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CONVERGENCE OF THE KAHLER-RICCI ITERATION

TAMAS DARVAS AND YANIR A. RUBINSTEIN

The Ricci iteration is a discrete analogue of the Ricci flow. According to Perelman, the Ricci flow
converges to a Kéhler—Finstein metric whenever one exists, and it has been conjectured that the Ricci
iteration should behave similarly. This article confirms this conjecture. As a special case, this gives a new
method of uniformization of the Riemann sphere.

1. Introduction

Let (M, g1) be a compact Riemannian manifold. A Ricci iteration is a sequence of metrics {g;}ien on M
satisfying
Ricgiy1=gi, ieN, Q)

where Ric g;1; denotes the Ricci curvature of g; ;. One may think of (1) as a dynamical system on
the space of Riemannian metrics on M. Part of the interest in the Ricci iteration is that, clearly, Einstein
metrics are fixed points, and so (1) aims to provide a natural theoretical and numerical approach to
uniformization in the challenging case of positive Ricci curvature (different Ricci iterations can be defined
in the context of nonpositive curvature, but these are typically easier to understand and will not be
discussed here). In essence, the Ricci iteration aims to reduce the Einstein equation to a sequence of
prescribed Ricci curvature equations and can be thought of as a discretization of the Ricci flow. Going back
to [Rubinstein 2007; 2008c], it has been studied since by a number of authors [Berman 2013; Berman et al.
2016a; Cheltsov et al. 2010; Cheltsov and Shramov 2011a; 2011b; Cheltsov and Wilson 2013; Gued; et al.
2013; Jeffres et al. 2016; Keller 2009; Pulemotov and Rubinstein 2016]; see also the survey [Rubinstein
2014, §6.5]. One of the motivations for considering (1) and not simply repeatedly applying the Ricci
tensor (as in [Nadel 1995], see also [Rubinstein 2008a, Remark 4.63]) is the gain of derivatives inherent
in (1) as well as monotonicity of certain functionals. Both of these properties will feature below.

Of particular interest has been the study of the Ricci iteration on Kéhler manifolds (for the non-Kéhler
case results are scarce, see [Pulemotov and Rubinstein 2016]). When (M, J, g1) is Kéhler, the Calabi—Yau
theorem [Yau 1978] guarantees the existence and uniqueness of the sequence {g;};en if and only if M is
Fano (i.e., has positive first Chern class c¢; (M, J)) and the Kéhler class associated to g1 is ¢; (M, J). Under
a rather restrictive technical assumption, one of us showed that g; converges smoothly to a Kihler—Einstein
metric [Rubinstein 2008c, Theorem 3.3] and made the following general conjecture (see Conjecture 3.2
of the same work):
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Conjecture 1.1. Let (M,J, g1) be a compact Kdihler manifold admitting a Kdhler—FEinstein metric.
Suppose the Kihler class associated to g1 is c1(M,]). Then the Ricci iteration (1) converges in the sense
of Cheeger—Gromov to a Kdhler—Einstein metric.

Roughly speaking, (M, g;) converges in the sense of Cheeger—Gromov to a Kihler—Einstein metric
if there exist smooth diffeomorphisms f; : M — M such that fk* g converges smoothly to a Kédhler—
Einstein metric. As we will see, our methods will actually produce biholomorphisms fj. For more on
Cheeger—Gromov convergence we refer to [Petersen 2016, Chapter 10].

The best result so far on this conjecture is due to Berman et al. [2016a], who replaced the technical
assumption of [Rubinstein 2008c, Theorem 3.3] concerning Tian’s a-invariant by the weaker assumption
of the Mabuchi energy being proper (both of these assumptions imply a Kdhler—Einstein metric exists).
Therefore, by a classical result of Tian [1997], Conjecture 1.1 holds if M admits no holomorphic vector
fields. However, the properness assumption is still too restrictive and fails in general. For example,
Conjecture 1.1 is still open even for M = S?2, the two-sphere. Furthermore, as recent counterexamples
show [Darvas and Rubinstein 2017], certain key theorems in Kéhler geometry that one might naively
expect to generalize in a straightforward manner from the case of no automorphisms require new tools
and ideas when automorphisms are present.

The main result of the present article is the resolution of Conjecture 1.1, and in fact with a stronger
convergence:

Theorem 1.2. Let (M,], g1) be a compact Kiihler manifold admitting a Kdhler—Einstein metric. Suppose
the Kdhler class associated to g1 is c1(M,J) and let {g;}ien be given by (1). Then there exist holomorphic
diffeomorphisms hy, such that h;; g1 converges smoothly to a Kahler—Einstein metric.

A key ingredient in establishing this result is our use of a Finsler metric structure on the space of Kihler
metrics introduced previously by one of us [Darvas 2015]. In this infinite-dimensional geometry, the
automorphisms of X act by isometries. We establish the boundedness of the Ricci iteration with respect
to this Finsler metric, up to automorphisms of X. This is then shown to imply the key a priori estimates
with respect to the stronger C* norms. In fact, we also show a rather stronger result: discretizations of
the K&hler—Ricci flow for any time step converge. This is new even for the case of no automorphisms
considered in [Rubinstein 2008c; Berman et al. 2016a] and resolves a more general conjecture than
Conjecture 1.1; see Theorem 1.6 below.

Uniformization of the two-sphere. As a very special case we obtain the following new method of
uniformization. Fix a conformal class of volume V on S2. As we know, in this class there is a constant
curvature metric, the round one. More precisely, let w. denote the round form of the constant-c¢ Ricci
curvature metric on M = (S2,7), given locally by

V=1 dzAdz

e (14 |z%)?

Here V = [, g2 @c =c1([M])/c =2/c. Consequently, c = % in the case where we restrict the Euclidean

metric of R3 to the unit sphere.
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Let w be any metric on S? with / g2@ =V =2/c. Introduce uo = 0, and we solve iteratively to find
u; € C®(S?) satisfying

. _ 2
Apui = Ry —2e"-1  and / etig = =, ?2)
S2 C
so that the scalar curvature of w; := e“/w satisfies R, = 2e"—17%i or equivalently, Ricw; = w;_.

(In two dimensions, Ricw = %Rwa), where R, is the scalar curvature. If w; = e¢w0, then the scalar
curvatures of these two metrics satisfy

Awyd — Ruy + Ru,e? = 0.

We note that the conformal factor is often written ¢2? elsewhere, but this is compensated for here by the
fact that R, = 2K, where K, is the Gauss curvature.)

