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ESTIMATORS OF THE FINITE POPULATION DISTRIBUTION
FUNCTION USING NONPARAMETRIC REGRESSION

By ALaN H. DorFMAN AND PETER HALL

Bureau of Labor Statistics and Australian National University

This paper considers estimators of the distribution function of a
variable over a finite population, when a sample of units is available and
values of a related auxiliary variable are known for the whole population.
Theory is offered for several estimators which rely on nonparametric
regression, and for calibration estimators which require a parametric model.

1. Introduction. This paper concerns estimation of the distribution
function of a variable over the units of a finite population based on a sample of
units. For a variable of interest y, the distribution function is given by
F(t) = N"HX,I(y; < t) + £,;I(y; < t)}; here i indexes units in the sample, j
indexes units in the nonsample and I(-) is the standard indicator function.
The first term is known, and the task essentially is to estimate the second
term. It is assumed that a regression relationship of some sort exists between
the variable of interest and an auxiliary variable known for all the units of the
population.

In this paper, we consider three distinct regression relationships that can
arise in practice:

1. y has a well-defined, typically linear, relation to x, for example, y;, = a +
bx; + &,1=1,..., N, with Ee; = 0, var(¢,) = 0, cov(g;, £;) = 0 and the ¢,
have common distribution function G(u) = P(e < u).

2. ¥ has an ill-defined but smooth relationship to x, that is, y, = m(x,) + ¢,
i=1,...,N, with ¢, as above, and m(-) sufficiently smooth to apply
standard nonparametric regression.

3. Instead of a relation between y itself and x, we merely assume one between
h(y;) = I(y; < t) and «x;, so that E(h(y,)) = H(x;), with H(-) smooth.

Clearly, the above models are not exhaustive. In particular, the het-
eroscedastic case, with the variance of y dependent on x, is important to
survey sampling practice, but is not herein considered, and will require further
investigation.

Model-based estimators of F(¢) take the form

F(t) = N‘I{Xi‘,l(yi <t)+ ;H(xj)},
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ESTIMATING DISTRIBUTION FUNCTIONS 1453

where H is an estimator of H based on one of the three above regression
models. In particular, the Chambers and Dunstan (1986) (CD hereafter)
estimator relies on (1), using standard linear regression to estimate the
parameters, estimating G through the residuals, and relying on the relation
H(x;) = G(¢ — a — bx;). One can proceed similarly on the basis of (2), using
nonparametric regression to estimate m(-) to get a nonparametric CD estima-
tor. Kuo (1988) suggests applying nonparametric regression directly to H(-) to
estimate F(¢), in effect using model (3).

In practice, a model such as (1) is unlikely to be strictly correct. This may be
an argument for relying on (2) or (3). However, many survey practioners will
prefer instead to use a design-based approach. Rao, Kovar and Mantel (1990)
(henceforth RKM) suggest a design-based estimator which uses the working
model(1) as a calibration device and is of the form

N
F(t) =N"Y Y mth(y) + X H(x,) — Lwi 'H(x,) |,
i k=1 i

where 7, is the probability that unit i is included in the sample; in the case of
simple random sampling, 7; = n/N, where n is the sample size. Estimators of
this form based on models (2) and (3) are also of interest and are considered in
Section 2.

The use of (1) as a calibration device in the RKM estimator suggests an
analogous model-based calibration estimator. For 7, = nN~! we can write the
RKM estimator as

Aty =N Th() + SR + (N = n)/n] Er),

where r; = h(y;) — H(x;) are residuals that reflect how well (1) predicts the
actual sample values A(y;). Based on this representation, Chambers, Dorfman
and Wehrly (1993) (henceforth CDW) suggest the nonparametric calibration
estimator

F(t) = N‘I{Zh(yi) + Zﬁ(xj) + ij},

A

where 7; is estimated through nonparametric regression.

This paper provides large sample theory for six estimators of F(¢) suggested
by these different approaches, taking as a basis for comparison the underlying
model (2). Section 2 considers model-based and design-based estimators that
arise when the working model is (2) or (3). Section 3 considers the design-
calibrated (RKM) estimator, and the nonparametric calibrated (CDW) estima-
tor when the working model is (1).

