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ABSTRACT. Using Calderén’s reproducing formulas and almost orthogonal es-
timates, the T'1 theorem for the inhomogeneous Triebel-Lizorkin and Besov
spaces on RD-spaces is obtained. As an application, new characterizations for
these spaces with “half” the usual conditions of the approximate to the identity
are presented.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

The main purpose of this paper is to characterize the inhomogeneous Triebel-
Lizorkin and Besov spaces on RD-spaces with “half” the usual conditions of the
approximation to the identity. For this purpose, we prove a new 7T'1 theorem of
these spaces, where the inhomogeneous Calderéon—Zygmund kernel satisfies “half”
smoothness conditions.

To state the main results, let us first recall spaces of homogeneous type which
were introduced by Coifman and Weiss [1]. A quasi-metric p on a set X is a
function p: X x X — [0, 00) satisfying (i) p(x,y) = 0 if and only if = = y; (ii)
p(x,y) = p(y,x) for all z,y € X; (iii) There exists a constant A € [1,00) such
that, for all z,y and z € X,

p(r,y) < Alp(z, 2) + p(z,y)].
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Any quasi-metric defines a topology, for which the balls
B(z,r)={y € X : ply,x) <r},

for all x € X and all r > 0, form a basis. We say that (X, p, ) is a space of
homogeneous type in the sense of Coifman and Weiss if p is a quasi-metric and g
is a nonnegative Borel regular measure on X satisfying the doubling condition;
that is, for all x € X,r > 0, then 0 < u(B(z,7)) < co and

u(B(w,2r)) < Cu(B(x, 1)), (L1)

where g is assumed to be defined on a o-algebra which contains all Borel sets
and all balls B(z,r), and the constant 0 < C' < oo is independent of z € X and
r > 0.

Macias and Segovia [14] showed that the quasi-metric p can be replaced by
another quasi-metric d such that the topologies induced on X by p and d coincide,
and d has the regularity property; there exist constants C' > 0 and 0 < 6 < 1
such that, for all z,2’,y € X,

|d(z,y) — d(a',y)| < Cd(x,2")’[d(x,y) + d(a',y)]' "
Moreover, if B(x,r), the ball defined by the quasi-metric d, then
u(B(z,r)) ~ . (1.2)

Note that the condition (1.2) is much stronger than the doubling property (1.1).
In [15], Nagel and Stein developed the product theory on Carnot—Carathéodory
spaces with a smooth quasi-metric d and a measure p satisfying the condition
(1.1) and the “reverse” doubling condition; that is, there exist constants ay and
C € (1,00) such that, for all z € X and all 0 < r < sup d(z,y)/ao,
z,yeX

Cu(B(x,r)) < p(B(x, agr)). (1.3)

Such “reverse” doubling condition was further extended by Han, Miiller, and
Yang in [6] and [7] into metric measure spaces.

We point out that the doubling condition (1.1) and “reverse” doubling condi-
tion (1.3) imply that there exist positive constants w (the upper dimension of p),
k € (0,w] (the lower dimension of p), ¢ € (0,1], and C' > 1, such that, for all

reX,0<r< sup d(z,y)/2,and 1 <\ < sup d(z,y)/2r,
z,yeX z,yeX

A"u(B(z,r)) < p(B(z, Ar)) < CXu(B(x, 7).

Such spaces of homogeneous type satisfying the “reverse” doubling condition are
called RD-spaces, which was originally introduced in [7]. See also [6] and [18] for
more equivalent characterizations of RD-spaces.

Throughout this paper, (X, d, 1) denotes an RD-space with p(X) = co. We use
C to denote a positive constant, whose value may vary from line to line. Constants
with subscripts, such as C', do not change in different occurrences. Let 6 be the
regularity exponent of X, and let M be the Hardy—Littlewood maximal operator.
We denote by f ~ g if there exists a constant C' > 0 independent of the main
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parameters such that C~'g < f < Cyg. Let Z, = NU{0}. For all z € X and all
r > 0, we use the abbreviations

Vi(2) = p(B(z,7)) and (z,y) = p(B(z, d(z, y)))-

In order to introduce the inhomogeneous Triebel-Lizorkin and Besov spaces,
we need the following definitions of approximates to the identity and spaces of
test functions.