Corollary 1.3. We fix ¢ > 0 and let w be any Kdihler form on S?* with [y @ =2/c. We introduce {u;} C
C>®(8?) by repeatedly solving the Poisson equation (2). Then, there exist Mébius transformations h;
such that h} (e"! w) converges smoothly to the round metric w.

Discretization of the Ricci flow. One of the original motivations for introducing the Ricci iteration, going
back to [Rubinstein 2007; 2008c], is its relation to the Ricci flow. Hamilton’s Ricci flow on a Kihler
manifold of definite or zero first Chern class is defined as {w(7)};er, satisfying the evolution equation

dw(t)
ot
w(0) = w,
where 2 is a Kihler class satisfying uQ2 = ¢;(M,J) for p € {—1,0, 1} and [w] = 2 [Hamilton 1982].
The following dynamical system is seen to be a discrete version of this flow [Rubinstein 2008c,

= —Ricw() + pw(), teRyi,

Definition 3.1], obtained by a backward Euler discretization with time step 7.

Definition 1.4. Let 2 be a Kihler class satisfying u2 = ¢ (M,J) for u € {—1,0, 1}. Given a Kéhler
form w with [w] = Q and a number 7 > 0, define the time-7 Ricci iteration to be the sequence of forms
{wg: k>0 satisfying the equations
Wz — Of—
Tkt TBEDT . Ricwg, + pwp., keN,
T
Wy = w.

Let us assume that & = 1 from now on; for the cases u € {—1, 0} see [Rubinstein 2008c, Theorem 3.3].
Observe that in the case when 7 = 1, the time-t Ricci iteration is precisely the Ricci iteration from (1).
Indeed, Conjecture 1.1 is in fact a special case of the following conjecture concerning the time-t Ricci
iteration for any 7 > 0 [Rubinstein 2008c, Conjecture 3.2].

Conjecture 1.5. Let (M,]J) be a compact Kihler manifold admitting a Kéihler—Einstein metric. Let Q2 be
a Kiihler class such that Q = ¢1(M,J). Then for any w with [w] = Q and for any t > 0, the time-t Ricci
iteration exists for all k € N and converges in the sense of Cheeger—-Gromov to a Kdihler—Einstein metric.
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The case when t > 1 is treated in [Rubinstein 2008c, Theorem 3.3]. However, it is the case 7 < 1
that is the most interesting and challenging. The case t = 1 is perhaps the most interesting due to the
simple geometrical interpretation (1), while the cases T < 1 are interesting due to the connection to the
Kéhler-Ricci flow. In this regime one may expect the Ricci iteration to converge to the Ricci flow in a
certain scaling limit as T — 0. The cases T < 1 are challenging since the a priori estimates are considerably
harder then. While in the regime t > 1, one has a uniform positive Ricci lower bound along the iteration;
this is no longer true when v < 1. Thus, there is no a priori control on the diameter or the Poincaré
and Sobolev constants. We work around these difficulties by analyzing the Ricci iteration in the metric
geometry of the space of Kihler potentials [Darvas 2015].

In this article, we confirm the more general Conjecture 1.5, and treat the iteration for all time steps ©
by proving the following result, of which Theorem 1.2 is a special case.

Theorem 1.6. Let (M, ], g1) be a compact Kihler manifold admitting a Kéihler—Einstein metric. Suppose
the Kdhler class associated to gy is c1(M,])) and let {wy}ren be the time-t Ricci iteration given by
Definition 1.4. Then there exist holomorphic diffeomorphisms hy, such that h,’:wkt converges smoothly to
a Kdhler—Einstein form.

2. Energy functionals

Let (M, w) denote a connected compact closed Kihler manifold. The space of smooth strictly w-
plurisubharmonic functions (K#hler potentials)

He 1= {p € C®(M) : wy =0+ v—13d¢ > 0} (3)
can be identified with H x R, where
H={wy:9 e C®(M), w, >0} 4)

is the space of all Kdhler metrics (or forms) representing the fixed cohomology class [w].
From now on let  be a Kihler form on M, cohomologous to ¢y (M, J). The Aubin—-Mabuchi functional
was introduced by Mabuchi [1986, Theorem 2.3],

y—1 . .
AM(p) := | Z/Mgowj Aoy, (5)
Jj=0

where V := [, M a)z =/ M a)g is the total volume of the Kéhler class. Integration by parts gives the useful
estimates

1 n < _ l _ n
7 /M(u —v)w, < AM(u) — AM(v) < 7 /M(u v)wy . (6)

The subspace
Ho := AM™1(0) N H, (7

is isomorphic to H (4), the space of Kihler metrics.
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Let f, € C*°(M) denote the unique function (called the Ricci potential of w,) satisfying
= 1
V=100 fo, = Ricwy —wy, —[ ef“’wa)z =1.
Vim
The Ding and Mabuchi functionals are given by [Ding 1988; Mabuchi 1986]

D(p) :=— AM(p) —log % /M efooum,
n (8)

1 3 1 1
E(p)i=— [ 1 ¢ _w"—AM — R "
(9) V/X 08— () + V/M pwg + V/M Joo

Notice that these functionals are invariant under addition of constants to ¢; hence they descend to H.
Additionally, the critical points of these functionals are exactly the Kdhler—Einstein metrics.
For ¢ € H,, with [}, efo=¢u" =V, Jensen’s inequality for the convex weight r — ¢ log 7 yields

Ent(efo %", o) = 1 log w—ga)” = 1 % log % efo 0" >0. (9)
TTe V Ix efo—opn ¥ V Ix efo—epn efo—opn -

Thus,
I
Ep) -~ / oo™ = Ent(e/o ", o) — AM(p) = — AM(p) = D(y).
M

Moreover, if

D) = E@) =, [ o

then equality holds in (9). As a result, wg = efo—bpn = efowo wg; 1.€., wy is Kihler-Einstein. This
together with the fact that Kéhler—Einstein metrics minimize both D and E allows us to conclude the
following result; see also [Rubinstein 2008b, (24)].

Proposition 2.1. For ¢ € H,,

Diwg) = Elwg)~; /M oo,

with equality if and only if Ric wy = wy.

3. The metric completion

All of the functionals introduced in the previous section can be extended to the potential space &
introduced by Guedj and Zeriahi [2007], which can be identified with a natural metric completion of A
[Darvas 2015]. The resulting metric theory provides essential tools for proving our main result concerning
convergence of the Ricci iteration. We briefly recall this machinery, referring to [Darvas and Rubinstein
2017, §4-5] for more details.

