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INVARIANT MEASURE AND LONG TIME BEHAVIOR OF
REGULAR SOLUTIONS OF THE BENJAMIN-ONO EQUATION

MOUHAMADOU SY

The Benjamin—Ono equation describes the propagation of internal waves in a stratified fluid. In the
present work, we study large time dynamics of its regular solutions via some probabilistic point of view.
We prove the existence of an invariant measure concentrated on C°°(T) and establish some qualitative
properties of this measure. We then deduce a recurrence property of regular solutions and other corollaries
using ergodic theorems. The approach used in this paper applies to other equations with infinitely many
conservation laws, such as the KdV and cubic Schrodinger equations in one dimension. It uses the
fluctuation-dissipation-limit approach and relies on a uniform smoothing lemma for stationary solutions
to the damped-driven Benjamin—Ono equation.

1. Introduction
The problem and statement of the main result. The Benjamin—Ono (BO) equation
du+H Pu+udu=0 (1-1)

describes the propagation of internal waves in a stratified fluid. The operator H in the equation is
the Hilbert transform; it can be defined in the Fourier setting as the multiplier given by —isgn (see
the Appendix). We assume that u(z, x) is a real-valued function, t € R4 and x belongs to the torus
T =R/2x7Z. In this setting, existence and uniqueness of solution hold in any Sobolev space H* for s >0
(see, e.g., [Molinet 2008; Molinet and Pilod 2012] for its global well-posedness in L2(T)). In the present
paper, we use only the well-posedness of the problem in Sobolev spaces H*(T) with s > 2, so we refer
the reader to [Abdelouhab et al. 1989].

In L? := L?(T), the well-posedness of (1-1) generates a topological dynamical system (DS) (L2, ¢;),
where ¢; is the flow of the equation. We are concerned with the description of the long time behavior of
this dynamical system.

Given a Borel measure p on L2, we say that j is invariant for (L2, ¢,) if for any Borel set A of L?
we have

(' A) = u(A) forallz.

When such a measure exists, the triple (L2, ¢;, ) is called a measurable dynamical system (MDS). If
in addition u is finite, then we have very important information on the dynamics. Indeed the Poincaré
recurrence theorem states that the dynamics is recurrent; that is, pu-almost every orbit returns in any
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neighborhood of its origin in finite time. The well-known Von Neumann and Birkhoff ergodic theorems also
apply to give more information on the long time behavior of the system. Our aim here is to construct such
a measure, which will contribute to improving the understanding of the behavior of the solutions of (1-1).
Matsuno [1984] derived (at least formally) infinitely many conservation laws for the BO equation (1-1).

They have the form
En(u) = llully + Ra(u), n €3N, (1-2)

where | - ||, stands for the homogeneous Sobolev norm of order n and R, is a lower-order term.
In [Tzvetkov and Visciglia 2013; 2014; 2015; Deng 2015; Deng et al. 2015], the authors constructed a
sequence of invariant Gaussian-type measures {i, } for (L2, ¢,) satisfying

n is concentrated on H*(T) for s <n — %, (%)
("2 (1) = 0. (45)
Formally, u, is defined as a renormalization of
dpn(u) = e~ En@) gy, — o= Rn(w) o~ llull7 du,

where E,(u) and R, (u) are the quantities given in (1-2). These authors constructed a Gaussian inter-
pretation of the expression e~ 113 du on the concerned spaces and proved that ¢~ R» @) js an integrable
density. In view of these results, there is an MDS for (1-1) in any Sobolev space and then its large time
dynamics is described keeping in mind the theorems mentioned above. However, these results do not
apply to infinitely smooth solutions; indeed by the property (x*) we have

Un(C®(T)) =0 for all n.

In the present work, we construct a measurable dynamical system for (1-1) on the space C°°(T).
Naturally, the Dirac measure at O is not the desired measure; although it is invariant under the flow of the
BO equation, it gives only trivial information. More generally, to get substantial information on the system
we have to also avoid singular measures. Another example of such a measure is the one concentrated on a
stationary solution. Notice that measures u, discussed above verify the following “consistency” property:
every set of full y,-measure is dense in H(n=3)" Concerning the space C*°, an obstruction to the
construction of an invariant Gaussian-type measure is the nonexistence of a conservation law compatible
with the regularity of that space. In particular, the approach used in the construction of the measures
above does not seem to apply.

Another method allowing the construction of invariant measures (a priori not of Gaussian type) for
PDEs was developed in [Kuksin 2004; Kuksin and Shirikyan 2004] in the context of Euler and Schrédinger
equations, respectively. It is based on a fluctuation-dissipation (FD) argument and consists of adding to the
equation appropriately normalized damping and stochastic terms, constructing an invariant measure for the
resulting problem, and passing to the limit. But, a priori, the obstruction encountered in the Gaussian-type
measure approach still remains in the FD approach because the underlying regularization is of Sobolev
order and not C*°. The idea in the present work is to exploit the regularization inherent in this approach
with the use of an infinite subsequence of the Benjamin—Ono conservation laws to reach the C *°-regularity.
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In order to bring out a key preliminary result, we give the following stochastic set up: consider the
diffusion problem (also called the stochastic Benjamin—Ono—Burgers (BOB) equation)

8,u+H8)26u+u8xu=a8)2€u+\/&n, t>0, xeT, (1-3)
where 7 is a stochastic force and « € (0, 1) is a viscosity parameter. In fact the problem (1-1) is the limit
as @ — 0 of (1-3). A probabilistic global well-posedness for (1-3) is proved in Section 3. Moreover,

in Section 4, we establish the existence of stationary solutions! for this equation. We present now the
following smoothing property for stationary solutions:

Lemma 1.1. Suppose that the noise 0 is sufficiently regular in space. Let uy be a stationary solution to
(1-3) such that

Elluq(@)||? <oo forall p>2. (1-4)
Then

Fllug(t)||2 <oo foralln > 1. (1-5)

Moreover, if (1-4) holds uniformly in o then so does (1-5).

The proof of this lemma relies on a combination of deterministic and probabilistic estimations based
on the conservation laws of (1-1).

We prove in Section 4 that any stationary solution to (1-3) satisfies (1-4) uniformly in «. Then, from
(1-5) we conclude that stationary solutions to (1-3) are concentrated on C *°. Passing to the limit as the
viscosity goes to 0, we find the main result of this paper (Theorems 5.3, 6.1, 6.3 and 6.6):

Theorem 1.2. There is a probability measure | invariant under the flow of the BO equation (1-1) defined
on H3(T) and such that

p(C=(T)) = 1.
Moreover, u satisfies the following properties:

(1) For any integer n, we have
0< [ 1l @) < ox.
H3

(2) There are constants o, C > 0 such that for any R > 0
pn(u e H3 Jul| > R) < Ce R,

(3) There is an infinite sequence of conservation laws of the form (1-2) whose laws under ( are absolutely
continuous with respect to the Lebesgue measure on R.

(4) The measure | is of at least 2-dimensional nature in the sense that any compact set of Hausdorff
dimension smaller than 2 has -measure 0.

In fact, we expect infinite-dimensionality of the measure constructed here as in [Kuksin 2008; Kuksin
and Shirikyan 2012] concerning the 2-dimensional Euler equations. To show this property in the context
of the Benjamin—Ono equation, we have to prove some algebraic independence of the gradients of the

1Solutions to (1-3) whose laws are invariant along the time.
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conservation laws. In the present work, we face a technical difficulty in establishing such an independence
for an arbitrary number of conservation laws. We propose a proof inspired by [Kuksin 2008; Kuksin and
Shirikyan 2012] which works for the (at least) 2-dimensionality. Then the infinite-dimensionality of u
remains an open question.

We deduce the following result by applying the Poincaré recurrence theorem.

Corollary 1.3. For p-almost all w in C®°(T), there is a sequence {t} } increasing to infinity such that

lim || Sy, w—w|,=0 foranyn>D0.
k—o00

Here S; denotes the flow of the Benjamin—Ono equation (1-1) on H3(T).

In the construction of such a measure, we use the control of Sobolev norms provided by the infinite
sequence of conservation laws. The KdV and cubic 1-dimensional NLS equations have infinitely many
conservation laws whose structure is similar to (1-2) and our approach applies to these equations. Notice
that an infinite sequence of invariant Gaussian-type measures of increasing regularity was constructed
for KdV and cubic 1-dimensional NLS equations in [Zhidkov 2001a; 2001b]; we give then a kind of
extension of this work to the C°°(T) space. However, the Benjamin—Ono equation is more difficult
than these equations because of the weakness of its dispersion compared to KdV and the presence of a
derivative in its nonlinearity compared to NLS. Then, here, we confine ourselves to the study of the BO
equation, which is less understood.

Let us briefly discuss an equation having infinitely many conservation laws but which is not admissible
to the approach developed here. Consider the nonviscous Burgers’ equation

osu +udxu =0. (1-6)

It is easy to check that an infinite sequence of conservation laws is given by the quantities

Lp(u)=/up, p>1.

Our approach does not apply to (1-6). This is due to its lack of dispersion which breaks the control of
Sobolev’s norms.

Notation. » Let A and B be two positive quantities, we write
A<B
if there is a universal constant A > 0 such that A < AB.

* For a real number r, we denote by 7T (resp. r~) the quantity r + € (resp. r — €), where € is a positive
number close enough to 0, while r1 := max(r, 0).

