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HOLE PROBABILITIES OF SU(@m + 1) GAUSSIAN RANDOM POLYNOMIALS
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In this paper, we study hole probabilities Py ,,,(r, N) of SU(m + 1) Gaussian random polynomials of
degree N over a polydisc (D(0, r))”. When r > 1, we find asymptotic formulas and the decay rate of
log Py, (r, N). In dimension one, we also consider hole probabilities over some general open sets and
compute asymptotic formulas for the generalized hole probabilities Py ;(r, N) over a disc D(0, r).
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Introduction

Hole probability is the probability that some random field never vanishes over some set. For Gaussian
random entire functions we have this (see also [Zrebiec 2007, Theorem 1.2] for a multivariable result):

Theorem [Sodin and Tsirelson 2005, Theorem 1]. Let ¥ (z) = Y 5=q cxzX /K, where the ¢, (k > 0)
are i.i.d. standard complex Gaussian random variables. Then there exist constants C; > C, > 0 such that

exp{—Cr*} < Prob{O gy (D(0, r))} <exp{—Cyr*}.

The case of Gaussian random sections was considered in [Shiffman et al. 2008]: Let M be a compact
Kéhler manifold with complex dimension 2 and (L, 1) — M a positive holomorphic line bundle. Let y,;
denote the Gaussian probability measure on H%(M, L) induced by the fiberwise inner product " and
the polarized volume form d'Vys = w}' /m! = ((V—=1/27)©,)" /m!, where ®}, is the Chern curvature
tensor of (L, h).

Theorem [Shiffman et al. 2008, Theorem 1.4]. For any nonempty open set U C M , if there exists s in
HO(M, L) such that s does not vanish on U , then there exist constants Cy > Cy > 0 such that, for N > 1,

exp{—CiN" T} < yy{sy € HY M. LN): 0 ¢ sy (U)} <exp{-C,N"*'}.
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Therefore, it is natural to ask: can we find sharp constants Cy, C; in these two theorems, and is it
possible to obtain an asymptotic formula and a decay rate for the hole probability? Using Cauchy’s
integral estimates, Nishry answered this in the random entire function case as follows (an analogous result
for Gaussian random power series is obtained in [Peres and Virdg 2005, Corollary 3]).

Theorem [Nishry 2010, Theorem 1]. Let ¥(z) = Y 3=q cxzK /K, where the ¢ (k > 0) are i.i.d.
standard complex Gaussian random variables. Then

Prob{0 & ¥(D(0,1)} = exp{~Le*r* + 00 )},

This suggests to us that, for those line bundles with polynomial sections, maybe it is possible to find
an asymptotic formula for the hole probability.

If Py m(r, N) denotes the hole probability of SU(m + 1) Gaussian random polynomials over the
polydisc (D(0,r))", dux denotes the Lebesgue measure on R” and

m m m m
E,(x):= ZZx,- logr — |:Zx,~ log x; + (1 —in) log (1 —Zx,-)]
i=1 i=1 i=1 i=1
is a continuous function defined over the standard simplex X, 1= {x = (1, ..., Xpu) €R"T: Y7L | x; <1}
(here we adopt the convention that 0 log 0 = 0), we have the following results:

Theorem 0.1. Forr > 1,

log Py (r, N) = —N™*1 [ Er(X) dmx +o(N™T1),

m

where
m—+1

2mlogr 1 1
Ep(x)dpx = 208" L~y 2
/Em r(x) dmx (m+1)!+m!kz_2k

Theorem 0.2. Forr > 0,

log Py m(r, N) Z—Nm+1/ E(x) dmx +o(N™T1),
xX€XEr(x)=0

log Py (r, N) < —N™*1 / Er(x) dpx +o(N™T1),
xeRm+:3 VL xi<ap

where ag = ag(r,m) > 0 is defined by

1 if 2logr+Y 4, 1/k >0,

g = ag(r,m) = aloga+ (1 —a)log(l—a) .
the nonzero root of o = dlogr + 57, 1/k if 2logr + Y 4, 1/k <0.

Here, when m = 1, we take ) j'_, 1/k = 0.

Remark 0.3. Theorem 0.1 can be derived from Theorem 0.2 as, whenr > 1, {x € X, : E,(x) >0} =X,
and ag(r, m) = 1. In fact, we could have proved this general case directly, but the idea of the proof would
turn out to be extremely difficult to follow.
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Corollary 0.4. In the case of m = 1, the following asymptotic formula for the logarithm of the hole
probability over a disc exists for all r > 0:

o)
log Po,1(r, N) = —NZ/ E,(x)dx + o(N?);
0
here
o
/ E.(x)dx = %a0(2logr + 1 —logayp)
0

and ag = ag(r, 1) € (0, 1] is given in Theorem 0.2.

Because of the simplicity of the one-dimensional case, we can obtain more about the hole probability
of SU(2) Gaussian random polynomials:

Theorem 0.5. If U C C is a bounded simply connected domain containing 0 and 0U is a Jordan curve,
let ¢ : D(0,1) — U be a biholomorphism given by the Riemann mapping theorem such that ¢ (0) = 0
(thus ¢ is unique up to the composition of a unitary transformation of C). Then the hole probability
Py,1(U, N) of SU(2) Gaussian random polynomials of degree N over U satisfies

log Po,1(U, N) < —(log ¢/ (0)| + 3) N + o(N?).

Also, in dimension one, it makes sense to study the number of zeros in some set. So let the generalized
hole probability P ;(r, N) be the probability that an SU(2) Gaussian random polynomial of degree N
has no more than k zeros in D (0, r); then, the following theorem shows that the asymptotic formula of
log Py 1(r, N) exists:

Theorem 0.6. For allk > 0andr > 0,
log Py ;(r,N) = —%a0(2 logr + 1 —1logag)N? 4+ o(N?),
where oy = ag(r, 1) € (0, 1] is given in Theorem 0.2.

We should remark here that in all the cases we consider, the event that some Gaussian random
polynomial has zeros on the boundary of some open set is a null set, i.e., of zero probability. Therefore
we do not distinguish between the (generalized) hole probability over an open set and that over its closure.

1. Background

We review in this section some background on SU(m + 1) Gaussian random polynomials and the
definition of our probability measures. Before that, we define two lexicographically ordered sets that will
be consistently used as index sets throughout this paper.

Definition 1.1. N ={J=01,--s jm) €E[O,N]"NZ":0< j1 << jm <N},
Apn ={K=(ky,....km) €[0,NI"NZ" :|K|=k; +-+km <N}
It is not difficult to show that |y, n| = |Am.N| = (N,;I;m)
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The tautological line bundle O(—1) over the complex projective space CP™ is a holomorphic line
bundle with fibers

O(=)x=C-x forall [x]=[xg: - :x] € CP".

Its dual bundle, denoted by O(1), is called the hyperplane section bundle, since O(1) = O(H), where
the divisor

H = {[x] € CP™ : xq =0}

is a hyperplane in CP"™. H°(CP™,0(N)), the space of holomorphic sections of the tensor bundle O(N ) =
hopN

@m—i-l >
The Fubini-Study metric sgs on O(1) can be described in the following way: Over the open subset

0(1)®V, is isomorphic to the space of (m+1)-variable homogeneous polynomials of degree N.

Up={[x]=[x0: -+ :xm] € CP": xq # 0} C CP™",

we have a local frame of O(1),

e([x]) = xo.
Set
|xo]? |xo]?
le(IxDIl7.. = = ,
hes 5 xi 2T [1x)12

which is independent of the choice of representative x of [x]. In terms of the affine coordinates
b X
z=(21,...,2m) = (—1,...,—m)
X0 X0
over Uy,
m -1
le@I3 =1+ 21" = (1 n Zw) ,
i=1

which defines a metric with positive Chern curvature form

J—1 - V=1 -
wps = ———039log [le(2) I}, = ——8dlog (1 +|z1|* + -+ |zm|?).
2w FS 2w
This induces a metric h{}g on the line bundle O(/N) so that
1e®N @)y = A+ 2157V,
FS

With the frame e®V over Uy, for any s € HO(CP™,0(N)), represented as p(Xo, ..., Xm) € h@fxﬂ,

we have

pOior ) = PO N () = 1,21z ®N (),

0

which implies that all the elements in H°(CP™,O(N)) can be viewed over U, as polynomials in
(z1,...,2zm) of degree at most V.
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Since wpg is positive over CP™, we may take it as a polarized metric form on CP™, and the associated
volume form is dV = w{l{/m!. Thus, the metric h s together with the volume form d V' induce a Hermitian
inner product on the space of holomorphic sections H°(CP™, O(N)): for all 51, s, € H°(CP™,0(N)),

{(s1,82) == /épm<51,52)hé\sr dVv.

With this inner product, there is an orthonormal basis {S IZ(V YK =1, km)eA, n given in local affine
coordinates (zy, ..., zm) over Uy by

S¥ @) = VN =y ()=

where we adopt the notations

Ny _ N! K._ ki km
(K)_(N—|K|)!k1!---km!’ T T

Thus, H(CP™,O(N)) is equal to {sy =Y gen, n kKSR 1€ =(CK)KeAnn € C(Nntm)}. Endow
H°(CP™,0(N)) with the Gaussian probability measure Yy defined by

—(NEm) g=llel?

dyy(sy)i=m d, 2 (V)€

where ||c||? = ZKeAm,N|CK|2 and dp(N+m)c denotes the 2(N,:m)—dimensional Lebesgue measure.
Then y, is characterized by the property that {ck }ken,, » consists of independent and identically
distributed (i.i.d.) standard complex Gaussian random variables. Then (H o0(CP™,0(N)), yN) is called
the ensemble of SU(m + 1) Gaussian random polynomials of degree N, since the random element sy is
distributionally invariant under SU(m + 1) transformations of CP™. Its hole probability over the polydisc

(D(0,r))™ C C™ is
Pom(r,N) =yy{sn € H*(CP™,0(N)): 0 ¢ sy ((D(0,r)™)}
_ —(N+’") —llell?
=7 m e
cGC(N$m):O¢sN((5(0J))m)

(N ) e_“C"z
cecVit™0¢5n (D(0,r))™)

d (N+m)C
dz(N:;m)C,

where Sy (2) =) ke A, N CKV/ (]I\(T)ZK . Hereafter, when considering hole probability, we work on §p
instead of s for simplicity.