Definition 1.1. [7] A sequence {Si}rez, of linear operators is said to be an
approximation to the identity if there exists a constant C' > 0 such that, for all
k€ Z, and all z,2",y,y € X, Sk(z,y), the kernel of Sy, satisfies the following
conditions:

(i) Sp(z,y) = 0if d(x,y) > C27% and |Sk(x,y)| < Cy— L

i) [Sk(2,9) = S(e' )| < C2 () o

(
(iti) [Se (2, y) — Su(z,)| < C2Yd(y. )’ v~
(iv)

[Sk(z,y) = Sulx,y)] = [Sula’,y) — Sl )|

1
< C2°Md(x, 2")d(y, ')’

Voo (2) + Var (1))

(v) [y Sk(z,y) du(y) = 1;
(vi) [y Sk(z,y)du(z) = 1.

Definition 1.2. [7] Suppose that 0 < 3,7 < 6. A function f defined on X is
said to be a test function of type (53,7) centered at xy € X with width r > 0 if
f satisfies

. 1 .
@ 1@ = O v s trawe)

E
:: d.l‘, T
(i) [f(@) = f)l < C<T+(§(7€?ﬁo)> VGV Gy oF A y) < gx(r +

d(z,z)).
If fis a test function of type (8,7) centered at xo with width r > 0, we write

f € M(zo,7,,7), and the norm of f in M(xg,r,3,7) is defined by
| 1l Moy = Inf{C > 0: (i) — (it) hold }.

We denote by M (3, ) the class of all f € M(xg,1,3,7). It is easy to see that
M(zy,d, 5,v) = M(B,v) with the equivalent norms for all z; € X and r > 0.

Furthermore, it is easy to check that M(f,) is a Banach space with respect to
the norm in M(f,7).

Let ./K/lv(ﬁ,v) be the completion of the space M(6,0) in M(B,7) when 0 <
8,1 < 0.1t f € M(8,7), we define ||l gis.) = | llas

We define the distribution space (Mv (B,7)) by all linear functionals £ from
M(B,~) to C with the property that there exists a constant C' > 0 such that, for

all f € M(B,7),

L] < Cl g
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Now we recall definitions of the inhomogeneous Triebel-Lizorkin and Besov
spaces, and the authors [7] showed that these spaces are well defined.

Definition 1.3. Suppose that {Si}rez, be an approximation to the identity, and
D, =S5,—S,_1forke Nand Dy =5, Let -0 <o <8, andlet1<z/9,vq<oo.
The inhomogeneous Triebel-Lizorkin space is the collection of f € (M(S,7))
with 0 < 3,7 < 6 such that

=

< Q.
Lp

1l = Do) s +||{ i CREIGINY

The inhomogeneous Besov space is the collection of all f € (Mv(ﬂ,'y))’ with
0 < 8,7 < @ such that

1

g = 106Dl + {32 (2=1000)1) '} < oo

To formulate the main results of this paper, we need the following definitions.
For n € (0,0], let Cf/(X) be the set of all continuous functions f on X with
compact support such that

() = f(y)l

= —_— << .
||f||C" 37&5 d(x,y)" 0

Endow C{J(X) with the natural topology, and let (C{ (X))’ be its dual space.
The following is the inhomogeneous Calderéon—Zygmund kernel which was in-
troduced by Meyer [12]. See, for example, [8], [16], [5], and references therein.

Definition 1.4. A continuous complex-valued function K on Q = {(z,y) €
X x X :x # y} is called an inhomogeneous Calderén—Zygmund kernel of type
(€,0) if there exist constants € € (0,6],0 > 0, and C; > 0 such that

) IK(z.9) < Crp
i) [K(z,y)| < C1dgcy)(r V(a: ) for d(z, y) > 1;

iii) [K(z,y) — K(2',y)| < Cld /): V(xy for d(z, ')
iv) |K(z,y) — K(, y)\<C’1 for d(y,y’)

d(z,y)/24;
d(z,y)/2A.

We now define Calderén-Zygmund singular integral operators with inhomoge-
neous kernels.

