
3 2—i
Hy(3) = Y Y R[(3",27,15) 4]
11=112=0

R[(3',2°1%),4] + R[(3",2",1") 4] + R[(3%,2°,1") 4],

3 2—i

Hy(3) = Y Y R[(3",27,1°") 4]

i1=112=0

R[(3%,2°,1%) 4] + R[(3",2",1%) 4] + R[(3%,2°,17) ,4],

then
Ry = 0,2286,

level 0 : we have

Ry = 1—(Ra1+ Rao+ Raj3)
— 0,245.

Now, using formula (2), we can calculate the global system’s reliability as the following :

j=0:
3 M
P(¢s >0): H (ZRRO‘> =1
n=1 \a=0
J=1
M
P(¢s>1) =[] (Z Rn,a> = 0,527273125.
n=1 \a=1
J=2

3 M
P(gs>2) =] (Z Rn,a> = 0,0581903616,

n=1 \a=2

therefore, with formula (3), we can get the state distribution of the global system at different
levels:
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j=0:
P;(0) = P(¢s=0)— P (o5

j=1
P,(1) = P(¢s>1)—P(¢s >2)
3 M 3 M
S (xm) I ()
= 0,4690827634
j=2
P (2) = P(¢s >2) — P(¢s >3)
3 M 3 M
S (2m) M ()
= 0,0581903616.
j=3:
P,(3) = 1—P(¢s <3)
= 0.
Example 2

In this example, we consider a consecutive k,-out-of-m,, : G parallel system compound of 3
blocks (n = 1,2, 3) similar to the blocks in the first example.

By using formula (1), we can compute the state distributions of the three blocks, and we
get the same results as in the first example. However, for the global system’s reliability, by
using formula (4) we get the following results :

j=0:
3 M
P (s = H<1 ZRW>_1
n=1 a=0
j=1
3 M
b2 =1-1]] (1 ZRn,a> = 0,995498125.
=1 =
J=2

3 M
P(gs>2)=1-]] <1 -y Rn,a> = 0, 8228054016.

a=2
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j=3:
P(¢523):1—H (1—ZRM> = 0,0591.
n=1

Hence, according to formula (5), we deduce the state distribution of the global system at
different levels:

j=0:
Py (0) = P(¢s >0)— P (¢s>1)
AU
ST (S T (1)
= 0,004501875
j=1
Py(1) = P(¢s>1)— P (¢s >2)
I () (X
= 0,1726927234.
j=2
Py (2) = P(¢s >2)— P (¢s > 3)
C
I ) T ()
= 0,7637054016.
j=3:
Ps(3) = 1-P(¢s <3)
= 0,0591.
Remarks

1. In the application, we treat a more general (and realistic) case, where M is different
from a block to another.

2. In the first example, since the system has a series structure, so it can’t be at state 3
because the first block has only three states 0, 1, 2.

3. We can see that changing the structure of the first system from series to parallel config-
uration improved the reliability of the system.
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