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TWO-MICROLOCAL REGULARITY OF QUASIMODES ON THE TORUS

FABRICIO MACIA AND GABRIEL RIVIERE

We study the regularity of stationary and time-dependent solutions to strong perturbations of the free
Schrodinger equation on two-dimensional flat tori. This is achieved by performing a second microlocaliza-
tion related to the size of the perturbation and by analyzing concentration and nonconcentration properties
at this new scale. In particular, we show that sufficiently accurate quasimodes can only concentrate on the
set of critical points of the average of the potential along closed geodesics.

1. Introduction

The high-frequency analysis of eigenfunctions of elliptic operators on a compact Riemannian manifold
has been the subject of intensive study in the past fifty years. To this day, many questions remain open,
even in the simplest cases. Here we focus on eigenfunctions of Schrodinger operators on T¢ := R? /74,
the standard torus endowed with its canonical metric. Eigenfunctions of a Schrodinger operator on T¢ are
the solutions to the equation

—Auy (x) + V() up (x) = Mup(x), xeT9, s\l 2 cray = 1, (1)

where the potential V is real-valued and essentially bounded. In the free case V = 0, a straightforward
computation shows that eigenfunctions of eigenvalue A2 are linear combinations of complex exponentials
ek with frequencies k € Z¢ lying on a circle of radius A/(27) > 0 centered at the origin. However,
extracting from this exact representation formula an asymptotic description of eigenfunctions in the
high-frequency limit A — 400 is a hard problem, due to the fact that multiplicities of large eigenvalues
can also be very big. Instead, one can try to describe particular features of high-frequency eigenfunctions,
such as formation of (asymptotic) singularities.

A natural way to quantify these singularities is through the scale of L? spaces. This has been a classical
topic in harmonic analysis, that originates with the seminal result of [Zygmund 1974] showing that, for
d =2 and in the free case, there exists some universal constant C such that any solution u; of (1) satisfies
lusll a2y < C. Later on, Bourgain [1993] conjectured that, again for the free case and when d > 3, one
must have |[u; || 2d/@-2) ay < C;sA? for every § > 0. We refer the reader to [Bourgain 2013; Bourgain
and Demeter 2015] for recent progress towards this conjecture. Note that the problem of showing the
existence of an index p > 2 such that ||uy || ;r(ye) is uniformly bounded remains open for d > 3.
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There are alternative ways to describe the asymptotic structure of the solutions of (1). For instance,
notice that a direct corollary of Zygmund’s result is that, in the free case, any accumulation point of the
sequence of probability measures,

v(dx) = Ju (x)]* dx,

is a probability measure which is absolutely continuous with respect to the Lebesgue measure on T2 (it
has in fact an L? density). This result was refined by Jakobson [1997] who showed that the density has
to be a trigonometric polynomial whose frequencies enjoy certain geometric constraints. It is natural to
try to understand what happens when d > 3, where no analogue to Zygmund’s result is known to hold,
or when the Laplacian is perturbed by a lower-order term, such as a potential. Note that the problem of
identifying accumulation points of sequences of moduli squares of eigenfunctions has a long history and
it is connected to fundamental questions in quantum mechanics.

In dimension d > 3 and for V = 0, Bourgain proved that any accumulation point has to be absolutely
continuous even if we do not know a priori that the L?” norms of eigenfunctions are uniformly bounded for
small p > 2; this result was reported in [Jakobson 1997]. In the same reference, Jakobson obtained partial
results on the structure of the densities of accumulation points. These results are based on harmonic
analysis techniques and arguments on the geometry of lattice points. Absolute continuity of accumulation
points also holds in the case of a nonzero potential V € L>°(T¢), as was proved by Anantharaman and
the first author [Anantharaman and Macia 2014]. The proof of that result is based on methods from
semiclassical analysis for the time-dependent Schrodinger equation that were introduced for the particular
case d = 2 in [Macia 2010]. In fact, the results in [Anantharaman and Macia 2014] apply to the more
general problem

Pe(hyup = Sun+o(hen), lunll 2o = 1, 2

where i — 0% is some semiclassical parameter, and where
Pe(h) = —3h* A+ &V, (3)

with 0 < €4 < A for i small enough.! Among the main ingredients used in this approach are the
two-microlocal techniques developed in [Nier 1996; Miller 1996; Fermanian-Kammerer 2000; 2005;
Fermanian-Kammerer and Gérard 2002] in a different context. The results in [Anantharaman and
Macia 2014] were further extended to treat the case of more general completely integrable systems in
[Anantharaman et al. 2015]. This approach can also be used in order to analyze the Schrodinger equation
on the planar disk [Anantharaman et al. 2016a; 2016b]. Note that studying the regularity of the solutions
to (2) is also related to problems arising in control theory, as was shown by Burq and Zworski [2004].
We refer the reader to [Anantharaman and Léautaud 2014; Anantharaman et al. 2016b; Anantharaman
and Macia 2014; Bourgain et al. 2013; Burq and Zworski 2004; 2012; Macia 2011] for perspectives from
the point of view of control theory.

A different but related approach consists in studying the wavefront set WFj (i) of solutions to (2).
This was done in a series of works by Wunsch [2008; 2012] and Vasy and Wunsch [2009] dealing

INote that, when / = €p = AL equation (2) is essentially equation (1).
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with completely integrable systems in dimension d = 2. In these articles, the authors investigated the
properties of the semiclassical wavefront set WF (1) of solutions to (2) when 0 < ¢; < A0 with § > 0.
By proving some propagation of second microlocal wavefront sets, they showed that WFy, (1) cannot
be reduced to a single geodesic and has to fill a Lagrangian torus —see for instance [Wunsch 2008,
Theorem B; 2012, Theorem 3]. Note that, as in [Anantharaman et al. 2015], the results of Vasy and
Wunsch hold for general classes of nondegenerate completely integrable systems. Under the assumption
that 7' =% « €, <« 1, Wunsch also exhibited examples of quasimodes of order O(%) for the operator
f’e(h) which concentrate on closed geodesics. This result was reported in [Anantharaman et al. 2015,
Section 5.3], and it shows that €5 = # is the critical size for which one can expect to have singular
concentration phenomena for perturbations of the free semiclassical Schrodinger operator —%hZA. In
particular, for stronger perturbation €; > /i, one cannot expect to have uniform bounds for L? norms
even for a small range of p. A notable feature of Wunsch’s construction is that the singularity is
located on critical points of the potential V restricted to certain closed geodesics. In some sense, this
type of singularity is similar to the ones that may occur in the case of Zoll manifolds [Macia and
Riviere 2016; 2017]. Motivated by this observation, we will combine the ideas from [Anantharaman and
Macia 2014; Macia and Riviere 2016] in order to derive some properties on the regularity of solutions
to (2) when €; > fi. In particular, we will identify precisely the concentration phenomena that may
occur and also show nonconcentration properties by propagation of second microlocal data. Note that,
when written in nonsemiclassical terms, the regime we are interested in corresponds to the eigenvalue
problem

—Au, () + fQ) V@) up () =27u,(x), x €T Nualleqe =1,

where 1 € f(A) K A2
For the sake of simplicity, we will focus on the case of the rational torus T2 and assume V € C®°(T?; R).
However, it is most likely that our analysis could be extended to more general completely integrable
systems of dimension 2 following the approach of [Anantharaman et al. 2015]. As the small perturbation
regime® 0 < €, < /i was studied in great detail in all the above references, here we will focus on the
strong perturbation regime and we shall assume throughout the article that
lim €, =0 and lim he, ' =0. 4)
h—0F h—0F
In order to state our results, we need some simple geometric preliminaries. Recall that the geodesics of T2
are either closed or dense curves. For & = (£, &) € R?>— {0} and x € T2, the geodesic s > x +s& is dense
provided £ and &, are linearly independent over @; otherwise it is periodic. We denote by Q1 C R? — {0}
the set of £ that generate a periodic geodesic and by €2 its complement in R? — {0}. Consider the average
of V along geodesics:

T
I(V)(§) 1= lim % /O V(x + s£) ds.

