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ABSTRACT. Main properties of the regular (or extended) spectrum of elements
in topological algebras (introduced by L. Waelbroeck and G. R. Allan for unital
locally convex algebras) are presented. Descriptions of the relationship between
the usual spectrum and the regular spectrum of elements in topological algebras
with jointly continuous multiplication are given. It is shown that the usual
spectrum and the regular spectrum of elements coincide for Hausdorff locally
convex Waelbroeck algebras. Main properties of the disolvent map of elements
in topological algebras are studied.

1. PRELIMINARIES

Let A be a topological algebra over C with separately continuous multiplication
(in short, a topological algebra). In particular, when the multiplication as a
map A x A — A is continuous, we speak about a topological algebra with jointly
continuous multiplication. A topological algebra A is locally convex, if A has a
base of neighborhoods of zero, consisting of absolutely convex neighborhoods.

Let InvA denote the set of all invertible elements in A, and QinvA is the set of
all quasi-invertible elements in A (that is, of elements a € A for which there is an
element a, ' (the quasi-inverse of a) such that a+a,"' = aa;"' = a;'a). A topolog-
ical algebra A is called a @Q-algebra if the set QinvA (for unital algebras InvA) is
open in A, and a (Q-algebra is called a Waelbroeck algebra, if the quasi-inversion
a — a;l (in the case of unital algebra, the inversion @ — a™') is continuous.
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In 1954 the notion of Waelbroeck algebra is introduced by Waelbroeck in [15]
under the name “continuous inverse algebra” for unital locally convex Hausdorff
algebras, but in 1965 the name “Waelbroeck algebra” is used first by Ouzulou in
[10]. Moreover, a topological algebra A is locally complete (in locally convex case
Allan used in [4, p. 401], the term pseudo-complete algebra) if every subalgebra
of A, generated by a closed, bounded, idempotent, and absolutely pseudocon-
vex subset U, is complete (remember, U is idempotent, if UU C U; absolutely
k-convezx, if

U=TyU)= {Zaqu:nGN,ul,...,un GU,al,...,anG(C,Z|av|k< 1},
v=1 v=1

and absolutely pseudoconvez, if U is absolutely k-convex for some k € (0,1]). In
addition, A is a topological algebra with idempotently pseudoconvex von Neumann
bornology if, for every idempotent and bounded subset U of A, there is a number

k € (0,1] such that I'y(U) is bounded in A.

2. INTRODUCTION

1. Bounded elements in topological algebras. Let A be a unital locally
convex algebra over the field C of complex numbers, and let e4 denote the unit
element of A. In 1954 Waelbroeck introduced in [14] (see also [13]) the notion of
regular element of algebra. He said that a € A is reqularif there is a neighborhood
O of oo such that the resolvent map R, of a, defined by

R,(\) = (a — Xeq)™?

for each A & spy(a), has a bounded limit in O.
After that, in 1956, Warner said in [I8] that an element a is idempotently
bounded in a locally m-convex algebra A, if there is a A > 0 such that

I[({Aa}) = (J{Aa}"

is bounded in A.
Next, in 1965, Allan in [4] said that an element a € A is bounded, if the set

S(a,A)z{(%)n:nEN} (2.1)

is bounded in A for some A > 0. Hence, every idempotently bounded element of a
locally m-convex algebra is bounded and vice versa. Moreover (see, for example,
[17, Proposition 11]), these three notions, given by Waelbroeck, Warner, and
Allan, are the same in case of a unital b-algebra (that is, of a unital locally
convex algebra, the von Neumann bornology of which has a base of completant,
idempotent, and absolutely convex sets). In case, when (2.1) holds for an element
of arbitrary topological (that is, not necessarily unital and locally convex) algebra
with separately continuous multiplication, we use the term “bounded element”
and the set of all bounded elements in A is denoted, as it was used in [4], by A,.
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2. Regular spectrum of elements in topological algebras. Let A be a
unital algebra over C. The spectrum spa(a) of a € A is defined by

spa(a) ={A € C:a— Aey & InvA},

and in case, when A is not necessarily a unital algebra, then by
Qa .
spyla) ={A e C\ {0}: X ¢ QinvA} U {0}.

In 1954, Waelbroeck introduced in [13] the notion “regular spectrum of an ele-
ment” in a unital commutative locally convex algebra A. He said that the set
sp’y(a), defined by

spy(a) ={A € C:a— ey is not a regular in A} U S

(where S = {oo} if and only if a is not regular and S = {0} otherwise), is a
reqular spectrum of a € A.

Allan defined in [4] the extended spectrum of a in locally convex algebras sim-
ilarly, using only instead of the term “regular element of a” the name “bounded
element of a”, that is in case of unital locally convex algebra A

sphy(a) =sps(a) U{N € C:a— deg € InvA but (a — deqg) ™ € A} US, (2.2)
where S = {oo} if and only if a ¢ Ay and S = {(} otherwise. Since W. Zelazko

used in [19, p. 130], the name “extended spectrum of an element” in the other
sense, we shall use later on throughout this paper the term “regular spectrum of
an element” of a unital topological algebra to refer to the set given by (2.2).