Let

PSH(M,w) = {p € L' (M, »") : ¢ is upper semicontinuous and wy = 0}.
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Following [Guedj and Zeriahi 2007, Definition 1.1] we define the subset of full mass potentials
EM,w) = {go € PSH(M,w): lim (w + V=139 max{g, j})" = o}.
J7=0 Ho=j}

For each ¢ € £(M, w), define wg :=1limj o0 1{p> j3(0+ V=103 max{g, j})". By definition, 1> j3(x)
is equal to 1 if ¢(x) > j and zero otherwise, and the measure (o + ~/—1 30 max{¢p, j})" is defined
by [Bedford and Taylor 1982] since max{¢p, j} is bounded. Consequently, ¢ € £(M, w) if and only if
[x @ = [y ", justifying the name of £(M, ).

Next, define a further subset, the space of finite 1-energy potentials

&= {(p €E(M,w): / ooy, < oo}.

Consider the following weak Finsler metric on #,, [Darvas 2015]:

6o =V [ lelog. € Ty = 00, (10
We denote by d; the associated pseudometric and recall the result alluded to above, characterizing the
dq-metric completion of H,, [Darvas 2015, Theorems 2 and 3.5]:

Theorem 3.1. (H, d1) is a metric space whose completion can be identified with (€1, dy), where
dy(ug,uy) := lim dy(uo(k),u;(k))
k—o00

for any smooth decreasing sequences {u;(k)}ren C He converging pointwise to u; € €1, i =0, 1.

Also, by [Darvas 2015, Theorem 3], we have the following qualitative estimates for the d-metric in
terms of analytic quantities:

1
—dl(u,v)f/ |u—v|a);’+/ lu—v|wy < Cdy(u,v), u,veé, (11)
¢ M M

where C > 1 only depends on w.

A crucial fact is that the formulas defining the energy functionals discussed in Section 2 actually make
sense on the metric completion £;, and then coincide with the greatest lower semicontinuous extension
of the said functionals restricted to #,, [Darvas and Rubinstein 2017, Lemma 5.2, Propositions 5.19
and 5.21]:

Lemma 3.2. (i) AM, D : H, — R each admit a unique dq-continuous extension to £ and these
extensions still satisfy (5) and (8) respectively.

(ii) E : He — R admits a dy-lower semicontinuous extension to £y and the greatest such extension still
satisfies (8).

Proposition 2.1 was generalized by Berman [2013, Theorem 1.1] to the context of the metric completion
(for a proof using the Ricci iteration see [Darvas 2017, Proposition 4.42]):

Theorem 3.3. Proposition 2.1 holds more generally for all ¢ € &;.
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Let G := Auty(M ) denote the connected component of the complex Lie group of automorphisms
(biholomorphisms) of M. The automorphism group acts on ‘H by pullback:

fni=f"n feG neH. (12)

Given the one-to-one correspondence between H and Hg, recall (7), the group G also acts on Hy. The
precise action is described in the next lemma [Darvas and Rubinstein 2017, Lemma 5.8].

Lemma 3.4. For ¢ € Ho and [ € G let f.¢ € Hg be the unique potential such that f*wy = wy.,. Then,
Jo=/0+gof (13)

Complementing the above, G acts on Hg by dq-isometries [Darvas and Rubinstein 2017, Lemma 5.9],
which allows us to introduce a natural (pseudo-)metric on the space Hq/G':

di,c(Gu,Gv) = ing di(u,g.v), u,veH. (14)
ge

4. Metric convergence of the iteration

We consider the t-step Ricci iteration equation

Oy p1yr — Per
T

=Wy Ric Oy 4 1yr

for = € (0, 1]. When t = 1, the iteration simply becomes Ric wy,  , = @y, . As explained in [Rubinstein
2008c, (33)], on the level of scalars the iteration can be written in the following manner:

1'Z(k-i-l)‘t = efw_%TIfkr_(l—%)W/f(kJrl)rwn’ k € N, (15)

with the natural normalization
l/ efw—%lﬁ/cr—(l—%)w(k-ﬂ)ra)n =1. (16)
Vim

Since 7 € (0, 1], note that (15)-(16) has a unique solution ¥(x 4 1); € He, according to [Aubin 1984; Yau
1978].

In our particular case, there will be special emphasis on working in the geodesically complete potential
space Hg, and we introduce accordingly

Ve i= Viee — AM (k) € Ho. (17)

First we generalize an inequality of [Rubinstein 2008c] (in the case v = 1) that provides a comparison
of the Ding and Mabuchi energies along the t-iteration:

Proposition 4.1. Suppose t € (0, 1] and (M, w) is a Fano manifold and V1 € Hy. Then the following
estimate holds along the iteration:

1 1 1
E(ww(kﬂ)r) - /M foo" < ;D(a)v,kr) + (l — ;)D(a)w(k_,_l),) forallk e N, (18)
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In the argument below (and thereafter) we will suppress the parameter t from superscripts whenever
this will cause no confusion.

Proof. Using (8) and (15),

v
e / Jow" = /lgefwk+l 1'/',k+1—AM(Wk+1)+ / Vi+10y,

=7 /M(;¢k+(l—;)wk+1)a)$k+l—AM(Wk+1)+V/M Wk+1w1r/lflc+l

1
= /M(Wkﬂ —Vioy, | —AM(Yiq1).

Using this identity, to finish the proof, we notice that it is enough to prove the following two inequalities
(and later add them up):

1 1
[ = v00f,, —AMO) =~ AMOp0 - (1 - ;) AM@ir),  (19)

1 1 1 1
0<——1log —/ efo=Vrkn) (1= = log —/ efo=Vrr14yn ) (20)
T |4 M T |4 M

Notice that, after rearranging terms, (19) is seen to be equivalent to

1
5 | =00}, =AM~ AMO).

Thus, (19) follows from (6). To address (20) we prove the following more general claim.

Claim 4.2. Fort € (0, 1] and g, h € C*®(X) the following estimate holds:

1 1—1
(l/ efw—gwn) (i/ efw—hwn) Si/ eSo—18—(1=Dhyn. 1)
V JIm V Im V Im

By our choice of normalization (16), this inequality implies (20).

