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THE FINAL-STATE PROBLEM FOR THE CUBIC-QUINTIC NLS
WITH NONVANISHING BOUNDARY CONDITIONS

ROWAN KILLIP, JASON MURPHY AND MONICA VISAN

We construct solutions with prescribed scattering state to the cubic-quintic NLS

(i0; + MY = a1y —as|Y Py +as|y|*y

in three spatial dimensions in the class of solutions with | (x)| — ¢ > 0 as |x| — oco. This models
disturbances in an infinite expanse of (quantum) fluid in its quiescent state — the limiting modulus ¢
corresponds to a local minimum in the energy density.

Our arguments build on work of Gustafson, Nakanishi, and Tsai on the (defocusing) Gross—Pitaevskii
equation. The presence of an energy-critical nonlinearity and changes in the geometry of the energy
functional add several new complexities. One new ingredient in our argument is a demonstration that
solutions of such (perturbed) energy-critical equations exhibit continuous dependence on the initial data
with respect to the weak topology on H.!.

1. Introduction
We study the cubic-quintic nonlinear Schrédinger equation (NLS) with nonvanishing boundary conditions

in three space dimensions:

(i0: + M)y = oy —a3|¥|?y +as|y|*y,  (1,x) e RxR?,
v (0) = vo.

We consider parameters o, @3, &5 > 0 so that oz% —4a105 > 0, which guarantees that the polynomial

1-1)

o] —a3x + asx2 has two distinct positive roots rg > r12 > 0. The boundary condition is given by
lim |y (t, x)| = ro. (1-2)
|x|—00

The choice of the larger root guarantees the energetic stability of the constant solution; it constitutes a
local minimum of the energy functional (1-7).

Equation (1-1) appears in a great variety of physical problems. It is a model in superfluidity [Ginzburg
and Pitaevskii 1958; Ginzburg and Sobyanin 1976], descriptions of bosons [Barashenkov et al. 1989] and of
defectons [Pushkarov and Kojnov 1978], the theory of ferromagnetic and molecular chains [Pushkarov and
Primatarova 1984; 1986], and in nuclear hydrodynamics [Kartavenko 1984]. The popularity of this model
can be explained by its simplicity combined with the fact that it captures an important phenomenology:
the constituents of most fluids experience an attractive interaction at low densities and a repulsion at high
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densities. The recent paper [Killip et al. 2014] focuses on the analogous problem with data decaying at
infinity, which constitutes a model for the dynamics of a finite body of fluid; the model (1-1) describes
the behavior of a localized disturbance in an infinite expanse of fluid that is otherwise quiescent.
By rescaling both space-time and the values of ¥, it suffices to consider the case rg =land as = 1.
This leaves one free parameter
yi=1-rf€(0,1), (1-3)

in terms of which equation (1-1) becomes

(0 + M)y =(y¥P=D(y > -1+ ), (1-4)
¥ (0) = o,

with the boundary condition
lim ¥ (¢,x) =1. (1-5)

|x|—00
As discussed in [Gérard 2006] (albeit in the context of the Gross—Pitaevskii equation), finite energy func-
tions obeying (1-2) have a unique limiting phase as |x| — oo, which we can normalize to be zero, yielding
(1-5). Furthermore, the dynamics of (1-1) preserve the value of this phase, so that the boundary condition
is independent of time, as well. This breaks the gauge invariance of (1-1) and prohibits using a phase
factor to remove the linear term in this equation. The presence of the linear term leads to weaker dispersion
at low frequencies, which presents a key challenge in understanding the long-time behavior of solutions.
We are interested in perturbations of the constant solution ¥ = 1, and thus it is natural to introduce the
function u = uj 4+ iu, defined via ¥ = 1 4 u. Using (1-4), we arrive at the following equation for u:
(@0; + A)u—2yuy; = N(u), (1-6)
u(0) = uy,
where N(u) = thz Nj (u), with
Nao(u) = By + 4)u? + yu3 + 2iyujus,
N3() = (v +8)ui + (v + Duruz +i[(y + Duuz + yu3l,
Na(u) = 5uf + 6uiuj +us +il[4ujus + 4uiu3),
Ns(u) = [ul*u = u3 + 2ujud + usuy +ifufuz + 2utus +uj).

The Hamiltonian for (1-4) is given by

B =y [ 1VvPdr+ X [ qwP-vtareg [ qP-niana)

Introducing the notation
q(u) = |y 1> =1 =2u + |uf,
we may write
2yur + N(u) = [yq@) +q)*)(1 +u)
and
E(1+u)=l/ |Vul|? dx+Z/ q(u)zdx+l/ q(u)3 dx. (1-8)
2 Jp3 4 Jm3 6 Jp3
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In the sequel we will write £ (u) for E(1 4+ u); when there is no risk of confusion we will simply write
q(u) = gq. Note that g represents density fluctuations relative to the constant background. The quantity
[ q(t. x) dx, which represents the total surplus/deficit of matter relative to the constant background, is
conserved in time; in this work we do not rely on this conservation law.

Well-posedness in the energy space. We define the energy space for (1-6) to be

E:={ue HI(R?) :q)e L3([R?)}, (1-9)
with associated metric
[de(u,v)]* = |lu— vlliﬁ + llg(u) —q(v)lli)zc,

and we let ||u||¢ := dg¢(u, 0) denote the energy-norm.

To justify our choice of energy space, we first note that functions with finite energy-norm have finite
energy. Indeed, using Sobolev embedding and the fact that (L3 + L8) N L2 C L3, it is not hard to see
that if u € £ then g(u) € L3, and so | E(u)| < co. In fact,

|E@)| < el + )3

On the other hand, in Lemma 3.1 we will show that for y € [% 1), functions with finite energy have
finite energy-norm. When y € (O, %), the energy is not coercive unless we impose an additional smallness
assumption (see Lemma 3.2).

When the energy is not coercive, there is no unique candidate for the name “energy space”. The authors
of [Killip et al. 2012] worked with the following notion of energy space:

Ekopy := {u € HI(R*) N LE(R?) :Reu € LZ(R?)}.

Note that Ekopy C £. In the same work, they also proved that (1-6) is globally well-posed for data
ug € Egopv; in particular, solutions are unconditionally unique in C(R; Exopv).

In Section 3, we prove global well-posedness and unconditional uniqueness for (1-6) in the energy
space £ (see Theorem 3.3). As in [Killip et al. 2012; Tao et al. 2007; Zhang 2006], our approach is to
regard the equation as a perturbation of the defocusing energy-critical NLS

(i9; + A)u = |u|*u, (1-10)

which was proven to be globally well-posed, first in the radial case and then for general data in the
celebrated papers [Bourgain 1999; Colliander et al. 2008]. Proving well-posedness for a Schrodinger
equation in three dimensions that contains a quintic nonlinearity requires control over the H ; -norm of the
solution. As the energy (1-8) is not necessarily coercive for y € (0, %) conservation of the Hamiltonian
does not supply the requisite a priori bound. To resolve this issue we will require that both the energy and
the kinetic energy of the data are small when y € (O, %)

Statement of the main result. The stability of the equilibrium solution ¢ = 1 to (1-4) is equivalent to
the small-data problem for (1-6). In this direction, there are two natural problems to consider, namely,
the initial-value and the final-state problems for (1-6). For the former, the question is whether small and
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localized initial data lead to solutions that are global and decay as |¢| — oco. For the latter, the question is
whether one can construct a solution that scatters to a prescribed asymptotic state. In this paper we prove
two results related to the final-state problem. We will address the initial-value problem in a forthcoming
work.

To fit (1-6) into the standard framework of dispersive equations it is convenient to diagonalize the
equation. Setting

U=|V(V)™! and H=|V|(V), with (V):=2y—A and |V|= (—A)%,
we arrive at the following equation for v := Vu :=u; +iUus:

(id; — H)v = Ny(u) := U Re[N(u)] + i Im[N (u)],

1-11
v(0) = Vuy. ( )
Note that ujiy(¢) := V"Ye H Vi, solves the equation
(id7 + A)ugin — 2y Reuyy, =0 with w43, (0) = uy; (1-12)

this is the linearization of (1-6) about u = 0.
Our main result in this paper is the following theorem:

Theorem 1.1. Suppose y € [% 1). Foranyuy € Hrleal +i Hrleal, there exists a global solution u € C(R; £)
to (1-6) such that
lim [[u(?) —uin ()| g1 = 0, (1-13)
t—>o0 X

where un(t) := V" le "MV y . Moreover, we have modified asymptotics in the energy space, in the
sense that this same solution u obeys

Jim de ((t), win(6) =y (V)2 rin (1)) = 0. (1-14)

In the case y € (O, %), both conclusions still hold if additionally ||u + ||H‘,1+iH‘,1 is sufficiently small.

Remark 1.2. The hypotheses on u are not sufficient to guarantee that uji,(f) € £ at any time ¢;
correspondingly, one cannot hope to say that u is close to uj, in the energy space. Nonetheless, (1-13)
does show that the modification in (1-14) only plays a role at very low frequencies. Indeed, simple
computations show that the modification can be omitted, for example, when 1 is a Schwartz function.

We do not guarantee uniqueness of the solution ¥ in Theorem 1.1. Later, we will show uniqueness
within a restricted class of solutions u for suitable scattering states #; see Theorem 1.4 and Corollary 1.7
below.

Discussion of relevant past results. To give proper context to our work, we need to discuss prior work
of Gustafson, Nakanishi, and Tsai [Gustafson et al. 2006; 2007; 2009] on the Gross—Pitaevskii equation

(9 + M)y = (Y|> =Dy,
¥ (0) = vo, (1-15)
lim (¢, x)=1.

|x|—o00
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Note that unlike in (1-4), the cubic nonlinearity here is defocusing. Writing ¥ = 1 + u, this equation
preserves the energy

1 1
Egp(u) = 3 /R3 |Vu|? dx + Z/R? qu)? dx. (1-16)

In contrast to (1-8), this energy density is lacking the sign-indefinite ¢ (u)3-term. Correspondingly, the
energy is coercive and the nonlinearity is energy-subcritical.

The final-state problem for the Gross—Pitaevskii equation was addressed by Gustafson et al. [2007;
2009] in two and three dimensions and in [Gustafson et al. 2006] in higher dimensions. They also
considered the initial-value problem in dimensions d > 3 in [Gustafson et al. 2006; 2009].

The jumping-off point for Theorem 1.1 is an analogous result appearing in [Gustafson et al. 2009]
for the Gross—Pitaevskii equation, which in turn builds on earlier work of Nakanishi [2001] on the
(gauge-invariant) NLS. As our strategy is modeled closely on his, it is worth discussing in detail the
following result:

Theorem 1.3 [Nakanishi 2001]. Given u4 € HY(R?) and % <p< %, there is a solution to
(0 + Au = |u|Pu (1-17)
that obeys e~ "Au(t) — ug in HY(R3).

Sketch of proof. Nakanishi first defines solutions u” to (1-17) with u” (T) = e!T2u, . As the problem is
L%—subcritical, these solutions are easily seen to be global with uniformly bounded H ; -norm (even in
the focusing case).

By writing (1-17) in Duhamel form and exploiting the dispersive estimate (2-2), it is not difficult to
show that for each ¢ € C2° (R3), the collection of functions

{t (g, e ®ul (1)) : T eR) (1-18)

forms an equicontinuous family on a compactification R U {00} of the real line. In particular, each such
function has limiting values as t — +o00. Applying Arzela—Ascoli and the Cantor diagonal argument
(H! is separable), one can find a sequence 7, — oo and a function u® € L H} so that

et Ay T (t) — e_itAuoo(t) weakly in H; for each t € R.

This construction guarantees that ¥ has two further properties. First, the function ¢ > e /23 (¢) is
weakly H!-continuous on R U {#00}, that is, when H. is endowed with the weak topology. Secondly,
for any ¢ € C2°(R?),

(@, e 2uTn (1)) —> (¢, e "Bu™ (1)) asn — oo, uniformly in ¢ € R.

Using these properties it is elementary to verify that e 77#44%(r) — u, as t — oo. This leaves two
obligations: firstly, one must show that u°° is actually a solution to (1-17) and secondly, one must upgrade
weak convergence to norm convergence.
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Due to the H ;—subcriticality of the nonlinearity, the Rellich—Kondrashov theorem allows one to show
that #® is a weak solution to (1-17). For this problem, weak solutions with values in H ; are necessarily
strong solutions and so we may conclude that #°° is a solution to (1-17).

Lastly, to upgrade weak convergence to strong convergence, one exploits conservation of mass and
energy and the Radon—Riesz theorem. For example, one may argue as follows: The quantity

2
F(u)::/ |Vu|? + ——u|P*? + |u|? dx (1-19)
R3 p+2

is conserved under the flow (1-17). Exploiting this, dispersion of the linear flow, and weak lower-
semicontinuity of norms, we deduce that

lim [le™"2u®0)]2, < F@™) < lim F™(0)) = lim F@™(T,) = llut|?,.
=0 x n—>00 n—>00 x

Given that e 724 () — u, we deduce that e ="y (¢) — u in H. O

In order to adapt this beautiful argument to the Gross—Pitaevskii setting, the authors of [Gustafson
et al. 2009] had to overcome two significant obstacles: (i) One needs to make the (conserved) energy
(1-16) associated to (1-15) play the role of F in the argument above. It is far from obvious that this has
the requisite convexity. (ii) The simple arguments used to prove equicontinuity of the family (1-18) no
longer work. This failure stems from lower-power terms in the nonlinearity combined with the fact that
energy conservation gives poor a priori spatial decay of solutions; while it guarantees ¢(u) € L2, it only
yields u; € Lfc and no better than u, € Lg. This is not sufficient decay to allow direct access to any of
the integrable-in-time dispersive estimates obeyed by the propagator.

The key to obtaining equicontinuity of the analogue of the family (1-18) in the Gross—Pitaevskii setting
is to exploit certain nonresonant structures in the nonlinearity that allow one to integrate by parts in time.
In implementing this approach, one sees that it is necessary to exhibit such nonresonance in both the
quadratic and cubic terms of the nonlinearity. Such a brute force attack is rather messy. The burden
can be significantly reduced by using test functions whose Fourier support excludes the origin. We will
demonstrate this (primarily expository) improvement over the arguments from [Gustafson et al. 2009]
in the proof of Proposition 6.2 below. One particular virtue of this approach is that it makes clear from
the start that the argument is inherently completely immune to the poor dispersion manifested by the
propagator (2-4) at low frequencies.

In [Gustafson et al. 2009], the authors exploit the quadratic nonresonant structure in a more elegant
way through the use of a normal form transformation

z=u1 +Q—=A)"Hu2l+ivV/-A/2—A)us. (1-20)

In this work they also observe (and then utilize) the further nonresonant structure at the cubic level (akin to
(6-30)). There is some flexibility in the choice of normal form that witnesses the requisite nonresonance;
however, the particular one employed in [Gustafson et al. 2009] has the dramatic additional benefit of
overcoming obstacle (i) described above. The necessary convexity of the energy functional becomes
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clearer when written in their new variables: with u and z related by (1-20),

Ep(u) = }|V2=Az|> + L |V=A7@= D) [u?|;. (1-21)

The virtue of this identity is best understood in the context of (6-8). Because the right-most term in (1-21)
is nonnegative, combining (1-21) with (6-8) yields

Tm 1|V2=Az0)7; = HV2= Az 7.

where z(¢) and z4 represent a particular solution and its putative scattering state, both in terms of the
normal form variable. This is just what is needed as input for the Radon—Riesz theorem.