Next, we generalize that notion to the case of a (not necessarily unital) topo-
logical algebra A with separately continuous multiplication.

We say that the set
-1
sp(a) = spa(a) U{r e C\ {0} : % € QinvA but (%) Z A US,  (2.3)
q
where S = {oo} if and only if a &€ Ay and S = {0} otherwise, is the reqular
specrum of a € A. That is, sp’y(a) of a € A consists of all A € Co, = CU {0}
such that either ¢ has not quasi-inverse in A or § has in A the quasi-inverse, but
it does not belong to Aj.
We show first that the sets in the right side of (2.3) and of (2.2) coincide if A
is a unital topological algebra. For that, we need the following result.

Proposition 2.1. Let A be a unital topological algebra over C. Then
(a) a € QinvA if and only if e4 —a € InvA
and
(b) a € QInvA and a;* € Ay if and only if ea—a € InvA and (eq —a)~" € Ay.
Proof. a) Since (eq — a)™*
(a) holds.
b) Let now a € QinvA, aq_l € Ag, n € N, and let O be a neighborhood of zero
in A, and let O; be a balanced neighborhood of zero in A such that
O1+---+0, CO.
~—_— —

n + 1 summands

=ey — aq_1 for each a € QinvA, then the statement
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Then there is a Ao > 1 such that the set .S (a;l, Ao) is bounded in A. Therefore,

there is a g > 0 such that
1

() w0
Ao puy
for each n € N. Since

(ea —ay Z (Z) “lagt)m

- n n—uv\n—uv a nev
-3 (U><—1) AL (ALO) (14 Xo)" Z%Ol,

v=0
where
() (=) Ag
(14 Xo)™

Ay —

for each 1 < v < n,

|| =
and O is balanced, then
(ea—ag )" € p(l+X0)"(O1 + -+ 01) C p(1+ X)"O.

—_— ——

n + 1 summands

(7) (Ao)™ < - o () (o)™

N — 17
(L+ Xo)™ (L+ Xo)™

Hence,
1

(ea—a)\n _ (ea—az'\n
( 1+ Xo ) *< 14+ Ao ) € 1o,
because (eq —a)™" = eq —a, "
(ea —a)™t € Ay.
The converse part of the proof is similar, because %—1 =eq— (eqa—a)tif
eqs—a € InvA. O

As n was arbitrary, then e4 — a € InvA and

Corollary 2.2. For any topological unital algebra A the regular spectrum sp’y(a)
of a € A, defined by (2.3), coincides with the reqular spectrum sp’y(a), defined
by (2.2).

Proof. Because (eq —a)™! = ey — a;l for each a € QinvA = e4 — InvA and
a—Xea = —Mea — A 'a) for every A € Cy = C\ {0}, then

{)\E(Co:a—)\eAg_iInvA}:{)\E(Co:%gQinvA}
and

-1
(N € Cora—tes € InvA, (a—Xea)™t & Ag} = {\ € Cy: %e QinvA, (%)q ¢ Ao},

by Proposition 2.1. Hence the regular spectrum sp’y(a) of a € A, defined by (2.3),
coincides with the regular spectrum sp’y(a), defined by (2.2). O

In case, when A has not the unit element, instead of A, we shall use the
unitization A; = A x C of A.
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Proposition 2.3. Let A be a topological algebra without unit element; then

spa(a) = sply, ((a,0)) (2.4)
for each a € A.

Proof. Let a € A. For proving the equality (2.4), we can consider only nonzero
elements of these spectra, because 0 € sp’y(a), for each a € A, by the definition
of the regular spectrum of elements and 0 € sp’y, ((a,0)) for each a € A because

A x {0} is a two-sided ideal in Aj. Therefore let first, A\ € sp’y(a) \ {0}. Then
T € QinvA or § € QinvA but ( ) ¢ Ao. Let first ¢ & QinvA. Suppose that

(a,—A) = (a,0) — \(04,1) € InvAl Then there ex1sts an element (b, ) € A,
such that

(ab — Ab+ ra, _)‘:u) = (a> _)‘)(bv M) = (9A7 1)7
from what follows that p = —% and § o Ab = 04. Hence, ¥ € QinvA. As this is
impossible, then (a, —\) € InvA; or A € spy,((a,0).
Let now ¢ € QinvA and (%);1 ¢ Ap. Then there exists

1/aN-1 1 1 a\ 1
R HORE R ECR
(@ =) AW T U,
in A;. Suppose that (a, —\)~! € (A;)o. Then there exists a number M > 0 such
that the set S((a, —\)~!, M) is bounded in A;. Since

