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MAXIMUM BIAS CURVES FOR ROBUST REGRESSION WITH
NON-ELLIPTICAL REGRESSORS
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Universidad Auténoma de Madrid and University of British Columbia

Maximum bias curves for some regression estimates were previously
derived assuming that (i) the intercept term is known and/or (ii) the re-
gressors have an elliptical distribution. We present a single method to ob-
tain the maximum bias curves for a large class of regression estimates.
Our results are derived under very mild conditions and, in particular, do
not require the restrictive assumptions (i) and (ii) above. Using these re-
sults it is shown that the maximum bias curves heavily depend on the
shape of the regressors’ distribution which we call the x-configuration. De-
spite this big effect, the relative performance of different estimates remains
unchanged under different x-configurations. We also explore the links be-
tween maxbias curves and bias bounds. Finally, we compare the robustness
properties of some estimates for the intercept parameter.

1. Introduction. The concept of maximum asymptotic bias was intro-
duced by Huber (1964) for the simple location model. Extensions to scale and
location-dispersion models were later obtained by Martin and Zamar (1989,
1993). Adrover (1998) derived the maximum asymptotic bias of dispersion
matrices within the class of M-estimates. Martin Yohai and Zamar (1989),
Croux, Rousseeuw and Hossjer (1994, 1996), Hennig (1995) and Berrendero
and Romo (1998) considered the linear regression model. See also Donoho and
Liu (1988), He and Simpson (1993) and Zamar (1992).

We will focus on the regression model where the maximum bias theory has
two main possible applications:

(i) the comparison of competing robust regression estimates in terms of
their bias behavior and

(i) the estimation of bias bounds for robust estimates in practical situa-
tions.

Given two estimates, the one with smaller maxbias curve is obviously more
robust. In particular, its maxbias curve will have a smaller derivative at
zero (called gross-error-sensitivity) and a larger asymptote (called breakdown
point, BP). The comparison of maxbias functions naturally leads to the min-
imax bias theory also initiated by Huber’s seminal 1964 work. The minimax
bias theory seeks estimates which minimize the maximum asymptotic bias
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in a certain class of estimates. Huber (1964) showed that the median min-
imizes the maxbias curve among translation equivariant location estimates.
Martin Yohai and Zamar (1989) showed that the least median of square esti-
mate (LMS) introduced by Rousseeuw (1984) is nearly minimax in the class
of regression M-estimates with general scale. Yohai and Zamar (1993) extend
this result to the larger class of residual admissible estimates [see He (1990)].

A main criticism of the maxbias theory when applied to the comparison
of regression estimates is that its results apply only to regression-through-
the-origin models and/or to neighborhoods of a central regression model with
elliptically distributed regressors. We address these criticisms by considering
regression models with general regressors and including the intercept. Our
results will also help to unify the existing theory because they yield a general
methodology applicable to the large class of regression estimates satisfying (3)
below. This class includes most regression and affine equivariant estimates for
which maxbias curves were known.

Regarding the second application, we notice that, in general, estimates face
two sources of uncertainty: sampling variability and bias. In the case of robust
estimates, the sampling variability can be assessed by their standard errors
(estimated using their asymptotic variances). On the other hand, the bias
caused by outliers and other departures from symmetry can be assessed using
their maximum asymptotic bias. To fix ideas, consider the location case and the
median functional, M(F). Suppose we have a large sample from a distribution
F containing at most a fraction £100% of contamination. Suppose we wish to
bound the absolute difference D(F) = |M(F) — M(F,)| between the median
M(F) of the contaminated distribution and the median M(F,) of the core
(uncontaminated) distribution. Huber (1964) showed that

|M(F)— M(F,)]|
v O = (g ) = 5

and therefore D(F) is bounded by o, B(¢). In practice oy is seldom known and
must be estimated by a robust scale functional S(F'), for example, the median
of absolute deviations about the median. Unfortunately the quantity S(F)B(¢)
is not an upper bound for D(F) because S(F) may underestimate ;. For
instance, if F = 0.90N(0,1) + 0.1058, 15, then |M(F) — M(F,)| = 0.1397 >
MAD(F)B(0.10) = 0.8818 x 0.1397 = 0.1232. A quantity, K(¢) such that
S(F)K(¢) is a bound for D(F') will be called dias bound. In Section 6 we
study the relation between maxbias curves and bias bounds for location and
regression estimates.

The bias bound is a new theoretical concept which highlights the practi-
cal potential of maxbias curves. In the case of regression estimates we face
challenging problems because maxbias curves for regression estimates are de-
rived using a normalized distance (quadratic form) between the asymptotic
and the true values of the regression coefficients. The normalization is based
on a certain unknown scatter matrix of the regressors. Moreover, the maxi-
mum bias curve depends on the joint distribution of the regressors and the
available formulas relied on unrealistic assumptions (elliptical regressors and
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regression-through-the-origin model). Using the results of Theorem 1 we are
able to derive satisfactory (but possibly not optimal) bias bounds for robust
regression estimates satisfying (3) below. Similar results for other classes of
robust estimates, for example, one-step Newton-Raphson estimates [Simpson,
Ruppert and Carroll (1992)], projection estimates [Maronna and Yohai (1993)]
and maximum depth estimates [Rousseeuw and Hubert (1999)] would be de-
sirable.

The rest of the paper is organized as follows. In Section 2 we present some
notation and technical background. In Section 3 we lay down the theoretical
ground for our method. In Section 4 we illustrate our method with elliptical re-
gressors. In Section 5 we consider several cases of non-elliptical regressors. In
Section 6 we show how bias bounds can be obtained. In Section 7 we compare
the robustness properties of some robust estimates for the intercept parame-
ter. In Section 8 we give some concluding remarks. Finally, we collect all the
proofs in the Appendix.

2. Notation and technical background. Consider the linear regression
model with p-dimensional regressors and intercept parameter

¥ = ag + 0pX; + opu;, 1<i=<n

where the independent errors, u;, have distribution ', and are independent of
the x;. We assume that the regressors x; are independent random vectors with
common distribution G. The joint distribution of (y;, X;) under this model is
denoted H,. To allow for a fraction ¢ of contamination in the data we assume
that the actual true distribution H of (y;, x;) belongs to the contamination
neighborhood

V,(H,) = {H . H=(1-¢)Hy+eH, H arbitrary distribution} .

Let T be an R? valued regression affine equivariant functional for the esti-
mation of 0,, defined on a subset of distribution functions H on R?*1, which
includes all H in V (H,) and all the empirical distributions H,. A natural
invariant measure of the robustness of T is given by the maximum bias func-
tion (maxbias function) which gives the maximum bias caused by a fraction &
of contamination,

@) Br(e)= sup {[T(H)—0,]'S,[T(H) ~ 8]} /or.

HeV (H,)
The matrix 3 is an affine equivariant scatter matrix of the regressors under
Gy. In view of the equivariance of T and the invariance of Byp(g), we can
assume without loss of generality that 6, = 0, 0y = 1 and X, = I, and so
Bry(e) = suppey, |[T(H)||. We will also assume without loss of generality that
ay = 0.