¢ 7 denotes the set of nonzero integers.
o HM) ={ueL*(T)| [yu(x)dx=0}.
e« H(T) = {u e H(T) ‘ DSu € H(T)}, and D* is the s-th derivative of u, where s > 0.

e The H*-norm is denoted by | - ||s when s > 0 and the L2-norm is denoted by | - ||.
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* For a functional A(u), we denote the first and second derivatives of A by A’(u,v) := 0, A(u,v) =
0A|,(v) and A" (u,v) := 32 A(u,v) = 0% A, (v, v).

e The sequence {e, | n € Z} is given by

sin(nx)//m forn >0,

en(0) = cos(nx)//m forn <0

and forms an orthonormal basis of H (T).

e (2,.%,P) is a complete probability space and .%; is a right-continuous filtration augmented with respect
to (%, P). Given a sequence of real numbers {A,} and a sequence of independent real standard Brownian
motions {f,(¢)} adapted to .Z;, we set

(%) =Y AnBn(t)en(x), (1-7)
nez
d
n(t, x) = Eé(iw), (1-8)
Ay =3 2207 (1-9)
nez

Some stochastic results. The theorem and lemma below are useful ingredients in our work; we refer to
[Karatzas and Shreve 1991] for their proofs.

Theorem 1.4 (Doob’s optional theorem). Let x; be a continuous Fz-martingale and © < o be two
F-stopping times which are almost surely finite. Then

Ex; = Exs = Exp. (1-10)

Lemma 1.5. Let x; be a continuous random process which is adapted to %;. Then x:(w) is adapted
to ﬁt.

Stochastic convolution. Let B be an operator on a separable Hilbert space H with which we endow
a Hilbert basis {e;; }mez. Suppose that {e,,} are eigenvectors of B whose associated eigenvalues are
{bm} C C, and moreover |b,,| — oo as m — oco. Suppose that
Vi(B) ZA2|1—eztbm|< forallt >0 (1-11)
= ———— <oo forallt>0; -
’ " 2lbml

meZ

then the quantity (which is called stochastic convolution)

©(B) = [Ot eIBar(s.x) =" Am ([Ot et=9)bm d,Bm(s))em(x), 1 >0, (1-12)

mezZ

is well-defined in H. In fact ®,(B) is a continuous Gaussian process in H: for all ¢ > 0, we have
O¢(B) ~ Au (0, Vi (B)).
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Remark 1.6. If Re(b,,) < 0, then the sequence {|1 — e22m|/|2b,,|} is bounded (even uniformly in );
therefore ©;(B) is well-defined in H as soon as Y, A2, < oo.

The concrete case that is studied in this paper is the Hilbert space L2(T) and an operator of type —32
(more exactly B = —(H —«) 32). With the use of the Itd isometry, we have
2tbm, |

[1—e
E[©:(B)IZ =) m* A,

DT bm = —(isgn(m) + a)m?. (1-13)
mezZ 2| m|

Then Re(b,,) < 0 for any m € Z. Therefore ©;(B) € H® almost surely as soon as
> m*A2, < oo. (1-14)
mezZ
In that case, as a Gaussian random variable in H, the stochastic convolution ®; verifies the Fernique
theorem,; that is, there is a constant cg such that

Eecs1€115s < 0o forall £ > 0. (1-15)

Stochastic well-posedness and the It6 property relative to a Gelfand triple. Let us consider the following
stochastic PDE:

duy = (Lu+ f(u))dt +dg, (1-16)
where L is a differential operator, f is a function possibly nonlinear in u and ¢ is a Brownian motion

defined as in (1-7).

Definition 1.7. Let s € R. Equation (1-16) is said to be stochastically (globally) well-posed in H* if for
all T > 0 the following properties hold:

(1) For any random variable u¢ in H* which is independent of .%;, we have, for almost all w € €2,

(a) (existence) There exists u := u® € Ar(s) := C(0,T; H*) N L?(0, T; H*1) satisfying the
relation

u(t) :u0+[()t(Lus+f(us)) ds+¢(t) forallte[0,T] (1-17)

in H5~1. We denote this solution by u(, ug) := u®(t,ug).
(b) (uniqueness) If u1,u> € A7 (s) are two solutions in the sense of (1-17), then u; = u5 on [0, T'].

(2) (continuity with respect to initial data) For almost all w, we have

lim/u(-,uo)zu(-,u()) in Az (s), (1-18)

u()—>u0
where 1 and u6 are deterministic data in H*.
(3) The process (w,t) — u®(t) is adapted to the filtration o (1o, %;).

Remark 1.8. In what follows we call (H*~!, H*, H*T1) a Gelfand triple. The process u, described in
Definition 1.7 satisfies the following properties:
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 Considered as a process in H?, it is progressively measurable with respect to o (1g, %;); this follows
from the continuity of #; and Lemma 1.5.

o It satisfies the Feller property, being continuous in ¢ and with respect to initial data.

¢ It is a Markov process: Set
Pi(w,T) :=Pu(t,w) e T |u(0) =w);

then P; satisfies the so-called Chapman—Kolmogorov relation. Let us write down the corresponding
Markov semigroups:

BSO)= [ S@P.dw), CoH) > o), (119

W) = [ u@u)Pw ). p(H) > p(H) (120

Here, Cp (H?) is the space of bounded continuous functions on H*, and p(H®) is the set of probability
measures on H?*. These maps satisfy the duality relation

(Be fo1) = (fLB7 1) (1-21)

Now, let us introduce the following definition:
Definition 1.9. We say that (1-16) has the Itd property on the Gelfand triple (H*~, HS, H*T1) if

(1) it is stochastically well-posed on H?;
(2) the process h := Lu + f(u) is .%;-adapted and

P( /0 () 24y + THYIPy) dr < 00

for all 7 > 0) =1, Y m*} <oo. (1-22)

meZ

Remark 1.10. Our definition of the Itd property is different from what we find in some literature. But
the interest of our choice is that part (2) gathers “good” properties of a process allowing us to apply a
version of the Itd6 formula proved in Section A.7 (Theorem A.7.5 and Corollary A.7.6) of [Kuksin and
Shirikyan 2012]. Below, we present that formula.

Theorem 1.11 [Kuksin and Shirikyan 2012, Section A.7]. Let F € C 2(H 5, R) be a functional which is
uniformly continuous, together with its first two derivatives, on any ball of H®. Suppose that F satisfies
the following conditions:

(1) There is a function K : Ry — Ry such that
VuF(u, )| < K(ulls) llull 1 lvlls—1. ue HHY ve BT (1-23)
(2) For any sequence {wy} C H*T1 converging toward w € H*T and any v € H~1, we have

VuF(wg,v) > Vy F(w,v) ask — oo. (1-24)
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3 t
¥ Zafn[E/ VuF(u.em)|*ds < oo forallt >0. (1-25)
0

meZz

Then we have
t
Fu() = Fu(0)) + /0 (BuF(u(s), Fo)+1 Y 2w, gm)) n
mezZ ¢
+ Z/(; 0 F(u(s), gm) dBm(s).

mezZ

(1-26)

In particular,

t
EF(u(t)) = EF (u(0)) —i—/(; [E(auF(u(s), f(s))+ % Z 8§F(u(s),gm)) ds. (1-27)

meZ

If one omits (1-25), then we have the formula (1-26) in which t is replaced by the stopping time t N Ty,
where

T, =inf{t > 0| |lu@®)|s >n}, neN, (1-28)

with the convention inf & = +o0.

2. Deterministic estimates

Conservation laws. Following [Tzvetkov and Visciglia 2014], we define the following subsets of C *°(T):
P ={0%u | 0fHu, o € N},
Py ={(0%' Z1u) (0P Zou) | €N, Z; €{1d, H}}.

Let us define in a generic manner the sets &7, n > 3, containing the functions of the form

k k
pn(u):HZi(pji(u)), where Z;e{ld, H}, Zji:n, pj; €Zj;, 2<k=n, ji<n. (2-1)
1

i=1

To a function pj, (u) of the form (2-1) we associate the function

k
Pn) =T ] pji ), (2-2)
i=1
and we set the quantities
n
S(p) =Y. M(p) = ma o
1=

The following is a description given in [Tzvetkov and Visciglia 2014] for the integer-order remainder

terms:
Riw= Y ol [ s+ 3 ) [ 00 @3
p(u)ezs p(W)eP;,j=3,...,2n+2
Pw)y=ud? " udlu S(p(u))=2n—j+2

M(p(u))<n—1
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where ¢, (p) are some constants. The first three integer-order conservation laws are

Eot) = [
El(u)=/(8xu)2+%/u2H axu+%/u4,

Ea(u) = /(afcu)2 - % /((axu)ZH dcu +2PuH 8xu)

2 [ (502 @)% + P (H dx0)? + 2uH (930 H 1 0,0))
5 4 2.8 1 6
+/(32u H(@xu) + 350 H(u axu>)+48/u :

Estimates. Let us give some properties for the integer-order conservation laws of the Benjamin—Ono
equation.

Lemma 2.1. For any integer n > 1, there are ¢, , c;} > 0 such that for all u in H"(T)

slulls = ul? 2 < En(u) < 2fully + ¢ [u]?" 2. (2-4)
Lemma 2.2. For all € > 0, there is C¢ > 0 such that for all u in H"T1(T)

Ep(u, 92u) < (=24 ) [[ull 41 + Cellul (1 + [lu])®",
where by, depends only on n.

