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ASYMPTOTIC STABILITY IN ENERGY SPACE FOR DARK SOLITONS
OF THE LANDAU-LIFSHITZ EQUATION

YAKINE BAHRI

We prove the asymptotic stability in energy space of nonzero speed solitons for the one-dimensional
Landau-Lifshitz equation with an easy-plane anisotropy

om+m X (0 ;m —mze3) =0

for a map m = (my, my, m3) : R x R — S2, where e3 = (0, 0, 1). More precisely, we show that any
solution corresponding to an initial datum close to a soliton with nonzero speed is weakly convergent
in energy space as time goes to infinity to a soliton with a possible different nonzero speed, up to the
invariances of the equation. Our analysis relies on the ideas developed by Martel and Merle for the
generalized Korteweg—de Vries equations. We use the Madelung transform to study the problem in the
hydrodynamical framework. In this framework, we rely on the orbital stability of the solitons and the
weak continuity of the flow in order to construct a limit profile. We next derive a monotonicity formula
for the momentum, which gives the localization of the limit profile. Its smoothness and exponential decay
then follow from a smoothing result for the localized solutions of the Schrédinger equations. Finally,
we prove a Liouville type theorem, which shows that only the solitons enjoy these properties in their
neighbourhoods.

1. Introduction
We consider the one-dimensional Landau—Lifshitz equation
om +m X (0xym + Amsez) =0 (LL)

foramap m = (my, mp, m3) :RxR— S?, where e3 = (0, 0, 1) and A € R. This equation was introduced by
Landau and Lifshitz [1935]. It describes the dynamics of magnetization in a one-dimensional ferromagnetic
material, for example in CsNiF; or TMNC (see, e.g., [Kosevich et al. 1990; Hubert and Schifer 1998]
and the references therein). The parameter A accounts for the anisotropy of the material. The choices
A > 0 and A < 0 correspond respectively to an easy-axis and an easy-plane anisotropy. In the isotropic
case A = 0, the equation is exactly the one-dimensional Schrédinger map equation, which has been
intensively studied (see, e.g., [Guo and Ding 2008; Jerrard and Smets 2012]). In this paper, we study the
Landau-Lifshitz equation with an easy-plane anisotropy (A < 0). Performing, if necessary, a suitable
scaling argument on the map m, we assume from now on that A = —1. Our main goal is to prove the
asymptotic stability for the solitons of this equation (see Theorem 1.1 below).
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The Landau-Lifshitz equation is Hamiltonian. Its Hamiltonian, the so-called Landau-Lifshitz energy,
is given by

E(m) ::%/R(|8xm|2+m§).

In the sequel, we restrict our attention to the Hamiltonian framework in which the solutions m to (LL)
have finite Landau—Lifshitz energy, i.e., belong to energy space

EMR) :={v:R— S?|v € L*(R) and v3 € L>(R)}.
A soliton with speed c is a travelling-wave solution of (LL) having the form
m(x,t) :=u(x —ct).
Its profile u is a solution to the ordinary differential equation
u + i) Pu + u%u —uze3+cuxu =0. (TWE)

The solutions of this equation are explicit. When |c| > 1, the only solutions with finite Landau—Lifshitz
energy are the constant vectors in S! x {0}. In contrast, when |c| < 1, there exist nonconstant solutions
u. to (TWE), which are given by the formulae

c
cosh((1—=c2)1/2x)’

(1_C2)1/2

[ucl2(x) = tanh((1 = )%). - [ucla(x) = oo™ s

[te]i(x) =

up to the invariances of the problem, i.e., translations, rotations around the axis x3 and orthogonal
symmetries with respect to the plane x3 = 0 (see [de Laire 2014] for more details).

Our goal is to study the asymptotic behaviour for solutions of (LL) which are initially close to a soliton
in energy space. We endow £(R) with the metric structure corresponding to the distance introduced by
de Laire and Gravejat [2015],

de(f, ) :=1£0) = ZO)|+ I f = &l 2w + 15— &l 2@,

where f = (f1, f2, f3) and f = f1 +if> (and similarly for g). The Cauchy problem and the orbital
stability of the travelling waves have been solved by de Laire and Gravejat [2015]. We are concerned
with the asymptotic stability of travelling waves. The following theorem is our main result.

Theorem 1.1. Let ¢ € (—1, 1)\ {0}). There exists a positive number 5., depending only on ¢, such that, if
dg(mo, uc) <&,
then there exist a number ¢* € (—1, 1)\ {0}, and two functions b € C' (R, R) and 6 € C' (R, R) such that
b(t)— ¢ and 6'(t)—0
as t — 400, and for which the map

mg := (cos(8)m; — sin(6)my, sin(0)m + cos(f)m,, ms),
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satisfies the convergences

demouy(-+b(t), 1) = dyue  in L*(R),
mowy (- +b(t), 1) = ue in Ly (R),
m3(-+b(t), 1) = [uelz in L*(R)

ast— +oo.

Remarks. (i) Note that the case ¢ = 0 —that is, black solitons —is excluded from the statement of
Theorem 1.1. In this case, the map iy vanishes and we cannot apply the Madelung transform and the
subsequent arguments. Orbital and asymptotic stability remain open problems for this case. Note that, to
our knowledge, there is currently no available proof of the local well-posedness of (LL) in energy space,
when u( vanishes and so the hydrodynamical framework can no longer be used.

(i) Here, we state a weak convergence result and not a local strong convergence one, like the results
given by Martel and Merle [2008a; 2008b] for the Korteweg—de Vries equation. In their situation, they
can use two monotonicity formulae for the L? norm and the energy. This heuristically originates in the
property that dispersion has negative speed in the context of the Korteweg—de Vries equation. In contrast,
the possible group velocities for the dispersion of the Landau—Lifshitz equation are given by

14242
VI+E

where k is the wave number. Dispersion has both negative and positive speeds. A monotonicity formula

ve(k) =+

remains for the momentum due to the existence of a gap in the possible group velocities, which satisfy
the condition |vg (k)| > 1. However, there is no evidence that one can establish a monotonicity formula
for the energy.

Similar results were stated by Soffer and Weinstein [1989; 1990; 1992]. They provided the asymptotic
stability of ground states for the nonlinear Schrodinger equation with a potential in a regime for which
the nonlinear ground-state is a close continuation of the linear one. They rely on dispersive estimates
for the linearized equation around the ground state in suitable weighted spaces, and they apply a fixed
point argument. This strategy was successfully extended in particular by Buslaev, Perelman, C. Sulem
and Cuccagna to the nonlinear Schrédinger equations without potential (see, e.g., [Buslaev and Perelman
1993; 1995; Buslaev and Sulem 2003; Cuccagna 2001]) and with a potential (see, e.g., [Gang and Sigal
2007]). We refer to the detailed historical survey by Cuccagna [2003] for more details. Later, Cuccagna
[2011] proved a stronger result for the ground state satisfying the sufficient conditions for orbital stability
of M. Weinstein, for seemingly generic nonlinear Schrodinger equation which has a smooth short range
nonlinearity with the presence of a very short range and smooth linear potential. In addition, asymptotic
stability in spaces of exponentially localized perturbations was studied by Pego and Weinstein [1994]
(see also [Mizumachi 2001] for perturbations with algebraic decay).
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Our strategy for establishing the asymptotic stability result in Theorem 1.1 is reminiscent of ideas
developed by Martel and Merle [2006; 2008a; 2008b] for the Korteweg—de Vries equation, and successfully
adapted by Béthuel, Gravejat and Smets in [Béthuel et al. 2014] for the Gross—Pitaevskii equation.

The main steps of the proof are similar to the ones for the Gross—Pitaevskii equation in [Béthuel et al.
2015]. Indeed, the solitons of the Landau-Lifshitz equation share many properties with the solitons of
the Gross—Pitaevskii equation. In fact, the stereographic variable i defined by

ui+iu
V= 11-1—u32
satisfies the equation

WL ooy — 2V
et + g i€t = o (0’

which can be seen as a perturbation of the equation for the travelling waves of the Gross—Pitaevskii

equation, namely
dex W+ (1= [W[HW —icd, ¥ =0.

However, the analysis of the Landau—Lifshitz equation is much more difficult. Indeed, we rely on a
Hasimoto like transform in order to relate the Landau—Lifshitz equation with a nonlinear Schrédinger
equation. Doing so, we lose some regularity. We have to deal with a nonlinear equation at the L>-level
and not at the H'-level as in the case of the Gross—Pitaevskii equation. This leads to important technical
difficulties.

Returning to the proof of Theorem 1.1, we first translate the problem into the hydrodynamical for-
mulation. Then, we prove the asymptotic stability in that framework. In fact, we begin by refining the
orbital stability. Next, we construct a limit profile, which is smooth and localized. For the proof of the
exponential decay of the limit profile, we cannot rely on the Sobolev embedding H' into L™ as was done
in [Béthuel et al. 2015]. We use instead the results of Kenig, Ponce and Vega in [Kenig et al. 2003], and
the Gagliardo—Nirenberg inequality (see the proof of Proposition 2.9 for more details). We also have to
deal with the weak continuity of the flow in order to construct the limit profile. For the Gross—Pitaevskii
equation, this property relies on the uniqueness in a weaker space (see [Béthuel et al. 2015]). There is
no similar result at the L2-level. Instead, we use the Kato smoothing effect. The asymptotic stability in
the hydrodynamical variables then follows from a Liouville type theorem. It shows that the only smooth
and localized solutions in the neighbourhood of the solitons are the solitons. Finally, we deduce the
asymptotic stability in the original setting from the result in the hydrodynamical framework.

In Section 2 below, we explain the main tools and different steps for the proof. First, we introduce the
hydrodynamical framework. Then, we state the orbital stability of the solitons under a new orthogonality
condition. Next, we sketch the proof of the asymptotic stability for the hydrodynamical system and we
state the main propositions. We finally complete the proof of Theorem 1.1.

In Sections 3 to 5, we give the proofs of the results stated in Section 2. In Section 3, we deal with
the orbital stability in the hydrodynamical framework. In Section 4, we prove the localization and the
smoothness of the limit profile. In the last section, we prove a Liouville type theorem. In a separate
appendix, we show some facts used in the proofs, in particular the weak continuity of the (HLL) flow.
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2. Main steps for the proof of Theorem 1.1

The hydrodynamical framework. We introduce the map m := m| 4 im». Since m3 belongs to H'(R), it
follows from the Sobolev embedding theorem that

)] = (1=m3x)"? - 1

as x — F00. As a consequence, the Landau—Lifshitz equation shares many properties with the Gross—
Pitaevskii equation (see, e.g., [Béthuel et al. 2008]). One of these properties is the existence of a
hydrodynamical framework for the Landau-Lifshitz equation. In terms of the maps m and ms3, this
equation may be written as

10;m —m30,,m +md,,,m3 —mms =0,
dms 0, (ir, dm)e = 0.

When the map m does not vanish, one can write it as m = (1 — m%)l/ 2expig. The hydrodynamical
variables v := m3 and w := 9, ¢ satisfy the system

{atv =3 ((v* — Dw),

2
atw — ax( axxv (8xv)

(HLL)
—2 +

v(l_vz)z—l—v(wz—l)).

This system is similar to the hydrodynamical Gross—Pitaevskii equation (see, e.g., [Béthuel et al. 2015]).!

1

We first study the asymptotic stability in the hydrodynamical framework.
In this framework, the Landau—Lifshitz energy is expressed as

E(v) :=/e(n) :=%f(ﬁ+(1—v2)w2+v2), (2-1)
R R

1—v2

where v := (v, w) denotes the hydrodynamical pair. The momentum P, defined by

P(v) :=/vw, (2-2)
R

is also conserved by the Landau-Lifshitz flow. The momentum P and the Landau-Lifshitz energy E play
an important role in the study of the asymptotic stability of the solitons. When ¢ # 0, the function .
does not vanish. The hydrodynamical pair Q. := (v., w,) is given by

(1—c2)l/2
cosh((1—c?)1/2x)

The only invariances of (HLL) are translations and the opposite map (v, w) — (—v, —w). We restrict

cv(x) _c(l—cz)l/zcosh((l—cz)l/zx)
1—v.(x)2 " sinh((1—c2)1/2x)24¢2

and w.(x) =

ve(x) = (2-3)

our attention to the translation invariances. All the analysis developed below applies when the opposite
map is also taken into account. For a € R, we define

Oca(x) = 0c(x —a) = (ve(x —a), we(x —a)),

IThe hydrodynamical terminology originates in the fact that the hydrodynamical Gross—Pitaevskii equation is similar to the
Euler equation for an irrotational fluid (see, e.g., [Béthuel et al. 2014]).
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a nonconstant soliton with speed c. We also set
NV(R) .= {U = (v, w) € H' (R) x LZ(IR) | mﬂgx lv] < 1}.

This nonvanishing space is endowed in the sequel with the metric structure provided by the norm
ol gz = (113 + llwl3) 2.
Orbital stability. A perturbation of a soliton is provided by another soliton with a slightly different
speed. This property follows from the existence of a continuum of solitons with different speeds. A
solution corresponding to such a perturbation at initial time diverges from the soliton due to the different
speeds of propagation, so that the standard notion of stability does not apply to solitons. The notion of
orbital stability is tailored to deal with such situations. The orbital stability theorem below shows that a
perturbation of a soliton at initial time remains a perturbation of the soliton, up to translations, for all time.
The following theorem is a variant of the result by de Laire and Gravejat [2015] concerning sums of
solitons. It is useful for the proof of the asymptotic stability.

Theorem 2.1. Let ¢ € (—1, 1)\ {0}. There exists a positive number o, depending only on c, with the
following properties. Given any (vy, wg) € X (R) := HY(R) x L*(R) such that

ap = [[(vo, wo) — Qcallx®) < ¢ (2-4)

for some a € R, there exist a unique global solution (v, w) € Co(R, NV(R)) to (HLL) with initial datum
(v, wo), and two maps ¢ € C'(R, (=1, 1)\ {0}) and a € C' (R, R) such that the function € defined by

e(-.0):=(v(-4a@),n, w(-+a(), 1)) — Qe (2-5)
satisfies the orthogonality conditions
(e(+,1), 0 Qcn) 2wy = (6(-, 1)y Xe)) L2wy2 =0 (2-6)

forany t € R. Moreover, there exist two positive numbers o, and A., depending only and continuously
on ¢, such that

maﬂic v(ix,t) <1-—o,, 2-7)
leC-, Dllx@ + le®) —c| < Aca®, (2-8)
IO+ 1a'(t) —c®)] < Aclle(-, Dl xw). (2-9)

foranyt eR.