Discussion of the main result. In order to prove Theorem 1.1 we will need to capitalize on all of the
ideas introduced in [Gustafson et al. 2009] to prove the analogous result for the Gross—Pitaevskii equation.
In particular, we will exploit a normal form transformation modeled closely on (1-20), namely,

z=M@u):=[ur +yQy— A" ulP]+iv-A/Qy - A)us. (1-22)

However, several new difficulties arise above and beyond those overcome in [Gustafson et al. 2009].
(i) The first group of new difficulties is associated to the presence of energy-critical terms in the nonlinearity.
(i1) The second group of difficulties stems from the shape of the energy functional.

(i) We begin by discussing the difficulties that arise from the energy-critical terms. As discussed earlier
in the introduction, we already need to give consideration to the energy-critical terms in the proof of
Theorem 3.3, which states that (1-6) admits global solutions for initial data in the energy space £. A
more significant challenge involves establishing a form of well-posedness with respect to the weak H )%
topology (see Theorem 4.1), as we will now explain.

In the argument of Nakanishi described above, it was used that weak limits (in the H topology
pointwise in time) of strong solutions to (1-17) are themselves strong solutions. In the subcritical case,
one sees relatively easily that such limits are weak solutions (via Rellich—Kondrashov) and can then
exploit earlier work (see [Cazenave 2003, Chapters 3—4]) showing that weak solutions with values in H ;
are strong solutions. In particular, solutions converging weakly to zero (in H!) by concentrating will
actually converge to zero in the space-time norms used to construct such solutions. In a similar way, we
see that increasingly concentrated parts of a solution (which will drop out under taking a weak limit) do
not affect parts of the solution living at unit scale.

These arguments break down in the presence of the quintic nonlinearity, which is energy-critical. In
particular, initial data that converge weakly to zero in H ; by concentrating at a point lead to solutions that
do not go to zero in the space-time norms needed for well-posedness. Correspondingly, highly concentrated
parts of a solution may have large norm and so, naively at least, have a nontrivial effect on the remainder of
the solution. Thus, it is not clear that weak limits of solutions should even be continuous in time! The key
to escaping this nightmare is to show that two parts of a solution have little effect on one another if they
live at widely separated scales. We will achieve this by employing concentration compactness techniques.

Before tackling the full equation (1-6), one should first ensure that one can prove that weak limits of
solutions are themselves solutions in the case of the energy-critical NLS equation (1-10). Questions of
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this type appear to have been studied before only in the case of the energy-critical wave equation [Bahouri
and Gérard 1999]. As there, we proceed by harnessing the full power of the associated concentration
compactness ideas. Specifically, one starts with a nonlinear profile decomposition and then further exploits
some of the decoupling ideas used in its proof. In this paper, we will implement this strategy in the setting
of (1-6); this is ample guidance for anyone seeking to reconstruct the argument for (1-10).

As a precursor to the nonlinear profile decomposition needed to prove that weak limits of solutions
to (1-6) are themselves solutions, we must first develop a linear profile decomposition adapted to (1-6);
see Proposition 4.3. Despite the fact that the linear equation underlying (1-6) differs from that underlying
(1-10), we are able to adapt the profile decomposition for the linear Schrédinger equation to our setting,
rather than proceeding ab initio. To develop the nonlinear profile decomposition, we need to construct
solutions to (1-6) associated to each linear profile. For profiles living at unit scale, existence of these
solutions (and all requisite bounds) follows from Theorem 3.3. Profiles whose characteristic length scale
diverges can be approximated by linear solutions on bounded time intervals and so require no special
attention. However, highly concentrated profiles require independent treatment; this is the content of
Proposition 4.5. There are two subtle points here: (a) Such profiles are merely H L "and so do not have finite
energy. (b) The characteristic time scale associated to such profiles is very short; thus, understanding such
solutions even on a bounded interval essentially requires an understanding of their infinite time behavior.

The nonlinear profile decomposition posits that the nonlinear evolution of the initial data can be
approximated by the sum of the nonlinear evolutions of its constituent profiles. This is verified by
demonstrating decoupling of the profiles inside the nonlinearity (see Lemma 4.7) and exploiting a suitable
stability theory for the equation (see Proposition 3.5). The latter requires certain a priori bounds, which
are shown to hold in Lemma 4.6. Once it is known that the nonlinear profile decomposition faithfully
represents the true solution, it is relatively elementary to complete the proof of well-posedness in the
weak topology, that is, the proof of Theorem 4.1.

This completes our discussion of the new difficulties (relative to [Gustafson et al. 2009]) associated to
the presence of energy-critical nonlinear terms.

(i) We turn to the second main group of difficulties mentioned above, which stem from the shape of the
energy functional. First, the lack of coercivity when y € (O, %) was discussed already as an obstacle to
proving global well-posedness. In this case, we restore coercivity by imposing a smallness condition on
the initial data.

As also discussed above, convexity of the energy functional plays a key role in upgrading weak
convergence to strong convergence in the argument of Nakanishi, via an argument of Radon—Riesz type.
The analogue of (1-21) for our equation is as follows: For z = M (u) as in (1-22),

EG) = SIV)212; + 31U, + [ o) dx. (1-23)

Unlike its analogue (1-21), this does not yield an inequality between the energy and the H.!-norm of z.
Indeed, the leading-order correction is the sign-indefinite term % / (u1)3 dx. Correspondingly, we will
need to be concerned with the structure of our solution u®°(¢) as t — oo to ensure that it does not
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contain surplus energy beyond that needed for its (putative) scattering state. Recall that ¥°°(¢) is merely
constructed as a weak limit of solutions 177 () defined by their values at ¢ = T},, which gives very little a
priori information on its structure.

The resolution of this dilemma is to prove a form of energy decoupling between the part of the solution
matching the scattering state and any residual part; see Lemma 6.3. Ultimately, this energy decoupling
shows that any residual part of the solution must converge to zero in norm, which in fact obviates any
explicit implementation of the Radon—Riesz-style argument described above.

Existence of wave operators. Recall thatin Theorem 1.1, we cannot guarantee uniqueness of the nonlinear
solution with prescribed scattering state. However, we are able to guarantee uniqueness under stronger
hypotheses. Specifically, for scattering states with good linear decay, we can guarantee that there is
only one nonlinear solution scattering to it with comparable decay. The decay of such solutions will be
measured in the norm

1
lullx, = sup 12 @)l 1.3 g3y -

Theorem 1.4. Fix y € (0, 1). There exists n > 0 so thatif uy € H. + iHrleal satisfies

real
IV=te ™ Vg |y, <. (1-24)
then there exists a global solution u € C(R; &) to (1-6) such that

: -1 _—itH _
tli>nolo lu(@)—V="e™ Vu"'”HrlaHriHl =0. (1-25)

real

Moreover u is unique in the class of solutions with ||u||x, < 4n for some T > 1.

Remark 1.5. The proof of this theorem gives a quantitative rate in (1-25), namely,

. 1
lu@ =V e  Vugligy i, S5 (1-26)

real

Remark 1.6. Writing uy,(¢) = y—le—itH Vuy, we note that uy € H!

real
guarantee that uy;, is uniformly bounded in the energy space £ for t > 1.

+ iHr}aa] and ”uhn“Xl <00

Finally, we observe that we can guarantee the smallness condition (1-24) by assuming control over
weighted norms.

Corollary 1.7. Lety € (0, 1) and uy € H!

real

+ iHrleal‘ If
1 4 5
1) 2 (Vg2 + [1(x) 3 (V) e Reu || 2
is sufficiently small, then there exists a global solution u € C(R; &) to (1-6) such that (1-25) holds.

We prove Theorem 1.4 and Corollary 1.7 in Section 7. The proof, which relies primarily on dispersive
and Strichartz estimates, consists of a contraction mapping argument that simultaneously solves the
requisite PDE for z = M(u) and inverts the normal form transformation. The argument differs little from
that used to prove Theorem 1.1 in [Gustafson et al. 2007].
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Outline of the paper. In Section 2 we set some notation and collect several useful lemmas.

Section 3 concerns the well-posedness of (1-6) in the energy space. We prove Theorem 3.3, giving
global well-posedness and unconditional uniqueness in the energy space for (1-6). We also prove a
stability result, Proposition 3.5.

The proof of the main result, Theorem 1.1, is ultimately carried out in Section 6. The strategy is
modeled on the proof of Theorem 1.3 sketched above. Recalling that proof, we can broadly describe the
three main steps as follows: (a) weak convergence uniformly in time, (b) well-posedness in the weak
topology, and (c) strong convergence. As discussed above, new difficulties in our setting prevent a naive
implementation of Nakanishi’s strategy. Thus, we need to establish some preliminary results before
launching into the proof of Theorem 1.1.

In Section 4, we consider step (b) and prove Theorem 4.1; briefly, this theorem states that if u, (0) — ug
in H Y then uy, (t) — u(r) in H Y for all ¢, where u, and u are solutions to (1-6) with initial data u, (0)
and ug, respectively. As described above, ingredients include (i) a linear profile decomposition adapted
to (1-6) and (ii) a way to construct nonlinear solutions associated to the linear profiles. We prove the
linear profile decomposition Proposition 4.3 by adapting the energy-critical linear profile decomposition
for the Schrodinger propagator. For linear profiles living at unit length scales, we use Theorem 3.3 to
construct the corresponding nonlinear profiles. The construction of nonlinear profiles in the case of highly
concentrated linear profiles is more delicate and relies on the main result of [Colliander et al. 2008].
Specifically, we approximate such solutions to (1-6) by solutions to the energy-critical NLS and invoke
the stability result, Proposition 3.5. The details are carried out in Proposition 4.5.

In Section 5, we discuss the normal form transformation, which is needed for steps (a) and (c). As
discussed in the subsection on page 1526, low powers in the nonlinearity and poor spatial decay are problem-
atic for establishing the equicontinuity needed to prove weak convergence. To remedy this, we exploit non-
resonant structure in the equation via the normal form transformation M defined in (1-22). We prove some
continuity and invertibility properties of this transformation in Proposition 5.1. We also prove Lemma 5.3
relating the energy and the inverse of the normal form transformation, which plays a role in step (c).

With the results of Section 4 and Section 5 in place, we are in a position to prove Theorem 1.1 in
Section 6. Following the strategy of Nakanishi and using the normal form transformation and Theorem 4.1,
we first construct the putative scattering solution 1 °°. Working with the variables z°° = M (u4*°), we then
prove a weak convergence result, Proposition 6.2. Having removed the worst quadratic terms via normal
form transformation, establishing the requisite equicontinuity is a more feasible prospect; as in the work
of [Gustafson et al. 2009], however, we still need to exhibit additional nonresonance at the cubic level.

We next upgrade to strong convergence, still at the level of z°°. This relies largely on an energy
decoupling lemma, Lemma 6.3. Finally, to complete the proof of Theorem 1.1, we show that strong
convergence for z% implies the desired convergence properties for #°°. For this, we make use of results
proved in Section 5 concerning the inverse of the normal form transformation (e.g., Lemma 5.3).

Finally, in Section 7 we prove Theorem 1.4 and Corollary 1.7. These results are much simpler than
Theorem 1.1; they follow from a contraction mapping argument and rely primarily on Strichartz/dispersive
estimates.
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2. Notation and useful lemmas

Some notation. We write A < B or A = O(B) to indicate that A < CB for some constant C > 0.
Dependence of implicit constants on various parameters will be indicated with subscripts. For example,
A <y B means that A < CB for some C = C(¢). The dependence of implicit constants on the parameter y
defined in (1-3) will not be explicitly indicated. We write A ~ B if A < B and B < A. We write A < B
if A <c¢B for some small ¢ > 0.

We write a complex-valued function ¥ as u = u; +iu,. When X is a monomial, we use the notation
@(X) to denote a finite linear combination of products of the factors of X, where Mikhlin multipliers
(e.g., Littlewood—Paley projections) and/or complex conjugation may be additionally applied in each
factor. We extend @ to polynomials via @(X +Y) = @(X) + @(Y).

For a time interval I we write L?L” (I x R3) for the Banach space of functions u : I x R*> — C
equipped with the norm

1
q
el 1 rxny = ( [1 @), ) dr) ,

with the usual adjustments when ¢ or  is infinity. If ¢ = r we write LY L% = L?’x. We often abbreviate
||u||L;1L§(1X[R3) = ”“”L?LQ and [u|zr 3y = llulLr. We also write C(I; X) to denote the space of
continuous functions on / taking values in X.

We use the following convention for the Fourier transform on R3:

£ = @n)3 /R T fdy sothat f(x) = () /[R ¥ f(e) e

The fractional differential operator |V|® is defined by |€|§” & =7 f (&). We will also make use of
the following Fourier multiplier operators (and powers thereof):

(£) = V2y + 1%, (V) =v2y —A,
UE) =vIgPQy+1E»H™ U=vV(=Mey-n)T1
HE) = VIEPQy + 6P, H=v(=a)(@y—»).

Fix y € (0, 1) as in (1-3). We define homogeneous and inhomogeneous Sobolev norms Hy" and Hy”

as the completion of Schwartz functions under the norms
Il ggsor := 1(=2)2 fller,  and | fllggr = 1Ry = A)> flLr,

respectively. When r = 2 we abbreviate H ;,2 =H S and H ;’2 = Hj. Note that this definition of the
Hj —norr:q is equivalent (up to constants depending on y) to the standard one, which uses the operator
(1-A)2.

Basic harmonic analysis. We employ the standard Littlewood—Paley theory. Let ¢ be a radial bump
function supported in {|§| < %} and equal to 1 on the unit ball. For N € 27 we define the Littlewood—Paley
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projections

Poyu(§) = (H6)aE).  Pyu(®) = [¢(6) - o H]aE). and Poy=1d—Poy.
These operators commute with all other Fourier multiplier operators. They are self-adjoint and bounded
on every L% and H3 space for 1 < p < oo and s > 0. We write P, = P<q and Py = P>1.
The Littlewood—Paley projections obey the following standard estimates.

Lemma 2.1 (Bernstein estimates). For 1 <r < g < oo and s > 0 we have

[IVI* P<nu

@) S NI P<nullpr @),
| P> wullLsesy SN |||V| Po vl L g3y
I P<nullpagsy < N7TE I P<nullLr@3)-
We will need the following:

Lemma 2.2 (fractional chain rule, [Christ and Weinstein 1991]). Suppose G € C(C) and s € (0, 1]. Let
l<r,rp<ooandl <ry <oosatisfy 1/r1 +1/rp =1/r. Then

[IVEG@) | < IG" @)l [IVFu],

We will also need the following result concerning bilinear Fourier multipliers. For a real-valued
function B(&1, &>) we define the operator B] f, g] via

BU8® = el [ Bo.e=n f (e —n dn 1

Lemma 2.3 (Coifman—Meyer bilinear estimate, [Coifman and Meyer 1978; Meyer and Coifman 1991]).
If the symbol B(&1, &) satisfies

192 92 B(E1.£2)| Sa.p (E1] + [£2]) "0« T1AD

for all multi-indices o, B up to sufficiently high order, then
IBLS &llley S WS Npriligly

foralll <r <ocoand 1 <ry,rp <oosatisfying 1/r =1/r1 4+ 1/r,.