Results are summarized in Section 4, which contains a convenient tabula-
tion of the asymptotic biases of the estimators. One important result is that
the RKM design calibrated estimator is nonrobust against failure of (1), being
less generally reliable than estimators relying on nonparametric regression.
Several estimators, including the CDW nonparametric calibrated estimator,
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are left in competition; the way is open for further work to decide on their
relative merits.

2. Nonparametric estimators.

2.1. Nonparametric CD and RKM estimators. Suppose y; = m(x;) + ¢;,
as in schema (2) of the Introduction. Let G(u) = P(¢ < u) and g(u) = G'(u).
Let K(-) be a symmetric density function, and » > 0. Consider estimators of
m(x) given by

() = [lzyiK«x - xi)/h}][lZK«x - xi>(h}]'l,

(%) = [ Y yK{(x - xi)/h}] Y K{(x - xi)/h}]_ ,

i#i, i#i)
and let
G=yi—myx),  G(w)=nT LI <u),
v i

F(t) =n~' LI(y; <t),
Fi(t) = N7 L1(y; < t) + LG{t - m(x))}],

Fi(t) =F(t) + N7! Zé{t —m(x;)} - ("1 =N Zé{t - (%))
J i

F(t) and F (t) are analogues to the original CD and RKM estimators, respec-
tively, in the context of schema (2). The leave-one-out estimator i ,(x;) in
Fl(t) is used merely to simplify the mathematical argument. F(¢) is the naive
estimator, which makes no use of the auxiliary information in x. Here, for
simplicity, we assume the form of the design-based estimators appropriate for
simple random sampling.

NotatioN. Put k; = [K%(y)dy, k, = [y?K(y)dy. Assume sample and
nonsample values of x are in the interval [a, b], and are generated by design

densities d; and d,,. ;, respectively, both bounded away from zero on [a, b].
Here d and dp \ s are defined by

nEl(xi=x) = [ dy(y)dy,

(N=n)" TI(x;<2) > [ dpo () dy,
- .
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for all x. Under simple random sampling, d, =d,.,. Assume n and N
increase together such that n/N — m, with 0 <=7 <1. Define a(x) =
[3/9y){m(x — y) — m(x}d (x — )], _o,

I(T) = o [g/(t — m)d3dy + o(b - &) £t~ myds,
L(T) = ([a) fa(t = m)dr ~ fag(e = m)d7dr,
(T Ty) = 02 {g(t = m)d;d, ~ [t = m)d)
x{g(t - m)d; g, ~ [5(t - m)dr,}d,,
I(T;,T;) = [[G[{t - m(x)} A {t = m(»)}dr(x)dr(y),

I(T) = [G(t = m)dp, Is(T) = J{e(t —m) -Gt - m)?}d

and I,(T) = I(T,T) for j = 3,4.
For the naive estimator F(¢), define ¢, = ¢ — m(x;). Then

var{F(¢) — F(¢)} - N~? Var{ZI(Yj < tj)}
= (n ' =N L{G) - G(1)7)

= n"}1 - m)’Ig(s) +o(n7Y).

Under simple random sampling, E{F(t) — F(t)} is of size n~ /% For F(t) and
F(t) we have the following results:

THEOREM 1.
E{F\(t) — F(t)} = 3ki(1 - 7)(nk) 'I(p \ s)
(i) . +3ky(1 — m)h?I(p N\ 5)
+of(nk) ™" + k7,

Var{ﬁ'l(t) - F(t)} - N2 var{ZI(Yj = tj)}
J

(i) =n 1 - m)I(p N s) + I(p N s) —Ii(p N\ 5)%)

+o(n"Y) + O{(nh)~* + h%}.