Remark. In this statement, the function y. is a normalized eigenfunction associated to the unique negative
eigenvalue of the linear operator

c = E//(Qc) +CPN(QC)-
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The operator A, is self-adjoint on L?(R) x L?(R), with domain Dom(#,) := H?(R) x L?(R) (see (A-42)
for its explicit formula). It has a unique negative simple eigenvalue —A, and its kernel is given by

Ker(H,.) = Span(d, Q). (2-10)

Our statement of orbital stability relies on a different decomposition from that proposed by Grillakis,
Shatah and Strauss in [Grillakis et al. 1987]. This modification is related to the proof of asymptotic
stability. A key ingredient in the proof is the coercivity of the quadratic form G, which is defined in
(2-46), under a suitable orthogonality condition. In case we use the orthogonality conditions in [Grillakis
et al. 1987], the corresponding orthogonality condition for G, is provided by the function v !S9.Q, (see
(2-40) for the definition of S), which does not belong to L?*(R). In order to bypass this difficulty, we use
the second orthogonality condition in (2-6) for which the corresponding orthogonality condition for G,
is given by the function v;l S xc, which does belong to L2(R) (see the appendix for more details). This
alternative decomposition is inspired by the one used by Martel and Merle [2008a].

Concerning the proof of Theorem 2.1, we first establish an orbital stability theorem with the classical
decomposition of Grillakis, Shatah and Strauss [Grillakis et al. 1987]. This appears as a particular case of
the orbital stability theorem in [de Laire and Gravejat 2015] for sums of solitons. We next show that if
we have orbital stability for some decomposition and orthogonality conditions, then we also have it for
different decomposition and orthogonality conditions (see Section 2 for the detailed proof of Theorem 2.1).

Asymptotic stability for the hydrodynamical variables. The following theorem shows the asymptotic
stability result in the hydrodynamical framework.

Theorem 2.2. Let ¢ € (—1, 1)\ {0}. There exists a positive constant . < o, depending only on ¢, with

the following properties. Given any (vg, wo) € X (R) such that

I (vo, wo) — Qc,a”X(R) < B

for some a € R, there exist a number ¢* € (—1, 1)\ {0} and a map b € CY(R, R) such that the unique
global solution (v, w) € CO(R, NV(R)) to (HLL) with initial datum (vo, wo) satisfies

(v(-+b(t),t),w(-+b(t),t))—\ Qs in X(R), (2-11)
and

b'(t) — ¢*

ast — +oo.
Theorem 2.2 establishes a convergence to some orbit of the soliton. This result is stronger than the one
given by Theorem 2.1 which only shows that the solution stays close to that orbit.

In the next subsections, we explain the main ideas of the proof, which follows the strategy developed
by Martel and Merle [2008a; 2008b] for the Korteweg—de Vries equation.
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Construction of a limit profile. Let ¢ € (—1, 1) \ {0}, and let (v, wp) € X(R) be any pair satisfying
the assumptions of Theorem 2.2. Since 8. < «, in the assumptions of Theorem 2.2, we deduce from
Theorem 2.1 that the unique solution (v, w) to (HLL) with initial datum (vg, wg) is global.

We take an arbitrary sequence of times (#,),en tending to +oc0. In view of (2-8) and (2-9), we may
assume, up to a subsequence, that there exist a limit perturbation £; € X (R) and a limit speed c¢j; € [—1, 1]
such that

(-, ty) = (U('+a(tn)stn), w('+a(tn)stn))_ Qc(t,l) _\88 in X (R), (2-12)
and
c(ty) = ¢ (2-13)

as n — 4-00. Our main goal is to show that

(see Corollary 2.15). For that, we establish smoothness and rigidity properties for the solution of (HLL)
with the initial datum Qs + &g.

First, we require the constant 8, to be sufficiently small so that, when the number ” which appears in
Theorem 2.1 satisfies a” < ., then we infer from (2-8) and (2-9) that

min{c(r)?, @’ (1)} > °—22 max{c(t)?,a'(1)*} <1+ % (2-14)
and ) )
o) = u(- +a(), Dl < minf S, 5] 2-15)

for any 7 € R. This yields, in particular, that c5 € (—1, 1) \ {0}, and then, that Q. is well-defined and
different from the black soliton.
By (2-8), we also have
leg — ¢l < AcBe (2-16)

and, applying again (2-8) well as (2-12) and the weak lower semicontinuity of the norm, we also know
that the function

(5, wg) = Qe + &5
satisfies
(g, wy) — ellxwy < AcBe + 11Qc — Ot llx w)- (2-17)

We next impose a supplementary smallness assumption on S, so that
(v, wy) — Qcllxw) < . (2-18)

By Theorem 2.1, there exists a unique global solution (v*, w*) € Co(R, NV(R)) to (HLL) with initial
datum (v, wg), and two maps c¢* € C'(R, (-1, 1)\ {0}) and a* € C'(R, R) such that the function &*
defined by

g5+, 1) = (V' (- +a*(0), 1), w(-+a* (1), 1)) = Qcx(r) (2-19)
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satisfies the orthogonality conditions
(", 0, 0 Qer ) 2wy = (7 (-, 1), Xer)) L2y =0, (2-20)
as well as the estimates
le* (-, Dl x @) + 1" (1) = ¢l 4+ |a™' (1) = * ()] < Acll (v, wg) = Qellxw), (2-21)

for any ¢t € R.
We may take S, small enough such that, combining (2-16) with (2-17) and (2-21), we obtain

Immmﬁme%zg, muwm%WﬂNhn+§, (2-22)
and
2 1.2
o) = v* (- +a* @) 0| oy §min{%, 116c } (2-23)
for any ¢t € R.

Finally, we use the weak continuity of the flow map for the Landau-Lifshitz equation. The proof relies
on Proposition A.1 and follows the lines of the proof of Proposition 1 in [Béthuel et al. 2015].

Proposition 2.3. Let t € R be fixed. Then
(vC-+al), ta+0), w(-+al), t+1) = (V. 0, w (-, 1)) inXR), (2-24)
while
a(t,+1t)—a(t,) — a*(t) and c@,+1)— c*(t) (2-25)
as n — +o0. In particular, we have
(- ty+t)—e*(-, 1) in X(R) (2-26)
asn — +0o0.

Localization and smoothness of the limit profile. Our proof of the localization of the limit profile is based
on a monotonicity formula.

Consider a pair (v, w) which satisfies the conclusions of Theorem 2.1 and suppose that (2-14) and
(2-15) are true. Let R and ¢ be two real numbers, and set

1 / [vw](x +a(t), HP(x — R) dx,
R

IR =1g" (1) =

where @ is the function defined on R by
@ (x) := 5(1 + th(vx)), (2-27)

with v :=+/1 —¢2/8.
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Proposition 2.4. Let R<€R,t € Rand o € [—o¢, o ], with . :=~/1 — ¢2 /4. Under the above assumptions,
there exists a positive number B., depending only on ¢, such that

1—¢?
8

%[IRW@)] > /R [(0:0)* +v? + w?](x +a(), )P (x — R —ot) dx — Bee 2R (2.28)

In particular, we have
Ir(t)) > Ig(to) — Bee !X (2-29)
for any real numbers ty < t|.
For the limit profile (v*, w*), we set I(1) := Ilgv*’w*)(t) for any R € R and any ¢ € R.

Proposition 2.5 [Béthuel et al. 2015]. Given any positive number §, there exists a positive number Rg,
depending only on 8, such that we have

[z <8 VYR =Rs,
[Ix(t) = P(v", w")| <8 VR <—Rs
foranyt e R.

The proof of Proposition 2.5 is the same as that of Proposition 3 in [Béthuel et al. 2015].
From Propositions 2.4 and 2.5, as in [Béthuel et al. 2015] we derive:

Proposition 2.6 [Béthuel et al. 2015]. Let t € R. There exists a positive constant A, such that

t+1
[ [T009 40 + Pl vt 6 drds < A
t R

We next consider the following map, which was introduced by de Laire and Gravejat [2015]:

._lax—v-_zl/2> , )
‘I"_z((1_v2)1/2+’(1 v)2w) expif, (2-30)
where .
O(x,t):= —/ v(y, Hw(y, t)dy. (2-31)
-0
The map W solves the nonlinear Schrodinger equation
100 + e, U + 2| WPW + 102U —Re(W(1 —2F (v, ¥)))(1 — 2F (v, ¥)) =0, (2-32)
with .
F(U,\I’)(X,I) :=/ U(y»t)"p(y,t)dy’ (2_33)
—0o0

while the function v satisfies the two equations
dv =20, Im(V(2F (v, ¥) — 1)),
dxv =2Re(¥(1 —2F (v, ¥))).
The local Cauchy problem for (2-32)—(2-34) was analyzed by de Laire and Gravejat [2015]. We recall the

following proposition which shows the continuous dependence with respect to the initial datum of the
solutions to the system of equations (2-32)—(2-34) (see [de Laire and Gravejat 2015] for the proof).

(2-34)
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Proposition 2.7 [de Laire and Gravejat 2015]. Suppose that the pairs (v°, ¥°) € H'(R) x L*(R) and
(@°, E'O) € H'(R) x L%(R) are such that

8,0° = 2Re(W(1 —2F (v°, W9))) and 8,0° =2Re(T°(1—2F(°, TV))).

Given two solutions (v, ¥) and (¥, W) in C°([0, T.], H' (R) x L2(R)), with (¥, W) € L*([0, T.], L®(R))2,
to (2-32)—(2-34) with initial data (v°, ¥°) and (?°, CI}O) respectively, for some positive time Ty, there exist

a positive number t, depending only on ||v0||Lz, I ﬁolle, ||\IIO||L2 and ||\FI}O||L2, and a universal constant A
such that we have

lv —=vllcoqo.71.2) + IV = Wlleogo. 1,22 + 1Y — Wl L4 0,77,
< A(I0° = D02 + W0 = W0 2)  (2-35)

for any T € [0, min{z, T..}]. In addition, there exists a positive number B, depending only on ||v°] 2,
150112, 191l 2 and 1 9°1| 2, such that

18,0 — dyDlleoo.7).22) < B(I® — 8012 + W0 — 80| 2) (2-36)
forany T € [0, min{z, T,}].

This proposition plays an important role in the proof of not only the smoothing of the limit profile, but
also the weak continuity of the hydrodynamical Landau—Lifshitz flow.

In order to prove the smoothness of the limit profile, we rely on the following smoothing type estimate
for localized solutions of the linear Schrédinger equation (see [Béthuel et al. 2015; Escauriaza et al. 2008]
for the proof of Proposition 2.8).

Proposition 2.8 [Béthuel et al. 2015; Escauriaza et al. 2008]. Let A € R, and consider a solution
u € CO(R, L*(R)) to the linear Schrodinger equation

10U+ Oy yu =F, (LS)

with F € L>(R, L*(R)). Then there exists a positive constant K, depending only on A, such that

T T+1
xzf /|axu(x,t)|2e“ dx dt < KA/ /(|u(x,t)|2+|F(x,t)|2)e“ dx dt (2-37)
T JR - R

T-1

for any positive number T .

We apply Proposition 2.8 to W* as well as all its derivatives, where W* is the solution to (2-32)
associated to the solution (v*, w*) of (HLL), and then express the result in terms of (v*, w*) to obtain:

Proposition 2.9. The pair (v*, w*) is indefinitely smooth and exponentially decaying on R x R. Moreover,
given any k € N, there exists a positive constant Ay, ., depending only on k and ¢, such that

/ [@FF0*)% 4+ (350*)2 + @*w*)? | (x + a* (1), De" M dx < Ag, (2-38)
R

foranyt e R.



656 YAKINE BAHRI

The Liouville type theorem. We next establish a Liouville type theorem, which guarantees that the limit
profile constructed above is exactly a soliton. In particular, we will show that g5 = 0.
The pair ¢* satisfies the equation

3e* = JHer 1y (%) + T Rer(ne* + (@' (t) — ¢* (1)) (3x Qerry + 3xe™) — ¢ ()3 Qo). (2-39)

where J is the symplectic operator

-2
J = 280, = (_ga 0"’*) , (2-40)
X

and the remainder term R e* is given by

Rer@ye™ = E'(Qcry +&°) — E'(Qer (1) — E"(Qex (1) (€7).

We rely on the strategy developed by Martel and Merle [2008a] (see also [Martel 2006]), and then applied
by Béthuel, Gravejat and Smets in [Béthuel et al. 2015] to the Gross—Pitaevskii equation. We define the
pair

u (-, 1) = SHey (€°(-, 1)). (2-41)
Since SHexr) (0x Ocx(r)) = 0, we deduce from (2-39) that
Opu™ = Her (1) (I Su™) + SHer (1) (I Rern€F) — () (1) SHex (1) (e Qv )

+ (™) (S Hex(1y (%) + (@) (1) — " (1)) SHer) (0x€™). (2-42)

Decreasing further the value of . if necessary, we have:

Proposition 2.10. There exist two positive numbers A, and R, depending only on ¢, such that we have®

d % % 1— 2 . .
%</qu1(X,t)u2(X,t)dx) > 16¢ le* -, Oy — Asllie* CL 01 50,10 (2-43)

foranyt eR.

We give a second monotonicity type formula to dispose of the nonpositive local term ||u*(-, #)]| g(( B(O.R,))
on the right-hand side of (2-43). If M is a smooth, bounded, two-by-two symmetric matrix-valued function,

then

i(Mu*, u) 2w = 2(SMu*, He (=20,u™)) 12(w)2 + “superquadratic terms”, (2-44)

dt
01
5= (1))

where S is the matrix
2In (2-43), we use the notation
I 0@y = [ (@cf?+ 1248

in which © denotes a measurable subset of R.
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For c € (—1, 1)\ {0}, let M, be given by

2000,V Oy V.