So far, derivations of By(¢) for regression estimates were done assuming (i)
that the regression is through the origin and/or (ii) that G, is elliptical. More-
over, the methods and formulas used were rather specific for each particular
type of estimates.
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We present a method to compute the maxbias curve of regression estimates
which is general in several senses. First, it does not assume that the intercept
term is known. Second, it does not require the assumption of ellipticity of
G,. Finally, it applies to a broad class of robust regression estimates, namely,
those defined as

®) [To(H), T(H)] = argmin J(Fp ,.),

where J(-) is a robust loss functional and Fp ,4 is the distribution of the
absolute residuals, r;(a, 0) = |y; — a — 0'x;|, under H. This definition includes,
among others, S-estimates [Rousseeuw and Yohai (1984)], r-estimates [Yohai
and Zamar (1988)] and R-estimates [Hossjer (1994)]. Some examples of esti-
mates which are not residual admissible are GM-estimates [see, e.g., Hampel
et al. (1986)], GS-estimates [Croux, Rousseeuw and Hoéssjer (1994)] and P-
estimates [Maronna and Yohai (1993)].

3. The main result. We will assume that the robust loss functional sat-
isfies:

Al. (a) If F and G are two distribution functions on [0, c0) such that
F(u) < G(u) for every u > 0, then J(F) > J(G).

(b) (e-monotonicity). Given two sequences of distribution functions on
[0, 0), F, and G,, which are continuous on (0, c0) and such that F,(u) —
F(u) and G,(u) — G(u), where F and G are possibly sub-stochastic and
continuous on (0, 00), with G(o0) > 1 — ¢ and

(4) G(u) = F(u) forevery u >0,
then
(5) lim J(F,) > lim J(G,).

Moreover, if (4) holds strictly, then (5) also holds strictly.
(¢) If F and G are two distribution functions on [0, c0), with F continuous,
then

J[(1—e)F + &b ] = r}molo J(1—-e)F+eU,] = J[(1-¢&)F + &G],
where U, stands for the uniform distribution function on [n—(1/n), n+(1/n)].

Al(a) is a monotonicity condition that can be easily checked in all the ex-
amples of Sections 4 and 5. A1(b) was introduced by Yohai and Zamar (1993)
who show that when </ is e-monotone, the corresponding estimate belongs to
the general class of residual admissible regression estimates [He (1990)]. The
definition of residual admissible estimate is rather involved but, loosely speak-
ing, one can say that the distribution of the absolute residuals produced by
a residual admissible estimate cannot be improved (in the sense of stochastic
dominance) by using any other set of parameters. Finally, Al(c) is a condition
that specifies the form of the contaminations that cause the greatest loss.
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We will assume that the errors and regressors satisfy:

A2. F, has an even and strictly unimodal density f, with f,(u) > 0 for
every u € R, and Pg (8'x =c) < 1, for each 8 # 0, c € R.

Assumption A2 allows for great generality. In particular, it does not require
ellipticity nor continuity of the regressors distribution.
The following is our main result.

THEOREM 1. Let T be a regression estimate defined by (3). Let ¢ = J[(1 —
e)Fy 00+ 0] and

(6) m(¢) = inf inf J[(1 - &)F g, 40+ 850,

0] =t aeR

where 8, and 8., are point mass distributions at zero and infinity, respectively.
Then, under Al and A2, the maxbias curve for T is given by

(7 Br(e) = m~1(c).

Some general properties of the contamination sensitivity and BP of residual
admissible estimates with unknown intercept can now be obtained. These
properties are stated in the following corollary.

COROLLARY 1. Let T be a regression estimate defined by (3). With the same
notation and assumptions of Theorem 1:

(a) The slope of By(¢) at zero is infinity: lim,_, o By(g)/e = 00
(b) The BP of T, &*, is given by &* = inf{e > 0: m(¢) < ¢, for all t > 0}.

Notice that part (a) extends the results by He (1990) and Yohai and Zamar
(1993, 1997) to the unknown intercept case. Moreover, part (b) shows how
the BP of residual admissible estimates can be characterized through the loss
function J.

In the next section we illustrate the application of Theorem 1 in the Gaus-
sian case. Non-elliptical distributions are considered in Section 5.

4. Gaussian and elliptical regressors. The following theorem shows
that under strong symmetry assumptions on the regressors distribution the
function m(t), defined in (6), can be substantially simplified.

THEOREM 2. Assume Al and A2, and that the distribution of 0'x is sym-
metric, unimodal and only depends on ||0|| for all @ # 0. Then, it holds that

111161& J[(1—&)F gy a0+ 880] = J[(1 — &)Fp, 0, + £80] = m(||0]]).
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As a consequence the infima in (6) are no longer needed and the maxbias
function Bry(e) satisfies

®) m(By(2)) = [(1 - &)F 00 + 20

The symmetry assumption of Theorem 2 is clearly satisfied by Gaussian
regressors, and more generally, by elliptically symmetric and unimodal re-
gressors. Moreover, in the Gaussian case the distribution of y — 0'x is normal
with mean 0 and variance 1 + ||0]|? and the function m(¢) then becomes par-
ticularly simple.

4.1. Maxbias curves for S-estimates. Regression S-estimates were defined
by Rousseeuw and Yohai (1984) by the property of minimizing a scale M-
estimate [see Huber (1964, 1981)]. It can be easily verified that in this case
the functional J in (3) is given by J(F g ,¢) = S(F g 40), Where

9 S(F)=inf{s > 0: Epx (u/s) < b}.

We assume that the score function y satisfies:

A3. The function y is even, bounded, monotone on [0, o), continuous at 0
with 0 = x(0) < x(o0) = 1 and with at most a finite number of discontinuities.

It can be easily checked that Al(a) and Al(c) hold under A3. Moreover,
Yohai and Zamar (1993) showed that S(F') is e-monotone for all ¢ > 0.

The method given by Theorems 1 and 2 can now be used to strengthen the
results in Martin Yohai and Zamar (1989). First, it is easy to see that the
formula (3.18) in that paper derived for S-estimators of regression through
the origin is also valid for the general regression model. Second, Martin Yohai
and Zamar (1989) and Yohai and Zamar (1993) established a minimax bias
theory for the regression model. According to this theory, the least median
of squares (LMS) estimate [Rousseeuw (1984)] minimizes the maximum bias
among residual admissible estimates of regression through the origin. It is
now immediate from Theorem 2 that the minimaxity of LMS extends to models
including the intercept.

4.2. Maxbias curves for t-estimates. The loss functional </ in (3) for the
case of T-estimates is given by J(Fy ,¢) = T2(F 1 4.9) With

2 2 u
2(F) =S (F)EFX2<W),

and S(F) is defined as in (9) with x = x;. If x; and x, satisfy A3 and y, is
differentiable with 2y,(z) — x5(¢)u > 0, then Al(a) and Al(c) hold. Moreover,
Yohai and Zamar (1993) showed that 7(F') is £ -monotone for all & > 0.

As shown by Hossjer (1992), efficient S-estimates have a very low BP. Yohai
and Zamar (1988) showed that 7-estimates inherit the BP of the initial S-
estimate defined by y; whereas its efficiency is mainly determined by y.
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Therefore they can have high efficiency and BP simultaneously. A natural
question then is to what extent the r-estimate inherits the good bias behavior
of the initial S-estimate. We can answer this question using Theorem 3 below.
Notice that (10) establishes a nice relationship between the maxbias curves
of the T-estimates and their initial S-estimates.