E

d(w‘ y)é V(ﬂc Y)

(
(
(
(

<
<

Definition 1.5. A continuous linear operator T: CJ — (C{)" is an inhomoge-
neous Calderéon—Zygmund singular integral operator if there exists an inhomoge-
neous kernels K such that

(T}.g) //ny )o() da() dia(y)

for all f, g € C with disjoint supports.

We also need the notion of the weak boundedness property.



526 F. LIAO, Z. LIU, H. WANG

Definition 1.6.[3] A Calderén-Zygmund singular integral operator T is said to
have the weak boundedness property, if there exist constants Cy > 0 and n € (0, 6]
such that, for all zo € X and r > 0,

(Tf,9)] < CoVi(wo)r®llglleall fllcz,
where f,g € Cf with supp f, supp g C B(0,7), [[flleo < 1, l9llec < 1, [[fllep <

r=", and ||gllep < r77. If T satisfies the weak boundedness property, then we
denote it by T € W BP.

The T'1 theorem of the inhomogeneous Triebel-Lizorkin and Besov spaces can
be stated as follows. We use 7™ to denote the adjoint operator of 7'

Theorem 1.7. Suppose that T is a singular integral operator with the kernel
which satisfies (i), (ii) and (iii), of Definition 1.4, T(1) = 0, and T € WBP.
Then T can be extended to a bounded linear operator on F1 and By, for 0 <
a<eandl <p,q<oo.

Theorem 1.8. Suppose that T is a singular integral operator with the kernel
which satisfies (i), (ii), and (iv) of Definition 1.4, T*(1) = 0, and T € WBP.
Then T can be extended to a bounded linear operator on F»% and By?, for —e <
a<0andl <p,qg<o0.

Han and Sawyer [9] established the 7’1 theorem for the Triebel-Lizorkin and
Besov spaces on spaces of homogeneous type. Moreover, they obtained new char-
acterizations of the Triebel-Lizorkin and Besov spaces with “half” smoothness
and cancellation conditions. See [13], [16], [17], [10], and [7] for the related re-
sults.

As an application of the T'1 theorem, we give new characterizations of the
inhomogeneous Triebel-Lizorkin and Besov spaces which only need “half” the
usual conditions on the approximate to the identity.

Theorem 1.9. Let 0 < oo < 0, and let 1 < p,q < 0o. Suppose that Sy, (k € Z,)
is an approximation to the identity satisfying (i), (ii), and (v) of Definition 1.1,
and that B, = Sy, — Si,_1 when k € N and Ey = Sy.

(i) For f € F9, then

{5 Cimann)'}

k=0

~ [ fll g (1.4)

(ii) For f € B, then

{Z (218 ) Y ~ g 15)

k=

Theorem 1.10. Let —0 < o < 0, and let 1 < p,q < oco. Assume that Sy (k € Z,.)
is an approximation to the identity satisfying (i), (iii), and (vi) of Definition 1.1,
and that Ey, = Sy, — Sk—1 when k € N and Ey = Sy, then (1.4) and (1.5) also
hold.
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2. PROOF OF THE 71 THEOREM

In this section, the T'1 theorem of the inhomogeneous Triebel-Lizorkin and
Besov spaces on RD-spaces is presented. We first formulate Calderén’s reproduc-
ing formulas which are main tools in this paper.

Lemma 2.1.[7] Let Sy (k € Zy) be as in Definition 1.1. Set Dy = S — Sk_1

for k € N and Dy = So. Then there exist families of linear operators Dy, and ﬁk,
for k € Z, such that, for all f € M(,v) with 0 < B, <0,

f= ZEka(f) = ZDkBk(f)

where the series converges in the both norm of .//\\/l/(ﬁ’,’y’) with 0 < ' < B and
0 <9 <7, and norm of L with 1 < p < co. When f € (M(ﬂ,v))/, the series
converges in the norm of (Mv(ﬁ’,z’))’ with < ' < 0,7 <+ < 0. Moreover,
for any 0" € (0,6), 5k(x,y), and ﬁk(x,y), the kernels of Dy, and Dy, satisfy the
similar estimates but with x and y interchanged in (ii):

(i)

1 2—k0

el S O Vg B+ dG )

(i)

_ - dw,a) \? ! 2

| Di(z,y) — Di(a, )| < O<2—k +d(z, y)> Voi(x) + V(x,y) (27% + d(z,y))°
for d(z,2') < 35 (27F + d(z,y));
(ii)

/Doa:ydu /Doxydu)

and for k € N

/Dkxydu /Dk:z:yd,u) 0.

