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ON POSITIVE SOLUTIONS OF THE (p, A)-LAPLACIAN WITH POTENTIAL
IN MORREY SPACE
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We study qualitative positivity properties of quasilinear equations of the form
Q/AJ,’V[U] = —div(le|f‘_2A(x)Vv) +V@WP =0, xeg,

where © is a domainin R", 1 < p < 00, A = (a;;) € Ly, (£2; R"*") is a symmetric and locally uniformly

positive definite matrix, V is a real potential in a certain local Morrey space (depending on p), and

n
2,
ER=AWE-E= D a;(0&E;, xeQ E=(E,....&) eR".
ij=1
Our assumptions on the coefficients of the operator for p > 2 are the minimal (in the Morrey scale) that
ensure the validity of the local Harnack inequality and hence the Holder continuity of the solutions. For
some of the results of the paper we need slightly stronger assumptions when p < 2.

We prove an Allegretto—Piepenbrink-type theorem for the operator Q’, »v» and extend criticality
theory to our setting. Moreover, we establish a Liouville-type theorem and obtain some perturbation
results. Also, in the case 1 < p < n, we examine the behaviour of a positive solution near a nonremovable
isolated singularity and characterize the existence of the positive minimal Green function for the operator

Q' ,ylulin .
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1. Introduction

Let 2 be a domain in R”, n > 2. The Allegretto—Piepenbrink (AP) theorem asserts that under some
regularity assumptions on a real symmetric matrix A and a real potential V, the nonnegativity of the
Dirichlet energy,

fg(wuﬁ, +V@u?)dx >0 forall ue CX(Q),
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is equivalent to the existence of a positive weak solution of the Schrodinger equation

—div(A(x)Vu)+V(x)v=0 in 2, (1-1)

where
n

ER=AWE-E= ) a;j(x)§E; =0 forall x € Q, & =(§,....5) e R". 1-2)
i,j=1

After the original results in [Allegretto 1974; Piepenbrink 1974], a sequence of papers gradually
relaxed the assumptions on A and V (see [Piepenbrink 1977; Moss and Piepenbrink 1978; Allegretto
1979; 1981]). It was established by Agmon [1983] that if A € L} (€2; R"*") is symmetric and locally
uniformly positive definite in 2, and V € LfOC(Q) with g > %n, then the AP theorem holds true. If A is
the identity matrix, further relaxation on the regularity of V is established in [Simon 1982, §C8], albeit
some global condition on V™ is required there. We refer to [Lenz et al. 2009] and references therein for

an up-to-date account.
A generalization of the AP theorem to certain quasilinear equations with A being the identity matrix
and V € LY

1oe(£2) has been carried out in [Pinchover and Tintarev 2007]. This was recently extended

in [Pinchover and Regev 2015] to include Agmon’s assumptions on the matrix A. More precisely,
for 1 < p < oo, A asabove, and V € L}y (R2), the nonnegativity of the energy functional,

Qapvlul = / (IVuli + V()|ul?)dx =0 forall u e C(RQ), (1-3)
Q

is proved to be equivalent to the existence of a positive weak solution to the corresponding Euler-Lagrange
quasilinear equation

Oy pylul = —div(|Vuli 2A@) Vo) + V()P v =0 in . (1-4)

Clearly, the quasilinear equation (1-4) satisfies the homogeneity property of (1-1) but not the additivity
(such an equation is sometimes called half-linear). Consequently, one expects that positive solutions of
(1-4) would share some properties of positive solutions of (1-1).

An essential common implication of the various assumptions on A and V in the aforementioned results
is the validity of the local Harnack inequality for positive solutions of (1-1) and (1-4). For instance,
Agmon’s assumption on V is optimal in the Lebesgue class of potentials for the Harnack inequality to be
true. We stress that, when the Harnack inequality fails, the AP theorem might not be valid. Indeed, denote
by p’:= p/(p—1) the conjugate index of p and suppose that A is the identity matrix. Let V € Dl_ocl’pl(Q),
where D_l’p/(Q) is the dual of D(l)’p (£2), which is in turn defined as the closure of C°(£2) under the

seminorm || Vu| Lrq:r. If in addition to the nonnegativity of the energy functional one has that
k{V, ul’) < / |Vu|P dx  for all u € C°(R2)
Q

for some positive constant «, then the equation

—div(|Vu|P2Vo) +aVu[P2v=0 in Q (1-5)
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admits a positive solution (in a certain weak sense) for any « € (0, p*), where p* < 1 is given explicitly
and depends only on p (see [Jaye et al. 2013, Theorem 1.2(i)], or [Jaye et al. 2012, Theorem 1.1(i)] for
p = 2). Moreover, this range for « is optimal, as examples involving the Hardy potential reveal (see [Jaye
et al. 2013, Remark 1.3], or [Jaye et al. 2012, Example 7.3] for p = 2). We note that under the above
assumptions the local Harnack inequality for positive solutions of (1-5) is in general not valid.

The first aim of the present paper is to extend the AP theorem for the operator Q/A, oV by relaxing
significantly the condition V € L{® (£2). In particular, under Agmon’s (minimal) assumptions on the
matrix A, we require V to lie in a certain local Morrey space, the largest such that the Harnack inequality
for positive solutions (and hence the local Holder continuity of solutions) holds true. This means that we
assume (see for instance [Trudinger 1967, §5; Rakotoson and Ziemer 1990; Maly and Ziemer 1997] and
also [Di Fazio 1988] for (1-1))

sup @4 (r) [V]dx <oo forall w e , (1-6)

Yew wNB,(y
O<r<diam(w) r)

where ¢, (r) has the following behaviour near 0:

F—1a=1/q with ¢ >n/p if p <n,
0 (r) ~r—0 1 log? " V" (1/r)  with ¢ > n if p=n, (-7
1 if p > n.

We prove, in addition, that the assertions of the AP theorem are equivalent to the existence of a weak

solution 7" € LﬁC(Q; R") of the first-order (nonlinear) divergence-type equation

—div(AT)+ (p— D|T|" =V.

We refer to [Jaye et al. 2012, Theorem 1.3] for a related result, where A is the identity matrix and p = 2.

Recall that in general, functions in Morrey spaces cannot be approximated by functions in C*°(£2), nor
even by continuous functions (see [Zorko 1986]). Therefore, we cannot use an approximation argument
to extend the AP theorem to our setting. Consequently, we need to start our study from the beginning of
the topic and present in detail proofs involving new ideas.

Another aim of the paper is to extend to the above class of operators several classical results and tools
that hold true in general bounded domains (see [Allegretto and Huang 1998; Garcia-Melian and Sabina de
Lis 1998; Pinchover and Regev 2015], where stronger regularity assumptions on the coefficients and the
boundary are assumed). In particular, we prove the existence of the principal eigenvalue, establish its
main properties, and study the relationships between the positivity of principal eigenvalue, the weak and
strong maximum principles, and the (unique) solvability of the Dirichlet problem.

We then proceed to our main goal: establishing criticality theory for (1-4) with A and V satisfying
the above assumptions. To present the main results of the paper, let us recall that if the inequality (1-3)
holds true but cannot be improved, in the sense that one cannot add to its right-hand side a term of the
form fQ Wlu|? dx with a nonnegative function W # 0, then the nonnegative functional Q4 , v is called
critical in Q2. Furthermore, a sequence {uy}ren C Wol’p (R2) is called a null sequence with respect to the
nonnegative functional Q4 , v in Q if
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(@) up > 0forall k e N;
(b) there exists a fixed open set K & €2 such that |[u| L»x) =1 for all k e N;
(©) limg— 00 Qa,p,vIur] =0.

A positive function ¢ € WIL‘C” (€2) is called a ground state of Q4 v in 2 if ¢ is an Ll’f)c(Q) limit of
a null sequence. Finally, a positive solution u of the equation O, pvlul =01n Qis a global minimal
solution if for any smooth compact subset K of €2, and any positive supersolution v € C (2 \ intK) of the
equation Q’A, pv[u]=01in @\ K, we have the implication

u<vonoK = wu<vin Q\K.
The central result of this paper is summarized in the following theorem.

Main Theorem. Let Q2 be a domain in R", where n > 2, and suppose that the functional Q4 , v is
nonnegative on C°(S2), where A is a symmetric and locally uniformly positive definite matrix in 2, and

{A € Ly (2; R"™™) and V satisfies (1-6) with ¢, asin (1-7) if p=>2,

Ae CO’V(Q; R™™), v €(0,1) and V satisfies (1-6) with ¢, ~,01r%,qg>n if p <2.

loc

Then the following assertions are equivalent:
(1) Qa,p,v iscritical in Q.
(2) Qa,p,v admits a null sequence in 2.
(3) There exists a ground state ¢ which is a positive weak solution of (1-4).
(4) There exists a unique (up to a multiplicative constant) positive supersolution v of (1-4) in .
(5) There exists a global minimal solution u of (1-4) in 2.

In particular, ¢ = c1v = cou for some positive constants c1, c;.
Moreover, if 1 < p <n, then the above assertions are equivalent to

(6) Equation (1-4) does not admit a positive minimal Green function.

Remark 1.1. The additional regularity assumptions on A and V for the case 1 < p <2 in the Main Theorem
seems to be technical, and might be nonessential. However, these assumptions guarantee the Lipschitz
continuity of solutions of (1-4) (in fact they guarantee that solutions are C!%; see [Lieberman 1993,
Theorem 5.3]), a property which (as in [Pinchover and Tintarev 2007; Pinchover and Regev 2015]) is
essential for the proof of the Main Theorem in this range of p. On the other hand, throughout the paper
we do not use the boundary point lemma, which was an essential tool in [Garcia-Melidn and Sabina de
Lis 1998; Pinchover and Tintarev 2007; Pinchover and Regev 2015].

The structure of the article is presented next. In Section 2A we define the local Morrey space of
potentials V we are going to work with, and also present an uncertainty-type inequality for such potentials
due to C. B. Morrey for p =2, and D. R. Adams (see [Maly and Ziemer 1997, §1.3]) for 1 < p < o0,
that holds true in this space. This is the key property that is used in [Maly and Ziemer 1997; Trudinger
1967] in order to extend Serrin’s elliptic regularity theory [1964] for such equations. In Section 2C we
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recall several well-known local regularity and compactness properties of (sub/super)solutions of equation
(1-4) found in [Maly and Ziemer 1997; Pucci and Serrin 2007].

In Section 3 we deal with bounded domains. Firstly, in Section 3A we establish some helpful lemmas,
including the estimate (3-6) that extends to our case, a well-known inequality of P. Lindqvist [1990]
proved for the p-Laplace equation and concerns the positivity of the corresponding / functional of Anane
[1987] (see also [Diaz and Sad 1987]). We note that (3-6) replaces throughout our paper Picone’s identity
of Allegretto and Huang [1998]; a key tool in [Pinchover and Tintarev 2007; Pinchover and Regev 2015].
In addition, we prove in Section 3A the weak lower semicontinuity and the coercivity for two functionals
related to the solvability of the Dirichlet problem in bounded domains. In Section 3B we use the results
from Section 3A to prove the existence, simplicity and isolation of the principal eigenvalue A; in a general
bounded domain. Then we extend the main result in [Garcia-Melidn and Sabina de Lis 1998] concerning
the equivalence of A being positive, the validity of the weak/strong maximum principle, and the existence
of a unique positive solution for the Dirichlet problem

Q;"p’v[v] =ginw, VE W(}’p(a)), where g € L”/(p; ) 1s nonnegative.

In passing from local to global, the results in bounded domains of Section 3 are exploited in the last
two sections. More precisely, in Section 4A we establish the AP theorem while in Section 4B we prove
among other results the equivalence of the first four statements of the Main Theorem. In addition, we
prove a Poincaré-type inequality for critical operators, and a Liouville comparison principle, generalizing
results in [Pinchover and Tintarev 2007] and [Pinchover 2007; Pinchover et al. 2008], respectively (see
also [Pinchover and Regev 2015]).

The last two statements of the Main Theorem are treated in Section 5C after establishing a suitable
weak comparison principle (WCP) in Section 5A, and the behaviour of positive solutions near an isolated
singularity in Section 5B.

We emphasize here, that generally speaking, we omit straightforward proofs that follow exactly the
same steps as in the aforementioned papers, provided the needed tools have been obtained.

2. Preliminaries

In this section we fix our setting and notation, introduce some definitions, and review basic local regularity
results of solutions of the equation (1-4).

Throughout the paper we assume that

e 1l <p<oo.

e 2 is a domain (an open and connected set) in R", where n > 2.

o A= (a;j) € Ly (2; R"™™") is a symmetric and locally uniformly positive definite matrix.