THEOREM 3. Under the assumptions of Theorem 1 and assuming that the
errors and the regressors are Gaussian, the maxbias curves for t-estimates,
B_(¢), are given by

(10) B,(s) = {[1+ B%(e)|H(e) — 1}/7,

where Bg(¢) is the maxbias curve of the initial S-estimate based on yx, and
H(e) is defined as

H(s) = [EG:) * 139]/?(138)’

with g(s) = gylg71(s)] and g,(s) = Egx;(u/s), for i = 1,2. Here, ® is the
standard normal distribution function.

A similar theorem can be stated for elliptical regressors.

The maxbias curves for 95% efficient T-estimates (solid line) and their ini-
tial S-estimates (dashed line) are given for the Huber loss functions x(y) =
min{(y/c)?,1} in Figure 1(a) and for the Tukey loss functions x(y) =
min{3(y/c)? — 3(y/c)* + (y/c)®, 1} in Figure 1(b). The maxbias curves for
the corresponding 95% efficient S-estimates are also displayed (dotted-dashed
line). The breakdown points are 0.13 (Huber) and 0.12 (Tukey). The question
posed above is answered then by these figures. The maxbias curves of the
efficient 7-estimates are closer to those of the initial S-estimates than those

7 ' 7 —
6f i 6 i
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5 : 5 | /
o) ! / %) : /
S 4+ | , 1 <4 I /
o] Ke}

5 al I / £ I et
=3 ) hd = | -

27 / _ 2 / e

" - P -
1 e 1 g
0 0
0 0.1 0.2 0.3 0 0.1 0.2 0.3
(a) Huber score functions (b) Tukey score functions

Fic. 1. Maxbias curves for tau-estimates (solid line), initial S-estimates (dashed line) and effi-
cient S-estimates (dotted-dashed line)
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of the efficient S-estimates. Clearly, the gain in efficiency is less costly in the
Huber case.

REMARK. Our method can also be applied to R-estimates [see Hossjer
(1994)]. In this case J(Fp ,9) = R(F g ,p), Where

R(F) = /OOOa[F(u)]ude(u).

Berrendero and Zamar (1995) and Croux, Rousseeuw and Hossjer (1996) inde-
pendently gave formulas for the maxbias curve of R-estimators of regression
through the origin. The method given by Theorems 1 and 2 shows that these
formulas extend to the general regression model.

5. Non-elliptical regressors. We wish to investigate the effect of non-
elliptical regressors on the bias of robust estimates. To that effect, we consider
a regression through the origin model and compute the maxbias curve for
three different regression S-estimates (8,5, 05 and ;) for several bivariate
x-configurations. The corresponding score functions are

07 y E Cl7
Xims(y) = 1
>, Y >0y,
for 6LMSy
xu(y) = min{(y/c;)*, 1},
for 6 and

xr(y) = min{|y/cs|, 1},

for 0. The constants ¢; = 0.674, ¢, = 1.041 and ¢; = 1.470 are chosen so that
these estimates have BP equal to 1/2.

The multiple integration needed to evaluate J[(1 — &)Fp, ¢ + €5y] has
been carried out using Monte-Carlo methods with 100,000 replicates. For each
t > 0, the infimum over ||0| = ¢ has been approximated by evaluating J[(1 —
e)Fp, 00 + €00] at 0(y) = (tcos(y), tsin(y)) with y ranging over the grid
{0°,1°,...,180°}. Finally, the equation m(t) = ¢ has been solved by bisection.

5.1. Kurtosis of the marginal x-distributions. To investigate the effect of
the tails of the marginal x-distributions, we compute the maxbias curves for
several Student-¢ bivariate distributions.

We found that, when the regressors x; and x5, are independent Student-t
random variables with n; < n, degrees of freedom, the maxbias curve is solely
determined by the minimum of the two numbers, namely n;.

Figure 2(a), (b) and (c) correspond to n; = 3, n; = 6 and n; = 12 respectively.
Figure 2 (d) displays the Gaussian limiting case (n; — 00). As n; decreases,
the maxbias curves of the three estimates increase, more dramatically when
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FIG. 2. Maxbias curves of 0rys (solid line), 8y (dashed line) and 8, (dotted-dashed line) for
independent Student-t and Gaussian regressors.

n,; = 3. The maxbias curves are already very close to the limiting Gaussian
case when n; = 12.

Although the maxbias curves behave differently for each x-configuration,
the relative maxbias behaviors are remarkably preserved across the consid-
ered cases: the maxbias curves of 07, and 0y are quite similar and the
maxbias curve of 0, is somewhat larger than the other two, in all the consid-
ered cases.

5.2. Skewness of the marginal x-distributions. To investigate the effect of
unbalanced x-configurations (asymmetric marginal) we compute the maxbias
curves for several Chi-square bivariate distributions.

In Figure 3(a), (b) and (c) the maxbias curves for two independent Chi-
square regressors (x;, xg) with several pairs of degrees of freedom (n;, n,)
are displayed. As the regressors become more asymmetric the maxbias curves
of the three estimates increase. However, when one of the two regressors is
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FIG. 3. Maxbias curves of 0rys (solid line), 8y (dashed line) and 8, (dotted-dashed line) for
independent Chi-square and Gaussian regressors.

nearly Gaussian [see Figure 3(d)] the maxbias curves approach a Gaussian

behavior.
As in the previous case, the relative maxbias behaviors are preserved across

the considered cases.

5.3. Dependent regressors. To investigate the effect of dependent regres-
sors we compute the maxbias curves for two closely related x-configurations.
In the two cases x; is standard normal and x5 is Chi-square with one degree
of freedom. In the first case x, = x7 which corresponds to a second degree
polynomial regression [see Figure 4(a)l. In the second case [Figure 4(b)] x;
and x, are independent. Surprisingly, the maxbias curves are larger in the
independent case although the results for the two cases are strikingly close.

6. Bias bound. To introduce the main ideas we will consider first the
simple location model.
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FIG. 4. Maxbias curves of 8y (solid line), 0 (dashed line) and 8, (dotted-dashed line) for (a)
x1 standard normal and x9 = x% and (b) xq standard normal and xo Chi-square with one degree

of freedom and independent of x.

6.1. Location model. Let y; = 6y + ogu;, i = 1,...,n, where the errors,
u;, follow a nominal distribution F, satisfying A2. We assume that the actual
distribution of the observations yi,...,y, is F € V(F,), that is, F(y) =
(1—&)Fo[(y —6y)/0y]+ €F, for some arbitrary contamination distribution F.
Let M(F) be a location M-functional to estimate 6, and let S(F) be a scale
M -functional to estimate o,. Martin and Zamar (1993) give formulas for the
maxbias of the location functional

M(F) - 6,

0y

By(e) = sup
FeV,(Fo)

and for the implosion and explosion maxbiases of the scale functional

and Sg(e)= inf S(F)
FeV,(Fy) 0y

Si(e)= sup S(F)
FeV_(F,) 00

As argued earlier on (in the Introduction) the quantity S(F)Bj,(¢) is not a
bound for D(F) = |M(F) — 60‘. On the other hand,

o
D(F) < agBy(e) = S(F)BM(E)W%) < S(F)By(¢)/Ss(8)
and so K(g) = By(¢)/S5(¢) is a bias bound. A refinement (of practical value
when ¢ > 0.2) is provided by the following lemma.

