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WAVE AND KLEIN–GORDON EQUATIONS ON HYPERBOLIC SPACES

JEAN-PHILIPPE ANKER AND VITTORIA PIERFELICE

We consider the Klein–Gordon equation associated with the Laplace–Beltrami operator � on real
hyperbolic spaces of dimension n� 2; as � has a spectral gap, the wave equation is a particular case of
our study. After a careful kernel analysis, we obtain dispersive and Strichartz estimates for a large family
of admissible couples. As an application, we prove global well-posedness results for the corresponding
semilinear equation with low regularity data.

1. Introduction

Dispersive properties of the wave and other evolution equations have been proved to be very useful
in the study of nonlinear problems. The theory is well-established for the Euclidean wave equation in
dimension n� 3: �

@2t u.t; x/��xu.t; x/D F.t; x/;
u.0; x/D f .x/; @t jtD0u.t; x/D g.x/:

(1)

The Strichartz estimates

krR�RnukLp.I I PH��;q.Rn// . kf k PH1.Rn/
CkgkL2.Rn/CkF kL zp0.I I PH z�;zq0.Rn//

hold for solutions u to the Cauchy problem (1) on any (possibly unbounded) time interval I � R under
the assumptions that

� � nC1
2

�
1

2
� 1
q

�
and z� � nC1

2

�
1

2
� 1zq

�

and the couples .p; q/; . zp; zq/ 2 Œ2;1�� Œ2;1/ satisfy

2

p
C n�1

q
D n�1

2
and 2

zp C
n�1
zq D n�1

2
: (2)

We refer to [Ginibre and Velo 1995; Keel and Tao 1998] for more details.
These estimates serve as a tool for several existence results about the nonlinear wave equation in the

Euclidean setting. The problem of finding minimal regularity conditions on the initial data ensuring
local well-posedness for semilinear wave equations was addressed in [Kapitanski 1994] and then almost
completely answered in [Lindblad and Sogge 1995; Keel and Tao 1998] (see Figure 5 in Section 6). In
general, local solutions cannot be extended to global ones unless further assumptions are made on the
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nonlinearity or on the initial data. A successful machinery was developed towards the global existence
of small solutions to the semilinear wave equation

�
@2t u.t; x/��xu.t; x/D F.u/;
u.0; x/D f .x/; @t jtD0u.t; x/D g.x/

(3)

with power-like nonlinearities

F.u/� juj . > 1/: (4)

The results depend on the space dimension n. After the pioneer work of John [1979] in dimension nD 3,
Strauss [1989] conjectured that the problem (3) is globally well posed in dimension n� 2 for small initial
data provided that

 > 0 D 1

2
C 1

n�1 C
r�

1

2
C 1

n�1
�2
C 2

n�1: (5)

On one hand, the negative part of the conjecture was established by Sideris [1984], who proved blow-up
for nonlinearities F.u/D juj with 1 <  < 0 and for rather general initial data. On the other hand, the
positive part of the conjecture was proved for any dimension in several steps (see, e.g., [Klainerman and
Ponce 1983; Georgiev et al. 1997; D’Ancona et al. 2001] and [Georgiev 2000] for a comprehensive survey).

Analogous results hold for the Klein–Gordon equation

@2t u.t; x/��xu.t; x/Cu.t; x/D F.t; x/

though its study has not been carried out as thoroughly as for the wave equation; in particular, the
sharpness of several well-posedness results is yet unknown (see [Bahouri and Gérard 1999; Ginibre and
Velo 1985; Machihara et al. 2004; Nakanishi 1999] and the references therein).

In view of the rich Euclidean theory, it is natural to look at the corresponding equations on more
general manifolds. Here we consider real hyperbolic spaces Hn, which are the most simple examples
of noncompact Riemannian manifolds with negative curvature. For geometric reasons, we expect better
dispersive properties and hence stronger results than in the Euclidean setting.

Consider the wave equation associated to the Laplace–Beltrami operator �D�Hn on Hn:
�
@2t u.t; x/��xu.t; x/D F.t; x/;
u.0; x/D f .x/; @t jtD0u.t; x/D g.x/:

(6)

The operator �� is positive on L2.Hn/, and its L2-spectrum is the half-line Œ�2;C1/, where � D
.n� 1/=2. Thus, (6) may be considered as a special case of the family of Klein–Gordon equations

�
@2t u.t; x/��xu.t; x/C cu.t; x/D F.t; x/;
u.0; x/D f .x/; @t jtD0u.t; x/D g.x/;

(7)

where

c � ��2 D�.n� 1/
2

4
(8)

is a constant. In the limit case c D��2, (7) is called the shifted wave equation.
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Pierfelice [2008] obtained Strichartz estimates for the nonshifted wave equation (6) with radial data
on a class of Riemannian manifolds containing all hyperbolic spaces. The wave equation (6) was also
investigated on the 3-dimensional hyperbolic space by Metcalfe and Taylor [2011; 2012], who proved
dispersive and Strichartz estimates with applications to small-data global well-posedness for the semilinear
wave equation. In his recent thesis, Hassani [2011a; 2011b] obtains a first set of results on noncompact
Riemannian symmetric spaces of higher rank.

To our knowledge, the shifted wave equation (7) in the limit case c D ��2 was first considered by
Fontaine [1994; 1997] in low dimensions nD 3 and nD 2. Tataru [2001] obtained dispersive estimates for
the operators sin

�
t
p
�C �2�=

p
�C �2 and cos

�
t
p
�C �2� acting on inhomogeneous Sobolev spaces

on Hn and then transferred them to Rn in order to get well-posedness results for the Euclidean semilinear
wave equation (see also [Georgiev 2000]). Complementary results were obtained by Ionescu [2000], who
investigated Lq! Lq Sobolev estimates for the above operators on all hyperbolic spaces.

A more detailed analysis of the shifted wave equation was carried out in [Anker et al. 2012]. There
Strichartz estimates were obtained for a wider range of couples than in the Euclidean setting, and conse-
quently stronger well-posedness results were shown to hold for the nonlinear equations. Corresponding
results for the Schrödinger equation were obtained in [Anker and Pierfelice 2009; Anker et al. 2011;
Ionescu and Staffilani 2009].

In the present paper, we study the family of equations (7) in the remaining range c > ��2 and in
dimension n� 2, which includes the particular case c D 0 and nD 3 considered in [Metcalfe and Taylor
2011; 2012]. In order to state and describe our results, it is convenient to rewrite the constant (8) as

c D �2� �2 with � > 0 (9)

and to introduce the operator

D D
p
��� �2C �2 (10)

as well as
zD D

p
��� �2C Q�2; (11)

where Q� > � is another fixed constant. Thus, our family of equations (7) becomes
�
@2t u.t; x/CD2xu.t; x/D F.t; x/;
u.0; x/D f .x/; @t jtD0u.t; x/D g.x/;

(12)

the wave equation (6) corresponding to the choice � D � and the shifted wave equation to the limit
case � D 0.

Let us now describe the content of this paper and present our main results, which we state for simplicity
in dimension n� 3. In Section 2, we recall the basic tools of spherical Fourier analysis on real hyperbolic
spaces Hn. After analyzing carefully the integral kernel of the half-wave operator

W �
t D zD��eitD

in Section 3, we prove in Section 4 the following dispersive estimates, which combine the small time
estimates [Anker et al. 2012] for the shifted wave equation and the large time estimates [Anker and
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Pierfelice 2009] for the Schrödinger equation:

kW �
t kLq!Lq0 .

�jt j�.n�1/.1=2�1=q/ if 0 < jt j< 1;
jt j�3=2 if jt j � 1;

where 2 < q <1 and � � .nC 1/.1=2� 1=q/. Notice that we don’t deal with the limit case q D1,
where Metcalfe and Taylor [2011] have obtained an H 1! BMO estimate in dimension nD 3.

In Section 5, we deduce the Strichartz estimates

krR�HnukLp.I IH��;q.Hn// . kf kH1.Hn/CkgkL2.Hn/CkF kL zp0.I IH z�;zq0.Hn//
for solutions u to (12). Here I � R is any time interval,

� � nC1
2

�
1

2
� 1
q

�
and z� � nC1

2

�
1

2
� 1zq

�
;

and the couples .1=p; 1=q/ and .1= zp; 1=zq/ belong to the triangle
n�
1

p
;
1

q

�
2
�
0;
1

2

i
�
�
0;
1

2

� ˇ̌
ˇ 1
p
� n�1

2

�
1

2
� 1
q

�o
[
n�
0;
1

2

�o
: (13)

These estimates are similar to those obtained in [Anker et al. 2012] for the shifted wave equation except
that they involve standard Sobolev spaces and no exotic ones. Notice that the range (13) of admissible
couples for Hn is substantially wider than the range (2) for Rn, which corresponds to the lower edge of
the triangle (13).

In Section 6, we apply the results of the previous sections to the problem of global existence with
small data for the corresponding semilinear equations. In contrast with the Euclidean case, where the
range of admissible nonlinearities F.u/� juj is restricted to  > 0, we prove global well-posedness for
powers  > 1 arbitrarily close to 1. This result improves in particular [Metcalfe and Taylor 2011], where
global well-posedness for (6) was obtained in the case nD 3 and � D � under the assumption  > 5

3
.

As already observed for the Schrödinger equation [Anker and Pierfelice 2009; Anker et al. 2011] and
for the shifted wave equation [Anker et al. 2012; 2014], the fact that better results hold for Hn than for Rn

may be regarded as a consequence of the stronger dispersion properties in negative curvature. The final
section is the Appendix, where we estimate some oscillatory integrals occurring in the kernel analysis
carried out in Section 3.

2. Essentials about real hyperbolic spaces

In this paper, we consider the simplest class of Riemannian symmetric spaces of the noncompact type,
namely real hyperbolic spaces Hn of dimension n� 2. We refer to Helgason’s books [2001; 2000; 1994]
and to Koornwinder’s survey [1984] for their algebraic structure and geometric properties as well as
for harmonic analysis on these spaces, and we shall be content with the following information. Hn can
be realized as the symmetric space G=K, where G D SO.1; n/0 and K D SO.n/. In geodesic polar
coordinates, the Laplace–Beltrami operator on Hn writes

�Hn D @2r C .n� 1/ coth r@r C sinh�2 r�Sn�1 :
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The spherical functions '� on Hn are normalized radial eigenfunctions of �D�Hn :
�
�'� D�.�2C �2/'�;
'�.0/D 1;

where � 2 C and �D .n� 1/=2. They can be expressed in terms of special functions:

'�.r/D �.n=2�1;�1=2/�
.r/D 2F1

��
2
C i �

2
; �
2
� i �

2
I n
2
I � sinh2 r

�
;

where �.˛;ˇ/
�

denotes the Jacobi functions and 2F1 the Gauss hypergeometric function. In the sequel, we
shall use the Harish-Chandra formula

'�.r/D
Z

K

dk e�.�Ci�/H.a�rk/ (14)

and the basic estimate

j'�.r/j � '0.r/. .1C r/e��r 8� 2 R; r � 0: (15)

We shall also use the Harish-Chandra expansion

'�.r/D c.�/ˆ�.r/C c.��/ˆ��.r/ 8� 2 C nZ; r > 0; (16)

where the Harish-Chandra c-function is given by

c.�/D �.2�/

�.�/

�.i�/

�.i�C �/ (17)

and
ˆ�.r/D .2 sinh r/i���2F1

��
2
� i �

2
;���1

2
� i �

2
I 1� i�I � sinh�2 r

�

D .2 sinh r/��ei�r
C1X

kD0
�k.�/e

�2kr

� e.i���/r as r!C1: (18)

The coefficients �k.�/ in the expansion (18) are rational functions of � 2 C that satisfy the recurrence
formula 8

<̂

:̂

�0.�/D 1;
�k.�/D

�.�� 1/
k.k� i�/

k�1X

jD0
.k� j /�j .�/:

Their classical estimates were improved as follows in [Anker et al. 2011, Lemma 2.1].