2. Preliminaries

Definition 2.1. Orm(N):= Y IOg[(]I\é)rlel]-
KGA,/”_N

2m log r

1
Lemma 2.2. Q,m(N):Nm+1/ E,(X)dmx+o(N"1) = e
’ (m+ 1)' m!

m

m-1
Z ]Nm+1+0(Nm+1)~
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Proof. We can prove inductively that, for k > 1,

k k+1
(/i) <k!'< k
e) T T ekl

or, equivalently,

kloghk —k <logk! < (k+1)logk —(k—1). 2-1)
Hence we have
—(k+1)logN +(k—1) Eklog%—logk! <-—klogN +k for 0<k=<N. (2-2)
Forall K = (ky,....km) € AN,
N\ 2k K
toe| (g )] =V E- ()
m
ki N —|K
=10gN!+Z(k,' logﬁl—logki!) + [(N—|K|)log Nl | —log (N—|K|)!:|,

i=1

Applying (2-1) and (2-2), we then get

10g[(%)r2|K|]—NE,(%) > (Nlog N—N)—(N +m+1)log N +(N—m—1) = —(m+1)(log N +1),

log[(%)rz'K']—NEr(g) <[(N+1)logN—(N—1)]-Nlog N+N =log N +1.

Hence, for all K € Ay N,

‘log[(z)rzlm] —NE,(%)‘ <(m+1)(logN +1),

‘Qr,m(N)—N Y E(x) = X e () - V(%)

SO

KGAm’N KGAm.N
<(m+1)(log N + 1)(N;;’”) = o(N™T1),
Take
AmnN:={KeAun: ki1 for 1<i<mand |[K|<N-m—-1}CApnN
and
S . ki ki+1 km km+1
Sm(N) = U [ﬁ’ ~ :|><---><|:W, v | S
KeAm N
Then
° N—m—1
|Am,N|:( m )7
° _(N+m N—-m—1y\ m—1
Amn \ A= (7" )= (70 ) = ovmh,

o 1 S
VolRm(Zm\Em(N)):%—N_m(N o 1):0(N—1).

(2-3)
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Over X, we have

|E,| <2llogr|+—— m+1 = 0(1);
hence
K K 0
‘N E(y) =N X E(§) S NIAmn\RmnlsuplEr| = ON™.  (2-4)
KGA’” N Kejo\qu Zﬂ’l
As
sup |[VE,| < O(logN),
()
we have
KN\ _ aym+1
’N X E(R) N B
KEAm,N K
m+1 -
=N Z Ah k]_H km km+1] Er (N) Er(‘x))dmx
KGAm N N’ N
m+1(N—m—1 —m .
<N )N T Otg MO T
= O(N™logN). 2-5)
Moreover,

‘N’”“/}(5 (N)E,(x)dmx—Nm“/Z E,(x)dmx

< N sup| E | Volgm (Zp \ S (N)) = O(N™).
Zm

(2-6)
Combining (2-3)—(2-6), we thus obtain

0y m(N) = N7 / Ey () dmx+o(N™1)

Zm
m

:Nm+1/ Zlelogr—[lelogxz (1 Zm)log(l—zxi)]dmx+0(Nm+l)

i=1 i=1 i=1 i=1

=N’"+1[2mlogi’/ xldmx—(m+1)/ x1log x; dmx]+0(Nm+1)
Zm

m

_ [ 2mlogr 1 (A I m+1
= (m+1)!+%k§% N™H L o(Nm D, O

Remark 2.3. The scaled lattice (1/N)A,, v C R™ tends to X,,. Hence Lemma 2.2 is in fact converting
a Riemann sum into a Riemann integral and estimating the error. Such procedures will appear several

times in this paper.
Remark 2.4. The function E;(x) in the above lemma can also be written as

Er(x)= _b{x}(zr) +log (1 + ”Zr”z)»
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where z, = (r,...,r) € R™ and by, is the exponential decay rate of the expected mass density of
random L2-normalized polynomials with some prescribed Newton polytope (see Theorem 1.2 and (78)
in [Shiffman and Zelditch 2004]).

Let £ = (&1,...,&,), where &; =(Si,0,...,§,~,N)€CN+1 for1 <i <m.

Definition 2.5. W, y (&) is the (N ;m) X (N ntm) matrix with rows indexed by I, y and columns indexed
by A, n such that, for all J = (ji,..., jm) € TN, K= (k1,...,km) € Ay, N, the (J, K)-entry of

7 k'n
W N () is §F = 51 b

st.

The next lemma gives the formula for a “Vandermonde-type” determinant.

m
J+l 1y (N—k+m—i
Lemma 2.6. det Woun@I =[] T 16— &l )00
i=10<j<k<N

Proof. Forall 1 <i <mand 0 < j <k < N, the rows of W, () involving &; ; correspond to the set
oy =01 jm) € Ty < ji =},
while those rows involving &; x correspond to the set

K = {(j1s-- s jm) € T Ji = k). 2-7)
Let

IA
A
~.
3
A
=
o~

S =AU s Jise e Jm) €0NTIAZT 0 i < < is S5 S i

K =AU i jm) €N AZ" 0 i < < i Sk S i S S jm SN
then N
ijoy_ i o (]t —J]tm—i
eyl =1 =) (),
ik ~ik k+i—1\/N—-k+m—i
i =10 =) I
Since, forany 1 <i < m,
N k
Fm,N_l_ll—‘;’;N’
k=0
we have the equality
N o kti—1\/N—k+m—i N +m
SO (5
i—1 m—i m
k=0
Note that
~i,j ~ik
1—‘m,NmFm,N

={(1s-esJiree s Jm) €N I NZ" 1 0<jy <o < i S j <k Zjip1 S S jm <N}

and .. .
D e i [



HOLE PROBABILITIES OF SU(m + 1) GAUSSIAN RANDOM POLYNOMIALS 1931

which means that there are (J - _1 1) (N _,If::" _i) pairs of rows; within each pair the only difference between

two rows is &; ; instead of &; . Therefore, forall 1 <i <mand0=<j <k <N,

(&1 = &) (DO | det W (6,
and thus

Gm,N (&) | det Wiy N (§), (2-9)
where

Gan® =[] J] @—&oECmE"

i=10<j<k<N

Furthermore, for all 1 <i <m,

degg, G, N () = Z (];I—_l;l)(N—Zt;”_’)

0<j<k<N
N S . .
—;[g(ﬁiﬁ)}(zv o
N . .
T
N— .
=X (T )
=M =GO, 2-10)

where the second-to-last equality is due to (2-8). On the other hand, forall 1 <i <mand 1 <k <N,
the number of K in A, y with k; =k is (N_k+m_1); hence,

m—1

degg, det Wy () = Z (=0

where the second equality is the special case i = 1 in (2-10). Therefore, for all 1 <i <m,
dege, det Wy, n (£) = degg, G, v (£). 2-11)
By (2-9) and (2-11),
m
]+t N\ (N—-k+m—i
det Wy v (6) = CuNGmy = Cun [ | [ Gy — &0 U020,
i=10<j<k<N

where Gy, v is a constant depending only on m and N. Consider the monomial

gmN(s)—l‘[l‘[s HH

i=1k=1 i=1k=1

+l 1)(N k-‘rm l é(k-i—t 1)(N k+m i

’
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then
GuNE)=xguNE) +--.

In the Appendix, we show that the coefficient of g,, n in the expansion of det W, x (&) equals 1, and
therefore Cy,, vy = £1. O

3. Proof of Theorem 0.1

To prove Theorem 0.1, it suffices to prove separately the lower and upper bounds

—Nm+1/ E,(x)dmx+0(Nm+1)§logP0,m(r,N)f—NmH/ Er(X) dmx +o(N™T1)
Zm

Zm

Lower bound.

Proof of the lower bound in Theorem 0.1. Recall that 5x(z) = ZKeAm N CK Y (%)ZK Hence,

57 (2)] = |eco....00| — |cK|\/ rIKl forall z=(zy,....2m) € (D(0.7))™. (3-1)

KGAm N\{(Oa -0

Consider the event 2, ,, N:

.....

(i1) |CK| < KEAm,N\{(O,...,O)}.

1
2N (R

Then, if €2, ,, n occurs, by (3-1) we have that for all z = (z;,...,zm) € (D(0, )™,

Ny K]
5N ()] = VA — (")r

1

=N —
7 (1K [+m—1
KeAm NN(0,.,0)} 2 N0

N
1 1
=+N — ——— = =-+/N >0;
];2«/N 2
hence

Pom(r, N) = yn(Qpm,N)
= yn(lc@....0| = VN) I1

1
J/N(|CK| = ),
KA m N \O,...,0)} 2N/ (F)r KK T
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where yn (|c,...0)l = VN) = e ~N_ Recall that for K e A, N\{(O0,...,0)} the standard complex

.....

Gaussian random variables ck satisfy yy (|ckx| < a) = a whenever ¢ < 1. Since

1
2N R (K

if r > 1, we thus have

1

| 2
S T A ey e T

and
K —1
log PN 2 =N = 30 {iogs+1og N+ 210 ()77 ) e [ ()]}
KeApyu N\(0,...,0)}
Since

|K|+m—1 N+m—1
log( m—1 )flog( m—1 )=0(logN),

it follows that

Z [log8+logN + 2log (|KL;|—_ml—l)] = (N+m)0(logN) =o(N™Th),
KGAmN\{(O ~~~~~ 0)}

Therefore,
N
IOgP()’m(V,N)Z— Z log [(K)r2|K|]+O(Nm+1)
KGAm N\{(O ----- )}
= —Qrm(N) +o(N"1)

—Nm“f Er(x)dmx +o(N™T1). O

Upper bound. Let § > 0 be small and k = 1 — V8. We shall first treat § as a small positive constant and
at the end we will let § — 0+. For the sake of clarity, all the constants C, the big O and little o terms
listed throughout this paper will not depend on § unless otherwise stated.

Definition 3.1. Zj(N) = kre2™V=UIN+L gor 0 < j < N.