LEMMA 1. Let M(F) be an equivariant location functional with maxbias
function By(e) and BP 0.5. Let S(F') be a scale M-functional with score func-
tion x satisfying A3 and such that Ep x(X) = 1/2. Let y(t) be defined as the
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unique solution to (1 — e)Ep x[(X —t)/v(¢)] = 1/2. Then

|Z]
K(e)= sup
lt1<By(e) Y(E)

is a bias bound for M(F).

Table 1 gives the values of By (s), K(¢) and K(¢) for the median when
S = MAD, for several values of ¢ and for F; = &, the standard normal
distribution. Notice that K(&) and K(&) are larger than B, () because they
take into account the possible underestimation of oy,

6.2. Regression model. In the regression case one would normally be inter-
ested in bounding the difference between the estimated regression coefficients
and their true values. Notice that By(e) gives an upper bound for the invari-
ant quantity {{T(H) — T(H,)]'2o[T(H) — T(H,)]}'/2/0, [see (2)] whereas the
straight difference |T(H)—T(H)|| depends on the units used to measure the
response and the regressors. Moreover, as in the location model, to obtain a
usable bound we must take into account the possible bias in the estimation of
(o) and 20.

To fix ideas, we will assume that 3, = Covg (x). Let a,(Gy), ..., a,(G,) be
the unit eigenvectors of 3, and A,(G() < --- < A,(Gy) be the corresponding
eigenvalues. We have the following result:

LEMMA 2. For all H € V,(H,), |T(H) — T(H,)| < 0y Br(e)/v/A1(Gy).

In applications, the nuisance parameters oy, and \/ A1(Gg) must be robustly es-
timated. The residual scale, oy, can be estimated by a robust residual scale es-
timate Sy(F) applied to the distribution of the regression residuals

Fy 1)1 that is,
(11) 60(H) = So(F g 1,(m),1())-

ESTIMATION OF A(G,). Suppose that the core x-configuration is known ex-
cept for an affine transformation. More precisely, suppose that G is the distri-
bution function of x = A~1x*+p, where A is an unknown invertible matrix, p

TABLE 1
Maxbias and bias bound for the median (S = MAD) when
Fy is the standard normal distribution

€ By (¢) K(e) K(e)
0.05 0.066 0.070 0.070
0.10 0.140 0.159 0.160
0.15 0.223 0.271 0.278
0.20 0.319 0.417 0.440
0.25 0.431 0.614 0.675

0.30 0.566 0.889 1.043
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is an unknown vector and x* has some specified canonical distribution function
Gg with Eg.(x*) = 0 and Covg: (x*) = I. Some examples are (i) the core distri-
bution of x 1s multivariate normal or Student-¢ and (ii) the non-contaminated
entries of x are linear combinations of some independent random variables
(e.g., Student-t random variables with nq, n,, ..., n, degrees of freedom).

We will see that in order to be useful for the construction of the bias bound,
the functional A;(G) must have the following two properties: (a) it must have
a known upper bound for its over-estimation bias; and (b) it must satisfy
the inequality A;(Gy) < A;(Gy). We have found a functional which satisfies
these requirements. The definition of this functional resembles the projection
pursuit robust principal component methods proposed by Li and Chen (1985).

Let p be a continuous loss function satisfying A3 and such that
(12) maxinfE_ p(a'x —¢) = 1/2.

lal=1 ¢ =%
For each distribution G, each (unitary) vector a, and each real number ¢, let
S(G, a, t) be the solution to

(13) Egpl(a’x — t)/s] =1/2

and let

(14) S(G,a) =ir}f S(G,a,t).
Define,

(15) \/f\l(G) = ”m“iPl S(G, a).

The following lemma shows that A;(G) satisfies the conditions (a) and (b)
above. Statement (c) of the lemma gives a condition under which the estimate
is Fisher consistent. Note that this condition holds when G, is spherically
symmetric. In general, p should be chosen so that min,_, inf, EGSp(a’x — 1)

is close to 1/2.

LEMMA 3. Let x~G and z=A"'x+v ~ G*, b = A'a/|A'a| and t* =
(t+a’Av)/||A’a|. Suppose that p satisfies A3 and is continuous and strictly
monotone at any u such that p(u) < 1. Then:

(a) |A’a]|S(G*, b, t*) = S(G, a, t), for all ||a| = 1 and for all t.
(b) |A’a] S(G*, b) = S(G, a) for all |a] = 1.
(©) A1(Gy) < M(Gy), with equality if ming,_;inf, E_ p(a’x —t) = 1/2.

As in the location case, we wish to find a bias bound for T(H),that is a
quantity K(¢) such that

0o(H)

AM(G)

(16) | T(H)—-T(Ho)l =

K(e)=a(H)K(s) for all HeV (H,)
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where K (&) only depends on H, and &, and a(H) can be consistently esti-
mated.
We have the following result:

THEOREM 4. Let 6o(H) and A;(G) be defined by (11) and (15). Suppose
that p satisfies A3 and is continuous and strictly monotone at any u such that
p(u) < 1. Then (16) holds with

+
17) K(e) = max >3 ®)

lal=1 &y (&)

By(e),

where & (¢) is the implosion bias of the scale functional used in (11) [see
Martin and Zamar (1993)] and

N(a, &)

5@ =5 ay

where N(a, ¢) =inf, N(a, ¢,t) and N(a, ¢, t) satisfies

ax—t 1
1—e)Epp(-2X"0 i
(1-e) GOP(N(a,m))H :

If the core distribution of the regressors, G, is multivariate normal, then (16)

holds with

_ S7(e)

Gy (8)

(18) K(s) Br(e),

where ST (&) is the explosion bias of the S-scale functional S(F) and &, (¢) is
as before.

Table 2 gives the values of By(¢) and K(&) when T is the least median
of squares, G is Gaussian, and p is a jump function. As in Table 1, K(¢) is
larger than By(e) because it takes into account the asymptotic bias in the
estimation of 0(H) and A;(G). Notice that, because the estimation problems
are now more involved, the differences observed in this table are larger than
those observed in Table 1. However, it should also be noted that the bias bound
given in Theorem 4 is probably not optimal. It is maybe an interesting open
problem to devise bias bounds which are optimal so that the differences in
Table 2 are minimized.

Often one is interested in linear combinations of the regression coefficients
¢(H,y) = 0, (e.g., contrasts or predictions) which can be estimated by the
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TABLE 2

Maxbias and bias bound for the least median of
squares when G is a Gaussian distribution

€ Br(e) K(e)
0.05 0.528 0.597
0.10 0.827 1.073
0.15 1.134 1.728
0.20 1.515 2.751
0.25 2.012 4.522
0.30 2.714 7.999

functional ¢(H) = ¢'T(H). Applying the results above we have
l6(H) — ¢(Ho)| < || K(e)a(H),

and therefore, the bias bound for ¢(H,) is |c||K(e)a(H},).
To use in practice the bias bound given by Theorem 4 we should specify (up
to an affine transformation) the core distribution G, and the amount of con-

tamination ¢ and then compute the quantity K(¢). The ratio 6y(H) /\/ A(G)

depends on the sampling distributions H and G. Although these distributions
are unknown, we have observations drawn from them and, therefore, we can
replace H and G by the empirical distributions H, and G,,. For the bias bound
to be asymptotically valid, it is necessary that

Q(H,) = 0y(H,) [ \i(G,) — 60(H) [\[14(G) = a(a).