As (21) is seen to be invariant under adding constants to g and /, we can assume that

1
—/ efomhyn = 1.
Vim

In particular, we only have to argue that

1
(7 /M =& th y forh n) / (=€) o fohgyn,

This follows from Jensen’s inequality, as the function f(¢) = t7 is convex for ¢ > 0. O

Next we show that in the case a Kihler—FEinstein metric exists, the iteration {w]’c }x di-converges up to
pullbacks:
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Proposition 4.3. Let t € (0, 1]. Suppose a Kéihler—Einstein metric exists in H, and let {¥¢ }xen be the
solutions of (15). Then there exist gy € G such that gk.w,/cr dq-converges to a Kihler—Einstein potential.

Proof. Proposition 4.1 combined with Proposition 2.1 gives

1 1 1
D(ka+1)§E(w‘/fk+l)_7/.M fa)CUn S;D(w‘/fk)—i_(l_;)D(a)l/fk-i-l)’ k e N. (22)

As aresult, {D(wy, )}; is a decreasing sequence (this is proved in [Rubinstein 2008c, Proposition 4.2(ii)]
for T = 1). We fix a Kihler-Einstein potential

Yke € Ho.

Existence of such a potential implies that both D and E are bounded below [Bando and Mabuchi 1987;
Ding and Tian 1992]. Therefore, the (monotone) sequence { D(wy, )}; converges. Additionally, by (22),

{E(wy,) — 3 [y Jow™}; converges and
1
A= ll;nE(wwl)—vf fa)a)n =11mD(w1/,l)€|R
M l

Next we focus on the potentials wl/ € Ho. By [Darvas and Rubinstein 2017, Theorem 2.4], E is
G-invariant and

E(Y)) = C1dy,6(0,y)) — Ca,
and so d1,6(0, ;) < C’. By definition, see (14), there exists g; € G such that

|
dy (Ve 1-¥)) < d1 6 (GYke, GY)) + 7= C'+1. (23)

Remark 4.4. In fact, there exists g; which achieve the equality dy (VkE, g;-¥;) = d1,6(G¥kE, GY;) by
[Darvas and Rubinstein 2017, Proposition 6.8] but we do not have to know that for our proof here.

Setting o
v i =4gj. />

by the G-invariance of E, we obtain that £(v;) is bounded. On the other hand, a combination of (11)
and (23) gives that AM(v;) = 0 and | M vla){,‘l are bounded as well. Comparing with (4), we see that
Ent(e/00", wy,) is bounded too.

By (11), d;-boundedness of potentials implies L'-boundedness, which in turn implies boundedness of
the supremum. As a result, we can apply the compactness result of [Berman et al. 2016a] (see [Darvas
and Rubinstein 2017, Theorem 5.6] for a convenient formulation for our context) to conclude that {v;}; is
dq-precompact.

Next we claim that dy (Ygg, v;) — 0. If this is not the case, then by possibly choosing a subsequence,
we can assume that dy (Ykg, v;) > & > 0. By possibly choosing another subsequence, we can assume that
dq(vy,u) — 0 for some u € £;. Lemma 3.2 gives that

b= D) = Ew)— /M Foc",

and in particular u is a Kéhler—Einstein potential by Theorem 3.3.
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By the Bando—Mabuchi uniqueness theorem [1987] u = h.ykg for some s € G. Combining this with
(23), we conclude that

1 _
dy(vg,, YxE) — o < d1,6(Gvy, Gyxe) < dy(h vy, Yxe) = di (v, hyke) = dy (vg, u).

By choice, the right-hand side converges to zero, and the lim inf of left-hand side is bounded below by
¢ > 0, giving a contradiction. This implies that d; (vg, Ykg) — 0, concluding the proof. d

5. A priori estimates and smooth convergence

In this section we prove our main result by strengthening Proposition 4.3.

Theorem 5.1. Let T € (0, 1]. Suppose a Kdihler—Einstein metric exists in H, and let {Yj.; }ren be the
solutions of (15). Then there exist gy € G such that gk.lﬂ]/” converges smoothly to a Kdhler—Einstein
potential. In particular, gzww,ﬂ converges smoothly to a Kdhler—Einstein metric.

Proof. By Proposition 4.3 there exists g € G and a Kéhler—Einstein potential ¥gxg € #Ho such that
dy (gk.w,’c, YxE) — 0. We show below that in fact gx. 1/, —co VK.
Focusing on the t-step Ricci iteration recursion, we can write

1 1
—1 * D kD %
(gx+108K) Ricwg, g1 =g Ricwy, =g (;ww,; + (1 - ;)ww,’m)
1 1
= Ogey; T\ =2 )Pu

1 1
= ;wgkﬂlf,/( + (1 - ;)w(g;_}_1°gk)-gk+1-1/f/’(+1' (24)

Set ,
Pk = gk-Vy € Ho,

Ji :=8; ogk-1€G.
With this notation, (24) becomes

. 1 1
Ricws gy = ;w(/’k + (1 - ;)wfk+l~(ﬂk+l' (25)

Without loss of generality we assume that w (the reference form) is Kdhler—Einstein. Using (25) we
can write

(1 1 _ . /T a3
V-1 aa(;‘Pk—l + (1 - ;)fk-‘/’k) = Ricwy, o, —Rico = v-I1 aalog(a)n/a)?k.(pk).
This implies
1 1
“k—1t (1 - ;) Jie-vr +1og(wy , /0") = Bj €R.

Since log is a concave function, by Jensen’s inequality,

1 n n n 1 n —
V/M log(wp , /0")w 510%7/M Of, g =0-
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By the triangle inequality, for k sufficiently large,

di(0, 0x—1) < di(Ykg,0) + 1.

Using (11) we conclude that f v Ph—10" < C. These last two estimates combine to give

b= (1=0) [, e = [ oo+ [ st romor <c.

Since fi.¢r € PSH(M, w), it is well known that [y, f.¢x@" and supys fi.@k are comparable. As a
result,

1
b (1 s s =
) M

hence we can write
_(1=1) £ op—1 _1,
w?k.wk — eBJ (1 r)fls-‘pk T‘Pkfla)” < €C ,_—(Pkflwn' (26)
Moreover, by Zeriahi’s version of the Skoda integrability theorem [Zeriahi 2001] (see [Darvas and
Rubinstein 2017, Theorem 5.7] for a formulation that fits our context most), there exists C > 0 such that,

say,

/ eTTOk=1 N <C, keN.
M
Combining this estimate with (26), we get that

”wj’zk.(ok/wn”L%M’wn) <C.