For all p € Z™, by division with remainder, N +1 = g(N)p + (N ), where ¢(N) € Z, ¢(N) > 0 and
0 <I/(N) < p. For convenience, we drop the dependence on N when there is no chance of confusion.
Since N+1=1I(g+1)+(p—1I)q, forall 1 <i <m,define & = (§;0.....& n) by

Zt(q+1)+s lfOSZSI—l, OSSSq,
Eisptt = . (3-2)
Zg+D+a-Dg+s T 1=1=p-1,0=<s=<g-1
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Intuitively, (3-2) gives a way to choose points & ; (j = 0,1,...) one after another on the circle of
radius k7 such that the arguments of each two consecutive points differ approximately by 27/ p. Denote the
permutation of N +1 indices {0, ..., N} givenby (3-2) by 7,i.e.,zj =&; ;(j) for0< j <N and 1 <i <m.
Fort €{0,..., p— 1}, denote
_Jltg+ 1), t(g+ 1) +q} ift0=<r=<I-1,
a {{l(q—i—1)—|—(t—l)q,...,l(q—|—1)+(t—l)q+(q—1)} ifl<t<p-1,
at:tq+min{t,l}={t(Q+l) ?fOftfl—l,
lg+1)+@—=D)qg ifl<t<p-—1.
Iy, ..., I,y give a partition of {0,..., N}. Again there is an implicit dependence on N for each term
defined above, and we will indicate this dependence explicitly when necessary. Then

[/ —t(g+Dlp+1 if jel;, 0=t=I-1,
J—Ilg+1D)—@t—-Dqlp+t if jel;,, [ St<p—1,
and, if {j (N)}¥7=, is a sequence satisfying j(N) € I;(N) for all N > 1, then

e (G (V) = pj (N) +1(N + D] <2p?,

r(j)z(j—a»pw:{

and therefore

W((N) ( (V)
N1 PN T

Lemma 3.2. With the values of &; given by (3-2),

N
log|det Wy, N (§)] = m( m—:—T) log (kr) + '%"N”H'l +o(N™Th,

—Ozaw”y (3-3)

where By = (1/(m—1)!) fol x™log[2 sin(zx)] dx, which is finite for each m > 1 by the comparison test

for improper integrals.

Proof. By Lemma 2.6,

log|det Win,n (5]

=log[1"[ [T la—&xlCEDCE ’>]

i=10<j<k=<N
m
jAi—1\/N—k+m—i &, 5k
:Z Z ( i )( i ) log I;J ! +log(kr)
i=1 j<k<N
m . . s
Sy (O (VO fen | Ny
i—1 m—i Kr Kr m+1
i=10=<t(j)<t(k)<N
-y A [ T e
i—1 m—i
i=1

0=t(j)<t(k)=N
N+m
+m( 41 )log(Kr)
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where the second part of the third equality is due to (2-10). Now we are going to show that the first term
after the last equality can be approximated by a double integral.

i 3 (f(j)+i—1)(N—f(k)4jm—i)log R

i—1 m—i
i=10=<t(j)<t(k) =N

n ))i—1 _ m—i )
= Z Z [M + 0((T(j))i—l)j| [w + 0((N _ r(k))m_’)]

i —1)! —
i=10<t(j)<t(k)<N @ —D! (m—1)!

xlog}l—eznﬁ(ﬁ_l\’il)‘. (3-4)
Forall 0 < j,k<N,1<i<m,0=<u,v=<p—1,denote

o+l ko k+1
9jkN= s S ) >
” N+1 N+1 N+1 N+1

Lu,v,N ={(j.k)ely,xIy:t(j) <t(k)},

Tyv(N) = U 3 kN
(j.k)eLy v,N
Lu,v,N = {(],k) € Lu,v,N . ] —k 7é +N and ] —k 7é il} C Lu,v,N7
TuwN) = | 9jun CTup(N),

(.k)eLy v N

and define a function over {(x, y) € (0,1) x (0,1) : x # y} by

g (0. ) = (px =)' [1 = (py — )" log |1 — 27VT1E)|.
Then
|Lu,v,N \ Lu,v,N| <2N +2, (3—5)
Volg2 (T w(N)\ Ty v (N)) < O(N™D), (3-6)
1 j—k N
< < f i.k)e L , 3-7
N+1—N+1'—N+1 Or(] ) M,U,N ( )
v Shr= g for (x.7) € Tuu(N). (3-8)
840X, »)| < O(log N) if NElS |x —y| < N (3-9)
. 1 1 1

Vg, (. )| <O(N?2 if ——<|x—y|<l———.  (3-10)

From (3-3), we have
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Z () "HN =t (k)™ " log I _&nﬁ(ﬁ_ﬁ)}
0=<t(j)<t(k)<N

. i—1 m—i
_ m- J - k -
=(N+1)"! E: E: [pN+1—u+0(N 1)} [1—(pN+1—v)+0(N 1)]

0=<u,v<p—1(j,k)€Ly v.N

xlog |1 — V1m0 | (3-11)

Forall 0 <u,v < p—1, by (3-5), (3-7) and (3-9), we get

j i—1 k m—i 5 ﬁ( j i )
L 1— - 1 1 — eV UNFI~NFT
2 (pN+1 ”) [ (pN+1 ”)] og|l-e

(J.k)eLy v N
_ Z gl ( J k )
N “U\N+1"N+1
(j,k)eLy v.N + +
= > g I Yioween). (12
- “YPAN4+1'N+1
(J,k)eLy v N
Moreover,
_ ; J
‘(NH)Z Y ol wriwe)- /f g””(xy)dXdy‘
(jk)ELqu
< Z // (x,y)— K dxd
— 9]kNgu’U y gu’l) N+1 N+1 y
(]k)GLqu
= dxd
SRR L S
(]k)GLqu
|N+1| 1- Jjﬂ
J
dxd 3-13
+ Z //y,,cNg””(x V= g‘“’(N+1 N+1)‘ rar G
(]k)eLqu
|N+1|<ﬁ
or|N+1|>1— 1\5-}-1
Since
) 1 ]—k' 1 } 0 2
#(j,k)e L : < <l———; <|L = O(N"),
{(.] ) M,‘l),N m N+1 m | u,v,N| ( )
. o ]—k 1 ‘] k‘ 1 } 3
# Jkye L : or —— < 0O(N2),
{(]) B NH‘ N+l |N+1 NoES T e
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(3-10) implies that

> ..

(jyk_)eLu,u.N

1
|51 N+1

dx dy

gi (xy)_gi ;L
w U WUAN+1"N+1

1 <| j—k
JNFI=INFT

<O(N?)x (N +1)"%x x sup Vel ,(x, 1)) < O(N~7), (3-14)

and, by (3-8) and (3-9),

> ..

o
(jyk)eLu.v.N
< me
N+1 VN+T
j—k 1

OI'|N+1 |>1_W

. . ; k
Zuw (X Y) = &y (; —) ‘ dx dy

<ON3)x (N +1)2x O(log N) = O(N"Zlog N). (3-15)

Let Ty ={(x,y)€R*:0<x—u/p<y—v/p<1/p}. Sinceg,’;,u is L1

loc’
is absolutely continuous with respect to the Lebesgue measure. Therefore, by Lemma 3.3 below, we

have that

the measure gft’v(x, y)dxdy

//o g,';’v(x,y) dx dy—// g,’;’v(x,y) dxdy =0(1) as N — oo. (3-16)
Ty v(N) Ty

By (3-12)~(3-16),

j i—1 k m—i 5 ﬁ( ; « )
7 1— - _ log |l —e“™V~ ' \NFTI~~NFT
2 (pN—H ”) [ (pN+1 ”)] og|l-e |

(K)eLy v.N
= (N +1)? // gho(x.y)dxdy +o(N?). (3-17)
TM,U
(3-17) and (3-11) imply that

Y U k) log |1 — 2T RET )|
0<t(j)<t(k)<N
=(N+1pmt 3 [/ gho(x.y)dx dy +o(N™t1), (3-18)
o<uv<p—1"/Tuw
(3-18) and (3-4) imply
i 3 (T(J')-i‘l'—l)(N—f(k)-i"m—i)log}eznﬁﬁ_eznﬁNLﬂ

i—1 m—i
i=10=<t(j)<t(k)<N

3 g,i,,v(x,y) i
=2 2 // mdxdero(N +y

i=10<u,v<p—1 Tuw
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n —myji—1y1 — v
ZZ //T [p()(cz—lﬂ [ IZI(; z)!)] 1"g|1‘emﬁ()‘_ma’>€dy+o(N"’+‘)

X)i_l (1 _ )m_i - ~ u
Z //T (117—1)' (mp_yi)' log|1—82nﬁ(x y+op P)|dxdy+0(Nm+1)
v<p 0.0 :

Z —1
(px)l 1(1 py)m 1 y4 — e B .
/\/;-' l_l)l _l)' g | | }e2nﬁp _(32 ﬁ(x y—i—p)‘ dxdy+0(Nm+1)

0<u=<p 0,0 ! Vo

= i/f (px)=t (1= py)m—t log ‘1 _eznﬁ(px—py)‘ dx dy + o(N™+1)
p: Too =DV (m—i) y

i—l 1— m—i
// Z (l - 1)' ( (m J:)l)' IOg |1 —ezn\/jl(x_y)| dx dy +O(Nm+1)

m// (14 x—y)" log |1 — P2V —1(x— y)‘dxdy—ko(Nmﬂ)

where 7' = {(x, y) e R2:0 < x < y < 1}. After the change of variables ¥ = x — y, = y, T is mapped
toT ={(%,7) €eR?: ~1 <% <0, —%¥ < j <1}. Then

—// (I4+x—py)™ 1log‘l 2= 1(x= y)‘dxdy

(m—1!

:W /ﬁ(l +5)" Mg |1 —e*VI¥ | d% d

1)|/ (1+x)m10g}1 anx}dx

1 1
~(m—1)! / X" log |1 eV dx
m—1)! Jo
1 1
“(m—1)! / x"™ log[2sin( x)] dx
m—1)! Jo

=PBm:

hence,

S (U g o
i=10=<t(j)<t(k)=N
— :B_mNm+1 +0(Nm+1)
p

Thus,

N+m

log|det Wy, n(§)| = m( ]

)10g(Kr)+’3_’”Nm+1 T+ o(N™H), 0
p
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Lemma 3.3. limy _, o0 Volgz (Tu.v A Tuo(N)) = 0 for any 0 < u,v < p — 1, where Ty A Typ(N)
denotes the difference set of Ty, and Ty (N ).

Proof. By (3-6), the statement in the lemma is equivalent to limpy — oo Volg2 (T, A Ty,»(N)) = 0, which
follows from limN_mo(Tuév (N\OTyuw) =Tuw,as Ty vy ATy v(N) =Ty \Tuy(N)U(Tupv(N)\Tyv).
Since Typ \ Tu,v(N) C[Tup \ (Tup(N)\0Ty,»)U 0Ty 4,

Volg2 (Ty,p \ Tuv(N)) < Vol (ﬁ,,v \ (Ty,w(N)\0Tyv)) + Volp2(0T,»)

= //Rz 170—‘u.v\(TM,u(N)\8Tu’U) dx dy
= »//I;QZ }17074,1; - 1Tu,v(N)\3Tu!U‘ dx dy;

the last line tends to 0 by Fatou’s lemma. A similar proof works for 7, (N )\ Ty,,. Therefore, it remains
to prove limy— oo (7,0 (N)\ 0Ty ,») = fu,v.