Remark 2.3. Since the L2-norm is preserved by (1-1) we can deduce from (2-4) and the arguments of
the proof of Lemma 2.2, by adding appropriate polynomials of ||u||, new conservation laws E,; (1) and
En (u) satisfying

0= ull; < E;@). 0= |ul} < Ej ().

Inequalities (2-4) can be established using arguments similar to those of the proof of Lemma 2.2.

Proof of Lemma 2.2. Taking into account of the properties of the Hilbert transform such as continuity on
H* and L? (s > 0, p €]1, 00[), we can neglect its effect for our purpose and just consider the functions

R,i(u)=/u8§_lu N,

J J
R,zl’j(u) = / Haﬁ"u, Jj=3,....2n+2, Za,- =2n+2—j.
i=1 i=1
Here R} (u) corresponds to the first term of (2-3) and the second term of (2-3) can be estimated considering
the quantities R,%’j (u). Set
Ry = llully.

Estimates concerning RY.
0u Ry (1, 03u) = =2{Jull5 4, (2-5)
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Estimates concerning R,i.
O R (u,02u) = / 2w 0" 9%+ / u Ty 9%+ / ud ty n 2y
= / 2u " " u —/ dxu 0" Ty "ty
= 2] 2w " 9"y + f xu(@u)> =1+11.

Let y;, i =1,2,3, be three positive numbers satisfying Z?zl % = 1. We apply the generalized Holder
formula with them to find
1] < 19%ull L 195 ullLyz |95ulLrs.

By the embedding inequality |- ||z» < |- ||1_1, we get
Vi

1_
2
(VS lells o Tl eyt

Now interpolate between L? and H"*! to find

n

d —d
1] < Cyllullyy ]9,
where
2n+3

dy= -T2 o
YT+

One can establish the same control (with the same d1) for | /]| by remarking that
(n+1-DH42n+1—n—1/4)

2 2
(TS Nully 19%ulze < Neella el o < Mol B el

Then for suitable by
19 RY (u, 32u)| < eflu|? g + Cllu]®". (2-6)

. ; 2,j
Estimates concerning Ry’ .

J
0] B0 = [ []0%u, j=3....m 42
i=1

where sz=1 o =2n—j +4and maxi<j<jo; <n+1.
We follow two complementary cases:

Case 1: maxj<j<;ja; <n. Let (y;) be j real numbers such that le -1 % = 1. Then the generalized

Holder formula combined with usual interpolation inequalities shows

J
0w R (u, %) < C [T el -
i=1

where k; = % + «;. Then

1
Yi
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"+1_Ki

. J ki
10w R/ (u, 0%00)| < C [T Ml =77 [lull 55

i=1

‘We remark now that

Then

i . =2n+3_%<2.
i:1n+l n+1

Thus for suitable b5,
|90 R2 (u, P2u)| < ellu|?yq + C2lul®>.

Case 2: o1 =n + 1. Then le:zai =n—j +3 <n, and we have

| ) :
ok 0 < b [ T1020)
=2

Take again (y;) such that le —, 5~ = 1. Then

1
Vi

j
18 Ry (u, 83200 < ull1 [T 195 2ll 2

i=2
/ 1 1

= ||u||”+1 l_[ ||u||lci7 Ki = 5— W + o,
i=2 i

K

J n+1—«k; ﬁ
< oellgr TT el 7 uell 5
i=2

Since Z{:z ki=n-+2— % <n+ %, we have ﬁ Z{:z k; < 1 and the existence of a suitable b3 such
that

|00 R2 (u, P2u)| < ellu|?yq + C2llul®. 2-7)

Combining (2-5), (2-6) and (2-7) with a good choice of €, we have the claim. O

3. IVP of the stochastic BOB equation

Consider the initial value problem concerning the stochastic BOB equation (1-3)

Ou+ H PPu+udyu =adu+Jan, t>0,

(3-1
Ulr=0 = ug.

Recall that, for s > 0,
Ay = Z mzsk,zn.

mezZ
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These quantities measure the regularity in space of the noise. Namely,
Ay < +oo < 1n(t,-) € H"

Stochastic well-posedness, well-structuredness.

Proposition 3.1. Let s > 2 be an integer. Suppose As is finite. Then the problem (3-1) is stochastically
globally well-posed in H* (T) in the sense of Definition 1.7.

In order to prove the existence result in Proposition 3.1, we split the problem (3-1) as follows:

¢ A linear stochastic problem:

{a,za + H 022y =0 0%z + Jan, t>0, (3-2)
Za|t=0 = 0.
¢ A nonlinear deterministic problem:
{3,U+H8§v+(v+za)3x(v+za)=oz8)26v, t>0, (3.3)
V|r=0 = Uop.

Here z,, is a realization of a solution of (3-2).

For zy and v respective solutions of (3-2) and (3-3), it is easy to see that u = v + z, is a solution of
(3-1). The linear problem (3-2) is solved by the stochastic convolution (see the subsection on page 1845)

zZa(t) = Vo /O - R di(s) =: Jaz(t). (3-4)

Remark that, as defined, the function z still depends on «. But all its Sobolev norms are uniformly
controlled with respect to «; this justifies that abuse of notation.
If, for some s > 0, A; is finite, then we have for all 7 > 0

zeAr(s):=C(0,T], H(T))N L%([0, T], H*TY(T)) for P-ae. w € Q. (3-5)

Uniqueness of solution for the problem (3-2) is obtained by standard arguments. Moreover, if we suppose
Ay, finite, we can apply the It6 formula to the H”-norms (which are preserved by the linear Benjamin-Ono
equation) to find that

t
Ellze |17 +2a/ Ellza 741 ds = Ant. (3-6)
0
Denoting by z™ the projection (z, ey, ), we have that

t
Zm([) — Am/ emz(t—s)(l sgn(m)—a) dﬂm(s).
0

Since the function s — ¢’ (=9)(isen(m—a) i C1 e employ a usual (stochastic) integration by parts
formula to obtain

t
2™(t) = A B (1) + m? (i sgn(m) — &) A, / M (t=)(isgn(m)—) g ()¢ .
0
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Then we arrive at

sup [z (1)> <2AZ[1+ (1 —a)?m*T?] sup |Bm()]* <2251 +m*T?] sup |Bm (D).
t€[0,T] t€[0,T] t€[0,T]

After summing in m, we arrive at

sup z()I* <7 sup [IK(0)]3
t€(0,T] t€l0,T]

More generally, for any m such that A, 4, is finite, we have

sup [lz)2 <7 sup [0,

t€l0,T] t€l0,T1]
and finally
sup |lzo()IIZ, ST sup [1E(0)]12, 4 (3-7)
te[0,T] t€l0,T]

Proposition 3.2. Let s > 2 be an integer, and suppose Ag < 0o. Let ug be a random variable in H*(T)
independent of %;. Then for any T > 0, for a.e. w, the nonlinear problem (3-3) associated to uy admits a
solution in A1 (s). Moreover the process solution is adapted to o (ug, Fr).

Proposition 3.2 is proved combining the two paragraphs below:
A priori estimates. The following lemma is proved using the first three integer-order (modified) conserva-

tion laws E;(u) of the Remark 2.3, its proof is presented in the Appendix.

Lemma 3.3. Forany T > 0, for almost any realization of z we have the following a priori estimates for
the nonlinear problem (3-3):

T
teS[léPT] lo@)117 +06/0 @741 dt < C(T, luolli, 12 poogo,rsmi))s i =0.1,2,  (3-8)
where C does not depend on o € (0, 1).

Since H?(T) is continuously embedded in C 1(T), we infer:
Corollary 3.4. For any T > 0, for almost any realization of z, and for any initial datum uog € H?, a

solution v to (3-3) satisfies

sup [[0xv(t)|[Lee = C(T, uoll2. Izl Lo (0,7;52))- (3-9)
t€[0,T]

where C does not depend on o € (0, 1).

Lemma 3.5. For any T > 0, for any integer s > 2, and for almost any realization of z we have the
higher-order a priori estimate for (3-3)

T
sup [u(0)] +04/ l0@)§41 dt < C(T, luolls, 1zl Looo,7:25)), (3-10)
t€[0,T7] 0
where C does not depend on o € (0, 1).

Before giving the proof of the estimate (3-10), let us prove the following commutator estimate:
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Lemma 3.6. Let s > 3 be an integer and v be in H*T1. We have
1[0, v1oxvll < lvll2 [v]ls, (3-11)
where [03., V]0xv = 05, (v 0xv) — v 05 (5 V).

Proof. By the Leibniz rule we have

S

(35, vlao = 3 () )okv a5t o,
k=1

We separate the above sum into three general terms:

(1) We have k € {1, s} if and only if the general term is d,v35.v. By using the embedding H! C L,
we have the inequality

100 a5 vl < llvll2 [lv]ls.
(2) We have k € {2, 5 — 1} if and only if the general term is 32v 35~ 1v. We have (always by H! C L*)
1030 957 vl < il 1vlls.