2Note that, for the nonsemiclassical version, it means that f(1) < 1.
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Clearly, Z(V) is a zero-homogeneous function with respect to §£. Moreover, a classical result by Kronecker
implies

(1/Le) [y Vx +s@E/IED) ds if & €,

JV()dy if £ € Qo,

where L¢ denotes the length of any geodesic with velocity &. In particular, despite the fact that Z(V) is
not continuous in general, one has Z(V)(-, &) e C*® (T?; R) for any & € R>—{0}, and || Z(V) |l Loo(T2xm2) <

Z(V)(x,8) =

1V 1 oo (r2).-
Then, we define the set of critical geodesics:

C(V):={xg e T? : there exists & € Qq such that 0,Z(V)(xg, &) = 0}. ®))

Note that C(V) is a union of closed geodesics of T2 For every closed geodesic y of T2 we denote by 3y
the normalized Lebesgue measure along this closed geodesic. Then, we define N (V) as the convex
closure of the set of probability measures §,,, where y C C(V). With these conventions in mind, we can
state our main result:

Theorem 1.1. Suppose that d =2 and that (4) holds. Let (up)p—o+ be a sequence satisfying (2). Then,
for any accumulation point v of the sequence of probability measures

va(dx) := |up(x))* dx,
and for any closed geodesic y , one has
viy) #0 = y CC(V).
Moreover, v can be decomposed as
v = fdx + Vsing,

where f € L'(T?) and where Vsing € N(V).

Recall from the propagation properties of semiclassical measures [Gérard 1991; Zworski 2012] that
any v as in Theorem 1.1 must a priori be a convex combination of the Lebesgue measure and of the
measures J,,, where y runs over the set of all closed geodesics. This theorem shows that singular
concentration along closed geodesics can only occur along certain closed orbits associated with critical
points of the averages of V along closed geodesics. This result is sharp in the sense that Wunsch’s
construction in [Anantharaman et al. 2015] shows that one can find quasimodes such that v(y) =1 for a
given closed geodesic. Despite these unavoidable concentration phenomena, Theorem 1.1 also shows
that the accumulation points enjoy certain regularity properties. This extra regularity will come out from
our analysis by making a second microlocalization of size €; along rational directions, and it will be
induced by certain Lagrangian tori associated to our problem. Note that these two aspects are close to the
situation of Zoll manifolds treated in [Macia and Riviere 2016; 2017]. The main difference is that there
exist infinitely many directions where the flow is periodic with periods tending to +o0o. We would like to
treat these tori of periodic orbits as in these references, and this can be achieved via rescaling the variables
along these rational directions; see Section 3D for more details. Finally, as we shall see in Sections 2
and 3, our analysis holds in the more general context of the time-dependent Schrddinger equation.
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Organization of the article. Section 2 places our problem in the more general framework of the time-
dependent Schrédinger equation associated with I”;(h): Theorem 1.1 becomes a direct consequence
of the more general Theorem 2.1, which deals with the evolution problem. The proof of this result
is obtained by characterizing time-dependent semiclassical measures for solutions to the Schrédinger
equation. Following a strategy similar to that in [Anantharaman and Macia 2014; Macia 2010], such
a characterization can be obtained by using two-microlocal techniques. In Section 3, we introduce the
two-microlocal framework of our analysis that is needed to formulate our main results, Theorems 3.6
and 3.7. Section 4 presents several applications of these results. We first give the proof of Theorem 2.1;
then we present a structure result for semiclassical measures of the evolution equation, Theorem 4.1,
which we apply to compute the propagation of wave packet solutions (Proposition 4.3). This shows that
Theorem 2.1 is sharp in some sense. The proofs of the two-microlocal statements of Section 3 are given
in Section 5. Finally, the article contains two appendices. Appendix A contains the proof of a geometric
result which already appeared in [Macia and Riviere 2016] and which we adapt to the context of T2 In
Appendix B, we collect a few tools from semiclassical analysis.

In the following (except in Appendix B), we will always suppose that d =2 and that (4) holds even if
part of the result holds in greater generality.

2. Semiclassical measures for the time-dependent Schrodinger equation
As was already mentioned, Theorem 1.1 is a consequence of our analysis of the time-dependent semiclas-
sical Schrodinger equation:
ihdun = Pe(M)vn,  vnlimo =up € L*(T7),  llupll2 = 1. (©6)

For the sake of simplicity, we shall focus on sequences of initial data oscillating at the frequency A~
Thus, we will always assume the following properties hold:

lim sup ||1[R,oo)(—ﬁ2A)Mh||L2(M) —0 as R— oo, @)
hi—0
lim sup ||1[0’5](—h2A)uh||Lz(M) —0 asé— 0", ®)
i—0

Fix now a sequence of time scales (t;);_. o+ such that

lim t; = +o00.
hAi—0F

We will deal with time-scaled solutions to the perturbed Schrédinger equation. More precisely, if vy is a
solution to (6), then we shall study the behavior of
t = vp(Tpt, - ).

As we will see below, the scale 7, =€, ! is critical for this problem, and Theorem 1.1 follows from the
analysis of the time-dependent equation in the regime t;, > €, L

2A. Time-dependent semiclassical measures. For a given ¢ in R, we denote the Wigner distribution at
time ¢ by

(wn (1), a) := (va (1), Opy (@) v (1)), ©)



2116 FABRICIO MACIA AND GABRIEL RIVIERE

where Op;/ (a) is an i-pseudodifferential operator with principal symbol a € C2° (T*T?) — see Appendix B.
Above, v;(t) denotes the solution at time ¢ of (6) with initial conditions satisfying the oscillating
assumptions (7) and (8). This quantity represents the distribution of the L>-mass of the solution to (6) in
the phase space T*T2 According to [Macia 2009], we can extract a subsequence /i, — 0% as n — 400
such that, for every a in CSO(T*TZ) and for every 6 in L' (R),

lim 9(t)(wn,,(tfh,,),a>dt=/ O(r)a(x,§) u(t,dx, d§)dt,
= 0" JRx T*T2 Rx T*T?

where, for a.e. ¢t in R, w©(¢) is a finite positive Radon measure on T*T2 Recall also that, for a.e. t € R,

w(t) is in fact a probability measure which does not put any mass on the zero section, thanks to the

frequency assumption (8). In other words,

w@O (T T =1 forae. reR, (10)
where
T*T? :={(x,&) e T*T?: & £ 0).

Moreover, for a.e. t in R, ju(t) is invariant by the geodesic flow ¢* on T*T?.