1456 A. H. DORFMAN AND P. HALL
THEOREM 2.
E{Fy(t) - F(t)} = 3ky(1 — m)(nh) "{I(p \ 5) - Iy(s)}
(i) +3ha(1 = m)R*{Iy(p \ 5) ~ Iy(s)}
+o{(nh) ™" + 2},

var{ﬁl(t) - F(t)} - N2 var{ZI(Yj = tj)}

=711 = m)?[{Is(s) - 2I3(s, p N s) + Iy(p \ 5))
+{I4(p \'s) - 14(3)}
—{Is(p N )" = Iy(5)*) + Ig(s)| + o(n™Y)

+0{(nh) " + ht}.

(ii)

These results are discussed in subsections 2.2 and Section 4. Proofs are
given in the Appendix.

2.2. The Kuo and design-adjusted Kuo estimators. Put H(x) =

v, = K{(x; - xil)/h}[lZK{(xj - xi)/h}]_l,

viie = Kf(x; — x,-l)/h}[ L K{(x;, - xi)/h}]_ )

IA{(xj) = Zvijl(yi <t), ﬁi(xi) =) vi'iI(yil <t),

F'z(t) = N_I{ZI(yi <t)+ Zﬂ(xj)},
Fy(t) = F(t) + N L H(x)) = (n7' = N"H L H(x,).

F,(¢) is a nonparametric generalization of the naive estimator F(2), originally
suggested by Kuo (1988). Unlike the naive estimator, however, F,(¢) does rely
on the auxiliary information, as incorporated in schema (3). Fy(¢) is an
analogue of the RKM estimator under schema (3). For convenience of compari-
son, we study these estimators under the assumptions of subsection 2.1, so
that H(x;) = E(I(y; <t) = G(t — m(x;,)).
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NorarioN. B(x) = [(8/0y){H(x — y) — H(x)}d (x — y)],_,,

I(T) = [d;'dB,  I(T) = [{G(t —m) - G(¢t — m)*}d;'d}.

THEOREM 3.

E{Fy(t) — F(t)} = $ko(1 — m)R?L,(p \ s) + o{(nkh) ™" + R?},
var{Fy(t) - F(t)} - N2 var{ LI(y; < tj)}
J

=n Y1 - m)’Ig(p \s) +o(n7Y),
E{Fy(t) — F(1)} = 3hy(1 = m)RH{I;(p N 5) = I(s)} + o{(nk) ™" + A%},

var{F'z(t) - F(t)} - N2 Var{ZI(yj < t)}
Jj

=n"Y1-7)’Iy(p \s) +o(n7Y).
Proof is given in the Appendix.

Notes. (i) To ensure that E{F\(¢) — F(¢)}, E{F(t) — F(t)} are both of size
o(n~1/2), the bandwidth A should be chosen to be of smaller order than n~!/*
but larger order than n~'/?: n'/*h — 0, n'/?h — ». For such a choice of &,
and for F = F, or F,,

E{F(¢t) - F(t)}2 is of lower order than var{F(¢) — F(t)}.

(ii) Choice of & is not quite so critical in the cases of F,, F,. We need & to
be of smaller order than »n~'/4, but not necessarily of larger order than n~1/2,
(iii) Under simple random sampling we have d, = d , . ,, whence

var{F(t) — F(t)} — var{F\(t) — F(¢)}

= n71 1 = 7)*{I5(s)" + Ie(s) — Iu(s) — Is(s)} + o(n™h).
It can be shown that

p\s

I2+1s—-1,>0.
Furthermore, if g(x) = o~ Y(x /o) for a density , then

Io(s) = 02[ [e(t —m)*d, - { fa(t- m)ds}z]

= fl{(t -m)/o)’d, - [fl{(t - m)/"'}ds]

-0 aso—0andas o — ».
This seems to be the only evidence that I; might be small; it is not useful,
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since I2+I,—I,>0 as 0 >0 and as o — . Therefore, whether F,
is superior to ¥ in terms of variance is unclear.