Linear estimates. We record here the dispersive and Strichartz estimates for the propagators e’ A

and e~ 1HH

As is well known, the linear Schrodinger propagator in three space dimensions can be written as

o2 £1(x) = (in) 3 f e
R3
for ¢ # 0. This yields the dispersive estimates

le™ fllzz @ S 1E7CEDUL e gy (2-2)

fort #0, where 2 <r <ooand 1/r+1/r’ = 1. This estimate can be used to prove the standard Strichartz

estimates for e!’2. We state the result we need in three space dimensions.
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Proposition 2.4 (Strichartz estimates for elt A, [Ginibre and Velo 1992; Keel and Tao 1998; Strichartz
1977)). For a space-time slab I x R3 and2 < q,§ <ocowith2/q+3/r =2/G+3/F = % we have

. t .
eltA¢+[ el(t—s)AF(s)dS
0

Sllelizz +IFI

g/ 7! 3y
LY L% (IxR3) Li L (IxR7)

Using stationary phase, one can prove a similar dispersive estimate for e “/*# (see [Gustafson et al. 2006;
2009]). In fact, there is a small gain at low frequencies compared to the estimates for the linear Schrodinger
propagator; while the dispersion relation for this propagator has less curvature in the radial direction than
that for Schrodinger, this is more than compensated for by the increased curvature in the angular directions.

Proposition 2.5 (estimates for e H [Gustafson et al. 2006, 2009]). For2 < r < oo we have
1

—i (33 1_1
le™™ fllpp@s < 17CN0T £l o (2-3)

fort # 0. In particular, for a space-time slab I xR3 and2 < q,§ <ocowith2/q+3/r =2/G+3/F = %
we have

t
e—ltH(p+/ e—l(t—s)HF(S) ds
0

Sllelizz +IFI

a7 3y
LY L% (IxR3) Li Lk (IxR7)

For an interval I and s > 0 we define the Strichartz norm by

. 2.,3_3
lellgs ry =S“P{“|V|su 25q=o0. L4 = =)

LYLL(IxR3) 2

The Strichartz space Ss (1) is then defined to be the closure of test functions under this norm. We let
NS(I) denote the corresponding dual Strichartz space.

In several places it will be more convenient to work with (1-6) rather than the diagonalized (1-11).
The linear propagator associated with (1-6) takes the form

ylp—itH N _ cos(tH)  Usin(tH) | | fo 24
|2 —U~tsin(tH) cos(tH) 12

for any function f = fj +1if>. We will make use of the following Strichartz estimates for this propagator:

Lemma 2.6. Fix T > 0. Given2 <q,qg <ocowith2/q+3/r=2/G+3/F = % we have

t
” ylemitHyy 4 / Ve iR YR (s) ds
0

sl Il @)

=X

where all space-time norms are over [T, T] x R>.

Proof. As we are excluding the endpoint, it suffices (via a T T* argument) to prove the result when
F = 0; moreover, it clearly suffices to consider each entry in the matrix (2-4) separately. In view of
the boundedness of U, three out of four of these matrix elements obey the same Strichartz estimates

as e "1'H ; see Proposition 2.5. As Py U ™! is also bounded, we need only prove Strichartz estimates for
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P,U ™1 sin(tH). However, this is easily done via Holder and Bernstein’s inequality:
-1 .. 1 -1 ..
”PloU 1 Sln(tH)¢||L?L§C([—T,T]XR3) 5 T a || P]oU 1 SIH(tH)(p”L?OL)ZC([—T,T]XR?’)
1
<T'ta el L2 (R3)- (2-6)

This completes the proof of the lemma. O

At high frequencies, the operator e "/ closely resembles the Schrodinger propagator (on bounded

time intervals); specifically, we have

VIERQy +161%) = €7 +y +m(E)  with [m(§)] < (6)72 27

Indeed, it is not difficult to verify that m (&) defines a Mikhlin multiplier. This observation will play a key
role in our treatment of highly concentrated profiles in Section 4. For the moment, however, we simply

use it to obtain a crude local smoothing estimate.
Lemma 2.7 (local smoothing). Given T > 0 and R > 0,
(2-8)

Lyv—1 —itH
[IVEVTe™ Vo 12 qeryxqxi<ry SRT l0l22-

Proof. We treat high and low frequencies separately. In the low-frequency regime, we exploit (2-4) and

argue as in (2-6) to deduce that
1

1 —1 —itH 1
[1V12 PV =2e™ Vo | 1 nierixgaizry S T2 A+ Dlielzz-

In the high-frequency regime, we can use the usual local smoothing estimate for the Schrodinger equation
together with

1 “1r —i —it(y—
[1V12 Py = e =T OBV 0| oo 2 o1<ryxmny S TlellL2
which follows from (2-7). O
In practice, we will use the following corollary.

Corollary 2.8. Let K be a compact subset of I xR for some interval I C R. Then the following estimates

hold:
itA itA 3 3
Ve 2 fllL2 (k) Sk lle fllL}gC(IXW)llfIIH;,
1 2
1 —itH < 1 —itHy,ry 3 3
IVV="e™™ Vi 2 k) Sk IV e VfllLtlgc(Ing)llfllH;-

Proof. Fix N > 0. By the Bernstein and Holder inequalities,

itA < itA
||VP§N€ f”L%,x(K) ~K N||e f”L}_‘}(Ix[R@)'

By the local smoothing estimate for ¢/*2 and Bernstein, we also have

. 1 _1
||VP>Ne”Af||L%!x(K) SK H|V|2P>NfHL)2€ <k N 2||Vf||L§-

Optimizing in the choice of N yields the first estimate.
To obtain the second estimate one argues in exactly the same way, making use of Lemma 2.7. O
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3. Global well-posedness in the energy space

In this section we discuss the well-posedness of (1-6) in the energy space. We begin by justifying the
name “energy space” given to the set £ defined in (1-9). Recall from the Introduction that if u € €&,
then | E(u)| < co. The following two lemmas prove that if the energy of u is finite, then u € £; when
y € (0, %) this requires an additional smallness condition.

Lemma 3.1. If y € (3.1) and E(u) < oo, then u € € with ||ul|2 < E(u). If y = % and E(u) < 00, then
u € € with

IVull, S E@) and |qllz> < E@) +[E@)]

Proof. When y > % we use the fact that ¢ > —1 in (1-8) to write

1 2 )4 2\ 2
E(u)22/|Vu| dx—|—4/(1 3y) dx,

which immediately implies the result.
We now turn to the case when y = % In this case, the energy takes the form

E(u):%/|Vu|2dx+é/q2(q+l)dx.

As g > —1,wehave g?>(q+1)>0. Thus u € H; (R3) and ||Vu||i2 < E(u).

To estimate the L2-norm of ¢, we note that
/ qzdx§2fq2(q+l)dx§E(u).
la=-3}
On the other hand, if g < —% then |uq| > %; thus, by Chebyshev’s inequality and Sobolev embedding,
| aPar =g < 1Vl < QP o
{a<-3} ¥ ¥
We next consider the full range y € (0, 1). In this case, we can guarantee coercivity of the energy
under an appropriate smallness assumption.
Lemma 3.2. For any y € (0, 1) there exists §,, > 0 so that the following hold:
(i) If E(u) < 00 and | Vui |2, <8y, thenu € € with |[u]? < E).
(i1) For any ball B,
||Vu1||i%(R3) < 5,, == /l;c %|Vu|2 + %yqz + %q3 dx > 0. 3-1)

(iti) If u : I x R3 — C is a solution to (1-6) with E (u) < %81, and ||VReu(t0)||i% <&y forsometyel,
then '

IV Reu|| 8y and ||u||ioo(1;5)§E(u).

2
<
L®L%(IxR3) —
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Proof. We begin by writing
E() = /%|Vu|2 + %yqz + éqz(q + %y) dx
Z/%|Vu|2+%yq2dx+/ 6q2(q+%y)dx.
{a<—3v}
For g < —%y we have |up| > %y. Thus, by Chebyshev’s inequality and Sobolev embedding, we have
8 6

g <—37)| < (Ejnmmgsrvam%

Recalling that ¢ > —1, we find that for | Vu; ||i2 < y% we have

<6 <1 2
y IV IS, < §Ivun 2,

‘/ 661 (q+2y)dx
{a<—3vy
Thus

E(M)E/%IVuler%qudx,

which yields conclusion (i) of the lemma. Claim (iii) also follows from this and a continuity argument.
To obtain (ii), we repeat the argument above, using the fact that Sobolev embedding holds in the
exterior of any ball B. O

We next turn to the question of global well- posedness for (1-6) with initial data ug € £. From the
lemmas above we see that u(¢) € £ and ||Vu(t)||2 < E(up) for all times of existence, whenever
(1) ye [ or2)ye ( ) and E(up) and ||V Re u0|| 12 are sufficiently small. This a priori bound
on ||[Vu(z)|| 12 allows us to treat (1-6) as a perturbation of the defocusing energy-critical NLS, which
was proven to be globally well-posed with finite space-time bounds in [Colliander et al. 2008]. See also
[Killip et al. 2012; Tao et al. 2007] for similar perturbative arguments.

Theorem 3.3 (global well-posedness and unconditional uniqueness). For y € [%, 1) and ug € &, there
exists a unique global solution u € C(R; &) to (1-6).

Fory € ( ) if up € & satisfies |V Re u0|| <8y and E(ug) < %8),, then there exists a unique
global solution u € C(R; €) to (1-6). Here &, is as in Lemma 3.2.

In both cases the solution remains uniformly bounded in £ and for any T > 0,

”u”S"([—T,T]) <rl

Remark 3.4. When y € (O, %), smallness of the initial data is only exploited to prove global existence;
the proof we present below guarantees uniqueness of any solution in C(/; £) on any time interval / € R.

Proof. As mentioned above, Lemmas 3.1 and 3.2 imply that under the hypotheses of Theorem 3.3 we
have ||Vu(t) || < E(uyp) for all times ¢ of existence. This allows us to treat (1-6) as a perturbation of
the defocusmg energy -critical NLS. Indeed, we may rewrite (1-6) as

(10 + A)u = |u|*u +Ru),
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where R(u) =2y Reu + Z —» Nj(u). Noting that the “error” R(u) is energy-subcritical, one may argue
as in [Killip et al. 2012, Section 4.2] to construct a global solution u € C(R; &) N LIOHI’ B(RxR3) to
(1-6). A key ingredient in this argument is the main result in [Colliander et al. 2008] which guarantees
that the defocusing energy-critical NLS is globally well-posed with finite LlOH 13 (R x R3) norm. We
omit the details of this argument. Instead, we present the proof of uniqueness of solutions in the energy
space, because the choice of energy space in this paper does not allow for a direct implementation of the
methods in [Killip et al. 2012, Section 4.3].

Fix a compact time interval / = [0, 7] with t > 0 small. Let u € C(R; &) N L}OH;’%(R x R3) be
the solution to (1-6) constructed via the perturbative argument described above. Suppose 1 € C(; &) is
another solution such that 7 (0) = 1(0). We wish to show that u = 7 almost everywhere on I x R3,

To this end, we define w = &1 —u and let 0 < n < 1 be a small parameter to be determined below. As
w(0)=0and w e C(/; I-'I;), we can choose T small enough so that

lwll ;oo g1 7 xmay < N- (3-2)
2 H L (IxR3)

As Vu € LIOL s (I xR3), we may also use Sobolev embedding and choose 7 possibly even smaller to
guarantee that

”””L}&(IXW) =1. (3-3)

We also note that as u and % are bounded in £, we have that g(u), g(i) are bounded in L)zc; u, U are
bounded in L8; and u, iy are bounded in L3 N L.

We will first show that w is bounded in Strichartz spaces on I x R3. To see this, we write
(id; + A)w =2yu; + N@) — [2yur + N(u)],
where N(u) is as in (1-6). We make use of g (1) and ¢ (i) to rewrite
(0 + A)yw = O(fal> + [ul’) + O(a* + u*) + O] + [u]*)
+yq @) + 2y + i3 + 2iyiiyiia — [ygu) + 2y + ui + 2iyuius].
As w(0) = 0, we can use Strichartz to estimate
lwllz2pe +lwlpsps +llwlpeer2 < IIﬁSIIL%Lg/s+||u5||Lng/s+||ﬂ4IIL;L/sL;/z
+||“4||Lj/3L§/2+||f‘3||L}L§+||“3||L}L§
Flg@li 2 +lg@) g2+l g g2 Hluurliprg2.
where all space-time norms are over I x R3. Using Holder, we find

1 2 3/4 3
P2 |3 Pl oo g IlLizz S tlhullpoors.

5 4
12005 < Loorss tllpamspsn <7
||q(u)||L}L§ < T”C](M)HU;OL)%’ ||W41||L11L)ZC = T““”L?Ol,g ”u1||L‘,’°L§’
and we can estimate similarly for 7. Thus we conclude

“w”L%Lg+||w”L‘[‘L§C+”w”L;>OL§ < 00. (3-4)
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‘We will show that, in fact,
”w”L%Lﬁ+||w||Lj‘L§C+”w”L§>°L,2C:07 (3-5)

which implies w = 0 almost everywhere, as desired. To this end, we again rewrite the equation for w,
using z to indicate that either w or ¥ may appear. We have

(0 + A)w = O(lwlul* + [w]> + [w]|z]> + [w|z]> + |w]|z] + |[w]).
We now use Strichartz, (3-2) and (3-3) to estimate
”w”L%Li+||w||L‘,‘L)3C+”w”L;’OL§

4 5 3 2
S llwutll 100y 307+ Wl 2 pors w2zl 2 pos +Hlwzll s 3o +lwzllpy gz Hlwlp gz
< 4 4 L3
S Il o Il zpg HI S g ol g+ 23 g ol
1 2 3
+‘C2||Z||L<Z>OL)66||w||L?'L§C+T4”Z”L‘l)oLg||w||L;‘L§C+‘E”w||L<;OL)2C

1
< pt 7
=N ||w||L§L§C+T4 ”w”L‘,‘L;’;"i_T”w”L;’OLi'

Choosing 7, t sufficiently small and using (3-4), we conclude that (3-5) holds and so ¥ = u almost
everywhere on I x R3. As uniqueness is a local property, this yields uniqueness in the energy space for
solutions to (1-6). O

Next we develop a stability theory for (1-6), which we will need in Section 4.