(3) When s > 5 we have the last situation, whichis 3 <k <s—2;wehavethen3<s+1—-k <s-—2
as well. We estimate the corresponding general term as follows:

k s+1—k s—k;l k—21 k—21 s—k;l
950 0 I < ollet1 lvlls+1—k < lvll,*™> Mvlls™ vl lvlls ™= = llvli2 f[vlls
We complete the proof after taking a weighted sum of these terms. O

Proof of the estimate (3-10). We recall the nonlinear equation satisfied by v
v+ H 83261) -« 8)261) = —V0xV—0x(VzZg)— %ang.
Then for an integer s > 2, we have
(050, 950,v) + (35 v, 35 v) = —(85v, 85.(v 0xv)) — (35, BT (vza)) +2 (05T 10, 0522).

=+ 0,05 (vz4))

Therefore
LocvI2 +allvlZey =1 + 11 + 111,

Using the commutator estimate (3-11) and the algebra structure of H*(T), we have
7] = [(0%v, 05 (v dxv) — 0050, v) + (I5v, v 050, V)|
= (350, [35. v]dxv) — L (@xv, 3507
< ol Ivllz-
By Cauchy-Schwarz and the algebra structure of H*, we have

[T+ 1| < gelvlfyg + Cullvlf 1215 + Caellz 5,
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where C1 and C; depend only on s. It remains to combine the Gronwall lemma with (3-8) to get the
claim. O

Local and global existence for the nonlinear problem (3-3). Let s > 2. For a positive T the space A (s)
is endowed with the norm defined by

, , :
lullap = sup (e—T{||u<z>||§+a /0 ||u<r>||§+1dr}) . (3-12)

t€[0,T]
Let R > 0; denote by Bpg the ball in H® of center 0 and radius R.

Remark 3.7. The factor e~ 7 in (3-12) is introduced just for convenience in the computations. The norm
defined in (3-12) is actually equivalent to the one without that factor.

Proposition 3.8. Lets > 2 and o € (0, 1). For all R > 0, there is Tg > 0 such that for any ug in B R, the
nonlinear problem (3-3) has a unique solution in At (s).

Remark 3.9. We combine the local existence of Proposition 3.8, Lemma 3.3, and estimate (3-10) to get
the global existence for (3-3).

Proof of Proposition 3.8. Let us look for a fixed point of the map

t
Fv = ot (H—a) axzuo _/ o~ (=) (H—a) 3x2(za + ) x(zq + V) ds.
0

We proceed as follows:

Step 1: We prove that for any R > 0, there is 7' > 0 such that the ball Bt of A7 (s) centered at 0 and of
radius R satisfies §(Br,s) C Bt if ||uolls < %R:

13012 = ~@ D50, D*F )

= —((H @) D**13(0), D*F1§(0)) + 2 (D (za + )2, D H1F(0)
> aF0) 241 — 5z + oI [T W) s+

C
> l[§0) 241 = SIFOIE 41 — £ (zallt + 101D

Then there is an universal constant ¢ > 0 such that

d 2
T IBOIE +alF@)I54 = eT (R + zally 1 5)-

<
o

Thus, after integration with respect to ¢, we find

¢ -
T -
152+ /0 13241 ds < Juoll? + S-eT (R + lzallh )

Multiplying the last relation by e_%, it remains to choose 7 small enough so that we obtain the claimed
result.
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Step 2: We now prove that § is a contraction on the ball constructed above. We have
0150 = —{(v+2q) 0x (v + zo) + (H — ) angv}-

Then for vy and v, in A7 (s), we have

1d

—5 77 801 = 02§ = =3 D* (Fv1 = Fv2). D* (Fv1 — Fv2)

= (D*(Fz(v1) — F; (v2)), D* T (Fv1 — Fv2)) + || Fv1 — Fv2 |24,
where

Fz(v) = 5(2a +v)*.
We show easily that

ID*(Fz(v1) = Fz(v2) > < C(s)[lvi — w2/ 2(lv1 + v2[2 + |1z [12)-

This allows us to get that

1d C(s)

2dt

lvr —va )| 2(Jv1 + v22 + za]l?)
C(s)(4R? + ||

o

o
[Fv1 — Fv22 + §||3U1 —FvallZ; < o

T(S))

€1
<er

2
vr — U2||AT(S)-
After integration in ¢, we find

CEHUER +||za]3, )

o

t
2 2 £ 2
[0~ S0al + o [ 1501 =Sl ds < T o1 = 0212, )

We multiply this inequality by e_%; the T found in the first step can be decreased if necessary to give a
contraction.

We conclude by using the fixed point theorem. O

Remark 3.10. By definition, v is o (ug, %;)-adapted. Then the process u = v + z4 is continuous and
o(ug, F#¢)-adapted. Thanks to Lemma 1.5, the process u is progressively measurable with respect to that
filtration.

End of the proof of Proposition 3.1, the well-posedness of (1-3). Let u; and up be two solutions of (1-3)
starting respectively at u1,0 and u3 o, and set w = u1 — uy; then the problem solved by w is

w+ (H —a) 2w + w dxw + dx (wuz) =0,
{w|t=0 =U1,0 —U2,0 =: Wo.
Using the arguments of the proof of (3-10), we show
T
tes[lépT] w3 +<x/0 lw(P) 341 dr < C (@, T, [8xwllzooo,7:Lo); 12| Loogo, 7:15)) llwol3 -

Hence follow the uniqueness and the continuity with respect to initial data. O
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The stochastic well-posedness that we just established combined with the estimates (3-8) and the
equation (3-10) implies the following:

Proposition 3.11. Let j > 2. Suppose A; finite. Then (1-3) is well-structured on the Gelfand triple
(H/=Y, H/, H/ ) in the sense of Definition 1.9.

Probabilistic estimates and proof of Lemma 1.1.

Exponential control of the L?-norm.

Proposition 3.12. Let p > 1. Then the functional E§ (u) = ||u||?? satisfies the conditions of Theorem 1.11
on the Gelfand triple (H=1, L% H").

Proof. Thanks to the polynomial nature of E(I)) (1) on L2, the uniform continuity on bounded sets and the
conditions (1-23) and (1-24) follow easily. We confine ourself to the proof of (1-25). The argument we
use, to this end, is the following: As we have already shown, the solution of (1-3) can be represented as
the sum of a linear part and a nonlinear part. Now we will show that the nonlinear part can be controlled
by the initial datum and an “exponential of the averaged linear part”. On the other hand, we show that the
linear part is exponentially controlled; then we get the needed control on the initial solution u.

Control of the nonlinear part v. In this part we prove that for all r,e >0 and p > 1

en rr r p
()27 < o T2 2 3 10zl oo ds (||u0||2 ; / ||za||‘1‘ds) | (3-13)
0

where f(r,e, p) = %(21’ + é) Indeed, multiplying (3-3) by v and integrating in x, one obtains

|

[v]|? + a|[v]|? = —(v, 3x (vZa)) — (v, Za IxZ4)

N —
QU

t
- %[(v, vdxZa) + (v, 0x22)]

1
= Slvllvzall + vlllzl]

r 2, €012 2 Iy 2,1 4
< Lol + )2 13 zalFoo + HIDIP + § Izl

Then we use the Gronwall lemma, choose ¢ = r and take the resulting inequality to the power p to arrive
at the claim.

Exponential control of the linear part. Now, the linear part of the solution satisfies the estimate
Eet folzal3ds < 3 (3-14)
where € > 0 is small enough. Indeed, by applying the It6 formula to ||z ||§p for p > 1 we have

Afpp
kP

t AP )2
() [ aul? as) < 2127
0 kP

Ellza |3 < (3-15)

Integrating in ¢, we find




1858 MOUHAMADOU SY

Thanks to Jensen’s inequality, we infer

(4 [l as) < 42"

Now, let 0 < € <x/(2A1e); then we have

t
LRI
p! ~ 2PePp!’

We recall that for any integer p > 0, we have that p! > (%)p ; then we arrive at the claimed result.

Control of the quadratic variation of E ?(u). We have that

> a, [E/ |0 (E) (. em)|* ds Sp Y ap, [E/ || *PV|(u, em)|? ds

m=>0 mez
t
4p—2 4p—2 4p—2
sp[Efo Il *r2ds %5 E [ (1ol + lzal72) s

Set g = 4p — 2; one sees, with the use of the estimate (3-15) (or just by invoking the Fernique theorem),
that

t
[E/ Iz||4ds < oo forany > 0.
0

Now we use the estimate (3-13); then, for any € > 0,

s s q
Ny R P e (T N &
0

Then for any § > 0, we use the Young inequality to find

t t Se s s q(1+8)
[E/ lus)|? ds §/ ef(s,e,q)E[eQ(lgt 2 [ 10xzall? sodr + (HMOHZ +/ ||Za||‘1ld”) :|ds.
0 0 0

Rg.505)

One uses the estimate (3-15) to bound ER 5(s) by C, 5(1 + s748)) " On the other hand, for any § > 0
we choose € > 0 small enough so that one can use the estimate (3-14) and the embedding H? C L™ to

get the bound
[E 217((13;‘1—5)6 f()v

¢ 10xzal? o dr < 3.