First we’ll show that lim sup n_, oo Ty, v(N) C Ty,p. Forall (x, y) €elimsupy_, o, Tu,0 (N ), there exists
a sequence { Ny}~ | — oo such that, for any n > 1, there exists (j(Np), k(Np)) € 1,(Ny) X Iy(Ny) with
N, ( (Nn)) < TN, (k(Ny)) and with (x, ) € 9 j(N,),k(N,),N,- Then limy o0 j(Ny)/(Ny +1) = x and
limy 00 K(Np)/(Nn+1) = y. Since 0 =< =, (j (Nn))/(Nn+1) <N, (K (Nn))/(Nn+1) < Np/(Np+1)
and (j(Ny), k(Np)) € 1,(Ny) x Iy(Ny), (3-3) implies that

0<p lim j(Ny)/(Np+1)—u=<p lim k(Ny)/(Np+1)—v <1.
n—>o0 n—o0

Hence 0 < px —u < py—v =<1land (x,y) € Ty .

Next we will prove 70‘,,’,, Climinfy_ o0 Ty,v(N). Forall (x, y) € 70‘,,,1,, O<x—u/p<y—v/p<l1/p.
Then there exist 0 <€y, €5,11,n2 <1/psuchthatx =u/p+e; =(u+1)/p—nyand y =v/p+e; = (v+
1)/ p—n,. Foreach N >0, define j(N)=|(N+1)x] andk(N)=[(N +1)y]|. When N is large enough,
JIN)=1(N+D(u/p+e)] =uq(N)+[ul(N)/p+e (N +1)] Zugq(N)+min{u, [(N)} = ay, while

0 v+ 1)

<(wu+g(N)4+min{u+ 1,/(N)}—1=a,4+1—1

)= [ D (2 =0 = Gt D) + @)

for 0 <u < p—1, which indicates that j(N) € I,(N). Similarly, k(N) € I,(N) for N large. Moreover,
limy 00 T(j(N))/(N +1) = plimy 00 j(N)/(N + 1) —u = plimy o [((N + Dx|/(N +1)—u =
px—u; similarly, limy o0 T(K(N))/(N +1) = py—v. And, since 0 < px—u < py—v < 1, for N large
enough wehave 0 <t (j(N))/(N+1)<t(k(N))/(N+1)<1,500<t(j(N))<t(k(N))<N. Thus, by
the definition of (V) and k(N), we have, for N large, (x, y) € $;(n)k(v),N C U(jsk)ELu,U.N Sk N=
Tu,»(N), which implies that (x, y) € liminfy_ o0 Ty o (V).

In conclusion, we have

Tup C liminf T,y (N) C limsup Ty o(N) C Ty,
N—o0

N—o0
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from which
lim (Tu,v(N) \ 8Tu,v) =Tup. O
N—oo
Let¢ = (é'.])f]erm’N = (EN(S])){IGFm.N =GN Sm’-im))f]GFm.N be an (N;;m)—dimensional
mean zero complex Gaussian random vector. Let its covariance matrix be X; then, forall J = (jy, ..., jm).

J'=(j{s. s Jm) € TN and

250 =En(s8r) =EnGN(E)inEr))
N N\ -
- = [V Vo)

= ¥ (R)EiEn~

KeApm N
=1 +&E)N

= (1 +§1,]'1§1,ji + - +§m,1m§m,]r/n)]v

’

where E denotes the expectation with respect to the probability measure yy;.

Lemma 3.4. With the assignment of € as in (3-2),
2
log (detX) = Qurm(N) + %N’"“ +o(N™th).

(V) =< (V)

Proof. S = Ve w(§)V;5 y ©), where V() = (y (DEF)

JeT, KeA is an
. €lm N, KE N
matrix. Thus " "

det s =[det V@ = [ (g )ldet W n @

KGAm!N
By Lemma 3.2,
N
log (det X)) = Z log (K) + 2log |det Wy, N (§)]
KEAm'N
B N N+m 2Bm \ m+1 m+1
_KAZ log(K)+2m(m+l)log(/cr)+7N +o(N )
€Am,N
N 2
= Z log(K) +2 Z |K|log (kr) + ﬁN’"'H +o(N™T1
KGAm,N KGAm,N P

2
= Quran(N) 4 LN o), 0
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As log |5/ (2)| is plurisubharmonic in a neighborhood of (D(0, 7))™, we have

log [ 1esl= D loglin(€s)l

Jely N Jely N
m
< > // log |55 )| [ | Pri&ij; ui) doy(uy) -+ doy (um)
J€lm.N 3D (0,r))ym =1
= (N +1)™ // log|§N(u)||: Z l_[ Fr gili’lul)
(@D (0,r)™m JElm.N

/ 1_[ P, (/crezﬂrx’ u; )dmx:| doy(uy)---doy(uy)

i=1

m

F 0 [ [ gl [T 2ere™™ = ) dyx doy ) -+ do ). 3-19)
H ;

(3D (0,r))™m =1

where P, (&,u) = (r2 — |£]?)/(lu —&£|?) is the Poisson kernel of D(0,r), do, is the Haar measure on
dD(0,r), dmx is the Lebesgue measure on R™, and

H= U Hyy,.t = U X=(X1,...,xp) eR":0<x;j—— =<+ <x)pp—— = —¢.
P

0=<t1,..., tm=<p—1 0=<t1,..., tm=<p—1 p p

Let I and II be the two summands on the right-hand side of (3-19). Then

Z 1_[ —Prf]l_]i_”lul) / 1_[ P, (Kreanx, ui) dmx

Ni=l1 i=1

I<(N+1D"™ ma
ue(BD(O r))m

X // ‘log|§N(u)|‘dar(ul)---d(r,(um). (3-20)

@D(0,r))m
First we estimate [-- 'f(aD(o,r))m |log |Sn (u)|| doy(uy) -+ - doy (um).

Lemma 3.5. yw( sup [Sn@)|<1) < e~ Qr.m(N)
ue(dD(0,r))m

Proof =Y ek i = k1Y )ex.

KGAmN

where 8K /9uX refers to (91 /91y - (9Fm /9u*m) and K1 = k- ko,
By Cauchy’s integral formula,

oK K! Sy (u)
——sv(0) )= — —————duq---dup,
uk v (0) Qr/=1)m / / I, uf"H 1

(@D (0,r))™
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SO
1

@D(0,r)ym F =1

and thus _
SUP,eaD(0,r))m SN ()]

lex | <
\/(Tf‘g)rm

Therefore, sup,eap(o,r)y= SN ()| < 1 would imply that, for all K € A N,

ek | < [(Z)VZIKI]_?

i s i<y =TT melies =[(V)2 ]

ue(@D(0,r))m KeAm. N

= I 1G]

KEAm,N
— e—Qr,m(N). O

forall K€ Ay N

Therefore,

The next lemma follows directly from the first part of [Shiffman et al. 2008, Theorem 3.1], but here
we provide a self-contained proof without using the language of sections and metrics.

Lemma 3.6. Given U C C" open and bounded with sup,, .7 ||zl = R > 0, for all n > 0,

yN{sup|§N(z)| > (1 + RZ)%"N} <™ for N> 1.
zeU

Proof. By the Cauchy—Schwartz inequality,

> ey (3):F

KGAm_N

< Jlel sup[ 3 (ﬁ)m”‘]i

sup|Sn (z)| = sup
zeUKeA, N

zeU zeU

N
= llell sup(1 + |1zI|*)2

zeU
= el (1+RH %,
SO N+m
( m )_1 @2nN)Yk
_ N _e2nN et
VN{SUB|SN(Z)| > (1 +R2)26’"N} < yuille] > ™y = e K
zeU k=0 )
hence,
log yN{sup|§N(Z)| > (1+ Rz)%enN} < —e?N 4 log (N;:m) + (MN)[(N;:M) _ 1]
zeU

<—e™ for N> 1. O
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Lemma 3.7. [/ [log|sn (u)|| doy (uy) -+ doy (um) < CN/S™
@D(0,r))m
for some constant C outside an event of probability at most e + e~ Qerm(N),

Proof. Applying Lemma 3.6 to U = (D(0, r))™, we have

]/N{ sup |§N(u)|>(1+mr2)%e"N} SyN{ sup |§N(u)|>(1+mr2)%e"N} <e ",
ue(dD(0,r))™ ue(D(0,r))" (3-21)
Therefore, taking n = 1, outside an event of probability at most e=¢" we have
log™ |5y (u)| < N log(1+mr?)+ N on (D(0.r))",
SO
/- : / log™|5n ()| doy (uy) -+ doy (um) < 3N log(1 +mr?) + N. (3-22)

(0D (0,r))™

Applying Lemma 3.5 to the distinguished boundary (dD (0, kr))™, we have, outside an event of probability
at most e~ Qer.m(NV) SUP,e@D(0.kr)m 1SN ()| = 1, i.e., there exists some 1 € (dD(0,«r))™ such that
v ()| = 1 and

0=<toglinl = [+ toglin ] [ 200 doy ur) -+ doy un)

(3D (0,r))m i=1

m
= // log™ |5 (u)] 1_[ Pr(ni,ui)doy(uy)---doy(um)
(3D (0,r))m =1

m
— /.../ log_ |§N(u)|1_[Pr(r]i,u,’)dﬁr(ul)..-dar(um). (3'23)
(3D (0,r))" i=1

Since forall 1 <i <m, |n;| =kr = (1—~/8)r and |u;| = r we have V/8/2 < P,(n;, u;) <2//3, (3-23)
implies that, outside an event of probability at most e~ @xr.m (N),

(?) [+ [ 108 w1 doy )+ doy )

(BD(0,r))m 5\ )
<(—) f/ log™ 5 ()] o (1) -~ doy (um). (3-24)

7
@D(0,r))m

Combining (3-22) and (3-24), we get that, outside an event of probability at most ¢=¢" + ¢~ Qxrm(®),
// lloglsn ()]| doy (1) -+ doy (1)
@D (0,r))™

= // logt|Sn ()| doy (uy) - - - doy (um) + // log™ |Sny(w)| doy(uy)---doy (um)

(@D (0,r))™ (@D (0,r))"
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<[1+(3)"] [ 1o tnldor -+ doy un)
(aD(0,r))m
m CN
[l—i-(g) ][%Nlog(1+mr2)+N] =S O
PV(EI,],?”I) Zanl 0(1)
Lemma 3.8. ue(arg(z})xr))m Z 1_[ N o [ HP (kre uj) dmx| < v

Ni=1 i=1

Proof. For all u € (dD(0, r))™,

Pr(&i i ui e
Z 1_[ Nl—t,l ! —/HE[Pr(KreZ”ﬁX",u,-) dmx

JEFm’Nl—l
p, (Sl r(],) uj ) 2wa/—1x;
E || N+ 1 / ||P(Kre JUi) dmx

t(J)el, vi=1 i=1

SR PSR 1B A | L I

0=<t{,...t;»<p—1 JeI,lx X1y, i=1

t(J)elm. N
- Z Z l—[ Pr(Z]taul) / l_[Pr(KVezﬂFxl ul)dmx
- N +1 H (N)
0=ty stin=<p—1"J €l x-xIyp, i=1 fsentm i=1
1:(J)Gl-‘m,N
+ / P, (Krez’“ﬁx’ ui) dmx
Z Htl ..... tm (N) lljll