Now Kolodziej’s estimate [2005], see also [Btocki 2005], allows us to conclude that the oscillation
satisfies osc f.¢r < C for some uniform C. Note that for any u € H,, it follows from (6) that

. 1 n 1 n
infu <— | uw, <0=<— | uw” <supu,
|4 |4
so u changes signs on M. Thus, since fx.¢x € Ho, the oscillation bound implies the uniform bound

| fx-®kllLoo(ary < C. (27)

Consequently, (11) yields
d1 (0. fi.pk) = di(f 0. 9) < C.
Thus,
di(f':0.0) < dy(f 0. 00) +di (91, 0) < C".

From Lemma 5.2, proved below, it follows that { fk_1 }x is contained in a bounded set of G. In particular,
all derivatives up to order m of fk_1 are bounded by some C,,, independent of k. So, to finish the proof,
it suffices to estimate derivatives of

hk == [fi-@k
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(since that will imply the same estimates on fk_1 g = @ ). From (25) it follows that

) ) 1 1
Ric Opye = Ric Ofy 1.0k 41 = (l - ;)wfk-i-l-wk—i-l = (1 - ;)whk-u'

Using this, Lemma 5.3 implies try,, o < C, and using the fact that a);l’k /" < C by (26) we thus obtain
tre wp,, < C' 80 |Agphg| < C”, as in [Rubinstein 2008c, p. 1540]. Given the Laplacian bound, the C2:*
and higher-order estimates then follow the same way as in [Rubinstein 2008c, Theorem 3.3] (or by
applying [Btocki 2012, Theorem 5.1] directly to (26), followed by bootstrapping).

By the Arzela—Ascoli compactness theorem, {¢;}i is C k -precompact. From (11) it follows that
Ck-convergence implies d;-convergence. Consequently, any C k—convergent subsequence of {@g }x
d;-converges to Ykg. As a result, {¢x }x C¥-converges to Vg, finishing the proof. O

We note that in our arguments above the estimates depend on a positive lower bound to ¢ > 0. If this
could be avoided, then one could hope that these estimates also hold in a scaled limit, as the iteration is
expected to converge to the Kihler—Ricci flow.

Lemma 5.2. Let (X, w) be a Fano Kiihler-Einstein manifold. Let C > 0 and suppose that d1(g.0,0) < C
for some g € G. Then g is contained in a geodesic ball B C G centered at 1d with radius R := R(C) > 0.

This result is implicit in the arguments of [Darvas and Rubinstein 2017, Proposition 6.8]; see also
[Berman et al. 2016b, Lemma 2.7; Darvas and Rubinstein 2017, Claim 7.11].

Proof. By [Darvas and Rubinstein 2017, Propositions 6.2 and 6.9] there exists £ € Isomg (X, w) and a
Hamiltonian vector field X € isom(X, ) such that g = k exp;4 JX, where expyy is the exponential map
of the Lie group G (recall that J is the complex structure of X). It is clear from the definition of the action
of G on the level of potentials that k1.0 = 0. Thus we can write

C >d(g.0,0) =d;(kexpy(JX).0,0) = d; (expuy(JX).0, k71.0)=d, (expy(JX).0,0).

As shown in [Darvas and Rubinstein 2017, Section 7.1], the curve [0, 00) 3 t — expy4(tJX).0 € Hp is a
d1-geodesic ray, and hence || X || is bounded. Since Isomg (X, w) is compact, we obtain that g =k expyy J X
is contained in a geodesic ball B C G centered at Id with radius R := R(C) > 0. O

For the sake of completeness we recall a version of the Chern—Lu inequality, going back to [Lu 1968],
that gives the Laplacian estimate based on a C° estimate, elaborated in [Rubinstein 2008c, pp. 1539
1540]; see also [Jeffres et al. 2016, Lemma 7.2]. Since it is stated there in the context of incomplete edge
metrics, we state here the simpler smooth version, which follows by setting D = & in [Jeffres et al. 2016,
Lemma 7.2] or [Rubinstein 2014, Corollary 7.8(i)]. Recall that osc f := sup f —inf f.

Lemma 5.3. Let ¢ € C*(M) N Hy. Suppose that Ricw, > —Ciow — Cyw,. Then for some C =
CM,w,Cy,Cy,0sc@) >0,

try, < C. (28)
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Proof. Let f: (M, wy) — (M, w) be the identity map. Then consider the Chern-Lu inequality, see, e.g.,
[Rubinstein 2014, Proposition 7.1],

18/ > Aw, 1og [3f 1> = (Ric wp)* ® 0(3/.0 /) — wy" ® 0" ® R (31, 91.01.91), (29)
whose meaning (and proof) in local coordinates we now explain. Write
wy = v—lgi]r(z)dzi AdzZl, o= v—lhij(w)dwi Adw,

where we choose rwo holomorphic coordinate charts (z1, ..., z;) and (w1, ..., wy), respectively, centered
at the same point zg = f(z9) € M such that the first is normal for w,, while the second is normal for .

Write f:z=(z',....20) ~ f(z) =(f'(2),..., f"(2)). Then,

o P
af = fijdzl|z®ﬁ ,
Wt

and the norm of df induced from considering f as the map f : (M, wy) — (M, w) is then |0f 1?2 =
g @h;p(f) f () f{(2). Thus, at z,

32(gilhj;;f,-jflk)
9zP9zP

Aplof|> =" gP
pP.q
_ gr il _ J 7k cd Fe _Gr sl J 7k il;, ] 7k
=Y &P i o] S TG = he 8 gt g 7 S+ &y S SR
V4

= -0} ®w}) ® Ry(0/.0/.91.0f) + Ricwy)* ® w(3f.9f) + gP‘?g”hj,; l.j,f,’;. (30)
Here R,, denotes the curvature tensor of 1 (of type (0,4)), while o* denotes the metric g=! on 71:0* M/
(i.e., of type (2, 0)), and similarly (Ric w)* denotes the (2, 0)-type tensor obtained from Ric w,, by raising
indices using g. The proof of (29) now follows from (30), the identity uA,, logu = Ag,u — u|dlogu|?,
and the Cauchy—Schwarz inequality; see [Rubinstein 2014, p. 102].
We claim that (29) implies
Aww (log ey, © — (C,+2C34+ 1)) =—-Ci—(Co+2C3+ Dn+ try, @, 31
where C3 depends on the curvature of w. Indeed, the assumption on Ric w, implies
(Ricwy)* ®w(3/.0/) = g" " R;5hy;
= —Clgilgkjgijhki - ngilgkjhijhki
> —Cy try, ® — Cy(try,, a))2.