For instance, 1 (¢) can be the normalized Lebesgue measure along a closed orbit of the geodesic flow. We
will denote by M (7, €) the set of accumulation points of the sequences (uy), where wp (¢, - ) :=wp(tts, - ),
as the sequence of initial data (u#5) varies among normalized sequences satisfying (7) and (8). Similarly,
one can define N (1, €) to be the set of accumulation points of the sequences (n;) of time-dependent
probability measures on T2 np(f, dx) := |vs(tTh, x)|? dx, obtained by letting the initial data vary among
sequences satisfying (7), (8). Using (7), one can verify that

N(r,e):{/ M(t,x,dS)ZMGM(T,G)}. (11)
R2

2B. Statement of the results. In order to relate the time-dependent approach to the quasimode case, we
can remark that, given a sequence of quasimodes (u5)s_.0+ satisfying (2), we can always find a sequence
of time scales (t;) such that

lim t5€; = 400,
h—0
and, for every ¢ € R,

_ pmimt/2)

lim ||vp(Txt, - upll72m2y =0,
h—>0” n(Tat, ) VeSS

where v; denotes the solution to (6) with initial condition u;. This choice of (t;) ensures that any
accumulation point v of the sequence of probability measures (|up|> dx) belongs to N (z, €) (even though
it is constant in #), since it is also an accumulation point of (|vj(Txt, - )2 dx). In particular, Theorem 1.1
follows from the more general statement:

Theorem 2.1. Suppose that

lim 1€ = +00.
hi—0
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Let t — v(t) be an element of N (1, €). Then, for any closed geodesic vy not included inside C(V) and for
a.e. tin R, one has

v()(y) =0.
Moreover, v(t) can be decomposed as

v(t) = f(1)dx + Vsing(t),
where, fora.e.t inR, f(t) € L'(T?) and Vsing (1) € N(V).

The first step in the proof of this result is the partition of R?> — {0} into ¢°-invariant subsets that was
used in [Macia 2010; Anantharaman and Macia 2014]. Recall that A C Z? is a primitive lattice of rank 1
provided that dim(A) = 1 and that (A) N Z% = A, where (A) is the linear subspace of R? spanned by A.
We introduce the invariant set of rational covectors

=[] at-fon

A rank-1 primitive

and its complement €2, inside R? — {0}, which is still invariant. Observe that this is consistent with the
conventions of the Introduction. Because of (10), we can decompose the measure as follows:

O =ppewe,+ Y, #OlRwa—o) (12)
A rank-1 primitive
As a consequence of the invariance by the geodesic flow, it can be verified that p(¢)]124q, is in fact
independent of the x-variable. Hence, in order to prove Theorem 2.1, one only has to study the regularity of
p(t) 725 o1 (o for every rank-1 primitive sublattice A. This will be achieved using two-microlocal tools
adapted to this problem. The end of the proof of Theorem 2.1 is presented in Section 4A. For time scales
1, = O(e, '), we obtain a more precise result, in the sense that each component of the time-dependent
semiclassical measure w () according to the partition (12) can be completely determined from the initial
data that were used to generate it. Again, the relation with the sequence of initial data is elucidated using
the class of two-microlocal semiclassical measures that will be introduced in the next section. A precise
statement is given in Theorem 4.1, Section 4B.
Finally, in Section 4C, we provide explicit computations of semiclassical measures associated to
wave-packets (Proposition 4.3) that yield:

(1) If tpep — O, then
{8, : y periodic geodesic of T?} C N (z, €).

(2) If 7, = €, ', then
{8, 1y €C(V)} CN(z,€).

3. Invariance and propagation of two-microlocal distributions

We now present our main result on the two-microlocal structure of solutions to the time-dependent
Schrodinger equation along covectors in €2;. In particular, we show how solutions of (6) can concentrate
along rational covectors.
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Before stating the result, we need some additional notation. For every primitive rank-1 lattice A of Z2,
we set ¢, to be an element in A such that Zey, = A, and ek to be the vector of same length which is
directly orthogonal to ¢, . We define

Ly :=leall.

We define two Hamiltonian maps associated to A as follows:
1 1
Hp(§) 1= 7—(E.ea) and  Hi(§):= —— (&, ¢).
LA L A
Note that (H,, H 1{) defines a (nondegenerate) completely integrable system and that
16117 = Hx (6)* + Hy (6)°.

3A. Two-microlocal distributions. We aim at studying the concentration of solutions to (6) over T2 x A+,
where A C 72 is a primitive rank-1 sublattice and where A+ denotes the set of covectors & such that
H, (§) =0. For that purpose, we consider a two-microlocal scale ay — 07 satisfying Aa, '~ 0 and we
define the following two-microlocal Wigner distribution:

wa () :a € C(T*T? x R) > <vh(t), OpY (a (x, £, Hg(g)» v;—,(t)>.
h

Above, R is the compactified space R U {£o0}, vs(¢) is the solution of (6) at time ¢, and Op}'(a) is a
hi-pseudodifferential operator— see Appendix B.

Remark 3.1. Recall from (28) in Appendix B that the following useful relation holds:

H
Op’ (a (x, £, A(g))) = Op, 1 (a(x, ané, HA6),

op

and that we have made the assumption that /a, '~ 0. Therefore, the operators involved in the definition
of wy » are semiclassical pseudodifferential operators whose symbolic calculus enjoys a gain of hagl.

Remark 3.2. The distributions w, ; were introduced in [Macia 2010; Anantharaman and Macia 2014]
for the critical case a; = £ under a slightly different form. There, the two microlocal variable n varies in
the two-point compactification of (A). Of course, this is completely equivalent to our formulation for the
two-dimensional torus, but turns out to be relevant when dealing with the higher-dimensional case. As
we will see, the fact that the two-microlocal scale is asymptotically bigger than % implies that the limiting
objects are of a different nature than those obtained in [Macia 2010; Anantharaman and Macia 2014].
When ha;, ) they are global variants on the torus of the two-scale semiclassical measures introduced
in [Fermanian-Kammerer 2005] — see also [Anantharaman and Léautaud 2014] for a related construction
on the torus, in a context related to that of [Anantharaman and Macia 2014].

Recall that we introduced a time scale 75 — 0o. From now on, we shall fix the two-microlocal scale
as follows: X

1 if 7, €, 0,

an ;={ s (13)

€p otherwise.



TWO-MICROLOCAL REGULARITY OF QUASIMODES ON THE TORUS 2119

As we shall explain in Section 5A, we can extract a subsequence 4, — 07 such that, for any a €
C®(T*T? x R) and for any 6 € L' (R),

n—+00

lim Q(I)(w/\,h,l(tr;-,n),a)dtzfG(t)(/ Aa(x,S,n),uA(t,dx,dé,dn)) dt,
R R T*T2xR

where, for a.e. 7 in R, 14 (¢) is an element of B’ for some Banach space B that we will define in Section 5A.
We denote by M4 (7, €) the set of accumulation points obtained in this manner for initial data varying
among subsequences verifying (7) and (8). The main new result of this article describes some invariance
and propagation properties of these quantities depending on the relative sizes of 7 and €.

For every primitive rank-1 sublattice, one has (see Remark 5.3)

M(T,E):{/%MA(I,X,g,dﬂ):MAGMA(T,E)}- (14)

3B. First properties. Before proving our main results, we will verify a few preliminary results.

Proposition 3.3. Let (1p(t) be an element of M (1, €). Then, for a.e. t in R, ua(t) is a positive finite
Radon measure concentrated on T*T? x R.