S (1-v)? v
_ Ve 0
Ve

M, = (2-45)

We have the following lemma.
Lemma 2.11. Letc € (—1, 1)\ {0} and u € X>(R). Then
Go(u) :=2(SM.u, Hc‘(_zaxu)>L2([R)2
4

2 2 2
=2 [ (= g = 2Bt Vs [ (g = B )s 20
R He ﬂc(l_vc) R Mc Ve

where

e = 2(850)* +v2(1 — v?) > 0. (2-47)
The functional G, is a nonnegative quadratic form, and
Ker(G.) = Span(Q.). (2-48)

We have indeed chosen the matrix M, such that M.Q. = 9, Q. to obtain (2-48). Since Q. does not
vanish, we deduce from standard Sturm-Liouville theory that G. is nonnegative, which is confirmed by
the computation in Lemma 2.11.

By the second orthogonality condition in (2-20) and the fact that H .« (xc+) = —Ac* Xc*, We have
0= (Her(Xe)s %) 2wz = (Her (€7, Xer) 22 = (U™, SXe) L2 my2- (2-49)
On the other hand, we know that
(Qers Sxer) = P (Qe)(Xer) #0, (2-50)

so that the pair u™ is not proportional to Q.+ under the orthogonality condition in (2-49). We claim the
following coercivity property of G. under this orthogonality condition.

Proposition 2.12. Let c € (—1, 1)\ {0}. There exists a positive number A, depending only and continu-

ously on c, such that
Ge(u) > A, / [(Deue1)* + (1)* + (u2)*1(x)e 2 dx, (2-51)
R

for any pair u € X (R) verifying
(u, Sxe)r2my2 =0. (2-52)

Coming back to (2-44), we can prove the next proposition.
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Proposition 2.13. There exists a positive number B, depending only on ¢, such that

%((MC*(,)M*(.,z),u*(.,t)>L2(R)2) > Bi*/R[(axuf)2+(uf)er(u;)z](x,z)e—2x|dx

172

— Bulle* O et DIy (2-53)

foranyt e R.
Propositions 2.10 and 2.13 have the following corollary.

Corollary 2.14. Set

1/0 x
N(t) = z (x 0) + A*B*eZR*MC*(t).

There exists a positive constant A. such that we have

LN @ 0,07 0) ) 2 Al LDl

forany t € R. Since

400 )
f ||”*(',t)||x([};e)dt<+00,

o]

there exists a sequence (t;)eN such that
Jim G5Oy =0
In view of (2-20), (2-41) and the bound for H .« in (A-43), we have
le* (-, O llxw < Acllu*(-, D)l xm®),
Hence, we can apply (2-56) and (2-57) in order to obtain
Jim 112G i) kg =0-
By (2-58) and the orbital stability in Theorem 2.1, this yields:
Corollary 2.15. gy =0.

(2-54)

(2-55)

(2-56)

(2-57)

(2-58)

At this stage we obtain (2-11) for some subsequence. We should extend this result for any sequence.

The proof is exactly the same as the one done by Béthuel, Gravejat and Smets in [Béthuel et al. 2015]

(see Subsection 1.3.4 in [Béthuel et al. 2015] for the details).

Proof of Theorem 1.1. We choose a positive number §. such that || (v, wo) — Qcllx®) < B¢, whenever
dg(m®, u;) < 8.. We next apply Theorem 2.2 to the solution (v, w) € C°(R, NV(R)) to (HLL) corre-
sponding to the solution m to (LL). This yields the existence of a speed ¢* and a position function
b such that the convergences in Theorem 2.2 hold. In particular, since the weak convergence for

m3 is satisfied by Theorem 2.2, it is sufficient to show the existence of a phase function 6 such that

exp(i6(1))dym(- + b(t), t) is weakly convergent to i+ in L*(R) as t — oo. The locally uniform
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convergence of exp(i6(¢))m( -+ b(t), t) towards i+ then follows from the Sobolev embedding theorem.
We begin by constructing this phase function.

We fix a nonzero function x € C2°(R, [0, 1]) such that y is even. Using the explicit formula of i+, we
have

. x (x)

Uer(x) x (x) dx = 2¢* f dx #0. (2-59)
/R ‘ R cosh(y/1 — (¢*)2x)

Decreasing the value of B, if needed, we deduce from the orbital stability in [de Laire and Gravejat 2015]

that

x (x)

R cosh(\/l - (c*)zx)

> |c*|

/ m(x+b(t), ) x(x)dx
R

dx #0 (2-60)

for any r € R.
Let Y : R? — R be the C! function defined by

Y(t,0):= 1m<e—"9f m(x +b(), 1) x (x) dx).
R

From (2-60) we can find a number 8y such that Y (0, 6y) = 0 and 9y Y (0, 6p) > 0. Then, using the implicit
function theorem, there exists a C! function 6 : R — R such that Y(z, 8(¢)) = 0. In addition, using (2-60)
another time, we can fix the choice of 6 so that there exists a positive constant A+ such that

Y (1,0(1)) = Re<e—"9<f>/ mx +b@), 1) x(x) dx) > A > 0. (2-61)
R
Differentiating the identity Y (¢, 0(¢)) = 0 with respect to ¢, this implies that

Y (1, 0(0) | _ LlatT(I,Q(t))I (2-62)

0 O1= 37 c 60| = An

for all ¢+ € R. Now, we differentiate the function Y with respect to ¢, and we use the equation of m to
obtain

&Y (,0(1)) = Im(e"'"/ X () (8xi(x +b(1), OB () — im3(x +b(1), )dyerit (x +b(1), 1)
R
+im(x +b(1), 1)dexm3(x +b(t), 1) —im3(x +b(1), )i (x + b(t), 1)) dx). (2-63)

Since b € Cg (R, R), and since both d,m and d,m belong to Cg(IR, H~'(R)), it follows that the derivative
0’ is bounded on R.
We denote by ¢ the phase function defined by

@(x +b(1), 1) := (), 1) +/O w(y+b(@),1)dy,

with @(b(?), t) € [0, 27 ], which is associated to the function m (x + b(t), t) for any (x, t) € R?2 in the way
that
m(x4b(t), 1) = (1 —m3(x +b(t), ) ? explip(x +b(2), 1)).
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It is sufficient to prove that
exp(i(pb(1), 1) —0(1)) — 1 (2-64)

as t — oo to obtain
exp(i (p(-+b(0), 1) = 6(1))) — expligee () i=exp(i / we(dy) in Lig®
0
as t — oo. This implies, using Theorem 2.2 once again as well as the Sobolev embedding theorem, that

e PO (-+b(t), 1) = dylier  in L(R),

. 3 (2-65)
e 0D+ b(t), 1) >t in LY2(R)

as t — oo. Now let us prove (2-64). We have

e_ig(t)/ m(x +b(@),t)x(x)dx
R

=exp(ilp®b(t), 1) — 9(;)])/[}%(1 —m3(x +b(1), 1)) /? exp (z/ w(y +b(), 1) dy))( (x) dx.

0
We use the fact that Y (¢, 8(¢)) = 0 to obtain

cos(p(b(1), 1) — 0(1)) Im(/ (1 —m3(x +b(), 1)/ exp(i/xw(y +b(1), 1) dy)x(x) dx)
R

0
+sin(p(b(1), 1) — 0(1)) Re(/ (1 —m3(x +b(2), 1)'/? exp(i/xw(y +b(1), 1) dy)x(x) dx) =0.
R 0

On the other hand, by (2-61), we have

cos(p(b(1), 1) — 6(1)) Re(f (1 —m3(x +b(1), 1)/ exp(ifxw(y +b(@),1) dy)x(x) dx)
R

0
—sin(p(b(1), 1) — 6(1)) Im(/ (1 —m3(x +b(2), 1)'/? exp(i/xw(y +b(1), 1) dy)x(x) dx) > 0.
R 0

We derive from Theorem 2.2 and (2-59) that

Im(/(l —m3(x +b(1),1)"/? exp(i/xw(y—i-b(t), 1) dy)x(x)dx) — Im</ te (X)) x (%) dx) =0,
R R

0
and

Re</ (1 —m3(x +b(1), 1)"/? exp(i/xw(y +b(1), t)dy))((x)dx) — Re(/ ﬁc*(x))((x)dx> > 0.
R 0 R

This is enough to derive (2-64).
Finally, we claim that 6’(¢) — 0 as  — o0o. Indeed, we can introduce (2-65) into (2-63), and we then
obtain, using the equation satisfied by i, that

Y, 0(@)—0

as t — 0o. By (2-62), this yields 6'(t) — 0 as t — oo, which finishes the proof of Theorem 1.1. [l
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3. Proof of the orbital stability

First, we recall the orbital stability theorem, which was established in [de Laire and Gravejat 2015] (see
Corollary 2 and Propositions 2 and 4 in [de Laire and Gravejat 2015]).

Theorem 3.1. Let c € (—1, 1)\ {0} and (vy, wo) € X (R) satisfying (2-4). There exist a unique global solu-
tion (v, w) € CO(R, NV(R)) to (HLL) with initial datum (vq, wy), and two maps c1 € C' (R, (—1, 1)\ {0})
and a; € C' (R, R) such that the function g1, defined by (2-5), satisfies the orthogonality conditions

(e1(-, 1), 3 Q) 2y = P'(Qey)(e1(-, 1)) =0 (3-1
for any t € R. Moreover, e1(-,t), c1(t) and a\(t) satisfy (2-7), (2-8) and (2-9) for any t € R.
With Theorem 3.1 at hand, we can provide the proof of Theorem 2.1.

Proof of Theorem 2.1. We consider the map

E((U9 U)), 07 b) = ((ax QJ,[” 8>L2><L2? (XU,bv 8>L2><L2)’

where we have set ¢ = (v, w) — Qs.p, and xop = Xo (- — b) (we recall that x, is the eigenfunction
associated to the unique negative eigenvalue —A, of the operator ). The map E is well-defined for,
and depends smoothly on, (v, w) € H'(R) x L?(R), o € (—1, 1)\ {0} and b € R.

We fix ¢t € R. In order to simplify the notation, we substitute (c;(¢), a;(¢)) by (c1, a;). We check that

E(Qc.a»€1,a1) =0,
and we compute
{3a E1(Q¢.a>c1,a1) =0,
95 E2( Qa5 €15 A1) = —(Xey,ar> 0o Qeyar ) 12 %12+
Let c € (—1, 1)\ {0} and suppose towards a contradiction that

(Xc» 8CQC>L2><L2 =0.

Using the fact that #.(3.Q.) = P'(Q.), this gives

0= (Xc» 0 0c)p2xr2 =—7(Xe» He(0c Q) 1252 = — = (Xe> P/(QC)>L2><L2‘

1 1
% %

Since H, is self-adjoint, we also have
(Xes 0xQc)p2xr2 = 0.
By Proposition 1 in [de Laire and Gravejat 2015], we infer that
0> —Rellxell72, 2 = (tes HeX) 2xr2 = Aclixellzz, 12 > 0,

which provides the contradiction and shows that

{(Xe» Oc QC>L2><L2 #0 (3-2)
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for all c € (—1, 1) \ {0}. In addition, we have

{absl(ch,a., ci,an) =100, |17, =2(1 —c)'? > 0,
0p22(Q¢.ar>C1,a1) =0.

Therefore, the matrix

0 , 0
dop B Qe €1 1) = ( P "Q“"‘“)“X“>

2(1—chH/? 0

is an isomorphism from R? to R.
Then, we can apply the version of the implicit function theorem in [Béthuel et al. 2014] in order to
find a neighbourhood V of Q. 4, a neighbourhood U of (¢, a;), and a map y,, 4, : Y — V such that

E((v, w),0,0) =05 (c(v, w),a(v, w)) :=(0,b) =ycqa(v,w) V(v,w)eV, V(o,b)ecl.
In addition, there exists a positive constant A, depending only on cy, such that
le@llx +lc(@) — 1] +la(®) —ar()] = Alle1(Dlx < Ae, Aco, (3-3)

where c(t) :=c(v(t), w(?)), a(t) :=a(v(t), w(t)) and e(t) := (v(t), w(t)) — Qc(r),a(r), for any fixed t € R.
Using the fact that (v(#), w(#)) stays in a neighbourhood of Q,(1).¢,() for all # € R by Theorem 3.1, and
also the fact that c; satisfies (2-8), we are led to the following lemma.

Lemma 3.2. Under the assumptions of Theorem 3.1, there exists a unique pair (a, c) of functions in
CO([R, IR2) such that

e(t) == @), w)) — Qcwr),a)
satisfies the orthogonality conditions
(e(1), 0x Qc(r),a) L2x 12 = (Xe),a), €M) 2512 = 0. (3-4)
Moreover, we have (2-8).

