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FIXED POINT RESULTS FOR A NEW MAPPING RELATED
TO MEAN NONEXPANSIVE MAPPINGS
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ABSTRACT. Mean nonexpansive mappings were first introduced in 2007 by
Goebel and Japén Pineda and advances have been made by several authors
toward understanding their fixed point properties in various contexts. For any
given mean nonexpansive mapping of a Banach space, many of the positive re-
sults have been derived from knowing that a certain average of some iterates of
the mapping is nonexpansive. However, nothing is known about the properties
of a mean nonexpansive mapping which has been averaged with the identity. In
this paper we prove some fixed point results for a mean nonexpansive mapping
which has been composed with a certain average of itself and the identity and
we use this study to draw connections to the original mapping.

1. INTRODUCTION

Let (X, [|-]]) be a Banach space, and C' a nonempty subset of X. A function
T :C — X is called nonexpansive if

|Tx —Ty| < ||z —yl|, foralaxyecC.

It is a well-known application of Banach’s Contraction Mapping Principle that
every nonexpansive mapping 7' : C' — C (where C' is closed, bounded, and
convex) has an approzimate fized point sequence (x,), in C. That is, (x,), is a
sequence for which [|Tz,, — z,|| — 0. The question of when nonexpansive maps
have fixed points is much more difficult, however. We say a Banach space (X, ||-||)
has the fized point property for nonexpansive maps if, for every closed, bounded,
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convex subset C' # () of X, every nonexpansive map T : C' — C' has a fixed point
(that is, a point x € C for which Tx = x). It is well-known that there exist
closed, bounded, convex subsets of certain Banach spaces which fail to have this
property (for example, the space of absolutely summable sequences (¢*, [|-]|,), the
space of null sequences (co, ||-]|.), and (L*[0,1],]-]|,) all admit such subsets and
fixed-point-free nonexpansive maps).

It is also known that certain classes of Banach spaces do indeed have the fixed
point property for nonexpansive mappings: in 1965, Browder proved that all
Hilbert spaces have the fixed point property for nonexpansive mappings [1], and
later in 1965, Browder, Gohde, and Kirk independently proved that uniformly
convex spaces have the fixed point property [2, 9, 10]. Since then, many au-
thors have investigated generalizations to these theorems, typically by looking at
classes of mappings more general than the class of nonexpansive mappings (for
instance, “uniformly Lipschitzian” mappings, or “asymptotically nonexpansive”
mappings). For a thorough introduction and survey of the history and results of
metric fixed point theory, see [8, 11].

In this paper, we will be discussing the fixed point properties of a new mapping
associated with the class of so-called “mean nonexpansive maps,” which is a class
of mappings more general than the class of nonexpansive mappings and were
introduced in 2007 by Goebel and Japén Pineda [6]. Recent research in this area
has proven to be fruitful, and the interested reader should see [12] for a nearly
complete survey of known results.

Specifically, we show in Theorems 3.2 and 3.4 that this new mapping must
have an approximate fixed point sequence and, in certain contexts, fixed points.
From this, we obtain a new proof of Theorem 2.1, which is originally due to
Goebel and Japon Pineda and provides a sufficient condition to guarantee the
existence of a fixed point for a mean nonexpansive mapping. We conclude with
an open question about the new mapping defined herein, the answer to which
would provide an interesting perspective on the structure of mean nonexpansive
maps.

2. PRELIMINARIES

A function T': C' — C'is called mean nonezpansive (or a-nonezpansive) if, for
some @ = (v, (g, . .., ) With D0 oy, = 1, oy, > 0 for all k, and oy, o, > 0, we
have

Zak |T* 2 — T*y|| < ||z —yl|, for all z,y € C.
k=1

It is clear that all nonexpansive mappings are mean nonexpansive, but the con-
verse is not true. That is, there exist mean nonexpansive mappings for which no
iterate is nonexpansive (see Examples 2.3 and 2.4).