0= (30)= (- 1) =

( — %, 1) € InvA,;.
A
B

then

-1

Moreover, S((—%,1)7!, [A\|M) = S(—
Therefore, (§, ) € QinvA; and (§, )
(%);1 € Ay, because

1 a\—I\n 1 a —1I\n
(((5), )0 =5:(G0), )
for each n € N and M > 0. As this is impossible, then (a, —\)"' & (A4;)o or
A € spy, ((a,0)). Consequently, sp’y(a) C sp’y, ((a,0)) for each a € A.
Let now A € sply, ((2,0)) \ {0} Then (a,—)) = (a,0) — A(64,1) & TnvA, or
(a,—\) € InvA; but (a, —\)"' & (Ay)o. First we consider the case, when

(CL, —)\) Q IHVAl.

o= G5,

but this is not possible by assumption. Hence, ¥ ¢ QinvA. It means that

A € spyla).
Let next (a,—\) € InvA; and (a,—A\)"! & (A;)y. Then there are b e A and

1 € K such that (a, —A)(b, 1) = (64, 1). Hence 4 € QinvA and ($ ) = Ab. Since

>,|>,

a,—\)"', M). Hence, (—%,1) " € (Ay)o.
€ (Ay)o by Proposition 2.1 (b). Hence,

If £ € QinvA, then
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(%,O);l = ((%);1,0), then ($,0) € QinvA;. Suppose that (i,O) € (A1)o.
Then (— %,1) € Inv4; and (— %,1)_1 € (A1)o by Proposition 2.1 (b). Hence,
there exists a number M > 0 such that S((— %5 1)_1, M) is bounded in A;. Since

(- % 1) T e )
and S((a, —\)"1, &) = S( (- 3,1) ', M), then (a,—A\)"' € (A;), what is
impossible. Hence, (%,O)_ (( ) 0) ¢ (A1)o, because of which ( ) - ¢ Ao;
Thus, A € spy(a). Consequently, spAl((a, 0)) C sp/y(a) for each a € A. O

Properties of the regular spectrum sp’y(a) of a, of the resolvent map R, of

a € A, defined above, and of the map f,, defined by
fa(A) = (ea — Aa) ™"

for each A € A, ={\ € C: e4 — Aa € InvA}, have been studied in several papers
(see, for example, [2], [1], and [16]) in case when A is a unital topological (mostly
locally convex) algebra. Next we describe properties of the regular spectrum
sp’y(a) by the resolvent map R, of a, and by the disolvent map D, of a € A,
defined by

a1

D a(>‘> - ( )\) q

for every A € C\ spy(a) if A is not unital.

3. PROPERTIES OF THE REGULAR SPECTRUM

For describing the main properties of the regular spectrum of elements in topo-
logical algebras over C, we need the following result.

Lemma 3.1. If

(a) A is a unital Waelbroeck algebra
or
(b) A is a unital topological algebra with jointly continuous multiplication,

then the power map pu, : A — A with fized natural number n > 2, defined by
tn(a) = a" for every a € A, is continuous in A.

Proof. We use here the idea from [7]. Let, first A be a unital Waelbroeck algebra.
Since the set InvA is open in A, then there is a balanced neighborhood O of zero
such that e4 +a,e4 —a € InvA for every a € O. Therefore,

a*=es—2((ea+a) +(ea—a) )"
for each a € O. Let ¢ denote the inversion of elements in A (that is, (a) =
for each a € InvA), let [ be the addition of elements in A (that is, I((a,b)) = a+b
for each a,b € A), let g, with fixed a € A be the map, defined by ga(b) =a+b
for each b € Alet h, with fixed a € C be the map, defined by h,(a) = aa for

each a € A, and let (f,g) be the map, defined by (f, g)(a) = (f(a), g(a)) for each
a€ Aand maps f: A— Aand g: A — A. Since

H2 = Gey © hsoeolo ((5 © 96,4)’ (5 O Fes © h—1>>
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and every component in this composition is continuous, then pus is a continuous
map.

Let now A be a topological algebra with jointly continuous multiplication, let
ag € A, and let O an arbitrary neighborhood of zero in A. Then there is another
neighborhood O of zero in A such that O10; + Oqa9 4+ agO1 C O. Since

po(a) — pa(ag) = (a — ap)(a + ag) — aag + apa
= (a —ap)((a — ap) + 2ag) — (a — ag)ag + ag(a — aop)
€ 0,01 + Oqa¢ + agO1 C O

for every a € ag + Oq, then the map ps is continuous.

To show that the map p, is continuous for n > 3, we use the induction, where
tn+1 = fa © py for each n > 2 and f, denotes the map, defined by f,(b) = ab for
each b € A. OJ

Corollary 3.2 (Turpin [12]). Let A be a commutative unital Waelbroeck algebra.
Then the multiplication in A is jointly continuous.

The next proposition gives a similar result as in [4, Lemma 3.6] for not necessary
locally convex algebra over C.