This completes the proof of orbital stability. Now, let us prove the continuous differentiability of the
functions a and c, as well as the inequality

IO+ a’' (1) —c(®)] < Aclle(-, Dllx®)» (3-5)

for all # € R. The C! nature of a and c can be derived from a standard density argument as in [de Laire
and Gravejat 2015]. Concerning (3-5), we can write the equations satisfied by &, namely

ey = ((@' (1) — c(1))dxVe.q — ' (1)cVea) + 0 (Ve +&0)* = D(Wea +6w) — V7, — Dwea)  (3-6)
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and
016y = (a/(t) - C(t))ach,a - C/(t)acwc,a

a ( axxvc,a + 8XX8U
| —————————

= (vea )2 + (Ve,a + &)

(8xvc,a +ax5v)2 _ axxvc,a v (axvc,a)z
(1= (Wea+e)?? 1-02, ““(1=02,)2

+ 3 (Ve + 8) ((Wea +80)> — 1) —vea(w?, —1). (3-7)

We differentiate with respect to time the orthogonality conditions in (2-6) and we invoke equations (3-6)

and (3-7) to write the identity
¢ Y

Here, M refers to the matrix of size 2 given by

Ml,l =(0c0c, Xe)r2xp2 + <8cXc,a’ E) 2% L2,
M, = (Xc» Ox Qc)r2xre — (axXc,av E)12x12
My = —(0xQc, 0 Qc)p2xp2 +(0:0x Ocoas €) 125125

M =110 0cll3s, > — (x Ocas ) 2012
The vectors Y and Z are defined by
Y = (0swe.a, (Vea +80)> = D) Wea + 80) — (7, — Dwea), >

+<axvc,aa ((wc,a +8w)2 - 1)(Uc,a +&y) — (w?,a - l)Uc,a>L2

OxxVe,a + Oxx &y OxxVe,q
—{ Oxx VUe,as

1— (vc,a +8v)2 a 1 - v?,a

> + c<8xXc,av 8>L2><L2
L2
and

Z= <axxvc,aa ((Uc,a +8v)2 - 1)(wc,a +&w) — (Ucz-,a - 1)wc,a>L2
+(8xch,a’ ((wc,a +8w)2 - l)(vc,a + Sv) - (wia - l)vc,a)Lz

Oxx Vea + OxxEv Oxx VUc,a
—{ Oxxx We,as

1= (vea )2 1-02,

> + ¢ (0xx Oc.a> E) 2% L2
L2

We next decompose the matrix M as M = D + H, where D is the diagonal matrix of size 2 with
diagonal coefficients

Dl,l = (ach’ Xc)szLz 750,
by (3-2), and
Dy = 10:Qein 7> =2(1 —c(t)®)'/?,

so that D is invertible. Concerning the matrix H, we check that

<P/(Qc), Oy Qc)LZxL2 = (0, Qc, ach>L2><L2 =0.
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Then,
H— <8cXc,a’ E) 252 _<8xXc,a, E)r2xr2
(acax Qc,a» 8>L2><L2 _<axx Qc,as 8>L2><L2 .
It follows from the exponential decay of Q. , and its derivatives that

|H| < Acllell L2 r2-

We can make a further choice of the positive number o, such that the operator norm of the matrix D 'H
is less than 1/2. In this case, the matrix M is invertible and the operator norm of its inverse is uniformly
bounded with respect to t. Coming back to (3-8), we are led to the estimate

IO+ 1d' (1) —c@)] < Ac(|Y (O] +Z(@))). (3-9)
It remains to estimate the quantities ¥ and Z. We write
‘(ach,av ((Ve,q + Sv)z — D(we,q +&w) — (vcz‘,a - l)wc,a)Lz‘
= |(ach,aa (812) + 2vc,a£v)wc,a + 8w((8v + vc,a)2 - 1))L2|
< Acllell 2wz
Arguing in the same way for the other terms in ¥ and Z, we obtain
Y1+1Z1 = Olellp2x12),

which is enough to deduce (3-5) from (3-9).
To complete the proof, we show (2-7). Using the Sobolev embedding theorem of H!(R) into C°(R),
we can write

max v(x, 1) < lvepyllze® + V(5 1) = Vey,a e @) < ey ey + 16 | x ®) -

By (2-3), llvellze®) < 1, so that (2-8) implies that there exists a small positive number y. such that
e L@ < 1 — y.. We obtain

max v(x, ) < 1=y +lle@llxm <1 —ye+ac.

For o, small enough, the estimate (2-7) follows, with o, := —o + ¥,. O

4. Proofs of localization and smoothness of the limit profile

Proof of Proposition 2.4. The proof relies on the conservation law for the density of momentum vw. Let
R and ¢ be two real numbers, and recall that

1 / [vw](x +a(t), )P (x — R) dx,
R

() =1g" (1) =

where @ is the function defined on R by

®(x) == 3(1 + th(vex)),
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with v, ;= +/1 — ¢2/8. First, we deduce from the conservation law for vw (see Lemma 3.1 in [de Laire
and Gravejat 2015] for more details) the identity

%[IIHM(I)] =—(d@t)+0) / [vw](x +a(t),)®' (x — R —ot)dx
R

+ fR[zﬂ +w? = 3w + (13__—;22)2(8,51))2] (x+a(),)® (x —R—ot)dx

+f[1n(1—vz)](x+a(t),t)CI>’”(x—R—ot)dx. 4-1)
R

Our goal is to provide a lower bound for the integrands on the right-hand side of (4-1).
Notice that the function @ satisfies the inequality

D" < 402, (4-2)

In view of the bound (2-14) on @’(¢) and the definition of o., we obtain that

@@ +ofr < 21T 4-3)
Hence, we deduce
Lo (0] 2 / [4v3 In(1 = v%) + 0% + w? — 3w’
R
+ (axv)2 — 9—|—7c |vw|}(x +a@), ) (x—R—ot)dx =:J1 + Jo. (4-4)

At this step, we decompose the real line into two domains, [— Ry, Ro] and its complement, where Ry is to
be defined below, and we denote by J; and J> the value of the integral on the right-hand side of (4-4) on
each region. On R\ [— Ry, Ro], we bound the integrand pointwise from below by a positive quadratic
form in (v, w). Exponentially small error terms arise from integration on [— Ry, Ro].

For |x| > Ry, using Theorem 2.1 and the Sobolev embedding theorem, and choosing o small enough
and Ry large enough, we obtain

[(x +a(), D] < ley(x, D] + Ve ()] < Ac(@o +exp(—v 1 —Ro)) < 15 (4-5)

for any ¢t € R. Using the fact that In(1 —s) > —2s for all s € [0 ] and introducing (4-5) in (4-4), we

obtain

2
lel_c/ [v2 + w? + (0,v)’](x +a@), )® (x — R — o) dx. (4-6)
[x|>Ro

We next consider the case x € [— Ry, Ro]. In that region, we have
|lx —R—o0t|>—Ry+|R+ot].

Hence,
@' (x — R —ot) < 2u.e?VcRog2velRtot], 4-7)
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Since the function | In( - )| is decreasing on (0, 1], in view of (2-7) and (4-4),
| 12| < A, / [v* + w? + (3:0)*](x +a(), NP'(x = R —o1) dx.
[x|<Ro

Then, by (4-7) and the control on the norm of (v, w) in X (R) provided by the conservation of the energy,
we obtain
|‘12| < Bce—ZUC\R-‘r(TH'

This finishes the proof of (2-28). It remains to prove (2-29). For that, we distinguish two cases. If R > 0,
we integrate (2-28) from t =y to t = (9 + t1)/2, choosing ¢ = o, and R = R — oy, and then from
t=(tp+1t)/2tot =t choosing 0 = —o, and R = R+o.t;. If R <0, we use the same arguments for the
reverse choices 0 = —o, and 0 = o.. This implies (2-29), and finishes the proof of Proposition 2.4. [

Proof of Proposition 2.9. Let ¥* and v* be the solutions of (2-32)—(2-34) expressed in terms of the
hydrodynamical variables (v*, w*) as in (2-30). We split the proof into five steps.

Step 1. There exists a positive number A, depending only on ¢, such that

t+1
f f 10, U™ (x + a* (1), s)|%e" ¥ dx ds < A, (4-8)
t R

foranyt e R.

By (2-23) and (2-30),
(WH] < Ac(j0r 0"+ [w™)). (4-9)

In view of Proposition 2.6 and the fact that |a*(¢) — a*(s)| is uniformly bounded for s € [t — 1, t 4 2] by

(2-22), this yields
t+2
/|‘I’*(X+a*(t),s)|2e2”‘|xdxds < A.. (4-10)
t—1 R

We define

F*:= —1(")?W* + Re(W*(1 — 2F (v*, U*))) (1 — 2F (v*, ¥")).

We recall that ||v*||Lo@rxr) < 1 — o by (2-23). Using the Cauchy—Schwarz inequality, the Sobolev
embedding theorem and the control of the norm in X (R) provided by the conservation of energy, we have
F(v*, ¥*) € L°°(R x R). Hence,

|F*| < AW, (4-11)

where A, is a positive number depending only on c¢. Then, by (4-10),

42
/ / |F*(x +a*(1), s)|* e dx ds < A, (4-12)
t—1 JR

for any ¢ € R. Next, by Proposition 2.7, we have

I 41,427, 100y < Ace (4-13)
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Indeed, we fix ¢t € R and we denote by

(W), v)) == (W*(-+a*t — 1), 1 = D), v*(-+a*@t — 1), 1 — 1)),
(W1($), vi(s) := (W*(-+a* =1, —1+9),0*C+a* @ —1),t — 1+5))

the corresponding solution to (2-32)—(2-34). Denote also by

(B9, 09) 1= (Wer(1—1), Ver(r—1)),
(W2(s5), v2(8)) := (Wer(—1y (x — (1 = 1)), Vero—1y (x — ¥ (1 — 1)s))

the corresponding solution to (2-32)—(2-34), where W.«(;) is the solution to (2-32) associated to the
soliton Q). We have, by (2-35),

W1 (s) — W2 ()l L2 qo.zg.Loy < A(IV) — 03112 + W) — WOl 2).

Using (2-21), we obtain

W1(s) — W2 ()l 240,77, L) < Ac,

where 7. = e ([[0)[l 22, V112, 1112, 1Dl 2) depend only on ¢. Since [0,3]1 € |J [k, (k+ D],

we can infer (4-13) inductively. O<k<3/e

In addition, by (4-9), we have
W54+ a*(t), Il poqr-1.r+2).02) < Ac- (4-14)

Hence, applying the Cauchy—Schwarz inequality to the integral with respect to the time variable, (4-10),
(4-13) and (4-14),

t+2
/ /|\D*(x+a*(t),s)|4e”‘|x|dx ds
t R

-1

t+2
< / / 07 (3 a0, ) PP d | W7 () 2o gy s
t—1 R

*0 * oW/ 112 *0 * 12
S ||\Il ( +Cl (t)a )e ||L4([t71,t+2],L2(|R))||\IJ ( +a (f), )I|L4([t71,t+2],L°°([R))
< |W*(-+a* (), ')eu‘H||L2([t—1,z+2],L2(R))||‘1’*( “Aa* (1), )l poqr—1.1421.L2®)
* * 2
”llj (+Cl (t)7 ')||L4([t71,t+2],L°°(IR))

<A.. (4-15)

In order to use Proposition 2.8 on W*, it is sufficient to verify

sup / |W*(x 4+ a*(1), s)|?e®* dx ds < A.. (4-16)
se[t—1,t+2] JR
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Indeed, using (4-16) and (4-13), we can write

t+2
/ /|\IJ*(x+a*(t),s)|662”‘|x|dx ds
t—1 JR

cl® 2 4
< [W* (- +a* @), e l“LOO([t—l,t—i-ZJ,LZ(R)) N C a0 a1, 121 Lo ®)
<A (4-17)
which proves that W* satisfies the assumptions of Proposition 2.8. Then, we apply Proposition 2.8 with
ui=W*(-4a*@), -+ t+1/2), T:=1/2, F := |u|*>u+ F*(-, t+1/2) and successively A := v, and
we use (4-10) and (4-12) to obtain (4-8).

Now let us prove (4-16). First, we recall the next lemma stated by Kenig, Ponce and Vega [Kenig et al.
2003].

Lemma 4.1. Leta € [—2, —1] and b € [2, 3]. Assume that u € C°([a, b] : LX(R)) is a solution of the
inhomogeneous Schrodinger equation

i0u—+ 0y xu=H, (4-18)
with H € L'([a, b] : L*(e?* dx)), for some B € R, and
us=u(-,a), ubzu(-,b)eLz(eﬂxdx). (4-19)
Then there exists a positive number K such that

sup [lu(-, Ol 2epraxy < K (1all 2o an) + Npllz2eesxany + 1H 1 L1 (0,51, 12rdx)) ) - (4-20)

a<t<b

In order to apply the lemma, we need to verify the existence of numbers a and b such that (4-19)
holds for u := W*(-+a*(t), - +1) and such that H := |u|?u + F*(-,-+1) € L'([a, b], L*(e#* dx)) for
B = %y respectively and any ¢ € R. Our first claim is a consequence of (4-10) and the Markov inequality.
Indeed, there exist so € [—2, —1] and s; € [2, 3] such that

f|lIJ*(x+a*(t),sj+t)|262”‘|x|dx§Ac for j =0, 1.
R

For the second claim, due to (4-12) and the Cauchy—Schwarz estimate, it is sufficient to show that
lul?u € L'([—2, 3], L?(e"*! dx)). To prove this we use the Cauchy—Schwarz inequality for the time
variable, (4-10) and (4-13),

3 1/2
/(/ |\v*<x+a*<r>,s+z>|6e2”c'*dx) ds
-2 R

S ||lIJ*( : +a*(t)7 * + t)eVC| ’ I H LZ([72’3]’L2)HKD*( . +(l*([), : + t)||i4([—2,3],L°°)
<A..

Now we may apply Lemma 4.1 with a = 59 and b = s; to deduce (4-16). This finishes the proof of the
first step.
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In the next step, we prove that (4-8) remains true for all the derivatives of W* and v*.

Step 2. Let k > 1. There exists a positive number Ay ., depending only on k and ¢, such that

t+1
/ / 105W* (x 4 a* (1), )P dx ds < Ay (4-21)
t R

and

t+1
/ / 850" (x +a* (1), 5)[Pe" ™ dx < Ay (4-22)
t R
foranyt e R.

The proof of Step 2 is by induction on k£ > 1. We are going to differentiate (2-32) k times with respect
to the space variable and write the resulting equation as

i0;(05W*) 4 8, (35 W) = Ry (v, W), (4-23)

where Ry (v¥, W*) = 9% (|W*|2W*) + 9¥ F*. We are going to prove by induction that (4-21), (4-22) and

t+1
/ / IRy (v*, U*)(x +a*(1), s)|?e" " dx ds < Ay, (4-24)
t R

hold simultaneously for any ¢ € R. Notice that (4-21) implies that 3*¥* € LIQOC([R{, L?(R)), while (4-24)

implies that Ry (v*, ¥*) € L2 (R, L>(R)). Therefore, if (4-21), (4-22) and (4-24) are established for

loc
some k > 1, then applying Proposition 2.8 to 8)’;\11* can be justified by a standard approximation procedure.