The assumptions on A imply in particular that

ajj(x) =aji(x) forae xe€Qandi,j=1,...,n, S)

Yo € 36, >0 9w|§|§|g|A§9;‘|§| fora.e. x €ew and all £ e R", (E)
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where we have set

Ela i =vVAX)E & = /'ilaij(x)é,-";‘j forae. x€Q and £ = (&1,...,&,) e R".
i,j=

Moreover, we adopt the following notation:
e ¢’ is the conjugate index of ¢ € (1, 00),i.e.,,q' =¢q/(g —1).

* ®w € 2 means w is a subdomain of 2 with compact closure in 2.

B.(y):={xeR":|x—y| <r}, where r >0 and y € R".

L"(E) is the Lebesgue measure of a measurable set £ C R".

(f)w 1s the mean value of a function f in w.

supp{ f} is the support of f.
fT :=max{f, 0} and f~ := — min{f, 0} are the positive and negative parts of f, respectively.

y and y’ will always stand for numbers in (0, 1).

I, is the identity matrix of size n x n.

e C(a,b,...)is apositive constant depending only on a, b, ..., and may be different from line to
line.

2A. Local Morrey spaces. In the present subsection we introduce a certain class of Morrey spaces that
depend on the index p, where 1 < p < oo. It is the class of spaces where the potential V of the operator
Q' ,.v belongs to.

Definition 2.1. Let g € [1, oo] and w @ R". For a measurable, real valued function f defined in w, we set
1
I fllmaw) == sup —/ | f]dx.
’ veo 4 Jonp, ()
r<diam(w)
We write then f € M} () if for any @ €  we have || f || s (w) < 00.

Remark 2.2. Note that Mlloc(Q) 1OC(Q) and M () = L®(Q), but LY

for any g € (1, 00).

() € M (Q) S L}, ()

loc loc loc loc loc

For the regularity theory of equations with coefficients in Morrey spaces we refer to the monographs
[Maly and Ziemer 1997; Morrey 1966], and also to [Rakotoson 1991; Byun and Palagachev 2013] for
further regularity issues. For generalizations of the Morrey spaces and other applications to analysis and

systems of equations we refer to [Peetre 1969; Adams and Xiao 2012; 2013].
Next we define a special local Morrey space M, loc (p; 2) which depends on the values of the exponent

p.
Definition 2.3. For p # n, we define
Mq

loc\P

(p: Q) = loc(Q) with g >n/p if p <n,
' (Q) if p>n,

loc
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while for p=n, f € Mff)c (n; 2) means that for some ¢ > n and any w € 2 we have

I fllmegniey == sup  @q(r) | fldx < oo,
yew ®NB;(y)
O<r<diam(w)

where ¢, (r) := log(diam(a))/r)q/"/ and 0 < r < diam(w).

In what follows we will frequently use the following key fact (sometimes called an uncertainty-type
inequality) originally due to Morrey and further generalized by Adams (see [Morrey 1966, Lemmas 5.2.1
and 5.4.2] for p = 2, [Trudinger 1967, Lemma 5.1] for 1 < p < n, and [Rakotoson and Ziemer 1990;
Maly and Ziemer 1997, Corollary 1.95]).

Theorem 2.4 (Morrey—Adams theorem). Let w € R", and suppose that V € M1 (p; w).
(i) There exists a constant C(n, p, q) > 0 such that, for any § > 0 and all u € Wol’p(a)),

Cn, p,q) pq/(pg—n)

/w IVl ul? & < 81V i) F 550 1V Wati oy 12 21

(ii) For any o' € w with Lipschitz boundary there exist positive constant C(n, p, q, @', ) and 8y such
that, for any 0 < § < §p and all u € Wl’p(a)/),

//|V| P dx < 8NV} gy + CO0 Py @5 8, IV s ) 117 5 -
w

Proof. (i) The case where p < n is contained in [Maly and Ziemer 1997]. In particular, for p < n this
follows from [Maly and Ziemer 1997, Corollary 1.95] (see also inequality (3.11) therein), while for p =n
one repeats that proof using Theorem 1.94 instead of Theorem 1.93 of that work. Thus, we only need to
argue for p > n. In this case our assumption reads V € L'(w). Recall also that by the Sobolev embedding
theorem we have WO1 P(w) C C(w). It follows that

/|V| ul? dx < 1V L1l ey < €01 DIV 210 IV iy 16
w

where we have used the Gagliardo—Nirenberg inequality (see for example [DiBenedetto 2002, §IX,
Theorem 1.1]). The result follows by applying Young’s inequality:

ab < saP/m 4 P=1 (L)n/(pin)bp/(p—n)
J— p p8 9y
witha = [|Vull} . b=Cn, p)l V||Ll(w)||u||§;(nw)-

(ii) Let ' € w with 9o’ being Lipschitz. We may then consider the extension operator (see for example
[Evans and Gariepy 1992, §4.4])

E: W' (o) = Wy (w)
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such that for any u € W' (') to have

EFu=u indo/,
lEullLr@w) < Cn, p, o', o) ullLrw), (2-2)
IV(Ew)||Lr(w:rmy < C(n, p, @', o)l yrp (g mry-

Thus, if § > 0 and u € WP (&), it follows from (2-1) that

_C(n, p-4q) prq/(pg—n) p
sn/(pg—n) IV oy NEUN Lo (o)

[ W ax < 519 E1] 0, +
w
Applying (2-2) to the latter inequality yields (ii). O

2B. Regularity assumptions on A and V. We are now ready to introduce our regularity hypotheses on
the coefficients of the operator Q;\’ p.v- Throughout the paper we assume that

the matrix A satisfies (S), (E), and the potential V is in Mﬁ)c (p; 2). (HO)
In the sequel, in the case 1 < p < 2, we sometimes make the following stronger hypothesis:
A€ CO’V(Q; R"™*™) satisfies (S), (E), and V € Ml‘{,c(sz), where g > n. (H1)

loc

2C. The (p, A)-Laplacian with a potential term in Ml'f)c( p; ). For a vector field T € LIIOC(SZ; R") we
define

diva T :=div(AT),

where div(AT) is meant in the distributional sense.
In this paper we are interested in the (p, A)-Laplacian equation plus a potential term, that is

Q/A,pyv[v] = —diVA(|VU|A72VU) + VP 2v=0 in Q. (2-3)
This is the Euler—Lagrange equation associated with the functional
Qa,pvlul ::/Q(|Vu|ﬁ+V|u|p)dx, u e Cr(Q). 2-4)
Definition 2.5. Assume that A and V satisfy (HO). A function v € Wli)’cp (€2) is a solution of (2-3) in Q2 if
/Q|W|§‘2Aw Vudx + /QV|U|P—2W dx =0 forall ueC®), (2-5)
a supersolution of (2-3) in Q if
/;2 |Vv|z_2AVv -Vudx -1—/;2 Viv|P2vudx >0 for all nonnegative u € CI(Q), (2-6)

and a subsolution if the reverse inequality holds. A strict supersolution of (2-3) in €2 is a supersolution
which is not a solution.
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Remark 2.6. The above definition makes sense because of condition (E), the Morrey—Adams theorem
(Theorem 2.4), and Holder’s inequality. In light of our assumptions on A and V, and by a density
argument, one can replace C°(€2) in Definition 2.5 by Wc1 "7 (Q), the space of all L”(£2) functions having
compact support in €2 and first-order weak partial derivatives in L?(£2).

The following theorem follows from [Maly and Ziemer 1997, Theorem 3.14] for the case p < n, and
from [Pucci and Serrin 2007, Theorem 7.4.1] for the case p > n.

Theorem 2.7 (Harnack inequality). Under hypothesis (HO), any nonnegative solution v of (2-3) in Q2
satisfies the local Harnack inequality. Namely, for any o' @ w € Q2 there holds

supv < Cinfu, 2-7)
/ o’

w

where C is a positive constant depending only on n, p, q, dist(@', ®), 6, and |V || ya(w) (and not on v).

Remark 2.8 (local Holder continuity). A standard consequence of Theorem 2.7 is the following regularity
assertion, found in [Maly and Ziemer 1997, Theorem 4.11] for p < n and in [Pucci and Serrin 2007,
Theorem 7.4.1 ] for p > n:

Under hypothesis (HO), any solution v of (2-3) in Q2 is locally Holder continuous of order y
(depending on n, p, q, and 6,,), and for any ' € w € Q, we have

[v]y,w/ < Csup|v], (2-8)

where C is a positive constant depending only on n, p, q, dist(@’, ®), 0, and ||V || m4(w). Here
[v]y,o is the Holder seminorm of v in «'.

Remark 2.9 (local Lipschitz continuity). Later on, when proving Theorem 4.12 for p < 2, we will need
conditions under which the local Lipschitz continuity of solutions is guaranteed. In other words, in the
case p < 2 we will need conditions that ensure the local boundedness of the modulus of the gradient of a
solution of (2-3). This and more are provided by [Lieberman 1993, Theorem 5.3]:

Under hypothesis (H1), any solution v of (2-3) in 2 is of class Cl1 ’C)//(Q) for some y' € (0, 1)

(o]

depending only onn, p, v, q and 6,,,.

In particular, we will use the fact that, whenever o’ € o € €,

sup |Vv| < C sup |v|
o' w

for some positive constant C, depending only on n, p, ¥, q, dist(«’, ®), 6,,, I Allcoy (w)> and |V || s (w)-

Remark 2.10 (weak Harnack inequality). For p > n, Theorem 2.7 holds true verbatim if v is merely a
nonnegative supersolution of (2-3) in €2 (see [Pucci and Serrin 2007, Theorem 7.4.1]). For p <n we only
have [Maly and Ziemer 1997, Theorem 3.13]:
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Let p <nand set s =n(p—1)/(n— p). Under hypothesis (HO), any nonnegative supersolution v
of (2-3) in Q satisfies the weak Harnack inequality, namely, for any ' €@ w € Qand 0 <t < s,

lvllLi@w) = C ial}fv, (2-9)

where C is a positive constant depending only on n, p, t, dist(o', ®), L (") and |V || 4 (w)-

We conclude the section with the following important result that will be used several times throughout
the paper.

Proposition 2.11 (Harnack convergence principle). Consider a matrix A € L*°(2; R"*") which satisfies
conditions (S) and (E). Let {w;};eN be a sequence of Lipschitz domains such that w; € Q, w; € wj+1
fori e N, and UieN w; = 2, and fix a reference point xo € w|. Assume also that {V;}ien C M9 (p; w;)
converges in Ml‘f)c (p; Q) toV e MI%C (p; Q). Foreachi € N, let v; be a positive solution of the equation

0l , v [v]1=0in w; such that v;(xo) = 1.
PV .

Then there exists O < B < 1 such that, up to a subsequence, {v;} converges in C, .

(2) to a positive
solution v of the equation Q/A’p’v[v] =0in Q.

Proof. The convergence in Cloo’f (2) follows by the Arzela—Ascoli theorem from the local Harnack

inequality (2-7) and the local Holder estimate (2-8).

Now pick an arbitrary w € 2. We will show that a subsequence of {v;};en converges weakly in
WhP(w)toa positive solution of Q’A’ p,v[”] = 0in 2. Recall first that the definition of v; being a positive
weak solution to Q/A’ oV [v] =0 in w; reads as

|V Z_ZAVvi-Vudx-i-/ Vo' lude =0 forall ue Wy (). (2-10)

Wi w;

By Remark 2.8, v; is also continuous for all i € N. Fix k € N. For u € CJ°(w) we may thus pick
vi|ul? € Wcl’p(a)k). i >k, as a test function in (2-10) to get

—1 _
17011003 = 2 [ 19085 s Vgt [ il d.
Wk

Wi

On the first term of the right-hand side we apply Young’s inequality: pab < ea? +[(p —1)/e]?~'b?,
e € (0,1), witha =|Vy; Z_l |u|P~! and b = v;|Vu|4. On the second term we apply the Morrey—Adams
theorem (Theorem 2.4). We arrive at

(1—&)|[IVvilau|?},

(k)

S ((p - 1)/8)[)71 || vilvulA ”il’(wk) + 8||V(viu)||gp(wk;Rn) + C(n’ P9, 85 ||V||Mq(p;wk+]))||U[u||€p(wk)-

By (E) and the simple fact that

~1
”v(viu)uip(wk;w) <27 (”Uivuuip(wk;w) + |uV; ||Zp(wk;|]qgn))s
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we end up with the following Caccioppoli estimate valid for all i > k and any u € CZ°(wy):
~lgp— P
(1 —)8h, —2771660,) [ IVvilu| L,
< (((p=1/e)"710,7 +27718) [vilVuel |7, ) + C s Py @ 85 IV Ints i DIV ] gy (211

Without loss of generality we assume that w contains xg. Picking ' € 2 such that w C ', we find k > 1
such that @' C wg. Next we choose § < (1 —g)2!~7 Gf)f and specialize u € CJ°(wy) such that

supp{u} Cw’, 0<u<line’, u=1inw and |Vu|<l1/dist(e,w) in w. (2-12)

Applying this to the Caccioppoli inequality (2-11), and using the fact that {v;};cn is bounded in the
L*°(w)-norm uniformly in i (due to the local Harnack’s inequality (2-7)), we conclude

||vvl ”ip(w;Rn) + ||vl ||€I)(w) S C(na pa C]’ 87 87 dlSt(a)/v a))a Ha)k’ ||V||M‘1(p;wk+1)) for al] l Z k

So {v;}ien is bounded in W'7 (w). By weak compactness of WP (w), there exists a subsequence, still
denoted by {v;};en, that converges weakly in WhP(w) to a nonnegative function v with v(xg) = 1.