Then we get
t t
[E[ v |22 ds < / e/ 6P (1 4 39049y g < 00 forallt > 0. O
0 0

Proposition 3.13. Let u be the solution of (3-1):
(1) Suppose that EEy(ug) < 00; then

t
EEo(u) + 2a/ Ellu(s)||? ds = EEo(uo) + aAot. (3-16)
0
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(2) Let p > 1. Suppose that [EEé’(uO) < 00; then
EES (u) < e P*'EE] (uo) + pP AL. (3-17)

Proof. The identity (3-16) is easily proven by applying the 1t6 formula to the conservation law Eq(u).
Let us prove (3-17):
For p > 1, we apply the It6 formula to Eé’ (u) to find

_ o —1 _
dED (u) = pEL ™" (w)dEo(u) + %Eé’ 2u) Y A2 Eg(u, em)Pdt.

mezZ

Taking the expectation, we get

t
[EEé’(u) + [E/0 fa(u(s))ds = [EEé)(uO),

where

- - ap(p—1) _p—
Ja() = 2paEg " )ull = apES ™" () Ao — === E¢ () 3 AL Egu. em)|*

mezZ

Let us set

0 = pEE ') 4o + p(p—_l)Eé’_z(u) > AZIEg(u.em) .

2 meZ
Remarking that

> AZIEj(u.em)|? <240 Eo(u),

meZ
we get, with the use of the Young inequality, the estimate

p*r

0 <eEf(u)+ AL

ep—1
On the other hand

-1
PeES™ )|ullf = paEg ().
Choosing € = p, we see that
E fo(u) > pa[EEé’(u) — pp+1A0poe.
Then

t

EEY (u) + pa/ EES (u(s)) ds <EEE (uo) + pP T Abat.
0
Gronwall’s lemma gives the claimed result. O

Control of higher-order Sobolev norms. The polynomial nature of the Benjamin—Ono conservation
laws E; allows to establish the following result:

Proposition 3.14. Let j > 1, then the functional E; satisfies the conditions (1-23) and (1-24) of
Theorem 1.11 on the triple (H/~\, H/, H/T1).

In view of this result the “stopping time” version of the It6 formula (1-26) applies to the functionals E;.
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Theorem 3.15. Let j > 1 be an integer. Suppose A; is finite. There are 8; > 0, y; > 0 such that for any
solution u of (3-1) in H? issued from ug € H? which satisfies EE;(uo) < 0o, we have

t
[EEj(”)+04/O [E||”||12'+1ds ; /
E[EEj(uo)—i-aAj(H‘Cj/ [E||u||,2-ds+yj/ Euel| (1 + [ful)® ds), (3-18)
0 0

where c; depends only on j.

Proof. The fact that E;(u) is preserved by the BO equation translates into
0wEj(u,—H Biu —udxu)=0.

Setting the Markov time 7, = inf{t > 0, ||u(¢)||; > n} and applying the It6 formula (1-26), we get

tAT),
E;j(u(t Aty)) = E;(uo) +a/ (aqu (u, %u) + % > A% 0%E;(u. em)) ds
0

mez AT,

+ Z/\m/ aqu(u»em) dBm(s).
meZ 0
Then by the Doob optional stopping theorem, Theorem 1.4, we have

AT,
EE; (u(t A tn)) = EE; (uo) +a[E/ (auE,- (u, 32u) + % Z A2, 02E; (u, em))ds.
0 mez
Using the monotone convergence theorem, we arrive at
t 1
EE; (u(t)) = EE; (uo) —I—oz[E/ (aqu(u, 32u) + 3 Z A2 O2E; (u,em)) ds.
0 mezZ
By Lemma 2.2, we have

0 Ej(u, 0%u) < —l[ull?y; + Pi(lul). (3-19)

where P; is the polynomial of Lemma 2.2. Following the arguments of the proof of Lemma 2.2, we
establish that

10%.E) u,em)| < c;m™ ([[ull + Q; (llull). (3-20)

where Q;(r) =q;r(1+ rki q 7 and k; depend only on j. Then take the expectation and combine (3-19)
with (3-20) to get the claim. O

Now we are able to give the proof of Lemma 1.1.

Proof of Lemma 1.1. Let u be a stationary solution to (1-3) which satisfies the integrability assumption
(1-4), and suppose that A; is finite for any j. Recall the estimate

EEj(u) < Eull? + ¢, Elluf®/ 2. (3-21)

Then using the integrability assumption (1-4), we see that EE; () is finite as soon as [E||u|| 12 < 0.
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Note that, by the stationarity of u, the estimates (3-18) become (under the assumption that EE; () is
finite)

Ellull? s < Aj [+ ¢ Eull} + vy Ellull (1 + [l ] (3-22)
since the distribution do not depend on . We are going to argue by induction. Note that the needed
induction property is given by the combination of (3-22) and (3-21) because they give at the same time
the finiteness of EE; (1) and the control of E|u ||J2 41 as soon as [Efu ||J2 is finite. Moreover if (1-4) holds
uniformly in « then so does E||u ||12. 1 once the control on Ef[u|| Jz is uniform in «. It remains to prove the

initial step, namely E|ju ||% is finite and does not depend on «. But using again the integrability assumption
at the order p = 2, the stationarity of u combined with the estimate (3-16) gives

Ao
Ellulli = = -

4. Stationary measures for the viscous problem

Consider the stochastic BOB problem (1-3) posed on H 2(T). By the estimates (3-16), (3-17) and
Theorem 3.15, we have

t
EEo(u) + 2oz/ Ellu||? ds = EEq(uo) + adot,
0
EEY () < e P EEY (ug) + Cp AL,
t t t
[EEl(u)—i—a[ [E||u||§ds5[EEl(uo)+a(A1t+c1/ [E||u||%ds+/ [EW1(||u||)ds),
0 0 0

t t t
EE>(u) +a/ [E||u||§ ds <EE>(up) +oz(A2t + 62/ [E||u||§ ds -I—/ EWL(||u]) ds),
0 0 0

where W) and W, are the polynomials resulting from the estimate (3-18); their expectation is controlled
using the second estimate. Now suppose u#p = 0 almost surely; then by an induction argument, we get

t
EE>(u) +a/ Ellu|3 ds < aCt,
0
where C is universal. Now in view of Remark 2.3, we can suppose E, (1) > 0 (indeed, adding ¢ ||u||® to

E>(u) we find a similar estimate). Then

t
%/ Ellul2ds < C. @-1)
0

where C is, in particular, independent of ¢. Denote by A4(¢) the law of the solution u(¢) to (1-3) starting
at 0, and consider the time average

_ t
o (1) = %/0 A (5) ds.
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Using the estimate (4-1), we show

[ i@ <c. 2
H?2
Then by the Chebyshev inequality we have

7 C

Aa@)({llulls > R}) = 5 forany R > 0.

Thus the compactness of the embedding H3(T) C H?(T) combined with the Prokhorov theorem implies
that the family {14 (¢) | # > 0} is compact with respect to the weak topology of H?2. Then for any o we
denote by 1y an accumulation point at infinity of the above family. The classical Bogoliubov—Krylov
argument implies that jy is a stationary measure for (1-3). Passing to the limit # — oo in (4-2) (using
an approximation argument), we see that jy(H?3) = 1 for any «. We summarize these results in the
following statement:

Proposition 4.1. For any o € (0, 1), the stochastic BOB equation (1-3) posed in H?(T) has a stationary

measure Lo concentrated on H3(T).

Theorem 4.2. Let a € (0, 1). Suppose that Ay, is finite for any n. Then any stationary measure jLy of the
problem (1-3) posed in H2(T) satisfies

A
[l ot = 52, 3
H2(T) 2
/ [u]|*? e (du) < ppAg forany 1 < p < o0, (4-4)
H2(T)
/ ]2 jtadu) < Dy foranyn = 2. 4-5)
H2(T)

where, for any n, Dy, does not depend on (t, @).

Proof. 1t suffices to prove (4-4) since then the estimate (4-5) follows from Lemma 1.1. We combine
(3-16) and the stationarity of u to get (4-3). Let us prove (4-4).
To this end, let R > 0. Consider a C *°-function y g satisfying

1 if |lull2 <R,

u) =
ARG {0 if Jully > R+ 1.

Let p > 1; we have
/ Eg (u) xR (u) pa(du) =/ E{EG (u(t,v)) xr(u(t, v))}1ta(dV), (4-6)
H?2 H?2

where u( -, v) is the solution of (1-3) starting at v. We pass to the limit # — oo in the right-hand side of
(4-6), and using (3-17) (u is in the ball of size R) and the stationarity of uy, we find

| B8 1o gt < p7 47,

Now Fatou’s lemma allows to conclude. O
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Corollary 4.3. Let ¢ € (0,1). Suppose A, < oo for any n. Then any stationary measure [Ly for the
stochastic BOB problem (1-3) posed in H2(T) is concentrated on C*°(T).

Proof. Let n > 2. Combining the estimate (4-5) and the Chebyshev inequality we find

D
Hallu € H? | Julls = RY < 5.

Setting By, (0, R) to be the ball in H” of center 0 and radius R, we have

D
[ 18, (0,R) (W) ia(du) = po(Bn(0. R)) > 1— —~.
H?2 R
Passing to the limit on R (with the use of the Lebesgue convergence theorem), we get

palH" (D) = 1.
Thus
= o () H7D) = pa(C =D 0
n>2

5. Invariant measure for the BO equation

In this section, S; : H3(T) — H3(T), t > 0, denotes the flow of the Benjamin—Ono equation (1-1). The
map S; o : H> — H? denotes the one of the stochastic Benjamin—-Ono—Burgers equation (1-3). We
denote by ¢;, ¢;, dr.a. ¢;ﬁ « the associated Markov semigroups, respectively. We suppose in what follows
that A, < oo for any n > 0.