Goebel and Japén Pineda further suggested the class of (a, p)-nonexpansive
maps. A function T : C' — C is called («,p)-nonezpansive if, for some a =
(a1, ae,...,a,) with D7 ap =1, o, > 0 for all k, oy, 0, > 0, and for some
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p € [1,00),

Zak | Tz — T*y||” < ||z — y||”, for all z,y € C.
k=1

For simplicity, we will generally discuss the case when n = 2. That is, T : C' —
C'is ((aq, ag), p)-nonexpansive if for some p € [1,00), we have

ar [Tz — Ty|” + o || T?z — T?y||” < |z — y||”, for all z,y € C.

When p = 1, we will say T' is (a1, ag)-nonexpansive. When the multi-index « is
not specified, we say T is mean nonexpansive.

It is easy to check that every (o, p)-nonexpansive map for p > 1 is also a-
nonexpansive, but the converse does not hold; that is, there is a mapping which is
a-nonexpansive that is not (o, p)-nonexpansive for any p > 1 (see [12] for details).
It is also easy to see that, by the triangle inequality, the mapping T, := oy T+ T?
is nonexpansive if T' is («, ag)-nonexpansive. As noted in [6], however, the
nonexpansiveness of T, is significantly weaker than the nonexpansiveness of T
For example, T, being nonexpansive does not even guarantee continuity of 7', let
alone any positive fixed point results [12, Examples 3.5 and 3.6]. When 7" is mean
nonexpansive, Goebel and Japén Pineda (and later Piasecki [12, Theorems 8.1
and 8.2]) were able to use the nonexpansiveness of T, to prove some intriguing
results about T, as summarized in the following theorem.

Theorem 2.1 (Goebel and Japén Pineda, Piasecki). Suppose (X, ||-||) is a Ba-
nach space and C' C X is closed, bounded, conver, and T : C' — C is ((oy, aa), p)-
nonexpansive for some p > 1. Then T has an approrimate fized point sequence,
provided that of < «y. Furthermore, if (X, ||||) has the fized point property for
nonexpansive maps, then T has a fived point if of < ay.

Note first that for p = 1, the inequality in the theorem above reduces to oy >
1/2. Note also that T,, = oy T+ a,T?, and so we may write T, = ([ +aoT)o T,
where I denotes the identity mapping. In the following, we will study properties
of a related mapping given by 7, := T o (ay + aT). To the present author’s
knowledge, this mapping has not been studied in the literature. Clearly if T is
linear (or, more generally, affine), then (o] + aoT) oT =T o (ay] + aT). This
is not true in general, as shown in Example 2.3.

It should be noted that, just as with T,,, nonexpansiveness of 7, is not enough
to even guarantee continuity of 7', as the following example demonstrates.

Example 2.2. Let f:[0,1] — [0, 1] be given by
1 =0

Clearly f is discontinuous. Let a = (a, as) be arbitrary such that a;, s > 0
and oy + ag = 1. Then

=0 =0
alm—i—agf(a:) _ {a1x+a2 x {a2 x

oax x;«é(): ar A0
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But then ayz + asf(z) # 0 for any = € [0,1], and thus f(oayz + asf(z)) = 0 for
all z € [0,1] and f o (o] 4 o f) is nonexpansive.

We now give an example, taken from [7] (see also [12, Examples 3.3 and 5.2]),
of a mean nonexpansive mapping defined on a closed, bounded, convex subset of
a Banach space for which none of its iterates are nonexpansive. This example
will also demonstrate that T}, is generally not equal to 7,.

Example 2.3. Let (¢*,|]];) be the Banach space of absolutely summable se-
quences endowed with its usual norm. Let Bpn denote the (closed) unit ball of ¢*.
Then let T : By — By be given by

2
T(ZL‘l,.TQ,l’g, o ) = (T(I2>a 5L3, T4,y *- ) )

3
where 7 : [—1,1] — [—1,1] is given by
A+1 —1<t<—1/2
T(t) =40 —-1/2<t<1)/2

2—1 1/2<t<1.