§ince mostArobust scale estimates are consistent, the main concern is to show
A(GL) = A1(G). This is accomplished in the following result:

THEOREM 5. Let G, be the empirical distribution corresponding to a sam-
ple x;,...,X, drawn from G. Assume that the loss function p is continuous
and satisfies A3. Furthermore, assume that the loss function p and the distri-
bution G are such that the functions EGp(’”g") and Ean(‘”;’t) are strictly
decreasing in s > 0 a.s. foreach a € A = {a: |a| = 1}, x € RP and ¢ € R. Then,

}\\l(Gn) d Xl(G) a.s.

7. Intercept maxbias. Let (T((H), T(H)) be the regression functional
defined by (3). Due to invariance considerations we define the intercept bias
and maxbias as
b(H) = |To(H) —ag+(T(H) ~09)'mo| /oy and  Bp(e)= sup b(H),

HeV,(Hy)
respectively. Compare with Adrover, Salibian and Zamar (1999). Here, p, is a
multivariate location parameter for x under G,. We can then assume without
loss of generality that ) = py = 0, ¢y = 0 and oy = 1 and therefore By, (&) =
SUPHeV,(H,) |To(H)|.
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TABLE 3
Upper bounds for the maxbias of ay; and lower bounds for the maxbias of several
residual admissible intercept estimates: Té‘MS (least median of squares), Tgl (0.5
BP Huber S-estimate), TOT (0.5 BP Tukey S-estimate), T(T]’H (95% efficient and

0.5 BP t-estimate with Huber score function) and TG’T (95% efficient and 0.5 BP
T-estimate with Tukey score functions)

£ &y TIMS TH ! ! 3"
005  0.07 0.49 0.30 0.15 0.15 0.10
010  0.18 0.67 1.21 0.31 0.33 0.21
015 035 0.91 1.62 0.50 0.54 0.35
020  0.60 1.13 1.96 0.70 0.72 0.50
025  1.02 1.35 2.24 0.92 0.91 0.75

Although we cannot compute the maxbias for T'j, we are able to obtain (see
Theorem 6 below) an upper bound for the maxbias of the intercept estimate
ay defined as

ay(H) = med(F%,T(H))’

where Fy 1) stands for the distribution function of y — T(H)'x under H.

We will provide some evidence suggesting that for small ¢ (¢ < 0.15 in our
calculations) the intercept maxbias of T, is larger than that of &,,.

THEOREM 6. For every u € R, define

1 Fi(u) = inf inf (1—¢&)F, ¢
(19) 1(w) OgtlgI}BT(s) ||lelﬁ=t( ?) Ho. 0 (u)

(20) Fi(u)= sup sup(l—e)Fy o(u)+e.

0<t<By(s) |6]=¢
Let Bij(e) = inf{u : Fij(u) > 1/2}, Bj(¢) = inf{u : Fy(u) > 1/2} (and
Bi(e) = oo and Bj(e) = oo, respectively, if the conditions are never satisfied).
Define

B;, (e) = max{|Bi(e)|, | B(e)l}.

Then, By, (¢) < BgM(a). Moreover, if the core distribution of the data, H, is
multivariate normal, then B (&) =[1+ BX(&)]Y2d71[1/(2(1 - &))).

The second column of Table 3 gives the values of the maxbias upper bound,
B, (&), for the Gaussian case. The estimate T(H ) used to compute &, is
the Huber S-estimate with BP equal to 1/2. The remaining columns of Table 3
give some maxbias lower bounds for several residual admissible estimates, for
Gaussian H,. More precisely, these are the values of T[(1 — &)H, + &3, o)l
where for each case the value of y, has been chosen so that T\[(1 — ¢)H, +
£8y,,0)] is maximized over the grid {0, 0.1, ..., 2.5}. From Table 3 we conclude
that, for £ < 0.15, B; (&) < By () for all the considered cases.
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8. Concluding remarks. As mentioned in the Introduction, the maxi-
mum bias theory has two main possible applications: (i) the comparison of
competing robust regression estimates in terms of their bias behavior and (ii)
the computation of bias bounds for robust estimates in practical situations.

Regarding the first application, our results confirm the relevance of the ex-
isting global robustness theory in two ways. First, they show that, under ellip-
tical configurations, taking the intercept parameter equal to zero corresponds
to the least favorable situation and so the maxbias curves for regression-
through-the-origin models formally agree with those for the general model.
Therefore, the minimaxity of the LMS-estimator established by Martin Yohai
and Zamar (1989) and Yohai and Zamar (1993) is proved to be valid for models
including the intercept parameter. Second, our calculation of maxbias curves
for several robust regression estimates under various x-configurations indi-
cates that the “maxbias ranking” obtained using the Gaussian regressors also
hold for other x-configurations. In summary, the comparison of competing ro-
bust estimates done using the Gaussian theory have implications beyond this
restrictive setting.

Regarding the second application we have defined bias bounds and dis-
cussed their relation and difference with the maxbias curves. Our results
show that in this regard the x-configuration matters since the maxbias curves
changed substantially across the several cases considered.

It would be desirable to obtain bias bounds which are locally of order ¢ [that
is, K(&) = o(&)] In order to do that one should look outside the class of residual
admissible estimates. However, it is not yet clear how to do this with the
needed generality (unknown nuisance parameters, non-elliptical regressors,
model including the intercept, etc.). Natural candidates are GM-estimates.
However, recent work by Adrover, Salibian and Zamar (1999) show that there
are enormous technical difficulties and that the BP of GM -estimates may take
a big drop when the intercept is in the model. For the p = 1 case considered
in the given reference one has:

1. BP=1/2 when the intercept is known.

2. BP=1/3 when the intercept is unknown and the location of the regressor
is known.

3. BP=1/4 when the intercept and the location of the regressor are unknown.

Another possibility are one-step Newton-Raphson estimates [see Simpson,
Ruppert and Carroll (1992)]. The technical difficulties in this case are also
considerable, specially when p > 1. To achieve high BP and local maxbias of
order o(¢), the initial estimate must have high BP and local maxbias of order
o(4/¢) [see Simpson and Yohai (1998)]. We believe that knowledge about the
maxbias behavior of the initial estimate (a residual admissible estimate in all
the given proposals) will be useful, if not essential, for the derivation of bias
bounds for these estimates.

Bias bounds take into account both the core distribution G (which is spec-
ified by the user) and the data [through the estimation of a(H)]. Perhaps it
may be desirable to obtain completely empirical bias bounds, that is, solely
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based on data. This could be achieved by replacing G, in our bias bounds, by

an estimate GO computed from the sample. This approach poses interesting
new theoretical and practical problems.

APPENDIX

LEMMA 4. Let M(0) =inf, g J[(1—&)F g, ,¢+&d]. Under Al(b) and A2,
there exists a(0) € R such that

M@©)=dJ [(1 —&)F g, o0)0 T 850] .