Some convergence results of the stochastic BOB equation to the BO equation.

Lemma 5.1. Forany T > 0. For any w € H3(T), we have, P-almost surely,

sup [|Srqw—Siw|2 >0 asa — 0.
t€[0,T]

Proof. We write
[Staw —Sewll2 = ||v+za = Stwl2 < [[v—Siwll2 + [ zal2,

where

t
za(t) = Va / e~ IH=DR 4¢(5) = az (1)
0
and v is the solution of
8tv+H3)2Cv+(v+za) ax(v+za):a8§v, (5-1)
V=0 = W. (5'2)

Thanks to the estimate (3-7), we have that sup,¢[o.77 Zal2 = /@ sup;jo 77 |2 ]l2, where the quantity
sup;efo, 7] IIZ[l2 does not depend on «. Setting 1 = v — S;w, we have

sup [|Sz.ow —S;wll2 < sup [[All2 + v sup [z]2.
t€[0,T] t€l0,T] t€[0,T]
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We claim that sup;po 77 12]12 = O(+/a). Indeed using the estimate (3-10) and the H 3-conservation law,
we show that

113 < il 1113 < C(T. wllpooqor:3): Iz )AL
Taking the difference between (5-1) and the BO equation (1-1), we see that h satisfies
Oth+ HPZh+hdxh = —0x(hS;w) — 05 (VZ) — Zg OxZa-
We multiply the above equation by / and we integrate on T to get
O llhl|? = 5 (h*, 3xSiw) — (h, 0x (vza)) — 5 (h, dxzg).
By the Cauchy—Schwarz inequality and the algebra structure of H! we find
Iellhll® < Z IRl 185 Sewllzoo + 51212 + ClolIT lza T + Z AN + ZllzallT

< 31A1P([0xSiwlLes +3) + Ca sup [lvl[f sup |z|If+ ® sup |z|.
t€[0,T] t€[0,T] t€[0,T]

Using the H2-conservation law, we control ||S;w|| Loo(0,T;H3/2+) (Which does not depend on «) and
[lvllLoo(o, 71y (see the estimate (3-8)). It remains to apply the Gronwall lemma to get the claim. O

Lemma 5.2. Forall T, R,r > 0, we have

sup  sup E[[St.aw = Stwll2Lijz), co g 7.2y <rt] = OrT (V00).
weB(0,R) t€[0,T] e

Here B(0, R) is the ball in H3(T) of center 0 and radius R.
Proof.

E[l1Sr.aw = Siwl21gz), o 1. py2, <rt] = /Q 1St.aw = Sewll2l)z), o g 1. 2y <r3 (@) dP(@)

5/Q[||h||2+rJ&]1{||Z||LOO(0’T;H2)5,}(60)d[P’(a)),

where 1 = v—S;w as before. The arguments of the proof of Lemma 5.1 allow to see that sup,¢[o 77 |12]]2 <
CR.r.T +/c. This gives the claimed result. O

An accumulation point for the viscous stationary measures. In what follows we denote by M (H 3) the
space of probability measures on H 3.

Theorem 5.3. For any sequence (o )ren C (0, 1) converging to 0 as k — oo, there is a subsequence
(k) and € M (H?3) such that

o limg o0 oy ) = I in the weak topology of H3,

e 1 is invariant under the flow of the Benjamin—Ono equation in H3(T),

* w is concentrated on C*°(T),
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* L satisfies

A
[l e =2 (5:3)
H3('[|—) 2
/ u]|?? w(du) < ppAg forany 1 < p < oo, (5-4)
H3(T)
/ Jul|? p(du) < oo forn > 2. (5-5)
H3(T)

Proof. The proof consists in the following four steps:

(1) Existence of an accumulation point p. The estimate (4-5) with n = 4 implies the tightness of the
sequence of measures (ig) in H3(T) and, by the Prokhorov theorem, the existence of the claimed
accumulation point 1 on H3(T).

(2) Invariance of x under the Benjamin—Ono flow. Denote by (jiq, )k en @ subsequence of (i) converging
to p (with limg o x = 0); to simplify the notations we write py instead. The corresponding flow and
Markov semigroup will be denoted S; x and ¢; .

The following diagram represents the idea of proof of the invariance of wu:

¢))

ﬁﬂ%___w
(I1I) l l 197))
av)
o7 1 0

The equality (7) is the invariance of jx by ¢; x, and (/]) is proved above. Then (/V') is proved once
(117) is checked.

Let f be a real bounded Lipschitz function on H?(T). Without loss of generality assume that f is
bounded by 1. Then

(D sthes )= (b7 1, 1) = (i, e /) — (0, b f)

= (ks Ge i | —Pe f)— (0 — pie, be f)
= A— B.

The term B converges to 0 as k — oo by the weak convergence of () to . And for any R > 0

A1= [ LS = £l patdw)
[ ESSiaw) — (S el + [
B(0,R)

Bl f (St pw) — f(Siw)| g (dw)
H3\B(0,R)

= A1 + As.

Recalling that f is bounded by 1, we get by the Chebyshev inequality

C
Az <2ux (H\B(0, R)) < = (5-6)
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where C is finite and does not depend on k (estimate (4-5)). Denote by L H )% the space L (0, T'; H?).
Let r > 0. We have

A= [ Suw) = FSLa, o <ri] i)
B(0,R) 7o Hx
+ E[1f(Stkw) = F(Sew)|Lgz), oo, n>ry] Hik(dw) = Ar1 + A1 2.
B(0,R) LPOH}
As before, since f is bounded by 1, we use (3-6) and Chebyshev’s inequality to get

< =
A1,2_ 5

On the other hand, since f is Lipschitz on H 2 we have
A1 <Cy / E[ IS ew— Stw||21{||z||LooH2§r}] pi (dw)
B(0,R) X

<Cr sup E[Seew—Siwlalyzy, o 0 <r3]:
weB(0,R) t X

where Cy is the Lipschitz constant of f.
According to Lemma 5.2, we find

A11 S CrR T /-

Finally, we arrive at

1 1
|A| < CtRr,r, 7~/ + Const(T) (r_2 + ﬁ)
where Const does not depend on k. We get the desired result after passing to the limits in the order

k—o00, R,r— o0.

(3) The estimates for the measure 1. Denoting by y g a bump function on the ball B(0, R) of H3(T),
by (4-3) we have

Ao
[ xr@)IR it < 2.
H3 2
Passing to the limit K — co we find
Ao
[N CITOEES
H3 2

Then Fatou’s lemma gives
Ao
Elul = [ 1ol i) = 5. 57
H3 2

We proceed similarly to show (5-4) and (5-5).
Now we write

Ao
= wBm@ [ el )
B(0,R) H3\B(0,R)



INVARIANT MEASURE FOR THE BENJAMIN-ONO EQUATION 1867
We use the Cauchy—Schwarz and Chebyshev inequalities to show that
2 2
/ e ) = [ g R0 e )
H3\B(0,R) H3

E[llu I 31E e 1]
= :

D=

=

5([ MMMAWQQMNMB>M)
H3

We can control E[[|u||1] and E[[|u ||§] uniformly in k combining interpolation inequalities and the estimates
(5-4) and (5-5). Then there is a constant C > 0 independent of k such that

Ao C

S0 = 2
- = [ xm @Il ).

We find (5-3) after passing to the limits in the order
k— 00, R— 00,

and combining this with (5-7).

(4) The measure u is concentrated on C°°(T). This immediately follows from the estimates (5-5) with
use of the arguments of the proof of Corollary 4.3. O

6. Qualitative properties of the measure

Absolute continuity of some observables with respect to the Lebesgue measure. The following result is
inspired by [Shirikyan 2011; Kuksin and Shirikyan 2012], where the local time concept is used to deduce
nondegeneracy properties of measures constructed for the nonlinear Schrédinger and Euler equations.

Theorem 6.1. Suppose that A, # O for all m. Then for any integer n > 1, there are constants by, and cy,
such that the distribution of the observable Ep(u) := Ey(u) + ¢ |ul|2(1 + |u||2)P" under i1 has a density
with respect to the Lebesgue measure on R.

For the proof of Theorem 6.2 below, we refer the reader to [Shirikyan 2011] and the proof of Theo-
rem 5.2.12 of [Kuksin and Shirikyan 2012], where the authors prove similar results in the case of the
nonlinear Schrodinger and Euler equations respectively.

Theorem 6.2. The measure |1 constructed in Theorem 5.3 satisfies the following nondegeneracy properties:

(1) Let A # 0 for at least two indices. Then p has no atom at 0 and
pue C® | |lul| <83) <C+/ Aoy~ 18 forall§ >0, (6-1)

where y = inf{Ag — A2, | m € Z} and C is a universal constant.