Lemma 2.1. Let 0 < " < 1 and �" D f� 2 C j Re�� "j�j; Im�� �1C "g. Then there exist � � 0 and,
for every ` 2 N, C` � 0 such that

j@`��k.�/j � C`k�.1Cj�j/�`�1 8k 2 N�; � 2 C n�": (19)

Under suitable assumptions, the spherical Fourier transform of a bi-K-invariant function f on G is
defined by

Hf .�/D
Z

G

dg f .g/'�.g/;
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and the following inversion formula holds:

f .x/D const
Z C1

0

d� jc.�/j�2Hf .�/'�.x/:

Here is a well-known estimate of the Plancherel density:

jc.�/j�2 . j�j2.1Cj�j/n�3 8� 2 R: (20)

Via the spherical Fourier transform, the Laplace–Beltrami operator � corresponds to

��2� �2

and hence the operators D D
p
��� �2C �2 and zD D

p
��� �2C Q�2 to

p
�2C �2 and

p
�2C Q�2:

Recall eventually the definition of Sobolev spaces on Hn and the Sobolev embedding theorem. We refer to
[Triebel 1992] for more details about function spaces on Riemannian manifolds. Let � 2R and 1<q <1.
Then H�;q.Hn/ denotes the image of Lq.Hn/ under .��/��=2 (in the space of distributions on Hn)
equipped with the norm

kf kH�;q D k.��/�=2f kLq :

In this definition, we may replace .��/��=2 byD�� D .����2C�2/��=2 as long as � >2j1=2�1=qj�
and in particular by zD�� D .��� �2C Q�2/��=2 since Q� > �. If � DN is a nonnegative integer, then
H�;q.Hn/ coincides with the Sobolev space

W N;q.Hn/D ff 2 Lq.Hn/ j rjf 2 Lq.Hn/ 8j; 1� j �N g

defined in terms of covariant derivatives. In the L2 setting, we write H� .Hn/ instead of H�;2.Hn/.

Proposition 2.2. Let 1 < q1; q2 <1 and �1; �2 2 R such that �1� �2 � n=q1�n=q2 � 0. Then

H�1;q1.Hn/�H�2;q2.Hn/:

By this inclusion, we mean that there exists a constant C � 0 such that

kf kH�2;q2 � Ckf kH�1;q1 8f 2 C1c .Hn/:

3. Kernel estimates

In this section, we derive pointwise estimates for the radial convolution kernel w�t of the operator
W �
t D zD��eitD for suitable exponents � 2 R. By the inversion formula of the spherical Fourier

transform,

w�t .r/D const
Z C1

�1
d� jc.�/j�2.�2C Q�2/��=2'�.r/eit

p
�2C�2 :
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Contrarily to the Euclidean case, this kernel has different behaviors depending on whether t is small or
large, and therefore, we cannot use any rescaling. Let us split up

w�t .r/D w�;0t .r/Cw�;1t .r/

D const
Z C1

�1
d��0.�/jc.�/j�2.�2C Q�2/��=2'�.r/eit

p
�2C�2

C const
Z C1

�1
d��1.�/jc.�/j�2.�2C Q�2/��=2'�.r/eit

p
�2C�2

using smooth, even cut-off functions �0 and �1 on R such that

�0.�/C�1.�/D 1 and
�
�0.�/D 1 8j�j � �;
�1.�/D 1 8j�j � �C 1:

We shall first estimate w�;0t and next a variant of w�;1t . The kernel w�;1t has indeed a logarithmic
singularity on the sphere r D t when � D .nC 1/=2. We bypass this problem by considering the analytic
family of operators

eW �;1
t D e�

2

�..nC1/=2��/�1.D/ zD
��eitD

in the vertical strip 0� Re � � .nC 1/=2 and the corresponding kernels

zw�;1t .r/D const e�
2

�..nC1/=2��/
Z C1

�1
d��1.�/jc.�/j�2.�2C Q�2/��=2'�.r/eit

p
�2C�2 : (21)

Notice that the gamma function (which occurs naturally in the theory of Riesz distributions) will allow
us to deal with the boundary point � D .nC 1/=2 while the exponential function yields boundedness at
infinity in the vertical strip.

3A. Estimate of w0t D w
�;0
t .

Theorem 3.1. Let � 2 R. The following pointwise estimates hold for the kernel w0t :

(i) For every t 2 R and r � 0, we have

jw0t .r/j. '0.r/:
(ii) Assume that jt j � 2. Then for every 0� r � jt j=2, we have

jw0t .r/j. jt j�3=2.1C r/'0.r/:
Proof. Recall that

w0t .r/D const
Z �C1

���1
d��0.�/jc.�/j�2.�2C Q�2/��=2'�.r/eit

p
�2C�2 : (22)

By symmetry, we may assume that t > 0.
It follows from the estimates (15) and (20) that

jw0t .r/j.
Z �C1

���1
d��2'0.r/. '0.r/;
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proving (i). We prove (ii) by substituting in (22) the first integral representation of '� in (14) and by
reducing in this way to Fourier analysis on R. Specifically,

w0t .r/D
Z

K

dk e��H.a�rk/
Z C1

�1
d� a.�/eit.

p
�2C�2�H.a�rk/�=t/;

where a.�/D const�0.�/jc.�/j�2.�2C Q�2/��=2. Since
Z

K

dk e��H.a�rk/ D '0.r/

and jH.a�rk/j � r , it remains for us to estimate the oscillatory integral

I.t; x/D
Z C1

�1
d� a.�/eit.

p
�2C�2�x�=t/

by jt j�3=2.1C jxj/. This is obtained by the method of stationary phase. More precisely, we apply
Lemma A.1 in the Appendix, whose assumption (A-1) is fulfilled according to (20). �

3B. Estimate of zw1
t D zw

�;1
t .

Theorem 3.2. The following pointwise estimates hold for the kernel zw1t , uniformly in � 2 C with
Re � D .nC 1/=2:

(i) Assume that jt j � 2. Then for every r � 0, we have

j zw1t .r/j. jt j�1:
(ii) Assume that 0 < jt j � 2.

(a) If r � 3, then zw1t .r/D O.r�1e��r/.

(b) If 0� r � 3, then j zw1t .r/j.
�jt j�.n�1/=2 if n� 3;
jt j�1=2.1� logjt j/ if nD 2:

Throughout the proof of Theorem 3.2, we may assume again by symmetry that t > 0.

Proof of Theorem 3.2(i). By evenness, we have

zw1t .r/D 2 const e�
2

�..nC1/=2��/
Z C1

0

d��1.�/jc.�/j�2.�2C Q�2/��=2'�.r/eit
p
�2C�2 : (23)

If 0� r � t=2, we resume the proof of Theorem 3.1(ii), using Lemma A.2 instead of Lemma A.1, and
conclude that

j zw1t .r/j. t�1'0.r/: (24)

If r � t=2, we substitute in (23) the Harish-Chandra expansion (16) of '�.r/ and reduce this way again
to Fourier analysis on R. Specifically, our task consists in estimating the expansion

zw1t .r/D .sinh r/��
C1X

kD0
e�2krfIC;1

k
.t; r/C I�;1

k
.t; r/g (25)
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involving oscillatory integrals

I
˙;1
k

.t; r/D
Z C1

0

d� a˙k .�/e
i.t
p
�2C�2˙r�/

with amplitudes

a˙k .�/D 2 const e�
2

�..nC1/=2��/�1.�/c.��/
�1.�2C Q�2/��=2�k.˙�/:

Notice that a˙
k
.�/ is a symbol of order

d D
��1 if k D 0;
�2 if k 2 N�

uniformly in � 2C with Re � D .nC1/=2. This follows indeed from the expression (17) of the c-function
and from the estimate (19) of the coefficients �k . Consequently, the integrals

I
˙;1
k

.t; r/D O.k�/ (26)

are easy to estimate when k > 0 while IC;10 .t; r/ and especially I�;10 .t; r/ require more work. As far
as the penultimate integral is concerned, we integrate by parts

I
C;1
0 .t; r/D

Z C1

0

d� aC0 .�/e
it�.�/;

using eit�.�/ D .i t�0.�//�1 @
@�
eit�.�/ and the following properties of �.�/Dp�2C �2C .r=t/�:

� �0.�/D �p
�2C�2 C

r

t
� r
t
� 1
2

,

� �00.�/D �2.�2C �2/�3=2 is a symbol of order �3.

We obtain this way
I
C;1
0 .t; r/D O.r�1/ (27)

and actually
I
C;1
0 .t; r/D O.r�1/

by repeated integrations by parts. Let us turn to the last integral, which we rewrite as follows:

I
�;1
0 .t; r/D

Z C1

0

d� a�0 .�/eit.
p
�2C�2��/ei.t�r/�:

After performing an integration by parts based on ei.t�r/� D �i.t � r/�1 @
@�
ei.t�r/� and by using the

fact that

 .�/D
p
�2C �2��D �2p

�2C �2C� (28)

is a symbol of order �1, we obtain

I
�;1
0 .t; r/D O

�
t

jr�t j
�
: (29)
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This estimate is enough for our purpose as long as r stays away from t . If jr � t j � 1, let us split up

eit .�/ D 1CO.t .�//

and

I
�;1
0 .t; r/D

Z C1

0

d� a�0 .�/ei.t�r/�CO.t/ (30)

accordingly. The remaining integral was estimated in [Anker et al. 2011] at the end of the proof of
Theorem 4.2(ii): Z C1

0

d� a�0 .�/ei.t�r/� D O.1/: (31)

By combining the estimates (26), (27), (29), (30), and (31), we deduce from (25) that

j zw1t .r/j. e��r t . t�1 8r � t
2
� 1

uniformly in � 2 C with Re � D .nC 1/=2. This concludes the proof of Theorem 3.2(i). �
Let us turn to the small time estimates in Theorem 3.2.

Proof of Theorem 3.2(ii)(a). Since 0 < t � 2 and r � 3, we can resume the proof of Theorem 3.2(i) in the
case r � t C 1� t=2. By using the expansion (25) and the estimates (26), (27), and (29), we obtain

j zw1t .r/j. r�1e��r

uniformly in � 2 C with Re � D .nC 1/=2. This concludes the proof of Theorem 3.2(ii)(a). �
Proof of Theorem 3.2(ii)(b). Let us rewrite and expand (23) as follows:

zw1t .r/D 2 const e�
2

�..nC1/=2��/
Z C1

0

d��1.�/jc.�/j�2.�2C Q�2/��=2eit .�/eit�'�.r/ (32)

D
Z C1

0

d� a.�/eit�'�.r/C
Z C1

0

d� b.�/eit�'�.r/; (33)

where  is given by (28),

a.�/D 2 const e�
2

�..nC1/=2��/�1.�/jc.�/j
�2.�2C Q�2/��=2

is a symbol of order .n� 3/=2, uniformly in � 2 C with Re � D .nC 1/=2, and

b.�/D 2 const e�
2

�..nC1/=2��/�1.�/jc.�/j
�2.�2C Q�2/��=2feit .�/� 1g

is a symbol of .n� 5/=2, uniformly in 0 < t � 2 and � 2 C with Re � D .nC 1/=2. The first integral in
(33) was analyzed in [Anker et al. 2011, Appendix C] and estimated there by

C

�
t�.n�1/=2 if n� 3;
t�1=2.1� logjt j/ if nD 2:

The second integral is easier to estimate for instance by Ct�.n�2/=2. This concludes the proof of
Theorem 3.2(ii)(b). �
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Remark 3.3. As far as local estimates of wave kernels are concerned, we might have used the Hadamard
parametrix [Hörmander 2007, §17.4] instead of spherical analysis.

Remark 3.4. The kernel analysis carried out in this section still holds for the operators D�� zD�z�eitD ,
provided that we assume Re � CRe z� D .nC 1/=2 in Theorem 3.2.