Moreover, for every t > 0 there exists K, > 0 such that |a(0)| < K, for each
0 c{0: 0] =t}

PROOF. From Al(b) and A2, it follows that J[(1 — &)Fp, ¢ + €] is a
continuous function of a and 6. Since, for each u > 0, lim,_, o Fg  q0(v) <
F 1, .0,0(1), it also follows from Al(b) that

hm J[(l — 8)FH0,01,9 =+ 880] > J[(l — S)FHO,O,O + 880].

|a|—>o00

Therefore, for each 0 € R?, there exists Ky > 0 such that the infimum must be
attained in the compact set [—- Ky, K4] and, therefore, the infimum is actually
a minimum. Assume that the last assertion of this lemma is not true, it is
then possible for some ¢ > 0 to find a sequence {0,} C {0: ||0] = ¢} such that
lim,_, . |«(0,)| = co. Suppose w.l.o.g. that 0, — 0. For each « € R and u > 0
we have that

Hm [(1— &) F g, 00,0, () +e8(u)] = & < (1= &)F g, o5(u) + £8o(w).

Hence,

(21) r}l_)nolo J[(1—&)Fy, ao,)0, + 85| = J[(1—e)F g, .5+ £50] .
On the other hand, the definition of «(0) implies that, for each « € R,
(22) lim J[(1 = &)Fp, a00,)0, +€80] < I [(1 = &)F 06 + 28]

It follows from (21) and (22), that the value of J[(1—¢&)F g, .+ e8] does not
depend on «, but this is a contradiction since lim|,_, o J[(1—&)F g, 45 +£50] <
J[(1—&e)Fy, 06+ 8] O

LEMMA 5. Under A2, for all |0 = 1, A > 0 and u > 0, Fy ,aae(%) is
strictly decreasing in A.

PROOF. The reader can check this result by following the lines of the proof
of Lemma A.1 in Yohai and Zamar (1993) rewriting the details when necessary.

|

The following lemma shows that the function m~1(-) is well defined.
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LEMMA 6. Let m(t) be as in equation (6). Under Al(b) and A2:
(a) There exists 0, € RP and «(0,) € R such that ||0,|| =t and
m(t) =dJ [(1 — 8)FH0,a(0t),0t + 850] .

(b) m(t) is strictly increasing.

PrOOF. With the notation of Lemma 4, notice that

m(t) = inf M(0) = inf lanl— F a+6,
()= inf M(®)= inf inf J[(1—)Fpy a0+ edo]

where J[(1 — &)Fp ¢ + 5] is uniformly continuous on the compact set
{0: |0|| = t} x [-K,, K,]. Therefore, M(0) is continuous on the compact set
0: ||6]| = ¢}, as it is the infimum of an equicontinuous family of functions
evaluated at 0. Part (a) follows from this fact.

Let ¢; and ¢y be such that ¢; > ¢,. Define A = ¢5/¢; < 1. Applying part (a),
there exists 0; and 0, such that m(¢;) = M (0;) and m(¢3) = M(0,). Since,
by Lemma 5, F g os,).0,(%) < Fr, ra0,).20,(&), it follows from Al(b) and the
definition of «(0) that

m(ty) > J [(1 = &)F g, rao,).00, T 850] > J[(1 = &)F g, a00,).00, + £80] -
But, by the definition of m(¢) and given that ||A0] = o,
m(ty) < M(A8;) = J [(1 — &)F g, or0,).00, + 8] -

The last two inequalities prove part (b). O

PrOOF OF THEOREM 1. Let ¢* be such that ¢ = m(¢*). First, we prove that
Br(g) < t*. Let € R? be such that ||| = ¢ > ¢*. It is enough to show that for
every H € V (H,) and every a € R, J(F g ,9) > J(Fr0)-

It is clear that for each H € V_(H;), a € Rand u > 0,

(23) Frop(w) = (1= 8)Fp, qo(u)+edo(w)

Inequality (23), Al(a), the definition of the function m(¢) and Lemma 6(b)
imply that, for each H € V_(H,),

(24) I (Fras)>d [(1 —&)F i+ 850] > m(t) > m(t).
The condition ¢ = m(#*) and Al(c) imply

(25) m(t*) = ’}Lngo J[(1—2&)Fg 00+ cU,| = J(Fro)
Finally, inequalities (24) and (25) yield the first part of the result.

Now, we show the inequality Byp(¢) > t*. Let ¢ € R be such that ¢ < ¢*. The
idea of the proof is to find a distribution H € V (H,) such that |T(H)| > ¢.
The inequality must hold if we can exhibit such a distribution for every ¢ < ¢*.
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By Lemma 6(a), there exist 0, and «, such that m(t) = J[(1 - &)Fp, , ¢, +

£8y]. Define the following sequence of contaminated distributions: H, =
d8(y, x,) Where x,, = n0, and y, is uniformly distributed on the interval [, +

nt? — (1/n), a; + nt? + (1/n)]. If F,, is the uniform distribution function on
[-1/n,1/n], then for each B € R, u > 0 and a € R,

Fp,ap@) =F,[uta—a,—n(-po,)]

26
(26) —F,[-u+ta-—a,—n(*-po,)].

Let H, = (1—¢)Hy+ ¢H,. Suppose that sup,, |T(H,)|| < ¢ in order to find a
contradiction. Under this assumption, there exists a convergent subsequence,
denoted by {T(H,)}, such that

lim T(H,)= lim 6, =0  where |0 =7 < ¢.

n—oo

Since t2 — 0,0, = 0, it follows from (26) that
(27) lim Fp ¢ (uw)=1 foru>0.
Next, we show that we can also assume w.l.0.g that the subsequence of inter-

cepts corresponding to 0,, denoted by T\(H,) = «,, converges to a limit a&.
Assume for a moment that lim,,_, _ |, | = co. Then, for each u > 0,

lim Fy, o, 0,(1)
(28) = e lim Fy . o.(w) < (1—&)Fp, 0 0)+ edo()

= lim Fy , ¢ (u).

n—o0o

For the last equality, we apply (27). The strict inequality follows from A2 since
Fp. .0,)= /PFO{|y —a, — 0/x| < ulx} dGy(x) > 0 for u > 0.

From (28) and assumption Al(b) we have that J(Fp , ¢ ) > J(Fg, 4,0,) for
large enough n,and this fact contradicts the definition of (a,, 9,). Notice that
0 <10,0] < |0,]| |0] = ¢ < t2. Hence, ¢*> — |6'0] > 0. It follows from (26) that

(29) lim Fg , p(u)=0 for u > 0.

n—o00o

From (29) and Lemma 5, we have that for each u > 0,
I}LUOIO FHn,a",Tn(u) =(1- 8)FH0,a,é(u)
(30) < -¢e)Fpg,o0(u)
= 1im [(1 - &)F 0 0(t0) + eU,, ()],
Applying Al(b), Al(c) and inequality (30),
(31) ’}Lrglo J(Fy o0,)= }Lngo J[(1—¢e)Fy, 00+ eU,] =c=m(t").
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From (27), we have that for each u > 0,

(32) Lm Fp, o.0,(@) =1~ &)F g, q,.0,@)+edo(u).
From Al(b), equation (32) and Lemma 6(b),

33)  lim J[Fy 0] = [(1-2)Fg,q.0 + 53] = m(t) < m(t").