0<t1,..,tm<p—1

m
—/ 1_[ Pr(kre®™™ 1% uiyd,x|, (3-25)
Hy

. S . . 1
where Hj, ...tm(N):U J1 ’]1+ o Jm ’]m+ '
” Jelyy xxIy:t(J)elmNn| N +1 N +1 N+1 N+1
Forall0 <t,...,.ty < p—1,
P ’
I A | L AT
JGIIIX Xltn’l i=1 + Htl ~~~~~ ’WI(N)I_I
T(-])EFm,N
m m ;.
< nPr(/creZ”ﬁx",ui)—nPr(KreznﬁW,ui) dmx
Jm _ Jm
Jel x- ><I,m [N+l’ N+1 ] i=1 i=1
T(J)Grm N
)™ 0P (w, 2k
< g+ D™ )mm sup  [Pr(w,u)]™! sup r(@,u)| 2micr
(N + 1) lw|=kr, |u|=r |lo|=Zkr, |u|=r do N +1
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C
pmszmTDO(N 4 1)

SO

Z Z HPr]Eijl’:ll) / l_[P(KreZJTFXI u)dmx
0=ty yeenstim<p—1 1T €1y XX I 1y i=1 + Hiyoom(N) 4

t(J)elm N - C 0(1) (3 26)

- 5%(m+1)(N +1) B §am+1)’

To bound the second term in (3-25), we need the following statement, which can be proved in a similar

way as Lemma 3.3:

lim VOlRm (Hll,...,lm (N) A Htl;m;tm) =0 for any 0 = tl’ R [m = P — 1.
N—o00

Hence,
Z / 1_[ p, (KreZ”Fx’ u;i) dmx — / 1_[ p, (Krez”rx’ u;) dmx
0<t1yotm<p—1"7 Hir tm(N) Hiyootm =1

m
> NVolgm(Heyty(NAH )| sup Pr@,u)]

0<t,..c,tm<p—1 lo|=icr,|u|=r

< > 0(1)(%)’" = Oﬁ”. (3-27)

m
0<t],0stim<p—1 82

A

This o(1) may depend on p.
By (3-25), (3-26) and (3-27) the lemma is proved. O

Combining (3-20), Lemma 3.7 and Lemma 3.8, we have, outside an event of probability at most
e_eN + e_QKr.m(N)’

o() CN o(N™T]
§(m+1) §m - s m+i

I<(N+1"

By changing the order of integration,

= (N + l)m/ / / log |5 (u)] 1_[ P, (KreZ”Fx’ uj)doy(uy) -+ doy(um) dmx.
(@D(0,r))m
If 5 is nonvanishing on (D(0, r))™, log|5 (1) | is harmonic in u; in a neighborhood of D(0, r) for each
fixed (uy,..., 0, ..., um)in (D(0,r))™ . Applying the mean value theorem for harmonic functions,

we get
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II=(N+1)”’[H ff log [5x (cre?™ =1%o )|

@D (0,r))ym m
x [T Prere?™ =% up) doy (us) -+~ doy (um) dmx
i=2

= (N +1)" /H log |§N(Kre2”ﬁxl, . .,/crez’“ﬁ]x’")l dmx.

Define
= :/ log [ (ere>™=1X1_ icre?™Y=1%m)| d, x (3-28)
H

which is a complex random variable. Thus we have proved:

Lemma 3.9. If 5y is nonvanishing on (D(0, )™ then

ml
og [ I |<0( +)+<N+1)'""

JeI‘,n N

. e —eN |
outside an event of probability at moste™ ¢ +e Qicr.m(N),

Replacing I', n by F(Q ={J =1 Jm) €[0.N]"NZ":0 = jo1) <+ = Jom) < N},
where o can be any element in Sy, the permutation group of m letters, similar results hold and we have

counterparts for Lemma 3.4 and Lemma 3.9, which we state without proof.

Lemma 3.10. Denote the covariance matrix of the random vector (¢ (JQ) =5n(E)))! by =@ Then

(o)
Je 1—‘Im N

2
log (det @) = Qym(N) + L N™H 4 o(NH),
p
For all o € S, let
H(Q) — U H(Q)

0=<ty,..., tm=<p—1

t t 1
= U {x:(xl,...,xm)e[R{m:Ofxg(l)—&5---§xg(m)_Q(m)f_},
0<t1,etm<p—1 P p p

and define the random variable

z@ :/ log }§N(Kreznﬁx1,...,Krez’“ﬁx'”) dmx
H©

Then:

Lemma 3.11. If §x is nonvanishing on (D(0, r))™ then

O(N b -
g [T 16f1==5 -+ (W +1)"e®@
Jel"(g)

. . —eN | _
outside an event of probability at most e=¢ +e Qir.m(N),
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The last ingredient we need to prove the upper bound is the following lemma:

Lemma 3.12 [Nishry 2010, Lemma 4.6]. Let s, t > 0 and N € NT be such that log (t"V /s) > N;
then

N N
K t
VOIRN{(Vl,...,VN)ERNZOSV]'fland ||VJ§S}§m10gN(T)

Jj=1

Proof of the upper bound in Theorem 0.1. If § is nonvanishing on (D(0, r))™ then, by the mean value
property of pluriharmonic functions,

Y@=} log|Fy (kre>™Y =1 ire?mV=10m)|
H()

0ESH 0ESH

:/ log‘§N(Kre
UQGSm H()

1,1
=// log‘EN(Krezﬂﬁxl, ... ,Kreznﬁx’“ﬂ dxq---dxpy
o Jo

NIXL g eV _lx”’)| dnx

= // ]0g|§N(a)1,...,wm)|daxr(wl)"'dUK7(wm)

(0D (0,kr))™m
=log|sn(0,...,0)]
=log|c(0 ..... 0)|§

the second equality holds because, for distinct o1, 02 € Sy, H (@1) 0 F(@2) js of m-dimensional Lebesgue
measure zero. Then,

Pom(r, N) =y {0 €55 ((D(0,1))™)}

<y (le.ol = N2 + J/N{( 3" 5@ < 2milog N) 10 ¢5n (B, r))'"))}
0E€Sm

<N —H/N{ U (E@ =2logN)n (0 ¢5N((5(0”))m))}
0€Sm

<™ 1 3 YV {(E@ <210g N) 1 (0 €53 ((D(0.1)™))}.
€S
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Lemma 3.9 implies

YN {(E <2log N) N (0 €55 ((D(0,1)™))}

—eN _Q (N) O(Nm+1) m
<e ™ e CermM™M oy tlog [T 1671 < =12 +2(N + D)™ log N
Jely N amEs
N ( m—H)
= ¢ e Qurm™ o LT |;_,|<exp{ +2(N+1)mlogN}}
JGFmN
Define
N ( m+1)
%m,N={§=<c1)Jerm.Ne@( »): 1 |f>“fl<e"1°{5 g TN DToe Ny
Jerm.N

and

N
Fmn == (1) sery, n EE€mn 1Cs1 < Q+2mr?)2 VI €N} CEmn.

which can both be treated as subsets in C(" m"") and events in the probability space (H°(CP™,O(N)), yy)-
Thus,

YN L(E <21og N)N (0 €5n((D(0,r)™))}
f e_eN + e_QKr,m(N) + VN(%m,N)
<o 4o 4y (€N \FimN) + YN (Fmn)  (329)

and
N
YN @m N \Fmn) <yn{lls|> (24 2mr?)2 for some J € [y}

<yyl  sup  in@)]>Q+2mr)T)
we(0D(0,kr))m

<yyl sup  fin@)]>1+mr)T2%)
we(ﬁ(o,r))m

<22 (3-30)

’

where the last inequality is due to Lemma 3.6. Then Lemma 3.4 gives

1 sk yv—1

_ —-*E7¢

YN (Fm,N) = po / e d,N+m\C
" T((Nj'; )detE Fm,N 2( m )

Sexp{ |:Qlcrm(N)+ ﬁpmNmJ'_lj|+0(Nm+l)} ~( +m)V01 (N+m)(d"m N)-
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Change into polar coordinates and note that
(N+m) ( rn+1)
=Vol_~N+myq(X1)ser E[O,(2+2mr l—[ xy<expy ———+2(N+1)"logN
[R( m) m.N 8
Jely, N

then
YN (Fm,N) = H(VEm) eXp{-[Qw,m(N) + 2"%Nmﬂ] +0(Nm+l)}

( m+l)
xexp{— +2(N + 1) log N} Vol (N -+my (F,N)
§am+sz R ’

m 2 Nm+1
— (™" exp{—[QK,,m(N) + ﬁN’"“] + 0&—“} Vol xgmy (Fm, v)-
) ‘

§amTz

Since (N;;m)%N log(2 +2mr?) — [0(Nm+1)/8%m+% +2(N +1)"log N] > (Nntm) for N large (up to
now p, § are constants), we can apply Lemma 3.12 and get:

VOIR(N;:;m) (%m’N)

m+1 3m+1 m
Xl )fe LA DT ML (N ) N rog(a 4 2

[V =1t "
o(N™+1y QD)
[—++2(N+ l)mlogNi|}
- exp{o(Nm+1)/52m+2 +2(N +1)"log N} N+m loa(2 + 2mr2 "
A 20 () ]
then,
L exploN /B3R 4 2(N 4 1) og N — [Qern (V) + 2N
s (=1
QD]

X[N(N;m)log(2+2mr2)] "
o)

( m+1) m 2,8m m1
log y (Fpm, N)<5T++2(N+l) log N — ri’m(N)+7N

+ (N;—m) log [N(N:;m) log(2 + Zmrz)] —log [(Nn—:m) — 1]!