Proposition 3.5 (stability theory). Fix T > 0 and letii : [-T, T] x R3 — C be a solution to the perturbed

equation
(ids+ A—=2yRe)u=N(i)+e

for some function e. Suppose that

litl oo £ -7 m1xm3y T 1Vl 1030113 (g sy = L (3-6)
for some constant L > 0. Let ug € H Y(R3) and assume that
t
1(0) —uoll g1 + H / ¢ C=9AVe(s) ds <e (3-7)
* 0 L®LANL 3 ([T, TIxR3)

for some & < eo(L, T). Then for eo(L, T') sufficiently small there exists a solution u : [-T, T] x R3> — C
to (1-6) with data u(0) = ug and

”V(lZ - u)||L?°L)2(ﬂL,1_OX/3([—T,T]XR3) = C(L’ T)S, (3-8)
”M”Sl([—T,T]) <C(L.,T). 3-9)

Proof. The existence of the solution u# on a small neighborhood of ¢ = 0 follows from the arguments
described in Theorem 3.3. In that setting, the solution could be extended globally due to energy control.
That argument does not apply here as ug € H ; by itself does not guarantee finiteness of the energy;
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furthermore, we permit here large data even when y < %, in which case the energy need not be coercive.
However, these earlier arguments do show that if a solution should blow up in finite time, then the
S1-norm must diverge. Consequently, we can prove that the solution exists and obeys (3-8) and (3-9) on
the whole interval [—7, T'] by showing that it obeys (3-8) and (3-9) on any subinterval 0> I € [T, T]
on which it does exist. This is what we do.

For brevity, we define the following norm: given a time interval [a, ] C R,

el ta,bp == IVl oo 201073 (g 13-
Given 0 < n < 1 to be chosen later, we divide / into intervals J where

[JI=n and [Villy 1073001353y < 1- (3-10)

The number K of such intervals depends only on L, T', and 5. Below we will show that for n sufficiently
small,

inf |[u(to) —uto)ll g1 <n = |u—ullyy)=A inf [[i(t0)—u(to)ll 4 (3-11)
toed x toed x

for some absolute constant A on such intervals J. Iterating this completes the proof of (3-8) and yields
constants
go = A"KLTMy and C(L,T)=K(L,T,n)AKLT),

We now verify (3-11). Writing u = ©i 4+ v, we use Strichartz and (3-7) to estimate
iy < inf o)l + [ VINGE + ) = NG| jro gy + 11Vl oo g1 + e
0

where N(-) denotes the nonlinearity, as in (1-6). Moreover,

5
- - - 5=k i k— _
[VINGE +v) = NI 0y S 1Vl 1o 20030101 10 doIE (||u||§;o2+||v||§;02)
WX k=2 WX WX

5
S=k (1~ k—1 k—l)
4
+||W”L;0L§°“3k§_2“| (IIulnggchllvllL;gc :

where all space-time norms are over J x R3. Using Sobolev embedding and (3-10), we therefore obtain

5
. S—k
lollye < inf loGo)ll gy + D07+ Ivlye) +e.
k=1

Choosing 7 sufficiently small, a simple bootstrap argument yields (3-11).
Using the fact that u is a solution to (1-6), a further application of the Strichartz inequality gives (3-9). O

We also record the following corollary.
Corollary 3.6 (small-data space-time bounds). Given T > O there exists n(T) > 0 such that
luoll gy < 0T = Nullgiqr.ry <7 ol -

where u denotes the solution to (1-6) with data u(0) = uy.
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Proof. We apply Proposition 3.5 with i = e!’%u;. By the Strichartz inequality,

”ﬁ”L?OI:I}([—T,T]XR:") + ”Vﬁ”LZIOL?CO/B([—T,T]X[R@) < ”uO”H;,

while a little computation yields

t .
‘ / e =986 (5) ds
0

Proposition 3.5 now gives the claim, provided n(T) is taken sufficiently small. O

5

5=k k
) SZT 4 ||“0||H1-
SI-T.T) {2 x

4. Well-posedness in the weak topology

In this section we prove the following well-posedness result in the weak H ) topology. As described in
the Introduction, this theorem will play a key role in the proof of Theorem 1.1 in Section 6.

Theorem 4.1 (weak topology well-posedness). Let y € (0, 1) and let {u,(0)},>1 be a bounded sequence
in &. Assume that u, (0) — ug weakly in H TR3). Ify e (O, %) we assume additionally that

IVReun(0)l2 <8y and E(un(0)) < 1y,

where 8y, is as in Theorem 3.3. Then there exists a unique solution u € C(R; &) to (1-6) with u(0) = ug,
and for all t € R we have
un(t) = u(t) weakly in H(R?), (4-1)

where u, € C(R; &) denotes the solution to (1-6) with initial data u,(0), whose existence is guaranteed
by Theorem 3.3.

We begin with the following lemma, which guarantees that the limit u¢ belongs to the energy space
and obeys the necessary smallness conditions when y € (0, %), so that the existence and uniqueness of
the solution u € C(R; &) follow from Theorem 3.3.

Lemma 4.2. Fixy € (0, 1) and suppose {u, }n>1 is a bounded sequence in £ that satisfies up (X —xp) —
uo(x) weakly in H)% (R3) for some sequence {xp}n>1 C R3. Then ug € . Moreover, if y > %, then

E(up) <liminf E (u,). 4-2)
n—>oo
Ifye (O, %) and |V Re uy ||1242 <&y, then |VReug ||1242 <&y and (4-2) holds. Here 8y is as in Theorem 3.3.
Proof. Without loss of generality, we may assume that x, = 0.
To prove that ug € &, it suffices to show that q(ug) € L2. As u, — uo weakly in H.}(R?), invoking
Rellich-Kondrashov and passing to a subsequence, we deduce that u, — ug in LZ(K) forany 2 < p <6
and any compact set K C R3. Therefore, for any ball B C R3,

/ lg(uo(x)))?> dx = lim / lg (un (x))|? dxfliminf/ lg (un (x))|? dx < oo.
B n—oo [p n—o0 Jp3

As the bound does not depend on B, this proves ¢ (uo) € L2.
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Proceeding similarly and using (weak) lower semicontinuity of the H ;— and Lg—norms, we obtain
/ 3I1Vuol® + $vq(uo)® + £q (o)’ dx < liminf/ 3IVu P 4+ vqun)? + $q(un)? dx
B n—oo JB

for any ball B. It is crucial here that the sextic term in the energy appears with a positive coefficient.
When y € [% 1), the energy density is positive and so the right-hand side above is majorized by

liminf £ (u,). When y € (0, %), we use instead (3-1) to reach the same conclusion. As ug € &, the

dominated convergence theorem yields (4-2). O

We next prove a linear profile decomposition adapted to (1-12) for H L _bounded sequences. Beginning
with the profile decomposition for the linear Schrodinger equation, we group the profiles according to

the behavior of their associated parameters. We also show that the error term vanishes in the limit under
propagation by V ~le~*H |/ (in addition to propagation by e!’#).

Proposition 4.3 (linear profile decomposition). Suppose { fn }n>1 is a bounded sequence in H L(R3) and
let T > 0. Passing to a subsequence, there exists J* € {0,1,2, ...} U{oco} and for each finite1 < j < J *
there exist a nonzero profile ¢/ € H}(R3), scales {)LJ tn>1 C (0, 00), and positions {(t,, X ) in>1 CRxR3
conforming to one of the following two scenarios:

e Ml =1landt] =0,
o X = 0asn — oo and eithert;, =0 ort;) (A})™% - +o0 asn — 0o,

so that for any finite 0 < J < J* we have the decomposition

) |
fulry = 3 il [(M)‘z«pf( o )} Tl )
j=1 A

satisfying the following properties:

(Aﬁ)%(eitéAfn)(k,j;x + X,];) — ¢j weakly in H; (4-3)
H J itAJ
i tim supl| Ve Va0 o gy e wn g qorapan] =00 @-4)
J .
sup tim sup L fly, = 3 16713, = 12, | =o. 45)
n—-oo j=1 RY X

ANz (A YA x +x)) =0 weakly in H) forall 1< j <, (4-6)

Aj Al J_ 12 lj —ll
lim —;‘+—’f+|x”.x"| W=l oran 21 (4-7)

n>oo )l kT AL AAL

Proof. Using the linear profile decomposition for the Schrodinger propagator for bounded sequences in
H )} (see, for example, [Keraani 2001] or [Visan 2014, Theorem 4.1]), we obtain a decomposition

J
fulr) =Y et [(Mrzdﬂ(
j=1

J'
)] +r)(x) (4-8)

l’l



1544 ROWAN KILLIP, JASON MURPHY AND MONICA VISAN

satisfying (4-3), (4-5), (4-6), and (4-7) (with w; replaced by /), as well as

itA . J

1_1)n} limsup [e'" ), ||L,12€([—T,T]XR3) =0. (4-9)

n—>00

We will first show that we may assume the parameters conform to the two scenarios described above;
in particular, we will show that we may absorb any other bubbles of concentration into the error r , while
maintaining condition (4-9). To complete the proof of the proposition, we will show that condition (4-9)
(for the new error term) suffices to prove (4-4). Note that it is essential in what follows that we work on a
compact time interval.

We will use the notation

; o
o= ot ()|

We begin with the following lemma.
Lemma 4.4. If II,{I + )&{; — 00 as n — oo, then
: itA 4 j
Jim (e 2@l 10 (7, 71xm3) = O-
Proof. A direct computation gives

(A (A L j
le"™ S dallzo —r.r1xr3) = €707 110 (1xm3)-
where

I [—t,{—T —t,{+T]
a2 a2 I

If /\{; — 00, then the lengths of the time intervals appearing on the right-hand side of the equality
above shrink to zero; consequently, by the dominated convergence theorem combined with the Strichartz
inequality, we deduce the claim.

Passing to a subsequence, we may henceforth assume that A,’; — A/ €[0, 00). In this case, we have
|t,{ | — o0, and so the time intervals escape to infinity. Thus the claim follows once again from the
dominated convergence theorem combined with the Strichartz inequality. O

Discarding the bubbles of concentration whose parameters satisfy the hypotheses of Lemma 4.4, we can
now see that we may reduce attention to the two scenarios described in Proposition 4.3. Indeed, passing to
a subsequence, we may assume that /\J — A/ €0, 00) and t,, —t/ € (—00,00). If /\/ # 0, then we may
assume that A{, =1 and t,, = 0 by redefining the correspondlng profile to be ()H)_* —it/ Alg/ (- /A9)).
The error incurred by this modification can be absorbed into r ; indeed, we have

-3 —ltj i X~ Xn
\%-W) )
orte () e (),

Hy

+

=it A _ =it/ M| (1 7y=E ) i)]” ,
e =)yt (S s
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which tends to zero as n — oo by the strong convergence of the linear Schrédinger propagator. If instead
AJ =0, then passing to a further subsequence we may assume that either l,{ =0or t,{ (A,J;)_Z — +o0
as n — oo. Indeed, if there is a subsequence along which t,{ (A{;)_z — 7 € (—00, 00), then we redefine
the profile to be e 7i*2¢/ and t,{ = 0. It is easy to see that the resulting error can be absorbed into rnJ .
It remains to prove that the new error w,{ (which consists of rnJ plus the bubbles of concentration whose
parameters satisfy the hypotheses of Lemma 4.4) obeys (4-4). This is a consequence of the following: if

lim limsu e”AwJ =0
J—>J* n—)oop” w Lt q-r.rms) =0
then

lim_limsup[| V™' Vw10 0.

J—>J* n—o0o0 N ([—T,T]XR3) -

To prove this final implication, we argue as follows: In view of the representation (2-4) and the boundedness
of U and Py UL, it suffices to verify that e T/*H ¢ TitA and P U~ sin(t H )e™'*2 are Mikhlin multipliers
with bounds that are uniform for ¢ € [T, T']. In the former case, this follows from (2-7); with regard to
the latter, see (2-6).

This completes the proof of Proposition 4.3. O

In the proof of Theorem 4.1, we will construct solutions to (1-6) associated to each qb,{. For profiles
conforming to the first scenario in Proposition 4.3, we can achieve this by an application of Lemma 4.2
and Theorem 3.3. For profiles conforming to the second scenario, this is a more difficult problem, which
we address in the following proposition.

Proposition 4.5 (highly concentrated nonlinear profiles). Let ¢ € H Y[R3 and T > 0. Assume {Ap}n>1 C
(0,00) and {(tn, Xn)}n>1 C R x R3 satisfy A, — 0 and either t, = 0 or tyA,2 — +oo. Then for n
sufficiently large, there exists a solution uy to (1-6) with initial data

un(0,x) = Pn(x) := e_i’nA[k;é(ﬁ(x _xn)]

An
satisfying
lunllgsq_rzp < CUS I 0. (4-10)
Moreover, for all € > 0 there exist ¢pg, Yo € C°([-T,T] x R3) such that
ol (f—1, x—
lim sup un(t,x)—e_’yt/\nqus(—zn,x xn) <e, 4-11)
=00 An o A Sl -rrixed)
. —iyt,—3 I—ty X—Xp
limsup||Vu,(t,x) —e An Ve e 10 <e. (4-12)
n—>00 A An LA (-TrRe)

Proof. As (1-6) is space-translation invariant, without loss of generality we may assume that x, = 0.
We proceed via a perturbative argument. Specifically, using a solution to the defocusing energy-critical
NLS, we will construct an approximate solution i, to (1-6) with initial data asymptotically matching ¢y,.
This approximate solution will have good space-time bounds inherited from the solution to the defocusing
energy-critical NLS. Using the stability result Proposition 3.5, we will then deduce that for n sufficiently
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large, there exist true solutions u, to (1-6) with u,(0) = ¢, that inherits the space-time bounds of i,
thus proving (4-10). We turn to the details.
If t,, =0, let v be the solution to the defocusing energy-critical NLS

(i9; + A)v = |[v|*v (4-13)

with initial data v(0) = ¢. If tnA;Z — =400, let v be the solution to (4-13) which scatters in H ; to /2 ¢
as t — £oo. By the main result in [Colliander et al. 2008], we have

lollg e < CUDl 4.

We are now in a position to introduce the approximate solutions %, to (1-6). For n > 1, we define

U (t,x) :=e VA 21)( ,—).
" AZ A

The phase factor e /77 is necessary. It replaces the linear factor in (1-6) by a nonresonant term; see (4-15).
Note that

liinll 51 = I0lg1 gy < CCIBH - (4-14)

Moreover, ti,(0) asymptotically matches the initial data u,(0) = ¢,; indeed, by construction, we have

1 .
”(_klz) _ eI t/ADA

n

—0 as n— oo.

[ (0) = pnll g1 = .
X H{é

To invoke the stability result Proposition 3.5 and deduce claim (4-10), it remains to show that 1, is an
approximate solution to (1-6) on the interval [—7, T] as n — co. A computation yields

4
en = (i0; + A —2y Re)ily — N(iln) = —yily — Y _ Nj(iln). (4-15)
j=2

To establish (4-10), we have to verify that the error e, satisfies the smallness condition in (3-7) for n
sufficiently large.
Let § > 0 to be chosen later. There exist 77, 7> > 0 sufficiently large so that

||v||LtlF)x({|t|>T1}xR3) <4, (4-16)
lo(@) —e"Pvel g1 <8 for 1> Ty, (4-17)

where v1 denote the asymptotic states for the solution v. Note that the existence of vi is a consequence
of the global space-time bounds for v, as discussed in [Colliander et al. 2008].