4. Dispersive estimates

In this section, we obtain Lq
0!Lq estimates for the operator W �

t D zD��eitD , which will be crucial for
our Strichartz estimates in next section. Let us split up its kernel w�t D w�;0t Cw�;1t as before. We will
handle the contribution of w�;0t , using the pointwise estimates obtained in Section 3A and the following
criterion (see for instance [Anker et al. 2011, Theorem 3.4]) based on the Kunze–Stein phenomenon:

Lemma 4.1. There exists a constant C > 0 such that, for every radial measurable function � on Hn and
for every 2� q <1 and f 2 Lq0.Hn/,

kf � �kLq � Cqkf kLq0
�Z C1

0

dr .sinh r/n�1j�.r/jq=2'0.r/
�2=q

:

For the second part w�;1t , we resume the Euclidean approach, which consists of interpolating analyti-
cally between L2! L2 and L1! L1 estimates for the family of operators

eW �;1
t D e�

2

�..nC1/=2��/�1.D/ zD
��eitD (34)

in the vertical strip 0� Re � � .nC 1/=2.

4A. Small-time dispersive estimates.

Theorem 4.2. Assume that 0 < jt j � 2, 2 < q <1, and � � .nC 1/.1=2� 1=q/. Then

k zD��eitDkLq0!Lq .
�jt j�.n�1/.1=2�1=q/ if n� 3;
jt j�.1=2�1=q/.1� logjt j/1�2=q if nD 2:

Proof. We divide the proof into two parts, corresponding to the kernel decomposition wt D w0t Cw1t .
By applying Lemma 4.1 and using the pointwise estimates in Theorem 3.1(i), we obtain on one hand

kf �w0t kLq .
�Z C1

0

dr .sinh r/n�1'0.r/jw0t .r/jq=2
�2=q
kf kLq0

.
�Z C1

0

dr .1C r/q=2C1e�.q=2�1/�r
�2=q
kf kLq0

. kf kLq0 8f 2 Lq
0

:

On the other hand, in order to estimate the Lq
0!Lq norm of f 7! f �w1t , we proceed by interpolation

for the analytic family (34). If Re � D 0, then

kf � zw1t kL2 . kf kL2 8f 2 L2:
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If Re � D .nC 1/=2, we deduce from the pointwise estimates in Theorem 3.2(ii) that

kf � zw1t kL1 . jt j�.n�1/=2kf kL1 8f 2 L1:
By interpolation, we conclude for � D .nC 1/.1=2� 1=q/ that

kf �w1t kLq . jt j�.n�1/.1=2�1=q/kf kLq0 8f 2 Lq
0

: �

4B. Large-time dispersive estimate.

Theorem 4.3. Assume that jt j � 2, 2 < q <1, and � � .nC 1/.1=2� 1=q/. Then

k zD��eitDkLq0!Lq . jt j�3=2:
Proof. We divide the proof into three parts, corresponding to the kernel decomposition

wt D 1B.0;jt j=2/w0t C1HnnB.0;jt j=2/w0t Cw1t :

Estimate 1. By applying Lemma 4.1 and using the pointwise estimate in Theorem 3.1(ii), we obtain

kf � f1B.0;jt j=2/w0t gkLq .
�Z jt j=2

0

dr .sinh r/n�1'0.r/jw0t .r/jq=2
�2=q
kf kLq0

.
�Z jt j=2

0

dr .1C r/qC1e�.q=2�1/�r
�2=q

„ ƒ‚ …
<C1

jt j�3=2kf kLq0 8f 2 Lq
0

:

Estimate 2. By applying Lemma 4.1 and using the pointwise estimate in Theorem 3.1(i), we obtain

kf � f1HnnB.0;jt j=2/w0t gkLq .
�Z C1

jt j=2
dr .sinh r/n�1'0.r/jw0t .r/jq=2

�2=q
kf kLq0

.
�Z C1

jt j=2
dr rq=2C1e�.q=2�1/�r

�2=q

„ ƒ‚ …
.jt j�1

kf kLq0 8f 2 Lq
0

:

Estimate 3. We proceed by interpolation for the analytic family (34). If Re � D 0, then

kf � zw1t kL2 . kf kL2 8f 2 L2:
If Re � D .nC 1/=2, we deduce from Theorem 3.2(i) that

kf � zw1t kL1 . jt j�1kf kL1 8f 2 L1:
By interpolation, we obtain for � D .nC 1/.1=2� 1=q/ that

kf �w1t kLq . jt j�1kf kLq0 8f 2 Lq
0

:

We conclude the proof of Theorem 4.3 by summing up the previous estimates. �
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4C. Global dispersive estimates. As noticed in Remark 3.4, similar results hold for the operators
D�� zD�z�eitD .

Corollary 4.4. Let 2 < q <1 and �; z� 2 R such that � C z� � .nC 1/.1=2� 1=q/. Then

kD�� zD�z�eitDkLq0!Lq .
�jt j�.n�1/.1=2�1=q/ if 0 < jt j � 1;
jt j�3=2 if jt j � 1: (35)

In particular, if 2 < q <1 and � � .nC 1/.1=2� 1=q/, then

k zD��eitDkLq0!Lq C
 zD1�� e

itD

D


Lq
0!Lq .

�jt j�.n�1/.1=2�1=q/ if 0 < jt j � 1;
jt j�3=2 if jt j � 1: (36)

These results hold in dimension n� 3. In dimension nD 2, there is an additional logarithmic factor in the
small time bound, which becomes jt j�.1=2�1=q/.1� logjt j/1�2=q .

Remark 4.5. On L2.Hn/, we know by spectral theory that

� eitD is a 1-parameter group of unitary operators,

� D�� zD�z� is a bounded operator if � C z� � 0.

Remark 4.6. Let us specialize our results for the wave equation (6). In this case, we have D Dp��,
and we may take zD DD. Let 2 < q <1 and � � .nC 1/.1=2� 1=q/. Then

kD��eitDkLq0!Lq .
�jt j�.n�1/.1=2�1=q/ if 0 < jt j � 1;
jt j�3=2 if jt j � 1 (37)

in dimension n� 3 and

kD��eitDkLq0!Lq .
�jt j�.1=2�1=q/.1� logjt j/1�2=q if 0 < jt j � 1;
jt j�3=2 if jt j � 1

in dimension nD 2. Let us compare (37) with the dispersive estimates by Metcalfe and Taylor [2011;
2012] in dimension nD 3. Actually, the weaker bound jt j�6.1=2�1=q/, obtained in [Metcalfe and Taylor
2011, §3] when jt j is large and 2 < q < 4, was improved in [Metcalfe and Taylor 2012] after the release
of a preprint version of the present paper. On the other hand, these authors are able to deal with the
endpoint case q D1, using local Hardy and BMO spaces on Hn.

5. Strichartz estimates

We shall assume n� 4 throughout this section and discuss the dimensions nD 3 and nD 2 in the final
remarks. Consider the linear equation (12) on Hn, whose solution is given by Duhamel’s formula:

u.t; x/D .cos tDx/f .x/C sin tDx
Dx

g.x/

„ ƒ‚ …
uhom.t;x/

C
Z t

0

ds
sin.t � s/Dx

Dx
F.s; x/

„ ƒ‚ …
uinhom.t;x/

:

Definition 5.1. A couple .p; q/ will be called admissible (see Figure 1) if .1=p; 1=q/ belongs to the
triangle n�

1

p
;
1

q

�
2
�
0;
1

2

i
�
�
0;
1

2

� ˇ̌
ˇ 1
p
� n�1

2

�
1

2
� 1
q

�o
[
n�
0;
1

2

�o
: (38)



966 JEAN-PHILIPPE ANKER AND VITTORIA PIERFELICE

0 1

1

1
2

1
2

1
2

� 1
n�1

1
p

1
q

Figure 1. Admissibility in dimension n� 4.

Theorem 5.2. Let .p; q/ and . zp; zq/ be two admissible couples, and let

� � nC1
2

�
1

2
� 1
q

�
and z� � nC1

2

�
1

2
� 1zq

�
: (39)

Then the following Strichartz estimate holds for solutions to the Cauchy problem (12):

krR�HnukLpH��;q . kf kH1 CkgkLp0L2 CkF kL zp0H z�;zq0 : (40)

Proof. We shall prove the following estimate, which amounts to (40):

k zD��C1=2x u.t; x/kLpt Lqx Ck zD
���1=2
x @tu.t; x/kLpt Lqx
. kD1=2x f .x/kL2x CkD

�1=2
x g.x/kL2x Ck zD

z��1=2
x F.t; x/k

L
zp0

t L
zq0

x
: (41)

Consider the operator

Tf .t; x/D zD��C1=2x
e˙itDxp
Dx

f .x/;

initially defined from L2.Hn/ into L1.RIH� .Hn//, and its formal adjoint

T �F.x/D
Z C1

�1
ds zD��C1=2x

e�isDxp
Dx

F.s; x/;

initially defined from L1.RIH�� .Hn// into L2.Hn/. The T T � method consists in proving first the
Lp
0

.RILq0.Hn//! Lp.RILq.Hn// boundedness of the operator

T T �F.t; x/D
Z C1

�1
ds zD�2�C1x

e˙i.t�s/Dx
Dx

F.s; x/
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and of its truncated version

TF.t; x/D
Z t

�1
ds zD�2�C1x

e˙i.t�s/Dx
Dx

F.s; x/;

for every admissible couple .p; q/ and for every � � .nC 1/.1=2� 1=q/=2, and in decoupling next the
indices.

We may disregard the endpoint case .p; q/D .1; 2/, which is easily dealt with, using the boundedness
on L2.Hn/ of eitD (t 2 R) and zD��C1=2D�1=2 (� � 0). Thus, assume that .p; q/ is an admissible
couple that is different from the endpoints .1; 2/ and .2; 2.n� 1/=.n� 3//. It follows from (36) that the
norms kT T �F.t; x/kLpt Lqx and kTF.t; x/kLpt Lqx are bounded above by


Z

0<jt�sj<1
ds jt � sj�˛kF.s; x/k

L
q0

x


L
p
t

C

Z

jt�sj�1
ds jt � sj�3=2kF.s; x/k

L
q0

x


L
p
t

; (42)

where ˛ D .n � 1/.1=2 � 1=q/ 2 .0; 1/. On one hand, the convolution kernel jt � sj�3=21fjt�sj�1g
defines obviously a bounded operator from Lp1.R/ to Lp2.R/ for all 1 � p1 � p2 �1 in particular
from Lp

0

.R/ to Lp.R/ since p � 2. On the other hand, the convolution kernel jt � sj�˛1f0<jt�sj�1g
with 0 < ˛ < 1 defines a bounded operator from Lp1.R/ to Lp2.R/ for all 1 < p1; p2 <1 such that
0� 1=p1� 1=p2 � 1�˛ in particular from Lp

0

.R/ to Lp.R/ since p � 2 and 2=p � ˛.
At the endpoint .p; q/D .2; 2.n� 1/=.n� 3//, we have ˛ D 1. Thus, the previous argument breaks

down and is replaced by the refined analysis carried out in [Keel and Tao 1998]. Notice that the problem
lies only in the first part of (42) and not in the second one, which involves an integrable convolution
kernel on R.