Applying (31) and (33), we have that for large enough n,

J(Fananven) > J(FHn’at’et)'

This last inequality is a contradiction since (,,9,) = argmin, o J(Fp_,4)-
For every ¢ < t* we have found a sequence of distributions {H,} in the neigh-
borhood V (H,) such that sup,, |T(H,)| > ¢ O

PROOF OF COROLLARY 1. From Theorem 1 and Lemma 6, there exist 0,
R” and «, such that J[(1 — &)Fpy, ., + €8] = ¢, and By(e) = [0, = ¢
Moreover, since a, = «(90,),

J[(1—e)Fy, 00, +&80] = J[(1—&)Fp, a0, + 0]
=C= J[(l — S)FHO,O,O + 8800] .
Therefore, by Al(b), there exists u* > 0 such that (1 — &)Fp, ¢, (u") +& <
(1 - ¢e)Fp, 0,0(u*). This implies that |Fy ¢ (") — Fg, 00| > &/(1 - &).
At this point, we obtain the conclusion of part (a) by reproducing the proof of
Theorem 2.1 in Yohai and Zamar (1997).

To prove part (b), notice that, from Theorem 1, ¢ < &* implies that By(e) <

00. On the other hand, ¢ > ¢* implies that m(¢) < ¢ for all £ > 0. Therefore,

following exactly the same lines of the second part of the proof of Theorem 1,
we deduce that Byp(e) > t for all £ > 0 and, hence, By(g) = c0. O

PROOF OF THEOREM 2. It is easy to check that, for all u > 0,
FHO,a,G(u) = P{—u +a<y—-0x<u-+ a}.

By the symmetry and unimodality assumptions on F and G, we have that,
for all @ € R,

Fr,ao(u) < P{—u <y—-0x< u} =Fpy, 00(n),
and therefore, using Al(a),
J[(l — s)FHma,g + 860] > J[(l - s)FHO’O’g + 860],

for all @ € R. Finally, notice that, under the assumptions of the theorem,
Fy, 0,0 only depends on 6 through the value of [|0]. O
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PROOF OF THEOREM 3. We will apply (7) and (8) to obtain (10). First, notice
that

c= 72[(1 — S)FHO,O,O + 8500]

ez

Define ms(]|6]l) = S[(1— &)F ;¢ + £ ], then

m([0]) = 7*[(1 — &) F g, 0,0 + £

y—0'x
) w301 - &) o 2o )

= rore (12 a-on(+2,)

and, therefore, from (7), (34) and (35), the condition ¢ = m_(]|0]|) implies [see
also formula (3.18) in Martin, Yohai and Zamar (1989)]

2
g#('ﬁ)

1+ BX(s)=1+0]” = | ——=% | H(e) = Bi(s)H(e). O
gl (178)

PROOF OF LEMMA 1. Since M is location equivariant, we can assume
wlo.g. that 60 = 0 and oy = 1. Let V_,(Fy) = {F € V. (F,): M(F) = t}.
Notice that |M(F)| < By(e) for all F € V_(F,) and therefore V (F,) =
Uj=(s) Ve,te(Fo). We have that

(36) sup |M(F)/S(F)|= sup sup |t|/S(F)
FeV.(F) |t|<Bu(s) FeV,,

Now, for each F € V, ,(F,), F = (1 - &)F, + ¢F, it holds that

S(F) = inf{s >0:(1- S)EFO)((%) + spr<%> < 1/2},

and therefore, S(F) > y(t). This fact, together with (36), proves the result. O

ProOF OF LEMMA 2. There exist coefficients B;, i = 1,..., p, such that
T(H) - T(H,) = ¥r_, B;a;(G,). Moreover, for all H € V (H,),

Bii(e) = [T(H) — T(Ho)'2o[T(H) — T(H,)]/ 05

» p
=Y BIN(Gy)/ag = [M(Gy)/og] Y B?

i—1 i=1
= [M(Go)/a¢]IT(H) — T(Hy)|?.
Therefore, supycv, g, I'T(H) — T(Hy)| < [00/v/A1(Go)]Br(e). O
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PROOF OF LEMMA 3. Part (a) follows directly from the fact that

Egpl(a’x—t)/s] = Eg.p[(b'z—t")/(s/| A'a])].
Part (b) follows because S(G, a) =inf, S(G, a,t) =||A’a| inf,. S(G*, b,t*) =
|A’a|| S(G*, b). To prove (c) first notice that
(387) 1/2 < inf Eq:p[(a'x —t)/S(Gp, a)]
because otherwise there exists ¢; such that Eg.p[(a'x—2,)/S(Gg, a)] < 1/2

and S(Gg, a, t;) < S(Gy, a). Also, since limy,_,  Eg:p(a’x—¢) = 1, there exists
0 < K <ooand —K < t, < K such that

(38) ll}f EGEp(a’x—t) = _II{I;[I};K EGSp(a/x—t) = EGap(a,X—to).

Suppose now that S(G§, a) > 1. Then,
(39) irtlf EGSp[(a’x—t)/S(GZ;, a)] < Eg:p(a'x—1).

If (39) doesn’t hold we arrive at a contradiction:

inf Eg; p[(a'x—1)/S(G(, @)] = Egyp(a'x—ty) > Eg;p[(a'x—t)/S(G, a)],

where the strict inequality holds because Eq:p(a’x—ty) < 1/2 < 1 together
with the monotonicity assumption on p imply that the function (in s)
Eg:pl(a’x—t)/s] is strictly decreasing at s = 1. By (12), (37), (38) and (39),

(40) = inf Eg.p(a’x—t) < maxinf Egp(a’x—¢) = 1/2.

e lai=1 ¢ 70
Therefore, S(Gy,a) < 1. Finally, if Covg (x) = AA', by (), /A(Gy) =
min g, _; S(Gy, a) = miny,_; S(Gj, b)||A'a|| < min,_; [A'a| = /ajAAa; =
\/Al(GO). Finally, if min,_; inf; Eg:p(a’x—t) = 1/2, then S(Gg, b) = 1 for all
[b| = 1 and the equality holds. O

PrOOF OF THEOREM 4. Let V,(GY) be the e-contamination neighborhood
for Gj; and let V (G, ) be the corresponding e-contamination neighborhood for
G,. First of all notice that, given x ~ G and z =A~"'x+v ~ G*, by Lemma 3(b),

(41) S(G, a) = | A'al| S(G*,b),
and so

* A/ *
42)  sup G2 _ S(G*,b)|Aa| _ S(G*,b)

SA N = SUP S = SUP oA
GeV ,(Gy) S(Gy,a) GV ,(G3) S(Gg, b)||A'al GV (G3) S(Gg, b)
Moreover, by Lemma 3(c),
(o) _ (o) \/XI(GO) < (o)
VA1(Gy) \/Xl(GO) VA(Go) ~ \/;\1(G0)

(43)
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and
o 6(H) o \/;\I(G)
o e @ oo
) JA@Go)  Jae) ) iy

Go(H) 1 \/;\I(G).
T @ %@ 3Gy

By (43) and (44)

o 6o(H) 1 min,|—15(G.a
o _ % . Jal=15(G.a)
VAi(Go) \/;\1(G) 05 () Gev,(G,) Min|a =1 S(Gy, a)

In addition, by (42),

IninHaH:l S(G, a)
sup

GeV,(Go) MiNya =1 S(Gy, a)
ming_1[S(G,a)/S(Gy,a)1S(Gy,a)
= SUPgev,(Gy) - 1minHaH:I S(G(()),a) :

. SUPgev,(g,)[S(G,a)/S(Gy, a)]S(Gy, a)
< min -
lafl=1 Inlnnan:l S(Go, a)
supgrev o [S(G*,a)/S(G,a)1S(Go.a)

minj, -1 S(Gy,a)

S*(a,)S(Gy,a) n
i S(Oya) = MaXjaj=1 S7(a, &).