We describe a fundamental estimate before we give the proof of Theorem 1.7.
In what follows, we denote min{a, b} by a A b for any a,b € R.

Proposition 2.2. Suppose that 0 < o < € and that T satisfies the hypotheses of

Theorem 1.7 and that Dy (k € Zy) is the same as in Definitions 1.3. Then there

exists a constant C > 0 such that

¢ A 1) L+ (1 —1Nk) 2~ (kAo
Voo () + V() (270 + d(2,y))7"

where o' = o if | =0, otherwise o’ = e.

(2.1)

DT Dy(,y)| < O(
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Proof. We only consider the cases: | =0,k € Z, and [ > 0,k = 0. When k,[ > 0,
the proof of (2.1) is just [11, Proposition 2.1]. In what follows, we fix a smooth
cut-off function ¢y € C§°(R) with ¢g(x) = 1 when |z| < 1 and ¢o(z) = 0 when
|z| > 2, and set ¢1 =1 — ¢9. When [ = 0,k € Z,, we consider two cases. When
d(z,y) < 3A%C, we have

DoT Di(,y) =(T D (-, y)(w), Do(x, -)(u))

=11+ 1o

For I 1, let ¥(u) = Dy(z,u), and let p(u) = Dy(u, y)gbo( Y ) Since T' € WBP,
then

1

11| = (T, )| < CVi(@)[lelleglltllep < A

Now we consider I 5. For any given z, since supp(Dy(z, -)) () supp(Dx (-, y) 1 (C;(jc )) =
(0, so we can write I 5 as

ha= [ [ Dute. ko) Do, o (G55 )autu)du(o)

Notice that d(z,u) < C and by the support of ¢y, d(z,v) > 2AC, then we obtain
that d(x,v) < Cd(x,u) and
V(u,v) > Vi(u) ~ CVi(x).

By the above fact, we have

sl < [ [ 1Dute w0 Do, o (G500 dutulauto)

<c//|pom Vo P v ldu()du(v)

Vl()

When d(z,y) > 3A%C, note that d(z,u) < C and d(v,y) < C, we have d(u,v) >
d(z,y)

3AZ
Thus, in this case, we obtain
1 1
DT D <C D D d d
DD )| <C [ 1000 s s D ) du(w) o)
1 1 1 1
<C )
V(z,y)d(z,y)° Vi(z,y) + Vi(z) (1 +d(z,y))7
where o be as in Definition 1.4. Therefore, the above estimates enable us to get
1 1

Vi(z,y) +Vi(z) (1 +d(z,y))"

<C

[ DoT Dy (2,y)| < C
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We now estimate the case that [ > 0 and k& = 0, and consider it by two cases.

When d(z,y) < 3A2C, since T(1) = 0, then
DiT Do(z,y) =(T'Do(-, )( ) Di(,-)(w)

=(7(Dalv) = Do(ar.9)) (w), Dila, ()

(12~ D)) 0. D )
+<T(u%«,> Dol )10n (5agr ) ) s Die, ()

=Iz1 + l22.

Let 1/}(“) = Dl(mau)a and let (p(u) = [DO(uay) D0($ y)]¢0(2A02 l) By the fact
T € WBP, then

[I21] SOVaet(2)27 Vi ()] 712" Vo ()] 71272 < C27 (Vo ()] 7,
where 7 € (0,€¢]. To estimate Iy, by [, Di(x,u)du(u) = 0, we have
| 12|

= / /M)>ng Dy(z, w)[K (u,v) = K(z,v)][Do(v,y) — Do(z, y)]’ dp(u) du(v)

d(z,u)* 1 1
SO [ S PG Ty i 000
d(x,u) 1 1 d(z,v) \¢
' /x /c>d<z ooca D e 0y Vi o) () (T dio,gy) ) (o
1