Thus, T T � and T are bounded from Lp
0

.RILq0.Hn// to Lp.RILq.Hn// for every admissible couple
.p; q/. As a consequence, T � is bounded from Lp

0

.RILq0.Hn// to L2.Hn/ and T is bounded from
L2.Hn/ to Lp.RILq.Hn//. We deduce in particular that

k zD��C1=2x .cos tDx/f .x/kLpt Lqx . k zDx�C1=2e
˙itDxf .x/kLpt Lqx . kD

1=2
x f .x/kL2x

and
 zD��C1=2x

sin tDx
Dx

g.x/

L
p
t L

q
x

. k zD��C1=2x D�1x e˙itDxg.x/kLpt Lqx . kD
�1=2
x g.x/kL2x :

In summary,

k zD��C1=2x uhom.t; x/kLpt Lqx . kD
1=2
x f .x/kL2x CkD

�1=2
x g.x/kL2x : (43)

We next decouple the indices in the Lp
0

Lq
0 ! LqLq estimate of T T � and T. Let .p; q/ ¤ . zp; zq/

be two admissible couples, and let � � .nC 1/.1=2� 1=q/=2 and z� � .nC 1/.1=2� 1=zq/=2. Since T
and T � are separately continuous, the operator

T T �F.t; x/D
Z C1

�1
ds zD���z�C1x

e˙i.t�s/Dx
Dx

F.s; x/
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is bounded from L zp0.RILzq0.Hn// to Lp.RILq.Hn//. According to [Christ and Kiselev 2001], this result
remains true for the truncated operator

TF.t; x/D
Z t

�1
ds zD���z�C1x

e˙i.t�s/Dx
Dx

F.s; x/

and hence for
zTF.t; x/D

Z t

0

ds zD���z�C1x

sin.t � s/Dx
Dx

F.s; x/

as long as p and zp are not both equal to 2. For the remaining case, where p D zp D 2 and 2 < q ¤ zq �
2.n� 1/=.n� 3/, we argue as in the proof of [Anker et al. 2011, Theorem 6.3] by resuming part of the
bilinear approach in [Keel and Tao 1998]. Hence,

k zD��C1=2x uinhom.t; x/kLpt Lqx . k zD
z��1=2
x F.t; x/k

L
zp0

t L
zq0

x
(44)

for all admissible couples .p; q/ and . zp; zq/.
The Strichartz estimate

k zD��C1=2x u.t; x/kLpt Lqx . kD
1=2
x f .x/kL2x CkD

�1=2
x g.x/kL2x Ck zD

z��1=2
x F.t; x/k

L
zp0

t L
zq0

x

is obtained by summing up the homogeneous estimate (43) and the inhomogeneous estimate (44). As far
as it is concerned, the Strichartz estimate of

@tu.t; x/D�.sin tDx/Dxf .x/C .cos tDx/g.x/C
Z t

0

ds Œcos.t � s/Dx�F .s; x/

is obtained in the same way and is actually easier. More precisely, we consider this time the operator

zT f .t; x/D zD��x e˙itDxf .x/
and its adjoint

zT �F.x/D
Z C1

�1
ds zD��x e�isDxF.s; x/: �

By using the Sobolev embedding theorem, Theorem 5.2 can be extended to all couples .1=p; 1=q/ and
.1= zp; 1=zq/ in the square �

0; 1
2

�� �0; 1
2

�[ ˚�0; 1
2

�	
: (45)

Corollary 5.3. Let .p; q/ and . zp; zq/ be two couples corresponding to the square (45), and let �; z� 2 R.
Assume that � � �.p; q/, where

�.p; q/D nC1
2

�
1

2
� 1
q

�
Cmax

n
0;
n�1
2

�
1

2
� 1
q

�
� 1
p

o
D

8
<̂

:̂

nC1
2

�
1

2
� 1
q

�
if 1
p
� n�1

2

�
1

2
� 1
q

�
;

n
�
1

2
� 1
q

�
� 1
p

if 1
p
� n�1

2

�
1

2
� 1
q

�
;

and similarly, z� � �. zp; zq/ .see Figure 2/. Then the conclusion of Theorem 5.2 holds for solutions to the
Cauchy problem (12). More precisely, we have again the Strichartz estimate

krR�HnukLpH��;q . kf kH1 CkgkL2 CkF kL zp0H z�;zq0 ; (40)
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Figure 2. Case n� 4.

which amounts to

k zD��C1=2x u.t; x/kLpt Lqx Ck zD
���1=2
x @tu.t; x/kLpt Lqx
. kD1=2x f .x/kL2x CkD

�1=2
x g.x/kL2x Ck zD

z��1=2
x F.t; x/k

L
zp0

t L
zq0

x
: (41)

Proof. We may restrict to the limit cases � D �.p; q/ and z� D �. zp; zq/. Define Q by

1

Q
D

8
<̂

:̂

1

q
if 1
p
� n�1

2

�
1

2
� 1
q

�
;

1

2
� 2

n�1
1

p
if 1
p
� n�1

2

�
1

2
� 1
q

�

and zQ similarly. Since .p;Q/ and . zp; zQ/ are admissible couples, it follows from Theorem 5.2 and more
precisely from (41) that

k zD�†C1=2x u.t; x/k
L
p
t L

Q
x
Ck zD�z†�1=2x @tu.t; x/kLpt LQx
. kD1=2x f .x/kL2x CkD

�1=2
x g.x/kL2x Ck zD

z†�1=2
x F.t; x/k

L
zp0

t L
zQ0

x

; (46)

where †D .nC 1/.1=2� 1=Q/=2 and z†D .nC 1/.1=2� 1= zQ/=2. Since � �†D n.1=Q� 1=q/, we
have

k zD��C1=2x u.t; x/kLpt Lqx . k zD
�†C1=2
x u.t; x/k

L
p
t L

Q
x

(47)

according to the Sobolev embedding theorem (Proposition 2.2). Similarly,

k zD z†�1=2x F.t; x/k
L
zp0

t L
zQ0

x

. k zDz��1=2x F.t; x/k
L
zp0

t L
zq
x
: (48)

We conclude by combining (46), (47), and (48). �
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Figure 3. Case nD 3.

Remark 5.4. Theorem 5.2 and Corollary 5.3 hold true in dimension nD 3 with the same proofs. Notice
that the endpoint .p; q/ D .2;1/ is excluded (see Figure 3). These results hold in particular for the
3-dimensional wave equation (6) and include the Strichartz estimates obtained by Metcalfe and Taylor
[2011, §4] in the smaller region

n�
1

p
;
1

q

�
2
h
0;
1

2

i
�
�
0;
1

2

i ˇ̌
ˇ 1
p
� 3

�
1

2
� 1
q

�o
n
n�
1

2
;
1

3

�o
:

0 1

1

1
2

1
2

1
4

1
p

1
q

Figure 4. Case nD 2.
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Remark 5.5. The analysis carried out in this section still holds in dimension nD 2 except for the first
convolution kernel in (42), which becomes

jt � sj�˛.1� logjt � sj/ˇ1f0<jt�sj<1g

with ˛ D 1=2 � 1=q and ˇ D 2.1=2 � 1=q/. Consequently, the admissibility region in Theorem 5.2
becomes n�

1

p
;
1

q

�
2
�
0;
1

2

i
�
�
0;
1

2

� ˇ̌
ˇ 1
p
>
1

2

�
1

2
� 1
q

�o
[
n�
0;
1

2

�o

and the inequalities � � �.p; q/, z� � �. zp; zq/ in Corollary 5.3 (see Figure 4) become strict in the triangle
n�
1

p
;
1

q

�
2
�
0;
1

4

�
�
�
0;
1

2

� ˇ̌
ˇ 1
p
� 1
2

�
1

2
� 1
q

�o
:

6. Global well-posedness in Lp.R; Lq.Hn//

In this section, following the classical fixed-point scheme, we use the Strichartz estimates obtained in
Section 5 to prove global well-posedness for the semilinear equation

�
@2t u.t; x/CD2xu.t; x/D F.u.t; x//
u.0; x/D f .x/; @t jtD0u.t; x/D g.x/

(49)

on Hn with power-like nonlinearities

F.u/� juj . > 1/

and small initial data f and g. We assume n� 3 throughout the section and discuss the 2-dimensional
case in the final remark. The statement and proof of our result involve the powers

1 D 1C 3

n
; 2 D 1C 2

n�1
2
C 2

n�1
; conf D 1C 4

n�1;

3 D

8
ˆ̂<
ˆ̂:

1

n

�
nC6
2
C 2

n�1 C
r
4nC

�
6�n
2
C 2

n�1
�2 �

if n� 5;

1C 2
n�1
2
� 1

n�1
if n� 6;

4 D
8
<
:
1C 4

n�2 if n� 5;
n�1
2
C 3

nC1 �
r�

n�3
2
C 3

nC1
�2
� 4 n�1

nC1 if n� 6;

(50)

which are computed in Table 1, and the curves

�1./D nC1
4
� .nC1/.nC5/

8n

1

�nC1
2n

; �2./D nC1
4
� 1

�1; and �3./D n

2
� 2

�1: (51)

The powers 1, 2, and conf and the curves C1, C2, and C3 parametrized by �1, �2, and �3 occur
already in the Euclidean setting. More precisely, they are involved in the conditions, illustrated in Figure 5,
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n 1 2 conf 3 4

3 2 2 3 11Cp73
6

' 3:26 5

4 7
4
D 1:75 25

13
' 1:92 7

3
' 2:33 5

2
' 2:5 3

5 8
5
' 1:6 9

5
' 1:8 2 6Cp21

5
' 2:12 7

3
' 2:33

6 3
2
D 1:5 49

29
' 1:69 9

5
D 1:8 43

23
' 1:87 2

� 7 < 2 < conf < 3 < 4 < 2

Table 1. Critical powers.

of minimal regularity � on the initial data f and g that are needed in order to ensure local well-posedness
of (49). We refer again to [Kapitanski 1994; Lindblad and Sogge 1995; Keel and Tao 1998] for more
details. Notice that, in dimension nD 3, 1 coincides with 2 and there is no curve C1.

As mentioned in the introduction, global well-posedness of (49) on Rn requires additional conditions.
Recall that smooth solutions with small-amplitude blow up or not depending on whether  is smaller or
larger than the critical power 0 defined in (5).

In Section 5, we have obtained Strichartz estimates on Hn for a range of admissible couples that is
wider than on Rn. As a consequence, we deduce in this section stronger well-posedness results for (49).
In particular, we prove global well-posedness for small initial data in H� .Hn/�H��1.Hn/ if 1<  < 1
and � > 0 is small. Thus, there is no blow-up for small powers  > 1 on Hn in sharp contrast with Rn.

0

1

1
2

n
2

C1
C2

C3

1 2 conf

�

Figure 5. Regularity for local well-posedness on Rn in dimension n� 3.
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0

1

1
2

n
2

C1
C2

C3

1 2 4conf

�

Figure 6. Regularity for global well-posedness on Hn in dimension n� 3.