2 o(N™MT1
:_ri,m(N)——lj)mNm+l +—((3%m+5) (3-31)
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By Lemma 2.2, (3-29), (3-30) and (3-31),

YN i(E <2log N) N (0 &35n((D(0,7)™))}

- _ X 2 o(N™M+1
<" f e Qurm) 4 =22 +exp{‘er,m(N)—ﬁN’"“+¥}
p §zmt3
2mlog(Kr) mt] 2mlog(Kr) mt] Z,Bm o(N™t1)
<expy—miny ———— Z Z N 28
(m+1)! m' k' (m+1) k p §am+3
Similarly, for all g € Sy,
Y l(E®@ <21og N)N (0 ¢§N((13(0 r))’"))}
m—+1 m—+1 1
< expl— min 2mlog(Kr) Z 2mlog(Kr) Z 2,8,,, Nm+1+0(]:/m+l) ;
(m+1)! m' kK (m+1)! m' k p §am+y
thus,
PO,m(Vv N)
S6_1\7414'1!
m+1 m+1 mt1
+mlexp] — min 2mlog(/<r)+i l 2mlog(/<r)+i _+2,Bm Nm+1+0(N )
(m+1)!  m! k' (m+1)!  m! k §am+y
2mlog(kr) 1 g 2mlog(kr) 1 mt] 28 o(N™+1
=expy —ming ———= 4 — - ———+— —+ mANmtly - 4
(m+1)! m! k' (m+1)! m! k p §am+3
SO

< . [2mlog(kr) R 2mlog(xr) 1 nir:l 1 28w ymt +0(Nm+1)
—mi — - 4+ — -+ — _—
- (m+ 1)! m! ! k' (m+1)! m! ! k §am+3%
and thus
log Py (r, N) 2mlog(kr) g 2mlo (Kr) (s Zﬂ
limsupL E—min{—g Z 2 o8T) Z m}
Nooo ~ NMF1 m+Dl " ml =k m+ D KT p
Let p — oo; then
log Pom(r. N 2m1 1
lim sup o8 O’m(}; ) < —[ m log(icr) +— Z —].
N—>00 Nm+ (m+1)! m! = k
Let§ — 0+;thenk =1 —+/§ —> 1, so
log Pom(r, N 2m1 1"
fmsup 08 Lum ) [2mlogr 1 K 1]
Nooo  N™MT1 (m+1)! k
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Hence,

m+1 1

2mlogr 1 —]Nm+1+o(Nm+l).

log Py m(r, N) < —| 287 |
02 Pom(r.N) [(m+1)!+m!k=2k

Thus, Theorem 0.1 is proved. O

4. Proof of Theorem 0.2

The proof of Theorem 0.2 is quite similar to that of Theorem 0.1. We only need to make some slight
modifications in picking “determining exponents” and “sampling points”.

Lower bound.
Definition 4.1. Apn(r) = {K €A : (]I\é)rlel > 1} C Amn.
Ry m(N) = Z log[(jl\é)rzml].
KeA, n(@r)
Lemma 4.2. log Py (r, N) > =Ry m(N) +o(N™T1),

Proof. Consider the following event €2, ,, y:

(i) |c(o....0)l = VN,

(i) |ex| = K € A, N(M\(O.....0)},

1
2V ()KL
1

K e Am,N\Am,N(r)-

-
(i) [ex| =< KlTm=1

2W( m—1 )’

Then, when 2, ,, n occurs, for all z € (D(0, r))™,

(i)'

I5n ()| = VN —

|
=N - 3 _
Kehmaniuoy 2YN ()

N
1
=N — -
N2 3w
:%\/N>0.
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Thus,
Pom(r.N) = yn(2rm,N)
—inleo ol 2VD) ] yN(|cK| < ! )
KeAm N (M\(O,.,0)} 2VN \/(TK)V'K (KL=

X 1_[ )/N(|CK| < 2ﬁ(|[1(|+m—1))

KeApm N\Am N(r) m—1
1 1

>e N

_1\2 .27
KeAm N ONO....00) 8N () r2KI(KHEm=I T g i\ Amn () 8N (K M=)

Therefore,

log PO,m(n N)
- 5 1og[(]1\<])r2'K'}— 3 log [SN(|KLj_ml_1)2]

KeA, n(r)\(O,...,0)} KeA, n(r)\{(,...,0)}

= Z log [(%)l’le']-i-o(NmH)

KeAp n(N(,...,0)}

Upper bound. For some o € (0,1], we can define the index sets A, |on) and I, |on], and the

(LaNJ +m) % (LaNri—i-m)

m matrix

Wm,l_oeNJ (%-) = (gf)JEFm,LaNJ, KGAm,LaNJ'

We also assign the values of the variables (§; j)o<i<m,0<j<|an| by the points on dD(0,kr) in a way
similar to in Section 3, except that we replace N by |@ /N |. Then we have the following lemma:

laN |+m

Lemma 4.3. log|det Wy, |an) ()| = m( —

)log (kr) + %"(chNJ)m“ +o(N™th.

The word ¢ = (§7) €T on) = OGN &)y €T o 1S 2 dimension—(L“N,i+m) mean zero complex

N]
Gaussian random vector with covariance matrix

Y= Vm,N,ot (Sj) Vr:;,N,Ol (é)’

where Vi xa(§) = (\ (X)) rer,, ony. eany 133 (45 7) x (V™) matix.

Definition 4.4. Orma(N):= 1og[<][\£)r2”‘|]

KEAm.LD(NJ

2
Lemma 4.5. logdet X > Qyr.ma(N)+ ﬁ(LocNJ)’"Jrl +o(N™th).
V4
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Proof. By the Cauchy—Binet identity, summing over the (LO‘N ”Jl ) x (L“N ng )

2
()
K Jerm,Lo(Nja KEAm;LO(NJ

minors of Vi, N (§),

detE:ZldetMlzz = l_[ (%)Meth,LaNJ(é)lz»
M

KEAm.LozNJ

SO

N laN |+m 2Bm m+1 m+1
logdethK AZ log(K)+2m( mal >log(Kr)+ —(laN)) +o(N )
€ m,laN |

= Z log[(]]\(]')(Kr)2|K|:| ,Bm(L NJ)m+1+0(Nm+1)

KEAm,LaNJ

- QKrma(N>+%(LaNJ)'"“ L o(N™H), 0

The following lemma is a counterpart of Lemma 3.9. The proof is similar.
Lemma 4.6. If 5y is nonvanishing on (D(0,r))™ then

1_[ O(Nm—H)

<
1= 2
Jel laN]

log +(leN|+D"E

. o —eN — . -
outside an event of probability at most e™¢ + e Rir.m(N) \yhere the complex random variable E is

defined in (3-28).

By the same trick of permutation as in Section 3, we can get an upper bound estimate for Py, (r, N):

N

Po,m(r, N) < N m!{e_eN 4o Rerm(N) 4 p=22

m+1
esp | ~Qerma) =L L+ DNy

sm+3

Punch line of the proof. In order to prove Theorem 0.2, it suffices to compute R, ,(N) and Qy m.o(N)
asymptotically. We follow the same idea as in Lemma 2.2.
The scaled lattice (1/N)A,, n(r) corresponds to the set

{x=0(1,....,Xm) €EZpm: Er(x) =0}

and (1/N)Ay m,«(N) corresponds to the set

m
{x:(xl,...,xm)e[Rim"':Zx,-faf1}.

i=1
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So we have
N
Ry m(N) = Z log [(K)rlel] = Nmtl - E, (x)dpx +o(N™T1), (4-2)
KeApm Nn(r) Er(x)=0
N
Orma(N)= > log[(K)rz'K'] =N’”“/xeRm+ Ey(x) dmx +o(N™1).  (4-3)
KeAm, |aN] Yty xiZa

Moreover, if we go through the proof of Lemma 2.2, we find that the o(N m+1) terms in (4-2) and (4-3)
are uniform if r < ¢ for some constant ¢ > 0, which implies that, when r is replaced by kr = (1 — v/8)r,
the remainder won’t depend on §.

Proof of Theorem 0.2. The lower bound proof is already implied by Lemma 4.2 and (4-2). To prove the
upper bound, by (4-1) and (4-3),

log PO,m(V, N)

< —Nm+1 min {/ x€X,, EKr(x) dm.X, / xeRrm+ EKr(x) dmx +
Er(x)=0 Y xi<a

Zﬂmam-i—l} O(Nm+l)

3 1
p §am+s3

Similarly as in Section 3, we obtain

log Py m(r,N) < _ ™M+ in {/ern E;(x) dmx,/xeR,,1+ E;(x) dmx} +o(N™Th
E.(x)>0 Y xi<a

=N ot () dx 0N,

Z;’n:] Xi <a

Now we must find a proper «g = g (r,m) € (0, 1] which maximizes fxeRm+ T xi<a E,(x)dpnx. For
this purpose, we consider the function defined on (0, 1] by

T (@) :=/ E.(x)dpux.
xeRM+T:YT | x; <«

Then

T(a)—2mlogr/ crm+ X1 dmx — m[ cegmt X1 log x1 dmx

Z[ 1X1<(¥ an 1x,<a
m m
—/XeRm+ (I—in) log (I—Zx,-)d X
Z;nzlxiS(x i=1 i=1
oM+l am+1 mEly 1
=2ml — 1 — — 1—x)x"""" log (1 —
m ogr(m+1)! m(m_l_])![ogoz kX_; k} 1)'/ (1—x)x og (1—x)dx,
o™l |
Y (a) = W{(Zlogr + Z %)a—[aloga +(1—a)log(l —a)]},

k=2
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where we take Yy, 1/k =0 when m = 1. So, if 2logr + Y 3", 1/k >0, Y'(a) > 0 over (0, 1], thus
maxo,;] ¥ = Y (1) and therefore g = 1.

If 2logr + > p—, 1/k <0, (2logr + Y}, 1/k)a = aloga + (1 — @) log (1 — ) has a unique
nonzero root g € (0, 1), and

max ¥ = Y(ag) = / - E,(x)dpx =
©.11 iy xi<ag

1 m " Ot]g
m[(l —ag ) log (I —ao) + 1; ?]. (4-4)

This concludes the proof. O
Remark 4.7. The proofs of Theorems 0.1 and 0.2 also work for a general polydisc [];=; D(0, r;). For
example, if r = (rq,...,rm) €[1, 00)™, the function E, in Theorem 0.1 would be

m

E,.(x) =2Zx,- logr; — |:Zx,- log x; + (1 —Zx,—) log (1 —in)]

i=1 i=1 i=1 i=1
and fEm Er(x) dmx would equal (2/(m+ 1)) Y72 logr; + (1/m!) Z’::zl 1/k.