Vi(y)
When d(z,y) > 3A%C, since [, Dj(z,u)du(u) = 0, we obtain

<O(1+1)27"

| DT Dy(z,y)| :’/ / Dy(z,u)[K (u,v) — K(x,v)]Do(v,y) du(u) du(v)

d(z,u)c 1
<C/ /m)<02 l|Dl x, u)|d(u,v) Viu 7U)‘D0<U7y)|d/ﬁ(u) du(v)

1
V(x, y) + Vi(z) (1 +d(z,y))c

which completes the proof of Proposition 2.2. O

<02 le

Now we prove the Theorem 1.7.
Proof of Theorem 1.7. By an analogue argument to [2], we obtain that T" can

be extended to a continuous linear operator from M(3,7) to (CI)'. For f €
M(B,7) N F9, then

— 5" TDD(f)

keZy
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in (C]). When f € ./\A/l/(ﬁ,’y) N F+, applying Lemma 2.1, Proposition 2.2,
Fefferman-Stein’s vector-valued maximal inequality(see, for example, [1]), and
notice that Dy (z,-) € CJ, we have

17 flge <c|{ 3 (2e10r) '}

=0

Lpr

(S (S o]y},

=0 k=0

9] 00 N oy = ay1/q
<cl{ S (S )wBun)) Y,
SC”fHFz?’q’

where 0 < a < €. Since .//\/lv(ﬁ,’y) N F»? is dense in F77 with 0 < a < 61 <
p,q < oo ([7, Proposision 5.46]). Therefore, when f € F"7 with 0 < a < ¢,
1 < p,q < oo, we have

1T fllrgre < ClIf Nl pgoe-

The proof of the case f € B,"? is similar, and we conclude the proof of Theorem
1.7. ]

By an analogous argument to Proposition 2.2, then we have the following propo-
sition.

Proposition 2.3. Suppose that —e < a < 0, T satisfies the hypotheses of Theo-
rem 1.8 and that Dy, (k € Zy) is the same as in the Definition 1.5. Then there
exists a constant C > 0 such that

1+ (k—kAl 2~ (kADe
VVQ*(’@/\U (l’) + V(l’, y) (2_(kAl) + d(xv y))€7

where o' = o if k =0, otherwise o’ = e.

\DT Dy, )| < (1(20—’“)e A 1)

As an immediate result of Lemma 2.1 and Proposition 2.3, we can obtain
Theorem 1.8. Here we omit the details.

3. NEw CHARACTERIZATIONS OF THE TRIEBEL—LIZORKIN AND BEOSV
SPACES

In this section, we will use the 71 theorem to prove Theorems 1.9 and 1.10.
We first give some estimates.

Proposition 3.1. (i) Suppose that Ej is the same as in Theorem 1.9 and
that Ex(x,y) is the kernel of Ey, for k € Z,. Then Ey(v,y) € F" and
Ey(x,y) € By for any fized x, —0 < a <0, and 1 < p,q < oc.

(ii) Suppose that Ey is the same as in Theorem 1.10 and that Ex(z,y) is the
kernel of Ey for k € Zy. Then Ey(z,y) € F*? and Ey(v,y) € By? for
any fited x, 0 < a <6, and 1 < p,q < 0.
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Proof. For given x € X, we claim that
1 27(l/\k)€

|Dk(El(I7 ))( )| < C( /\ 1) ‘/2_(1Ak)(l') + V(l’,y) (2_(l/\k) + d(ZL‘, y)>9
(3.1)

When [ > k > 0, notice that

DB D) = | [ 1Du02) = DBl )|, 32)

then the proof of (3.1) is the same as (3.7) of [7, Lemma 3.2]. When k& >1 >0,
we just use the size conditions of Dy and Ej, and consider d(z,y) < 4427% and
d(z,y) > 4A27% respectively; the estimate in (3.2) follows easily. Here we omit
the details.