In what follows, we write

AAW) = pA D] jepyge A0 = LA o2 ooy

Hence, we can split the two-microlocal measure as

pa(t) = fia(t) + i (). (15)

The measure [t (z) describes in some sense the way the solutions of (6) concentrate in an €5-neighborhood
of the rational direction A*. We now give some other simple properties of these functionals which are anal-
ogous to the ones satisfied by time-dependent semiclassical measures [Macia 2009]. We shall also verify:

Proposition 3.4. Let ua(t) € Ma(z, €). Then:
(1) fia(2) is a (finite) positive measure on T*T? x R whose support is contained in T?> x (A+ —{0}) x R.
(2) Foreveryain Cfo(T*TT2 X @),
(fa (D), §.05a) = (% (1), §.9,a) =0

Neither Proposition 3.3, nor part (1) of Proposition 3.4 uses that the functions used to generate A (¢)
are solutions to (6). This fact is only used in the second part of Proposition 3.4. Note that all these
properties follow from standard arguments which need to be slightly adapted in order to fit into the
two-microlocal set-up — see Section 5 for details.

3C. Main results. Consider the Hamiltonian flow ¢ .+ associated with Hjy +. Note that, for a continuous
function b on T*T? x R, we can define the average along this L o -periodic flow as

L
v L
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A direct computation gives

1 La ek r 2ik.x
IA(b)(x,E,n)=L—A/O b(x+sa,§,n)ds=zbk(é,n)e :

keA

provided b has the Fourier expansion

b(x, &) =Y bi(&, )™,

kez?

Moreover, if Z(b) denotes the average of b along the geodesic flow
¢’ (x,8) = (x+5£,8)
on T*T?, then the following holds:
TZ(b)(x, &, ) =Ta(b)(x,&, 1), provided that & € A+ — {0). (16)
In the case where b only depends on x, as is the case with b =V, it is easy to check that Z, (V') does not
depend on £ and therefore we can identify it with an element in C*°(T?; R).

Remark 3.5. Part (2) of Proposition 3.4 implies that w4 (¢) is invariant under the geodesic flow ¢°*. For b
in C>°(T*T? x R), this observation combined with part (1) in Proposition 3.4 and identity (16) implies
that, for a.e. ¢t in R,

(a(®),b) = (ua (1), Za (D).

We shall use this property several times in our proof of Theorem 3.6 below.

We need to define an auxiliary Hamiltonian function on T? x A+ x R
14 ex 1.2
PA<x,0L—A,n) =507+ Ia(V)(x). (17)

Denote by (p{,x the flow of the vector field on T x A+ x R:
CA
U

This is the Hamiltonian vector field associated to pX with respect to the symplectic form obtained by

¢
Oy — 20, TA (V).
Ly

taking the push-forward of the canonical symplectic form on T*T? via the diffeomorphism

1
TT2 5 (x, &) > (x, Hix, g)z—A, Hy (x, s)) eT2 x AL x R. (18)
A

The flow ¢, commutes with ;. when acting on T2 x At xR.
We are now ready to state the main results of this article. The first one concerns the “compact” part of
these two-microlocal distributions. Their possible behaviors are classified according to the limit of txep.

Theorem 3.6 (invariance and propagation near A). Let A be a primitive rank-1 sublattice and let 5 be
an element of M (7, €) obtained as the limit of (wa »(ttr)). Denote by /,L([)\ the limit of (wa 1 (0)). The
following results hold:
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(1) If thep — 0 as h — O, then t — i (1) is continuous, and one has, for every a in C?(TZ x At xR),
fn(0)(@) = Iy (Ta@)ogyy).

(2) If thep— c>0as hi— 0T, thent — i (t) is continuous, and one has, for every a in C?(Tz x AL xR),
a()(a) = i3 (Ta(@) o gry).

Q) If then — +00 as b — 0%, then one has, for a.e. t in R and, for every a in C?(Tz x AT x R),

foralls € R, a®)(@) = aa®)(@og,y).

Equivalently, this theorem says that, besides invariance by the geodesic flow, the solutions of (6) satisfy
some extra invariance properties in a shrinking neighborhood of the rational direction at least for times
> €, ! For shorter times, the concentration in this shrinking neighborhood is completely determined by
the initial data. The proof of this theorem is given in Section 5. Note that, when €5 — 0, the conclusion
of part (1) holds even if €; = #; this will be clear from the proof. Section 5.1 in [Anantharaman et al.
2015] provides explicit computations of two-microlocal semiclassical measures in that regime.

It is interesting to compare part (2) of Theorem 3.6 with its counterpart in [Anantharaman and Macia
2014], where the regime €, = £ is studied in detail in any dimension (not only in the two-dimensional
case analyzed here). First, the nature of the limiting object i, is rather different in that setting. It is no
longer a positive measure, but rather a measure taking values in the set of Wigner transforms of positive
Hermitian trace-class operators on the space L?(T,).> As a result, time-dependent semiclassical measures
are absolutely continuous with respect to the Lebesgue measures in the x-variable. In that setting, the
role of the flow ¢y is played by the quantum flow e~ is(DAH+Za(V) __gee Corollary 25 in [Anantharaman
and Macia 2014] for a precise statement.

The part at infinity satisfies an additional regularity property. Indeed, if we define

To(a)(E,n) = /Tza(y,é, mdy,

then the following holds:

Theorem 3.7 (regularity at infinity). Let A be a primitive rank-1 sublattice and let pp(t) be an element
of M (t, €). Then, one has, for every a in C° (TZ x R% x @) and for a.e. t in R,

(@t (1), Ta (@) = To(@)) =0
In particular, the measure L™ (1)1 12y oL xR is constant in x.

In other words, the part at infinity has no (nonzero) Fourier coefficients in the A-direction. As for
Theorem 3.6, this result depends highly on the choice of two-microlocal scale we have fixed from the
beginning, and other scalings would yield other properties. The first conclusion of this theorem is proved
in Section 5. The last assertion follows from the invariance* of i (¢) under the geodesic flow, which

3This space consists of those functions in L2(T?) that are invariant by translations in the direction AL
4Recall also that 5 (¢) is supported on T*T2 x R.
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implies that for every a € C?(T*TT2 X R)

(B O rxar i a) = (B OTreatx@s Za @) = (2 ) T2y 4 @ Zo(@))-

Note also that the conclusion of Theorem 3.7 holds in the regime €; = /i (in any dimension); see part (ii)
of Theorem 12 in [Anantharaman and Macia 2014].

3D. Comparison with Zoll manifolds. Theorem 3.6 shares also a lot of similarities with our main result
on semiclassical measures for perturbations of Zoll Laplacians in [Macia and Riviere 2016, Section 2.2].
In that case, we were considering the semiclassical operator

152 2

— zh Ag + €y V,
where A, is the Laplace Beltrami operator associated to a certain Zoll metric (say the standard metric
on the canonical sphere). In the present article, we are analyzing the semiclassical measures associated

to the same Schrodinger operator E(h). Studying the “compact” part of elements inside M4 (7, €) is
equivalent to understanding the solutions of (6) near submanifolds

T2 x At :={(x,&) € T*T?: Hy(£)=0},

where the geodesic flow is periodic as in the Zoll case. In order to make the comparison clearer and to
justify the rescaling of order €5, we can rewrite our operator in a form which is very close to what we did
in the Zoll framework; i.e.,

—~ 1 1(HrY
P.(h) = 3 OpY (Hy)? + €7 OpY <§(¥) + V).