Proposition 3.3. Let A be a unital topological algebra over C with jointly con-

tinuous multiplication. If

1

(a) the inversion a — a~' is continuous on InvA,

then
a) for every a € A and A € K = C\ clespy(a), the complex derivative R of
the resolvent map R, of a has the form

RM™(X\) = nlR,(M\)"*+! (3.1)

for every natural number n > 1;

b) for every a € A and A € A,. the complex derivative fén) of the map f,
(defined in the introduction) has the form

f(A) = nla” f,(\)" (3.2)
and
(Raoe)™(A) = —nla" " f,(N)"* (3.3)
for any natural number n > 1 (here e(A\) = 5 if A #0).

Proof. Let a € A and Ay € K. Then there is an open neighborhood O(\) C K.
Since

Ra(/\) - Ra</\0) = (/\ - /\O)Ra<)‘)Ra()‘0)
for every A € O(\o) \ {A\o}, then

/ RT Ra()‘) B Ra()‘o) o 2
RG(AO) - )}l}n;\lo A . AO - Ra()\())

by the condition (a). Now
R:z<>‘) - Riz()‘O) = Ra(/\)2 - fza(/\O)2 = (Ra()‘> - Ra()‘O))(Ra()‘) + Ra(/\O)) + Sl»



844 M. ABEL
where
S1 = Ry(Ao)Ra(N) — Ry(AN)Ra(No) = O,

because R,(\) and R,(p) commute for every A\, u € K. Therefore (due to the
joint continuity of multiplication in A)

7 1 Ra()‘) _RG(A()) :
Ri(Qo) = lim —==— " Jim (Ra(A) + Ra(Xo))

- QRZL()\O)RCL<)\O> - 2Ra()\0>3.
To prove by the induction that equality (3.1) holds for every n, we assume that
R™(X\g) = n!R,(\o)" .

By the formula

n+1 n
an-i—l o bn+1 — (CL . b) Zan—l-l—kbk—l + Z[ban+1—kbk—l o an—l—l—kbk]
k=1 k=1

for each n > 2 and a,b € A, we have

R™(X) — R™(Xg) = n!l(R,(\)" — Ry(X\o)"*Y)

n+1
= nl(Ra(A) = Ra(X0)) D Ra(N)" ™ FRy(X0)* " + S,
k=1
where

n

S =11 [Ra(Ao) Ra(N)™ ' FRa(X0) ! = Ra(N)"™ M FRy(Xo)¥] = 04,

k=1

because R,(\) and R,(p) commute for all A\, u € K. Taking this, the joint conti-
nuity of the multiplication in A and the continuity of power maps into account,

. Ra()‘) B Ra()‘o)
(n+1) —n!
R 00 =t iy =SS,

[ RO R0

RV Ra(0)"™ + Ra(M0)"]
= nlR,(A\o)?(n+ 1)Ra(X)"
= (n+ 1)!R,(No)""?

by Lemma 3.1. Consequently, the equality (3.1) holds by the mathematical in-
duction for all n € N.

Similarly, using the mathematical induction, it is not difficult to show that the
equalities (3.2) and (3.3) hold for every n € N. O

By Corollary 3.2,we have the following result.

Corollary 3.4. Let A be a commutative unital Waelbroeck algebra over C. Then
equalities (3.1)—(3.3) hold.

To prove the next result, we need the following.
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Lemma 3.5. Let A be a nonunital topological algebra with nontrivial continuous
linear functionals. Then every weakly bounded subset in the unitization A, of A
1s bounded if every weakly bounded subset in A is bounded.

Proof. Let f € A* (the topological dual of A) be nontrivial. Then Fy, defined
by Ff((a,A)) = f(a) + A for each (a,\) € Ay, is a nontrivial continuous linear
functional on A;. (Since f is nontrivial, then there is an element ay € A such
that f(ag) # 0. Therefore, Fy(ao, f(ao)) = 2f(ag) # 0, that is, Fy is not trivial.)

Let S be a weakly bounded subset in A;, and let Ag = {a € A : (a,\) € S}
and Cg = {A € C: (a,\) € S}. Then F¢(S) is a bounded subset in C for each
f € A*. Therefore, f(Ag) for each f € A* and Cg are bounded in C. Since every
weakly bounded subset in A is bounded, then Ag is a bounded subset in A. Now,
from S C Ag x Cg, it follows that S is bounded in A;. O

Proposition 3.6. Let A be a topological algebra over C with jointly continuous
multiplication which satisfies the conditions

(a’) the quasi-inversion a — a;l on QinvA is continuous;

(b) the topological dual space A* of A contains at least one nonzero element
and

(c) every weakly bounded set in A is bounded in A.

Then
spa(a) C sply(a) C cle. (spa(a)) (3.4)
for every a € A.