Next we show that v is a solution of Q’A’ pvlul= 0 in @ € w such that xo € . First note that for a
subsequence (that once more we do not rename) we have v; — v a.e. in w and in L” (w). For the potential
term of the equation we note first that (up to a subsequence) V; — V a.e. in w. Thus, Vivl.p 1 pyr-!
a.e. in w, while |V, vf_1| <c|V] a.e. in w, where c is independent of i. Since |V]| € Mf(’)c(p; Q) C Llloc(Q)
we may apply the dominated convergence theorem to get

/Vivfludx—>/va_ludx for all u € C°(w). (2-13)
w w
It remains to prove that

£ = |Vu|" TAVY =i oo [VO[P PAVU =1 in L7 (@; R"). (2-14)

To this end, letting u be as in (2-12) but with w and o’ replaced by @ and w respectively, we take u(v; —v)
as a test function in (2-10) to obtain

/ u& -V(; —v)dx = —/ (vi —v)&Vudx — /Vivip_lu(vi —v)dx. (2-15)

We claim that
/ u& -V, —v)dx —; 5 0. (2-16)
w

Indeed, by an argument similar to the one leading to (2-13), the second integral on the right of (2-15)
converges to 0 as i — oco. For the first one, apply Holder’s inequality to get

<0270 = v) Vit Lo s [ VO 100

‘—/(Uz‘ —v)§Vudx

< C(p. O, dist(@, @) |V = Il o) | V0 177, 20

which also converges to 0 as i — oo since the || Vv;||1r(w:Rr) are uniformly bounded and v; — v in L? (w).
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Notice that, as in the case where A = I,,, we have, for any X, ¥ e R", n > 1,
(XIA2AX — |Y[PT?AY) - (X —Y) = | X4 — X" PAX - Y +|Y |2 — Y|P °AY - X
> X5 — XY L+ 1Y =115 X
= (XA = 1Y H(X]Ia = Y]0) 2 0. (2-17)

The above considerations imply that
0=<Z = [(51’ —&§) -V —v)dx < / ui —§) -V —v)dr -0 0,
w w

where we have used (2-16) and the weak convergence in LY (w; R™") of Vu; to V. Thus lim; ., Z; =0
and invoking a celebrated lemma of Maz’ya [1970] (see also Lemma 3.73 of [Heinonen et al. 1993]),
(2-14) follows.

Hence, using Harnack’s inequality, we have that v is a positive weak solution of Q’A’ pylul=0 in @
with v(xg) = 1. We now use a standard Harnack chain argument and a diagonalization procedure to
obtain a new subsequence (once again not renamed) {v;};cn such that v; — v in Wll)’cp (2) (and locally
uniformly in €2), where v is a positive weak solution of Q/A, solul= 0in Q. (I

3. Principal eigenvalue and the maximum principle

Throughout the present section we fix a bounded domain w in R" and suppose that A is a uniformly
elliptic, bounded matrix in w and V € M?(p; w). We consider, in w, the operator Q/A, oV defined in (2-3)
and, for u € C°(w), we let
O, pviu; o] :=f(|Vu|§ + V(x)|u|?) dx.
w

Definition 3.1. We say that A € R is an eigenvalue with an eigenfunction v of the Dirichlet eigenvalue

problem , 5 .
QY ,vlwl=Aw|/P™"w in o,
D, 3-1)
w=0 on dw,
if ve Wy" () \ {0} satisfies
/|VU|Z_2AVU -Vudx +fV|v|p_2vu dx = A/ lv|”"2vudx forall u e C(w). (3-2)
w w w

Definition 3.2. A principal eigenvalue is an eigenvalue of (3-1) with a nonnegative eigenfunction.
The existence of a principal eigenvalue for the problem (3-1) and its variational characterization by the

Rayleigh—Ritz variational formula

Qa,pviu; o]

)¥1=)\1(QA,p,V;w):= D
ueWOI’p(w)\{O} ”u”LP(a))

(3-3)

is established in Theorem 3.9 below.
Consider first the equation

Q;\’p,v[v] =g in w, where g € M4(p; w) is nonnegative. (3-4)
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By a solution of (3-4) we mean a function v € ng’cp (w) such that
/|Vv|ﬁ2AVv -Vudx +/V|v|p_2vu dx = / gudx forall u e C(w).

. 1
A function v € Wlo’cp

/lelfl_zAVv-Vudx—kf V|v|p2vudx2/gudx for all nonnegative u € C°(w),
w

w w

(w) is a supersolution of (3-4) if

and a subsolution if the reverse inequality holds. One of our targets in the next subsection is to characterize,
in terms of the strict positivity of the principal eigenvalue of problem (3-1), the following properties:

(a) the solvability in W,” () of (3-4);

(b) the (generalized) weak maximum principle for (3-4);

(c) the strong maximum principle for (3-4).
Recall at this point that the (generalized) weak maximum principle for the operator Q’A’ .y asserts that a
solution of (3-4) which is nonnegative on dw is nonnegative in w, while the strong maximum principle

asserts that, in addition to the weak maximum principle, a solution of (3-4) which is nonnegative on dw
is either identically zero or strictly positive in w.

3A. Preparatory material. We start with the following technical lemma, which generalizes computations
found in [Anane 1987; Diaz and Sad 1987; Lindqvist 1990], where the case Vi =V, =0and A = I, is
considered. This useful lemma replaces Picone’s identity, which is a key tool in [Pinchover and Tintarev
2007; Pinchover and Regev 2015]. We note that in the present paper the lemma is used only for the
case V| = V,, but this assumption does not affect at all the volume of computations of the general case.

Lemma 3.3. Let g;, V; € M9(p; w), where i =1, 2. There exists a positive constant c,, depending only
on p, such that the following assertions hold true:

(i) Suppose that wi, wy € W(}’p(a)) \ {0} are nonnegative solutions of

Oy plwiol=g and Q) , w0l =g, (3-5)

respectively, and let w; p := w; + h, where h is a positive constant, andi =1, 2. Then

—1 p—1
g1 —Viwy g —Vw
I = /( L 2 (u){”h — wg,h) dx
w

p—1 p—1
Wy p Wy
j2 p wip|” )
(wy, +w;,)|Vieg —| dx if p>2,
w W2.h |4
jl Cp w 2 (3'6)
1,h -2 .
/(wih—kw‘zh) Vloga (|Vlogw1,h|A+IVlong,h|A)p dx if p<?2.
w NA

(ii) In the particular case of nonnegative eigenfunctions, i.e.,

: : : -2 -2
wi=wy, wai=wy,  gri=AlwP T wa, g = plwul P wy,
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with A, u € R, we have

[ G- == vywf - wpax

wk‘”
/(wf+wﬁ)v10g— dx o=

w
2 A

2

w _
'/(wf%—w/’j)Vlogw—k (|V10gwA|A—|—|VlogwM|A)p 2 dx if p<2.
» A

(iii) Suppose further that w is Lipschitz, and let wy, wy € WP (w) be positive solutions of (3-5) such that
w; = wy > 0 on dw, in the trace sense. Then

fw( S8y v2>)(w1—w2>dx

wy w,
wy |P .
f(w{’+w§)V1og— dx if p>2,
1) w2 | 4
wi : -2 .
f(w{’+w§) Vlogw—2 (IVlogwila+|Vilogwala)’ “dx if p<2.
[0} A

Proof. Set Yy j, := (wf’h — wf’h)w}’;p. It is easily seen that ¥ j € Wol’p(a)) and, using it as a test function
in the definition of w; being a solution of the first equation of (3-5), we get

/ W}, —wh IV ogwi )l dx — p f wh |V (ogwi )l > AV (log wy ) - V(log—) dx
w

w Wi,h
1
Vlwp
_ P _ P
_/ = (wl’h wz’h)dx.
w wlh

In the same fashion we set ¥ j, := (w} , — w} h)w;lp and use it as a test function in the definition of w,
being a solution of the second equation of (3-5) to obtain

/(wﬁh — wf,h)|V(log wz’h)|ﬁ dx — p/ wth(log wz,h)|z_2AV(log wo.p) - V(log —) dx
w w

%N
p—1
82 — V2w2 P P
:/ T (wy ), —wy ) dx.
w wZ,h

Adding these we arrive at

W1, h
[t (19 0z w1015 = 19 oz w201 = pI og s 012 AT Gog ) -9 (1og 212 ) o
w

+f wé’,h(IV(log wa )|y — [Vogwi p)lh
’ w,

— pIV{og wi )}~ *AV(log wy ) - V<10gw—h)) dx=1,. (3-7)
1
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Now we use the following inequality, found in [Lindqvist 1990, Lemma 4.2] for A being the identity
matrix I,; cf. [Pinchover et al. 2008, (2.19)] (the proof is essentially the same and we omit it):

For all vectors o, B € R" and a.e. x € w, we have

oo — Bl if p=2,

oo = BlA(la + 181" if p<2.
Applying this to both terms of the left-hand side of (3-7), we obtain the inequality of part (i).

llh = 1814 = PIBIEAG)B - (@ — B) ZC(p){ (3-8)

To prove part (ii), take g| = Awi|P~ 2w, and g = ,u|w2|”_2w2 for some A, u € R, and rename w;
and w» to wy and w,,, respectively. The integrand of Ij, in this case satisfies, forall 0 < h < 1,

Wy, r=l Wy el p p
<()» — V1)<m) —(n— V2)<wu,h) >(wk,h - wu,h)

< (A =Vil+ I = Va)((wa+ D? + (wu + D) € L' (w),

by Theorem 2.4(i). As h — 0, we have

w, p—1 w r—1
((A—%)(—) —(M—Vz)( “) )(wf,h—wfj,h)%(/\—M—V1+V2)(wf—w£)

Wy h Wy, h

a.e. in w. By applying the dominated convergence theorem and the Fatou lemma to the inequality of
part (i), we get the desired estimate. Part (iii) follows from part (i) by setting & = 0. U

We modify to our case a well-known lemma on the negative part of a supersolution (see [Agmon 1983,
Lemma 2.7] or [Pinchover et al. 2008, Lemma 2.4], for example).

Lemma34. LetV € Mz)c(p; Q). Ifve Wli)’cp(Q) is a supersolution of Q;Lp’v[u] =0inQ, thenv™ isa

WIIO’CI7 (S2) subsolution of the same equation.

Proof. Though this argument is quite standard, we add it for completeness and since it requires the use
of the Morrey—Adams theorem in the final limit argument. Following the steps of the proof in [Agmon

1983], we define
Qe 1= fe v(p and v, 1= (v &%)/,
20,

with ¢ being an arbitrary nonnegative function in CZ°(€2). It is straightforward to see that

Vv, - Vo <Vu- V(vlng) a.e.in €,

&
and then
IV, —v)- Vo < —Vuv,- Vg, ae.in Q. (3-9)

Thus, taking ¢, € Wc1 "7 () as a test function in the definition of v € WI})’C” (£2) being a supersolution of
Q/A, pylul=0 in €2, and then applying (3-9), we conclude that we only need to show that we can take
the limit ¢ — 0 in the inequality

%f|Vv|ﬁ_2AV(ve—v)-V<pdx—/Vlvlp_zv(pe dx <0. (3-10)
Q Q
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Note that, since V(v, —v)/2 — Vv~ and vgp, — —v~ ¢ as ¢ — 0, this would readily give
f IVv_Ii_ZAVv_ -Vodx + / Vlv_lp_zv_gadx <0 for all nonnegative ¢ € C°(2).
Q Q

However, the justification of taking the limit inside both integrals in (3-10) is verified by the dominated
convergence theorem. For the first one we use Holder’s inequality, while for the second we apply first
Holder’s inequality and then the Morrey—Adams theorem. U

Definition 3.5. Let (X, | - ||x) be a Banach space. A functional J : X — R U {oo} is said to be coercive
if J[u] — oo as |lu|]|x — oo. The functional J is said to be (sequentially) weakly lower semicontinuous
if J[u] <liminf;_ o J[ux] whenever u; — u.

We have:

Proposition 3.6. (a) Letw @R",V € M9 (p; w) and G € LY (w). Define the functional

T Wyl (@) = RU{oo}),  Jlul:= Qa4 pylu; 0] —/gudx. (3-11)

Then J is weakly lower semicontinuous in WO1 P (w).

(b) Let w € o' € R" with w Lipschitz, and let G,V € M4 (p; ). Define the functional

T:WhP(w) > RU{oo}),  Jlul:= Q4 pylu; 0] —fg|u|dx. 3-12)

Then J is weakly lower semicontinuous in WP ().