5. Hole probability of SU(2) polynomials

Proof of Corollary 0.4. When r > 1, ag = 1. The result follows from Theorem 0.1.
When 0 < r < 1, for x € RT,

E,(x)=2xlogr —[xlogx+(1—x)log(1-x)]>0 <<= 0=<x <ap.
By Theorem 0.2,

0
log Py 1(r,N) = —N? / E,(x)dx +0o(N?),
0
where the value of the integral in the corollary is due to (4-4) and the fact that
200 logr = aglogog + (1 —ag) log (1 — ). O

Proof of Theorem 0.5. As 0U is a Jordan curve, by Carathéodory’s theorem ¢ can be extended to a homeo-
morphism D(0, 1) — U. We still use ¢ to denote the extended map. Thus, §y(z) = Z,?’:O Cx (]Z) zk
is nonvanishing over U if and only if ty(w) := Z,ICV:O Ck (]Z)1 2(d) (a)))k is nonvanishing over D(0, 1),
where ty € 0(D(0, 1)) N€(D(0, 1)).
Since
tn(0) o
1 (0) cq

N) '
($V(0) N
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where A is an (N + 1) x (N + 1) lower triangular matrix with diagonal entries {k' \/ ((;5 (0))k}0<k< N>

(tn(0).. (N (0))! is Gaussian with covariance matrix 4 A*. Then
al N
det(44%) = |det 4> = [ [k!z( p )|¢/(0)|2k] £0 (5-1)
k=0

because ¢ is a biholomorphism.
We again define k = 1 — +/8. Then, if supyp (0.0 linl <1, for0 <k <N,

|t(k)(0)|_' k! ZN(”)du‘ k!

2 /—1 Jap(ox) ukt! Kk

Therefore,

y( sup |rN|<1)5yN{(tN(0>,.. W’(O))e]‘[ ( )}

D (0,k)
1

= exp{—n*(44")"'n¥ d
a N+t det(AA*) JTIp_, Dot/ PETAL) 0 v

7V [Tezo (KY/i*)?
aN+ldet(44%)

A

By (5-1),
T (k!/ic¥)?
t <
(e 1<) = )
N N —1
~{ T ) e on]}
k=0

= exp{— Q¢ (0)].1(N)}
= exp{—(log|¢'(0)| +logk + 3)N* + o(N?)},

where the last equality is due to Lemma 2.2.
Similarly as in Lemma 3.9, we can show that if 7| D(0.1) # 0 then, outside an event of probability at

most e=¢" + exp{— 0Ol 0),1 (N)} = exp{—(log |9’ (0)| + logk + %)N2 + O(NZ)},

+ (N + 1) log|col,

N N2
tog [ Thw eyl = 25

j=0

Vi, ,
wherer:/(eZ” 1N+1,0§j <N.
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Now, (tn(zg) +++ tn(zn))" is complex Gaussian with covariance matrix
N

2 = (En v oz 2w = ( (3 ) @G GG
k=0

0<i,j<N

ﬂ mum \/m(ai(zO))N \/7 \/7 )b (0) - \/T @G '
\/7 \/7 J6(en) - \/7 B \/7 /7 ) (=) - /7 G

and
NN
dez=TT(%) TI leGn—gGl™
k=0 0<i<j=<N
SO
YN
logdet = = Y " log ( ) ) +2 Y loglp() —pG)l- (5-2)
k=0 0<i<j<N
Next we will show that
> Y toglpG gl =N [ toglpun) — )] dolun) dog () +o5(N). 63
0<i<j=<N
where 05(N ?) denotes a lower-order term depending on §.
Since
1
2 Y loglpG)-¢E)I=2(NHD> Y ———— log|p(ke>™ VT NFT) —g (e VI VT
— —~_(N+1)
0<i<j=<N 0<i<j=<N
and

1 1
f/ log f1) — p(u2)| doe (1) do (uz) = /0 [0 log [¢(ee®™Y=1%) — ¢ (™17 dx dy

(0D (0,k))2
=2 // log |¢(K€2”ﬁx) —q)(/cez”ﬁy)‘ dx dy,

0=<x=<y=<I1
it suffices to show that

2V kr) _ g (e T )|

1
Z mlog‘QS(Ke

0<i<j<N

// log|¢(fc62”ﬁx)—¢(/cezﬂﬁy)‘dxdy =o05(1).

0=x=y=<1
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Since ¢ is a biholomorphism, we set

Jinf |¢'| = a(8) > 0.
D(0,x)

And, by Cauchy’s inequality, we have

sup [¢'| < O™).
D(0,x)

For each NV, define
AN)={(i,j)eZ?>:0<i<j <N},
the “far from diagonal” indices FD(N) to be the set of those (i, j) € A(N) such that

IWNF1|+i<j<N-|JNF1|+i if0<i<|J/N+I1],

IVNF1]+i<j<N if |VN+1]<i<N-[JN+1],
jewo if i >N—|vN+1],
with
FaN)= | Sijn

(i,j)€FD(N)

(recall the definition of $; ; x on page 1935), and the “near diagonal” indices to be
D(N)=A(N)\FD(N).

Then
ID(N)| = O(N?)

and, for (i, j) € FD(N),
I J

N+1 N+1

> (N +1)"2 mod 1.
So,

1 i ].
Z mlog|¢(K€2nﬁm)_¢(Ke2n«/j1N—H)|

0<i<j<N

—// log}gﬁ(/ceznﬁx)—qb(/cez”ﬁy){dx dy
0<x<y<1
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= T Gyl o™ g |
(i,j)eD(N)

+ Z [ N+1 / N+1

({,j)€FD(N) NF N

log |¢ (ke V71%) — (ke =1)|

~ log | (ke =INT) — g™V )|

dx dy

+

/f log‘q&(/cez”ﬁx)—(p(/cez”ﬁy)!dx dy
FB(N)

—// log |¢(Ke2”ﬁx) —¢(K€2”ﬁy)‘ dx dy]|.
0<x<y<l1

Let 7, II and III be the summands of the last expression.
For all (i, j) € D(N),

0(8) ‘(ﬁ(/{ez”FNJrl) ¢(K€ZNFN+1)‘ < 0(1)

N+1-~
SO ‘ _
[log [ (ce?™/ = WT) — g (e W) || < [loga(8)] +log (N + 1),
and thus
O(N?)
I< R [[loga(d)| +1log (N + 1)] = os(1).
Since
- - 05! O(N 2
sup HVlOg}¢(K€2”ﬁx)—¢(Keznﬁy)“| E ( ) — — 8( (8)),
x—yZ(N—H)i% mod 1 a(5)(N + 1) z “
we have
2
1< N sup |V log }gi)(/cez”ﬁx) —¢(K€27“/jly)‘ HO(N_I)
(N +1)? 1
x—y=(N+1) 2 mod 1
_OW) _
528 B =05(1).

By a similar argument as in Lemma 3.3, we have
lim Volg: (FB(N) Af{(x,y) eR*:0<x <y =<1})=0.
N—oo
Furthermore, (5-4) and (5-5) below indicate that the function log }(j)(lcez” v-ix ) — ¢ (ke?™ v-ly )’ is L1

over [0, 1]%, so
I < og(1).
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Thus, we have proved (5-3).
For uy, up, € D(0, 1), define

d(uy) —dp(uz) .
V(uy,uz) = Uy —1us iy # uz,
@' (ur) if uy = u,.

Then ¢ is continuous and nonzero in D (0, 1) x D(0, 1). Moreover, by the removable singularity theorem,
¥ is holomorphic in u; as well as u,. Therefore, log || is pluriharmonic in D(0, 1) x D(0, 1). By the
mean value equality,

/ / log [¢:(u1) — § (u2)| doe (1) doe (u3)
dD(0,«) JOD(0,x)

=/ f log Y (1. u2)| doe (1) do (uz) + / log |ty — 2| do (uy ) doe (i)
0D (0,k) J0D(0,k) 0D (0,k)

0D (0,k)
— 1og|¥(0.0)| +log + / log 1 — us] doy (1) dory (1)
aD(0,1) JOD(0,1)
— log [¢/(0)] + log i + / log 1 — 3] doy (uy) doy (u3), (5-4)
dD(0,1) JOD(0,1)

and
1,1
/ / 10g|u1—u2|d01(u1)d01(u2)=/ [ log‘ez”v_lx—ezn‘_lﬂdxdy
aD(0,1) JAD(0,1) 0o Jo

1
:/ log‘l—eznﬁx‘dx
0

:/ log |1 —z|doy(2)
3D (0,1)

0, (5-5)

where the last equality is due to Lebesgue’s dominated convergence theorem.
Equations (5-2)—(5-5) show that

N
N
logdet T = Z log < « ) + (log |9’ (0)| + log k) N2 + 05(N?)
k=0

— (g ¢'(0)] +Iogi + §)N? + 05N,

The remaining part is similar to Section 3. O

Remark 5.1. For U = D(0,r), ¢ is a rotation composed with a scaling by r, so |¢'(0)| = r. Thus, the
upper bound in Theorem 0.5 is — (log r+ %)N 24+0(N?), which agrees with Corollary 0.4 in the case r > 1.
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6. Generalized hole probabilities of SU(2) polynomials

If n(r, N') denotes the number of zeros of 5 (z) in D(0, r'), counting multiplicity, then the hole probability
Py,1(r, N) is just the first term of a sequence of probabilities

Pea(r.N)=yyin(r,N) <k}, k=0.

We call Py ;(r, N) a generalized hole probability because, compared with the large degree or total number
of zeros in C of the polynomial 5, any finite number k is negligible. It has the status of almost having no
zeros in D(0,r). And, by Theorem 0.6, it turns out that the generalized hole probabilities are numerically
almost equal to the regular one.

Proof of Theorem 0.6. Equation (3-21) implies that, for all n > 0,
~ N 2 —e'N
YN log |sy (u)| doy (1) > 5 log(14+r°)+nN; <e for N > 1. 6-1)
aD(0,r)

We follow the notations in Section 4, except this time m = 1 and we take the number of partitions to be
p = 1. The corresponding restatement of Lemma 4.6 is

laoN ]

VN{log 1_[ 151> —5— (N i (laoN] + 1)/ 10g|§1v(u)| dOr(u)} <o e Rera),

where {; = §N(Kr62”ﬁj/(L°‘0NHl)), 0<j <|aoN |. Here we do not need to assume 0 & 5 (D (0, r))
as we do in Lemma 4.6; the counterpart of I/ in (3-19) is

1= (laoN | + 1)/ log |§N(u)|/ Py (kre®™V 71X ) dx doy ().
aD(0,r) H
Sincem=1and p=1, H=[0,1]CR, so
1
II = (lagN | + 1)/ log |§N(u)|/ P, (Kreznﬁx, u) dx doy(u)
aD(0,r) 0
—(laoN]+ ) [ tog iy ()] doy )
aD(0,r)
Therefore, for all n > 0 small enough,

i N
VN{/ log |Sn (u)| doy (u) = —log(1+r2)—nN}
oD (0,r)
Lo N |

Se_eN—I-e_RK”l(N)%—)/N{ l_[ |§]|<exp{ o) [%log(l%—rz)—nN]}}. (6-2)
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Following the steps (3-29)—(3-31), we can show that

N
log )/N{/a log |Sy ()| doy(u) < 710g(1 +r2) _nN}
r

D(0,r)
o(N?
< N(laoN | + Dlog(1 +72)_2n]_er,l,ao(N) 2,3106(%]\72 (52 ),

ap
Oier1,a0(N) ~ N2/0 E,.(x)dx = %a0[2 logkr + 1 —logag] N2,
1
B1 :/ x log[2sin(mwx)] dx

0

1 1!
= / (x— %) log[2sin(x)]dx + 3 / log [2sin(x)]dx
0 0

z . ) 1! .
= x log [2 smn(x + 5)] dx + 3 log[2sin(mx)] dx
- 0

D= )=

1
=/ x log[2 cos(mx)] dx-l—%/ log[2sin(x)]dx.
- 0

(Sl

1
Since ff% x log[2cos(mwx)] dx and f02 x log[2 cos(mwx)] dx both converge and x log[2 cos(x)] is odd,

1
B1= l/ log[2 sin(x)]dx = l/ log |1 —z|do(2),
2 Jo 2 Jap(o,1)

which equals 0 as in (5-5). Thus

3 N
logJ/N{/a log |Sn ()| doy (u) < —-log (1 +r2)—nN}
r

s

o(N?)