Proof. Let a € A. The inclusion spy(a) C sp’y(a) follows from the definition of
sp’y(a). First we consider the case, when A is a unital topological algebra. If
cle, (spa(a)) = Cu, then sp’y(a) C cle, (spy(a)). Let now cle(spy(a)) # Cu,
and take a A\ € C \ cle (spy(a)). If Ay # oo; then there exists a neighborhood
O(\g) of Ao in C such that O(A\g) C C\ clc (spa(a)). Hence, R,(\) exists in A
for all A € O()\g). By the condition (b) there is at least one nonzero continuous
linear functional f on A. Let ¢ be the nonzero continuous functional on O(\),

defined by ¢(A) = f(R.(N)) for each A € O()g). Since A satisfies the conditions

(a) (from (a’) follows (a), because (e4 —a)™" = ea —a; '), R, is infinitely many
times differentiable at Ay and
R{M(Xg) = nlRa(Xo)™"!

for every natural number n > 1 by Proposition 3.3, then ¢, is infinitely many
times differentiable at \g and

" 0) = nlf(Ra(X)™)
for each n € N. Therefore, s is an analytic function on some neighborhood
Of(Xo) of A\g and its Taylor series

Zf 0) (A = )" (3.5)

converges in every point of Of(/\o). Let py > 0 and
Opp(Mo) ={X € C;[A = Xo| < pr} C Op(o).
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Then p; < Ry, where Ry denotes the radius of convergence of the power series

(3.5). Therefore,

1
limsup v/ |f[Ra(Xo)" ]| = — < — < 0.

n—+00 f Pf
Hence, there exists a natural number Ny such that

/RO <
P
for every n > Nj. So, the set S = {(f[Ra(Ao)])"** : n € N} is bounded in C
for every f € A*. Hence, R,(\g) € Ao by the condition (c), because of which
Ao & sp’y(a). Hence, from Ay € Cu \ clc_, (spy(a)) and Ay # oo, it follows that
Ao & sp’y(a) for each a € A. It means that sp’y(a) C clc_ (sp4(a)).
Let now Ay = oco. To show that ¢, for f € A*, is analytic at oo, we show that

the function ty, defined by ¢;(X) = f[Ra(3)], is analytic at zero. Since

9§7(0) = tim f[(Ra 0 2) ™ (N)] = —ntf(a")
A—0
for every n € N by Proposition 3.3, then ¢ is analytic at zero and the Taylor

series
=3 f@hHA
n=0

of ¢y converges pointwise in every point of some neighborhood Oy of zero. Let
now vy > 0 be such that O,, C Oy. Then vy < Ry (the radius of convergence of
this power series). As

lim sup \/T = — < L

n—oo |V f |
then there are Ny € N and M > 0 such that |f(()\1a) )| < M for every n > Ny.
Hence, the set {|A;f(a™)| : n € N} is bounded for each f € A*. Therefore, the
set {|A\1a"| : n € N} is bounded in A by the condition (c). Similarly as above, we
have that a € Ay. So, oo ¢ sp’y(a). Consequently, from co € C \ clc, (sp4(a)),
it follows that oo ¢ spy(a) for each a € A. In this way, we have shown that the
inequalities (3.4) hold.

Next we consider the case, when A has not the unit element. Instead of A, we
consider the unitization A; = A x C of A. Then (see, for example, [6, p. 156]
), A; satisfies the condition (a) for every (a,\) € InvA; by the condition (a’).
Moreover, by the condition (b), there is a nonzero continuous linear functional f
on A. Let Fy be as in Lemma 3.5. Then F} is a nonzero continuous C-valued
linear functional on A;, that is, A; satisfies the condition (b), and every weakly
bounded set in A; is bounded by Lemma 3.5.

Hence, by Proposition 2.3 and the part above, we have that

spia(a) = spi, ((a,0)) C cle [spa, ((a,0))] = cle, [spa(a)]. 0

Next we need the following results which are partly known (at least in unital
case)
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Lemma 3.7. Let A be a topological Hausdorff algebra, and let B be the maximal
commutative subalgebra of A. Then

a) B is closed;
b) QinvB = B U QinvA
and
c) spp(b) = sp4(b) and sp’z(b) = sp’y(b) for every b € B.

Proof. a) Let a € claB. Then there is a net (by)xex in B such that (by)xex
converges to a. Since A is a Hausdorff space, the multiplication in A is separately
continuous and bby = byb for each b € B and A € \, then ab = ba for each b € B.
Hence, the linear span of {a} U B is a commutative subalgebra in A. Because B
is the maximal commutative subalgebra in A, then a € B. Hence, B is closed.

b) We show that B U QinvA C QuinvB. For this, let b € B U QinvA, and let
b’ be an arbitrary element of B. Since

by lob = (bl ob)ols = (b, ' ob)o(bob, ') = b, o(b ob)ob, ' =b, o(bob')ob,"
= (b;l ob)o (b o b;l) =0s0( o b;l) =Vo b;l,

then b, '0" = ¥'b;'. As in above, the linear span of {b,'} U B is a commutative

subalgebra in A. Because B is the maximal commutative subalgebra in A, then

b,;* € B. Hence, b € QinvB.

c) Let b € Band X € spy(b). If X # 0, then 2 ¢ QinvA. Therefore, 2 ¢ QinvB
by equality b). Hence, A € spg(b). Thus, sp,(b) C spg(b). The converse inclusion
is similar.