We first estimate the contribution of the higher-order terms appearing in e, on the space-time slab
[T, T] x R3. Defining

Li={lt —ta]| <AZTi}N[-T.T] and I ={|t—t,| > A2T1} N[-T,T],
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we use Strichartz, Holder, (4-14) and (4-16) to obtain

t 4
/ IV N " Ny (i) (5) ds
0

k=2

L&LINLIOLIY "
S IV N2 ()| 20110 3016 + IV N3 (i) || 574 30019 + IV NaGin)ll 20113 30722
U - -
~ ”Vun”LtloLio/l}{”un||L?0/17L)ICO(I,,XR3) =+ ”un”L?O/”L}CO(]ng)}
+ ||Vun ||L}OL§O/13 ”un ”L}(; {”un ||L?/3L)1c0(1nXR3) + ”un ||Lf/3L}CO(IﬁXR3)}

~ ~ 12 ~ ~
+ ”V”n”L}‘)Lio/””u"”L}fx{”u””L?OﬂL}O(InXW) + “u””LfO”L}(O(IﬁXW)}
4

ol DANIT) T +T77 8}
k=2
Taking § sufficiently small depending on 7" and » sufficiently large, we see this contribution is acceptable.
Next we consider the contribution of the linear term appearing in e, again on the space-time slab
[-T, T] x R3. First, we observe that by Strichartz and (4-14), we have

t
/ e E=AG () ds
0

L2H L6 (=T, T]xR3) S ”ﬁ"”L}H}([—T,T]xR% S’”¢”H§ T. (4-18)
i ([=1,1]X 3

To continue, using (4-17) we cover R by three disjoint intervals 70 and 7.F such that

. . _1 .
1191 <2A2T, and |ii, —e—’V’e’(’—’n)A[An 2y (—)} <. (4-19)
An ) MlLge (i wrd)
By Strichartz, Holder, (4-14), and (4-19), we have
t
[ o] < linly gy Sloll g 23T (420)
0 L Hy ([-T,T]xR3) x
Using the triangle inequality, Strichartz, and (4-19),
t
H / e ™8y 4 (s)iin(s) ds .
0 " L® HL([-T,T]1xR3)
ro. N | .
STS+ / e UHIn=298 y  (5)e™S A, 203 (—) ds (4-21)
0 " An L HY([-T.TIxR?)

Now for any —7 <a < b < T, an application of Plancherel gives

b
/ eis(y—ZA)/\;éE(;) ds
a An

b ) S~
/ els(y+2|§|2)|§'|k,%@(Skn)ds
gl

2
L

< o+ 202 lela T A .
A

__ , 4-22
2EP + A2 (+22)

2
L«S

~

HEG)
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which converges to zero as n — oo by the dominated convergence theorem. Collecting (4-20), (4-21),
and (4-22), we obtain that

t
‘ / e =ML (5) ds
0

Interpolating with (4-18) and taking ¢ sufficiently small depending on 7" and taking n sufficiently large,

. il 1 A2T2+ T8 +0(1) as n— oo,
L3 B (-T,TIxR?) !

we see that the contribution of the linear term in e;, is also acceptable. This completes the proof of (4-10).
Finally, we turn to (4-11) and (4-12). For & > 0, we approximate v by ¢, ¥ € C°(R x R?) such that

1 1
v _¢€||L}SC(RX[R3) <3¢ and [|[Vv— we”L}%%Rfo‘) <3¢

and take n sufficiently large so that

7 1
”Mn - u"”L,'(;ﬂL}O/SH}'IOB([—T,T]xW) < 3¢€.

The two claims now follow easily from the triangle inequality. O

Finally we turn to the proof of Theorem 4.1.

Proof of Theorem 4.1. As mentioned above, by Lemma 4.2 and Theorem 3.3 we have that u and all of the
Uy are global-in-time solutions to (1-6).

Fix T > 0. We will show that for any subsequence in n there exists a further subsequence so that
along that subsequence, 1, (t) — u(t) weakly in H Y forall t € [T, T]. As the limit is independent of
the original subsequence, this will prove the theorem.

Given a subsequence in n, we apply Proposition 4.3 to u,(0) —uo and pass to a further subsequence
to obtain the decomposition

J . o
un(0) o =3 ¢y +wj  with ¢,{(x)::e—"’“[uz)—é¢f(x i )}

J

which satisfies the conclusions of that proposition. By hypothesis, u, (0) —u¢ — 0 weakly in H Y using
also (4-6) and (4-7), this implies that for all j > 1 we must have

w) =0 weakly in H] and AV |t] |+ |x)| > 00 as n — oo. (4-23)

Indeed, one can first prove the divergence of the parameters by a contradiction argument. Briefly, if some
(Aﬂ)_l + |t,{ | + |x,{ | were to remain bounded as n — oo then one could use (4-6) and (4-7) to deduce
that ¢/ = 0, a contradiction. Once the divergence of the parameters is established, the weak convergence
of w; to zero then follows.

Throughout the proof we write

0

X—x _
")] with parameters A =1, 10 =0, x?

0.
A

P0(x) = e—ffﬁ*A[(A,‘i)—iuo(
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In view of (4-23), the decomposition
J .
un(0) = Y 5 +wy
j=0

satisfies the conclusions of Proposition 4.3.

We next construct nonlinear profiles associated to each ¢n If j conforms to the first scenario described
in Proposition 4.3, then (4-3) and Lemma 4.2 guarantee that ¢; € & and moreover, |V Re ¢n I 12 = Sy
and E (¢n) < 18,, if y € (0 ) Thus by Theorem 3.3 there exists a unique solution u;, to (1-6) with
data u3,(0) = ¢;; in particular, ||u{, ¢ (1.1 < °° Note that 19 is simply the solution u from the
statement of Theorem 4.1.

If j conforms to the second scenario described in Proposition 4.3, we let u{, denote the solution to
(1-6) with data u{, 0) = ¢,J,. constructed in Proposition 4.5.

In either scenario, for all ¢ > 0 there exists ¢g , ng € CX([-T, T] x R?) such that

. - P Ry

limsup | uj (t, x) —e "Y' (X)) 2¢/ —, : <e, (4-24)

n—>00 A% An JlLloq-T.rxed)
I Vud (1, x) — e VI (M) "2y ( ~ti x_x’{) < (4-25)
imsup || Vuy (¢, x . <e. -
noo || " o an Loserre

Note that the phase e~'¥? has no significance for j conforming to the first scenario described in
Proposition 4.3; we simply incorporate it so as to treat both cases uniformly. For these j, both ¢8
and ;) are chosen to approximate e'?’u;, J

As a consequence of (4-24), (4-25), and the asymptotic orthogonality of parameters given by (4-7), for

all j # [ we have

[|u n“L5 + ||ujVun||L5 15/8 + ||VujVun||L5L15/13 — 0, (4-26)
where all space-time norms are over [—7, 7] x R>.
We next claim that for j > 1 we have
u,ﬁ (t) =~ 0 weakly in H; (R3) as n — oo for every ¢ € [T, T]. (4-27)

Indeed, if j conforms to the first scenario, then (4-23) implies that |x,{ | = oo and hence (4-27) follows
from the space-translation invariance of (1-6) together with uniqueness. If j conforms to the second
scenario, then we have )L,jl. — 0; however, as (1-6) is not scale invariant, the argument just described
does not apply directly. For this case, we recall that according to the construction in Proposition 4.5,
u,J,. are asymptotically close in L% H )} (up to a phase factor) to rescaled solutions to the defocusing
energy-critical NLS as n — oco. Using the scaling symmetry and uniqueness for (4-13), we see that these
rescaled solutions converge weakly to 0 in H 1 at each time; by construction, u,], inherit this property.

To continue, we define
J

u,{(t) = Z uﬁ(t) 4+ VT leitH Vw,{.
j=0
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Note that u;{ (0) = un(0). In what follows we will prove that for n and J sufficiently large, u,{

an approximate solution to (1-6) with uniform space-time bounds on [-7, 7] x R3. An application of
Proposition 3.5 will then yield that for any & > O there exist n and J sufficiently large so that

is

e — ;) o0 g1 =7, 71x8%) =
On the other hand, using (4-23) and (4-27) and recalling u = u9, we see that for J fixed, uJ #)—u()—0
weakly in H! . forallt € [T, T]. Thus by the triangle inequality, for any ¢ € C2° (R3), we have
[ (0) = u(0). @)] = [{un(t) = u;l (). 0)| + [ {1 (1) —u(1). )]
< fun@) =5 Ol i@l g1 + [ () = u (@), 9)|
Sepe+o(l) asn— oo,

which proves the claim in Theorem 4.1.

J

Thus it remains to show that for n and J sufficiently large, u; are approximate solutions to (1-6) with

uniform space-time bounds on [T, 7] x R3,
Our first step in this direction is the following lemma.

Lemma 4.6 (finite space-time bounds). Given T > 0, we have

sup lim sup[IIu ||L10 (-T.T)xR3) T V] ||L10L30/10([ TT]xR3)] <1 (4-28)

n—0o0

Moreover, for any n > 0 there exists J' = J'(n) sufficiently large so that

lim sup|:H Z ul

n—>oo —J/

J

+
LIS ([-T.T1xR3)

Vu (4-29)

j=J

<
L;0L§O/1°([—T,T]xR3)] =7
uniformly in J > J'.

Proof. By the asymptotic decoupling of the H L _norm in (4-5), there exists Jo = Jo(T) such that for all
j = Jo we have ||¢/ ”H} < n(T), where n(T) is as in Corollary 3.6. In particular,

lujllgr gy ST 97 N1 forall j > Jo. (4-30)

On the space-time slab [T, T] x R we use Lemma 2.6 to estimate

J 2
J 1 —itH J j
la 1700 < 1Vt Vg, +H(Zu,4)

5
Lt,x

J
<t llwyl g+ D0 a0 + > luugllzs -
j=0 T J#
This suffices to show that the first term on the left-hand side of (4-28) is finite. Indeed, we use (4-5)
and (4-30) to bound the first two summands and (4-26) to bound the last (double) sum. An analogous
argument yields that the second term on the left-hand side of (4-28) is also bounded.
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To prove (4-29) one argues as above, taking J' > Jy large enough that

> 19712, S

j=J’
Note that this is possible because of (4-5). O
We next prove that the u ,{ are indeed approximate solutions to (1-6).

Lemma 4.7 (asymptotic solution to (1-6)). We have

lim llmsupHV[(lat—i-A 2)/Re)u N(u,{)

J=>J* n—soo

]HNO([—T,T]) =0.

Proof. Throughout the proof of the lemma, all space-time norms will be over [T, T] x R3. Writing
W) = V-le ity we have

’{;: (i3,+A—2yRe)u,{—N(u,{)
J

J

=Y Nuj) —N(Z u{,’) + N (uj =) — N(u)).
Jj=0 Jj=0

Computations similar to those employed in the proof of Proposition 3.5 yield

5 J
5—k .

777 ||lul Vul um|ks 2,

ZZ Z l2a7 n”LfL}f/s” n”L}f’x

J

[T ve-~(5)]

= HNO

which converges to zero as n — oo in view of (4-26) and (4-30).
Thus, it remains to show that

o J_ =] J —
Jli)n}* hnrri)solipHV[N(un —w,)—N(u;, )] HNO([—T,T]) =0. (4-31)
We argue as follows: First, we estimate
HV[N(”J_ ~J)_N(“J)] HNO([—TT])
<1Vl 1o g0 llso ZT (e 1538 + 103 1776)
k=2
+ (| Vi) IILmeZT N ||wJ||Llo + [y Vi ||L5L15/82T N ||u’||Llo
k=2 k=2

That the first two summands above go to zero as n — 0o and then J — oo follows from (4-4) and Lemma 4.6.

Thus, (4-31) will follow from Lemma 4.6 once we establish
=0. (4-32)

lim limsup ||u! Vi!
T J* n—)oop “ n n ||L?L}C5/8([—T,T]XR3)
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We will prove that the left-hand side of (4-32) is < 5 for arbitrary n > 0. By the definition of u,{ , the
triangle inequality, and Holder, we estimate

Ix7.,5J
|lu;, Vw,, ”LfL}CS/S

J J-1
< ||lf)r{||L;gC||Vlf)r{||L}oL§CO/13 + D IV, 7107 30113 + > upvi) s
’ =T A =0 L}Ly

where J' = J'(n) is as in the statement of Lemma 4.6. Using (4-4) and (4-29), we see that the contribution
of the first two summands on the right-hand side of the formula above is acceptable.
It remains to prove that

(~T.T]xR3) — 0 foreach 0<j <J' (4-33)

. . Ja.md

A B T

Assume first that 0 < j < J’ conforms to the first scenario in Proposition 4.3. Fix ¢ > 0. Invoking
(4-24) and using the triangle inequality, Holder, interpolation, and Corollary 2.8, we estimate

Avarrd < |,/ _ iVt ] =J J J J
lu) Vi, ||L§L)1€5/8_ Hun(t,x) e ol (t,x xn)HLw |V, ||L10L30/13+||¢ Vw,, (x+x; )||L5L15/8

~J
Iv ||

Se+llgl Nl Lo 12||VwJ(X+xJ)|I
& L L L%X( ) L10L30/13

J J ~J
~¢J 5+||w ||L10 | wy, ”6 1”v ||L10L30/13

By (4-4), we see that (4-33) follows in this case.

Now assume that 1 < j < J’ conforms to the second scenario in Proposition 4.3. We split u"),{ into
low and high frequencies and estimate them separately, starting with the low-frequency piece. Fix ¢ > 0.
Arguing as before, using (4-24), Holder, and Bernstein, we estimate

TSN T SR VIS PY] i .
P oy V0 g 1evs < ¢ g (/\’)2 oy

Se+ ||¢g ||L}oLi0/13||wn ”L}&'

P Vol
L,‘OL?P/”” <=1V o,

In view of (4-4), this contribution is acceptable.
We now consider the high-frequency piece. Using (2-7) we can deduce

| Po — Pone™ =DV Y| g1y <7 N2

uniformly for N > 1 and ¢ € [T, T]. Thus

IV P -1 0 ”LS 1/8 (-7, T1xR3)
P . \V4 itA, J )Lj 2101.,7 J .
<r ”un >(Af)—! e Wy, ||L§L)1(5/8([—T,T]XR3) +( n) ”un ||L}&([—T,T]><R3)”wn ”H%
j it A
Sre+ ¢l Ve fn||L§L}C5/8(In><R3) +o(l) as n— oo,
where

fu() = PorAD) 2w Wx +x0) and I, = {|t —t] | < A)2TY.
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To continue, we estimate in much the same manner as for j conforming to the first scenario:

A
AR

JyitA itA
l¢Z Ve fn”LSLlS/S(I xR3) ~ ||¢g ||L°°L12||Ve fn” L1013 (7, xm3)

 (supp@Z NI, xR3)
A it A
<, e fn|Lm “ XR3)||fn||;,1||Vel foll

itA J ”

L10L3°/13(1 xR3)

. J itA w!
ot lle L0, q-r e Wil g I 1lIve ||L10L30/l3([ T.T]xR3)’

where we have again used Corollary 2.8. Recalling (4-4), we see that the contribution of the high-frequency
piece is acceptable. This completes the proof of (4-33) and hence the proof of Lemma 4.7. O

The final step in checking the hypotheses of Proposition 3.5, which will finish the proof of Theorem 4.1,
is to verify that

lim sup lim sup ||u ||LooH L([=T,T]xR%) Srl.
J—>J* n—>00

In view of Lemma 2.6, we have

s | oo g1 ey ST 1 Ol gy + 1€ oz + IVNGD o 1.7

The requisite bounds on the right-hand side now follow from Lemmas 4.6 and 4.7. O

5. Normal form transformation

In this section we discuss the normal form transformation that we use throughout the rest of the paper. The
use of normal form transformations originates in work of Shatah [1985] and has since become a widely
used technique in the setting of nonlinear dispersive equations. The transformation we use is similar to
the one used by Gustafson et al. [2006; 2007; 2009] in the setting of the Gross—Pitaevskii equation.