1
< —an[l +21og (kr) —logag —21og (1 + 1) +4n]N? + P

(6-3)

On the other hand,

Rera(N) ~ N2 / Eer(x) dx. (6-4)
Eyr(x)=0

Combining (6-2)—(6-4) and letting § — 04, we get
. N 2
logyy log |Sn (u)| doy(u) = —-log (1 +r7) —nN
aD(0,r) 2

< —min {%ao[l +2logr —logag —2log (1 +r?) + 41, %040[1 +2logr —log ozo]}N2 +0(N?)
= —%ao[l +2logr —logag—2log (1 + r2) —|—477]N2 + o(Nz), (6-5)

for0 <n< %log (14 r2). Since

/ E,(x)dx = %ao[l +2logr —logag] >0 andthus 14 2logr—1logag >0,
Er(x)=0



HOLE PROBABILITIES OF SU(m + 1) GAUSSIAN RANDOM POLYNOMIALS 1963

we can choose 0 < 1 < %log (14 7r2) close to %log (14 r?) such that
1+ 2logr —logag—2log (1 4+r2)+4n>0.
Therefore, (6-5) makes sense. Denote
Fy(r) = %ao[l +2logr —logag —2log (1 +r2) + 4n];

then we have, for 0 < n < 3 log (1 +r2),

N
el [ oelsn ol doy(u = S log(1-42) <} T BOVRND (6
aD(0,r) 2
Let p > 1, to be determined. By discarding a null set, we may assume §x(0) # 0, 0 & 55 (dD(0,r))
and 0 & 5x(3D(0, p~'r)). So, by Jensen’s formula (cf. [Hough et al. 2009, (7.2.11)]), almost surely,

- "n(t, N
/ log |3 ()| doy () = log o] + f nt.N) o, 6-7)
aD(0,r) 0 t

T
/ tog iy ()] a1, ) = Togleol + [ “E ar 68)
aD (0,0~ r) 0 t

Since n(r, N) is increasing with respect to r, (6-7) and (6-8) imply

. " n(@, N
[y, e binldoro= [ oglinldoys, 0= [ M dr <)o
aD(0,r) 0D(0,p~1 o~ Lr 4
and thus
n(r,N)=> [/ log |5y (u)| doy (1) — / log |Sn (u)] dO'p—lr(M)i|. (6-9)
log p[Jop(o,r) aD(0,p—
By (6-1), for n; > 0, outside an event of probability at most e_enlN,
< N -2.2
log [Sy ()| doy—1,(u) < —log(1+p~"r") +m N, (6-10)
dD(0,071r) 2
By (6-6), for 0 < n, < % log (1 4 r?), outside an event of probability at most e (r)N2+0(N2),
N N 2
log |y (u)| doy(u) = —log (1 +r°) —nyN. (6-11)
aD(0,r) 2

By (6-9)~(6-11), outside an event of probability at most e=¢"'" + ¢~ Fn (NN 2+o(N?)

N T1 N -2.2 ]
> | — J— —
n(r,N) fog [Zlog(l—i—r ) 2log(l-i—,o r)y—m +n2)|.

Therefore,

N
VN{”(”, N)<1_[%10g(1+r2)_%10g(1+p—2r2)_(n1+nz)]} Se—g”]N+e—Fn2(r)N2+0(N2),
ogp
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where the right-hand side is independent of p. We need to choose proper p, n1 and 7;.
For all T > 0, we set

111 2y 1 —2.2\ ]_
1ng[zlog(ﬂrr) 210g(1+p r)—mi+n)|=r
1

1 _
n+n2=n:(p) = 510g(1 +V2)—§10g(1 +p 2r2)—rlog,0.

If T > 0 is small enough, let po(7) := /(1 —1)/Tr > 1; then

0 hen 1 )
(o) p3r? . (1=1)r2—1p? >0 when =P =po
)71_,0 :—_——:— = Wenp:po’

1 2,2 2 2
T p plp*+17%) <0 when p > py,

and thus

(7]1 + 772)max = 771:(100(7:))
1 T

N C{Be N TRV T
210g(1+r) 2log 1+1—r rzlog(l 7) 2logr—i—logr

=%log(l+r2)—|—%log(l—t)—%tlog(l—t)ik%tlogr—tlogr

= %log(l +r2)+%[rlogr+(1—r)log(l—t)—2rlogr].
For a fixed r > 0, we can choose smaller t > 0 if necessary so that
—%log(l +r?) <tlogr+ (1—1)log(l—1)—2zlogr < 0.

This is possible since

tlogr+ (1 —1)log(1—1)—27logr <0 if 0<t<ay
and

lim [tlogt+ (1—1)log(l —7t)—2tlogr]=0.
T—>0+
Thus, for such 7 and the corresponding pg = po(7),
$log (1472 <ni+m =n:(po) < 3log (1+72).
In this case, for all 0 < n; < %log (14712,
0<ny= %log(l +r2)+%[rlogr—i—(l—r)log(l—f)—2tlogr]—n1 < %log(l +r?),

N T1 2y 1 -2.2
ytn(r N) < TN} = yy (V) < omc| Slog (14r) = 3log (147 *r%) = (1 + ) ||
—eMN

—Fp, (rN?+o(N?)

<e +e

Fix any £ > 0; when N is large enough, kK < TN,
exp {—%a0(1+210g r—logao)N2+0(N2)} =Py 1(r,N) < P 1(r,N) <yyin(r,N) <tN}
< e_en1N+exp{—%a0{(1 +2logr—logag)+2[tlog t+(1—7)log (1—7)—27 log r]—4n; }N2+0(N2)}.
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Therefore,

log P 1(r,N)

= <limsu log Py 1(r, N)

1 . .
—>aop(1 +2logr —1 <1 f
s00(1+2logr —logayg) < lim inf im suj N2
< —%ao{(l +2logr —logag) +2[tlogt + (1 —1)log (1 —7) — 2t logr] —4n1}.
Let n; — 0+ and then v — 0+; we have

long,l(rvN)_ 1

lim = —5ao(l +2logr —logay)

N—>o0 N2

or, equivalently,
log Py 1 (1, N)~—%oz0(1+2logr—loga0)N2. O
Appendix
We now prove the following lemma:
Lemma A.1. The coefficient of gm N (§) in det Wy, N (§) equals 1.

Proof. Let ¥y, n be the set of bijections from I'y, y to Ay, n and, forall o € ¥y, v, J € 'y, v, write
o(J)=(01(J),...,0m(J)). Then

det W@ = Y sen@) [] &Y= Y sene) [] & -..e0mD.

OES ) N Jely N 0€ES M N Jely, N

To find those 0 € ¥, v ending up with g,, n (&), it is equivalent to find o satisfying, for all 1 <i <m,

k+i—1\/N—-k+m—i
. . 1<k=<N,
> ei())= ( i )( m—i ) - = (A-1)
where the set l"ri,;]fN is defined in (2-7). We are going to prove by induction that
o(J)=0r. 2= J1.- s Jm— jm—1) forall J €Ty n. (A-2)

. .. i,k .
First of all, similarly to Fm’ N We introduce

Af,f]v:{(kl»---,km)EAm,N3k1 +-+ ki =k}

then
N .
Amn = | | ALy forall 1 <i<m,
k=0
and
ik k+i—1\/N—-k+m—i ik
iyl = (") D) = m
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When i = 1, (A-1) shows that, for 0 <k < N,

Z al(J)=k(N_k+m_l), (A3)

m—1
1.k
Jerm.N

where the number of terms in the summation on the left is |I‘r1n’15\,| = _r/f:'ln_l) = |A rln’kN| for all
0 <k =< N. Then

k=0in(A-3) = o\ =A% = o

Pl
=
—
I~
S
S~
Il
=
>
§'—
"ZPP

Il
-
=~
Il
-

k=1in(A3) = o) =AY = o

bl

[=

)1
3~
“2(\\'

N——"

I
[=

>
RS
4

Il
)
x
Il
)

k=NinA3) = oL\ =A%,

SO

o1(J)=j1 forall J eI, N.
Now assume, for some 1 <i <m—1, that (61 +---+0;)(J) = j; forall J €'y, n. Then, forany 1 <k <N,

Y it = Y Litoiri()]

i+1.k i+1.k
Jerm.N JGFm,N

k . .
. i ] i1,k k+z)(N—k—|—m—z—1)
=D I Ny T,y |+(i+1 m—i—1

j=0

Il
M=

([t et Y (i) [ Qe
(AT,

~.
I

Il
=

where the second term on the second line of the calculation comes from (A-1). And, for k = 0,

Yo Oit-+oir)) = Y Litoir(N)]=0,
T Ter,
So,forall0 <k <N,
k4+iN\/N—-k+m—i—1
Yo e+t =k( ) )- (A4)

i m—i—1
Jeritik
m,
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|Frln—t_]{7’k| _ (k+i) (N—k+m—i—1) |A1+1 kl

where the number of terms in the summation on the left is ; i1

forall0 <k <N.
. N
k=0in(A4) = o'(Fl+1 0) = Ain—',_]l\;o = O'( I_l I-.H—l k) |—I A;:Ilvk,
k=1

N
k=1lin(A4) = o, vH=A"0 = o(|_|r’+”‘) || ALV
k=2

k=N in(A4) = (F’“N)— ’“N,
SO
(U]+"'+Oi+1)(J):ji+l for all JEFm’N.

Thus, (A-2) is proved. And it is trivial to check that the o defined in (A-2) satisfies all the equations
in (A-1). This means that there is only one o € ¥,  that ends up with g,, x(§), and it turns out to be
order-preserving. Therefore,

deth,N(g):gm,N(E)'i'"' . U
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