It is easy to check (see [12] for more details) that T'(Bsp) C Bpu, T is not [|-||;-
nonexpansive, but 7' is mean nonexpansive for a; = as = 1/2. That is, there
exist two points x,y € Bp for which

||Tx - Ty”1 > ||33 - 3/”1 ;
but it is true that

1 1
5 1Tz =Tyl + 5 [|T% = T2, <llz -yl

for all z,y € By.
Then, for any =z,

and

1 1 1/2 2 (1 1 1 1
To(é “T”) ) < (E“’Z* 2 <§)> '3 (59”3* 5954) P ) |

So, for instance, for e3 = (0,0, 1,0,0,...)
1 1 1 1 1
T = =T = - - = -
(263+2 €3> (T (3>7 37()’07 ) (073a0707 )

1 1
T,es = §T€3 + §T2€3

1 2 1 2
—5 (0,5,0,0,...) —|—§ (T (g) ,0,0,0,...)
11
=12 5,0,0,...).
(6737 ) )

while
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Thus, To (31 +3T) # (31 +3T) o T.
Since we will also be discussing (o, p)-nonexpansive maps, we give an example
here to demonstrate that this class of mappings is also nontrivial. Example 5.2

from [12], mentioned above, provides, for any (a1, as) and p > 1, a ((aq, a3)), p)-
nonexpansive mapping 7" on the unit ball of ¢ for which

1+062 %
k(T™) =
) (1+<—1>na3ﬂ) ’

where k(T™) is the Lipschitz constant of 7". Adapting Example 2.3 slightly gives
us another nontrivial example of an (o, p)-nonexpansive mapping on a closed,
bounded, convex subset of a Banach space. In particular, we have an example of
a ((1/2,1/2),2)-nonexpansive mapping defined on the unit ball of ¢, the Hilbert
space of square-summable sequences.

Example 2.4. Let (¢2,]-||,) be the Banach space of square-summable sequences
endowed with its usual norm. Let By denote the (closed) unit ball of 2. Then
let S': By2 — B2 be given by

2
S(.Tl,xg,l'g,"') = <0<x2)7 \/;l'g, Ty, ) 9

where o : [—1,1] — [—1, 1] is given by
V2t+ (V2 -1) 1<t <t
0 o <t <t

V2t—(V2-1) t<t<1,

o(t) =

where ty = (v2 — 1)/V/2.

It is easy to check that S(Bp) C B, S is not |[|-||,-nonexpansive, but S is
mean nonexpansive for a; = ap = 1/2 and p = 2. That is, there exist two points
x,y € By for which

Sz — Sylly > [lz =yl
but it is true that

1 9 1 2 2
) Sz — Syl|; + 3 |5%z — S%yl|, < llz —yll;
for all z,y € Bpe.

Finally, the present author showed in [4] that, given o = (o, ...,,) and an
(e, p)-nonexpansive map 1" : C' — C, the mapping

T:C"—C": (w1, 79, ..., 0,) = (Tay, T?xs,..., T x,)

is nonexpansive when restricted to the diagonal of C™ (i.e. D := {(z,z,...,x) :
x € C'}) when X™ is equipped with the norm

B =

11,22, )l = (e 22| + ag (2]l 4 - -+ [|l2n]|7)

That is, for all x1,y1, T2, ya ..., Ty, y, € C, we have

Hf(azl,xg, cos ) = T(Y1,Y25 -+ -, Yn)

S H('rlax% s ,I‘n) - (y17y27 s 7yn)Ha,p'

a7p
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This observation was used in particular to establish the so-called “demiclosedness
principle” for mean nonexpansive mappings defined on uniformly convex spaces
or spaces satisfying Opial’s property. We use the nonexpansiveness of T' in the
proofs that follow.

3. RESULTS FOR a = (aq, as)

Theorem 3.1. Suppose (X, ||-||) is a Banach space, C C X is closed, bounded,
convex, and T : C — C 1is (aq,as)-nonexpansive. Then there exist sequences
(Xn)n and (Yn)n in C for which

||T(O{1l‘n + a2yn) - xn” —n 07 and (3 1)
HTQ(O‘lxn + @2¥n) = Ynll —n 0.
In particular, we can deduce
Tz, — ynl| —n 0, and (3.2)
| T (a1, + aaTxy) — || — O. '
In other words, (x,), is an approzimate fized point sequence for 1, := T o

(oI + aoT).
Proof. Consider the space (X2, ||-]|,), where
(@, )l == an [|]| + a2 Iyl
and the mapping T : C% — C? given by
T(x,y) = (Tx, T?).