(i) Given z € X, when 0 < a < f and 1 < p,q < oo, we have

S Goimmien)}”

Lpr

1 2~ (Ink)0 p 1/p
<C zka( A1)(/( )d )
> « Vo (@) + V) @O0 4 iz g)p) M)
SO Z 2ka <2(k7l)9 A 1);1
1—-1
ke, V2—<Mk>( )
1
<C Z 2(kfl)(6’+a)2la _+ Z 2 (k— la2la
0<k<lI Vi ( > 0<i<k Voi(z )
<C; < o,

where —f < a < 0. Therefore, we get Ei(z,y) € F;»? for any fixed x. We can
similarly conclude the case Ey(v,y) € By? for any fixed x.

(ii) Given z € X, when 0 < a < f and 1 < p, ¢ < 0o, we only consider the case
Ey(r,y) € By, and the case E(r,y) € F*? can be handled similarly. For given
x € X, by an analogous argument to (3.1), then

1 2—(lAk)6

| Di(Ex(z,-)) ()| < C(2 ( A 1) Vo () + V (2, 9) (2= + d(x, 4))°
(3.3)

Using (3.3), we obtain

qy1/q
{3 (@|peEcon],,)'}
k‘GZ+

1 9—(Nk)0 P 1p
< oka (=10 5 1 / ;
= kgz:-‘— ( > < X <‘/2(l/\k) (,jl’,‘) —I— V(:L‘, y) (2*(1/\16) + d(ﬂf, y>)9> M([L‘))
<C) < o0,
where 0 < a < 6. The proof of (ii) is finished. 0

We now prove the following proposition.
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Proposition 3.2. Let 0 < a < 6, and let 1 < p,q < oo, and suppose that
Ey(k € Z) is the same as in Theorem 1.9. Then there ezists a constant C' > 0
such that

H{i (21B()1)" }; L Sl (3.4)
and .
{i (2Nl )’ }3 < £l gz (3.5)

Proof.  Suppose that f € F for 0 < a < 6 and 1 < p,q < co. By [7,
Theorems 7.4 and 8.18] and Proposition 3.1, we can write

= E(Y_DiDi(f)) = Y- BDiDA(S). (3.6)

When 0 < a < 6; then (3.6), Holder’s inequality, and Fefferman-Stein’s vector-
valued maximal inequality imply that

(S sy, su{i@zka'wzﬁ«ﬂw .
o3 (S mpwdan) Y],

SCHf“F;?’q-
We can verify (3.5) similarly. Thus, we finish the proof of Proposition 3.2. 0

To finish the proofs of Theorem 1.9 and Theorem 1.10, we need to show the
converse inequalities of (3.4) and (3.5). We use Coifman’s idea to achieve the
goal. Let I be the identity operator, and let Ej be the same as in Theorem 1.9,

for k € Z,; then I = Z Ej, in L?. In the norm of L?, we rewrite

k=0
I=) Y EE=Y ) Eubit+) Y Bk
k=0 =0 k=0 |I|<N k=0 |I|>N
= ZE;ika+Z Z By By =Ty + Ry,

k=0 [I|>N

where E}Y = Z E . and E, = 0 for — € N.
ll|<N
We now show that Ry is bounded on F*¢ and Bp*? with an operator norm less
than 1. We write Ry = Z E,FE)., and consider the sums for £k — [ > N and
l—k|>N
[l —k > N, respectively.



71 THEOREM FOR INHOMOGENEOUS SPACES 533

Proposition 3.3. Let 0 < a < 6, and let 1 < p,q < oo, and suppose that
E, (I € Zy) is the same as in Theorem 1.9. Then there exists a constant C' > 0
such that

| > BB, <02 fllgp (3.7)
kE—I>N P
and
| 3 BB, < C2 S g (3.8)

kE—I>N P

Proof. We only prove (3.7), and the proof of (3.8) is similar. By the definition of
Foa, (3.1), and Fefferman-Stein’s vector-valued maximal inequality, then

| BEG)

k—=I>N

HE e

o,q
FP

r

<
|

. L

Dj( >, ElEk(f)> )q};
(3 22 ar) i)'}y

0 Ek-I>N

( > (2(14)9 A 1)2<jfz)a2afk)a2ka v (Ek(f))>q}

j=0 k—I>N

<c|{

Lr

J

Q=

NE

<c|{

p

<o{ 3 (mm)'}

k=0
< 27| fllggea,

which is a desired result. ]

r

Now we need to prove the following proposition.