Suppose u is a solution to (1-6). As mentioned in the Introduction, the quadratic terms in the nonlinearity
are the most problematic when it comes to questions of long-time behavior; in particular, the worst terms
are those containing u#, = Im u, since in the diagonal variables we have u, = U ~ly,. We would like to
find a normal form transformation that eliminates if not all, at least the worst quadratic terms.

To this end, we let Bi[-,-] and B;[-, -] be arbitrary bilinear Fourier multiplier operators defined as in
(2-1), with symmetric real-valued symbols By (£1, &) and B3 (£1,&2). Then

u:=u-+ Bl[ul, ul] + Bz[uz, Mz]
satisfies the equation

(i0; + A)ii —2yiiy =
Gy +4ui — 2y — A)Bi[u1, u1] (5-1)

+yu3 — 2y — A)Ba[uz, uz] (5-2)

+ 2i (yuruz + Bi[ur, —Auz] — Bauz, 2y — Auq]) (5-3)

+ cubic and higher order terms.
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While the symmetry of By and B, makes it impossible to eliminate all of the quadratic terms, we see
that if we choose

Bat1,6) =yQy + 161+ &7 e, Balfigl = (V) (f),

then (5-2) = 0. This allows us to eliminate the worst quadratic term, namely, the one containing two
copies of uy. Moreover, choosing B; = B, we get

i =u+y(V)|ul,
with
(5-1)=Qy +4)u? and (5-3)=—4iy(V) 2V [u;Vuy].

The derivative appearing in front of u5 is a welcome addition in light of the problem at low frequencies.
Similarly one can compute the higher-order terms. In general, one finds that for k € {3, 4, 5} the terms
of order k are given by

Nie(u) + 2i {B1[u1, Im(Ng_1 (u))] — Ba2[uz, Re(N—1 ()]},

where the N are as in (1-6). Notice that there are no sixth-order terms, since B = B, and u1 Im(N5(u)) =
Uz Re(Ns5(u)).

Finally, we employ the transformation Vu = u; 4+iUu; to diagonalize the equation. Our normal form
transformation is therefore given by

z:=M®u) :=Vu+y(V) 2ul? (5-4)

and z satisfies the equation
(10— H)z = Nz(u) (5-5)
with
Re[N: (u)] = U Re[N () — y|ul?]
= U[Qy+4u3 + (v +8)uj + (v + Hurud + (Suf + 6ujus +u3) + [ul*u1)],

v
(V)2
\%

=T [4yu1 Vs | + U?[(y + Dutuz + yu3 + duguzlul® + |ul*uz)].
We should briefly pause to point out the improvements present in (5-5) with respect to (1-6). Firstly,
(5-5) does not contain a quadratic term involving two copies of u5. Secondly, the remaining quadratic

terms involving u, exhibit a derivative of this problematic term. Lastly, all the remaining terms appear

Im[N; (u)] = — [4yur Vg + V@ [ulPuz + ¢*us)|

with a derivative at low frequencies, which is helpful throughout.
We next discuss the invertibility of the transformation (5-4). Note that by using the definition of (V)2
we can rewrite the transformation as

M) =U?u; +y(V)2q+iUus, (5-6)

where g = q(u) = 2uy + |u|>
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This normal form transformation is a homeomorphism from a neighborhood of zero in £ onto a
neighborhood of zero in H ; To prove this, we make use of the neighborhoods

MEyeoi={u €€ E() < E3. ul g < o},
N o i={f € HY: |l < CEp. |1 fll6 < Cepl.
where C denotes an absolute constant depending on y.
Proposition 5.1. Fix Eg > 0 and g9 > 0.
G If y e (%, 1), then M : Mg, ¢, — Eo.co+e2 continuously.
Gi) Ify = %, then M : ME, ¢, _>NE0+E3,€0+6(2) continuously.

Gii) If y € (O, %), then M : ME, ¢, N{l|Vuq ||% <d,} — NEO,EO-}—S% continuously, where 8y is as in
Lemma 3.2.

(iv) Given Eq > 0, there exists ¢1 = £1(E1) and a continuous mapping
R:NE & — €&
such that M o R =1d on NEg, ¢, and |R(f)||le < E1 for f € NE| ¢,-

(v) Suppose y > % Given E > 0, there exists €3 = g2(E2) so that M is a homeomorphism of ME, ¢,
onto a subset of H ; (R3) and has inverse R. In particular, M is injective on M Eyer Ify < %, then
the analogous assertions hold on Mg, ¢, N {[|Vu1l3 < 8y }.

Remark 5.2. We warn the reader that just because M (u) is small in Lg, one cannot guarantee that
u = (Ro M)(u). However, this would follow if u were sufficiently small in LS. This subtlety contributes
nontrivially to the complexity of the proof of Theorem 1.1.

Proof. The proofs of the first three claims parallel one another closely. We will only present the details
when y € (%, 1).
Let u € Mg, ¢, Recall from Lemma 3.1 that

2 2
lullz S E() S Eg.
We first show that M (u) € N Eo.cotel: Using the representation (5-6), we estimate

M) g1 < 101l + 1Y) 2l g1+ U2l g1 < lull s + gl 2 < Eo.
Using the representation (5-4) and Sobolev embedding, we estimate
1M@)l e S lunllge +1Uuall e + (V)2 o
< lullgs + |1V 2l 12
S lull g + 2
<e&o+ 8%.

Collecting these estimates, we conclude M(u) € N Eo.cote2:



1556 ROWAN KILLIP, JASON MURPHY AND MONICA VISAN

To prove the continuity of M, we note that for u, v € £ we may write
M(u) = M) = U*(ur —v1) + y(V) 2lg ) —q ()] +iUuz —v2).
Estimating as above we find
I M) — M) 1 < de(u,v).

We turn now to the fourth claim in the statement of the proposition. Let f* € Ng, ,. We aim to show
that for &1 = £1(E1) > 0 sufficiently small, we can find a unique u € £ such that M (u) = f, that is,

Uy =U"11,,
uy = fi—y(V)2U ! ]2 =y (V)23
To this end, we define

Rr(uy):= fi—y(V)2 U o] — y(V)%ui.

We will show that for &1 = £1(E1) sufficiently small, Ry is a contraction on

. 1 3
B:={uy € H}: |urll g1 < CE1, [urll e < Cler +¢5 E7))

with respect to the metric d(u1,v1) = |[u1 —v1|| g1, where C denotes an absolute constant depending
X
ony.
We first show that Ry : B — B. We have

IRre)lize < 1 fillzs + (V)20 ol g + 1Y) 203l (5-7)

The first term in (5-7) is controlled by e; by assumption. For the second term in (5-7), we use Sobolev
embedding, Bernstein, and interpolation to estimate

\Y _ _
o “W[(P‘“U ow pl)

SIVPUT Ll U fallge + 1PeU T fall 21U fall e
1 3
SE VA e e

For the third term in (5-7), we have

V)2 U~ f)? HLg s H %[PIOU_IJPZ]Z

_ L
(V) 2utll e < [IVIZ(V) 20t 2 < ).
Thus, for u; € B and &1 = €1 (E) sufficiently small we obtain
1 3
IRf(u1)llpe < Cler +ef ET).
To continue, we estimate

IR @l < 1Al + [0 207 AT g+ 0920 0. (5-8)
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The first term in (5-8) is controlled by £ by assumption. For the second term in (5-8), we argue as above
to find

H(V)_Z[U_lfz]ZHH;S”%[PloU_lfz]z v

+ ” e [(PuU! £)0(U! f5)]

1 3
< 2 2 )
B SV

For the third term in (5-8) we estimate
_ 3, -
10V 2uill g1 S 1V1ZV)20d] a2 S el g 1V 2
Thus for u1 € B and €1 = ¢1(E) sufficiently small we have
IR (u)ll g1 < CEx.

Collecting these estimates, we conclude that Ry : B — B.
Next we show that Ry is a contraction with respect to the H ; -norm. We first use Sobolev embedding,
Bernstein, and interpolation to estimate

Hy

“ (Vl>2 [(u1 4+ vi)(uy — Ul)]H

V|2

(V)2

<

~

[(u1 4 v1) Pri(ur —v1)]

Hy

+”;2[Plo(u1 +v1) Pio(u1 — vl)]H

2 (V)

+ ” #[Phi(ul +v1) Po(u1 —v1)] H a1

S llur +villpe 1 PriCuy —vo)llg2 + IV Py + vl gz llur —vill e

+ lur + vl IV Py —vo)llgs + [ Piur +v)ll gz llur —vill e
1 1 1 1
2 2 2 2 .
< (||M1||L9(||u1||H§ + ||U1||L)6€ ||vl||H)£)||M1 —vill g1 (5-9)
In particular, for &1 = &1(E1) sufficiently small we deduce that

IRy u1) — Ry i)l 1 < llus — w1l 1.
Therefore, by the contraction mapping theorem there exists a unique u1 € B such that Ry (uy) = u;.
We define R(f):=u; +iU~! f5. By construction, we have M(R(f)) = f.
It remains to see that u := R(f) € £ with |lu|l¢ < E1. Asu; € B, we have
el o S e ll gy + ||U_1f2||H)§ S Er+ | f2llg) < Eve
Moreover, by Holder,
lg@)llz2 = 121 + Ul 2 S 1 D2 + 102
< E1+ IVOI(Pow)]l 2 + 19 Pu) 2
S Ev 4+ IVPoullp2 | PoullLee + llull e ll Prirell 3

S Ev+llull g [l PoulliLge + Il Prinell 3 ]-
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Using Bernstein, Holder, and interpolation, we estimate

1 4
—1 z z
IPoullzge < urllLg + 112U fallpio < lluillpg + 120l 3005 < Juillpg + 11210 6 12112
and 1 1 1 1
[ Privell 3 < 1 Privallps + 1 Prif2llps < ||u1||2§||u1||2} + ||f2||[24)6c||f2||12_'1}'

Taking &1 = &1 (E) sufficiently small, this proves ||Q(”)||L% < E;.

To complete the proof of the proposition, it remains to address part (v). From (5-4) and (5-9), we see
that M 1is injective on Mg, ., provided &3 is sufficiently small depending on E>. By shrinking &5, if
necessary, we can further ensure that M (Mg, ,) is contained in a region where R is defined (this relies
on all the other parts of the proposition). It then follows that M is a homeomorphism on M(ME, ¢,)
with inverse R. O

The last result of this section relates the energy and the inverse of the normal form transformation; this
will be useful in the proof of Theorem 1.1.

Lemma 5.3. Let {z,}y>1 C H} be uniformly bounded and assume that z, — 0 in LS. Then
E(R(zn)) = 3l|znll3; +0(1) as n— oo.

Proof. By Proposition 5.1 (and its proof), we have that R(z,) exists for n large and

limsup |R(zx)[l¢e £1 and  lim [[Re R(z,)|l;6 = 0. (5-10)
n n—>0o0 X
We first claim that
R(zp) =V lz, +0(1) inH}as n— occ. (5-11)

Indeed, from the construction of R via the fixed point argument in Proposition 5.1, this amounts to
proving that

V)20 Im 2Pl g1 + (V) 2 [Re R(z))P [l g1 = o(1) s n — oc.
To see this, we use the decomposition
[U_1 Imzn]2 = [PIOU_1 Imzn]2 + @[(U_1 Im z,,)PhiU_1 Imzn] (5-12)
together with Bernstein, Holder, (5-10), and the hypotheses of the lemma to estimate
vy v ImZn]ZHH; < | Ivie,U! Imzn]ZHL% + || Imz,) PiU ™' Im z, HL%

S Tmz |3 U™ Imzy 6
1 1
< IIanlzgllznll,fzx Iznll gy = o(1) as n— oo,
_ 3 -
[¢9)2Re R | 71 < [1V12 (V) 2[Re RGa)| 22

< IVRe R(zn)ll 2| Re R(za)ll g = o(1) as n— oc.

This completes the proof of (5-11).
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We now turn our attention to the terms in the formula for £(R(z,)) containing q¢(R(z,)). Using the
representation (5-6), we observe that

M(u) = %q(u) - %U2(|u|2) +iUImu andso ¢(R(zy))=2Rez,+ U2(|R(zn)|2).
We next claim that
q(R(zy)) =2Rezy +0(1) in LJZC as n — oo. (5-13)

To prove this, we note that Im R(z,) = U ! Imz, and use the decomposition (5-12), as well as the
analogous decomposition for Re R(z,). Arguing as for (5-11), we estimate

102U Mz Pl < [IVIPU ™ Imza)?| o + (U Imzy) PiU ™ Imza | o = o(1),
IU?[Re Rzl 2 < [IVI[PooRe R(zn)I?| 372 + | (Re R(zn)) P Re R(zn) | .2

< IV Re R(zn)ll 2 | Re R(za)l g + I Re R(za)ll ¢ | Phi Re R(za)ll 3

SIVR@E)ll 2 [Re R(zn)ll s = o(1) as n — oc.

This completes the proof of (5-13).
Finally, we note that

q(R(zn)) =o(1) in L3 as n — oo. (5-14)
Indeed, arguing as above we find
1 1
[ Rezn“L; S HZ””Z% ”Zn”ig =o(l) as n— oo,
IU?[Re R(zn)* 13 S IRe R(zn)[|26 = 0(1) as n— oo,
1U*0m R(za)P 2 5 [IVI[PU ™! Imzn]ZHLi +||(U ™ Imz,) PiU ™" Im z, I3
<l Imzn||L)6€ H |V|_1 Im z, HL?C + ||U_1 Imzn”L)ﬁc | Imzn”Lg
Slznllzglizallgy =o(1) asn— oo,

Putting together (5-11), (5-13), and (5-14) completes the proof of the lemma. O

6. Proof of the main result

In this section we prove the main result, Theorem 1.1. As discussed in the Introduction, the proof is
based off of a strategy of Nakanishi; see especially Theorem 1.3 and the sketch of proof thereafter. For
the convenience of the reader, we restate the main theorem here.