Let now A € sp’y(b). If A € spy(b), then A € spy(b) as above. Let now
% € QinvA but (£2);* € Ag. Then ¢ € QinvB by the equality b) and (%), ¢
By. Hence, A € splz(b). Consequently, sp’y(b) C sp’z(b). Converse inclusion is
similar. 0J

Corollary 3.8. Let A be a locally convex algebra over C. If, in addition,

a) the multiplication in A is jointly continuous and the quasi-inversion is con-
tinuous,

then the inequality (3.4) holds for every a € A;

b) A is a Waelbroeck and Hausdor(f algebra, then sp’y(a) = spy(a) for every
a€c A

Proof. a) Since A is locally convex, then the conditions (b) and (c) in Proposition
3.6 have been fulfilled (see, for example, Corollary of Theorem 3.4 and Proposition
3.18 in [11] ). Therefore, the statement holds by Proposition 3.6.

b) Let first A be a commutative unital locally convex Waelbroeck algebra.
Then the condition a) is fulfilled and the multiplication in A is jointly continuous
by Corollary 3.2. Moreover, since A is locally convex, then (b) and (c) have been
fulfilled (see the proof of part a)). Therefore, every element in A is bounded by
Theorem 1 in [3]. Hence, sp’ya) = sp(a) for every a € A by the definition of the
regular spectrum.

Let now A be an arbitrary unital Hausdorff locally convex Waelbroeck alge-
bra, a be an element in A, B, be the subalgebra of A, generated by a and ey,
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and M, be the maximal commutative unital subalgebra of A. Then B, C M,
and M, is a commutative unital Hausdorff locally convex Waelbroeck algebra by
Lemma 3.7 b). Hence,

spi(a) = sphy, (a) = spy, (a) = spu(a)
for every a € A by the first part of the proof and Lemma 3.7 c).

Next we coincide the case when A has not unit. Instead of A we coincide the
unitization A; of A. Since A is a Waelbroeck algebra, then A; is a Waelbroeck
algebra with unit element by Proposition 3.6.28 in [6]. Moreover, A; is a Hausdorff
space. Hence,

sDa(@) = 597, (2:0)) = b, (0.0))] =5p(a)
by Proposition 2.3. 0
Corollary 3.8 a) has been given in [1, Theorem 4.1] for unital locally convex

algebras. In [5] has been given a unital commutative locally convex ()-algebras
in which the usual spectrum and the regular spectrum of elements coincide.

4. PROPERTIES OF THE DISOLVENT MAP
For any topological algebra A over C, let
oy(a) = Cx \ sp)y(a)
for each a € A. Later on we need the following results.

Lemma 4.1. Let A be a topological algebra over C, and let a € A and A\, pu €
C\spy(a). Then

1) aDy(A) = Dy(N)a = a+ ADy(N)
and

2) Du(N)Da(t) = Dal2) Da(N).

Proof. 1) Since A # 0 and

% 0 Dy(A) =04 = Dy(A\) o %,
then
Da(N)% =< 4 Du(\) = 2D, ()
a )\ )\ a A a

Hence, the statement 1) holds.
2) Since A, 1 € 0a(a), then A # 0, u # 0 and § € QinvA. Moreover,

0 DalN) = Da(N) 0 .
Therefore, from
D) 0 Du(yt) =(Dali) o ) © (DulN) © Dage) = Dufy)© (7 0 Da(N)) 0 Dalp)

=(Dul) 0 Da(N)) o (1 © Dal)) = Dali) o Da()

it follows that Dy (A)Dy(1) = Do) Dga(A). O
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Proposition 4.2. Let A be a topological algebra over C, let Ay € C\ cle(spy(a)),
and let O(Ng) be a neighborhood of \g such that O(N\g) C C\ clc(spa(a)). Then

n

D)+ 320u000) 32 (252) Dalre))

_o

DuX) =5

v=1

+ (252 D ) Dy (4.1

for each A\ € O(Xg) and n € N. Moreover, if O is a neighborhood of oo such that
O Nspy(a) is empty, then

D) =35+ (5) D) (4.2)

for each A € O and n € N.