For k = 1, (4-21) is exactly (4-8). Equation (4-22) holds from Proposition 2.6 and the fact that
la*(t) — a*(s)| is uniformly bounded for s € [t — 1, t + 2]. Next, we write
Ry (v*, W¥) = —v* 9, 0" W* — L (v*)20,W* +Re(9, W*(1 —2F (v*, ¥%))) (1 — 2F (v*, ¥*))
— 20%|WH (1 — 2F (v¥, U¥)) — 20*W* Re(W*(1 — 2F (v*, U*)) — 28, (W*|W*]?)).
We will show that
W* e L2t —1,t+2], L(R)) (4-25)

in order to control the derivative of the cubic nonlinearity by |0, V*|, and then we will use the fact that
F@*, ¥*) € LR x R), [v*|lL~®xr) < 1 and the second equation in (2-34) to get

Ri(v*, W) < K(|0eW*] + 0,0 [9F] + [W*[). (4-26)
Let us prove (4-25). We define the function H on R by

H(s) := %A(wxw*(x, )2 = 1W*(x, 5)[*) dx.
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We differentiate it with respect to s, integrate by parts and use (2-32) to obtain

H'(s) = — Re(/ AW (x, ) [0 W* + 2W*| W 2] (x, 5) dx)
R

=Re</ 85\11*(x,s)F*(x,s)dx)
R
<13 )l -1 @ 1 F* () 1 g1 ) - (4-27)

We have
10 F*| < K (10, V" + [0, 0| W] + I‘IJ*IZ),

using the fact that F'(v*, ¥*) € L°(R x R), |[v*]|z=®mxr) < 1 and the second equation in (2-34).
Hence, by (4-8), (4-10), (4-15) and the fact that |9, v*| < |¥*| on R x R, we obtain

105 F*l L2(e=1, 0421, 12®)) < Ac- (4-28)

On the other hand, we infer
105 W | L2 —1,1420, -1 ) = Ac (4-29)

from (2-32), (4-8), (4-12) and the fact that W* € L*([t — 1, ¢ +2], L°(R) N L8[t — 1, ¢ + 2], L*(R)).

Next, we integrate (4-27) between t — 1 and ¢ 4 2 and apply the Cauchy—Schwarz inequality to obtain
HeWl'((t—=1,1+2]) forallr € R using (4-28) and (4-29). Notice that all these computations can be
justified by a standard approximation procedure. This yields, by the Sobolev embedding theorem, that
H e L*([t — 1, t +2]). We conclude that the derivative 3, ¥* € L>®([t — 1, + 2], L*>(R)). Indeed, we
can use the Gagliardo-Nirenberg inequality and the fact that ¥* is uniformly bounded in L?(R) by a
positive number to write

1
H<s>z§f 18 W* e ) dox — AW ()12 196 W ()l 2y
R

=3 [ B 9P dx = AR Ol
The function x — %xz — AM?x diverges to +00 when x goes to +00. Since H is bounded, we infer that
10xW* ()l L2(w) 18 uniformly bounded on [ — 1, 7 + 2] for all # € R. This finishes the proof of (4-25) by
the Sobolev embedding theorem. Then, by (4-26), (4-24) for k = 1 is a consequence of (4-8), (4-15) and
the fact that |9, v*| < |¥*| on R x R.

Assume now that (4-21), (4-22) and (4-24) are satisfied for any integer 1 < k <k and any r € R. Let us
prove these three estimates for k =ko+1. We apply Proposition 2.8 with u := 8)]?)\1/*( 4a*(t), - +(+1/2)),
T :=1/2 and successively A := Fv.. In view of (4-21), (4-23), (4-24) and the fact that |a*(t) — a*(s)] is
uniformly bounded for s € [t — 1, t + 2], this yields

141
/ / |85 (x 4 a* (1), 5)| 2" dx ds < A, (4-30)
r IR

so that (4-21) is satisfied for k = ko + 1.
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Letk e{l, ..., ko}. We use the induction hypothesis and (4-30) to infer that
™ e L2([t, 1 + 11, H*(R)).

Also, we have
3w e H([t, 1 4+ 11, L*(R))

using (4-23) and (4-24). This yields, by interpolation,
A e H2B (1,1 + 11, H(R)).

Hence, using the Sobolev embedding theorem, we obtain

I e L®([t,t + 1], L°(R)) forallt e R. (4-31)
On the other hand, since |0,v*| < |¥*|, we have, by (4-25), that 9, v* € L*°([¢,t + 1], L°°(R)). For
ke{2,...,ko}, we differentiate the second equation in (2-34) k times and we use (4-31) to obtain
k—1 k—2
|a,’§v*|5K(Z|a;w*|+2|a;v*|), (4-32)
j=1 j=0

where K is a positive constant. By induction we infer from (4-31) that
va* € L®([t,t+1], L*(R)) forallr € R, (4-33)

forall k € {2, ..., ko}. Then, we just compute explicitly Ry +1(v*, ¥*) and we use (4-31) and (4-33) to
obtain

ko+1 ko
| Regr1 (v, @) < AkOH,C,K(Z EANEDY |a;v*|).
j=0 Jj=1

Hence, by (4-21) for all k < kg, (4-22) and (4-30), we obtain (4-24) for k = ko + 1. Finally, we introduce
(4-21) for all k < kop+ 1 and (4-22) for all k < k into (4-32) to deduce (4-22) for k = ko + 1. This finishes

the proof of this step.

2

ioc 1N time estimates into L* in

In order to finish the proof of Proposition 2.9, we now turn these L
time estimates, and then into uniform estimates.

Step 3. Let k > 0. There exists a positive number Ay ., depending only on k and ¢, such that
/R 050 (x +a* (1), D)2 dx < Ag (4-34)
foranyt € R. In particular, we have
|05 w* (- +a* (), e/ Lo < Ak (4-35)

for any t € R, and for a possibly different choice of the positive constant Ak ..
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Here, we use the Sobolev embedding theorem in time and (4-23) for the proof. By the Sobolev
embedding theorem, we have

H 846‘{,*( . +a*(t), t)e(VC/Z)‘.lusz([R) < K(Has(aﬁ‘l’*( . +a*(l‘), s)e(VC/Z)l.‘)Hiz([t—],t-f]],Lz([R))

+ |5 wH (- 4+ a* (), s)ee /DN Hiz([tfl,Hl],Lz(R)))’

while, by (4-23),

” as(a)’j\p*(~+a*(t), s)e(vc/2)|~\ ||a)16<+2\1,*( +a*@), S)e(vc/2)\~|||i2

2
)H L2([t—1,t+1],L2(R)) = 2(
HI R Ha @, 90 L, 2wy

([t—1,t+11,L2(R))

so that we finally deduce (4-34) from (4-21) and (4-24). The estimate (4-35) follows from applying the
Sobolev embedding theorem to (4-34).
The function v* satisfies a similar inequality:

Step 4. Let k € N. There exists a positive number Ak ., depending only on k and ¢, such that
/ (05 v*(x +a*(@), ) e M dx < Ay (4-36)
R

and
[akv* (- +a*(0), e P ) < Ak (4-37)
foranyt e R.

The proof is similar to the proof of Step 3 using the first equation in (2-34) instead of (2-32). We use
the Sobolev embedding theorem to write

[0Xv* (- +a*@), t)ew"”iz(w) < K (|35 (350" (- +a* (o), s)evc"|)||iz([t—1,z+1],L2<R)>
N2
+ [ 8kv* (- + a* (@), 5)e”! 'HLZ([,—l,erl],LZ(R)))‘
By the first equation in (2-34), (4-21), (4-23) and (4-33), we have
[ (@50 +a" @, 9" N | oy oy 2y = Ace

This leads to (4-36). The uniform bound in (4-37) is then a consequence of the Sobolev embedding
theorem.
Finally, we provide the estimates for the function w*.

Step S. Let k € N. There exists a positive number Ak ., depending only on k and ¢, such that
/ |0 w* (x +a*(1), 1) "M dx < Ay (4-38)
R

and
|okw* (- +a*(0). e P L g < At (4-39)

foranyt e R.
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The proof relies on the last two steps. First, we write
VR = —19,((1— (v)?) ! expif™).

Since (1 — v*(x, 1)?)1/2 expif*(x,t) — 1 as x — —oo for any ¢ € R, we obtain the formula

2F(*, W) =1—(1— "% 2expio*. (4-40)
Hence, using (2-30), we have
W (1-2F (v*, ¥*))
w =21m( o ). (4-41)
Combining (2-7) and (4-40), we recall that
[1—2F*, ")
< A.. (4-42)
1 — (v*)?
Hence, we obtain
|w*| < A W™

Then, (4-38) and (4-39) follow from (4-34) and (4-35) for k = 0. For k > 1, we differentiate (4-41) k
times with respect to the space variable, and using (4-35), (4-37) and (4-42), we are led to

k k—1
ofw*| < Ak,c(z EANESY |a;v*|>.
j=0 j=1

We finish the proof of this step using Steps 3 and 4. This completes the proof of Proposition 2.9. U

5. Proof of the Liouville theorem

Proof of Proposition 2.10. First, by (2-38) and the explicit formula for v, and w, in (2-3), there exists a
positive number Ay . such that

/ (@Fer(x, )+ (O5es (x, 1)) dx < Ay, (5-1)
R
for any k € N and any r € R. In view of the formulae of H. in (A-42) and for u* in (2-41), a similar

estimate holds for u*, for a possibly different choice of the constant A .. As a consequence, we are
allowed to differentiate with respect to the time variable the quantity

5 = /xu*f(x, Hus(x, t) dx
R
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on the left-hand side of (2-43). Moreover, we can compute

di(I*) = —2/ M(Hc* (axu*), l/t*)RZ +/ M(HC.*(JRC*&‘*), M*>|R2
4 R R

- (C*)//; W Hex (0. Qe+, ”*>[R2 + (C*)//I‘% M(ach*(e*)a ”*>[R{2
+ (@) =) /R U He (358™), u™ ) g2, (5-2)

where we have set u(x) = x for any x € R.
At this stage, we split the proof into five steps. The proof of these steps is similar to the proof of
Proposition 7 in [Béthuel et al. 2015].

Step 1. There exist two positive numbers Ay and Ry, depending only on ¢, such that
1— 2
Ti(t) = —2 / P (Her (0u) ) = = * (D = Al L D10,y (5-3)
R

foranyt e R.
We introduce the explicit formula of the operator #+ in the definition of Z} (¢) to obtain

3
axul ut
1

(1—v2)?

9 Xu* * * *
i (1) :2/ Max<x—§)u1 —2/ mw(1=(c*? = G+ (cHHva +2vk)
R 1 R

_C*

1+v2 (1+v2)?
—{—2/ cF——<(0,ul u*—Z/ )2 uut
RM 1 3*(x S)U] [RM( ) (l—v?*)3(x Du]

*l+vg* k% 2 HY ok
+2 | uct———=@uu; =2 | p(l —vg)(0xuz)u;.
R 1—va R

Integrating each term by parts, we obtain
Iy (1) = / g (x, 1) dx,
R

with

2 Dy Ve Ve 1+ 4x0,v0v,
LT:( oy el )(8qu)2—2c*< R 2 oxberbe )uﬁu*{

1—v2 1 -2 1—v2 (1 _Ug*)z

1+2((c*)? — 3)1)3* + (2(c*)? - 3)vf* — 2vc6* .

(1—v2)? 1)

((c*)? =3) + (2(c")? — 3)UL2.* — SUf*
(1—v2)*

+ (1 = 2 = 2x0, Ve ves ) (u3) +

4 4x0, VU (uT)z.

Let § be a small positive number. We next use the exponential decay of the function v, and its derivatives
to guarantee the existence of a radius R, depending only on ¢ and § (in view of the bound on ¢* — ¢ in
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(2-21)), such that
2

4

Gx, 1) > (2= 8)(0,u)(x, 1) + ( — 8)((uT)2(x, 1)+ Wh)*(x, 1))

when |x| > R.
Then, we choose § small enough and fix the number R; according to the value of the corresponding R,
to obtain

1—¢2

/ G(x, 1) dx > / (@euf(x, D) +uf(x, ) +ub(x, 1)?) dx. (5-4)
[x|=R; [x|=R;

On the other hand, it follows from (2-3), and again (2-8), that

/ G(x, t)dx > (
[x|<R;

for a positive number A; depending only on ¢. Combining with (5-4), we obtain (5-3).

1—c2

—Al)[ (@euf(x, ) +uf(x, ) +ub(x, 1)?) dx
[x|<Ry

Step 2. There exist two positive numbers Ay and R,, depending only on ¢, such that

1— 2
/M(Hc*(JRc*S*),“*>R2 = 4C ””*('at)”%((R)+A2||u*('»t)||§((3(o,1e2)) (5-5)
R

0] = =

foranyt e R.

We refer to the proof of Step 2 in the proof of Proposition 7 in [Béthuel et al. 2015] for more details.
We infer the next step from (2-9), (2-57), the explicit formula of H .+ in (A-42) and the exponential
decay of the function 9. Q.+ and its derivatives.

Step 3. There exist two positive numbers Az and Rz, depending only on ¢, such that

T = !

2
—C
o1 1 G + A3l Ok so.ry  (56)

(Y /R JHe (0 Q) )2 | <

foranyt eR.

We decompose the real line into two regions, [— R, R] and its complement, for any R > 0. We use the
fact that |x| < e"<*/* for all |x| > R, to write

1Z; ()] < RI(c™) (1) | M) (Be Qe (1)) () | |* (x, 1) | dx

[x|<R

+81(e) () | Her (1) (B Qe () () [ |ue* (x, 1) |e"1/% dlx
xR

for any ¢t € R. We deduce from (2-9), the explicit formula of .+ in (A-42) and the exponential decay of
the function d. Q.+ and its derivatives that

IZ3 (O] < Ac(RIlu* (- Dl xBo,r) + 811, Dlxaw) Ie* (-, Dl 2@y

for any ¢ € R. Hence, by (2-57),

R2
501 = Ac( 510 LD 0.0y + 2600 Dy )-
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We choose § so that 24,8 < (1 — ¢?)/64, and we denote by R4 the corresponding number R, to obtain
(5-6), with Ay = AR}/S.
Similarly, we use (2-9), (2-21) and (2-57) to obtain:

Step 4. There exists two positive numbers Ay and Ry, depending only on ¢, such that

1

2
IZ3(0)] = < 6; (- Ol + Aall*CL Ok sory 7

Y /R B0 Hee (6%, ")

foranyt e R.
The last step follows from an argument as in Step 3.