Let D := {(z,z) : « € C} C C. Then, using the fact that 7" is (ay, as)-
nonexpansive; i.e.

ar || T = Tyl + oo || T?2 = T?y|| < ||z — y||

for all z,y € C, we see that f|D : D — (C? is nonexpansive:

Hf(x,x) — f(y, y)Ha = H(Tx — Ty, T?x — T2y)Ha
= ay [Tz — Ty| + oo ||T?z — T?y||
< |z =yl
= |z —yll + ez |z -yl
= (=, 2) = (5, 9)ll,-
However, ﬂ p 1s not a self-mapping of D, so much of the usual theory for non-
expansive mappings does not apply. In light of this, define a new mapping
J:C? — C?% by
J(x,y): = f(alx + any, o+ asy)
= (T(z + agy), T*(x + a2y)).
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Then J is nonexpansive on C?. Indeed, for any (z,y) and (u,v) in C%, we know
that (a2 + awy, iz + asy), (u+ v, aju+agv) € D. It is also easy to check
that ||(z, 2)||, = ||z||. Thus, since T|D is nonexpansive, we have

|J(z,y) — J(u,v)], = “T(alx + oy, oz + agy) — T(onu + agv, aqu + agv)

«

< |[(qz + awy, a1z + awy) — (1w + av, au+ asv)l|,

= llaa(z —u) + as(y — v

<oz —ull + a2y — vl

= (2, 9) = (w,v)], -
Since C' is closed, bounded, and convex in X, it is easy to see that C? is closed,
bounded, and convex in X2. Thus, since J : C? — C? is nonexpansive, we know

that it must admit an approximate fixed point sequence (x,,y,),. That is, a
sequence for which

Hj(xn;yn) - (ajn?yn)Ha —n 0.

Examining the last line more closely, we see that

HT(Oélxn + a2yn) - xn” —n 07 and

an7yn — (Zn, Yn oz_>"0 A
(s ) — (s ) {||Tz<a1xn+a2yn>—yn|| 0,

This completes the proof of (3.1) in the statement of the theorem.

Now let us prove (3.2). Note that all mean nonexpansive mappings are Lip-
schitzian with k(T) < aj', where k(T) denotes the Lipschitz constant of T
(indeed, more is true: all mean nonexpansive maps are uniformly Lipschitzian
[12, Chapter 4]). Then, by (3.1),

HTQ(qun + aoyy) — Tan < k(T) || T(orzpn + agyn) — Tu|| = 0.
Thus,
Ny — Tp|| — ||T2(Oé113n + QoY) — ynH < ||T2(a1xn + o) — TIn” — 0.

To complete the proof of (3.2), we only need to use the fact that 7" is Lipschitz
(in fact, T only needs to be continuous for this argument to work). For simplicity,
let z, := a1z, + a1z, and note that
1Tz, — x| < || T2 — T(0qzn + coyn)|| + | T (12, + a2yn) — 4|
< K(T) llzn — (arzn + azyn)|| + ([T (120 + a2yn) — 2a
= k()0 [Tz — ynll + 1T (0120 + ayn) — 0|
—, 0.

Hence, (x,), is an approximate fixed point sequence for 7,, and the proof of the
theorem is complete. (]

The above theorem holds in more generality. In particular, the same result
holds for («, p)-nonexpansive maps as summarized in the following theorem.
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Theorem 3.2. Suppose (X, ||-||) is a Banach space, C' C X is closed, bounded,
convez, and T : C'— C is ((a1, as), p)-nonexpansive for some p > 1. Then there
exist sequences (), and (yn)n satisfying (3.1) and (3.2) from Theorem 3.1. In
particular, the sequence (x,,), is an approzimate fized point sequence for .

The proof of Theorem 3.2 is entirely similar to the proof of Theorem 3.1, so we
present only the portions which differ.

Proof. Let (X,||-||) be a Banach space, C C X closed, bounded, convex, and
T : C — C («,p)-nonexpansive for some p > 1. Consider the space (X2, [l )
where

1
1@, )]0y = (e [[2]|” + a2 [[y]")7 .