Theorem 6.1. Suppose y € [3,1). Foranyuy € H!  +iH]

weal» there exists a global solution u € C(R; £)
to (1-6) such that

() =i (0] g1 =0, (6-1)
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where wjp(¢) := y—le—itH Vuy. Moreover,
Hm de (u(1). w1 (1) — (V) 2 |uiin(0)?) = 0. (6-2)
t—>00

Fory € (O, %), these conclusions hold if ||u 4+ ||Hria1+iHria1 is sufficiently small.

Proof of Theorem 6.1. Let uy € Hrleal + iI-‘Irial. We define z4 = Vuy € H} and we let Eg := ||z+||H)%.
We first claim that
lim ez |6 =0. (6-3)
t—00 X

Indeed, given > 0 we may find ¢ € S(R?) such that ||z —¢| gl < Using the dispersive estimate
(2-3) and Sobolev embedding, we find

—itH —itH -
le™ ™ zpliLe Slle™ ™ @llLs +llz+ =@l g < It el ors + .

which yields (6-3).

Next, we choose g sufficiently small depending on Eq as in Proposition 5.1. By (6-3), there exists
To > 0 such that e_”HZ+ € NEy.¢, for t > To; thus for any 7' > Ty, we may define R(e_iTHZ+) e
so that M(R(e ' THz,)) = e TH;, with |R(e7'THz,)|¢ < Eo.

By Theorem 3.3, there exists a global solution u” € C(R; ) to (1-6) with uT (T) = R(e ™' THz,).
Note that when y € ((), %), we require Eg to be sufficiently small to guarantee that

IVRe@" (O)7, <8, and E@”(0)) < 36, (6-4)
uniformly in 7, where d,, is as in Theorem 3.3. We define
gl =quT) = 2u1T +uT)? and zT:=M@T).
Note that (u”, zT) solves (5-4)—(5-5) with zT (T') = e 7*TH ;. Furthermore, we have

12" Oy + 1" Ol g + la” Ollzzars + ] OllLzazs SEo 1 (6-5)

uniformly in ¢ and 7.

As a consequence of (6-5), there exists a sequence 7, — oo and a function ugy € HJ} such that
uTn (0) —uo weakly in H . As (6-5) and (6-4) imply that {uT7 (0)} satisfy the hypotheses of Theorem 4.1,
we may apply this theorem to deduce that

uln(t) ~ u™®(t) weakly in H! forall 7 € R, (6-6)

where u®° € C(R; £) denotes the solution to (1-6) with initial data u®°(0) = ugy € £.

We define z%° := M(u°°) and note that (1, z%°) solves (5-4)—(5-5). We will prove that u®° is a
solution to (1-6) that satisfies the conclusions of Theorem 1.1. A first step in this direction is the following
weak convergence result.

Proposition 6.2. We have

e () ~ 2, weakly in H} as t — oo.
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Assuming Proposition 6.2 for now, we proceed with the proof of Theorem 1.1. We begin by upgrading
the weak convergence from Proposition 6.2 to strong convergence, namely,

: o _ —itH — _
Jim |20 =~ 2y yy = 0. 67
Using Lemma 4.2 combined with (6-6) and Lemma 5.3 combined with (6-3), we can first write
Eu™) <liminf E(u") = liminf E(R(e ™" 21)) = 3|2+ 112, (6-8)
n—00 n—>oo X

At this moment, it is tempting to attempt a Radon—Riesz-style argument. Recall that the Radon—Riesz
theorem says that if x, — x weakly in some Banach space X and limsup F(x,) < F(x) for some
uniformly convex function F : X — R, then x,, — x in norm. (This is most often quoted in the case of a
uniformly convex Banach space with F being the norm.)

The ideas just sketched were adapted beautifully to the Gross—Pitaevskii setting treated in [Gustafson
et al. 2009]. As discussed in the Introduction, those authors exploit

Egp(u) = $IMGIZ, + U2, = JIM@)I,,

which holds under no additional hypotheses. As also discussed there (see (1-23), in particular) the energy
functional for the cubic-quintic problem admits no such global inequality. Correspondingly, we need to
keep track of the structure of z°°(#,) as ¢, — 0o and then demonstrate the requisite coercivity is available

in this particular limiting regime. To achieve this goal we will use the following lemma. Note that the

2

result on £ plays a key role in controlling the kinetic energy of the real part when y < £.

Lemma 6.3. Let {u,}n,>1 C E be uniformly bounded. Assume that we may write u, = &, + ry, where &,
satisfies
Sl’;p ”En”Hrlal"‘iHéal <1 and nlggo ”E””L}ﬂL?c =0.
Then
E(un) = E(rn) + %IIV&II%,; +Re(M (), V%'n)[-[} +o(1) asn—oo. (6-9)

Furthermore, if E denotes the reduced energy defined via

E(f) = /%IVfIZwL%VIq(f)Izdx - %E(f)—%/q(ffdx,
then
E(un) = E(ra) + 3 VEnlgy1 + 3 Re{M(ra). Vén) g1 +0(1) as n — oo (6-10)

Proof. We will only prove (6-9). Claim (6-10) can be read off from the proof we give below.
To begin we observe that

q(un) =q(ra) +2Re§, + |5n|2 + 2Re(§n”n)-
By hypothesis, r, = u, — &, is uniformly bounded in Lg. Using this and our assumptions on &, we see

qun) =q@rn) +2Re&, +0(1) in LJZC as n — 00,
q(un) =q(rn) +o(1) in L3 as n — oo.
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Moreover, as U, is bounded in £ and Re &, is bounded in LJZC, we deduce that g (ry,) is uniformly bounded
in both L2 and L3.
Therefore, we obtain
E(up) = E(rn) + / %|V§n|2 + Re(vgnvrn) +vq(rn) Reén + y(Re i"n)2 dx +o(1)
= E(rn) + 1| VEn ||§1; +Re((2y — A)M(rn). VEn) 2 +0(1) as n— oo. O
We return now to the proof of (6-7). Let us begin by showing that

Eu™®) > Lz4 (6-11)

2

HY’
which combined with (6-8) fully identifies E(u°°). While natural, this is not (in and of itself) essential
to the argument; it does, however, force us to control the contributions of parts of the energy with the

unhelpful sign. It will be this control that will ultimately allows us to complete the proof of (6-7).
Let t,, — oo be an arbitrary sequence. We apply Lemma 6.3 with

up :=u®(t,) and & :=(Id@®Pspy,)V te il (6-12)
where N, € 27 converges to zero sufficiently slowly to guarantee that
”én”Ling —0 asn— oo. (6-13)
Note that this is possible because of (6-3). In view of (6-9), we obtain
Eu®) = E(ry) + % H (Id @Pan)e_ithZ_{_ ”?{,}
+Re(M(rn), (I1d GBPan)e_””HZJF)H; +0o(l) as n—oo. (6-14)

By Proposition 6.2, e/ M(u™(t,)) = e!"H z%(t,) — z; weakly in H!. On the other hand, by
(6-13), we have

M™(ty)) = ez + M(ry) — P<p, Ime " " H 2 1+ y(V)72[|£,|* + 2Re(Enrn)]
=e Ml 4 M(r,)+0(1) in H; as n — oo. (6-15)

Thus, we may deduce that
e H M(r,) =0 weakly in H; as n — oo.

Combining this with the dominated convergence theorem (which allows us to replace P»y, by Id), (6-14)
becomes

Eu®™) =E(rn)+%||z+||12111 +o(l) as n— oo. (6-16)
Arguing similarly and using (6-10) in place of (6-9), we obtain

E®) = E(ry) + %||Z+||§{} +0(1) as n— oo. (6-17)
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Note that (6-11) follows immediately from (6-16), provided that E(r,) > 0. By Lemma 3.1, this is im-
mediate if y € [2, 1). In view of Lemma 3.2, if y € (0, 2) we simply have to verify that |V Re r,, ||? 12 < 8y
This, however, follows from (6-8) and (6-17), provided Ej is chosen sufficiently small dependmg on y.

Combining (6-8) with (6-11) and (6-16), we deduce that

E@®)=3lz4|3; and  E(ra) >0 asn—ooc.
By the argument in the preceding paragraph, this implies
lrnlle = 0 as n— oo. (6-18)

Therefore, using the representation (5-6) for M, we see that

Mg < 10U I rallgr + 102 Rerall gy + 109) 20 () g

Sllrall gy +llg(ra)ll,z =0 as n— oo.
Combining this with (6-15), we get
||z°°(tn)—e_’.t”HZ+||H; —0 as n— oo.

As the sequence ¢, — oo was arbitrary, this completes the proof of (6-7).

We next prove that (6-7) implies the conclusions of Theorem 6.1. We first show that (6-7) implies
(6-1). Let t,, — oo be an arbitrary sequence and define u, and &, as in (6-12). Using (6-13) and (6-18),
we deduce that u®°(,) — 0 in Lg. Furthermore, by (6-7) and (6-3), we have that z%°(#,) — 0 in Lg.
Using Proposition 5.1(v), we find that u®°(t,) = R(z°°(t,)) for n sufficiently large. Arguing as in
Lemma 5.3 and using (5-11), we may write u®(t,) = V"'2%(t,) + o(1) in H}, which together with
(6-7) yields (6-1).

We now turn to (6-2). We begin with the following strengthening of (6-3):

li —1 _—itH =0. -1
Jim U=te ™ H 2y g =0 (6-19)
Given 0 < N < 1, we have
-1 —itH -1 —itH
U™ Peye™ ™ 216 SIVUT Paye ™z |2 < | Panzil 2.
U Py 2yl g S N7 e H 2 .

In view of (6-3), choosing N sufficiently small and then sending ¢t — oo yields (6-19).
Using (6-19), we now show that the modification y (V) ™2 |uyi,|? appearing in (6-2) is negligible in the
H L _norm. Indeed, we have the stronger statement
H (V)_l |ulin(l‘)|2 ”Hl ~ H |V| 2Mhn(l‘) HL3 ”uhn(l‘)”L6
SIVuin O 21U e 2y | 6

S lz4 1l g ||U_le_itHz+||L)6C —0 ast— oo. (6-20)
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It remains to show
Jim [l (%)) =g (uin() =y (V) hin()]?) | 2 =0. (6-21)

As demonstrated above, u®(t) = R(z*(t)) for ¢ sufficiently large and z*°(r) — 0 in LS as t — oo.
Thus, arguing as for (5-13) and using (6-7), we deduce that

qu™(t)) = 2Reujin(t) +0(1) in L2 as t — oo.
On the other hand, a straightforward computation yields
g (wiin(t) — (V) 7 |uiin(1)|?)
= 2Re ujin(t) + U2 uiin(1)|? + [V(V)_2|Mlin(l)|2]2 —2y[(V) 72 [usin(£)]*] Re uin(t).

Thus, to prove (6-21) it suffices to show that the last three terms on the right-hand side above are o(1)
in L2 as 1 — oo. Indeed, we may estimate

U a1 2 < V)™ i (1 g
[V 2 ain@) P12 S 1IVI1F (V) 2han |73 S 10U e H 2y 3,
I[(V) ™ uiin(1)]*] Re ulin(t)HL)ZC < ||U_1€_itHZ+||zg’
and so by (6-19) and (6-20), we have
q(wiin(t) — y{V) > uiin(t)[*) = 2Re usin(t) + 0(1) in L3 as t — oo.
This completes the proof of (6-21) and hence that of Theorem 1.1. O
It remains to prove Proposition 6.2.

Proof of Proposition 6.2. We first claim that
2T (1) = z°(t)  weakly in H! forall € R. (6-22)

This relies in an essential way on Theorem 4.1 via (6-6). Henceforth, we let t € R be fixed. Using (6-6)
and Rellich—Kondrashov and passing to a subsequence, we have u” (1) — u®(t) strongly in L2(K) for
any compact K C R3. Now fix ¢ € cx (R3). Then (V)™2¢ € S(R?); in particular, for any & > 0 there
exists @ € C2°(R?) such that
(V) 20— el 32 <.
Using this, Holder, (6-5), and (6-6), we obtain
(2T (1), @) = (T (0). Vo) + y (" ()7, @e) + y(lu"™ (). (V) 20 — G)

= W (). Vo) + y{(u" () *. @) + O(e)

— (@), Vo) + y(u™® (1), g¢) + O(e)

= (z°°(t), ) + O(e).

As ¢ > 0 was arbitrary, this proves (6-22).
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To continue, we write
e 70 (1) —z
_ [eitHZOO(t)_eiToHZOO(TO)] n [eiToHZOO(TO)_eiToHZT,, (To)]+ [eiToHZTn (To)—e! TnH T (Tw)].
As the above is bounded in H., it suffices to prove weak convergence when testing against a dense
set of functions in H;!. In this role, we take ¢ € S(R?) with ¢ € CZ(R?\ {0}). To continue, we

choose Ng € 27 so that supp @ C {|&| > 100Np} and fix & > 0. By (6-22), there exists  sufficiently large
(depending on Tj) so that

(e ToH 22°(To) — &' oM 2T (Ty), ¢)| <& (6-23)
To handle the remaining two differences, we will prove the inequality
!(e”zHZ(tz)—ei’IHZ(tl),w) <o |t1|_% (6-24)

uniformly for t, > 1, where z denotes any of the functions z7#. In view of (6-22), we see that (6-24)
also holds (with the same implicit constant) for z = z°°. Thus, taking Ty large enough depending on ¢
and then n large enough so that 7}, > Ty and (6-23) holds, we get

sup [(e"2°(1) — 21 ¢)| Sy .

t>To

As ¢ > 0 was arbitrary, this proves Proposition 6.2.

It remains to verify (6-24). By Duhamel’s formula, we have
. . 2 .
("2 2(12) =" 2(11). )| < [ |(N=(u(s)). e p)| ds. (6-25)

n

To continue, we decompose the nonlinearity as
Nz(u) = N (u) = yNZ (),
where
N7 ) =U[37+2¢* +q*ur—yui—5y[ul*]-2yi (V) 2 V-[gVur—uiVual+i U2 [yuiuz+4>uz,
NZ(u)=Uuiu3)—1iU?3).
We first estimate the contribution of NZ1 (u) to (6-25). By Holder and the dispersive estimate (2-3), we
can estimate

1 . 15} .
[ vt e o) ds 5 [TINH @Dl prmle ol e ds
t

1 n

123 5
5(1’/ |S|_1”NZI(M(S))||L'1Y2/11 ds.

5]

Most of the terms appearing in Re(N!) can be handled using Holder and (6-5):

[U[3y +2> + q2ur = yui]l o S NalZaom + Il 2ys g + el g0 < 1.
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To estimate the remaining term in Re(N,!) we also use the fractional chain rule and Sobolev embedding:

4 3 4 3 3 4
1Ou 2 S [IVIE Q] g < [1V13u] s lel}e S IVull}> S 1.
To estimate the terms in Im(N}), we use Holder and (6-5):

-2 2 2
[(V)72V - [qVuz —uiVuo]| 2 S Va2l lall s + IVaallpz a7 s < 1,

27,2 2 < 2 2
| U2 lyuiuz + q*ual| i S IV @iu2) |2 + llg%uall 2
2
S luallpalbellps I Vull 2 + ||CI||L§/3||M2||L§; S L

Putting everything together, we find

123 . 1
/t }(NZ1 (u(s)),e_’SHqJ)} ds S¢ |t1]7%.