Similarly, we also have

oy @0y, ® RUOL£0£.01) = 5T RY

> —C3g" g (hi5hy + hyjhy ;) = —2C5 (e, ),
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where (3 is an upper bound for the bisectional curvature of w. Finally, the claim follows since try,, @ =
e, (0p — V—=103¢) =n— Ap,®.

Using the inequality now in (31) (at the point where the maximum of log try,, @ — (C2 +2C3 + 1)@ is
attained), the maximum principle thus gives an estimate on try,, @, depending of course also on osc ¢. [J

Acknowledgments

Research supported by BSF grant 2012236, NSF grants DMS-1515703, DMS-1610202, and a Sloan
Research Fellowship. We thank the anonymous referee for comments and for suggesting to include
Lemmas 5.2 and 5.3.

References

[Aubin 1984] T. Aubin, “Réduction du cas positif de I’équation de Monge—Ampere sur les variétés kihlériennes compactes a la
démonstration d’une inégalité”, J. Funct. Anal. 57:2 (1984), 143-153. MR Zbl

[Bando and Mabuchi 1987] S. Bando and T. Mabuchi, “Uniqueness of Einstein Kéhler metrics modulo connected group actions”,
pp. 11-40 in Algebraic geometry (Sendai, 1985), edited by T. Oda, Adv. Stud. Pure Math. 10, North-Holland, Amsterdam, 1987.
MR Zbl

[Bedford and Taylor 1982] E. Bedford and B. A. Taylor, “A new capacity for plurisubharmonic functions”, Acta Math. 149:1-2
(1982), 1-40. MR Zbl

[Berman 2013] R. J. Berman, “A thermodynamical formalism for Monge—Ampere equations, Moser-Trudinger inequalities and
Kahler-Einstein metrics”, Adv. Math. 248 (2013), 1254-1297. MR Zbl

[Berman et al. 2016a] R. J. Berman, S. Boucksom, P. Eyssidieux, V. Guedj, and A. Zeriahi, “Kédhler—Einstein metrics and the
Kihler—Ricci flow on log Fano varieties”, J. Reine Angew. Math. (online publication September 2016).

[Berman et al. 2016b] R.J. Berman, T. Darvas, and C. H. Lu, “Regularity of weak minimizers of the K-energy and applications
to properness and K-stability”, preprint, 2016. arXiv

[Btocki 2005] Z. Blocki, “On uniform estimate in Calabi—Yau theorem”, Sci. China Ser: A 48:suppl. (2005), 244-247. MR Zbl

[Btocki 2012] Z. Btocki, “The Calabi—Yau theorem”, pp. 201-227 in Complex Monge—Ampeére equations and geodesics in the
space of Kdhler metrics, edited by V. Guedj, Lecture Notes in Math. 2038, Springer, 2012. MR Zbl

[Cheltsov and Shramov 2011a] I. Cheltsov and C. Shramov, “On exceptional quotient singularities”, Geom. Topol. 15:4 (2011),
1843-1882. MR Zbl

[Cheltsov and Shramov 2011b] I. Cheltsov and C. Shramov, “Six-dimensional exceptional quotient singularities”, Math. Res.
Lett. 18:6 (2011), 1121-1139. MR Zbl

[Cheltsov and Wilson 2013] I. Cheltsov and A. Wilson, “Del Pezzo surfaces with many symmetries”, J. Geom. Anal. 23:3
(2013), 1257-1289. MR Zbl

[Cheltsov et al. 2010] I. Cheltsov, J. Park, and C. Shramov, “Exceptional del Pezzo hypersurfaces”, J. Geom. Anal. 20:4 (2010),
787-816. MR Zbl

[Darvas 2015] T. Darvas, “The Mabuchi geometry of finite energy classes”, Adv. Math. 285 (2015), 182-219. MR Zbl

[Darvas 2017] T. Darvas, “Geometric pluripotential theory on Kihler manifolds”, preprint, 2017, https:/www.math.umd.edu/
~tdarvas/items/Geometric_Pluripotential_Theory.pdf.

[Darvas and Rubinstein 2017] T. Darvas and Y. A. Rubinstein, “Tian’s properness conjectures and Finsler geometry of the space
of Kihler metrics”, J. Amer. Math. Soc. 30:2 (2017), 347-387. MR Zbl

[Ding 1988] W. Y. Ding, “Remarks on the existence problem of positive Kihler—Einstein metrics”, Math. Ann. 282:3 (1988),
463-471. MR Zbl

[Ding and Tian 1992] W. Y. Ding and G. Tian, “The generalized Moser-Trudinger inequality”, pp. 57-70 in Nonlinear analysis
and microlocal analysis, edited by K.-C. Chung et al., Nankai series in pure, applied mathematics and theoretical physics 2,
World Scientific, Singapore, 1992. Zbl


http://dx.doi.org/10.1016/0022-1236(84)90093-4
http://dx.doi.org/10.1016/0022-1236(84)90093-4
http://msp.org/idx/mr/749521
http://msp.org/idx/zbl/0538.53063
http://msp.org/idx/mr/946233
http://msp.org/idx/zbl/0641.53065
http://dx.doi.org/10.1007/BF02392348
http://msp.org/idx/mr/674165
http://msp.org/idx/zbl/0547.32012
http://dx.doi.org/10.1016/j.aim.2013.08.024
http://dx.doi.org/10.1016/j.aim.2013.08.024
http://msp.org/idx/mr/3107540
http://msp.org/idx/zbl/1286.58010
http://dx.doi.org/10.1515/crelle-2016-0033
http://dx.doi.org/10.1515/crelle-2016-0033
http://msp.org/idx/arx/1602.03114
http://dx.doi.org/10.1007/BF02884710
http://msp.org/idx/mr/2156505
http://msp.org/idx/zbl/1128.32025
http://dx.doi.org/10.1007/978-3-642-23669-3_5
http://msp.org/idx/mr/2932444
http://msp.org/idx/zbl/1231.32017
http://dx.doi.org/10.2140/gt.2011.15.1843
http://msp.org/idx/mr/2860982
http://msp.org/idx/zbl/1232.14001
http://dx.doi.org/10.4310/MRL.2011.v18.n6.a6
http://msp.org/idx/mr/2915471
http://msp.org/idx/zbl/1281.14004
http://dx.doi.org/10.1007/s12220-011-9286-9
http://msp.org/idx/mr/3078353
http://msp.org/idx/zbl/1309.14032
http://dx.doi.org/10.1007/s12220-010-9135-2
http://msp.org/idx/mr/2683768
http://msp.org/idx/zbl/1211.14047
http://dx.doi.org/10.1016/j.aim.2015.08.005
http://msp.org/idx/mr/3406499
http://msp.org/idx/zbl/1327.53093
https://www.math.umd.edu/~tdarvas/items/Geometric_Pluripotential_Theory.pdf
http://dx.doi.org/10.1090/jams/873
http://dx.doi.org/10.1090/jams/873
http://msp.org/idx/mr/3600039
http://msp.org/idx/zbl/1386.32021
http://dx.doi.org/10.1007/BF01460045
http://msp.org/idx/mr/967024
http://msp.org/idx/zbl/0661.53045
http://msp.org/idx/zbl/1049.53507