Proof. We first prove statement (b). Let u, {uy}ren C WP (w) be such that uy — u in W' (w). By the
uniform boundedness principle, we have

K :=sup [lug|lwir@) < 00,
keN

and thus, by the compact embedding of W!?(w) in L?(w), and by passing to a subsequence we may
assume that u; — u in L?(w) and a.e. in w.
Let § > 0. By Minkowski’s inequality and the Morrey—Adams theorem (Theorem 2.4(ii)), we have

1/p 1/p
(/Viluklpdx) — </Vi|u|pdx)
1/p
< (/Viluk—uV’ dx)

< (BIV ke = 1] ey + €1 P2 @ 8, IV aga i) e — w7 5 )
< 8YP(K + | VullLrwrn) + Cn, p, g, 8, IVEIma o) lux — tll o). (3-13)

1/p

This shows that
limsup/Viluklpdx < /Vilulpdx.
w w

k— 00
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On the other hand, by Fatou’s lemma, we have
+ P CEI + p
V*|ul? dx <liminf | V> |ug|? dx.
® k=00 J,
The last two inequalities imply

lim fVIuk|pdx=/V|u|pdx,
k—o0 J, ®

The weak lower semicontinuity of the gradient term follows from the convexity of the Lagrangian
= IEIZ(X). We deduce then

Qapylu] =liminf Q4 p vluel. (3-14)

For the last term of J, we work similarly:

[0l ax— [ G lurex
w w ) 1/p
<1G*1,%,, (/gim —u|de>

] ’
<8YPIGENVE (K + IVull o) + CO, pa gy 8, 116 e (prony) 1tk — 1]l Lo (@)

LY (w)
and thus
hmsupfgimkmx gfgi|u|dx.
k—o00 w [0}
On the other hand,

/gi|u|dx 5liminf/gi|uk|dx.
@ k—oo J,
The last two inequalities imply

lim /Q|uk|dx=/g|u|dx,
k—o0 J, ®

and thus J is weakly lower semicontinuous in Wbhe(w).

For the proof of the weak lower semicontinuity of J in Wol’p (w), one follows the same steps, but uses
Theorem 2.4(i) in (3-13), in order to obtain (3-14). Note that, since we require in this case that G € L (),
the functional I (1) := fwgu dx is weakly continuous since it is a bounded linear functional. O

Proposition 3.7. (a) Let w € o' € R", where w is Lipschitz, and G,V € M (p; ). If V is nonnegative,
then for any f € WP (w) we have that J is coercive in

A:={ueW'P () |u=fon dw).
(b) Let w @R",V € M9(p; w) and G € L? (w). Assume that for some ¢ > 0 we have

Oapylu; wl > 8||u||ip(w) forall u e Wol’p(a)). (3-15)

. . . 1,
Then J is coercive in W, P(w).
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Proof. (a) Fix t € R, and suppose that u € A is such that J[u] < ¢. It is enough to prove that
lullwir @) = llullLr @) + 1IVllLr@ry < C, (3-16)

with C independent of u. To this end, from J [#] <t and since V > 0 a.e. in w, we readily deduce

, 1/p
/|Vu|5;dx <t +/g|u| dx <t 461,00 </|g| |u|"dx) <14+ Clullwre) (3-17)
w w w

for some positive constant C that depends only on n, p, g, o, |Gllme(p;w) and |G| 11(,), Where we have
used Theorem 2.4(ii) in the last inequality. Thus, applying also assumption (E), we obtain

IVl 5 riery < €1+ C2ltllwiners (3-18)
where ¢ and ¢; are positive constants independent of u. Next observe that u — f € WO1 P (w), so that

luller@wy < llu— fllere) + 1 fller@w) < CeIV— FllLrry + 11 f lLr )

for a positive constant Cp depending only on n and w, because of the Poincaré inequality in Wol’p (w).
Using (E) we have, successively,

lullLr@w) < Cp(IIVull Lo @rny + IV fllLr@rn) + 1 f 1 Lr@)

Cp p 1/p
=< 9_<</ |VM|A dx) + ||Vf”L”(a);R”)> + ”f”L]’(a))
w [0}

< g—:(a +Cllullwrr@) " + IV fller@rn) + 1 f v,
with C as in (3-17). This implies the estimate
Nl ey < €3+ callell gy (3-19)
where c3 and c4 are positive constants independent of u. Now, (3-18) and (3-19) give
Bl 1y < €5+ Colltlwrogo)-

for some positive constants ¢s and cg that are independent of u. This implies, in turn, [[u|ly1.r,) <
max{1, (cs +cg)/?~V}, and (3-16) is proved.

(b) Let us prove the coercivity of J in WO1 "P(w). Assume that J[u] <t in (3-15); then, by applying
Holder’s inequality, we obtain

el §t+/gudx < 141G L o I 00
w

This implies the estimate

i llgnmw))‘“”‘”} (3-20)

lullrw) <m:= max{], (
&
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From J[u] < ¢, applying once more Holder’s inequality and the Morrey—Adams theorem (Theorem 2.4(i))

/|Vu|ﬁdx§t+/gudx+/|V||u|pdx
w w w
< 141G o 1 L0y + SV gy + C M (3-21)

we get

where C' = Cn,p,qé_”/(”q_”)||V||quq/((qu;"). Thus, from (3-20), (3-21) and assumption (E) we have,
for 8§ < 6},
02 = OV} pigery < 1+ 1G]y + C'm?,

which, together with (3-20), implies [[u||y1.p(,) < C. [l

Remark 3.8. Propositions 3.6 and 3.7 will be used to prove the existence of a minimizer for the Rayleigh—
Ritz variational problem (3-3), and to establish the weak comparison principle using the sub/supersolution
method (see Section 5A).

3B. Existence, properties and characterization of the positivity of L1. The following theorem general-
izes several results in the literature concerning the principal eigenvalue A; (see [Allegretto and Huang
1998, Theorem 2.1; Anane 1987, Proposition 2; Garcia-Melidn and Sabina de Lis 1998, Lemma 3;
Pinchover and Regev 2015, Lemma 6.4], for example). Note that our results apply to a general bounded
domain, and in particular, the boundary point lemmas are not used in the proof (cf. [Garcia-Melidn
and Sabina de Lis 1998, Lemma 3] and [Pinchover and Regev 2015]). In addition, we do not need any
further regularity assumption on the entries of the matrix A as in the aforementioned references, while
the potential V is far from being bounded.

Theorem 3.9. Let w be a bounded domain in R", and assume that A is a uniformly elliptic, bounded
matrix in w, and V € M4 (p; w). Then the operator Qg’p’V in w admits a principal eigenvalue L| given
by the Rayleigh—Ritz variational formula (3-3). Moreover, Ay is the only principal eigenvalue, it is simple
and an isolated eigenvalue in R.

Proof. We define A1 by (3-3) and prove that it is a principal eigenvalue. Using the Morrey—Adams theorem
(Theorem 2.4) with § = 6/ one sees that

= —=C(n, p.q)f, "/ PI |V EE o —oo,

In particular, setting V :=V — A; 4 ¢, with ¢ > 0, we get that
1,
Oapylu; o] > 8||u||ip(w) for all u € Wy'"(w).

Applying Propositions 3.6(a) and 3.7(b) with G = 0, we get that Q4 , v_j,+¢[-; @] is coercive and
weakly lower semicontinuous in Wé "P(w) and, consequently, also in WO1 P(w) N {|ull Lr(w) = 1}. Hence,
the infimum

O, p,v_itelu; o]

1
UeWS " (@)\{0} 1117 p o)

E =
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is attained in WOl "P(w) \ {0} (see [Struwe 2008, Theorem 1.2], for example), and thus A is attained
in Wy'” (@) \ {0}.

Let v; be a minimizer of (3-3). It is quite standard to see that v; is a solution of (3-1) with A = A;.
Since |vq| € Wol’p(a)) \ {0}, it follows that |V(|v1|)|A = |Vuv1|4 a.e. in w. This implies that |v;] is also a
minimizer of (3-3) and thus a nonnegative solution of (3-1) with A = A;. By the Harnack inequality, and
the Holder continuity of |v;|, we obtain that |v] is strictly positive in w. In light of the homogeneity of
the eigenvalue problem (3-1), we may assume that v; is strictly positive in w.

To prove the simplicity of A, we assume that v, € Wo1 "P(w) is another eigenfunction of (3-1) with A = A;.
Hence, v; is a minimizer of (3-3), and thus has a definite sign. Without loss of generality, we may assume
that v2 > 0 in w. Applying Lemma 3.3(i1) with Vi =V, =V, A = pu = Ay and wy = vy, w, = vp we

obtain
p
/(v{’+v§)v1ogﬂ dx if p>2,
0> ® V204
ZCp v 2
/(vf+u§)V1ogU— (IV1ogvi|a+|Vioguva|a)P 2dx if p <2,
w 21A

from which, because of (E), we deduce |v,Vv; — v Vvy| =0 a.e. in w, which in turn implies the existence
of a positive constant ¢ such that vy = cv; a.e. in w.

Next we show that A; is the only eigenvalue possessing a nonnegative eigenfunction associated to it. If
A > A1 is an eigenvalue with eigenfunction ev, > 0, where ¢ > 0 is small, then, by Lemma 3.3(ii) with
V1:V2:V, /L:)xl ande:vl,

(/\—M)/(svf—vf)deO,

which is a contradiction for ¢ small enough.

It remains thus to prove that A; is an isolated eigenvalue in R. Suppose that there exists a sequence
of eigenvalues {Ar}reny C R such that Ag | Ay, as k — oo. Let {vi}ren be a sequence of the associated
normalized eigenfunctions. We claim that {vg }xen is bounded in W(:’p (w). Indeed, by the Morrey—Adams
theorem, we obtain for some 0 < § < 1 that

/IVkaf,dx < |l +/IV| o] ? dx < 81 VRNl L p g eny + C (3-22)
w w
which implies our claim. Therefore, up to a subsequence, vy converges weakly in WO1 ‘P (w) and also
in L? (w).

Next we claim that vy — w in W(;’p (w). Since vy — w in WO1 "P(w), it is enough to show that
{IVUllLr:rny} 1s a Cauchy sequence. Let ¢ > 0 be arbitrary. The inequality

la? —bP| < pla —b|(a”" +b77"), a,b>0,

together with the Holder inequality and the Morrey—Adams theorem imply, for all sufficiently large
k,leN,
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/|Vuk|§dx—/|vw|§dx'

< |xk—Az|+/|V|!|vk|P—|vl|f’\dx
w

ss+p/|V||vk—vz|||vk|f’—1+|vz|f’—lldx.
w

1/p 1/p
ss+C<p)(/|V||vk—vz|de) </|V||vk|de+/|V||vz|de> 323

Applying first the Morrey—Adams theorem and then (3-22), we see that both integrals on the second
factor of (3-23) are uniformly bounded in k and /, respectively. For the first factor we use again the
Morrey—Adams theorem to arrive at

1/p
|Uk_Ul|pdx) , (3-24)

/IVkade—fIszlf,dx'58+C1<s/|V(vk—v,)|de+Cze"/("—Pq>/
w w w

w

where C;| and C; are positive constants independent of k and /. The convergence in L” (@) of vy to v
implies that there exists m, € N such that

/Ivk—vzl"’dx58”/(1"1")+l for all k, 1> m,.
w

Coupling this with (3-24) implies that {||Vvg||zr:r"} is a Cauchy sequence.
By a similar argument, one shows that

Qapvlwl=x1 ”w”ip(w) )

hence, w is a minimizer of the Rayleigh—Ritz variational problem (3-3), and hence an eigenfunction of
(3-1) with A = A;. The simplicity of A; implies that w = £v, where v > 0 is the normalized principal
eigenfunction with an eigenvalue X;. Without loss of generality, we may assume that vy — v in WO1 ().

Set w, :={x € | vy <0}. By Lemma 3.4 (with V = V — A;) we have that v, is a subsolution of
Q/A,p,V—xk [#] =0 in w, and thus, from (3-2),

[t < [V a1 ax
w w
< SIVOL I ey + C . po @8 PITD NV — a0 P w1
for any 8 > 0, where we have used Theorem 2.4. For § < 6/, we deduce, because of assumption (E), that
08 = IV ey < Cs p. )8/ PITDNY — p BT 012,
Since v, =0in w\ w, , we use Poincaré’s inequality

_ Lo\
v e @) < £7(B)) Vv e ;R (3-25)
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to get

. o (pa— (L @ON"
0 = VN2 ey < C 0, p. )8 P4 ")uv—xk||’;;q/{,,”ffu>")(gn(3ﬁ>) IV ey

Canceling || Vv, ||§ » (: k> Tearranging and raising to the power n/p, we arrive at

L' @p) = C(n, p, q)L"(B)(0F — 8)"/Pam P Pa=ml|[y — | /(=) (3-26)

Notice that ||V — A1 || 14 (p;w) is a strictly positive number. Indeed, assume that ||V — A1 || a4 (p;) = 0. Then
v is a nontrivial solution of the Dirichlet problem for the (p, A)-Laplace operator which is false under
our assumptions on A (see [Heinonen et al. 1993; Pucci and Serrin 2007], for example).
On the other hand, ||V — Allpap:w) = IV — Aillma(p;w) @as kK — oo. Therefore, there exists C > 0
such that
|V — )Mk”M‘i(p;w) >C|V —M ||M‘7(p;w) for all k > kg. (3-27)

Consequently, (3-27) applied to (3-26) implies that
L"(w;)>=C >0 forall k> ko

for a positive constant C independent on k.