Thus, as in the Zoll case, we perturb in some sense a semiclassical operator Opj’ (H k)z associated to a
“periodic” Hamiltonian flow and we obtain limit quantities which are invariant by the periodic flow and
the Hamiltonian perturbation.

The main difference with the Zoll setting is that the perturbation depends on rescaled variables

Hy (&)

€n

<x,H[%($), )eszRzzT*Tz.

For that reason, it is natural to test our Wigner distributions against symbols depending on these rescaled
variables. Another notable difference with [Macia and Riviere 2016] is that, in the Zoll case, the critical
time scale is of order €, 2, while here, due to the use of rescaled variables, it is much shorter, i.e., of
order €, L Finally, in the Zoll case, a natural question was to discuss the case where the Radon transform
of the perturbation identically vanishes [Macia and Riviere 2017]. Here, we emphasize that the H 1{—
average of the perturbation, namely %(H r/€n)? +Ix(V) cannot be equal to a constant for this choice of
two-microlocal rescaling.

4. Applications of the two-microlocal results

We present some applications of the results of the preceding section.
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4A. Proof of Theorem 2.1. Recall that only the structure of the terms u(#) 2441 _jo; in the decomposi-
tion (12) needs to be clarified. Thanks to (14) and to Proposition 3.4, we deduce

p@1r2xat—joy = L) 25t = /RllA(f, S dmr2xat +/{ }ﬂA(f, S dmr2xat-
+o00

According to Theorem 3.7, the contribution from the part at infinity is independent of x. Hence, we are
left with studying the regularity of the measures on T?:

/ [LA(t’vd$7dn)
AL xR

The measure fi, is invariant under the Hamiltonian flow (p}IAL (see Remark 3.5) and, by part (3) of
Theorem 3.6, it is also invariant under the Hamiltonian flow (p;[v\, which commutes with go,’,k. Using
Appendix A, which describes the regularity of bi-invariant measures, we can conclude the proof of
Theorem 2.1. More specifically, part (1) follows from Proposition A.1 and part (2) from Corollary A.3.

4B. Semiclassical measures up the critical time scale t, = €; 1. At the time scales up to the critical
scale €, ! we can completely determine p, in terms of the initial data:

Theorem 4.1. Let u € M(z, €). Suppose that it is generated by some sequence of initial data (up)p— o+
For every rank-1 primitive lattice A, let ,119\ be the restriction to T> x A+ x R of the two-microlocal
measure associated with (up)p—o+, and denote by u® the semiclassical measure of (Up)p—o+:

(D If , = eh_], then, for every a € C?(Tz x R?), the following holds:
[, awoutdds= [ m@eadx.de
T2xR? T2 xR2

+ Z /TZXMXR(IA(a)—Io(a))(fp;X(x,g,n)) il (dx, dg, dn).

A rank-1 primitive
(2) If thep — 0, then the same result holds, provided we replace <p[’,X by (p},g in the formula above.

The proof is as follows. Let u € M(z, €), and decompose it as in (12). Using the lift property (14),
we can further decompose p as follows:

WO = 1Olpre, + Y /{i EETIENEDY /R fin(t, - d)T s,

A rank-1 primitive A rank-1 primitive

Thanks to the invariance by the geodesic flow and to Theorem 3.7, we can conclude one more time that
the first two terms on the right-hand side of the equality are independent of x. Thanks to the second part
of Theorem 3.6, we can also write

AA) T2 pL xR = (‘p;X)*(ﬂ(j)\}ﬂ'zxAixR) (resp_ AA) T2 pL xR = ((p;g)*(ﬁ?\TszAixR))’

when 7, =€, ! (resp. tz€; — 0). The result follows from the fact that the zero Fourier coefficient of w(#)
is itself equal to the zero Fourier coefficient of 1" thanks to the following adaptation of Proposition 29
from [Anantharaman and Macia 2014].
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Lemma 4.2. Suppose that

lim ,e2 = 0.
hA—01 h=h

Let 1 be an element in M(t, €) and let u° be the semiclassical measure of the sequence of initial data
used to generate ji. Then, one has, for a.e. t in R, and for every b € C.(R?),

/ b(E) u(t, dx, d) = / b(&) u(dx, dt).
T2 xR2 T2 xR2

4C. Propagation of wave packets. An application of Theorem 2.1 is the computation of semiclassical
measures for wave-packet-type solutions to (6).

Let us first define wave-packet data on the torus. Take p € C2°(R?) supported in a small neighborhood
of the origin such that [|p||z2®2) = 1. Let (xo, &0) € T*T? and set

Ux()f()(x) — lp X — X0 ei(%‘o.x)//"l
h Op Op ’
where o, — 07 and oy, > . Finally, write

() =Y Uy (x +k). (19)
kez?

If the support of p is small enough, then
x0,60 -1
luz " 2y = 1.

These initial data concentrate around x¢ and oscillate in the direction of &y. Moreover, it is straightforward

to check that (u;"’s") satisfies (7) and (8). We next compute the time-dependent semiclassical measure of

the sequence (v;zco’éo) of solutions to (6) issued from the initial data (ugo’so).

Proposition 4.3. Suppose that the concentration scale (o) satisfies h(eqor) ™! — 0 and that &y € Q4. Let
w0 e M(z, €) be generated by the initial data (uj;lo’go). Let y (x, &y) denote the geodesic in T2 issued
from (x, &) and & (x &, the uniform probability measure on that geodesic. The following hold.

(1) If thep — 0, then
Mxo,éo(t’ dx,d&) = 8y(xo,$o) (dx) 550 (d§).

2) If 7, = egl, then
/on’go (t,dx,d&) = 3y(x(;)’§0)(dx) 5&) (d§),

where x(t) is the projection on T2 of (p;,X (x0, &0, 0) with Ag, = (&0} NZ2 If xq is a critical point
of IAEO(V) then x(t) = xo forall t € R. I;? that case, W% is also constant in time.

Proof. Lemma 4.2 ensures that p(¢) is supported on T? x (&) for a.e. t € R. Therefore, by virtue of (14),

i) = /@u% (1, dn) T
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where i A, € M Ag, (1, €) is generated by (u;‘)’&’). Let ,ug\g be an accumulation point of (wp, Ag, (0)). Since
0
ho, '< €, <t !, one can verify that, in every regime,

“9\50 (dx, d§, dn) = 8x,(dx) 8¢, (d§) So(dn);

e.g., see the proof of Proposition 5.2 in [Anantharaman et al. 2015]. The result then follows from
Theorem 2.1. U

5. Proof of the two-microlocal statements

From this point on, we fix a primitive sublattice A of Z? of rank 1 and we will proceed to the proofs
of the results on two-microlocal distributions. Namely, we will first recall how to extract converging
subsequences from the sequences (wa x(#tr))r—0+. Then, we will briefly recall how to adapt the proofs
from [Anantharaman and Macia 2014] in order to prove Propositions 3.3 and 3.4. Finally, we will give
the proofs of Theorems 3.6 and 3.7.

5A. Extracting subsequences. Recall that, following [Macia 2010; Anantharaman and Macia 2014;
Anantharaman et al. 2015], we have introduced an auxiliary linear form whose invariance properties will
be analyzed precisely. For every a € CSO(T*TZ X @), we have set

H
(wa,n(tth), a) = <vh(ffh), Opy, <d<xa g, A(s))) vh(tfh)>,

Uy

where, recall, o, is given by (13). It will be useful to keep in mind Remark 3.1 throughout this section.