Now define the functions T’ and .J just as in the proof of Theorem 3.1, and notice
that J is nonexpansive on C? since t — t? is a convex function for p > 1. Indeed,

1 (z,y) = J(u, )5, = H]N“(oqx + oy, arz 4 asy) — T(oqu + awv, aqu + asv) Zp
< [[(a(z = u) + aa(y —v), a1z — u) + a2y — v))|15,
= [lea(z —u) + az(y —v)|I”
< (on[lz = ull + oz [ly — v|))"
<oz —ull” + azlly —of”
= [(z,y) — (u,v)l[5, -
The remainder of the proof follows as above. O

We have a corollary regarding the form of an approximate fixed point sequence
for the mapping 7,,.

Corollary 3.3. Let C be closed, bounded, convex and T : C' — C be ((ay, ), p)-
nonexpansive. Then T, admits an approximate fized point sequence (z,), of the
form

Zn = 0 Xy, + Tz,
where (), is the approzimate fized point sequence for T, from Theorem 3.2.
Proof. From Theorem 3.2, we know there is a sequence (x,,), satisfying
T (cnzn, + aoTxy) — 2y =4 0
and, since T is Lipschitz, it is easy to see that this implies
||T2(a133n + ayTx,) — Tan —, 0.
Let z, = oz, + axTx,. Then
| Tozn — znl| = Hal(Tzn —x,) + (T2, — T;En)”
<oy [Tz, — x| + a2 ||T2zn — Tan
—, 0.

Thus, (z,), is an approximate fixed point sequence for T,,. O
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The theorems above tell us a bit more when the set C? has the fixed point
property for nonexpansive maps. This occurs whenever, for example, (X, ||-]|)
is uniformly convex since (X2, |-]|,,) is also uniformly convex (when p > 1) by
a theorem of Clarkson [3]. The proof of the following corollary follows immedi-
ately from the proof of Theorem 3.2 when “approximate fixed point sequence” is
replaced by “fixed point.”

Corollary 3.4. Suppose C' C X is closed, bounded, and convex is such that
(C% |Ill4,) has the fived point property for nonexpansive maps. If T : C' — C is
((an, ), p)-nonexpansive, then there exist points x,y € C' for which

T(onzr + ay) =z, and
T* (o + azy) = y.

In particular, we deduce that

Tr=vy, and
T(a1x + aTx) = .

That is, 7, has a fized point.
This leads us immediately to the analogue of Corollary 3.3 above.

Corollary 3.5. Suppose (X, ||-||) has the fized point property for nonexpansive
maps, C° C X s closed, bounded, and convexr, and T : C — C is (a1, az)-
nonexpansive. Then T, = ;T + ayT? has at least one fived point y of the form

y=ox+ aTx
for some x € C.

The approximate fixed point sequence (z,), for 7, yields a new proof of a
slightly weaker version of Theorem 2.1.

Corollary 3.6. Suppose C' is closed, bounded, convex and T : C' — C' is («,p)-
nonexpansive for p > 1. Then T has an approximate fixed point sequence, provided
that of < oq. If (C?,||-ll,,) has the fived point property for nonexpansive maps,
then T has a fized point if oy < a.

1
Proof. Suppose T': C' — C'is («, p)-nonexpansive for some p > 1 and ay < af,

and let (z,), be the approximate fixed point sequence for 7, given by Theorem
3.2. Fix € > 0. Since ||7o2, — || —» 0, we can find n large enough that

1
po__
Iran — zall < | 252 | &

p
Qg
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1 1 1
P

For simplicity, let ¢ := (al — a2> o, " =1— aya, *. Then we have

Tz, — xn|| = |TTn — Tan + TaTn — T

<|Tx, — T(onzy, + aaTz,)|| + ||Tatn — al|
1
<aq” ||z, — oqx, — Ty + ce

1
=gy " || Ty, — || + ce.

1
Thus, (1 — apay ”) | Tz, — z,|| < ce, which is equivalent to ||[Tx, — x,| < e.

Thus, (x,), is an approximate fixed point sequence for 7.

In the case when (C?, ||-[|,,,) has the fixed point property, taking ¢ = 0 in the
above argument yields the desired result. That is, T'x = x, where x is the fixed
point of 7, which is guaranteed to exist by Corollary 3.4. OJ

4. RESULTS FOR ARBITRARY «

Results very similar to the ones above hold for («, p)-nonexpansive mappings
with « of arbitrary length, and the proofs are nearly identical. We state them here
for completeness as well as providing pertinent details for adapting the proofs.