Theorem 6.1. Assume that the nonlinearity F satisfies

jF.u/j � C juj and jF.u/�F.v/j � C.juj�1Cjvj�1/ju� vj: (52)

Then in dimension n � 3, (49) is globally well posed for small initial data in H� .Hn/ �H��1.Hn/
provided that 8

ˆ̂̂
<
ˆ̂̂
:

� D 0C if 1 <  � 1;
� D �1./ if 1 <  � 2;
� D �2./ if 2 �  � conf;

� D �3./ if conf �  � 4;
(53)

where � D 0C stands for any � > 0 sufficiently close to 0 (see Figure 6). More precisely, in each case,
there exist 2� p; q <1 and ı; " > 0 such that, for any initial data .f; g/ 2H� .Hn/�H��1.Hn/ with
norm � ı, the Cauchy problem (49) has a unique solution u with norm � " in the Banach space

X D C.RIH� .Hn//\C 1.RIH��1.Hn//\Lp.RILq.Hn//:

Remark 6.2. In dimension nD3, 1 coincides with 2, the second and third conditions in (53) boil down to

� � �2./ if 1 D 2 <  � conf;

and there is no curve C1 in Figure 6.
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Proof of Theorem 6.1 for 1 <  � conf. We resume the fixed-point method based on Strichartz estimates.
Define uDˆ.v/ as the solution to the Cauchy problem

�
@2t u.t; x/CD2xu.t; x/D F.v.t; x//;
u.0; x/D f .x/; @t jtD0u.t; x/D g.x/;

(54)

which is given by Duhamel’s formula:

u.t; x/D .cos tDx/f .x/C sin tDx
Dx

g.x/C
Z t

0

ds
sin.t � s/Dx

Dx
F.s; x/:

On one hand, according to Theorem 5.2, the Strichartz estimate

ku.t; x/kL1t H�
x
Ck@tu.t; x/kL1t H��1

x
Cku.t; x/kLpt Lqx

. kf .x/kH�
x
Ckg.x/kH��1

x
CkF.v.t; x//k

L
zp0

t H
�Cz��1;zq0

x

holds whenever 8
<
:
.p; q/ and . zp; zq/ are admissible couples;

� � nC1
2

�
1

2
� 1zq

�
and z� � nC1

2

�
1

2
� 1zq

�
:

On the other hand, by our nonlinear assumption (52) and by the Sobolev embedding theorem (Proposition
2.2), we have

kF.v.t; x//k
L
zp0

t H
�Cz��1;zq0

x
. kjv.t; x/jk

L
zp0

t H
�Cz��1;zq0

x
. kjv.t; x/jk

L
zp0

t L
zQ0

x

. kv.t; x/k
L
 zp0

t L
 zQ0

x

;

provided that
� C z� � 1; 1 < zQ0 � zq0 <1; and n

zQ0 �
n

zq0 � 1� � � z�: (55)

In order to remain within the same function space, we require in addition that

 zp0 D p and  zQ0 D q:
In summary,

ku.t; x/kL1t H�
x
Ck@tu.t; x/kL1t H��1

x
Cku.t; x/kLpt Lqx

� C ˚kf .x/kH�
x
Ckg.x/kH��1

x
Ckvk

L
p
t L

q
x

	
(56)

if the following set of conditions is satisfied:
8
ˆ̂̂
ˆ̂̂
ˆ̂̂
<̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
:̂

(a) .p; q/ and . zp; zq/ are admissible couples;

(b) � � nC1
2

�
1

2
� 1
q

�
, z� � nC1

2

�
1

2
� 1zq

�
, and � C z� � 1;

(c)


p
C 1

zp D 1;

(d) 1� 
q
C 1zq � 1C

1���z�
n

;

(e) q > :

(57)
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For such a choice, ˆ maps the Banach space

X D C.RIH� .Hn//\C 1.RIH��1.Hn//\Lp.RILq.Hn//;
equipped with the norm

kukX D ku.t; x/kL1t H�
x
Ck@tu.t; x/kL1t H��1

x
CkukLpt Lqx ;

into itself. Let us show that ˆ is a contraction on the ball

X" D fu 2X j kukX � "g;
provided that " > 0 and kf kH� CkgkH��1 are sufficiently small. Let v; Qv 2X , uDˆ.v/, and QuDˆ. Qv/.
By resuming the arguments leading to (56) and by using in addition Hölder’s inequality, we obtain the
estimate

ku� QukX � CkF.v/�F. Qv/k
L
zp0

t L
zQ0

x

� Ckfjvj�1Cj Qvj�1gjv� Qvjk
L
zp0

t L
zQ0

x

� C ˚kvk�1
L
p
t L

q
x
CkQvk�1

L
p
t L

q
x

	kv� QvkLpt Lqx
� C ˚kvk�1X CkQvk�1X

	kv� QvkX : (58)

Thus, if we assume kvkX � ", k QvkX � ", and kf kH� CkgkH��1 � ı, then (56) and (58) yield

kukX � CıCC" ; k QukX � CıCC" ; and ku� QukX � 2C"�1kv� QvkX :
Hence,

kukX � "; k QukX � "; and ku� QukX � 1
2
kv� QvkX

if C"�1 � 1
4

and Cı � 3
4
". One concludes by applying the fixed-point theorem in the complete metric

space X".
It remains for us to check that the set of conditions (57) can be fulfilled in the various cases (53).

Notice that we may assume the following equalities in (57)(b):

� D nC1
2

�
1

2
� 1
q

�
and z� D nC1

2

�
1

2
� 1zq

�
:

Thus, (57) reduces to the set of conditions:
8
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂<
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂:

(a) .p; q/ and . zp; zq/ are admissible couples;

(b) 1

q
C 1zq �

n�1
nC1;

(c)


p
C 1

zp D 1;

(d)(i)


q
C 1zq � 1;

(d)(ii)
�
2n

n�1 �
nC1
n�1

�
1

q
C 1zq �

nC1
n�1 ;

(e) q > :

(59)
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We shall discuss these conditions first in high dimensions and next in low dimensions.

I Assume that n� 6.
Firstly notice that conf < 2. As  � conf and q > 2, (59)(e) is trivially satisfied. Secondly, we claim

that (59)(a) and (59)(c) reduce to the single condition



q
C 1zq �

 C 1
2
� 2

n�1 (60)

in the square

RD
h
1

2
� 1

n�1;
1

2

�
�
h
1

2
� 1

n�1;
1

2

�
: (61)

More precisely, if .p; q/ and . zp; zq/ are admissible couples satisfying (59)(c), then .1=q; 1=zq/ is a point in
the square R satisfying (60). Conversely, if .1=q; 1=zq/ 2R satisfies (60), then there exists a 1-parameter
family of admissible couples .p; q/ and . zp; zq/ satisfying (59)(c). All these claims can be deduced from
Figure 7.

1
p

1
zp

1
q

1
zq

1
2

1
2

1
2

1
2

1
2

� 1
n�1

1
2

� 1
n�1

1
2

� 1
n�1

1
2

� 1
n�1

1
2

1
2

1� 
2

1� 
2

1
2

� 1


1
n�1

1
2

� 2�
n�1


p

C 1
zp D 1


q

C 1
zq D C1

2
� 2
n�1

Figure 7. Case  < 2.
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(62)(b)

(62)(d)(i)

(62)(d)(ii)

�
1
q1
; 1zq1

�

Figure 8. Sector S .

Thirdly, as  � conf, (60) follows actually from (59)(d)(i). Fourthly, we claim that (59)(b) follows
from (59)(d)(i) and (59)(d)(ii). Consider indeed the three lines

8
ˆ̂̂
ˆ̂<
ˆ̂̂
ˆ̂:

(b) 1

q
C 1zq D

n�1
nC1;

(d)(i)


q
C 1zq D 1;

(d)(ii)
�
2n

n�1 �
nC1
n�1

�
1

q
C 1zq D

nC1
n�1

(62)

�
1
2
; 1
2

�

�
1
2

� 1
n�1 ;

1
2

� 1
n�1

�

�
1
q1
; 1zq1

�

Figure 9. Case 1 <  � 1C 2

n
.
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�
1
2
; 1
2

�

�
1
2

� 1
n�1 ;

1
2

� 1
n�1

�

�
1
q1
; 1zq1

�

Figure 10. Case 1C 2

n
�  � 1C 2

n�1 .

in the plane with coordinates .1=q; 1=zq/. On one hand, they meet at the same point, whose coordinates are
8
<̂

:̂

1

q1
D 2

nC1
1

�1;
1

zq1 D
n�1
nC1 �

2

nC1
1

�1:
(63)

On the other hand, the coefficients of 1=q occur in increasing order in (62):

1 <  <
2n

n�1 �
nC1
n�1 :

Hence, (59)(b) follows from (59)(d)(i) and (59)(d)(ii), which define the sector S with vertex .1=q1; 1=zq1/
and edges (62)(d)(i) and (62)(d)(ii) depicted in Figure 8.

In summary, the set of conditions (59) reduce to the three conditions (59)(d)(i), (59)(d)(ii), and (61) in
the plane with coordinates .1=q; 1=zq/. In order to conclude, we examine the possible intersections of the

�
1
2
; 1
2

�

�
1
2

� 1
n�1 ;

1
2

� 1
n�1

�

�
1
q1
; 1zq1

�

Figure 11. Case 1C 2

n�1 �  � 1.
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�
1
q1
; 1zq1

�

�
1
2
; 1
2

�

�
1
2

� 1
n�1 ;

1
2

� 1
n�1

�

Figure 12. Case 1 <  � 2.

sector S defined by (59)(d)(i) and (59)(d)(ii) with the square R defined by (61), and we determine in
each case the minimal regularity � D .nC 1/.1=2� 1=q/=2.

� Case 1: 1 <  � 1.
In the following three subcases, the minimal regularity condition is � > 0 as 1=q > 1=2 can be chosen

arbitrarily close to 1
2

:

ı Subcase 1.1: 1 <  � 1C 2

n
(see Figure 9).

ı Subcase 1.2: 1C 2

n
�  � 1C 2

n�1 (see Figure 10).

ı Subcase 1.3: 1C 2

n�1 �  � 1 (see Figure 11).

� Case 2: 1 <  � 2 (see Figure 12).
The minimal regularity � D �1./ is reached at the boundary point

�
1

q
;
1

zq
�
D
�
nC5
4n

1

�.nC1/=2n;
1

2
� 1

n�1
�
:

� Case 3: 2 �  � conf (see Figure 13).

�
1
2
; 1
2

�

�
1
2

� 1
n�1 ;

1
2

� 1
n�1

�

�
1
q1
; 1zq1

�

Figure 13. Case 2 �  � conf.
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;

1
p

1
zp

1
q

1
zq

1
2

1
2

1
2

1
2

1
2

� 1
n�1

1
2

� 1
n�1

1
2

� 1
n�1

1


1


1
2

1
2

1
2

� 1


1
n�1

1
2

� 2


1
n�1


p

C 1
zp D 1


q

C 1
zq D C1

2
� 2
n�1

Figure 14. Case  � 2.

The minimal regularity � D �2./ is reached at the vertex .1=q1; 1=zq1/. In the limit case  D conf,
notice that all indices 1=q1, 1=zq1, 1=p1 D .n� 1/.1=2� 1=q1/=2, and 1= zp1 D .n� 1/.1=2� 1=zq1/=2
become equal to the Strichartz index .n� 1/=2.nC 1/D 1=2� 1=.nC 1/.

�
1
q1
; 1zq1

�

Figure 15. Case 1 <  � 2.
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�
1
q1
; 1zq1

�

Figure 16. Subcase 2 �  < 2.

This concludes the proof of Theorem 6.1 for 1 <  � conf and n� 6.

I Assume that nD 4 or 5.
Let us adapt the proof above. If  � 2, (59)(e) must be checked and (59)(a) and (59)(c) reduce again

to (60) but this time in the slightly larger square

RD
h
1

2
� 1

n�1;
1

2

�
�
h
1

2
� 1

n�1;
1

2

i
(64)

(see Figure 14). Thus, (59) reduces to
�

(59)(d)(i), (59)(d)(ii), and (64) if 1 <  < 2;
(59)(d)(i), (59)(d)(ii), (59)(e), and (64) if 2�  � conf:

The case-by-case study of the intersection S \R is carried out as above and yields the same results. The
only difference lies in the fact that the sector S exits the square R through the top edge instead of the left
edge (see Figures 15, 16, and 17 below). Notice that (59)(e) is satisfied as q1 >  when 2�  � conf.

� Case 2: 1 <  � 2 (see Figure 15).

� Case 3: 2 �  < conf.

ı Subcase 3.1: 1 <  � 2 (see Figure 16).

ı Subcase 3.2: 2 �  < 2 (see Figure 17).

This concludes the proof of Theorem 6.1 for 1 <  � conf and nD 4; 5.

I Assume that nD 3.

�
1
q1
; 1zq1

�

Figure 17. Subcase 2�  � conf.
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Figure 18. Case  D 2.

The proof works the same except that the square becomes

RD
(�
0; 1
2

�� �0; 1
2

�
if 1 <  < 2;

�
0; 1
2

�� �0; 1
2

�
if 2�  � conf

(65)

and that .1=q1; 1=zq1/ enters the square R through the vertex
�
1
2
; 0
�

instead of the bottom edge. This
happens when  D 2 (see Figure 18), and in this case, (59)(e) is satisfied. It is further satisfied when
2 <  � conf as q1 >  .