Step 5. There exist two positive numbers As and Rs, depending only on ¢, such that

1Zs ()] == ‘((a*)' - C*),/R (Mo (9x€™), ™) g2

1

=

2
—C
o1 I Gk + Aslu™ L Ok s0,9) (5-8)

foranyt e R.
Finally, combining the estimates in Steps 1 to 5 with the identity (5-2), we obtain

1—¢2
o 107G Dk — (A + Aa+ Az + As+ As) (-, Dk s0,,0)0

Lay =
allowing us to conclude the proof of (2-43) with
R, =max{R;, Rz, R3, R4, R5},
Ay =A1+Ar+ A3+ Ay + As. U
Proof of Lemma 2.11. When u € H3(R) x H'(R), the function d,u is in the space H?(R) x L%(R) which

is the domain of .. The scalar product on the right-hand side of (2-46) is well-defined in view of (2-45).
Next, we use the formula for . in (A-42) to express G.(u) as

(SM.u, /Hc(_zaxu))Lz(R)z

2/ Dy Ve 1—c2—(5+c2)v§+2v§+ 2(1+v§)2_2 Lv2(1+v2)
R (1—202)? (1—v2)3 (1 —v2)3

_2/ 8xvcax(axx“12)+2/ 8xvc(1_vc2)uzaxu2
R vC 1_vc R vC

Cax C ax C 1 2
+2c/(2v vzulaxuz—wax(uluz))‘ (5-9)
R

1 —v2 ve(1 —v2)

Ve

We recall that v, solves the equation
derve = (1 =2 = 202)v,, (5-10)

which leads to

8X (&
@00 =1 —c®— v and ax( ”):—vz. (5-11)

Ve ¢
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Then, the third integral on the right-hand side of (5-9) can be written as

v (1 —v?
2 / M’maxuz ~ / peiid, (5-12)
R c R
with e :=2(3,ve)> + (1 — vf)v?. Similarly, the last integral is given by
Ve0y U 9, ve(1 4+ v2) / ) Ve0y U
2———u Oty — ——=-9 =— ; 2 d . 5-13
/R< l—vzul U2 (1= 12) o (u1uz) . v u U + l—vf.uz U] (5-13)
Combining (5-12) and (5-13) with (5-9), we obtain the identity
2 2
cv 2CV:0, VU,
(SMeut, He(=28510)) 2Ry =I+/ m(uz— Cup— ———— xu1> ,
R Me Me(l —v7)
where
I = _/ o & (L ol Sl L + + e —2c2—vgaxvc Uy dtty
R\ v (1= 022 (I— 022 el —v2)

- ; 4 30202
TS R
R Ve 1 —vZ R Me R He(l=vg)

Using (5-10) and (5-11), we finally deduce that

which finishes the proof of (2-46). [l

Proof of Proposition 2.12. We first rely on (2-3) and (2-46) to check that the quadratic form G, is
well-defined and continuous on X (R). Next, setting

V= (Vell1, Velt), (5-14)

and using (5-10), we can express it as

2 29 : A 9 2
Geu) = Ko(v) :=/ ”—L(axvl— xval) +/“—§(vz+%v1—2c"c—"”gaxvl), (5-15)
R He Ve R Vg pe(l =v7) pe(l = vg)

where we have set A. 1= — . + 4(d,v.)>. From (2-48) and (5-14) we deduce that

Ker(K.) = Span(v.Q.). (5-16)

Let w be the pair defined in the following way
CU 0y Vg
w=(v,vy—2———0 vl).
( pe(l—vh ™
We compute
Ke(v) = (Te(w), w)2(w)y2s (5-17)



678 YAKINE BAHRI

with
Te(w) =
2 8v2 (3, 0:)2 =200 (1—v2)  4(8,v.)>  c*(2c*—1+v2)%0? 2¢2—140?
—38x(v—‘8xw1>+< v} (9 ve) 2vL( U¢)_|_ (Oxve)*  *(2c +:L2) UL> 1_c(c ;i—vc)w2
¢ 25 He pe(1=v7) (I=v2) (5-18)
c(2c2—1+v3) n e
—_—— Cu+—=w
(1—12) R

The operator 7 in (5-18) is self-adjoint on L?(R)?, with domain Dom(7;) = H*(R) x L?(R). In addition,
combining (5-15) with (5-17) we deduce that 7. is nonnegative, with a kernel equal to

5 2CUZ(3X vc)z) }

ferto = Span{(”"’ e(1—03)

At this stage, we divide the proof into three steps.

Step 1. Let ¢ € (—1, 1)\ {O}. There exists a positive number A, depending continuously on c, such that
(Te(w), w) 2@y = Al / (W + w3), (5-19)
R

for any pair w € X' (R) such that

2cv2(3,v0)?
<w, <v§, va)» —o0. (5-20)
el =v2) /[ 12wy

We claim that the essential spectrum of 7 is given by
Oess(Tc) = [Te, +00), (5-21)
with
=115, >0 (5-22)

Here, we have set
4(1—c>)+c22c*—1)?  3-2¢2
Tl,e = > +
2(3—2c¢%) 2

and

2y 2002 1)2 2
ne= (MELECECE_go2)) +acel -1
’ 3—-2¢2
In particular, O is an isolated eigenvalue in the spectrum of 7.. The inequality (5-19) follows with A
either equal to 7., or to the smallest positive eigenvalue of 7. In view of the analytic dependence on ¢ of
the operator 7., A depends continuously on c.

Now, let us prove (5-21). We rely on the Weyl criterion. It follows from (2-47) and (5-10) that

e () } (B:0)2(x) _ 1-¢2
= 3—-2 d
o 0T M T T3l
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as x — Foo. Coming back to (5-18), we introduce the operator 74, given by
3 4(1—c?)+c2(2c? —1)2
—0
Tu(w) = | 3222 %t 3-2c2
—c2c® - Dw; + B — 2c2)w2

—c(2¢?2 = Dwn

By the Weyl criterion, the essential spectrum of 7. is equal to the spectrum of 7.
We next apply again the Weyl criterion to establish that a real number A belongs to the spectrum of 75,
if and only if there exists a complex number & such that

3 4(1—=cH+c22c2—1)? 2 2 2
xz—( 2 ) ),\ 4(1—c?) =0.
3_2c2|§| + 3202 +3-2c")A+3EI"+4(1 —c¢) =0
This is the case if and only if
41—+ -D*+3|g1> | 3—2¢?
A= +
2(3—2c?) 2
_ 2 2092 1y2 2 2 1/2
:l:l<<4(1 c )+C (2C ]) +3|é| _(3_202)) +4C2(2C2—1)2)
2 3—-2¢2

This leads to 0ess(7) = 0 (Too) = [Te, +00), with 7, as in (5-22). This completes the proof of Step 1.

Step 2. There exists a positive number A,, depending continuously on c, such that
Kc(v) > Az/((a vy)? +v1 + vz) (5-23)

for any pair v € X' (R) such that
(v, v, Sxe) 12y = 0. (5-24)

We start by improving the estimate in (5-19). Given a pair w € X'(R), we observe that

2
V-

(Te(w), w) 2@y — 3 / < (3,wy)?
R Mc

R

Here and in the sequel, A, refers to a positive number depending continuously on c. For 0 < 7 < 1, we
have

)
(Te(w), w2y = (1 = ) (Te(w), w) 2@y + 3T/ M—C(E)xwl)Z - Acr[(wf +w3).
R Mc R
Since vf./uc > 1/(3 —2c?), this yields

(Te(w), w) 2wy = (1= 1A, —Acr)A(w%+w§)+3 o /(a wi)?

under condition (5-20). For T small enough, this leads to

(Te(w), w) 2wy = Ac / ((Bw)? +wi + w3) (5-25)
R

when w satisfies condition (5-20).
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Since the pair w depends on the pair v, we can write (5-25) in terms of v. By (5-17), K.(v) is equal to
the left-hand side of (5-25). We deduce that (5-25) may be expressed as

2 2 2cve (95 ve) 2
Ke() = Ac/R«axvl) +13) +AC/R(UZ - s o)

We recall that, given two vectors a and b in a Hilbert space H, we have
2 2 T 2
la—>bly >rtlally — :IlbllH

for any 0 < v < 1. Then, we deduce that

2 2 2\ TA. < Ve (0 ve) )2
KC(U)EAC/R((axvl) + v +TU2) I—T/I;{ ,U«c(l_vz)axvl .

We choose t small enough so that we can infer from (2-3) that

K.(v) > A, / ((Bcv1)* + vf +v3) (5-26)
R
when w satisfies condition (5-20), i.e., when v is orthogonal to the pair
2c02(Bxve)?\ 2¢v2(9,v,)?
b, = (Ug_ax( cvg( xvcz) >’ cvg( xvz) ) (5-27)
ne(l=v2) )" pe(1—v2)

Next, we verify that (5-26) remains true, decreasing possibly the value of A., when we replace this
orthogonality condition by

(v, Ve Qc) 2wy = 0. (5-28)
We remark that
(0¢, Ve Qc)LZ(R)Z # 0.

Indeed, we would deduce from (5-26) that
0=Kc(:0c) > Ac / (00 + vl + (vew,)?) > 0,
R

which is impossible. In addition, the number (v., v.Q.)2®)2 depends continuously on ¢ in view of
(5-27). Given a pair v satisfying (5-28), we denote by X the real number such that v = Av. Q. + ¥ is
orthogonal to v.. Since v. Q. belongs to the kernel of K., using (5-26) we obtain

K. (D) = K.(0) > A, / ((3x01)* + 0] +03). (5-29)
R

On the other hand, since v satisfies (5-28), we have
(0,v:0¢) 2Ry
”UC QC ||iZ(R)2

Using the Cauchy—Schwarz inequality, this yields

A< A, (/R(vz1 + (vcwc)2)> (/R(n% + n%)).
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Hence, by (2-3) and (5-29),
W< AcKo(0) = AcK (D).

Using (5-29), this leads to
/ ((3:0)* + 01 +93) < 2(,\2/ V2 ((Bxve)* + v + w?) + / ((3c01)? + 07 + u§)> < A K. (D).
R R R

We finish the proof of this step applying again the same argument. We write v = Av.SQ. + U, with
(U, v Q) 2w = 0. Since v, Q. belongs to the kernel of K., we infer from the same argument that

K.(v) = K.(D) > Azf(axﬁl)z + 97 4 3. (5-30)
R

Using the orthogonality condition in (5-24), we obtain

(0, v S xe) 12wy
(Qes Sxed 2wy

By the Cauchy-Schwarz inequality, we are led to
2= A Sl [ (5 5).
Invoking the exponential decay of . in (A-46), we deduce
g ' Sxell72, 12 < A
As a consequence, we can derive from (5-30) that
32 < AcKe(@) = AcK ().
Combining again with (5-30), we are led to
/ (@) +of+v3) < 2(x2/ 7 (@5 ve)* + v + wl) + / ((cD1)* + 07 + 53)) < AK.(v).
R R R

which completes the proof of Step 2.
Step 3. End of the proof.

Since the pair v depends on the pair « as in (5-14), we can write (5-23) in terms of u#. The left-hand
side of (5-23) is equal to G.(u) by (5-15). Moreover, for the right-hand side, we have

/R((axvl)2 +vi+13) = /R V2 ((@eun)? + 202 + Pyui +u3).
We deduce that (5-23) may be written as

G (u) zAc/ 2 ((@cu1)* +ut +u3), (5-31)
R
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when v.u verifies the orthogonality condition (5-24), which means that u verifies the orthogonality
condition (2-52). We recall that

Ve (x) > Ace_lxl
by (2-3), which is sufficient to obtain (2-51). This completes the proof of Proposition 2.12. O

Proof of Proposition 2.13. First we check that we are allowed to differentiate the quantity
T* (@) = (Mesyu™ (-, 1), u™ (-, 1)) 2Ry

Indeed, by (2-41), (5-1) and (A-42), there exists a positive number Ay . such that
k. x 2 k. % 2\ velx]
((O5ut(x, )"+ (ous(x, 1) )e" ™ dx < Ay . (5-32)
R
Next, using (2-42) and (2-45), we obtain

d  x * * * *
E(j ) =2(SMeu™, Hex (JSu™)) p2yz + 2(SMeut™, Hexs (JRex€7)) L2(my2
+2((a") — )W SMeu™, Her (9c6™)) 22 — 2(¢") (SMertt™, Her (3 Q) 12wy
+ (") (9 Meu™, u*>L2(R)2 +2(c") (Meu™, SO H (8*)>L2(R)2- (5-33)

The proof of (2-53) is the same as in [Béthuel et al. 2015]. We will give only the main ideas of the
proof. We will estimate all the terms on the right-hand side of (5-33) except the fourth term, which
vanishes.

For the first one, we infer from Proposition 2.12 the following estimate.

Step 1. There exists a positive number By, depending only on ¢, such that
Ti (@) = 2SMou*, Hes (J Su™)) 2@y > By / [@:u)? + @) + @3)?](x, e dx
R

foranyt e R.
From (2-21), (2-57) and (5-1), we get an estimate for the second term.

Step 2. There exists a positive number By, depending only on ¢, such that

1/2
|75 (0] 1= 21(SMeut*, Her (JRe-6%) 122 ] < Balle™ (-, Dl l0* . D1y

foranyt eR.
For the third one, we use (2-21) to obtain:

Step 3. There exists a positive number B3, depending only on ¢, such that
1/2
T3 (0] :=2|@") — *|[(SMeu™, Her (3:6™)) 12z | < Bslle* (L DY 1 DIk )
foranyt e R.

We now prove the following statement for the fourth term.
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Step 4. We have
j4*(t) = 2(6*)/<SMC*”*» Hex (0c Qc*))Lz([R)2 =0
foranyt e R.
Since He+ (0. Q¢+) = P'(Qe+) = SO+ and My« Q o« = S0, Q.+, we have
(SMesu™, Hex (3. Q) 2wy = (Mertt™, Qo) 2z = (U™, S0y Qet) 12wy
= (e, He (0x Qc"))Lz(R)2 =0.

This is the reason why we do not need to establish a quadratic dependence of (¢*)'(¢) on &*.
Next, we use (2-3), (2-9), (2-21) and (2-45) to bound the fifth term.

Step 5. There exists a positive number Bs, depending only on ¢, such that

1/2
TE O] = 1Y 10 Meeu*, u*) 2] < Bslle™ (-, DIl 1L O ey

foranyt e R.
Finally, we acquire a bound on the sixth term in the same way.
Step 6. There exists a positive number Bg, depending only on ¢, such that
T = 1Y || (Meu™, S9Hex (%)) 12z | < Bolle™ (o 01K 1™ - 0y
foranyt e R.