(45)

= MINja)=1

= M=

To obtain the next to the last inequality notice that, for each ||a|| = 1 and ¢,
S(G*,a,t) < N(a, ¢, t).

In the Gaussian case, we have that S(G,,a) = o, = /a’S,a. Moreover,
S(G, a) < §, where § satisfies

/

(1- 8)EGOp<a X) te=1/2.

s

From Theorem 4 in Martin and Zamar (1993) we have that s = ¢,S*(¢), and
therefore,

sup \/Xl(G) = sup min S(G,a) < min sup S(G,a)
GeV ,(Gy) GeV,(Gy) lall=1 lall=1Ggev (Gy)

IA

min 7, 5% (s) = \/04(Go)S* (&).

lall=1

The final assertion of the theorem follows from this inequality. O
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The following lemma is needed to prove Theorem 5:

LEMMA 7. Under the assumptions of Theorem 5, for each ¢ > 0 :

(a) S(G,a,t) and S(G,, a, t) are uniformly continuous a.s. on (a,t) € A x
[—c,c].

(b) p (?GL;Z)) is uniformly continuous on (a,t) € A x [—c, c].

(c) There exists C > 0 such that S(G,,a) = miny . S(G,,a,t) and
S(G,a) = miny ¢ S(G, a, t).

(d) S(G,,a)and S(G, a) are uniformly continuous on a € A.

PROOF. From Lemma 3(a) in Martin and Zamar (1993) we know that for
c¢>0and0 < s; < s,, < 00, the function p[(x—¢)/s] is uniformly continuous on
(x,¢,8) € Rx[—c, c]x[s0, Suc]- Let (ay, £1, 51), (@9, £a, S9) € AX[—c, c]X[Sg, Sool-

Since
a)x —t a,x —t
< alp (M) o (*7)
S1 S2

alx —t axX — ty
IEGP<—1 > - EGP(—2
S1 S2

then Egp (a/’;’t) is uniformly continuous on (a, ¢,s) € A x [—c, ¢] X [Sg, S5]-
Let 6 > 0 and let (ay, %), (as,ty) € A x [—c,c]. Define s; = S(G,aq, ty)
and sy = S(G, ay, t3). Since Egp[(a’x — t)/s] is strictly decreasing in s > 0,
8o = Egp (a/;f—:;l) — % > 0. There exists 6; > 0 such that if |a; — as|| < §; and

|t; — ty] < 81, then

ajx—t; ax — iy
IEGP( §1— 0 )_EGP( §1—0 >
which implies that Ep (a’zf:g‘z) > 1/2 and, therefore, s, > s; — 8. Analogously,
it can be shown that there exists 8, > 0 such that if ||a; — ay| < &y and
|t; — ty] < 8y, then s; > sy — 6. Considering min{6;, 85}, we obtain |s; —sy| < &
and part (a) follows. (The result for G,, can be proved analogously.)

Part (b) follows straightforwardly from Lemma 3(a) in Martin and Zamar
(1993) and part (a).

To prove part (c), notice that S(G, a,0) < oo and lim,_,,, S(G, a, t) = oco.
Therefore, for all a € A there exists c(a) > 0 such that S(G, a) = miny_a)
S(G,a, t) = S(G, a, t(a)). Moreover, there exists C > 0 such that ¢(a) < C
for all a € A because, if this was not the case, there would exist a sequence
{a,} C A (we assume a, — a* without loss of generality) such that |f(a;)| —
oo. Then,

b

< 50/2,

(46) klim S(G, a;, t(ag)) = oo.

On the other hand, from the definition of ¢#(a) and part (a) we have that
47) klim S(G, a;, t(a;)) < klim S(G,a;, 0)=S(G,a*,0) < oo.
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Equation (47) contradicts equation (46). Therefore, S(G,a) = miny ¢
S(G, a, t). Analogously, we can prove that S(G,, a) = min, . S(G,, a, t). (We
can assume the same value for C without loss of generality.)

Finally, both S(G, a) and S(G,,, a) are continuous since they are defined
as the minimum on the compact set [—C, C] of a family of uniformly contin-
uous functions. Since A is compact, both S(G, a) and S(G,,, a) are uniformly
continuous on A and therefore (d) follows. O

PROOF OF THEOREM 5. Notice that it is enough to prove

(48) max |S(G,,a) — S(G,a)| > 0 a.s.
acA

Since A is a compact set, this fact, together with Lemma 7 (d) implies the
conclusion of the theorem. Let 6 > 0,a € A and ¢ € [-C, C]. Since Ep (a/’;_t)
a'x—

is strictly decreasing, there exists §, such that Esp (m) -1/2 >4, > 0.
For any y > 0, define

12 a/xi—t 1
B,(a,t,y) = {E ZP(m) -5z 7}-

1

By Lemma 7 (b), there exist ¢4, ..., t,, with ¢; € [-C, C] such that
(N B,(a,t;, 5 )¢ () B.(a,t,0) as.
Jj=1 l{|<C

Now, from Bernstein’s inequality, there exists r > 0 such that

Pei{B(a, ), 80/2)}

12 ax;—t; ax; —t; b
P.{l= 7t J \_F Tt )
= G{nz p(S(G,a,t)—é) Gp(S(G,a,t-)—S)‘> 2}

=1

< 2exp{—rnd3}.

For all a € A, we have

PG{ﬁsig[S(G"’ a,t)— S(G,a,t)] > —8}

> pG{ N B.(a,t, 0)} > PG{ ﬁ Bn<a’ Ly, %)}

t|=C J=1

" )
=1- PG{ U B (a, t 50)} > 1—2mexp{—rnd2}.

j=1
Analogously, it can be proved that, for alla € A,

PG{maé([S(Gn, a,t)—S(G,a,t)] < 8} > 1—2mexp{—rné2}.
tl<
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As a consequence, for all a € A,

PG{rlrllaé( |IS(G,,a,t)— S(G,a,t)| > 6} < 2mexp{—rné3}.
tl<

Therefore,

io: PG{rgg} |S(G,,,a) — S(G, a)| > 6}

n=1

= 3" Po{S(Gy. ) - S(Gua,) > 0]

n=1

< 3" Pomax S(Gy. .. 0~ S(G.a,. 0] = 572]
n=1 tl=

< Q.

This inequality implies (48). O

PrOOF OF THEOREM 6. Let H € V_(H,) and notice that |T(H)| < By(e).
Since for some arbitrary distribution H, Fyrmy=1-8)Fy (H )+8F%,T(H ),
we have Fi(u) < Fy q)(w) < F3(u) for all u € R. Therefore, Bj(¢) < ay(H)
< Bj(¢), and the first part of the result follows. When G, is multivariate
normal the inner infimum and supremum in (19) and (20) are not needed

because F7; o(u) only depends on the length of . Indeed, for all [|0[| = ¢, we
have

u
* uw)=P _ﬁ/x<u =P — ).
Ho,e( ) Ho{y <u} ( T t2>

As a consequence, F;(u) = (1—&)®[u/(1+Ba(¢))] and Fi(u) = (1—&)®(u)+e.
Hence, B% (&) = [1+Ba(£)]Y2 & 1[1/(2(1—¢))] and Bj(s) = —d[1/(2(1—¢))].
Therefore, B; (¢) =[1+ Bi(s)]"? ®1[1/(2(1 - ¢))]. O
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