(2) Let Ay, # O for all indices. Then there is an increasing continuous function h(r) vanishing atr =0
such that

p(u e CM) | lul € '} < h(E(T)) (6-2)

for any Borel set ' C R, where { stands for the Lebesgue measure on R.
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Proof of Theorem 6.1. We prove the claim for the stationary measures in the case o > 0, with uniform
bounds in «. Then we can pass to the limit « — 0 to obtain the desired result using the Portmanteau
theorem. First we apply the 1t6 formula to £, (u):

t t
Eu(u(0) = En(uO) | 461 ds 4@ 3 A [ Eyaem) dBn(o)
0 mezZ 0
where

AG) = B0, 80 + 3 3 22 02 i, em).

mezZ

Denote by A;(a, w) its local time which reads (see the identity (A.45) of [Kuksin and Shirikyan 20127)

t

Ar(a,0) = (Epu(t)) —a)+ — (En(u(0)) —a)+ —06/0 A(9)L(a,+00) (En(w)) ds

t

V& Y [ Larroo En0) E . em) dBin(®)
meZz 0

Using the stationarity of u, we infer that

EA¢(a) = _O‘IIE[A(O)]-(a,+oo)(En (u))]. (6-3)

Now using the (local time) identity (A.44) of [Kuksin and Shirikyan 2012] with the function 11, we get

t ~ ~
2[F A@da=ay /\,2,,/0 1r(En () E, (1, em)? ds.

meZz
The stationarity of u gives again

2/F EAs(a)da =at Y ALE[Lr(E.(w)E,(u.em)?]. (6-4)

mez

Comparing (6-3) and (6-4), we find

3 AZEAr(En () Ejy(u, em)?] < 2A(D)EJA(0)] < CL(T). (6-5)

meZzZ

Recall now the form of E,, (u):

En(u) = ul; + Ra () + Pa(llul),
where
P,(r)=cur(1+ r)b”.
Then
E!(u,v) = 2(D"u, D"v) + R, (u,v) + 2(u,v) P, (|Ju|?).

Recalling Remark 2.3, we have
Ey(u.u) = Jully. (6-6)
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Now we define the operator H, so that

E!(u,v) = (Huu,v).

Therefore

(Hnu,u)=2um(Hnu,em)= Z Um (Hpit, ) + Z Um (Hptt, em)

mez |m|<N |m|>N

T AN im|<N Im|>N
1
Ul u
mezZ

”””( 3" A2 (Hyu, e,,,)) + || Hy u||( 3 u,%,t)é

1869

where Ay =min{A,, | |m| < N} > 0forany N > 0. We take into account (6-6) and consider u belonging to

1
Ke={v|Ivlz e IHwl =1},
We get

- 1 \?
> AnE,(u.em)? zg%\,(e— E) .

meZ

The integer N can be chosen to depend on € so that we have

1 2
ale) =A% (e — N—) > 0.
€

wiu | Bu) €T3 N Ke) < ——— (D).
a(€)

Then, by (6-5)

Consider now the complementary set

K = {u| Il < € or | Hpul > 1}
Since
E||H,u| < Const.

Using the Chebyshev inequality, we find
ua(<u ‘ | Hpu| > é}) < Const €.

By Theorem 6.2, we have that
pa(u | fJul < €}) < Ce.

Finally we write

pau | En(u) € T}) < (e | En(u) € Ty N Ke) + p(KS) < —E(F) + Cae.

a(€)

This, combined with the Portmanteau theorem, proves the absolute continuity of E, (1) under w with

respect to the Lebesgue measure on R.

O
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About the dimension of the measure p. This subsection is inspired by [Kuksin 2008; Kuksin and
Shirikyan 2012], where it was proved that the invariant measures constructed for the Euler equation
are not concentrated on a countable union of finite-dimensional compact sets. The proof relies on a
Krylov estimate (see Section A.9 of [Kuksin and Shirikyan 2012]) for Itd processes. Roughly speaking,
this estimate provides an inequality of the type (6-5) for multidimensional processes. Namely, for a
d-dimensional stationary Itd process

t %t
Yt=YO+[ xsds—i—Z[ 0j(s)dp;(s),
0 —Jo
J=1

define the nonnegative d x d-matrix ¢ with entries
o0

mnpn
Om,n = Zej 9/. )
Jj=1

where 91’-' is the i-th component of the d-vector ;. Let f : RY — R be a bounded measurable function.

Then the Krylov estimate is
1

1 1
E /O FO)(deton) di < Cal f14E /0 ] . 6-7)

where |- |4 stands for the L¢-norm and Cy is a constant that only depends on d.

In our context the independence needed to make the Krylov estimate successful leads to solving
nonlinear differential equations with order increasing with the size of the underlying vector (process). This
is due to the structure of the BO conservation laws and represents a technical difficulty as discussed in the In-
troduction, while in the Euler case the components of this vector can be chosen to satisfy this independence.
We bypass the equation mentioned above in the 2-dimensional case by splitting suitably the phase space.

Theorem 6.3. The measure [ is of at least 2-dimensional nature in the sense that any compact set of
Hausdorff dimension smaller than 2 has p-measure 0.

Before proving Theorem 6.3, we describe the general framework.
We use the following splitting of H?(T):
H*(T)=0UO0°,
where
0:= {u

/qu 92u = 0% . (6-8)
Consider the functionals on H'(T) defined by

1 .
Fiuy=——[uw™*, j=12.
j(u) 1 J
Remark that Fj is preserved by the BO equation. Now for u a solution of (1-1), we have that
0t Fo(u)=0 on O.

Therefore the vector F(u) = (F1(u), F2(u)) is constant on O for any solution u of the BO equation.
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On the other hand, consider the following BO conservation laws

Eo(u)zfuz, Eé(u)zquaxu+%/u3.

Set the following preserved vector
E(u) = (Eo(u), E1 (u)).

E(u) is in particular constant on O€ for the solutions of (1-1).
Let 41 and o be two measures. We write j11 <1 5 if there is a continuous increasing function f
vanishing at 0 such that

u1(-) < f(pa(+)).

This implies the absolute continuity of ;1 with respect to u,. For v a probability measure on H?2, we
define
o _ oc¢ _ c
vo()=v(-N0), v’ (-)=v(-NO%,

where O is the set described before.
Proposition 6.4. Suppose A, # 0 for allm € 7, then

(1) F*Mo? <1{y, where F = (Fy, F2),

) E*Mgc <14p, where E = (Ey, E%)
The functions describing the absolute continuity do not depend on o, and £ is the Lebesgue measure on R
Proof of Theorem 6.3. Let W be an open set of H2. Clearly

W =W nNno)uWw\o).
By Proposition 6.4, we have
pa(W) = f(L2(F(W N 0))) + g(L2(E(W\0))),

where f and g are the functions describing the absolute continuity established in Proposition 6.4. Using
the Portmanteau theorem, we get

p(W) < f(L2(F(W N 0))) + g(L2(E(WNO))), (6-9)

and by the regularity of u and £, the estimate (6-9) holds for any bounded Borelian set W.

When W is a compact set of Hausdorff dimension # (W) < 2. It is clear that £ and F are Lipschitz
on any compact set. Since the Lipschitz maps do not increase the Hausdorff dimension, we have the
right-hand side of (6-9) is equal to 0, then so is the left-hand side. O
Proof of Proposition 6.4. The proof consists of two steps:

(1) Absolute continuity uniformly in ¢ of i on the set Q. The first and second derivatives of the func-

tionals Fj(u) are

/ _ j " s i—1,.2
Fj(u,v)—/ufv, Fj(u,v)—j/uf v-.
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Then applying the 1t6 formula to F;, we find

t t
F,-(u)=F,~(u(0>)+/o A,~<s>ds+¢&2xm/0 W em)dBm(s), =12,

meZ
where

Ap == H Bu—ad2u)+ 5 3 0w/ e,

meZ
On the set O, we have (u/, H 32u) =0, j = 1,2. Then recalling estimate on [F||u ||§ (Theorem 5.3), we get
E|A;| < a Const, (6-10)

where Const does not depend on «.
We consider the 2 x 2-matrix o (1), u € O, with entries

o) =Y ALk em) em). k.I=1.2.

meZz
It is clear that o is nonnegative. It follows from the Krylov estimate (6-7) with the use of the function 1,
I" being a Borel set of R?, that

E[ (det(o (1)) 21r (F)] < CLo(T). (6-11)

where £, is the Lebesgue measure on R? and C does not depend on «.
Now define the map

D:HYT)— Ry,
u — det(o(u)).
We remark that D is continuous since it is the composition of continuous maps. We have the following:
Lemma 6.5. Suppose A, # 0 for all m € Z; then
Du)=0 = u=0.

Proof. Suppose there is a nonzero vector y = (y1, y2) € R? such that

you)y” =0,
then 5 . 5
2 A?n(Z i, em)) =0,
meZz j=1
Since Ay, # 0 for all m # 0, we infer that
2
Z Vi u’/ = Const,
Jj=1
which is possible only if u = 0, taking into account that [ u = 0. O

Now define the set
1
Je={Iulf = e Julf = 2} € HA(D).
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Je N O is a compact set in H !(T) not containing 0; then by the continuity of D, we have D(J¢ N O)
is a compact set in R4+ not containing 0. Then there is ¢ > 0 such that D(u) > ¢, forall u € J. N O.
Using the same splitting argument as in the proof of Theorem 6.1, we arrive at the claimed result.

(2) Absolute continuity uniformly in « of u on the set O¢. We follow the construction above to set a

2 x 2-matrix M with entries

M () =" A2 Be()By(w). k.1=1.2,

mez

where
By = Ey(u,ey) and Bp = E' (u,en).
2

It follows from the Krylov estimate (6-7) that
1
E[(det(M (u)))21r(E)] < CLx(T),

where C does not depend on « thanks to the preservation of Eg and £ ! by the BO flow.
Now det M (1) = 0 only if there is a nonzero vector (y1, y2) € R? such that

yiu+y2(2H dxu + u?) = Const.