Remark 5.1. We emphasize that, for a in CCOO(T*TZ), one has

(wp(tth), a) = (wp p(tTh), a).

Our first step is to explain how to extract converging subsequences following more or less standard
procedures [Gérard 1991; Macia 2009; Anantharaman and Macia 2014; Zworski 2012]. For the sake of
completeness, we briefly recall it. For that purpose, we denote by

B:=CP(T* xR*xR)

the space of C” functions on T2 x R? x R all of whose derivatives tend to 0 at infinity. We choose D > 0
large enough so that Theorem B.2 holds for functions in B.

We endow this space with its natural topology of Banach spaces. According to Theorem B.2, one
knows that, for every a in C2°(R x T*T2 x R), one has

(wan(tzn), a@) <C Y (hayH2(10%a )] oo (20)

le|<D
Thus, the map # — wy 5 (t75) defines a bounded sequence in LY(R, B)', and, after extracting a subsequence,

one finds that there exists i, in L'(R, B)' such that, for every a in C2°(R x T*T2 x R), one has

lim a(t,x,&,n) was(tty, dx,d§, dn)dt =f a(t,x,&,n) ua(dt,dx, d§, dn).
=0t JRxT*T2xR RxT*T2xR



2126 FABRICIO MACIA AND GABRIEL RIVIERE

Thanks to (20) and to the fact that hah_l — 07, recall that, for every 6 in C°(R) and for every a in
CR(T*T? x R), one has

/ O a(x, &, n) palde,dx, d§, dn)
RxT*T2xR

=< C||9||L1(R)||a||c8(T*T2x@)'
Hence, 1 is absolutely continuous with respect to the ¢-variable; i.e., for every 6 in LY(R) and every a
in CCO"(T*TT2 x R), one has

h—0t

im_ [ 60 wantm).a)di = [ 60)un ). a)dr.
R R
Moreover, for a.e. r in R, 4 (¢) is a finite Radon measure on 7*T? x R.

5B. Proof of Proposition 3.3. We already know that the linear functionals . are Radon measures. It
remains to verify that they are positive. To see this, take a € C>°(T*T? x @) such that a > 0. Using the
Garding inequality (Theorem 4.32 in [Zworski 2012]), we deduce that

(Wan(tTh), a) > Oha, ') = o(1).

Remark 5.2. Note that the proof of the Garding inequality in [Zworski 2012] is given in the case
of R% The extension to compact manifolds usually requires dealing with symbols that decay in £ as we
differentiate with respect to £. Yet, in the case of the torus, we can verify that this property remains true
for an observable a all of whose derivatives are bounded (i.e., not necessarily decaying in £) as in RY. For
that purpose, one can start from the Gérding inequality on R and apply the arguments of the proof of
[Zworski 2012, Theorem 5.5], which shows L?-boundedness of pseudodifferential of order 0 on T<.

After integrating against a test function 6 in L' (R) and passing to the limit # — 0, one finds that, for
ae. rin R,

(a(t),a) = 0.

This concludes the proof that 1t is a positive, finite Radon measure on T*T2 x R and one sets aa(t) =
a2 g and 42 (1) = pa(6)] T*T2x {400} Lhanks to the frequency assumption (8), one has, for a.e. 1
in R,

ua()({§=0} =0. (21

Remark 5.3. Remark 5.1 implies that, for a.e. ¢ in R, the time-dependent semiclassical measure w(¢)
can be obtained by

p(t) = /@MA(L -, dn). (22)

5C. Proof of Proposition 3.4. Concerning the support of i (t), we let a be an element in CfO(T*TZ x R)
whose support does not intersect T? x AL x R. Using Remark 3.1, one has

H
opt (a <x, ‘. A@))) = Op] . (a(x, né, Ha(6)).

Uy
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Hence, this operator is equal to 0 when # is small enough (thanks to our assumption on the support of a).
This concludes the proof of the first part of Proposition 3.4.

Let us now discuss invariance by the geodesic flow, which is the only property that uses the particular
form of vp(fty) so far. Again, we start with the “compact” part and we fix a to be an element in
CE.’O(T*TT2 x R). Using composition rules for pseudodifferential operators, we write

it €n

4 wpn(tth), a) = th{wan(tTh), &.8va) +

= (vn(emn), [V, Opp, - (aCx, ang, Ha(6))]ontomn)).

Using Theorem B.3 (more specifically Remark B.4) one more time, we have

w o Hp(§) _
[V, Ophah,l(a(x,ozﬁg,HA(S)))]z—EOph (%.axv Bna(x,g’ ghf >)+O(h3(ah) 3,

Combining these two identities with the facts ha;l =o(1) and €pa;; - O(1), we find that

d 6;21 eA
d—(wA,h(lfh), a) =1t (wa,n(tth), §.0,a — ——.0,V d,a)+o(h)).
t op La

Let now 6 be an element in C!(R). Integrating the previous equality against 6 and integrating by parts,
we find ,
/ 9(t)<wA a(tTh), €.0va — Ele—".axv ana>dt =O(r; ) +o(h),
R ’ ap La

which implies the result for every a in C°(T*T? x R) when we let / go to 0. Note that we used the
Calderén—Vaillancourt theorem (Theorem B.2) to bound the e,%ozh_ ! term on the left-hand side of this
equality.

It now remains to treat the part at infinity. Let a be an element in C2°(T*T? x @). For every R > 1 and
for every smooth cutoff function near 0, we set

a®(x, &, n):=a(x, & 1) (1 —x (%))

The same argument as before allows us to prove that, for every 6 in C!(R), one has

2
/ 9(t)<wA,h(nh), (£.0,a)% — é—he—“.axv a,,aR>dt =o(1).
R ap L

Thus, we can take the limit # — 0 and conclude the proof by letting R go to +oc.

5D. Invariance and propagation of two-microlocal distributions. We now turn to the proofs of our
main statements, namely Theorems 3.6 and 3.7. Analogously to [Anantharaman and Macia 2014], we
define the differential operators

1e5
i La

¢
DA::l—A.V and Dy =

; vV
lLA
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associated with the Hamiltonians H and H 1% One has
—A=(Dy)*+ D3. (23)

Recall also that, for every smooth compactly supported function b on T*T?, the Egorov theorem is exact
for these operators and it tells us that

OpY (Zx (b)) = LLA /O ¢!"Px OpY (b)e Pk ds. (24)

and that
[Dy, Opy (Za (b)) = 0. (25)

As mentioned before, this construction (which was originally presented in [Anantharaman and Macia
2014]) is reminiscent of the averaging argument of [Weinstein 1977] applied to certain one-dimensional
tori that depend on A.

5D1. Proof of Theorem 3.6. Let a be an element in C>°(T*T? x R). We start our proof by computing
the derivative of the two-microlocal Wigner distribution. One has

d T w
Jrwan(m). Iu@) = = Hon(ma), [357(DX)* + JA° D3 + €V, Op} (an.n) Jun(rmn)).

where

H
ann(x, £) :=IA(a>(x,s, A(S)).

(097}
Using (25), we deduce that
d it w
Jrwan(rm). Ta@) = f(vh(rrh), [37° D3 + €7V, Opy (an.n)]vn(tTh)).

Thanks to the commutation properties of the Weyl quantization from Remark B.4, one has
d
=7 T
a1 (wan(tth), Za(a))
= O(zpeih®(an) ™)
Hp(§) ep.0:Tp(a)(x, &, H o
o, o P BTN Ha©) )
A

eA.axV
L

2

€
— —50,Ta(a) )vh <trh)>. (26)

®p
Our assumption /i < €; < «y ensures that the remainder is in fact of order o(fty).