With this at hand, the rest of the proof follows [Anane 1987, Théoreme 2]. We include it for complete-
ness: Let n > 0. Recalling that v is continuous in @, we may pick a compact set w, € w and m, > 0,
such that £"(w \ @) < n and v(x) > m, for every x € w,. Up to subsequence that we don’t rename,
v converges to v a.e. in w, and thus in w,. By the Egoroff theorem (see [Evans and Gariepy 1992, §1.2])
we have the existence of a measurable set o’ C w, with £L" (") < 1 such that vy converges uniformly to
v on wy, \ . Since v > m, > 0 in w, we deduce that for any k large enough we have vy > 0 on w, \ &'
Thus, w, C o' U (w\ w,), which implies that £" (w, ) < 2n. Since n > 0 is arbitrary, for k large enough
this contradicts our estimate £" (w; ) > C1. ]

We are now ready to prove the main result of this section. Extending the corresponding results in
[Garcia-Melidn and Sabina de Lis 1998; Pinchover and Regev 2015], we have:

Theorem 3.10. Let w be a bounded domain, and assume that A is a uniformly elliptic, bounded matrix
inw,and V € M1(p; w). Consider the following assertions:

() Q/A’ v satisfies the weak maximum principle in w.

() Q4 % satisfies the strong maximum principle in w.

(063) )\.1 > 0.

(ats) The equation Q' » vIv] = 0 admits a positive strict supersolution in Wol’p (w).

(oz:‘) The equation Q' » vIv] = 0 admits a positive strict supersolution in Whr(w).

(as) ForO<ge L? (w), there exists a unique nonnegative solution in W(}’p(a)) of Q' » vivl=g.

Then ay <= o <= a3 => a4 = oy, and a3 => a5 = ay.
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Remark 3.11. In Corollary 4.14 we prove (imposing stronger regularity assumptions on A and V
when p < 2) that in fact, @y = 3. Hence, under these additional assumptions for p < 2, all the above
assertions are equivalent.

Proof. a1 => ay: Letv e W!P(w) be a solution of (3-4) and suppose v > 0 on dw. The nonnegativity of g
and the weak maximum principle implies that v is a nonnegative supersolution of (2-3) in w. Suppose that
for some xg, x; € w we have v(xg) # 0 and v(x;) = 0 and let @’ E w contain both x( and x;. Recalling
Remark 2.10, we apply the weak Harnack inequality if p < n, or the Harnack inequality if p > n, to get
v =0 in «'. This contradicts the assumption that v(xp) # 0. Thus, if v # 0 we necessarily have v > 0
in w.

oy = a3: Suppose that A <0 and let v € WO1 "P(w) be the corresponding principal eigenfunction. Then
u ;= —v is a supersolution of (2-3) in w, satisfying u = 0 on dw, and u # 0. By the strong maximum
principle, u is positive, which is absurd.

a3 = ap: Let v € WP (w) be a solution of (3-4) such that v > 0 on dw. Taking v~ € W(}’p(a)) as a test
function we see that

Qapvlv;ol= /_gv dx,

w
where @™ := {x € @ | v < 0}. The nonnegativity of g gives Q4 , v[v™; w] <0, which implies that 1 <0.
Thus, we must have v~ =0 a.e. in w, or in other words v > 0 a.e. in w.
a3 = a4: Since A; > 0, it follows that the principal eigenfunction is a positive strict supersolution
of (2-3) in w.
o4 => oty This is trivial.

o3 = a5: Consider the functional

Jul == QA,p,V[u;w]—f gudx, ue W, ().

w

By Proposition 3.6(a), J is weakly lower semicontinuous in WO1 'P(w) and, by Proposition 3.7(b), J is
coercive. Therefore, the corresponding Dirichlet problem admits a solution vy € Wol’p (w) (see [Struwe
2008, Theorem 1.2], for example). Since oz => a7, this solution is either zero or strictly positive.

If v =0, then g = 0, and by the uniqueness of the principal eigenvalue, equation (2-3) in w does not
admit a positive solution in Wol’p (w). So, we may assume that v; > 0 and let v, € W(}’p (w) be another
positive solution. Applying Lemma 3.3(i) with g; = g» = g and V| = V, =V, we obtain

1 1 U1 p=1 1%) p=1
02/g< 1 ——p_])(vﬁh—vf,h)dxzv/ V((m) —(a (vfh—vgh)dx.
w w s s

Vi p Uh

The integrand of the integral on the right converges to 0 a.e. in w, and also it satisfies the following
estimate for every & < 1:

p—1 p—1
V1 v2 P P
U1,h V2. h

<2|VI((vi + D? + (v2 + D?) € L' (w).
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Thus
I / <—1 L )(” P ydx =0
m g — — — v — =0,
h—0 . vﬁhl Ué’,hl 17h zvh

which, together with Fatou’s lemma, implies that the right-hand side of (3-6) equals zero. Thus, vy, = v,
a.e. in w.

os = oy Letv e Wg’p (w) be a positive solution of (3-4) with g = 1. Then v is readily a positive strict
supersolution of (2-3) in w. ]

4. Positive global solutions

In the present section we pass from local to global properties of positive solutions of the equation (2-3)
in Q. In Section 4A we establish the AP theorem, while in Section 4B we prove among other results the
equivalence of the first four statements of the Main Theorem.

4A. The AP theorem. In this subsection we prove the AP theorem for the operator Q;\. oV under
hypothesis (H0O). We will add a couple of equivalent assertions to this theorem, regarding the first-order
equation

—diVAT+(p—1)|T|Z/=V in €2, 4-1)

where divaT = div(AT) and T € L (2; R™); see [Jaye et al. 2012, Theorem 1.3] for a similar study

loc

when A =1, and p =2.
Definition 4.1. Suppose that the matrix A satisfies (S) and (E) and let V € LIIOC(SZ). A vector field
T e LY (Q;R") is a solution of (4-1) in  if

loc
/ AT -Vudx+ (p — 1)/ |T|Z/udx = / Vudx forall u e CF(Q), 4-2)
Q Q Q
a subsolution of (4-1) in Q if
/ AT -Vudx+ (p — 1)/ |T|Z/udx < / Vudx for all nonnegative u € C:°(2), 4-3)
Q Q Q

and a supersolution if the reverse inequality holds.

Remark 4.2. The additional assumption V € MI%C (p; §2) allows the replacement of C°(£2) by WC1 P(Q)
in Definition 4.1.

Theorem 4.3 (the AP theorem). Under hypothesis (HO), the following assertions are equivalent:
(A1) Qa,pvlul =0 forallu e C° ().

(Az) Q;"p’v[w] = 0 admits a positive solution v € WIL’CP(Q).

(A3) Q;‘,p’v[w] = 0 admits a positive supersolution v € Wli)’cp(SZ).

(A4) (4-1) admits a solution T € LT (Q: R").

loc

(As) (4-1) admits a subsolution TeLl (2; R™).

loc
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Proof. We prove A = A = A; = As = A, where j =3, 4.
A; = Ay We fix a point xg € 2 and let {w; };en be a sequence of Lipschitz domains such that xg € wy,

w; €Ewi+1 € R, i €N, and UieN w; = 2. For i > 2, we consider the problem

{Q:‘l,p,V-H/i[u] = f; in w;,

4-4
u=~0 on Jdw;, (-4

where f; € C°(w; \ w;—1) \ {0} are nonnegative. Assertion .A; implies
MO pvilyiswi) > zl forall i e N,

so that by Theorem 3.10 there exists a positive solution v; € W(; "P(w;) of (4-4). Since supp{ f;} C w; \@;_1,
setting o] = w;_1 we have

Vi A2 AV, - Vu dx—i—/ (V417w 'ude =0 forall ue Wy" (). (4-5)

w; Wi

By Theorem 2.7, the solutions v; we have obtained are continuous. We may thus normalize f; so that
v;(xg) =1 for all i € N. To arrive to the desired conclusion we apply the Harnack convergence principle
(Proposition 2.11) with V; :=V 4+ 1/i.

A, = As: This is immediate with v = v.

Ay = A4 and A3 = As: Let v be a positive (super)solution of (2-3). By the weak Harnack inequality
(Remark 2.10) if p < n, or by the Harnack inequality if p > n, we have 1/v € L (R2). Set

loc
T :=—|Vlog v|z_2V log v,

and let u € C°(S2). We may thus pick lulPv!=P e Wcl’p(Q) as a test function in (2-6) to get
(p— 1)/ ITIZ/IMI”dx Spf |T|A|”|p_1|V”|Adx+/ Viul? dx. (4-6)
Q Q Q

Note that from (4-6) we obtain A; just by using Young’s inequality pab < (p — 1)a” + b? with
a = |T|slulP~" and b = |Vul4 in the first term of the right-hand side. Towards A3, we use instead
Young’s inequality

, _ —1
pab < na’ + (PTI)” b, @7)

with n € (0, p — 1) and the above a, b. We arrive at

’ _1 17—1
(== [ e ar = (B0) [ wugacs [ viwe as,
Q n Q Q

This, together with (E) and Theorem 2.4 imply, by specializing u, that T € sz;c(Q; R™). Next we show

that 7 is a (sub)solution of (4-1). To this end, for u € C°(€2), or for nonnegative u € C°(2), we pick
uv'=r e WC1 "7 (Q) as a test function in (2-5) or (2-6), respectively, to obtain

—/AT-Vudx—(p—1)/|T|§§’udx+fVudx=o,
Q Q Q
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or > in the supersolution case.
A4 = As: This is immediate with T=T.
As = A;: Suppose now that T € L (2; R") and let u € C°(S2). We compute

loc

—/AT-V(|u|”)dx:—p/|u|”_1AT-V|u|dx
Q Q
spf )P~ T 0|Vl dx
Q
s(p—1>/|u|f’|T|g’dx+/|W|§dx,
Q Q

where we have also used Young’s inequality pab < (p — l)ap/ +b?, witha = |u|P~V|T|4 and b = |Vu|,.
This readily implies

f |Vul’ dx > — / AT -V(jul’)dx — (p — 1)/ |T|f;/|u|1’dx for all u € CJ°(R2). (4-8)
Q Q Q

If T is a subsolution of (4-1) then, testing (4-3) by |u|”, one readily sees from (4-8) that Q4 , v[u] is
nonnegative for any u € CJ°(2). ]
Remark 4.4. Inequality (4-8) with A = I,, has been obtained in [Fleckinger et al. 1999].

4B. Criticality theory. In the present subsection we generalize several global positivity properties of the

functional Q 4, v, where A and V satisfy (at least) our regularity assumption (HO). For the convenience
of the reader, we recall the following terminology:

Definition 4.5. Assume that Q4 , v is nonnegative in Q (that is, Q4 p v[u] > 0 for all u € C°(R2))
with coefficients satisfying hypothesis (HO). Then Q4 , v is called subcritical in €2 if there exists a
nonnegative weight function W € Mféc (p; ©2)\ {0} such that

QA,p,V[u]sz|u|pdx for all u € C°(RQ). (4-9)
Q

If this is not the case, then Q4 p v is called critical in 2.
The functional Q4 , v is called supercritical in Q if Q4 , v is not nonnegative in €2 (that is, there
exists u € C°(R2) such that Q4 , vI[u] <0).

Definition 4.6. A sequence {u;} C WOl "P(Q) is called a null sequence with respect to the nonnegative
functional Q4 , v in Qif

(@) up >0forall k e N,
(b) there exists a fixed open set K & €2 such that |lug|Lrx) =1 forall k e N,
(c) limy_ oo QA,p,V[uk] =0.

We call a positive ¢ € Wllo’cp(Q) a ground state of Q4 p v in Q if ¢ is an Lﬁ)C(Q) limit of a null
sequence.
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Remark 4.7. Let w C R” be a bounded domain, and suppose that A is a uniformly elliptic and bounded
matrix in w, and V € M?(p; w). Let v; be the principal eigenfunction with eigenvalue A;. Set
Ck = |lvillzr(k), where K € w is fixed. Then the constant sequence {C;lvl} is a null sequence
and CElvl is a ground state of Q4 , v_3, In .