Theorem 4.1. Suppose (X, ||-||) is a Banach space, C C X is closed, bounded,
conver, and T : C — C is («a,p)-nonexpansive for p > 1 and some o =
(aq,...,0ap). Without loss of generality, let us assume that each a; > 0 (see
the remark which follows the proof for more details). Then there exist sequences
(x,(%))m, j=1,2,....n, in C for which

;

T(onzl) + anzl) + - + apziy)) — x%)‘ —0
T2(a1x£,11) + Ochg) +---+ anx,(ﬁ’) 2| =0
T”(alx%) oozt 4+ 4 anx%)) | -

In particular, we can deduce that
||T(ozlx(1) + Tl + -+, T a2l — x%)H — 0.

m m m

That is, 7o := T o (aq] + asT + -+ + a, T"1) has an approvimate fized point
sequence.

Proof. Just as in the proof of Theorem 3.1, we define f, J:C" — C" via
T(xl,xg, ooy = (Twy, T2y, ..., T"xy), J(21,29,...,1,) = T(f, T,...,T),

where T := o121 + apxo + - - - + v, z,,. Just as before, T‘D is nonexpansive in the
norm

=

(1, 22, n)lla = (o 2al” + 0 fl22]” + - - + o [l2a]7)
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and D :={(z,z,...,x) : x € C}. Since T € D, J is also nonexpansive, and since
C™ is closed, bounded, and convex, we know that J must have an approximate
fixed point sequence, which we will denote ((937(711), a2, .zt,(ff)))m in C™. This
establishes the first part of the theorem.

To prove that 7, has an approximate fixed point sequence, we will first denote
Ty = ala:,(%) + 042:5,(73) T+t ana:gf)
and note that
(T2l = D < Tl =TT | + |77 — 232

<K(T) ||z — Tz, || + || 7% — 2|

— 0

(1) (2)

as m — oo. Thus, HT:Um — x| — 0. Entirely similarly,

ey — 7] o
for y=1,...,n— 1. From this, let
Zm = alx%) + agT:ESZ) +- 4 anT”_lx%)

(so that Tz = T'z,,) and observe that

o) = 2| < ety = Tl + (| T2 — 23]

m

< K(T) ||z — Tonl| + || 7T — 22|

< k(D) (z o T8 — xsz?u) P
j=2

— 0

as m — oo. Thus, (:C%))m is an approximate fixed point sequence for 7, and the

proof is complete. [

Remark 4.2. In the event that some of the «;’s are equal to 0, the only problem
that arises in the above proof is that

B =

(1,2, )l oy = (1 22| + g [l 4 - - + o [J2n]|7)

no longer defines a norm on X". To get around this, let {ki,ks,... k,} = {j:
a; # 0}, where 1 = ky < kg < ... < k, = n (recall that oy, o, > 0 by definition).
Then

RS

(1, 2y w0l o = (o 20l + ks |z2l” 4 - - + o, [lznl”)

1
= (o [Jza[|” + oy lz2]|” + -+ + o [|l2]7) 7
does indeed define a norm on X", and
T(a:l, To,... 1)) = (TMxy, Ty, ... T"z,)
= (Txy, Txy, ..., T"x,)

is nonexpansive when restricted to the diagonal of C".
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Just as in the previous section, the same proof above can be adapted to show
the following.

Theorem 4.3. Suppose C C X is closed, bounded, and convexr is such that
(C" [|l) has the fived point property for nonezpansive maps. Then if T : C' —

C' is («, p)-nonexpansive for some p > 1 and a = (ay,...,q,) (without loss of
generality, each a; > 0), then there exist x1, %2, ..., x, € C for which

Ty = T

TZE = X9

7T = x,

where T := c1x1 + qoXo + - -+ + apx,. In particular, T,x1 = x1.
Furthermore, analogues of Corollaries 3.3 and 3.5 are readily available.