CONVERGENCE OF THE KAHLER-RICCI ITERATION 735

[Guedj and Zeriahi 2007] V. Guedj and A. Zeriahi, “The weighted Monge—Ampere energy of quasiplurisubharmonic functions”,
J. Funct. Anal. 250:2 (2007), 442-482. MR Zbl

[Guedj et al. 2013] V. Guedj, B. Kolev, and N. Yeganefar, “Kihler-Einstein fillings”, J. Lond. Math. Soc. (2) 88:3 (2013),
737-760. MR Zbl

[Hamilton 1982] R. S. Hamilton, “Three-manifolds with positive Ricci curvature”, J. Differential Geom. 17:2 (1982), 255-306.
MR Zbl

[Jeffres et al. 2016] T. Jeffres, R. Mazzeo, and Y. A. Rubinstein, “Kéhler—Einstein metrics with edge singularities”, Ann. of
Math. (2) 183:1 (2016), 95-176. MR Zbl

[Keller 2009] J. Keller, “Ricci iterations on Kéhler classes”, J. Inst. Math. Jussieu 8:4 (2009), 743-768. MR Zbl

[Kotodziej 2005] S. Kotodziej, The complex Monge—Ampére equation and pluripotential theory, Mem. Amer. Math. Soc. 840,
Amer. Math. Soc., Providence, RI, 2005. MR Zbl

[Lu 1968] Y.-c. Lu, “Holomorphic mappings of complex manifolds”, J. Differential Geometry 2 (1968), 299-312. MR Zbl

[Mabuchi 1986] T. Mabuchi, “K-energy maps integrating Futaki invariants”, Tohoku Math. J. (2) 38:4 (1986), 575-593. MR
Zbl

[Nadel 1995] A. M. Nadel, “On the absence of periodic points for the Ricci curvature operator acting on the space of Kahler
metrics”, pp. 277-281 in Modern methods in complex analysis (Princeton, NJ, 1992), edited by T. Bloom et al., Ann. of Math.
Stud. 137, Princeton Univ. Press, 1995. MR Zbl

[Petersen 2016] P. Petersen, Riemannian geometry, 3rd ed., Graduate Texts in Mathematics 171, Springer, 2016. MR Zbl

[Pulemotov and Rubinstein 2016] A. Pulemotov and Y. A. Rubinstein, “Ricci iteration on homogeneous spaces”, preprint, 2016.
To appear in Trans. Amer. Math. Soc. arXiv

[Rubinstein 2007] Y. A. Rubinstein, “The Ricci iteration and its applications”, C. R. Math. Acad. Sci. Paris 345:8 (2007),
445-448. MR Zbl

[Rubinstein 2008a] Y. A. Rubinstein, Geometric quantization and dynamical constructions on the space of Kahler metrics, Ph.D.
thesis, Massachusetts Institute of Technology, 2008, https://search.proquest.com/docview/304380130. MR

[Rubinstein 2008b] Y. A. Rubinstein, “On energy functionals, Kédhler—Einstein metrics, and the Moser—Trudinger—Onofri
neighborhood”, J. Funct. Anal. 255:9 (2008), 2641-2660. MR Zbl

[Rubinstein 2008c] Y. A. Rubinstein, “Some discretizations of geometric evolution equations and the Ricci iteration on the space
of Kahler metrics”, Adv. Math. 218:5 (2008), 1526—-1565. MR Zbl

[Rubinstein 2014] Y. A. Rubinstein, “Smooth and singular Kihler—Einstein metrics”, pp. 45-138 in Geometric and spectral
analysis (Montréal), edited by P. Albin et al., Contemp. Math. 630, Amer. Math. Soc., Providence, RI, 2014. MR Zbl

[Tian 1997] G. Tian, “Kéhler—Einstein metrics with positive scalar curvature”, Invent. Math. 130:1 (1997), 1-37. MR Zbl

[Yau 1978] S. T. Yau, “On the Ricci curvature of a compact Kéhler manifold and the complex Monge—Ampere equation, 17,
Comm. Pure Appl. Math. 31:3 (1978), 339-411. MR Zbl

[Zeriahi 2001] A. Zeriahi, “Volume and capacity of sublevel sets of a Lelong class of plurisubharmonic functions”, Indiana Univ.
Math. J. 50:1 (2001), 671-703. MR Zbl

Received 15 Jun 2017. Revised 27 Apr 2018. Accepted 29 Jun 2018.

TAMAS DARVAS: tdarvas@umd.edu
Department of Mathematics, University of Maryland, College Park, MD, United States

YANIR A. RUBINSTEIN: yanir@umd.edu
Department of Mathematics, University of Maryland, College Park, MD, United States