The following proposition states an elementary positivity property of the functional Q4 , v:
Proposition 4.8. Suppose that Vo, > V) a.e. in Q and L"({V, > Vi}) > 0.

(@) If Qa,p,v, is nonnegative in Q, then Q s, v, is subcritical in 2.

(b) If Qa,p,v, is critical in 2, then Q 4. p,v, is supercritical in 2.

Proof. Part (b) follows from part (a) by contradiction, and, from the obvious relation

Qapvslul=0Qua,pv [M]+/(V2—V1)|M|pdx for all u € C°(€),
Q

part (a) is evident. O

Note here that Definitions 4.5 and 4.6, and also Proposition 4.8 make perfect sense if V is merely in
LIIOC(Q) for all values of p.

Now we connect the (sub)criticality of the functional Q4 , v in £ with the existence of positive weak
(super)solutions for equation (2-3) in €2, through the existence of ground states. Towards this we need
to give sufficient conditions on A and V, under which a null sequence with respect to the nonnegative
functional Q4 , v will converge in sz)c to a function in W,

loc
We need the following definition for the case 1 < p < 2.

Definition 4.9. Suppose that 1 < p <2. A positive supersolution v of (2-3) will be called regular provided
that v and |Vv| are locally bounded a.e. in €2.

Remark 4.10. Under hypothesis (H1) for 1 < p < 2, any positive supersolution v of (2-3) satisfying
Qapvivl=g>0withge Ll

loc

(R2) is regular (see Remark 2.9).

We start with the following proposition, which gives us the intuition that any null sequence converges
in some sense to any positive (regular if p < 2) (super)solution. Note that our proof for the case p < 2 is
considerably shorter than the corresponding proof in [Pinchover and Tintarev 2007; Pinchover and Regev
2015].

Proposition 4.11. Suppose that {u;} C WO1 "P(Q) is a null sequence with respect to a nonnegative func-
tional Q a.p,v in Q with coefficients satisfying hypothesis (HO).

Let v be a positive supersolution of the equation (2-3) in Q. If 1 < p < 2 we assume further that v is
regular. Set wy := uy/v. Then {wy} is bounded in W]i’cp(ﬂ), and Vwy — 0in LY (Q; R").

loc

Proof. Let K @ 2 be the set such that the null sequence {uy} satisfies ||ux||z»x) =1 for all k € N. Fix a
Lipschitz domain w such that K € w € Q.
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By the Minkowski and Poincaré inequalities, and the weak Harnack inequality, we have

lwill e < llwe — (i g | Lr @) + (wie) (L (@)/P
< C(n, p, @, K)IVwrll L orny + —— i) g (£" (@) /7.
infg v
Since ||ukllrrx) = 1, applying Holder’s inequality we deduce
llwell = C( K)[[Vwill + 1 ([ Lw)\"? (4-10)
w n,p,o, w Ry + - . -
kIILP (@) = p kIILP (0:R™) infx v \ 27 (K)
Let
/vP|Vwk|§ dx, p=2,
Q

I(v, wy) :=C(p) .
/ Vw3 (IVwi)la +welVola)” "dx, 1<p<2,
Q

where C(p) is the constant in (3-8). We now use (3-8) with & = V(wv) = Vuy and 8 = wi Vv to obtain

I (v, wk)</|Vuk|Adx—/ |Vu|f;dx—fv|Vv|§‘2AvU-V(w,f)dx
Q
/|vuk|AdX—/|VU| 2AVv- V(w!v) dx. (4-11)

Since v is a positive supersolution, we get

I(U,wk)5/|Vuk|§dx+f\/u,fdx= Qa.pviugl. 4-12)
Q Q

Suppose now that p > 2. Using the definition of /, and the weak Harnack inequality, we obtain from
(4-12) that

c/|Vwk|p dx < C(p)/ vp|Vwk|de < Qapvlug]l >0 as k — oo, (4-13)
w Q

where ¢ > 0 is a positive constant. By the weak compactness of W7 (), we get for p > 2 that (up to a
subsequence)

)4
Vwg — 0 in L,

(2; R™). (4-14)

By (4-10) and (4-13), we have that wy is bounded in W1 P(Q) for any p > 2.
On the other hand, if p < 2, then by the definition of / and (4-12), we get

v2|Vwk|124
C(p) 75 X < Qapvlud —0 as k— oo.
(IV(vwi)|a + we Vvl 4)
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For convenience we set gy = Q4 v[ur]. By Holder’s inequality with conjugate exponents 2/p and
2/(2— p), we get

v2|vwk|2 p/2 1-p/2
/UP|Vwk|§ dx < (f A - dx) (f(lV(vwk)lA +wk|VU|A)pdx)
® 2 (IV(vwi)la + welVola) ®

1—p/2
< C(P)_lq;f/z(f Up|Vwk|Z dx +/W£|VU|de)
w w

< C(p)‘lq,f/z(/vf’wwklﬁdx+/w,{’|v1;|gdx+1).
w w

Since v is locally bounded and locally bounded away from zero, |Vv| is locally bounded, and A is
uniformly elliptic and bounded in @, we get using (4-10) that, for some positive constants c;, 1 < j <4,
that are independent of &,

cl/|Vwk|pdx §c2qkp/2(/|Vwk|de+/w,fdx+ 1) §czq,f/2<C3/|Vwk|pdx+C4>.
w w w w

Since g; — 0 as k — 0o, we conclude that also in the case p < 2 we have

: p
Vwg— 0 in L,

(©2; RY),
and thus by (4-10) we have that wy is bounded in Wllo’cp (w) for any p < 2. O

Several consequences follow. In the following statement, uniqueness is meant up to a positive multi-
plicative constant.

Theorem 4.12. Suppose that Q 4, v is nonnegative in Q with A and 'V satisfying hypothesis (HO) if p > 2,
or (H1) if 1 < p < 2. Then any null sequence with respect to Q » p v converges, in Lf;c and a.e. in Q, to
a unique positive (regular if p < 2) supersolution of (2-3) in Q2. In particular, a ground state is the unique
positive solution and the unique positive (regular if p < 2) supersolution of (2-3) in 2, and so the ground
state is CY if p=>2,0r CH if 1 < p <2.

Remark 4.13. At this point we need to add the stronger assumption (Hl1) on A and V inthecase 1 < p <2,
since in this case we assume the existence of a positive regular (super)solution. In fact, the proof presented
here for p < 2 applies under the least assumptions on A and V that ensure the Lipschitz continuity of
positive solutions. This fails if we just keep the assumption (E) on the matrix A, even for V =0 (see
[Jin et al. 2009]). To our knowledge, the least known assumptions on A and V ensuring the Lipschitz
continuity of solutions are due to Lieberman [1993] (see our Remark 2.9).

Proof of Theorem 4.12. From the AP theorem we may fix a positive (regular if p < 2) supersolution
v E Wl’p(Q) and a positive (regular if p < 2) solution v € WIL’CP(Q) of (2-3). Setting wy = ug/v, we

loc

have, by Proposition 4.11, that Vw; — 0 in L{Z)C(SZ; R"). The Rellich—Kondrachov theorem implies (see
the proof of [Lieb and Loss 2001, Theorem 8.11]) that, up to a subsequence, w; — ¢ for some ¢ > 0
in WIL’CP (£2). This implies in turn that, up to a further subsequence, u;y — cv a.e. in €2 and also in sz)c(Q).

Consequently, ¢ = 1/||v||zr(x) > 0. It follows that any null sequence {u;} converges (up to a positive
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multiplicative constant) to the same positive (regular if p < 2) supersolution v. Since the solution v is a
(regular if p < 2) supersolution, we see that v = Cv for some C > 0, and therefore it is also the unique
positive solution of (2-3) in €. O

We can now close the chain of implications between the assertions of Theorem 3.10 (see Remark 3.11).

Corollary 4.14. Let v € R" and suppose that A is uniformly elliptic and bounded matrix in w, and
VeMi(p;,w). If 1 < p <2, we suppose in addition that A and V satisfy hypothesis (H1).

If the equation Q/A, svlvl= 0 admits a positive, regular, strict supersolution in WP (), then the
principal eigenvalue is strictly positive.

Hence, all assertions of Theorem 3.10 are equivalent (if by a supersolution we mean, when p <2, a
regular one).

Proof. ag = a3: From the AP theorem we get Q4 p, v[u; w] > 0 for all u € C°(w), which implies
that A; > 0. Suppose that A; = 0. Then, by Remark 4.7 and Theorem 4.12, the principal eigenfunction,
which is a positive (regular if p < 2) solution of (2-3) in w is the unique (regular if p < 2) positive
supersolution of that equation. This shows that this equation cannot have a positive strict (regular if p < 2)
supersolution. O

In the next theorem we state characterizations of criticality, subcriticality and existence of a null
sequence. We also state a useful Poincaré inequality in the case where Q4 , v is critical. It generalizes
the corresponding results in [Pinchover and Tintarev 2006; 2007; 2008; Pinchover and Regev 2015; Takac
and Tintarev 2008].

Theorem 4.15. Suppose that Q 4, v is nonnegative on C°(2) with A and 'V satisfying hypothesis (HO)
ifp>=2,or(H)if 1 < p <2. Then
(1) Qa,p,v iscritical in Q if and only if Q o, , v admits a null sequence.

(i1) Qa,p,v admits a null sequence if and only if (2-3) admits a unique positive (regular if p < 2)
supersolution.

(iii) Qa,p,v is subcritical in Q2 if and only if there exists a strictly positive weight function W € C Q)
such that (4-9) holds true.

(iv) If Q A, p,v admits a ground state ¢, then there exists a strictly positive weight function W € C Q)
such that, for every ¥ € C°(2) with fQ ¢ dx # 0, the following Poincaré-type inequality holds:

fuwdx
Q

and some positive constant C > Q.

Qapvlul+C

p
> %/ Wiul? dx  forall ue WP ()
Q

Remark 4.16. In the sequel (Lemma 4.22) we add the following accompaniment to (i): if Qa, p.v is
critical in Q, then there exists a null sequence that converges locally uniformly in 2 to the ground state.
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Proof of Theorem 4.15. (1) If Q4 p v is critical in 2, we claim that, for any & # K € €,

CK = inf QA,p,V[M] =0. (4—15)
0<ueC ()

llullLp (xy=1

To see this, pick W € C°(K) \ {0} such that 0 < W < 1. Then
ch W|l/t|pdx <ck = QA,p,V[u] for all u e CgO(Q) with ”Lt”Lp(K) = 1,
Q

a contradiction to the criticality of Q4 , v in case cx > 0. Picking one such K, (4-15) implies the
existence of a null sequence with respect to Q4 ,.v.

If Q4,p,v admits a null sequence then, by Theorem 4.12, (2-3) admits a unique positive solution v,
which is also its unique (regular if p < 2) positive supersolution. Suppose now, to the contrary, that
Qa,p,v is subcritical in € with a nonzero nonnegative weight W. By the AP theorem we obtain a positive
solution w of the equation Q’A’ p,V—W[”] = 0, which is readily another positive supersolution of (2-3).
This contradicts the uniqueness of v, and thus Q4 , v has to be critical in €2.

(i) The sufficiency is captured by Theorem 4.12. To prove the necessity, let v be the unique positive
(super)solution of Q/A, oV in 2. By part (i) we have that the nonexistence of null sequences with respect
to Q 4, p,v implies that Q4 , v is subcritical in 2. Now the same argument as in the proof of the necessity
of the first statement of part (i) implies that v is not unique, a contradiction.

(iii) The necessity follows by the definition of subcriticality. On the other hand, the proof of the sufficiency
of the first statement of (i) implies that cx > O for any domain K &€ €2. Using a standard partition of
unity argument we arrive at a strictly positive W that satisfies (4-9) (see [Pinchover and Tintarev 2007,
Lemma 3.1]).

(iv) The proof is identical to [Pinchover and Tintarev 2007, Theorem 1.6(4)] (and also [Pinchover and
Regev 2015]). ]

Corollary 4.17. Suppose that for i = 0, 1 the functional Q4. v, is nonnegative in Q with A and V;
satisfying hypothesis (HO) if p > 2,or (H1) if 1 < p < 2. Fort € (0, 1) set

Vii=(1=t)Vo+1tV].

Then Q4 p,v, is nonnegative in 2 for all t € [0, 1]. Moreover, if L"({Vo # V1}) > 0, then Q4 v, is
subcritical in Q foranyt € (0, 1).

Proof. The nonnegativity of Q4 , v, for r € (0, 1) follows from the obvious relation

Oapvul=0=0)0a pv[ul+104 p v, [ul. (4-16)

Suppose now that {ur} C C°(£2) is a null sequence with respect to Q 4 v, in € for some 7 € (0, 1) such
that uy — ¢ in Lﬁ)C(Q). It follows from (4-16) that {u} is also a null sequence for Q4 , v, and Q4 p v,
in . By Theorem 4.12, ¢ is a solution of Q’A’pM [#] = 0 in €, for both values of i, which is impossible
since L"({Vy # V1}) > 0. [l
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Finally, we state generalizations of the corresponding results in [Pinchover and Tintarev 2007; Pinchover
and Regev 2015]. We skip their proofs since they are essentially the same.