This concludes the proof of Theorem 6.1 for 1 <  � conf. �

Proof of Theorem 6.1 for conf �  � 4. We resume the fixed-point method above, using Corollary 5.3
instead of Theorem 5.2, and obtain in this way the set of conditions

8
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
<
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
:

(a) 2� p �1 and 2� q <1 satisfy 1

p
� n�1

2

�
1

2
� 1
q

�
;

(ã) 2� zp �1 and 2� zq <1 satisfy 1

zp �
n�1
2

�
1

2
� 1zq

�
;

(b) � � n
�
1

2
� 1
q

�
� 1
p

, z� � n
�
1

2
� 1zq

�
� 1zp , and � C z� � 1;

(c)


p
C 1

zp D 1;

(d) 1� 
q
C 1zq � 1C

1���z�
n

;

(e) q > :

(66)

We may assume that

� D n
�
1

2
� 1
q

�
� 1
p

and z� D n
�
1

2
� 1zq

�
� 1zp :

With this choice, the conditions

� C z� � 1 and


q
C 1zq � 1C

1���z�
n

become
1

p
C 1

zp C 1� n
�
1� 1

q
� 1zq

�
(67)
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and
1

p
C 1

zp C 1� . � 1/
n

q
: (68)

Notice moreover that (67) follows from (68), combined with =qC1=zq� 1, and that (68) can be rewritten
as follows, using (66)(c):

1

p
C n
q
� 2

�1:

Thus, (66) reduces to the set of conditions

8
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
<
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
:

(a) 2� p �1 and 2� q <1 satisfy 1

p
� n�1

2

�
1

2
� 1
q

�
;

(ã) 2� zp �1 and 2� zq <1 satisfy 1

zp �
n�1
2

�
1

2
� 1zq

�
;

(c)


p
C 1

zp D 1;

(d)(i)


q
C 1zq � 1;

(d)(ii)
1

p
C n
q
� 2

�1;
(e) q > :

(69)

Among these conditions, consider first (69)(a) and (69)(d)(ii). In the plane with coordinates .1=p; 1=q/,
the two lines 8

<̂

:̂

(a) 1

p
C n�1

2

1

q
D n�1

4
;

(d)(ii) 1

p
C n
q
D 2

�1
(70)

0

1
2

1
2

1
p

1
q

�
1
p2
; 1
q2

�
1
2

� 1
n�1

(70)(a)

(70)(d)(ii)

2
n.�1/

Figure 19. Case 4: conf �  � 3.
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0

1
2

1
2

1
p

1
q

(70)(a)

(70)(d)(ii)

2
n.�1/

1
n

�
2
�1 � 1

2

�

Figure 20. Case 5: 3 �  � 4.

meet at the point .1=p2; 1=q2/ given by
8
<̂

:̂

1

p2
D n�1
nC1

�
n

2
� 2

�1
�
;

1

q2
D 1

nC1
�
4

�1 �
n�1
2

�
:

(71)

As  varies between conf and 3, this point moves on the line (70)(a) between the Strichartz point
.1=2�1=.nC1/; 1=2�1=.nC1// and the Keel–Tao endpoint .1=2; 1=2�1=.n�1//, where it exits the
square

�
0; 1
2

�� �0; 1
2

�
. Thus, (69)(a) and (69)(d)(ii) determine the regions depicted in Figure 19 and in

Figure 20. For later use, notice that the minimal regularity

� D n
�
1

2
� 1
q

�
� 1
p
� �3./ (72)

is reached on the boundary line (70)(d)(ii) and that

p2 < 2: (73)

This inequality holds indeed when  D conf, and it remains true as  increases while p2 decreases.
Let us next discuss all conditions (69), first in high dimensions and next in low dimensions.

I Assume that n� 6.
Firstly, notice that (69)(e) is trivially satisfied in this case. On one hand, we have indeed  � 4 � 2.

On the other hand, it follows from (69)(d)(ii) that

1

q
� 2

n.�1/ �
2

n.conf�1/ D
1

2

�
1� 1

n

�
<
1

2
:

Hence,  � 2 < q.
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Secondly, we claim that (69)(a), (69)(ã), (69)(c), and (69)(d)(ii) reduce to the conditions

8
<̂

:̂

(a)


q
C 1zq �

 C 1
2
� 2

n�1;

(d)(ii)


q
C n�1

2n

1

q
� nC3

4n
C 2

n

1

�1
(74)

in the rectangle

RD
�
0;
1

n

�
2

�1 �
1

2

�i
�
�
0;
1

2
� 2�
n�1

i
: (75)

Actually, they even reduce to the single condition (74)(d)(ii) if  � 3. All these claims are obtained by
examining Figures 21 and 22 as we did with Figure 7 in the case  � conf.

1
p

1
zp

1
q

1
zq

�
1
p2
; 1
q2

�

�
1
zp2
; 1zq2

� �
1
p2
; 1zp2

�

�
1
q2
; 1zq2

�

1
2

1
2

1
2

1
2

1
2

� 1
n�1

1
2

� 1
n�1

1
2

1� 
2

1
n

�
2
�1 � 1

2

�

1
2

� 2�
n�1

(69)(c)

(70)(a)

(70)(d)(ii)

(76)(a)

(76)(d)(ii)

Figure 21. Case 4: conf �  � 3.
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1
p

1
zp

1
q

1
zq

1
2

1
2

1
2

1
2

1
2

� 1
n�1

1
2

1� 
2

1
n

�
2
�1 � 1

2

�

1
n

�
2
�1 � 1

2

�

1
2

� 2�
n�1

(69)(c)

(70)(d)(ii)(76)(d)(ii)

Figure 22. Case 5: 3 �  � 4.
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Figure 23. Convex region C .
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Figure 24. Case 4: conf �  � 3.

Thirdly, in the plane with coordinates .1=q; 1=zq/, the conditions (69)(d)(i), (74)(a), and (74)(d)(ii)
define the convex region C in Figure 23 with edges

8
ˆ̂̂
ˆ̂<
ˆ̂̂
ˆ̂:

(a)


q
C 1zq D

 C 1
2
� 2

n�1;

(d)(i)


q
C 1zq D 1;

(d)(ii)


q
C n�1

2n

1

zq D
nC3
4n
C 2

n

1

�1

(76)

0

1
q

1
zq

�
1
q3
; 1zq3

�

1
n

�
2
�1 � 1

2

�

1
2

� 2�
n�1

(76)(d)(i)

(76)(d)(ii)

Figure 25. Case 5: 3 �  � 4.
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and with vertices given by
8
<̂

:̂

1

q2
D 4

nC1
1

�1 �
1

2

n�1
nC1;

1

zq2 D
n

nC1 �
4

nC1
1

�1 C
1

2
� 2

n�1 �
4

nC1;
1

q3
D 4

nC1
1

�1 �
1

2

nC3
nC1

1


;

1

zq3 D
3

2

n�1
nC1 �

4

nC1
1

�1:
(77)

In order to conclude, it remains for us to determine the possible intersections of the convex region C
above with the rectangleR defined by (75) and in each case the minimal regularity �Dn.1=2�1=q/�1=p.

� Case 4: conf �  � 3 (see Figure 24).

� Case 5: 3 �  � 4 (see Figure 25).
In both cases, the minimal regularity � D �3./ is reached when .1=p; 1=q/ and .1=q; 1=zq/ lie on the

edges (70)(d)(ii) and (76)(d)(ii). See Figures 21 and 22. This concludes the proof of Theorem 6.1 for
conf <  � 4 and n� 6.

I Assume that 3� n� 5.
Then  � conf � 2, and Figures 21 and 22 become Figures 26 and 27, respectively. Consequently,

the four conditions (69)(a), (69)(ã), (69)(c), and (69)(d.ii) reduce again to the two conditions (74)(a)

1
p

1
zp

1
q

1
zq

�
1
p2
; 1
q2

�

�
1
zp2
; 1zq2

� �
1
p2
; 1zp2

�

�
1
q2
; 1zq2

�

1
2

1
2

1
2

1
2

1
2

� 1
n�1

1


1
2

1
2

� 2
n�1

1


1
n

�
2
�1 � 1

2

�

(69)(c)

(70)(a)

(70)(d)(ii)

(76)(a)

(76)(d)(ii)

Figure 26. Case 4: conf �  � 3.
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�1 � 1
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(69)(c)

(70)(d)(ii)(76)(d)(ii)

Figure 27. Case 5: 3 �  � 4.

0

1
2

1
q

1
zq

�
1
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; 1zq3

�

1
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�

(76)(a)

(76)(d)(i)

(76)(d)(ii)

Figure 28. Case 4: conf �  � 3.
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0

1
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1
q

1
zq

�
1
q3
; 1zq3

�

1
n

�
2
�1 � 1

2

�

(76)(d)(i)

(76)(d)(ii)

Figure 29. Case 5: 3 �  � 4.

and (74)(d)(ii) if conf �  � 3, and actually to the single condition (74)(d)(ii) if 3 �  � 4, but this
time in the rectangle

RD
�
0;
1

n

�
2

�1 �
1

2

�i
�
�
0;
1

2

i
: (78)

Moreover, (69)(e) is satisfied as 1=q � .2=. � 1/� 1=2/=n < 1= .
We conclude again by examining the possible intersections C \R of the convex region defined by

(69)(d)(i), (74)(a), and (74)(d)(ii) with the rectangle (78) and by determining in each case the minimal
regularity � D n.1=2� 1=q/� 1=p.

� Case 4: conf �  � 3 (see Figure 28).

� Case 5: 3 �  � 4 (see Figure 29).

In both cases, the minimal regularity � D �3./ is reached again when .1=p; 1=q/ and .1=q; 1=zq/ lie
on the edges (70)(d)(ii) and (76)(d)(ii). See Figures 26 and 27. This concludes the proof of Theorem 6.1
for conf <  � 4 and 3� n� 5. �

0

1

1 2 3

1
2

1
4

zC1
C2

C3

conf D 5

�

Figure 30. Regularity for global well-posedness on H2.
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Remark 6.3. In dimension nD 2, the statement of Theorem 6.1 holds true with (53) replaced by
8
ˆ̂̂
<
ˆ̂̂
:

� D 0C if 1 <  � 2;
� D z�1./C if 2�  � 3;
� D �2./ if 3 <  < 5;
� D �3./C if 5�  <1;

(79)

where z�1./D 3=4� 3=2 . Notice that the condition q >  is not redundant if 2 <  < 3 and that it is
actually responsible for the curve zC1.

Remark 6.4. In dimension nD 3, Metcalfe and Taylor [2011] obtain a global existence result beyond
 D 4. In [Anker and Pierfelice � 2014], we extend the results of our present paper to Damek–Ricci
spaces as we did for the Schrödinger equation in [Anker et al. 2011] and for the shifted wave equation in
[Anker et al. 2014], and we also discuss the case  > 4 in this more general setting.

Appendix A

In this appendix, we collect some lemmas in Fourier analysis on R, which are used in the kernel analysis
carried out in Section 3.