Corollary 4.4. Suppose C' C X is closed, bounded, convex, and T : C — C 1is
(e, p)-nonexpansive for some o = (..., ) and p > 1. Then T, admits an
approzimate fixed point sequence (z,), of the form

-1
Zn =Ty, + T, + -+, T" " x,,

where (x,), 18 the approximate fized point sequence for 7, guaranteed by Theo-
rem 4.1. Further, if we suppose that (C", |||, ) has the fized point property for
nonexpansive maps, then T, has a fixed point z of the form

zi=ar+ T+ +a, T 'z,
where x is the fixed point of 1, guaranteed by Theorem 4.5.

Goebel and Japén Pineda proved a version of Theorem 2.1 for mean nonex-
pansive mappings with arbitrary length multi-index, which was again improved
later by Piasecki.

Theorem 4.5 (Goebel and Japén Pineda, Piasecki). If C' C X is closed, bounded,
convex, and T : C — C is («,p)-nonerpansive for some p > 1 and a =
(a1,...,0ap), then T has an approximate fixed point sequence, provided that

n-1 n-1 1
(1—ay) (1—a1p > <o (1—04{).

Further, if X has the fized point property for nonexpansive maps, then T has a
fixed point if the above inequality holds.

While our techniques gave an alternate proof of this theorem in the case when
n = 2, it is not immediately clear that our techniques will give an alternative
proof of Theorem 4.5. The techniques that we have used so far yield the result
of Theorem 4.5 in the case when a = (a1, s, a3) and p = 1. Specifically, we can
prove that an (aq, as, a3) nonexpansive map 7' will have an approximate fixed
point sequence if
1-— 204% < 9.
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This inequality shows that for a; > \/§/ 2, any choice of as and ag is valid.
Now for the argument. Let (x,), be the approximate fixed point sequence for 7,
guaranteed by Theorem 4.1. Then

1T = 2all < 1T = Tl + [atn — 2l

Choose n large enough so that || 7,2, — z,|| < e. Then we have
Tz, — x,|| < k(T Hxn — (o2, + agTy, + asT?x,,) H + e

(T) HOJQ T, — Tx,) + as(z, — T?,) || +e

( Voo ||lzn — Txn || + o ||z, — TP, ||) + €

(T)(OQ [2n = Tnll + as(l|zn = Tan| + K(T) |20 — Tanl)) + ¢

< ajtag |z, — Tyl + as(|2, — Txn|| + a7t |2, — Ta,]) + ¢
Thus,
(@2 — (g + az) — az) ||z, — T, < afe,

This inequality is only meaningful if o — aj(as + a3) — az > 0. Rewriting
astaz = 1—a; and a;+az = 1—ay yields 1—2a% < o, as desired. Very similarly
to Goebel and Japén Pineda’s methods involving 7T, our method presented here
relies almost entirely on the triangle inequality and there should be room for

improvement.
It should also be noted that Goebel and Japon Pineda were able to improve
the lower bound on «; in the case when p = 1 and a = (a1, a9, a3). Also

note that there is yet a better estimate than the one stated here in the case of
a = (aq, ag, a3) found in [12, Section 8.3].

Theorem 4.6 (Goebel and Japén Pineda). Suppose C' C X is closed, bounded,
conver and T : C — C' is (a1, g, ag)-nonexpansive with

1 V2

1
o) € [5, 7) and 5(1 —a1) < as.

Then T has an approzimate fized point sequence.

Our technique only yields 1 —2a? < ay, which implicitly forces oy > 1/2 (since
a3 cannot be 0). Furthermore, it is easy to check that

%(1 —ap) <1—2a3
for a; with 0 < a; < (1 ++/17)/8. That is, our lower bound for s is worse
(or no better) than Goebel and Japén Pineda’s when a; < (1 + /17)/8, and
only slightly better when (1 + /17)/8 < a; < v/2/2. Finally, we will state the
estimates that our technique yields in the general case. It is not immediately
clear (even in the case when n = 4) that our estimates are even at least as good
as those of Piasecki and Goebel and Japon stated in Theorem 4.5, so we will state
them as a remark.
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Remark 4.7. Suppose T : C' — C'is («, p)-nonexpansive for some o = (o, ..., ap)
and p > 1. Then T has an approximate fixed point sequence if