Proof. Dividing both sides of the equation

a

a
— 4+ Dy(\) — =Dy(N) =46 4.3
S D) — D40 = b (13)
by Ao and both sides of the equation
a a
" + Da(No) — )\_Da(/\D) =04 (4.4)
0 0

by A and then subtracting from the first new equation the second new equation,
we obtain the equation

Da<>‘) Da()‘l)) _ a<Da()‘) B Da()‘O))
NN y" . (4.5)

Now multiplying both sides of the equation (4.3) from the left by AD,(\) and
both sides of the equation (4.4) from the right by A\oD,(\) and then subtracting
from the first new equation the second new equation, we obtain by Lemma 4.1
the equation

a(Da()‘> - Da<)‘0)) = (/\ - )‘O)Da()‘O)Da(A)' (46)
Hence, from (4.5) and (4.6) follows that

Da(\) = %DQ(AO) n (

A—Xo

) DaM) Da(N). (47)

By relation (4.7) one gets that relation (4.1) is true for n = 1.
Let now the formula (4.1) hold, when n = m. To show that this formula holds
also when n = m + 1, we put the value of D,()) in (4.7) to the right part of the
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formula (4.1). Then

Hence, by the induction, the formula (4.1) holds for every n € N.

Let now A € ON(C\ spy(a)). Then A # 0 and, from (4.3), it follows that the
equality (4.2) holds for n = 1. Similarly as above it is easy to show by induction
that the equality (4.2) holds for each n € N. O

Corollary 4.3. Let A be a topological algebra over C with continuous quasi-
inversion, a € A, and let \g € C\ spy(a). Then

= D2(\) (48)

i a neighborhood of \g.

Proof. The equality (4.8) holds by (4.7) because the quasi-inversion in A is con-
tinuous. O

For any topological algebra, A let By, denote the collection of all closed, bounded,
idempotent, and absolutely k-convex subsets in A.

Proposition 4.4. Let A be a locally complete topological Hausdorff algebra with
idempotently pseudoconvexr von Neumann bornology, and let a € A\ {0a}. Then
(a) for any Ng € oy(a) N C, there exist a number k(Ag) € (0,1], an open
neighborhood O(Xg) C o’y(a) of Ao, and a set B(\g) € By(x,) such that Do(X\) €
Ap(rg) for each X € O(Xg);
(b) if oo € o”y(a), then there exist numberst > 0, k € (0, 1], an open neighbor-
hood O of 0o, and a set C' € By such that D,(\) € Ac whenever A € O C o”y(a).

Moreover,

lim D,(\) =04.

[A| =00
Proof. Let A be a (not necessarily unital) locally complete topological Hausdorff
algebra with idempotently pseudoconvex von Neumann bornology, and let a € A\
{04} and A\ € 0”(a)NC. Then D,(\g) € Ag. Hence, there exists a number p > 0
such that S(D,(\o), 1) is a bounded and idempotent subset in A. Therefore,
there is a number k£ = k(o) € (0, 1] such that I'x(S(D.( o), 1)) is also bounded
in A. Hence, B = cls(I'x(S(Da(Xo), 1)) is a closed, absolutely k-convex, bounded,
and idempotent subset in A (see [8, p. 103] and [9, Lemma 1.3]). Thereby the
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subalgebra Ap of A, generated by B, is by [I, Proposition 2.2], a k-normed algebra
with respect to the submultiplicative norm pg, defined by

pg(a) = inf{|u|*: a € uB}
for every a € Ag. Since a # 0 and \g # 0, then D,(\g) # 64. Therefore,
pB(Dy(No)) > 0.
Let € € (0,1) and

A — /\0 €
O(Xo) = )\E(C\{O}:‘ ‘< Y
{ A PB(Da(Xo))* }
Then O()\) is a neighborhood of Ay in C. Indeed, \g € O()\g) and O()g) is an open

subset of C (if X' € clc(C\ O(Ng)), then there exists a sequence (A,) € C\ O(\)
such that (\,) converges to . Hence, if X' # 0, then from

€
A= ol Z [l ———7
PB(Da(Ao))*

for each n € N, it follows that X € C\ O(\o) and if ' =0, then X € C\ O(\)
by the definition of O()\g). Hence ' € C\ O(\)).
Let A € (O(M\o) Na’y(a)) \ {Ao} and

70 = 3 (252 D,y

v=1

for each n € N. Then T, (a,\) € Ap,
A=Ak

0< g = |“52 pe(Dar)) < < 1,
A Ao A — Aoy 1
Da(N) = T DalR0) + 32 DaMo)Tula, A) + (2520) " D (00) Da(d)
for each n € N, by Proposition 4.2, and

n+m v
Tov(a ) = Tula ) = > (2529) Dare)
v=n+1

- (5 o S (52 Do

v=1

for each n,m € N. Therefore

po(Tvan(a ) = Tl N) < |22 "o (0u00)* 3 |22 s (D))
=qN)" (N’ ’“”Ze’“’—l_gk o

for each n,m € N. Thus
lim pB<Tn+m(a’7 )‘) - Tn(a7 )‘)) =0
n—oo

for each m € N. It means that (7,,(a, A)) is a Cauchy sequence in Ag. Thereby,
(To(a,\)) is a convergent (and bounded) sequence in Ap for each
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A € O(N\) No’y(a) (because Ap is complete by assumption). Hence, there is
a number M (A) > 0 such that