Lemma A.1. Consider the oscillatory integral

I.t; x/D
Z C1

�1
d� a.�/eit�.�/

where the phase is given by

�.�/D
p
�2C �2� x�

t

.recall that � is a fixed constant > 0/ and the amplitude a 2 C1c .R/ has the behavior at the origin

a.�/D O.�2/: (A-1)

Then

jI.t; x/j. 1Cjxj
.1Cjt j/3=2 8jxj � jt j

2
:

Proof. Let us compute the first two derivatives

�0.�/D �p
�2C�2 �

x

t
and �00.�/D �2.�2C �2/�3=2: (A-2)

The phase � has a single stationary point:

�0 D � x
t

�
1� x

2

t2

��1=2
; (A-3)

which remains bounded under our assumption jxj � jt j=2:

j�0j � �p
3
� �: (A-4)
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For later use, let us compute

�.�0/D �
�
1� x

2

t2

�1=2
and �00.�0/D ��1

�
1� x

2

t2

�3=2
:

Since �00 > 0, we can perform a global change of variables �$ � on R so that

�.�/��.�0/D �2:
Specifically,

�D �.�/.���0/;
where

�.�/D
�Z 1

0

ds .1� s/�00�.1� s/�0C s�
��1=2

:

This way, our oscillatory integral becomes

I.t; x/D eit�.�0/
Z

R

d� Qa.�/e.�1Cit/�2 ;
where

Qa.�/D d�

d�
a.�.�//e�

2

is again a smooth function with compact support whose derivatives are controlled uniformly in t and x as
long as jxj � jt j=2. Using Taylor’s formula, let us expand

Qa.�/D
3X

jD0
Qaj�j C Qa4.�/�4;

where

Qa0 D
�

2

�00.�0/
�1=2

a.�0/D O.�20/D O
�
x2

t2

�
;

the other constants Qa1, Qa2, and Qa3, and the function Qa4.�/, as well as its derivatives, are bounded uniformly
in t and x. Let us split up accordingly

I.t; x/D
4X

jD0
Ij .t; x/;

where
Ij .t; x/D Qaj eit�.�0/

Z

R

d��j e.�1Cit/�2 .j D 0; 1; 2; 3/
and

I4.t; x/D eit�.�0/
Z

R

d� Qa4.�/�4e.�1Cit/�2 :

The first and third expressions are handled by elementary complex integration:

I0.t; x/D Qa0
p
�eit�.�0/.1� i t/�1=2 D O

�
x2

t2.1Cjt j/1=2
�
D O

� 1Cjxj
.1Cjt j/3=2

�
;

I2.t; x/D Qa2
p
�

2
eit�.�0/.1� i t/�3=2 D O

�
.1Cjt j/�3=2�:
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The expressions I1.t; x/ and I3.t; x/ vanish by oddness. The expression I4.t; x/ is obviously bounded
by the finite integral Z

R

d��4e��2 :

In order to improve this estimate when jt j is large, let us split up
Z

R

d�D
Z

j�j�jt j�1=2
d�C

Z

j�j>jt j�1=2
d�:

The first integral is easily estimated, using the uniform boundedness of Qa4.�/:
ˇ̌
ˇ̌
Z

j�j�jt j�1=2
d� Qa4.�/�4e.�1Cit/�2

ˇ̌
ˇ̌.

Z

j�j�jt j�1=2
d��4 . jt j�5=2:

After two integration by parts, using �e.�1Cit/�2 D .2.�1C i t//�1 @
@�
e.�1Cit/�2 , the second integral is

estimated by

jt j�5=2Cjt j�2
Z

R

d� .1Cj�j/2e��2 :

Altogether,
I4.t; x/D O..1Cjt j/�2/;

and this concludes the proof of Lemma A.1. �

Lemma A.2. Consider the oscillatory integral

J.t; x/D
Z C1

�1
d� a.�/eit�.�/

where the phase is given again by

�.�/D
p
�2C �2� x�

t

and the amplitude a.�/ is now a symbol .of any order/ on R, which vanishes on the interval Œ��; ��. Then

J.t; x/D O.jt j�1/ 8x; 0� jxj � jt j
2
:

Proof. According to (A-2), (A-3), and (A-4),

� � has a single stationary point �0 2
h
� �p

3
;
�p
3

i
, which remains away from the support of a,

� j�0.�/j D
ˇ̌
ˇ �p
�2C�2 �

x

t

ˇ̌
ˇ� 1p

2
� 1
2
> 0 on supp a,

� �00 is a symbol of order �3.

These facts allow us to perform several integrations by parts based on

eit�.�/ D 1

it�0.�/
@

@�
eit�.�/

and to reach the conclusion. �



994 JEAN-PHILIPPE ANKER AND VITTORIA PIERFELICE

References

[Anker and Pierfelice 2009] J.-P. Anker and V. Pierfelice, “Nonlinear Schrödinger equation on real hyperbolic spaces”, Ann. Inst.
H. Poincaré Anal. Non Linéaire 26:5 (2009), 1853–1869. MR 2010m:35416 Zbl 1176.35166

[Anker and Pierfelice � 2014] J.-P. Anker and V. Pierfelice, “Wave and Klein–Gordon equations on Damek–Ricci spaces”.
Work in progress.

[Anker et al. 2011] J.-P. Anker, V. Pierfelice, and M. Vallarino, “Schrödinger equations on Damek–Ricci spaces”, Comm. Partial
Differential Equations 36:6 (2011), 976–997. MR 2012c:58043 Zbl 1252.35245

[Anker et al. 2012] J.-P. Anker, V. Pierfelice, and M. Vallarino, “The wave equation on hyperbolic spaces”, J. Differential
Equations 252:10 (2012), 5613–5661. MR 2902129 Zbl 1252.35114

[Anker et al. 2014] J.-P. Anker, V. Pierfelice, and M. Vallarino, “The wave equation on Damek–Ricci spaces”, Ann. Mat. Pura.
Appl. (2014).

[Bahouri and Gérard 1999] H. Bahouri and P. Gérard, “High frequency approximation of solutions to critical nonlinear wave
equations”, Amer. J. Math. 121:1 (1999), 131–175. MR 2000i:35123 Zbl 0919.35089

[Christ and Kiselev 2001] M. Christ and A. Kiselev, “Maximal functions associated to filtrations”, J. Funct. Anal. 179:2 (2001),
409–425. MR 2001i:47054 Zbl 0974.47025

[D’Ancona et al. 2001] P. D’Ancona, V. Georgiev, and H. Kubo, “Weighted decay estimates for the wave equation”, J. Differential
Equations 177:1 (2001), 146–208. MR 2003a:35130 Zbl 0995.35011

[Fontaine 1994] J. Fontaine, “Une équation semi-linéaire des ondes sur H3”, C. R. Acad. Sci. Paris Sér. I Math. 319:9 (1994),
945–948. MR 95k:58161 Zbl 0822.58049

[Fontaine 1997] J. Fontaine, “A semilinear wave equation on hyperbolic spaces”, Comm. Partial Differential Equations 22:3-4
(1997), 633–659. MR 98c:58167 Zbl 0884.58092

[Georgiev 2000] V. Georgiev, Semilinear hyperbolic equations, MSJ Memoirs 7, Mathematical Society of Japan, Tokyo, 2000.
MR 2001k:35003 Zbl 0959.35002

[Georgiev et al. 1997] V. Georgiev, H. Lindblad, and C. D. Sogge, “Weighted Strichartz estimates and global existence for
semilinear wave equations”, Amer. J. Math. 119:6 (1997), 1291–1319. MR 99f:35134 Zbl 0893.35075

[Ginibre and Velo 1985] J. Ginibre and G. Velo, “The global Cauchy problem for the nonlinear Klein–Gordon equation”, Math.
Z. 189:4 (1985), 487–505. MR 86f:35149 Zbl 0549.35108

[Ginibre and Velo 1995] J. Ginibre and G. Velo, “Generalized Strichartz inequalities for the wave equation”, J. Funct. Anal.
133:1 (1995), 50–68. MR 97a:46047 Zbl 0849.35064

[Hassani 2011a] A. Hassani, Équation des ondes sur les espaces symétriques Riemanniens de type non compact, thesis, Université
de Nanterre - Paris X, 2011, Available at http://tel.archives-ouvertes.fr/tel-00669082.

[Hassani 2011b] A. Hassani, “Wave equation on Riemannian symmetric spaces”, J. Math. Phys. 52:4 (2011), Article ID #043514.
MR 2964197

[Helgason 1994] S. Helgason, Geometric analysis on symmetric spaces, Mathematical Surveys and Monographs 39, American
Mathematical Society, Providence, RI, 1994. MR 96h:43009 Zbl 0809.53057

[Helgason 2000] S. Helgason, Groups and geometric analysis: integral geometry, invariant differential operators, and spherical
functions, Mathematical Surveys and Monographs 83, American Mathematical Society, Providence, RI, 2000. Corrected reprint
of the 1984 original. MR 2001h:22001 Zbl 0965.43007

[Helgason 2001] S. Helgason, Differential geometry, Lie groups, and symmetric spaces, Graduate Studies in Mathematics 34,
American Mathematical Society, Providence, RI, 2001. Corrected reprint of the 1978 original. MR 2002b:53081 Zbl 0993.53002

[Hörmander 2007] L. Hörmander, The analysis of linear partial differential operators, III: Pseudo-differential operators,
Springer, Berlin, 2007. Reprint of the 1994 edition. MR 2007k:35006 Zbl 1115.35005

[Ionescu 2000] A. D. Ionescu, “Fourier integral operators on noncompact symmetric spaces of real rank one”, J. Funct. Anal.
174:2 (2000), 274–300. MR 2001h:43009 Zbl 0962.43004

[Ionescu and Staffilani 2009] A. D. Ionescu and G. Staffilani, “Semilinear Schrödinger flows on hyperbolic spaces: scattering in
H1”, Math. Ann. 345:1 (2009), 133–158. MR 2010c:35031 Zbl 1203.35262

http://dx.doi.org/10.1016/j.anihpc.2009.01.009
http://msp.org/idx/mr/2010m:35416
http://msp.org/idx/zbl/1176.35166
http://dx.doi.org/10.1080/03605302.2010.539658
http://msp.org/idx/mr/2012c:58043
http://msp.org/idx/zbl/1252.35245
http://dx.doi.org/10.1016/j.jde.2012.01.031
http://msp.org/idx/mr/2902129
http://msp.org/idx/zbl/1252.35114
http://dx.doi.org/10.1007/s10231-013-0395-x
http://dx.doi.org/10.1353/ajm.1999.0001
http://dx.doi.org/10.1353/ajm.1999.0001
http://msp.org/idx/mr/2000i:35123
http://msp.org/idx/zbl/0919.35089
http://dx.doi.org/10.1006/jfan.2000.3687
http://msp.org/idx/mr/2001i:47054
http://msp.org/idx/zbl/0974.47025
http://dx.doi.org/10.1006/jdeq.2000.3983
http://msp.org/idx/mr/2003a:35130
http://msp.org/idx/zbl/0995.35011
http://gallica.bnf.fr/ark:/12148/bpt6k5469976n/f303.image
http://msp.org/idx/mr/95k:58161
http://msp.org/idx/zbl/0822.58049
http://dx.doi.org/10.1080/03605309708821277
http://msp.org/idx/mr/98c:58167
http://msp.org/idx/zbl/0884.58092
http://msp.org/idx/mr/2001k:35003
http://msp.org/idx/zbl/0959.35002
http://dx.doi.org/10.1353/ajm.1997.0038
http://dx.doi.org/10.1353/ajm.1997.0038
http://msp.org/idx/mr/99f:35134
http://msp.org/idx/zbl/0893.35075
http://dx.doi.org/10.1007/BF01168155
http://msp.org/idx/mr/86f:35149
http://msp.org/idx/zbl/0549.35108
http://dx.doi.org/10.1006/jfan.1995.1119
http://msp.org/idx/mr/97a:46047
http://msp.org/idx/zbl/0849.35064
http://tel.archives-ouvertes.fr/tel-00669082
http://dx.doi.org/10.1063/1.3567167
http://msp.org/idx/mr/2964197
http://dx.doi.org/10.1090/surv/039
http://msp.org/idx/mr/96h:43009
http://msp.org/idx/zbl/0809.53057
http://dx.doi.org/10.1090/surv/083
http://dx.doi.org/10.1090/surv/083
http://msp.org/idx/mr/2001h:22001
http://msp.org/idx/zbl/0965.43007
http://msp.org/idx/mr/2002b:53081
http://msp.org/idx/zbl/0993.53002
http://dx.doi.org/10.1007/978-3-540-49938-1
http://msp.org/idx/mr/2007k:35006
http://msp.org/idx/zbl/1115.35005
http://dx.doi.org/10.1006/jfan.2000.3572
http://msp.org/idx/mr/2001h:43009
http://msp.org/idx/zbl/0962.43004
http://dx.doi.org/10.1007/s00208-009-0344-6
http://dx.doi.org/10.1007/s00208-009-0344-6
http://msp.org/idx/mr/2010c:35031
http://msp.org/idx/zbl/1203.35262