Proposition 4.18. Suppose Q' C Q is a domain. Let A and V satisfy hypothesis (HO) if p > 2, or (H1) if
l<p<2

(@) If Qa,p,v is nonnegative in 2, then Q4 p v is subcritical in Q.

(b) If Qa,p,v is critical in ', then Q 4, v is supercritical in Q.
Proposition 4.19. Suppose that Q 4 p.v is subcritical in Q with A and 'V satisfying hypothesis (HO)
ifp=2,or(H)if 1 < p <2 Let U € L*®°(2) \ {0} be such that U # 0 and supp{U} € Q2. Then there
exist T > 0 and 1_ € [—00, 0) such that Q 4 p v+ is subcritical in Q if and only if t € (1_, T4) and
QA p,v4r U is critical in Q.
Proposition 4.20. Suppose that Q 4 p,v is critical in Q with A and 'V satisfying hypothesis (HO) if p > 2,
or (H1) if 1 < p < 2. Denote by ¢ the corresponding ground state. Consider U € L*>(2) such that

supp{U} €@ Q. Then there exists 0 < 4. < 00 such that Q 4, , v:v is subcritical in Q fort € (0, t4) if
and only lfo Ulg|? dx > 0.

The following theorem extends the corresponding theorems in [Pinchover 2007; Pinchover and Regev
2015; Pinchover et al. 2008]; see some applications therein.

Theorem 4.21 (Liouville comparison theorem). Suppose that for i = 1,2 the functional Q 4, p.v; is
nonnegative in Q with A; and V; satisfying hypothesis (HO) if p > 2, or (H1) if 1 < p < 2. Suppose in
addition that:

(1) Qa,,p,v, admits a ground state ¢ in 2.

(2) The equation Q;h, oV [u] = 0 in Q admits a weak subsolution ¥ with ¥ # 0.

(3) There exists M > 0 such that the matrix (M@ (x))?A2(x) — (YT (x))2A; (x) is nonnegative-definite

in R" for almost every x € Q.

(4) There exists N > 0 such that Ilezl_é) < N”_2|V¢|Z2_é) for almost every x in QN {y > 0}.
Then the functional Q a, p.v, is critical in 2, and  is the unique positive supersolution of Q/Al’ sy lul= 0
in Q.

We close this section by showing that the ground state is a locally uniform limit of a null sequence.
This is a generalization of the second statement of [Pinchover and Regev 2015, Theorem 6.1(2)]. We give
a detailed proof, as it utilizes many of the results presented above.

Lemma 4.22. Suppose Q 4 p.v is critical in Q with A and V satisfying hypothesis (HO) if p > 2, or (H1)
if 1 < p <2 Then Qu,, v admits a null sequence that converges locally uniformly to the ground state.

Proof. Let {w;}ien be a sequence of Lipschitz domains such that w; € Q, w; € w; 41 for i € N, and
Uien @i = 2. We fix xo € @ and a nonnegative U € C°(2)\ {0} with supp{U} C w;. By Proposition 4.19,
for every i € N there exists #; > 0 such that the functional Q4 , v_v 18 critical in w;. For i € N we denote
by ¢; € W!P(w;) the corresponding ground states, normalized by ¢; (xo) = 1. The sequence of the ¢ is
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strictly decreasing with i. Indeed, we have by Proposition 4.18 that Q 4 , v, v has to be supercritical
in w; 1. There thus exists u € CZ°(w;41) such that Q4 , v_sulu; wj+1] < 0. This in turn implies that

Qapv—rulu; o] <@ —tiz1) Ulu|? dx.
Wij+41

The criticality of Q4 p v, v in w;+1 implies by definition that Q4 , v, v 1S nonnegative in w; 41
and thus #; > f;11. Setting fo = lim;_, « #;, by Harnack’s convergence principle (Proposition 2.11),
up to a subsequence, {¢;};cn converges locally uniformly to a positive solution v of the equation
Q;\,p,\/—zwu[”] = 0 in Q. The AP theorem (Theorem 4.3) implies that Q4 , v_; v is nonnegative
in Q. Clearly, o, > 0. Let us show that in fact 7,o = 0. If not then V — ¢, U < V a.e. in 2 and, since
by our assumptions Q4 , v is critical in 2, Proposition 4.8(b) gives that Q4 , v v 1s supercritical,
contradicting its nonnegativity.

Summarizing, for each i € N we have obtained a ground state ¢; € WLP(w;) of O Ap,V—nU 1N @,
and the sequence {¢;};en converges locally uniformly to a positive solution v of the equation (2-3)
in Q. To conclude, we will show that {¢;};cn is in fact a null sequence. Consider the principal
eigenvalue A1(Q4,p,v—su;s @), i € N, which is nonnegative. Suppose that for some i € N we had
A(Qa,p,v—yu;s @) > 0. Then the principal eigenfunction vf)" € W(} P (w;) would be a positive, strict
supersolution of the equation Q/A, pv—yulvwil= 0, which contradicts the fact that ¢; is the unique positive
supersolution and also a solution of Q/A’ pﬁV_,’_U[v; w;] = 0 (see Theorem 4.12). Thus, for each i € N,
A(Qa,p,v—yu;; i) =0 and, since ¢; is also the unique positive solution of QlA,p,V—tiU[v; w;] =0 (see
Theorem 4.12 again), we conclude ¢; = vy" € WO1 P (w;). Consequently,

lim Qg4 pvi¢il= lim tif Ug! dx =0.
I—> 00 Ql

11— 00

After a further normalization, we may assume that for some & # K & €2, there also holds ||¢;|l.r(x) =1
foralli e N. Il

5. Positive solutions of minimal growth at infinity

The present section is devoted to the existence of positive solutions of the equation Q/A, pvlvl= 0 in
Q\ {xo} that have minimal growth at infinity in €2, and their role in criticality theory. For this purpose
we extend in the following subsection the weak comparison principle (WCP) (cf. [Garcia-Melidn and
Sabina de Lis 1998; Pinchover and Regev 2015]). Section 5B is devoted to the study of the behaviour
of positive solutions near an isolated singularity. Finally, in Section 5C we study positive solutions of
minimal growth at infinity in €2, and prove the last two parts of the Main Theorem.

5A. Weak comparison principle (WCP). We prove first a simple version of the WCP that holds true for
the p-Laplacian operator with a nonnegative potential (see [Pucci and Serrin 2007, Theorem 2.4.1], for
instance).

Lemma 5.1. Let o be a Lipschitz domain in R". Suppose that A is a uniformly elliptic and bounded
matrix in w, and G,V € M1 (p; o) with ¥V > 0 a.e. in Q. Suppose that v, (respectively v) is a subsolution
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(respectively supersolution) of the equation
O pylvl=G in o. (5-1)
If vy < v a.e. on dw in the trace sense, then v| < v, a.e. in w.

Proof. Our assumption that v < v a.e. on dw implies (vo —vy)~ € Wol’p (w). Using this as a test function
in the definitions of v and v, being, respectively, sub- and supersolutions of (5-1), and subtracting the
two resulting inequalities, we obtain
-2 -2 _ _ - _
[ A70l AT = 9004V @ = 00 [ V01 P = el ) 02 = ) dr <0
w w

In other words,
/ (V152 AV = [Vl A2 AV ) - (V oy = Vo) dx + V(1P 7201 = [02]P~202) (01 — 2)) dx < 0.
{va<vi}

By (2-17) we have that each term of the sum of the integrand is nonnegative, with equality if and only if
Vv, =V, ae. in the set {v, < vy}, or equivalently if (vy —v;)” =c¢ >0 a.e. in . Since (v; —v;)” =0
a.e. on dw in the trace sense, we conclude v; < v; a.e. in w. O

The following proposition deals with the sub/supersolution technique:

Proposition 5.2. Let w be a Lipschitz domain in R". Assume that A is a uniformly elliptic and bounded
matrix in w, and g, V € M1(p; w), where g > 0 a.e. in w. Let f, ¢,y € WHP(w) N C (@), where f >0

a.e. in w, and
Q/A,p,v[W] <g< Q/A,p,V[(p] in w, in the weak sense,

vV=<f=<¢ on dw,
0<vy <o n w.

Then there exists a nonnegative solution u € WLP(w) N C (@) of

{QTA,p,V[u] :g ln C(),

u=f on Jw, (>-2)

such that  <u < ¢ in w.
Moreover, if f > 0 a.e. in dw, then the solution u is the unique solution of (5-2).

Proof. Consider the set
K:={ve W'P()NC@) |0<y <v<g in o).
For any x € w and v € K we define
G(x,v):=g(x)+2V - () wx)" ",

Note that G € M9(p; w) and G > 0 a.e. in w. The map T : K — WP (w) defined by T (v) = u, where
u is the solution of

{Q;\,p,lvl[”] =G(x,v) in o, (5-3)

u=f in the trace sense on Jdw,
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is well-defined by Propositions 3.6 and 3.7. Indeed, consider the functionals
J,J: WP () - RU{oo)
defined in (3-12) and (3-11), respectively, with V = |V| and G = G (x, v). Let

{(uideen C A:={u e WP (w) |u= f on dw)

be such that
J[ur] | m := inf J[u].
ueA

Since f > 0, we have that {|ug|}ren C A as well, which implies m < J[|ug|] = J[ur] < Jlug], the latter
inequality holds since G > 0 a.e. in w. In particular, it follows that inf,,c 4 J[u] =m. Letting k — oo, we
deduce

Jur] = m.

But, by Proposition 3.6(b), we have that J is weakly lower semicontinuous and, by Proposition 3.7(a), it
is also coercive. Since A is weakly closed, it follows (see [Struwe 2008, Theorem 1.2], for example) that
m is achieved by a nonnegative function u € A that satisfies J (1) = m. Moreover, J (u) = J(u) =m. So
u is a minimizer of J on A and hence a solution of (5-3).

Observe that the map T is monotone. Indeed, let v, v; € K be such that v; < v,. Then, since G (x, v)
is increasing in v, we have

Q/A,p,IW[T(Ul); w]l=gx,v) <glx, )= Q/A,p,|V\[T(U2); o]

and, since T (vy) = f = T (vy) on dw, we get from Lemma 5.1 with V = |V| and G = g(x, vy) that
T(v)) <T(vy) in w.

Let v e WP (w) N C (@) be a subsolution of (5-2). Then Q/A,p,w\[v] = Q/A%V[v] +G(x,v)—gx) <
G(x, v) in w, in the weak sense, and thus v is a subsolution of (5-3). On the other hand, 7 (v) is a solution
of (5-3). Lemma 5.1 with V = |V | and G = G(x, v) gives v < T'(v) a.e. in w. This implies in turn that

QapylTW]= g—|—2V—(|U|P—2U - |T(U)|p_2T(v)) <g in o,

in the weak sense.

Summarizing, if v is a subsolution of (5-2), then 7' (v) is a subsolution of (5-2) such that v < T'(v)
a.e. in w. In the same fashion, we can show that if v € W''?(w) N C(®) is a supersolution of (5-2) then
T (v) is a supersolution of (5-2) such that v > T (v) a.e. in w.

Defining the sequences

wo="v, up:=T,—)=T" W) and  iig:=¢, iy:=T(-)=T (@), neN,

we get from the above considerations that {u,} and {u, } increases and decreases, respectively, to functions
u and u for every x € w. Moreover, the convergence is clearly also in L? (w) (by Theorem 1.9 in [Lieb
and Loss 2001]). Then, using an argument similar to the proof of Proposition 2.11, it follows that ¥ and
u are fixed points of T, and both solve (5-2) and satisfy ¥ <u <u < ¢ in w.

The uniqueness claim follows from Lemma 3.3(iii). [l
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Finally, we extend the WCP (cf. [Garcia-Melidn and Sabina de Lis 1998; Pinchover and Regev 2015;
Pucci and Serrin 2007]):

Theorem 5.3 (weak comparison principle). Let w C R" be a bounded Lipschitz domain. Suppose
that A is a uniformly elliptic and bounded matrix in w, and g,V € M1(p; ) with g > 0 a.e. in w.
Assume that L1 > 0, where Ay is the principal eigenvalue of the operator Q’A’ oV defined by (3-3). Let
uy € WP (w) N C (@) be a solution of

0, ,yll=¢ ino,
up >0 on dw.

Ifu; € Wh?(w) N C (@) satisfies

Q4 pyluil =0, ylusl in o,
up =up on dw,
then uy < up in .