We now distinguish three regimes.

First, we suppose that €,7; — 0 as i — 0T, In particular, o, = 7, Is €;,- Thanks to the Calderén—
Vaillancourt theorem (Theorem B.2), we can verify that the last term in the right-hand side of equality (26)
is in fact o(1) uniformly for ¢ in R. Letting # — 0, one finds that, for a.e. ¢ in R,

d CA
77 (a0, Ia(a)) = <MA(I), n—-axIA(a)>-
Ly

Combining Proposition 3.4 with (21), one has then (u, (¢), a) = (,u([)\, Ia(a)o (p;)(l)\) for a.e. r in R, which
proves point (1) of the theorem.
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Suppose now that 7€ — ¢ > 0. Letting i — 0, the limit measure satisfies the following transport
equation for all 0 € Cc1 (R):

/ ¢ axI (a) 4 8xV
- / 6'(t) (a (1), Ta (@) di = ¢ f 9(¢)<MA(t),n¥—3nIA(a) A >dt.
R R La A
Using again Proposition 3.4 with (21), one deduces that
ep.0xZa(a) ep. 0, Za (V)
3 (ua(t), Ta(a)) = c<uA<r), n% - anIA(a)L>.
A

This proves point (2) of the theorem.

Finally, we suppose that ;€5 — +00. Let 6 be an element in C!(R). We integrate one more time
equality (26) against 6, and we make an integration by parts on the left-hand side of the equality. Then,
we make use of the Calderon—Vaillancourt theorem (Theorem B.2) to bound the left-hand side. After
letting 7 go to 0, one finds that, for every 6 in C} (R),

[ o (a0 ™20 o 1,0 22D 4y~
R La L

where we used one more time Proposition 3.4 with (21) in order to replace V by its A-average Z, (V).
This implies point (3) of the theorem.

5D2. Proof of Theorem 3.7. Let now a be an element in C;/,"’([F@2 X @) and let k£ be an element in A — {0}.
It suffices to show that
(1" (@), e a(g, ) =0.

We fix x1(n) € C*°(R, [0, 1]) which is equal to 1 for n > 1 and to O for n < % For every R > 1, we set

—2i n
aftx &) = e a (g, Mx (ﬁ)'
Remark 5.4. Let 6 be an element in CLI. (R). One has

d 1 Rk\ ,, _ / 1 Rk
/Re(t) dt<w,\,h<nh), o >dt_ fRe(z)<wA,h(nh), jak >dt.

Thanks to the Calderén—Vaillancourt theorem (Theorem B.2), one knows that
‘Opg) <X<HA(§))Q<%_’ HA("E)) e_zmk_x (27,1 >
Ray, ap Hx (&)

d
fR 00 (wanm), %ai”‘)dt =O(R™).

=O(R™.

L2112

Thus, one has

In order to prove the proposition, we will now compute explicitly the derivative of (w ARETH), %ai’k>.

For that purpose, we need to compute the following bracket:

th 2 w R.k HA(S) o
[_T+th,0ph(ai <x,‘§, o )T(E))]
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Using again (25), this commutator is in fact equal to

n’Dy | , wl Rk Hx(E)\ an
[ 2 +€hv’0p”(“i (x’g’ o )HA@))]

We split this commutator in two parts. Thanks to Remark B.4, one has
1> D3 H 5 =
|: A,Op};}<a§’k(x,§, A@))a—h>i| = —2mhay Opy (—A.kafk (x,g, A(§)>),
2 an ) HaE) Ly ”

For the other part of the commutator, we use one more time the commutation rule for pseudodifferential

operators and the Calderén—Vaillancourt theorem (Theorem B.2). We find that

H
[V’ Opi (ai’k (X’ 3 2?) HTZS))] =Opopa(hey ' R™ + 1),

As heh_l — 0 and €; = O(wy), we finally get that

d 1 2w thopep .k _
$<w,\,h(z‘rﬁ), Eai’k> = —L—A(wA’h(trh), a®*y + O(thenR™Y) + o(thh).
A

Let now 6 be an element in C!(R). We integrate these expressions against 6. Using Remark 5.4 and
making the assumption that lim sup;,_, o+ that; > 0, we obtain

for all k € A — {0}, / O(t)(wa n(ttn), ai’k) dt =o(1) +OR™).
R
We now let /i go to 0, and we get that, for every R > 0,
for all k € A — {0}, / 0(1) (1ua(r), aX*ydt = O(R™).
R

To get the conclusion, we let R go to +o00.

Remark 5.5. From this theorem, we deduce that, for every a(x, &, n) in C2° (T*T? x @) and fora.e.rin R,

At (1) (Za(@)) =/ ao(§, m) wa(t, d§, dn).

T*T2x{+o0}
Appendix A. Regularity of bi-invariant measures

In this appendix, we fix A a primitive sublattice of Z> of rank 1, and we aim at analyzing the regularity of
the set of finite measures on T*T? which are invariant by the Hamiltonian flows> (p}ﬁ and <pl’,x. We will
now recall the results from Section 4 of [Macia and Riviere 2016] and explain how they can be adapted
to the present framework. We refer the reader to this reference for the detailed proofs. We introduce the
critical set in the direction of A,

Crity (V) :={(x, &) € T*T?: Hy(§)=0 and 8,Zx (V)=0}.

3 By making a slight abuse of notation, we shall identify <p;, ,» & flow a priori defined on T2 x AL xR, to a flow on T*T2 via
the diffeomorphism (18). Recall that go}_l 1 and <p[t7v commute.
A A



TWO-MICROLOCAL REGULARITY OF QUASIMODES ON THE TORUS 2131

This is a closed subset of 7*T? which is invariant by the Hamiltonian flows ‘/’;1,{ and (p[t)[v\, and we introduce
its complement

R(A) := T*T? — Critp (V).
The map
¢ REXR(A) 3 (5, 1,3, 6) > ¢y 09!y (x, ) €R(A)
A P

is a group action of R? on R(A). Moreover, for any (xo, £9) € R(A), the map
.2
bxo g 1R (s, 1) > 9”;1Ai °<P;X (x0, §0) € R(A)

is an immersion. Therefore, the stabilizer group G g, of (xo, &) under ¢ is discrete. This proves that
the orbits of the action ¢ are either diffeomorphic to the torus T2, to the cylinder T x R or to R% On the
other hand, the moment map,

®:R(A) > (x,€) > (Hy (€), py(x,£)) € R?,
is a submersion, and, for every (H, J) € ®(R(A)), the level set
L:(H’J) = CD_](H, J)

is a smooth submanifold of R(A) of dimension 2. To summarize, the pair (H 1{ pX) forms a completely
integrable system on R(A), and the map ¢, ¢, induces a diffeomorphism:

for all (xo, &) € R(A),  ¢rp.ey i R/ Grpey — £’[?;ff’,0) for (Ho, Jo) := @ (x0, §0)-

x0,80

x0,80 . :
Here, Li( HoJo) denotes the connected component of Lg,, 1, that contains (xo, §o). Therefore, if E( Ho.Jo)

is compact then it is an embedded Lagrangian torus in 7*T2 In that case, we shall write