We conclude the proof of Proposition 2.13 by combining the six previous steps to obtain (2-53), with
B, :=max{1/B;, B, + B3z + Bs + Bg}. O

Proof of Corollary 2.14. Corollary 2.14 is a consequence of Propositions 2.10 and 2.13. We combine the
two estimates (2-43) and (2-53) with the definition of N (¢) to obtain

d 1—¢c? 1/2
SN O 0,0 G0 ) = (T = ABZER e L0l G ) e L0l
for any # € R. In view of (2-21), we fix the parameter 8. such that
12 1—¢?

<

*
le™ (-, Dllyw) = 324, B22K

for any ¢ € R, to obtain (2-54). In view of (2-3), (2-21) and (2-45), we notice that there exists a positive
number A, depending only on ¢, such that

I Myl L@y < Ac (5-34)

for any t € R. Moreover, since the map ¢ — (N (t)u*(-, 1), u*(-, t)) 2wy is uniformly bounded by (5-32)
and (5-34), the estimate (2-55) follows by integrating (2-54) from t = —o0 to ¢ = +o00. Finally, statement
(2-56) is a direct consequence of (2-55). [l
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Appendix A. Appendix

Weak continuity of the hydrodynamical flow. In this section, we prove the weak continuity of the
hydrodynamical flow, which is stated in the following proposition.

Proposition A.1. We consider a sequence (v;,,0, Wn.0)neN € NVR)N, and a pair (v, wo) € NV(R) such
that
vpo—vo in H'(R) and w,o— wo inL*(R) (A-1)

as n — +oo. We denote by (v,, w,) the unique solution to (HLL) with initial datum (v, 0, wy,0) and we
assume that there exists a positive number T, such that the solutions (v,, w,) are defined on (—T,, T,),
and satisfy the condition

sup  sup maxv,(x,t)<1l—o (A-2)

neN te(—T,,T,) *€R

for a given positive number o. Then, the unique solution (v, w) to (HLL) with initial datum (vg, wq) is
defined on (—Tiax, Tmax), with?

Tax = liminf 7,,,
n—+00

and for any t € (—Tmax, Tmax), we have
v, (1) =~ v(t) in H' (R) and w,(t)— w() in LZ(R) (A-3)
asn — +oQ.

First we prove a weak continuity property of the flow of equations (2-32)—(2-34). Next, we deduce the
weak convergence of w, from (4-41).

More precisely, we consider now a sequence of initial conditions (¥, o, vs,0) € L*(R) x H'(R), such
that the norms [|W,, oll;2 and ||v, 0l 2 are uniformly bounded with respect to n, and we assume that

sup |[vpollL=® < 1. (A-4)

neN

Then, there exist two functions Wy € L2(R) and vy € H'(R) such that, going possibly to a subsequence,

U, 0— ¥y in L3 (R), (A-5)

vpo—vo in H'(R), (A-6)
and, for any compact subset K of R,

Upo—> v in L¥(K) (A-7)

as n — +o00. We claim that this convergence is conserved along the flow corresponding to equations
(2-32)—(2-34).4

3See Theorem 1 in [de Laire and Gravejat 2015] for more details.
We only consider here positive time but the proof remains valid for negative time.
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Proposition A.2. We consider two sequences (W, 0)neN € L*>(R)N and (Vn,0)neN € H'(R)N, and two
Sfunctions Wy € L*(R) and vy € H (R), such that assumptions (A-4)—(A-7) are satisfied, and we denote by
(W, vy) and (Y, v), respectively, the unique global solutions to (2-32)—(2-34) with initial data (W, o, Vn.0)
and (Wy, vg), which we assume to be defined on [0, T] for a positive number T. For any fixed t € [0, T],
we have

Wo(, 1) = W(-, 1) inL*(R), (A-8)

v(- )= v, 0 inH'(R) (A-9)
when n — +00.

Proof. We split the proof into four steps.

Step 1. There exist three functions ® € L%([0, T], L*(R)) and v € L2([0, T], H'(R)) such that, up toa
further subsequence,

W, (1) =~ ®@) in L*(R), (A-10)
(-, ) —=0o(-,1) in H(R), (A-11)
va(-, 1) = 0(-,1) in L(R) (A-12)
forallt €0, T], and
W, 20, — |®>® in L*([0, T], L*(R)), (A-13)

when n — +00.

Proof. We recall that there exists a constant M such that
[Wnoll.z <M and  [vaollgr =M
uniformly on n. Applying Proposition 2.7 to the pairs (¥,, v,) and (0, 0), we obtain
1Wallco 2+ 1vnllcn  + 1%l 3 oo < A(I 0l 22 + om0l a)-
This leads to
IWall s <2AM, [ Wyllzp2 <2AM  and vyl < 2AM. (A-14)

Hence, there exist two functions ® € L>°([0, T'1, L>(R))NL*([0, T], L*(R)) and v € L*([0, T1, H'(R))
such that

W, X @ in L2([0, T], L2(R)),
vy — v in L®([0, T], H'(R)).

Let us prove (A-10) and (A-11). We argue as in [Béthuel et al. 2015] and we introduce a cutoff function
x € C°(R) such that x =1 on [—1, 1] and x =0 on (—o0, 2]U[2, +00). Set x,(-) := x(-/p) for any
integer p € N*. By (A-14), the sequences (x,W,)nen and (X V,)nen are bounded in c°([0, T1, L*(R)) and
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c([0, T1, H'(R)), respectively. In view of the Rellich-Kondrachov theorem, the sets {x, W, (-, 1) | n € N}
and {x,v, (-, t) |n € N} are relatively compact in H “2(R) and H ' (R), respectively, for any fixed # € [0, T'].
In addition, since the pair (W, v,) is a solution to (2-32)—(2-34), we have that (3;¥,,, d,;v,) belongs to
cO([0, T1, H 2(R) x H~'(R)) and satisfies

10: W (- Dllg—2my < Kn  and |00, (-, Dl g-1r) < Knr-

This leads to the fact that the pair (x,W¥,, x,v,) is equicontinuous in %[0, T1, H2(R) x H~Y(R)).
Then, we apply the Arzela—Ascoli theorem and the Cantor diagonal argument to find a further subsequence
(independent of p), such that, for each p € N*,

XpWn = xp® inCO([0, T], H*(R)), (A-15)
XpUn — xpo  inC°([0, T1, H ' (R)) (A-16)
as n — 4-00. Combining this with (A-14) we infer that (A-10) and (A-11) hold. By the Sobolev embedding
theorem, (A-12) is a consequence of (A-11).
Now, let us prove (A-13). Using the Holder inequality, we infer that

T
| [ 1o dear < 19, 1900y
0 JR * !

By (A-14), we conclude that

[P 2 0 < M. (A-17)

L3
So, there exists a function ®; € L?>(R x [0, T']) such that up to a further subsequence,

W, >W, =~ &, in L*(R x [0, T]).
Let us prove that ®; = |®|>®. To obtain this it is sufficient to prove that, up to a subsequence,

W, - @ in L*([0, T1, L*([—R, R))) (A-18)

for any R > 0, i.e., the sequence (\W,) is relatively compact in L*([—R, R] x [0, T]). Indeed, using the
Holder inequality, we obtain

[P = 1@P @] o5 = || (W = @)Wl + D) + W, DTy — D) | 5
<219, — @I + 12 o
<20 = @l (¥l + 1217 ) (A-19)
for any R > 0. By (A-17), (¥,) is uniformly bounded in LR x [0, T]) and ® € L®(R x [0, T']). Then
W, |°W, — |®|*°® in LY3([—R, R] x [0, T]),

so that ®; = |®|?>P. Now, let us prove that the sequence (W) is relatively compact in L*([—R, R1x[0, T]).
The main point of the proof is the following claim.
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Claim 1. Let V be a solution of (2-32) in
c’([0, T1, L*(R)) N L*([0, T, L®(R)).
1/2

Then W € L*([0, T1, H,, (R)).

Proof. The proof relies on the Kato smoothing effect for the linear Schrédinger group (see [Linares and
Ponce 2009]). Let S(¢) = ¢/"%~, and

F(¥,v) := $0°W —Re(W(1 —2F (v, ¥)))(1 — 2F (v, ¥)). (A-20)

We recall that there exists a positive constant M such that

+00
sup / |D/2S() f() P dt < M| fI3, (A-21)
xeR J —o0
and
H/ S(—tYDV2h(- tydt'| < M|, (A-22)
R L2 x ™t

when f € L*(R) and h € L'(R, L>(R)) (see [Linares and Ponce 2009] for more details). We prove that
there exists a positive constant M such that

D2 Wl ez = MIWoll2+ MW (1915, +T2(I0l7e +11-2F @, W)z ). (A-23)

The claim is a consequence of this estimate, so that it is sufficient to prove (A-23).
We write

t
V(x, 1) = S(t)\l’o(X)-i-i/ St —1)(2(Y W) (x, 1) + F(W, v)(x, 1)) dt’
0
for all (x, t) € R. First, using (A-21), we obtain
400 ’
sup / |DL2S(1)Wo(x)|”dt < M|[Woll7..
xeR J—o0
For the nonlinear term, we can argue as in [Goubet and Molinet 2009] to prove that

t
H/ S(t—1)DY?g(-, 1" dr
0

= M||g||L1TL§- (A-24)
LeL:

Using a duality argument, it is equivalent to prove that for any smooth function 4 that satisfies ||2||; 2= 1,
we have

/ S YD g (x, th(x, 1) dt’ dx dt
Rx[0,T]

< MlglLy 2 (A-25)
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Using the Cauchy—Schwarz and Strichartz estimates and (A-22), the left-hand side can be written as

T T
/(/ S(—t’)D;/Zg(x,/)dt’) (/ S(—t)h(x, 1) dt) dx
R 0 0
T T
/(f S(—t’)g(x,t’)d/) </ S(—t)Di/zh(x,z)dz> dx
R 0 0

T
< MH/ S(—tg(x,tydr
0

<
. M”g”LlTLg-

This achieves the proof of (A-24). Similarly, we have

t
H/ S@t—t)D?g(-,tar
0

= Mligllss- (A-26)
L®LE >

We next apply (A-24) and (A-26) on the nonlinear terms to obtain, using the Cauchy—Schwarz and Holder
estimates,

H/ DSt —t)(|WPW) (-, ") dt’
0

3 2
< <
< M|V ||L6T/; < M”lp”ﬁr,x”\y”LﬁT,x

L®LE
and

< M| F(¥, U)”LITL%

2
LyLy

H / DYV2S(t =t F(W,v)(-,t)drl
0

< MWl (I0lZs, + 11 =2F @, )7 )
<MT2|W] 5 (lvlie, + 11 —2F @, 9)Zs ).

Since v € L*®([0, T], H'(R)) and ¥ € L*®([0, T'], L?(R)), we know that ¥ € L>([0, T], L*>(R)) and
F(W,v) e LR x [0, T]). Using the fact that ¥ € L°(R x [0, T]), we finish the proof of this claim. [J

Applying this claim to the sequence (W¥,,) yields that (¥,,) is uniformly bounded in L%([0, T1, HIL/CZ([R)).
On the other hand, we have F(¥,, v,) € L>([0, T], L*(R)), since

v, € L([0, T1, H'(R)), W, e L>®([0,T],L*R)) and F(¥,,v,) € L°®Rx[0,T]).

Then, using (2-32) and (A-17), we obtain that (¥,) is uniformly bounded in H'([0, T], H*(R)).
Hence, by interpolation, (¥,) € HY10(0, 71, H1/4([RR)), so that it converges in L*>([—R, R] x [0, T)) for

loc

any R > 0. This finishes the proofs of (A-18) and of Step 1. ]
Step 2. We have

F(V,, v,) = F(d,v) in L*X(R), (A-27)
foranyt €0, T], and

F(W,,v,) = F(®,v) inL'([0,T], L%OC(IR)). (A-28)
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Proof. Let ¢ € L>(R). We compute
/(v,%(x,r)wn<x,r)—n2(x,r>d>(x,r))¢(x)dx
R
_ / W2(x, 1) — 02 x, )W (x, D) () dx + f (Wa (. 1) — B(x, )02(x, NS (0) dx.  (A-29)
R R

The second term on the right-hand side goes to 0 when n goes to 400, since v2(¢)¢ € L>(R) for all  on
the one hand and using (A-10) on the other hand. For the first term on the right-hand side, we consider a
cutoff function x with support in [—1, 1] and let xgz(x) = x(x/R) for all (x, R) € R x (0, +00). We set

L,(t) := / (2 (x, 1) — 02 (x, D)W, (x, ) (x) dx,
R
1) = f (2 (x, 1) — 02 (x, )W, (x, 1) xr (X)p (x) dx,
R

I2@) = /R (V2 (x, 1) — 07 (x, )W, (x, ) (1 — xr(x)p (x) dx,

so that I,(t) = Iél)(t) + 1,52) (t). By the Cauchy—Schwarz inequality, we have
L] < 1)l 2@ 1@ 2 107 (1) = 07 (D] Lo (- & R - (A-30)
Using (A-12) and (A-14), we infer that
V() > 0 foranyr €0, T], (A-31)
as n — +o00. Next, we write
12 )] < (o7 + 10O 1 @) 1¥n Ol 2@ (1= X&) L2 -

Since ¢ € L*(R), we have
Rli_)Héo (1= xRl 2wy = 0.