Proof. Since u, is a supersolution of (2-3) in w that is positive on dw, the strong maximum principle
implies u > 0 in @. Let ¢ := max{1, maxg u;/ ming u,}, then u; < cu, in @. Consider now the problem

{Q;x’p,v[v]:g in o, (5-4)

V=1 on Jdw.
By the choice of ¢ and our assumption we have that cu; is a supersolution of (5-4) such that u; <uy <cu;
on dw, while u is a subsolution of (5-4). Applying Proposition 5.2 with ¢ = u; and ¢ = cu,, we get a
unique solution v of (5-4) such that u; < v < cu; in w and v = u, on dw, in the trace sense. Clearly, v is
a supersolution of (2-3) in w that is positive on dw. Again, by the strong maximum principle, we get
v > 0 in w. By the uniqueness of the boundary problem (5-4) (Proposition 5.2), we have v = u;. Hence,
u; <upin w. |

5B. Behaviour of positive solutions near an isolated singularity. Using the weak comparison principle
of Theorem 5.3 we study the behaviour of positive solutions near an isolated singular point. We have:

Theorem 5.4. Let p < n and xy € Q. Suppose A and V satisfy hypothesis (HO) in Q, and let u be a
nonnegative solution of the equation Q’A’p’v[v] =0in Q\ {x0}.

(1) If u is bounded near xg, then u can be extended to a nonnegative solution in <.
(2) If u is unbounded near x, then lim,_, ,, u(x) = oo.

Proof. (1) This is a special case of [Maly and Ziemer 1997, Theorem 3.16], which is in turn an extension
to Ve M/

loc

(p; ) of [Serrin 1964, Theorem 10], where V is assumed to be in LfOC(Q) for some g > n/p.
In particular, this part of the theorem holds true for solutions of arbitrary sign in 2\ 0, where o is a set

having zero p-capacity.

(2) We follow the argument in [Fraas and Pinchover 2011] (for a slightly different argument see [Serrin
1964, p. 278]). Without loss of generality, we assume that xo = 0 and B{(0) € Q2. For r > 0, we write the
ball as B, := B,(0), and the corresponding sphere as S, := 9 B,.
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Since lim sup,._, , u(x) = 0o, there exists a sequence {xy }xen C §2 converging to 0 such that u(x;) — oo
as k — oo. Let ry = |xi|, where k =1, 2, ..., and consider the annular domains Ay := B3, 2 \ E,k /2. For
each k we scale Ay to the fixed annulus A’ := B3,,(0) \ B, ,2(0). Note next that if u is a solution of the
equation Q;"p’v[v] = 01n Q\ {0} then, for any positive R, the function ug(x) := u(Rx) satisfies the
equation

Ot pvelir] i= —diva, (IVugl 2Ar(¥)Vug) + Va@)|ugl’2ug =0 in Qp, (55

where Ag(x) := A(Rx), Vr(x) := RPV(Rx) and Qg :={x/R | x € 2\ {0}}. Applying thus the Harnack
inequality in A’, we have, for k sufficiently large,
sup u(x) = sup u,, (x) <Cinf u,, (x) = C inf u(x), (5-6)
xéAk xeA/ xeA’ xEAk

where the positive constant C is independent of r. To see this, for example in the case p < n, observe
that || Vel maan = RP~M4| V|lma(ag) and, by our assumptions on g, we have that the exponent on R is
nonnegative (it is in fact positive). Now from (5-6) we may readily deduce
minu(x) — oo as k — oo. (5-7)
Tk

Let v be a fixed positive solution of the equation Q;&. p’v[w] =0in By and set, forO <r < 1,

Then, as in [Fraas and Pinchover 2011, Lemma 4.2], the WCP implies that the function m, is monotone
as r — 0. This, together with (5-7), implies that m, is monotone nonincreasing near 0. Therefore,
lim,_,o m, = oo and, thus, lim,_,¢ u(x) = oo. O

Remark 5.5. The asymptotic behaviour of positive solutions of the equation Q;L p.v[v] = 0 near an
isolated singular point remains open for further studies (see [Fraas and Pinchover 2011; 2013; Pinchover
and Tintarev 2008] and the references therein for partial results).

5C. Positive solutions of minimal growth and Green’s function. The following notion was introduced
by Agmon [1983] in the linear case and was extended to p-Laplacian-type equations of the form (1-4) in
[Pinchover and Tintarev 2007; Pinchover and Regev 2015].

Definition 5.6. Let K( be a compact subset of Q2. A positive solution u of (2-3) in 2\ Kj is said to be a
positive solution of minimal growth in a neighbourhood of infinity in Q, and denoted by u € Mg, g, if,
for any smooth compact subset of 2 with Ky € int K and any positive supersolution v € C(£2 \ int K')
of (2-3) in 2\ K, we have

u<v ondK = u<v in Q\K.

If u € Mgq.g, then u is called a global minimal solution of (2-3) in Q.

We first prove that if Q4 , v 1s nonnegative in €2 then Mgy, # & for any xo € 2. This result extends
the corresponding results in [Pinchover and Tintarev 2007; 2008; Pinchover and Regev 2015].
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Theorem 5.7. Suppose that Q 4, v is nonnegative in 2, where A and 'V satisfy hypothesis (HO). Then,
for any xq € 2, the equation Q/A,p’v[v] = 0 admits a solution u € Mgq. xy)-

Proof. We fix a point xo € Q and let {w;};en be a sequence of Lipschitz domains such that xg € wy,
w; € w41 € L fori € Nand | J;n wi = Q. Setting ry := SUP, ¢, dist(x; dwy) (the inradius of w;), we
define the open sets

Ui := ; \ By, ii+1)(x0).

Pick a fixed reference point x; € U; and note that U; € U;41, i € N, and also UieN U; = Q\ {xo}. Also
let fi € C° (Br] i (x0) \ B G+ 1)(x0)) \ {0} be a sequence of nonnegative functions. The nonnegativity of
Oa,p,v implies A1 (Qa, p.v+1/i; Ui) > 0, and thus, by Theorem 3.10, we obtain for each i € N a positive
solution v; of
{Q/A,p,v+1/i[v] =fi in U,
v=0 on JdU;.

Normalizing by u; (x) := v; (x)/v; (x1), the Harnack convergence principle (Proposition 2.11) implies that
{u;}ien admits a subsequence converging uniformly in compact subsets of €2\ {xo} to a positive solution
u of the equation Q;"p’v[w] =0in Q\ {x0}.

We claim that u € Mgq.(y,;. To this end, let K be a compact smooth subset of €2 such that x € intK,
and let v € C(€2\ intK) be a positive supersolution of (2-3) in 2\ K withu <von dK. Let § > 0. There
then exists i g € N such that supp{ f;} € K for all i > ix and, in addition, u#; < (1+4§)v on d(w; \ K). The
WCP (Theorem 5.3) implies u#; < (1 +48)v in w; \ K and letting i — oo we obtain u < (1 +48)v in Q\ K.
Since § > 0 is arbitrary, we conclude u < v in Q\ K. ]

Definition 5.8. A function u € Mg (y, having a nonremovable singularity at xq is called a minimal
positive Green function of Q'y |, in Q with a pole at xo. We denote such a function by Gif v (X, x0).

The following theorem states that criticality is equivalent to the existence of a global minimal solution,
that is, (1) <= (5) in the Main Theorem presented in the introduction. It extends [Pinchover and Regev
2015, Theorem 9.6] and also [Pinchover and Tintarev 2007, Theorem 5.5; 2008, Theorem 5.8].

Theorem 5.9. Suppose that Q 4. p,v is nonnegative in Q with A and V satisfying hypothesis (HO) if p > 2,
or(H1)if 1 < p <2. Then Q4. p,v is subcritical in 2 if and only if (2-3) does not admit a global minimal
solution in Q2. In particular, ¢ is a ground state of (2-3) in Q2 if and only if ¢ is a global minimal solution

of (2-3) in Q.

Proof. To prove necessity, let Q4 , v be subcritical in 2. Clearly (by the AP theorem) there exists a
continuous positive strict supersolution v of (2-3) in Q2. We proceed by contradiction. Suppose there
exists a global minimal solution u# of (2-3) in Q2 and fix K to be a compact smooth subset of 2. Let
€9k = minygg v/ maxyg u. Then e5xu < v, and ga_lév is also a positive continuous supersolution of (2-3)
in 2. Using it as a comparison function in the definition of u € Mgq. 5, we get egxu < v in Q\ K. Letting
also ex :=ming v/ maxg u, we readily have exu < v in K. Consequently, by setting ¢ := min{eyx, g}
we have

su<v 1in Q.
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Now we define

go:=max{e >0|eu <v in Q}

and note that, since gou and v are, respectively, a continuous solution and a continuous strict supersolution
of (2-3) in 2, we have gou # v. There thus exist x; € Q and §, r > 0 such that B,(x;) C 2 and

(14 8)eou(x) <v(x) forall x € B,(xy).
But, since u € Mgq.g, it follows that
(14 68)eou(x) <v(x) forall x € Q\ B, (x}).

Consequently, (1 + &)eou(x) < v(x) in €2, which contradicts the definition of g9. We note that in the
proof of this part we did not use the further regularity assumption (H1).

To prove sufficiency, assume that Q4 , v is critical in £ with ground state ¢ satisfying ¢ (x;) =1 for
some x| € 2. We will prove that ¢ € Mgq.z. To this end, consider an exhaustion {w; };en of €2 such that
xo € wy and x1 € Q\ w;. Fix j e Nand let f; € C°(B;,/j(x0)) \ {0} satisfy 0 < f;(x) <1, where, as in
the previous proof, we write ry for the inradius of w;. Let v; ; be a positive solution of

{Q’A,pyv[v] =f; in

v=0 on Jdw;.

The WCP (Theorem 5.3) ensures that the sequence {v; j}ien 1s nondecreasing. If {v; ;(x1)} is bounded,
then the sequence converges to v;, where v; is such that Q/A’ svlvil= fj in . Thus v; would be a strict
supersolution of (2-3), which contradicts Theorem 4.15, since the ground state ¢ is the only positive
supersolution of Q’A’ p’v[w] = 0in 2. Therefore, v; ;(x1) — 00 as i — oo. Defining thus the normalized
sequence u; j(x) :=v; j(x)/v; j(x1), by the Harnack convergence principle (Proposition 2.11) we may
extract a subsequence of {u; ;} that converges as i — o0 to a positive solution u; of the equation (2-3)
in Q. Once again, by the uniqueness of the ground state, we have u; = ¢.

Now let K be a smooth compact set of €2 and assume that xg € int(K). Let v € C(2\intK) be a positive
supersolution of (2-3) in 2\ K such that ¢ <v on dK. Let j € N be large enough that supp{f;} € K.
For any § > 0 there exists i5 € N such that, for i > is,

0=20/ ,yluij1= Q4 ,ylv] inw\K,

Q) v =0 in w\K,
Ofui,jf(l—l—é)v on d(w; \ K),
which implies that ¢ =u; < (1+6)v in Q\ K. Letting § — 0 we obtain ¢ <v in Q\ K. [l

To conclude the paper, it remains to establish the equivalence between (1) and (6) of the Main Theorem.

Theorem 5.10. Suppose that Q 4, v is nonnegative in Q with A and V satisfying hypothesis (HO) if p > 2,
or(H) if 1 < p <2. Letu € Mg (x,) for some xg € 2.

(@) If u has a removable singularity at xo, then Q o v is critical in 2.
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(b) Let 1 < p < n and suppose that u has a nonremovable singularity at xo; then Q o, v is subcritical
in Q.

(c) Let p>n and suppose that u has a nonremovable singularity at xo. Assume also that lim,_, x, u(x) =c,
where c is a positive constant. Then Q 4 p v is subcritical in Q.

Proof. (a) If u has a removable singularity at xg, its continuous extension is a global minimal solution
in €2, and Theorem 5.9 assures that Q4 , v is critical in €.

(b) Assume that u has a nonremovable singularity at xo and suppose for the sake of contradiction that
Qa,p,v is critical in Q. Theorem 5.9 implies the existence of a global minimal solution v of (2-3) in .
By Theorem 5.4 we have lim,_, v, u(x) = 0o and thus, by comparison, v < eu in €2, where ¢ is an arbitrary
positive constant. This implies that v = 0, a contradiction.

(c) Suppose that Q 4, v is critical in © and let v > 0 be the corresponding global minimal solution. We
may assume that v(xg) = c. Since both u# and v are continuous at xy, it follows that for any ¢ > O there
exists §; > 0 such that, for all 0 < § < §,,

(I—8ulx) <vx)<A+e&u(x) forall x € dBs(xg).

Since u and v are positive solutions (in €2\ {xo} and €2, respectively) of minimal growth at infinity in €2,
the above inequality implies that

I—8ulx) <vkx)<{+e)u(x) forall x € Q\ {xp}.

Letting ¢ — 0, we get u = v in 2, which contradicts our assumption that # has a nonremovable singularity
at xg. |

Remark 5.11. For sufficient conditions ensuring that in the subcritical case with p > n the limit of the
Green function Giz v (X, x0) as x — xq always exists and is positive, see [Fraas and Pinchover 2013].
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