T2 . =R*/Gys

x0,80 °

In the following, we denote by R.(A) the set formed by those (x, &) € R(A) such that ﬁfb’fx’ £) is compact.
Mimicking the proof of Proposition 4.2 in [Macia and Riviere 2016], one can show that the following
holds:

Proposition A.1. Let i1 be a probability measure on R(A) that is invariant by go,’,i and gol’,X. Set L := D, .
Then, for every a € C.(R(A)), one has

/ a(x,smazx,da:/ f a(Cx, &) hpg s (dx, d&) fi(dH, dJ),
R(A) D(R(A)) Y L,

where, for (H, J) € ®(R(A)), the measure Ly j is a convex combination of the (normalized) Haar
measures on the tori E)(C?Ié% Jor (x0,&0) € Liu, 1y N Re(A). In particular, for every (x, ) in R(A), one
has

M({(P;{i(x»f)iofs < LA}) =0.
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An explicit formula for the restriction of the measure Ay ; to a connected component E)(CHg ) With
(x,8) € Re(A) N Ln, ) is the following:

/xm a(x, &) hp,y(dx, d§) =c/2 a(Pxy 5, (s, 1)) ds dt 27)

(H,J) TX().éo

for some constant ¢ € [0, 1].

We will now discuss the regularity of the projections of bi-invariant measures following the proof from
Section 4.2 in [Macia and Riviere 2016]. We denote by IT : T*T? — T2 the canonical projection. The
main result from Section 4 in [Macia and Riviere 2016] is the following:

Theorem A.2. Let i be a probability measure on R(A) that is invariant by %t’fk and %X' Then,v:=Tl.u

is a probability measure on T? that is absolutely continuous with respect to the Lebesgue measure.

Denote by A'(A) the convex closure of the set of measures 8o, where I' C 7*T? ranges over the orbits
of ¢ HE that are contained in Critp (V). A direct consequence of the previous theorem is the following:

Corollary A.3. The projection v := 1, of a probability measure jn on T*T? that is invariant by (p}ﬁ
and go},x can be decomposed as

v = f vol+avgg,
where f € LY(T?), a € [0, 1] and Vsing € N (A).

Note that, for a “generic” choice of V, the set of points x satisfying 9,7 (V) = 0 consists of finitely
many closed geodesics of T2 In particular, Vsing 18 a finite combination of measures carried by closed
geodesics.

Proof. As it is simple to explain in the current framework, we briefly explain how the proof of Theorem 4.6
in [Macia and Riviere 2016] can be adapted to prove Theorem A.2 — see also Lemma 2.1 in [Bialy and
Polterovich 1989]. Recall that it is sufficient to fix some (xg, &) in R.(A) and to prove that the set of
points where

. 2 2
¢x07‘§0 * (S, t) € —[I—xo,é = H o(psHk O(p;x (-an ‘50) € —l]—

is not a local diffeomorphism is made of finitely many disjoint C! closed curves. Such curves are called
caustics. This can be proved as follows. One can verify that the points where we do not have a local
diffeomorphism are defined by the points (s, ¢) satisfying

HA (.5, (5, 1)) = 0.
Note that, for every s in R,
HA (@l (30, 50)) = Ha (620,65 1).

As (xg, &) belongs to the (p},X -invariant set R(A), we know that

axIA(V)((p;X (x0, £0)) # 0.
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Thus, from the Hamilton—Jacobi equations, we deduce that there exists a small open neighborhood
(t —n, t +n) of t such that, for every t' € (t —n, t +n) — {t},

Hp 09!y (x0, ) #0.
A
In particular, there are only finitely many values of ¢ such that Hy o (p},x (x0, &0) # 0 and thus, there are
only finitely many closed curves on TT?CO’ & where the map ¢, ¢, is not a local diffeomorphism. (I
Appendix B. Background on semiclassical analysis

In this appendix, we give a brief reminder of semiclassical analysis and we refer to [Zworski 2012]
(mainly Chapters 1 to 5) for a more detailed exposition. Given i > 0 and a in S (R%4) (the Schwartz
class), one can define the Weyl quantization of a as follows:

1 .
forall u S([R{d), Ophw(a)u(x) = iyl / o e(l/hxx_y’g)a(%(x +), 5) u(y)dyd§.

This definition can be extended to any observable a with uniformly bounded derivatives, i.e., such that
for every o € N2, there exists C, > 0 such that sup, ¢ [0%a(x, §)| < Cy. More generally, we will use the
convention, for every m € R and every k € Z,

"k = {(an(x, €)o<nzr < forall (@, B) e N x N¥, sup  |1(E) 7" 89 an(x, £)| < +oo},
(x,6)eR?;0<h=<1

where (&) := (1 + [|€]|?)!/2. For such symbols, Op}’ (a) defines a continuous operator S(R?) — S(R?)
which acts by duality on S’(R%).

Remark B.1. We also have the following relation, which we use at different stages of our proof:
for all § > 0, for all a € §™*, Opy (a(x,§)) = Opys_i (a(x, §§)). (28)

Among the above symbols, we distinguish the family of Z¢-periodic symbols, which we denote by
S}Te’rk. Note that any a in C®(T*T?) (with bounded derivatives) defines an element in Sgég. Similarly to
the proof of Theorem 4.19 in [Zworski 2012], one can verify that, for any a € sk

per °
Opy(a)(ex) = Y _ eqdq—ik(mhiq+k)),
qgezd
where e (x) := €™ and ap(€) = fw a(x, &)e 2mPX dx. In particular, for any a € Sgé’rk, the operator
Opj; (a) maps trigonometric polynomials into a smooth 7%-periodic function, and more generally any
smooth Z¢-periodic function into a smooth Z¢-periodic function. Thus, for every a in Sgé’rk, the operator

Op¥(a) acts by duality on the space of distributions D'(T¢). An important feature of this quantization
procedure is that it defines a bounded operator on L?(T%) [Zworski 2012, Chapter 5]:

Theorem B.2 (Calder6n—Vaillancourt). There exists a constant Cy > 0 and an integer D > 0 such that,
for every a in 8%, one has, for every 0 < h <1,

per?
0P} (@) | 270y 12y < Ca Y, H*V? (0%

le|<D
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Another important feature of the Weyl quantization procedure is the composition formula:

Theorem B.3 (composition formula). Let a € S™* and b € $">*. Then, one has, forany 0 <h <1,

Opy; (@) o Opy, (b) = Opy (a tr b)

in the sense of operators from S(R?) — S(R?), where a i b has uniformly bounded derivatives, and, for
every N >0,
1
atnb~ Y = (3inD) @, b) +OHN ),

k!
k=0

where D(a, b)(x,§) = (3x9, — 9y9¢)(a(x, §)b(y, v)) y=x,v=¢-

We refer to Chapter 4 of [Zworski 2012] for a detailed proof of this result. We observe that for N = 0,
the coefficient is given by the symbol ab, and for N = 1, it is given by (% /(2i)){a, b}, where { -, - } is the
Poisson bracket. As before, we can restrict this result to the case of periodic symbols, and we can check
that the composition formula remains valid for operators acting on C*(T¢).

Remark B.4. We note that the formula for the composed symbols is quite symmetric, and we have in
fact the following useful property; for every N > 0,

N

atnb—bipa~y

k=0

2k+1

(1inD)™ " (a, b) + Or*NH3).

2k + 1)!
Finally, note that, if b(§) is a polynomial in & of order < 2, one has the exact formula

atnb—btya= " {a,b).
2i
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