T,(a,\) € M(\)B

for each n € N and

lim T,(a,\) = i ()\ _/\/\0

n—oo

)UDCL()\O)” e M(\)B

v=1
for each A € O(X\g) No’y(a) because A is a Hausdorff space and B is closed. Since

pBK)\ _,\)\O>nDa()\o)”} < g\ < n

for each n € N and A € O()\g) N o’j(a), then the sequence <(%)nDa()\0)”>

vanishes in Ag for each fixed A € O()\g) N o’(a), hence also in A, because the
topology on Apg defined by pp is not weaker than the subset topology on Apg
(see [1, Proposition 2.2]). It means that

A—Xo

X, = lim <

n—o0

) Da(X)" Da(N) = 04

for each fixed A € O(\g) No’y(a). Taking this into account,

D,(A) = lim D,(\) = &Da()\o) + &Da(AO) lim T, (a, \) + X,

n—o00 A by n—00

A A 1A= Ao\
= S2Du(M) + 5 Dal0) z; (5572) Dalro)” € As
for each A € O(X\g) No’y(a). Because Ag C Ay (see [1, Proposition 2.3 ]), then
O(\o) C o’y(a) by the definition of the regular spectrum.

Let now oo € o"(a). Then co & sp’y(a) Therefore, a € Ay. Hence, there
are numbers p > 0 and k € (0, 1] such that I'y(S(a, p)) is bounded in A by the
assumption. Now C' = cl(I'x(S(a, p)) is a closed, absolutely k-convex, bounded,
and idempotent set in A and a € Ac. Again (A¢, pe) is a k-normed subalgebra
of A by Proposition 2.2 in [1].

Let € > 0,

O = {)\ cC: |)\\ > max{&pC(G)%}}’
A€ ONaoy(a),
. pc(a)
¢(A)_ ‘)\'k
, and

n a/,u
Wn 7)\ = - o
(a,)) 2 X
for each n € N. Then W, (a,\) € Ac for each n € N,

Da(X) = Wi(a, \) + (%)”Dau)
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for each n € N by (4.2), and pc(D4(N)) > 0 because a # 04. Now

PeWam(a, A) = Wa(a, )] < ()" > 9p(A) = wwl_%m
- n-1 P (a)
VTR e

Since 0 < 1(\) < 1 for each A € O N o’y(a), then (W, (a,N)) is a Cauchy (hence
a bounded) sequence in Ag. Because A is locally complete, then the sequence
(Wy(a, \)) converges in Ac . Since pe((%)") < ¢(A)" for each n € N, then (£)"
vanishes in the topology of Ac (hence, also in the topology of A). Therefore,

((2)"D4(X)) vanishes in A for each A € O N o%(a). Hence

n—oo n—oo

Du(A) = lim W, (a,A) + lim <%>nDa()\) - _ii_
v=1

for each A € ONo’y(a) since A is a Hausdorff space. As the sequence (W,,(a, \)) is
bounded in A, then there exists a number N(A) > 0 such that W,,(a, A) € N(\)C
for each n € N. Consequently, D,(\) € N(A\)C € A¢ (because C is closed).
Similarly as above, O C o"y(a).
Since, .
o pela) A __ pcla)
PetDe) S TS = peta) ~ A pota)

for every A € O, then
lim D,(\) =604

[A| =00
in Ac. The topology on A, defined by the norm p¢, is not weaker than the
subset topology on Aq (see [1, Proposition 2.2]). Therefore, this limit holds also
in A. O

Similar result for the resolvent map in unital case has been proved in [2, Propo-
sition 2.1].

Corollary 4.5. Let A be a locally complete Hausdorff algebra over C with idem-
potent pseudoconvexr von Neumann bornology. Then the reqular spectrum sp’y(a)
is closed in Cy and not empty for every a € A.

Proof. The regular spectrum sp’;(a) is closed in C., by Proposition 4.3 and
nonempty by the definition and, in unital case, by Proposition 2.2 in [2]. (]

Corollary 4.6. Let A be a locally complete locally convex Hausdorff algebra over
C with jointly continuous multiplication and continuous quasi-inversion. Then

spia(a) = cle (spa(a))
for each a € A.
Proof. This statement is true by Corollaries 3.8 and 4.5. U

Corollary 4.7. Let A be a locally complete locally convex Hausdorff algebra over
C with jointly continuous multiplication and continuous quasi-inversion. Then
a € Ay if and only if sps(a) is bounded.
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Proof. If a € Ay, then oo ¢ sp’y(a) by the definition of the regular spectrum.
Therefore, oo & spy(a)). Consequently, sp,(a) is bounded. Otherwise, every
n € spy(a) by what oo € sp,(a) because the regular spectrum of A is closed by
Corollary 4.5.

Let now sp4(a) be bounded. Then oo & clc_(sp(a)). Hence, co ¢ sp’y(a)) by
Corollary 4.6. So, a € Ay by the definition of the regular spectrum. OJ
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