1> k(T ((Z O‘J) + (i %‘) k(T) + (Xn: ozj> k(T?) + -+ ank(T”2)>

Z (Zaj> k(T™2)

where k(T7) is the Lipschitz constant of 77 and T° := I. To see this, fix € > 0
and let € C be a point for which ||7,2 — z|| <e. Then

[ = Tl| < [[Tw = Taz|| + |Tax — 2|
<K(T) ||z = (qz+ Tz + -+ o, T" )| + &

n—1
T) ZajJrl Hl’ — TJQ?H .
j=1

Now observe that
|z —T7z|| < ||lo— T 2|+ ||T7 e — TP2|| < ||o — T 2|+ R(TV7Y) |2 — T .

Iterating this estimate in the above yields
n—1
|lx — Tzl < k(T Za]H |z —T7z|| + ¢

7=1

T) (Zaﬁ’f Z% (T 2)a ) |z — Tz +e.
j=2
Thus,

<1— Z (Z%> k(T™2) ) |z —Tz|| <e

m=2

and hence T" will have an approximate fixed point sequence if

1—k Z(Zaj) k(T™ %) > 0.

m=2

5. QUESTIONS

There is a natural question underlying this entire study: is 7, necessarily non-
expansive? If it is, then most of the above results would be greatly simplified,
though less interesting. We know that 7, is nonexpansive by a straightforward
application of the triangle inequality. However, a priori estimates for 7, do not
have the same promise. If T"is nonexpansive, then it is easy to see that 7, is also
nonexpansive, but if 7" is assumed only to be mean nonexpansive, the routine
estimate for its Lipschitz constant is less useful. Indeed, one would naively find
that

k(1o) = k(T o (a1 + ayT)) < oy (ay + azart) = 14 apa;?,
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and 1 + apa;? clearly exceeds 1. If 7, were nonexpansive, then we would have
yet another proof that a mean nonexpansive map has an approximate fixed point
sequence when ag > 1/2. Indeed, by [11, Theorem 4.3|, we would know that, for
any A € (0,1),

Q=M+ (1= N1,
is asymptotically reqular. That is, HQTle — f\l:cH —0asn — oo forall z € C.

Further, the fixed points of )5 coincide with the fixed points of 7,. Now let
Ty = Q%x, and observe that

[Zn41 — 2all = [|@azn — 24|
= [ Az, + (1 = M) 70y — 4|
= (1 = A) [Tan — 24|
1 =N [T (gzy + aoTxy,) — x|
L =N (||Txn — za|| = || T (0120 + @2 Txy) — Ty|)
1= N)(1 - azap?) | Taw — 2]

v

(
(
(

v

and thus ||Tx, — z,| — 0 if 1 — asa;' > 0. That is, oy > 1/2. We note that
both Examples 2.3 and 2.4 given above have nonexpansive 7, despite the original
mapping failing to be nonexpansive.

Finally, we reiterate the question that Goebel and Japén Pineda originally
posed:
“Can anything, positive or negative, be said about (aj, as)-nonexpansive map-

pings for which oy < 1/2 (more generally, o > ay for ((aq, az), p)-nonexpansive
n—1 n—1 1

mappings or (1—ay) (1 —a,” | > a7 (1— oz'f) for (o, p)-nonexpansive map-
pings with « of length n [5])?”
Some partial results in special cases are known; for instance, if 7' is (aq, ag, ag3)-
nonexpansive with a; € [1/2,1/v/2) and ay > (1 —a;)/2, then T has an approx-
imate fixed point sequence [6].

A few other, more general, facts are also known. For instance, Hilbert spaces
have the fixed point property for ((aq, az),2)-nonexpansive mappings [5, Corol-
lary 3.7]. Tt is also known that all («, p)-nonexpansive mappings (p > 1) defined
on a closed, bounded, convex subset of a uniformly convex space are such that
I — T is demiclosed at 0, so a mean nonexpansive mapping defined on such a
set in a uniformly convex space will either have fixed points or will admit no
approximate fixed point sequences (see [1, Remark 3.1]). However, there are no
general theorems or counterexamples (with regard to fixed points or approximate
fixed point sequences) that treat small values of ;.

Acknowledgments. The author would like to thank the referees for their
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