Note that if y, = 0, we have that u = 0 since [ u = 0; therefore u € O. Now we suppose that y, # 0.
We differentiate with respect to x to find

y10xu +y2(2H Biu +2udxu) =0.

Therefore, multiplying by u? for p > 0 and integrating in x, we find

/ u?H 32u =0,
and in particular u belongs to the set O. Then on O¢ we have det(M(u)) # 0. We can follow the same
splitting argument with the use of the splitting set J¢ defined in the first part to get the result. O

A Gaussian decay property for the measure . Here we establish a large deviation bound for the
measure ji.

Theorem 6.6. The measure | constructed in Theorem 5.3 satisfies
Eeolul? < o, (6-12)
where o = (aeAg)~! for arbitrary a > 1. In particular, for any r > 0
ultu e C | flull > ry) < Ce™ ",

where the constant C does not depend on r.
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Proof. Recall the estimate (5-4):
Ellul|>? < pP AF.

Then »
2p ppap__P
E(Volul)> <o”p?af = L.
Now, with use of the Stirling formula, we have
EVolul)® _ pP 1
p! = plarer 7 qp J2mp

Since a > 1, we have that the series
> E(V/olul)>?
]
p=1 P
is convergent, and we are led to (6-12). The other claim is obtained after combining (6-12) with the
Chebyshev inequality. O

Remark 6.7. We obtain in the same way the result of Theorem 6.6 for the viscous measures uniformly in «.

Appendix
Proof of Lemma 3.3. Note first that for a solution v of the nonlinear equation (3-3), we have
0 En(v) = E,(v,0,v) = aE, (v, 02v) — VA E} (v, 3x(v2)) —oe%E,;(v, 0.(z%), n=0,1,2. (A1)
The E,, are the first three conservation laws of the BO equation.
The case n = 0: Ej(v, w) =2 [ vw. Applying (A-1), we get
30 Eo(v) +2a[[v]3 = 24/a(v, 85 (v2)) + (v, 3x22)

= Va2, dx2) + a(v, dxz?)

= velzllag v +calvl 2]

< Valz]as llI? + ca(1+ lvl*) 217

Note that ||z(-)| 3+ is bounded uniformly in « for almost all realizations and in ¢ (on [0, T']) by
2
continuity. Then with the use of the Gronwall inequality we get

T
sup [[v(®)]? + 20 / o) |2 dt < C(T. . [vol]). (A-2)
t€l0,T] 0

The case n = 1: Recall that
Ei(u) = /(Bxu)2+%/u2H E)xu-l—%/u“.

E{(v,w) = =2(02v,w) + 2(vHdxv, w) + 3(v2, Hoyw) + 1 (v, w).

R} (v,w)

Then
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It was already shown that (see the more general estimates (2-7) and (2-6))

IR} (v 930)] < €l|vll3 + Ce|lv]l°.
Then
aEq (v, 92v) < —(2—€)a||v]|3 + Ceat|v]|°.
Taking into account some properties of H, it suffices to treat (vH 0,v, w) + (v3, w) instead of R (v, w)

for our purpose.
Now

Vel (82v, 0x(vz))] < CValvl2 vl Izl
<ea|v[3 + Cellv|} 2117 < ealv]3 + Crew
Vel (vH 0xv, 9 (v2))| = va|(0x (vHdxv), v2))|
< C el vll2 vl 2]l

2 2 2 2 2
= eafuly + CellvllT 017 Nzl = eelivllz + Creonllv

2
vll1,

2
17,

Va2, 8x(v2)| < Cva|vlis vl Izl
3
§C~/5||vll% ol 121y
2 2 2
= CVe|vl* Ivli izl = VaCrollvlli.

To summarize, we have
VE((v,3x(v2)) < €|lv]3 + Crewlvll}-
To estimate the last term, we compute
al(33v,9x2%)| < Callvllz |1zIIF
< eaf|v|3 +aCellz|7.

a|(vH 350, 8,22)| < Callv]a lv]1 1213

2 AT
<ealvl|3 +aCrewlvli,

3 2 2 2
a|(v?, 0xz7)| < Callvl” vl 2117
féa”v”%‘i‘acﬂe,w-

To conclude, we can choose € so that

t t
E1(v)+a / lo()I2dr < E1(vo) + Ch, / lo)I2 dr +C2 1.
0 0

Recalling the inequality (2-4) and (A-2) we have

t t
1ol + 2a /O lo()2dr < Ey(vo) +C2,, + Ch, /0 lo)I2 dr +C2, 1.
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With the use of the Gronwall lemma, we arrive at

T
sup o ()] + 20 / @2 d < Craivoll).
t€[0,T] 0

The case n = 2: Recall that

Ex(u) = [(aiu)z—gf((axu)zﬂ O + 202U H 051

+ % (5u®(0xu)* + u?(H 0xu)* + 2uH (0xu) H (u 0xu))
+ (iu4H(8xu) + iusH(u 8xu)) + L[ us.
32 24 48
The form of E;(v) combined with some properties of H allows us to reduce to the treatment of the
quantity
Rav) = [0l3+ [ G0 + @20, 1 8,0 + 02, 0x002) + 0% H 050) + [ 06,
Then

Ry (v, w) = 2(8%v, 02w) + 3((0xv)%, dxw) + 2(32v, H dxw) + 2(vw, (3xv)?)
+ 2(U23xv, dxw) + 4(U3H 0xv, w) + (U4, H dxw) + 6(1)5, w)
=2(32v,02w) + Ry (v, w).

It was already shown in the proof of Lemma 2.2 (see estimates (2-7) and (2-6)) that
R (v, 83v)| < €l|v]l3 + Cellv]l€
for some constants ¢, Ce > 0. Now we have

20(92v, 82(02v)) = —2a||v| 3.
Then
aEy (v, 95v) < —Q2—e)a|v|3 +aCellv|°.
Now
Va| (030, 03 (0x (v2))| < Cellv]s ]2 [1z]2 < ea|[v]3 + Crewlvli3.
Vel ((0x0)%, 03 (02)] = CroValvlF V]2 = Crovealvly VI3 < Crovalvl3,
Va| (0% (vz). H 02v)| < VaCllv|3 |z]2 < vVaCre|v]3.
Ve (v(3xv)?. 9x (v2)] = CVarl|oll izl 1z V113 = Crovellv]3,
Va|(@?dxv, 03 (v2))] < VaC v} [z |12]l2 < Crovelv]3,
Vel (v Hoxv, 0 (v2))| = CVa|v]} [vll2 1z [z ]| < VaCro|v]l3.
Va|*, H 3 (v2)| < VaClv|] Izl < VeaCre,
Ve | (0%, 0:(v2))] = CVa|llf ol izl e < VoCre.
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The estimates concerning the term d,z2 are easier because they do not contain v. Finally, using the same
argument as before (in the case of E1(v)), we arrive at the claimed result.

The periodic Hilbert transform. We present in this section a definition of the Hilbert transform in the
periodic setting and establish some of its elementary properties. Recall that the sequence defined by

sin(nx)//m ifn <0,
cos(nx)//r ifn>0,

forms a Hilbertian basis of H (T); let us denote this basis by %. We define the Hilbert transform on % by

en(x) =

Hen(x) = sgn(n) e_n (x),

where
1 if p>0,
sgn(p) = 0 if p=0,
-1 if p<O.
We first remark that H defines an isometry on H.
Proposition A.1. Let f, g € H (T). Then
H?>f =—f (A-3)
/ Hf =0, (A-4)
ﬁ?o(p) = —isgn(p) fo(p). (A-6)

where hg denotes the complex Fourier coefficient of a function h, defined below.

Define now the Fourier coefficients associated to a function f in H:
A 1
filn) = — [ cos(nx) f(x) dx,
NS,
A 1
fa(n) = —/ sin(nx) f(x) dx.
N

The function f is represented in & as follows:

F) =Y (fitmen(x) — fa(n)e—n(x)). (A7)
n>0
Hence the Hilbert transform of f can be expressed as

Hf(x) =Y (Aien(x) + fa(n)en(x)). (A-8)

n>0



1878 MOUHAMADOU SY

The complex Fourier coefficient is defined by

A 1 ,
() = —— / ¢~iP% £(x) dx. (A-9)
Jo(p N /

The relationship between the three Fourier coefficients of f is

J1(p) —isgn(p) f2(p)

NG .
Proof of Proposition A.1. Equation (A-4) follows immediately from (A-8). Now from (A-7) and (A-8),
we can easily deduce that

H2f(x) == (filmen(x) — fr(n)e_n(x)) = — f(x).

n>0

fo(p) = (A-10)

and (A-3) is shown.
From (A-8), we infer that

HF\(p)=—/f2(p), HF2(p)= /i(p).
Thus using (A-10), we can write
—f>(p) —isgn(p) /1(p)
V2

_ —isen(p)(fr (pz/glsgn(p)fz(p)) = —isgn(p) fo(p).

HF(p) =

and we have arrived at (A-6).
To prove (A-5), we compute

@ H) =Y A [T cen()dx+ Y faln) /T ¢()en(x) dx

n>0 n>0

=3 AWaam) + Y g1 fo(n)

n>0 n>0

==Y i) [ @endx= Y a1 [ e

n>0 n>0

. /T S0 (@1(n)e—n(x) + Z2(n)en(x))

n>0
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