WAVE AND KLEIN–GORDON EQUATIONS ON HYPERBOLIC SPACES 995

[John 1979] F. John, “Blow-up of solutions of nonlinear wave equations in three space dimensions”, Manuscripta Math. 28:1-3
(1979), 235–268. MR 80i:35114 Zbl 0406.35042

[Kapitanski 1994] L. Kapitanski, “Weak and yet weaker solutions of semilinear wave equations”, Comm. Partial Differential
Equations 19:9-10 (1994), 1629–1676. MR 95j:35041 Zbl 0831.35109

[Keel and Tao 1998] M. Keel and T. Tao, “Endpoint Strichartz estimates”, Amer. J. Math. 120 (1998), 955–980. MR 2000d:35018
Zbl 0922.35028

[Klainerman and Ponce 1983] S. Klainerman and G. Ponce, “Global, small amplitude solutions to nonlinear evolution equations”,
Comm. Pure Appl. Math. 36:1 (1983), 133–141. MR 84a:35173 Zbl 0509.35009

[Koornwinder 1984] T. H. Koornwinder, “Jacobi functions and analysis on noncompact semisimple Lie groups”, pp. 1–85 in
Special functions: group theoretical aspects and applications, edited by R. A. Askey et al., Mathematics and its Applications
18, Reidel, Dordrecht, 1984. MR 86m:33018 Zbl 0584.43010

[Lindblad and Sogge 1995] H. Lindblad and C. D. Sogge, “On existence and scattering with minimal regularity for semilinear
wave equations”, J. Funct. Anal. 130:2 (1995), 357–426. MR 96i:35087 Zbl 0846.35085

[Machihara et al. 2004] S. Machihara, M. Nakamura, and T. Ozawa, “Small global solutions for nonlinear Dirac equations”,
Differential Integral Equations 17:5-6 (2004), 623–636. MR 2005j:35186 Zbl 1174.35452

[Metcalfe and Taylor 2011] J. Metcalfe and M. Taylor, “Nonlinear waves on 3D hyperbolic space”, Trans. Amer. Math. Soc.
363:7 (2011), 3489–3529. MR 2012h:35229 Zbl 1223.35005

[Metcalfe and Taylor 2012] J. Metcalfe and M. Taylor, “Dispersive wave estimates on 3D hyperbolic space”, Proc. Amer. Math.
Soc. 140:11 (2012), 3861–3866. MR 2944727 Zbl 1275.35147

[Nakanishi 1999] K. Nakanishi, “Scattering theory for the nonlinear Klein–Gordon equation with Sobolev critical power”,
Internat. Math. Res. Notices 1999 (1999), 31–60. MR 2000a:35174 Zbl 0933.35166

[Pierfelice 2008] V. Pierfelice, “Weighted Strichartz estimates for the Schrödinger and wave equations on Damek–Ricci spaces”,
Math. Z. 260:2 (2008), 377–392. MR 2009d:35272 Zbl 1153.35074

[Sideris 1984] T. C. Sideris, “Nonexistence of global solutions to semilinear wave equations in high dimensions”, J. Differential
Equations 52:3 (1984), 378–406. MR 86d:35090 Zbl 0555.35091

[Strauss 1989] W. A. Strauss, Nonlinear wave equations, CBMS Regional Conference Series in Mathematics 73, American
Mathematical Society, Providence, RI, 1989. MR 91g:35002 Zbl 0714.35003

[Tataru 2001] D. Tataru, “Strichartz estimates in the hyperbolic space and global existence for the semilinear wave equation”,
Trans. Amer. Math. Soc. 353:2 (2001), 795–807. MR 2001k:35218 Zbl 0956.35088

[Triebel 1992] H. Triebel, Theory of function spaces, II, Monographs in Mathematics 84, Birkhäuser, Basel, 1992. MR 93f:46029
Zbl 0763.46025

Received 3 Aug 2013. Accepted 1 Mar 2014.

JEAN-PHILIPPE ANKER: anker@univ-orleans.fr
Fédération Denis Poisson (FR 2964) & Laboratoire MAPMO (UMR 7349), Bâtiment de Mathématiques,
Université d’Orléans & CNRS, B.P. 6759, 45067 Orléans cedex 2, France

VITTORIA PIERFELICE: vittoria.pierfelice@univ-orleans.fr
Fédération Denis Poisson (FR 2964) & Laboratoire MAPMO (UMR 7349), Bâtiment de Mathématiques,
Université d’Orléans & CNRS, B.P. 6759, 45067 Orléans Cedex 2, France

mathematical sciences publishers msp

http://dx.doi.org/10.1007/BF01647974
http://msp.org/idx/mr/80i:35114
http://msp.org/idx/zbl/0406.35042
http://dx.doi.org/10.1080/03605309408821067
http://msp.org/idx/mr/95j:35041
http://msp.org/idx/zbl/0831.35109
http://dx.doi.org/10.1353/ajm.1998.0039
http://msp.org/idx/mr/2000d:35018
http://msp.org/idx/zbl/0922.35028
http://dx.doi.org/10.1002/cpa.3160360106
http://msp.org/idx/mr/84a:35173
http://msp.org/idx/zbl/0509.35009
http://dx.doi.org/10.1007/978-94-010-9787-1_1
http://msp.org/idx/mr/86m:33018
http://msp.org/idx/zbl/0584.43010
http://dx.doi.org/10.1006/jfan.1995.1075
http://dx.doi.org/10.1006/jfan.1995.1075
http://msp.org/idx/mr/96i:35087
http://msp.org/idx/zbl/0846.35085
http://projecteuclid.org/euclid.die/1356060351
http://msp.org/idx/mr/2005j:35186
http://msp.org/idx/zbl/1174.35452
http://dx.doi.org/10.1090/S0002-9947-2011-05122-6
http://msp.org/idx/mr/2012h:35229
http://msp.org/idx/zbl/1223.35005
http://dx.doi.org/10.1090/S0002-9939-2012-11534-5
http://msp.org/idx/mr/2944727
http://msp.org/idx/zbl/1275.35147
http://dx.doi.org/10.1155/S1073792899000021
http://msp.org/idx/mr/2000a:35174
http://msp.org/idx/zbl/0933.35166
http://dx.doi.org/10.1007/s00209-007-0279-0
http://msp.org/idx/mr/2009d:35272
http://msp.org/idx/zbl/1153.35074
http://dx.doi.org/10.1016/0022-0396(84)90169-4
http://msp.org/idx/mr/86d:35090
http://msp.org/idx/zbl/0555.35091
http://books.google.com?id=oVtcnFAew3cC
http://msp.org/idx/mr/91g:35002
http://msp.org/idx/zbl/0714.35003
http://dx.doi.org/10.1090/S0002-9947-00-02750-1
http://msp.org/idx/mr/2001k:35218
http://msp.org/idx/zbl/0956.35088
http://dx.doi.org/10.1007/978-3-0346-0419-2
http://msp.org/idx/mr/93f:46029
http://msp.org/idx/zbl/0763.46025
mailto:anker@univ-orleans.fr
mailto:vittoria.pierfelice@univ-orleans.fr
http://msp.org


Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF

Maciej Zworski
zworski@math.berkeley.edu

University of California
Berkeley, USA

BOARD OF EDITORS

Nicolas Burq Université Paris-Sud 11, France
nicolas.burq@math.u-psud.fr

Sun-Yung Alice Chang Princeton University, USA
chang@math.princeton.edu

Michael Christ University of California, Berkeley, USA
mchrist@math.berkeley.edu

Charles Fefferman Princeton University, USA
cf@math.princeton.edu

Ursula Hamenstaedt Universität Bonn, Germany
ursula@math.uni-bonn.de

Vaughan Jones U.C. Berkeley & Vanderbilt University
vaughan.f.jones@vanderbilt.edu

Herbert Koch Universität Bonn, Germany
koch@math.uni-bonn.de

Izabella Laba University of British Columbia, Canada
ilaba@math.ubc.ca

Gilles Lebeau Université de Nice Sophia Antipolis, France
lebeau@unice.fr

László Lempert Purdue University, USA
lempert@math.purdue.edu

Richard B. Melrose Massachussets Institute of Technology, USA
rbm@math.mit.edu

Frank Merle Université de Cergy-Pontoise, France
Frank.Merle@u-cergy.fr

William Minicozzi II Johns Hopkins University, USA
minicozz@math.jhu.edu

Werner Müller Universität Bonn, Germany
mueller@math.uni-bonn.de

Yuval Peres University of California, Berkeley, USA
peres@stat.berkeley.edu

Gilles Pisier Texas A&M University, and Paris 6
pisier@math.tamu.edu

Tristan Rivière ETH, Switzerland
riviere@math.ethz.ch

Igor Rodnianski Princeton University, USA
irod@math.princeton.edu

Wilhelm Schlag University of Chicago, USA
schlag@math.uchicago.edu

Sylvia Serfaty New York University, USA
serfaty@cims.nyu.edu

Yum-Tong Siu Harvard University, USA
siu@math.harvard.edu

Terence Tao University of California, Los Angeles, USA
tao@math.ucla.edu

Michael E. Taylor Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

Gunther Uhlmann University of Washington, USA
gunther@math.washington.edu

András Vasy Stanford University, USA
andras@math.stanford.edu

Dan Virgil Voiculescu University of California, Berkeley, USA
dvv@math.berkeley.edu

Steven Zelditch Northwestern University, USA
zelditch@math.northwestern.edu

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2014 is US $180/year for the electronic version, and $355/year (+$50, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscribers address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2014 Mathematical Sciences Publishers

http://msp.berkeley.edu/apde
mailto:zworski@math.berkeley.edu
mailto:nicolas.burq@math.u-psud.fr
mailto:chang@math.princeton.edu
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vaughan.f.jones@vanderbilt.edu
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:lebeau@unice.fr
mailto:lempert@math.purdue.edu
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:mueller@math.uni-bonn.de
mailto:peres@stat.berkeley.edu
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:schlag@math.uchicago.edu
mailto:serfaty@cims.nyu.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:production@msp.org
http://msp.berkeley.edu/apde
http://msp.org/
http://msp.org/


ANALYSIS & PDE
Volume 7 No. 4 2014

771The global stability of the Minkowski spacetime solution to the Einstein-nonlinear system in
wave coordinates

JARED SPECK

903Dispersion for the Schrödinger equation on the line with multiple Dirac delta potentials and
on delta trees

VALERIA BANICA and LIVIU I. IGNAT

929The Cuntz semigroup and stability of close C∗-algebras
FRANCESC PERERA, ANDREW TOMS, STUART WHITE and WILHELM WINTER

953Wave and Klein–Gordon equations on hyperbolic spaces
JEAN-PHILIPPE ANKER and VITTORIA PIERFELICE

997Probabilistic global well-posedness for the supercritical nonlinear harmonic oscillator
AURÉLIEN POIRET, DIDIER ROBERT and LAURENT THOMANN

A
N

A
LY

SIS
&

PD
E

Vol.7,
N

o.4
2014


	1. Introduction
	2. Essentials about real hyperbolic spaces
	3. Kernel estimates
	3A. Estimate of w t0= w t,0
	3B. Estimate of  t = t,

	4. Dispersive estimates
	4A. Small-time dispersive estimates
	4B. Large-time dispersive estimate
	4C. Global dispersive estimates

	5. Strichartz estimates
	6. Global well-posedness in Lp(R,Lq(Hn))
	Appendix A
	References
	
	