Proposition 3.4. Let 0 < a < 0" < 0, and let 1 < p,q < oo, and assume that
E, (I € Zy) is the same as in Theorem 1.9. Then there exist constants C > 0
and 6 > 0 such that

H > ElEk(f)Hngq < C27NO|| £ o

I-k>N
and
| 3 B, <02 lage
I-k>N Br
Proof. Let Ry(z,y) be the kernel of Ry := Z E,Ex(f). We claim that there
I-k>N
exist C' > 0 and 6,0 > 0 such that Ry(z,y) satisfies Ry(1) = 0, and

~ 1
|Ry(z,y)| < C27N°———

V) : (3.9)
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1 1

) —N§
|Rn(z,y)] < C2 107 Vo) (3.10)
for d(z,y) > 1;
5 vod(z, 2') 1
|Rx(z,y) — Ry(a,y)| < C27N° Az ) Ve y) (3.11)
for d(z,2') < 55d(z,y);
[(Rno, )] < 027NV, (x0) (3.12)

for all ¢,1) € C§ with supp ¢, supp ¥ € B(zo, 1), [|¢]lec < 1, [[¥]lec <1, [[@llcy <
r~7, and ||ilen < 7

We rewrite EN = Z ElEk = Z Z Ek+lEk and ﬁN = Z Ek—i—lEk‘ Ob-
I—k>N I>N k€Zy kE€Zy
viously, EN(l) = 0. Applying [7, Lemma 3.21], by an analogous arguments to
[11, Proposition 3.6], we can get (3.9), (3.11), and (3.12). Now we verify (3.10).
When d(z,y) > 1, we have

- 1 2—ke
< 20
)RN(xa y)‘ <C kgz: Vo-r(x) + V(x,y) (2% 4+ d(x,y))°
0 27k (3.13)
<C 2" .
kezm ) d(x,y)°

V(w,y) d(z,y)"

then |Ry(z,y)| < CQ‘NOV(iy)W. Thus, when d(z,y) > 1, from (3.9) and

(3.13), it is easy to get
1 1
Viz,y)d(z,y)

Ry (z,y)| < 027N

for some 9,0 > 0.
By Theorem 1.7, for all f € F3*, then

| > BB, <2 e

I—k>N

For all f € B, we also have

| 3 BB, <2 fllsge.

I—k>N
We finish the proof of Proposition 3.4. O
By the fact that TJQ (I — Ry)~ Z R} and Proposition 3.4, we can

obtain that Ty exists and is bounded on FI?‘ ‘1 and Bp? for large integer N.
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Similar to the proof of (3.1), given a large integer N, let Ej and E be as in
Definition 1.3 and (3.7), for k,l € Z., respectively, then we have

1 2—(k/\l)9
Vamteny () + V (2, y) (270N + d(, y))?
where the constant Cy depends only on N.

Using (3.14), by analogous arguments to (3.5) and (3.6), for f € L* N F, we
have

IDLEN (2,9)] < Cy (2“*’“)" A 1) (3.14)

1T (Nl <|{

=

(S aa)},
(i gka (2(l,k)9 A 1>M(El(( f)))q};

(2218(n))"}

Lp

M 10+ 1

IN
—

)

Lp

T
=

and then

Mwﬂ%%mM%W“WW@MiMMWT

1=0
Since L? N Fo%is dense in Fi*, and let f € F"7 with

IS (mon) Y, <

we can choose a sequence { fp}p2, with f, € L N F% such that

73

tim [, — fll e = 0.
n—oo

Thus, using the above fact and (3.4), then

: : - o ay1/a
I fllggs = lim |l falles < € tim {30 (21E:(£)1) '}
n—oo n—oo

k=0

Lp

§Cnli_r)lolo [ fn — fHF;vq + C’H{ Z <2ka’Ek(f)‘>Q}1/q

{3 (man)}

Lp

o0

0

Lp
which finishes the proof of the converse inequality of (3.4). The case f € By
can be dealt similarly. We conclude the proof of Theorem 1.9.

Applying Proposition 3.1, the proof of Theorem 1.10 is similar to Theorem 1.9
with necessary modifications. We leave the details to the interested reader.
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