In view of (A-14), this is sufficient to prove that

L,(t)— 0 (A-32)
as n — +o0, for all ¢ € [0, T]. This yields
W2, (1) = (0*®)(r) in L*(R) (A-33)
for any ¢ € [0, T']. Now, we prove
V2, — v?® in L'([0, T], L} (R)). (A-34)

As in (A-29), we write

2 2 2 2 2
||vn\11n—t) qDHLlTL%e = ||(Un_n )"I/n”LlTL%‘,'i‘ (W, — ®)v ||LITL%€.
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For the first term on the right-hand side, we infer from the Cauchy—Schwarz inequality that
2.2 2_ .2
@2 =)Wyl 2 < 102 = 02022 Wl 2
1/2
< |lvn — U”L‘}L‘,‘Q(HUHHL‘}L‘}Q + ||U||L4TL‘I‘Q)T / ||‘Dn||L‘;L%°-

On the other hand, by (A-14), v, is uniformly bounded on L%([0, T], H'(R)). By the first equation of
(2-34) and (A-14), v, is uniformly bounded in H 110, T1, H~'(R)). We deduce that v, is uniformly
bounded in H'/3([0, T, H'/3(R)) and so that v, converges to v in L*([0, T1, L*([—R, R))) as n — +00.
Hence, using (A-14) once again, we obtain

2 2
@2 =02 Wyll1 2 = O

as n — +o0. For the second term we have, by the Cauchy—Schwarz inequality and the Sobolev embedding
theorem,
1(Wn = @)%l 1112 < W = Pll 212 107 12 120 < MPTV2 (W, — @122

This yields, using (A-18),
1w, = @)1 ;2 — 0

as n — +o00, which proves (A-34). Next, we set
g(vn, \Ijn) = "Ijn(l - F(vn, “Tjn))(l - F(Un; lIJn))

We have, by (2-33),
0 F(v,, ¥,) =v,¥, and 0,F (v, d)=10d.

Using the same arguments as in the proof of (A-32), we obtain
0x F (U, W) = 0 F (0, @) in L*(R))

for any ¢ € [0, T']. Hence,
F(v,, ¥,) > F(b, ®) in L (R) (A-35)

for any ¢ € [0, T']. Using (A-10), (A-35) and the same arguments as in the proof of (A-33), we conclude that
G(vn, W) = G(v, ®) in LA(R) (A-36)
for any ¢ € [0, T']. Next, we use (A-18) and (A-35) to prove that
G(v,, W,) — G(v, ®) in LI([0, T, L%OC(IR)). (A-37)
This finishes the proof of this step. U
Step 3. (P, v) is a weak solution of (2-32)—(2-34).
Proof. By (A-18), we have

iV, >id,® inD'[Rx[0,T]) and 8>,W, - 02.® inD[Rx[0,T])
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as n — +o0. It remains to invoke (A-13) and (A-35) and to take the limit n — 400 in the expression

T
/ /(iat\p,, + 37, W, + 2|0, [P, + Jup W, — Re(W(1 —2F (v, ¥,)) (1 — 2F (v, W,)))h =0,
0 R

where 7 € C°(R x [0, T']), in order to establish that (P, v) is a solution to (2-32) in the sense of
distributions. In addition, using the same arguments as above and (A-35), we prove that (®, v) is a
solution to (2-34) in the sense of distributions. Moreover, we infer from (A-5) that (-, 0) = ¥ and
from (A-6) that v( -, 0) = vy. |

In order to prove that the function (®, v) coincides with the solution (W, v) in Proposition A.2, it is
sufficient, in view of the uniqueness result given by Proposition 2.7, to establish the following.

Step 4. ® € C([0, T1, L*(R)) and v € C([0, T1, H'(R)).
Proof. First, we prove that ® € C([0, T1], L*(R)). This is a direct consequence of the identity
D (x, 1) = S(t) Py + /Ot St —)(2(1PPP®) (-, 1) + F (D, 0)(-, 1)) dt’. (A-38)
Indeed, let us define
G(®,0)() = /Ot St — t/)(2(|<1>|2d>)( )+ F(D,0)(-, t/)) dt'.

Since S(1)®o € C([0, T], L*(R)), it suffices to show G (P, v) € C([0, T, L*(R)). We take (1, 12) € [0, T']>
and write

G(@,0)(rn) —G(P, U)(tz)=/ (S(tr—1) = S(ta =N APPO)(-, 1) + F(P,0)(-, 1)) dr’
0

—/2S(t—t/)(2(|<I>|2<D)(-,t/)+]-"(<D, 0)(-,1))dr.

1
For the second term on the right-hand side, we use the Strichartz and Cauchy—Schwarz inequalities to
obtain

/ Cs— ) 2(PLPD) (-, 1)+ F(®,0)(-, 1)) df’

3|

L2
2
< M[21PPS +F(P,0) | 111012
<Ml = P|@PPl2 +Min —nl|F(@,0)xz.  (A-39)
For the first term, we write

St —t) = Sta—1t) =St — 1) (1 = S(ta —11)).

Hence,

H/o (S(t1 —1") = St — "N RAPP ) (-, ') + F(P, 0)(+, 1)) di’
L2
=[[(1 =82 =11)G (P, 0) (1) |2 (A-40)
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Taking the limit , — #; in (A-39) and (A-40), we obtain that ® € C([0, T, L>(R)).
Now, let us prove (A-38). Denote by ® the function given by the right-hand side of (A-38). We will
prove that

W, (1) = &@t) in LX(R) (A-41)

for all + € R. This yields ® = ® by uniqueness of the weak limit. Let R > 0 and denote by xr the
function defined in Step 2. Set

t
GV(-, 1= /0 St — Y xr QU W) (-, 1)+ F (W, ) (-, 1)) dt,
GP(-,1) =/ St — )1 = xr) QU W) (-, 1)+ F (W, v,) (-, 1)) dt’,
0
t
G“)(-,z):/ St — Y xr(2(PPO) (-, 1)) + F (P, 0)(-, 1)) dt’,
0

GP(-,1) =f St — 11— xp) 2(PP®) (-, 1)+ F(®,0)(-, 1)) dl,
0

for all 1 € R, so that G(®, v) = GV + G® and G(¥,, v,) = G + G. Since S(t) W, 0 — S(t)dy in
L?*(R) as n — oo for all 7 € R, it is sufficient to show that

G(Wy, 1) (1) = G(®,0)(1) in L*(R)
asn — +oo forall t € R. Let ¢ € L>(R). We write

(G(‘ljna vn)(t) - G(CD’ U)(t)’ (/))Lz

+o0 +oo
:/ [GV(x, 1) — GV (x, t)](p(_x)dx—i—/ [GP(x, 1) =GP (x, )] p(x)dx
=1kt + IR ).

For the first integral, using the Cauchy—Schwartz inequality, the Strichartz estimates for the admissible
pairs (6, 6) and (o0, 2), the Holder inequality and (A-19), there exists a positive constant M such that for
all t € [0, T] we have

LR < IGV (1) — GV )l 2Nl 2
< Ml (| 1Wa P Wy = [P P 555 + IF (W, va) = F(@, 0)lI1 12)

< M@l 2 (IF(¥n vn) = F(@. 0) g2+ 1Wn = @llgz (19all7s + 127, ).
Then, using (A-18) and (A-28), we obtain for all r € R

|If(t)| — 0 asn— oo.
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Next, using the Holder inequality we have

T poo 5/6 T 1/6
|J,f<r)|52(/f M%F%(x,ﬂ)—|d>|2c1><x,t’>\6/5dxdt’> (f/ |S(r—t’>¢|6dxdz/)
0 J—o0 0 JIx|=R

T 00 12 12
+/ (f | F (W, va) (x, 1) = F (D, n)(x,t’)|2dx) di’ sup (f |S(t—t’)¢(x)|2dx) :
0 o) |x|=R

t'€[0,T]

The terms on the right-hand side are bounded by a constant independent of n. Besides, since (6, 6) and
(00, 2) are admissible pairs, we have

IS¢l = Mlell2g).
I1S®ellirrzw = Mlelw).

so that, by the dominated convergence theorem and the fact that t — S(¢) is uniformly continuous from
[0, T] to L2(R), we obtain

T 1/2
lim // 1IS(H)@|®dx dt = lim sup (/ |S(t)(p(x)|2dx> =0.
R=o0Jo Jix|=R R—00 1¢10,71\J|x|>R

Hence,
lim |Jf (1)l =0 uniformly with respect to n € N
R—o00
for any ¢ € [0, T']. This completes the proof of (A-41) and then of (A-38). This leads to the fact that
@ ([0, T], LA(R)).
Now, let us prove that v € c°([0, T1, H'(R)). Since (®, v) satisfies the first equation in (2-34),
® € L®([0, T1, L>(R)) and F (¥, v) € L>([0, T], L*°(R)), we have v € H'([0, T], H~'(R)). This

yields, using the Sobolev embedding theorem, v € C°([0, T, H~'(R)). Let (1, 1) € [0, T]>. We can
write that

/ |0(11, x) = 0(t2, X)|” dx = (0(11, x) = (12, X), 0(t1, X) = 0(E2, X)) 1
R
< llo(t1, x) —o(t2, x) || g-1 |01, x) — 0(12, X) | g1 -
Since v € ([0, T1, H~'(R)) N L>([0, T1, H'(R)), we obtain v € C°([0, T, L*>(R)). Next, we write
| F (o, @)(t1) — F(o, @)(#2) lLow) < [[0(t1) —0@) |2 ([P 22 + ([P (22) — Pt | 2|0 @) |l £2-

Using the fact that @, v € c([0, T1, L*(R)), we infer that F (v, ®) € C°([0, T], L>°(R)). Then, by
the second equation in (2-34), v € C%([0, T], H'(R)). This finishes the proof of this step, and of
Proposition A.2. ([l

Finally, we give the proof of Proposition A.1.
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Proof of Proposition A.1. In view of Proposition A.2, it is sufficient to prove the convergence of w,. The
proof follows the arguments in the proof of (A-27). Let ¢ € L?(R). We rely on (4-41) to write

/[w*(l,X)—wn(t,X)M(X)dx
R

:2/ Im(\ll*(t,x)(l—ZF(v*, YN, x) Wt x)(1=2F (v, \Iln)(t,x)))¢(x) dx
R

1—(")(t, x) 1= (ua)2(t, x)

B UL x) W)
_szIm(l—(v*)z(t,x) 1—(vn)2(t,x))¢(x)dx

_ W, ) F 5 W) (LX) Wyt x) F (g, W) (2, )
4/Rhn< 1—(v")2(t, x) 1—(0,)2(t, x) >¢(x)dx

for all t € [0, T']. Then, we use the same arguments as in the proof of (A-27) to show that the two last
terms on the right-hand side go to 0 when n goes to 4+-oco. This finishes the proof of the proposition. [J

Exponential decay of x.. In this subsection, we recall the explicit formula and some useful properties of
the operator ., and then study its negative eigenfunction y.. For ¢ € (—1, 1) \ {0}, the operator H, is
given in explicit terms by

1 252 1 2
Lc(&y) +C2E1 + U;;:’» &y _Cl i U;gw
—V — v
Hel(e) = ¢ ¢ : (A-42)
l—i-vf 5
_cl 2fsv—l—(l—vc)ew

where ¢ = (g,, &) and

8x8v 2 A 4 &y
Lo(gy) = —3x<1 = v%) + (1 —c" =S+ +2vc)—(] — v%)z'

In view of (A-42), the operator . is an isomorphism from H 2(R) x L*(R) N Span(0y Q.)" onto
Span(d, Q.)*. In addition, there exists a positive number A., depending continuously on ¢, such that

17 (s ) @y x vy < Acll(fe )l ry (A-43)

for any (f, g) € H*(R)?> N Span(d, Q)" and any k € N.
The following proposition establishes the coercivity of the quadratic form H, under suitable orthogo-
nality conditions.

Proposition A.3. Let c € (—1, 1)\ {0}. There exists a positive number A, depending only on c, such that

He(e) = Aclell, (A-44)
for any pair ¢ € H'(R) x L*(R) satisfying the two orthogonality conditions
(0x Qcs €)p2xr2 = (Xe» €)2x12 = 0. (A-45)

Moreover, the map c — A, is uniformly bounded from below on any compact subset of (—1, 1)\ {0}.
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The proof relies on standard Sturm-Liouville theory (see, e.g., the proof of Proposition 1 in [de Laire
and Gravejat 2015] for more details).
Now, we turn to the analysis of the pair ..

Lemma A.4. The pair x. belongs to C*(R) x C*°(R). In addition, there exist two positive numbers A
and a., depending continuously on c, such that a. > ~/1 — ¢ and

105 xe] < Ace ™™ on R fork € {0, 1, 2}. (A-46)

Proof. We set x. := (¢, &:). Since H.(x.) = —XC Xc» we have the following system

_g b B N S CRRIPY (bl ) SN L /N _
ax(l_v3)+(1 c (5+c)vc+2vc)(1_vg)2+ 1= 2)346 cl_vggc_ Aele, (A-4T)
1+v
. 2;“c—(l—v +h)e. (A-48)

It follows from standard elliptic theory that x. € H 2(R) x L*(R). Since the coefficients in (A-48)
are smooth and bounded from above and below, we infer from a standard bootstrap argument that

€ C*(R) x C*(R). Notice in particular that, by the Sobolev embedding theorem, x. and 9, x. are
bounded on R. Then, we deduce from the first statement in (5-11) that’

_8xx§c + (1 + ic){c - Cgc = O(vg), (A'49)

1+“a+0(% (A-50)

{e=
Note that we have
B.exp(—v 1 —c?|x]) < ve(x) < Acexp(—v1—c?[x|) forallx e R, (A-51)

where B, and A, are two positive numbers.
In order to prove (A-46), we now introduce (A-50) into (A-49) to obtain

—xxle +b2¢ = Oexp(—2v/1 = c2|x])), (A-52)
£, = 1:1 +O(exp(-2V1 = ¢|x)), (A-53)

1—c2 420+ (he)?

— 2. Next, we set
1 +A

with b2 =

e 1= =l + 2L, (A-54)

so that g.(x) = O(exp(—Zv 1—c?|x |)) for all x € R. Using the variation of constants method, we obtain,
forall x e R,

Ze(x) = A(x)eP* + Ace’ + B(x)e "* + B.e7P*,

3The notation O(v%) refers to a quantity bounded by A, vg (pointwise), where the positive number A, depends only on c.
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with

-1 [* _
Al) = f e Plg (1) dt
cJO

and

-1 [*
B(x) = 7 / bl g (1) dt.
c JO

Since ¢, € L*(R), this leads to
¢e(x) = O(exp(—2v 1 — c2|x|) +exp(—be|x])).

Hence, we can take a, = min{2\/ 1—c2, bc} and invoke (A-50) to obtain (A-46) for k = 0. Using (5-10),
(5-11), (A-47), (A-48) and (A-51), we extend (A-46)to k e 1, 2. Ol
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