1

We turn now to estimating the contribution of N2(u) to (6-25). To complete the proof of (6-24) and so
that of the proposition, we must show that

15 . 1
/t (N2Gu(s)). e 5 g} | ds <, 1] (6-26)

1

Recalling that supp ¢ C {|€| > 100Ny}, we see that
(P<20N N2 (u(5)). e H ) = 0.
Writing u = P<pyyu2 + P> nyu2, we may decompose the remaining part of N, 2(u) as

Po20Ng N2 () = Po2ongUB(u1uz Ps Nguiz) + Psoon, U@ (uz[ P> nou2l?)
+ Po20N U{[P>sNou1][P<Nou2) — i U ([P>snou2l[ P<nou2]?)}-

Writing u; = v +iUu, (withv =Vu)and a := [PSNouz]z, we arrive at the decomposition

Pooong N7 (u) =
Po20N,UD(u1uz Ps Nott2) + Pooong U@ (ua[ Ps Nyii2]?) (6-27)
+ iPo2onU{aU(Psgnyuz) — U (a P>gnyu2)} (6-28)
+ Ps20n,U{a P>gn, 0} (6-29)

As we will see, the terms in (6-27) and (6-28) are small. However, there is no reason to believe that
(6-29) is small pointwise in time; instead, we will show that this term is nonresonant.
We first consider (6-27). Using Holder, Bernstein, and (6-5), we estimate

2
162D am % et Nzl g 1P motiall 2 + 2l g | Ponotia] 2
2 3
SNo It 1 Vaa 2, + Va2, S 1.

Thus, the contribution of this term to (6-26) is acceptable.
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We now turn to (6-28), which includes the commutator [a, U]. We regard this term as a bilinear
operator T'(a, P-gn,u2) with symbol given by

§ 3
=455 ) JpewE -vens ()

L U®E %) [, (& g\
_{ 2y(5)(§2)(|§2|(§)+|5|(52))[1 ¢(20N0)}¢(4N0)§ 2k

where ¢ denotes the standard Littlewood—Paley multiplier. Observing that the multiplier inside the braces

is amenable to Lemma 2.3, we may estimate

16-28) ] 21 5 [ Vall 372 | Posnouall s Swvo IV Penotiall 2 | P<nouzll el Vica | 2.

In view of (6-5), the contribution of this term to (6-26) is acceptable.
Finally, we consider (6-29). Using (1-11), we find

. - 3 U _ . - . U
laz<aP>8N0v,e ”H—<p>=(U(aP>8N0v),e ’tHcp)+(aP>8N0Nv(u),e ”H_(p>
2H 2H
- —itH U . - —itH U
+<[a9H]P>8N()U’e i ﬁ(ﬂ>+l<aP>SNOU,€ i ﬁ(p>

By the fundamental theorem of calculus, we may thus estimate the contribution of (6-29) to (6-26) as

1%) .
/ (UaPos,0). e 7 p)| ds
t

1

. 2 . .
< sup [{aPsgn, b, e (V) 20| + / (@ Pssng Ny (), e SH (V) 720)| ds
t

=1 1
15}

+ : (V)2 (la. H] P>sno 1), e *Hg)| ds + (@ Psgny b, e (V) 2p)| ds.  (6-30)
t

1 15}

To estimate the terms on the right-hand side of (6-30), we note that in view of (6-5),

IVa@)ll 32000 + 1aOl L3z + V0Ol L2 + 100 3028 SNo 1 (6-31)
uniformly for ¢ € R. Using this, Holder, and (2-3), we estimate the first term on the right-hand side of
(6-30) as

= —itH ;g\ —2 —itH ;g\ —2 -1
sutpl(aP>gN0v,e Vo) < llallpeepallvlizeora sup le™74V) 0l Lz Sg.no 11172,
=1 =1

Thus, the contribution of this term to (6-26) is acceptable.
Next we consider the second term on the right-hand side of (6-30). By Hélder and (2-3),

2 . 1
/ HGP>8N0NU(”),e_ISH(V>_2<P)‘ ds <o |t1|_§||aP>8N0Nv(M)||L<t>OL}C-
5]
Note that

5
No(u) =Y UBWF) + 0u").

k=2
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To estimate the contribution of the quadratic terms in Ny (u), we use Bernstein, (6-5), and (6-31):
aP-sno[UB2) + @A) oo 1 SNy lall o2 IVOCR) | 32
<o llall 2o 3 IVull oo 2 ull oo 6 <o 1.
Similarly, we can estimate the cubic terms in N, (u) via
aP-sno[UD@3) + B[ oo 1 S8 Nallzo 16| VO o s
SN ||a||L§>°L§; ”VUHL,”L,% ”u”i?oL?C SN 1.
We estimate the quartic and quintic terms in Ny (1) using Holder, (6-5), and (6-31):

JaP-so[UB0) + 0] | ooy < Nl o g Il g S 1.

JaP-so[UB0) + 0] | oo 1 Sl o g Nt g S 1.

A

Putting everything together, we see that the contribution of the second term on the right-hand side of
(6-30) to (6-26) is acceptable.
We now turn to the third term on the right-hand side of (6-30). By Holder and (2-3),

[t (V)2 (la. H]Posig0). e )] ds g 10|74 (9) 2 (fa. H]Pogy ) | o 12

We regard the term on the right-hand side above as a bilinear operator 7'(a, v) with symbol given by

HE) - HE) [ & b \]_
el el(n ) e era

where

 Qr R BPE 12 [ )[ ) (E_z):|
&1 82) = = (6 6 + E1(E) ¢(4N0 1= 3n,

is a bounded bilinear multiplier in view of Lemma 2.3. Using also (6-31), we get
_2 -
1{V)~2([a. H]P>8NOU)HL?OL;2/11 SIVallpeop32llvlipeers <o 1.

Thus, the contribution of the third term on the right-hand side of (6-30) to (6-26) is acceptable.
We now turn to the fourth and last term on the right-hand side of (6-30). By Holder, (2-3), and
Bernstein,

2
. - _isH -2 N S
/ HGP>8N0U,€ HEV) (p)}dSS(p |t1] 2||a||L<l>OL§||P>8NoU”L<t>°L)2€
A

_1 .
S(p,No 11|72 ||P5N0u2||L<;°L§ ||M2||L<;0Lg ||VU||L<;°L)2('



FINAL-STATE PROBLEM FOR CUBIC-QUINTIC NLS WITH NONVANISHING BOUNDARY CONDITIONS 1569

In view of (6-5) and (6-31), we need only bound Py, 1> in L?OL?C. To this end, we use (1-6), Bernstein,
and (6-5):

5
| P<notiallpoors S 1 P<no@y = Mutllpoors + D I P<ng@W) oo
k=2

5
k
<No ”u1||L§’°L;3c + Z ||u||LtooL)6C <no L.

k=2
Thus, the contribution of the fourth term on the right-hand side of (6-30) to (6-26) is acceptable. This
completes the justification of (6-26) and so the proof of Proposition 6.2. O

7. Proof of Theorem 1.4

In this section we prove Theorem 1.4 and Corollary 1.7. We recall the norm
1
lllxr = sup £2 |u(@) | 1.3 gs)-
T T Hy ™ (R?)

The proof of Theorem 1.4 will be effected by running a contraction mapping argument simultaneously
for u and z = M (u). The necessity of exploiting the normal form transformation can be seen when one
endeavors to estimate the quadratic terms appearing in the nonlinearity.

Proof of Theorem 1.4.. We define maps
[@1(u, 2)](1) = V71 2(t) =y (V) 2 u (@),

[@2000](0) = e~ Vg +i f T e 1CDH \_(4()) ds,
t

where N; is as in (5-5).

We will show that the map (u,z) — ®(u,z) := (1(u, z), (1)) is a contraction on a suitable
complete metric space, and so deduce that ® has a unique fixed point (u, z) in this space, which then
necessarily solves (5-4)—(5-5).

For 0 <n<1and T > 1 to be determined below, we define

By = oy ety = el iy, Illr < 4nj.
and
— . . -1
By={z: Nzl pgopy < 2usllpp yign o 1V 2lx, <20},

X

where here and in what follows all space-time norms are taken over (7T, 0o) x R? unless stated otherwise.
We define B = B; x B, and equip B with the metric

d((u,z), (1,2)) = |lu—ilx, + 81V "'z =2)lx,.
We first show that ® : B — B. By Sobolev embedding, for (u,z) € Bandt >T > 1,

V) 2P gy + (V) 2@ 10 < |l @) 2] 22 S )2 < P
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Thus choosing T = T (|Ju+ ||Hrlcal+iHr!:al) large enough, we have

[101 60 20O g, i, <1V 2Oy iy, + v IO OP |y < 202l oy

Similarly,
1
[[@1e. 21O | 13 < 1V 20| grs + v [ (V) 2 (@) 2] s < 4ne 2,

provided 7 is chosen small enough. Thus ®; : B — Bj.
We next show that @, : By — B,. We first estimate N, (u), which satisfies

U™IN,(u) =0w? +u® +u* +u’) + U_l% - BuVu) + UBw> + u* +u°). (7-1)
We estimate the quadratic terms at fixed time ¢t > T > 1, as
[e0® + U‘l% OV |0)] 122 S G, <07,
Similarly, for k € {2, 3, 4} we have
[[@@*h + Uoe D] 0] 4122
S Nu@IF e lu @ s
SIVIFu@ I Ju@lgra sl sk g2
Combining the above, we deduce that
U= Nz @) 132 5 24: ~ T+ uniformly for > T > 1. (7-3)
k=1

To continue, we use Strichartz and (7-3) to estimate

||<D2(M)IIL<;<>H; = ||V”+||L<;°H)g + C||Nz(“)||L?/3H;s3/2

4
-2kl k41
S ||u+||Hr1eal+iHrleal + C Z T ! T’ E 2||u+||Hrleal+iHr}eal’
k=1

provided T = T (Jlu+|| HI 4i Hrleal) is chosen sufficiently large.

We turn to estimating V' ~!®, (1) in the X -norm for u € B;. By hypothesis, the dispersive estimate
(2-3), and (7-3), for t > T > 1 we have

m .
[ Ve ' COHEN, (u(s))] ds

t

IV 2]l gra< IV e ™ T Vuy || gis+

H;.3
-1 * —i(t—s)H y7—1
<nt 2+/ He W=y Nz(u(s))]HHxn,sds
; 5
1 *© 1 4 k+1 k+1 1 4 Kk f41 1
fnt_2+C/ |t —s|72 Zs_ 2y dsfnz_2+CZt_2n <2nt" 2,
d k=1

k=1
provided 7 is chosen sufficiently small. This completes the proof that ® : B — B.
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We next claim that ® is a contraction with respect to the metric defined above. First, for (u, z), (i,Z) € B,
we estimate

| @10u.2) = @1 D) |y, < IV 71z = D)llxy + v [{V)2(ul? ~ 1712 .,
< Ld((u,2), @,2)+C sup 17 |+ 8) (1) (u — 0)(0)| 2/
< Ld((u,2). (@.2) + CnT ™2 ||u —iillx,
< Yd(w,2). @.7)).

provided 7 is sufficiently small.
By (2-3), fort > T > 1 we estimate

[V [@2) = D2 (@) (1) | 15 <

/Oo V_l (ie_i(t_s)H[NZ (u(s)) — Nz(ﬂ(s))]) ds
t

H}?
o0 1 1
5/ |t — 5|72 [UT N2 (u(s)) — Nz (@@ (s )] 132 ds.
t X
Writing w to indicate that either u or 7 may appear, we have

U-lv
(V)2

4
Ju—i)Vw+wVu—i)]+U > Olw* w—i)).
k=2

4
U™V N ()= Nz = Y Blwk (u—ib)] +
k=1

We estimate the contribution of the quadratic terms via

o0 1
/ t— s
t

-1

Olw(u —u)](s) + vy, [(u — ) Vw +wV(u—u)](s)

e ds

H1,3/2
X
~ 0 1 4 1 ~
S lwlxrllu —tlxr | 1t =s72s7"ds St 2nflu—lx,.
t

Arguing as in (7-2), we obtain

o0 1
/ £ — s
t

ds
H;,3/2

4
> O[wk @ —ib))(s) + UBIw* (u —1)](s)
k=2

00
k - _1 _k+1 _k K ~
S A e T
t

Thus for 5 sufficiently small we get
8V @2(u) — 22(@)]| y, < 5d((u,2), (@, 2)).

This completes the proof that @ is a contraction on B. Hence there exists a unique (#, z) € B such
that ®(u, z) = (u, z). In particular z = M(u) and (u, z) solves (5-4)—(5-5) on (T, 0o) x R3. We note that
by construction we have u; € H! and u € L3 N LS. In particular, ¢(u) = |u|? + 2u; € L2 and hence
u)ye&fort>T.
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For y € [%, 1), Theorem 3.3 guarantees that the solution u can be extended (in a unique way) to be
global in time. For y € (0, %), global existence follows from [Killip et al. 2012, Theorem 1.3], while
uniqueness in the energy space follows from Theorem 3.3 (see also Remark 3.4).

Next we show that (1-25) holds; indeed, we prove the stronger claim (1-26). We first note that Strichartz
combined with (7-3) gives

N

lz() —e Vg |1 S173,

which in turn implies

=

[v=tz) - e T I Hl gl ST H

real

As z = M(u), for t > T we have

V=20 w1 o, S 1O 2O gy S [P 22 07l

Therefore, by the triangle inequality we may conclude that

ol

-1 _—itH -
”u(t) B V ¢ Vu+ ” Hrlal—i_iHnleal 5 ! )
By the arguments presented so far, it is clear that u is the unique solution in Bj that obeys (1-25). This
is slightly weaker than is claimed in Theorem 1.4, which places no restrictions on the Hrle&ll +1 Hrleal—norm
of alternate solutions v (), nor any restriction on the value of 7' for which ||v|x, < 4n; however, any

solution v(¢) obeying (1-25) must have

IWllLeo ooyt ity = gy i,
for some 7' large enough. Thus the equality of v(¢) and u(¢) follows from the contraction mapping
argument above with 7 large enough combined with uniqueness in the energy space. O
Finally, we prove Corollary 1.7.
Proof of Corollary 1.7. The proof consists of showing that smallness of the weighted norms implies the
smallness condition (1-24). In view of (2-4), it suffices to show

”e:I:itH e:l:itHU

1 -1 _1
willgra Sk and | Reut s S 1l 72

By the dispersive estimate (2-3) and Holder,
; _1 _1 1
It g | S 12NVl a2 S 12 ()2 (Vg | 2

and
. 1 5
”e:I:ltHU—l Reu'ﬁ‘”[—];j 5 |t|_§ ”U_E (V) Reu+”Li/2.

Using Holder and Sobolev embedding, we obtain

_5 1
VU= Reus |32 S (Vs ll 3 S 1) 2 (Vs 2.

||U_% Re”+“L)3/2 < H|V|%U_% R6M+HL)1C8/17 < ” (x)%Jr(V)% Reu+HL%. O
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