mathematical sciences publishers :'msp


http://dx.doi.org/10.1016/j.jfa.2007.04.018
http://msp.org/idx/mr/2352488
http://msp.org/idx/zbl/1143.32022
http://dx.doi.org/10.1112/jlms/jdt031
http://msp.org/idx/mr/3145129
http://msp.org/idx/zbl/1284.32015
http://dx.doi.org/10.4310/jdg/1214436922
http://msp.org/idx/mr/664497
http://msp.org/idx/zbl/0504.53034
http://dx.doi.org/10.4007/annals.2016.183.1.3
http://msp.org/idx/mr/3432582
http://msp.org/idx/zbl/1337.32037
http://dx.doi.org/10.1017/S1474748009000103
http://msp.org/idx/mr/2540879
http://msp.org/idx/zbl/1178.32020
http://dx.doi.org/10.1090/memo/0840
http://msp.org/idx/mr/2172891
http://msp.org/idx/zbl/1084.32027
http://dx.doi.org/10.4310/jdg/1214428442
http://msp.org/idx/mr/0250243
http://msp.org/idx/zbl/0167.36602
http://dx.doi.org/10.2748/tmj/1178228410
http://msp.org/idx/mr/867064
http://msp.org/idx/zbl/0619.53040
http://msp.org/idx/mr/1369142
http://msp.org/idx/zbl/0847.58011
http://dx.doi.org/10.1007/978-3-319-26654-1
http://msp.org/idx/mr/3469435
http://msp.org/idx/zbl/06520113
http://msp.org/idx/arx/1606.05064
http://dx.doi.org/10.1016/j.crma.2007.09.020
http://msp.org/idx/mr/2367363
http://msp.org/idx/zbl/1127.32010
https://search.proquest.com/docview/304380130
http://msp.org/idx/mr/2717532
http://dx.doi.org/10.1016/j.jfa.2007.10.009
http://dx.doi.org/10.1016/j.jfa.2007.10.009
http://msp.org/idx/mr/2473271
http://msp.org/idx/zbl/1185.32012
http://dx.doi.org/10.1016/j.aim.2008.03.017
http://dx.doi.org/10.1016/j.aim.2008.03.017
http://msp.org/idx/mr/2419932
http://msp.org/idx/zbl/1143.53065
http://dx.doi.org/10.1090/conm/630/12665
http://msp.org/idx/mr/3328541
http://msp.org/idx/zbl/1352.32009
http://dx.doi.org/10.1007/s002220050176
http://msp.org/idx/mr/1471884
http://msp.org/idx/zbl/0892.53027
http://dx.doi.org/10.1002/cpa.3160310304
http://msp.org/idx/mr/480350
http://msp.org/idx/zbl/0369.53059
http://dx.doi.org/10.1512/iumj.2001.50.2062
http://msp.org/idx/mr/1857051
http://msp.org/idx/zbl/1138.31302
mailto:tdarvas@umd.edu
mailto:yanir@umd.edu
http://msp.org

Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF

Patrick Gérard
patrick.gerard @math.u-psud.fr
Université Paris Sud XI
Orsay, France

BOARD OF EDITORS

Massimiliano Berti ~ Scuola Intern. Sup. di Studi Avanzati, Italy Clément Mouhot ~ Cambridge University, UK

berti @sissa.it c.mouhot@dpmms.cam.ac.uk
Sun-Yung Alice Chang  Princeton University, USA Werner Miiller ~ Universitit Bonn, Germany
chang@math.princeton.edu mueller @math.uni-bonn.de
Michael Christ  University of California, Berkeley, USA Gilles Pisier ~ Texas A&M University, and Paris 6
mchrist@math.berkeley.edu pisier@math.tamu.edu
Alessio Figalli ETH Zurich, Switzerland Tristan Riviere ETH, Switzerland
alessio.figalli@math.ethz.ch riviere @math.ethz.ch
Charles Fefferman  Princeton University, USA Igor Rodnianski  Princeton University, USA
cf@math.princeton.edu irod @math.princeton.edu
Ursula Hamenstaedt ~ Universitit Bonn, Germany Sylvia Serfaty ~ New York University, USA
ursula@math.uni-bonn.de serfaty @cims.nyu.edu
Vaughan Jones  U.C. Berkeley & Vanderbilt University Yum-Tong Siu  Harvard University, USA
vaughan.f.jones @vanderbilt.edu siu@math.harvard.edu
Vadim Kaloshin  University of Maryland, USA Terence Tao  University of California, Los Angeles, USA
vadim.kaloshin@gmail.com tao@math.ucla.edu
Herbert Koch  Universitit Bonn, Germany Michael E. Taylor ~ Univ. of North Carolina, Chapel Hill, USA
koch@math.uni-bonn.de met@math.unc.edu
Izabella Laba  University of British Columbia, Canada Gunther Uhlmann ~ University of Washington, USA
ilaba@math.ubc.ca gunther @math.washington.edu
Gilles Lebeau  Université de Nice Sophia Antipolis, France Andrds Vasy  Stanford University, USA
lebeau @unice.fr andras @math.stanford.edu
Richard B. Melrose ~ Massachussets Inst. of Tech., USA Dan Virgil Voiculescu  University of California, Berkeley, USA
rbm@math.mit.edu dvv@math.berkeley.edu
Frank Merle  Université de Cergy-Pontoise, France Steven Zelditch  Northwestern University, USA
Frank.Merle @u-cergy.fr zelditch@math.northwestern.edu
William Minicozzi I Johns Hopkins University, USA Maciej Zworski  University of California, Berkeley, USA
minicozz@math.jhu.edu zworski@math.berkeley.edu
PRODUCTION

production@msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2019 is US $310/year for the electronic version, and $520/year (+$60, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
:- mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2019 Mathematical Sciences Publishers


http://msp.org/apde
mailto:patrick.gerard@math.u-psud.fr
mailto:berti@sissa.it
mailto:chang@math.princeton.edu
mailto:mchrist@math.berkeley.edu
mailto:alessio.figalli@math.ethz.ch
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vaughan.f.jones@vanderbilt.edu
mailto:vadim.kaloshin@gmail.com
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:lebeau@unice.fr
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:serfaty@cims.nyu.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 12  No.3 2019

The BMO-Dirichlet problem for elliptic systems in the upper half-space and quantitative char- 605
acterizations of VMO
JOSE MARIA MARTELL, DORINA MITREA, IRINA MITREA and MARIUS MITREA

Convergence of the Kéhler—Ricci iteration 721
TAMAS DARVAS and YANIR A. RUBINSTEIN

Concentration of ground states in stationary mean-field games systems 737
ANNALISA CESARONI and MARCO CIRANT

Generalized crystalline evolutions as limits of flows with smooth anisotropies 789
ANTONIN CHAMBOLLE, MASSIMILIANO MORINI, MATTEO NOVAGA and MARCELLO
PONSIGLIONE

Global weak solutions of the Teichmiiller harmonic map flow into general targets 815

MELANIE RUPFLIN and PETER M. TOPPING

A rigorous derivation from the kinetic Cucker—Smale model to the pressureless Euler system 843
with nonlocal alignment

ALESSIO FIGALLI and MOON-JIN KANG



	1. Introduction
	2. Energy functionals
	3. The metric completion
	4. Metric convergence of the iteration
	5. A priori estimates and smooth convergence
	Acknowledgments
	References
	
	