3. Design and nonparametric calibration estimators.

3.1. Notation. We take the working model as y, = a + bx,, + &, and allow
for the possibility it is not the same as the true model y, = m(x;) + ;. Let

b= (no;cz)_1 Y (%, — %)y,
A= (na'xz)_1 Y (x;, — X)e;,
b=E(b) = (no?) L(x; - %)m(x),
B =07 [(x - pym(x)d,(x) dx,
t,=t—m(x,),
5, =68(x,) = 5x,, —m(x,)
or ﬁxv — m(x,), when following integral sign,
tvi =t - m(xv) - S(xv) + 8(xi)’

H(x,,x;) = H,; = G(¢,;)

and
D(xv’xi) = Dvi = G(tvl) - G(tv)
Note that
B(I(yi—a - by, <t —a—bx)) = B(I(e; + Az, — %) <1,.))
=H, +o0(1).
Let M =N — n = N(1 — =) and take i,i,...,k, ky,... as sample indices and
J»J1 .. as nonsample indices.
Let

H(x) = G(t — m(x)),
B(x) = H"(x)d(x) + 2H'(x)d (%),
y(u) = E(el(e < u)),

asv_v‘:before, and

2H(x, 0H(x,
Bx1) = ) g () + 27D ),
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Define

Joo(T) = [(v = w)v(t = m(y))d(y) dy,
Jo(T) = [[(x = w)v(t = m(y) = 8(y) + 8(x))d,(x)dr(y) dxdy,
I(T) = [[(y —2)g(t = m(y) = 8(y) + 6(x))d,(x)dr(y) dxdy,

ST To) = [[[[G(t = m(y) = 5(3) + 8(x))
AG(t —m(z) —8(z) +8(x))
xd,(x)dr(y)dn2)] dxdydz,

Io(T1, Tp) = [[[G(t = m(y) = 8(y) + 8(x))G(t — m(2) - 8(z) + 5(x))

X d (x)dr(y)dr(2) dxdydz,
JuT1,Ty) = [[G(t — m(x))G(t = m(y) — (y) + 8(x))

X dr(x)dr(y) dxdy,
I5(Ty, To) = [[G(t = m(x))

A G(t = m(y) = 8(y) + 8(x))dr(x)dry) dxdy,

Jo(T) = [G(t = m(x)) = G(t — m(x))’dyp(x) dx = I(T),

To(T) = [{G(t = m(x)) = G(t - m(x))Yd,(x) 'd}(x) dx = [(T).
As always, we assume errors ¢, have distribution function G(-).

3.2. The design-calibration estimator under misspecification of model. Let
the working model be y, = a + bx, + ¢,, k£ € p, and the underlying model be
¥, = m(x;) + ¢, k € p, and consider

F(t)=F(t) + N' LGt -6 —bx;) — (n " -~ NH L G(¢ - a - bx,).
j i
This :ﬂis the calibration estimator of RKM, for simple random sampling, for

which theory is given in Chambers, Dorfman and Hall (1992) (henceforth
CDH) when E(y) = a + bx is the correct model.
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3.2.1. Consistency.
E(F(t) - F(t)) =n (1 - m) LE(I(y; < t) - G}

~N'LE(I(y; <t) - G}
~n (1 -m) L {G(t — m(x;)) - n! ZH}
- N1 Z{G(t —m(x;)) —n"1 ZHJ} +0(n Y

(1= m)| fG(t - m()d,(x) de
6 = m(x) = () + 5(0)d,(3)d, () dxy |
~(@ = )| [6(t = m(x)d o, (2) d
—[[G(t = m(x) = 8(3) +8(»))

Xdp\s(x)ds(y) dxdy] + 0(1).

Therefore if sample and nonsample designs are the same we get cons1stency
lit is shown below that var(F(¢) — F(¢)) = O(n~ 1) even when the model is
false]. If the designs are not the same, then F(¢) — F(¢) does not in general
converge to zero. This behavior is the same as that of the naive estimator F(¢).

3.2.2. Bias and variance. Assume d,. (x) =d(x) = d(x). Note that
E(N(F(¢) — F(t))), regarded as a function of x-values has a bounded mean.
Some rather extended calculations yield

VMX(NE(F(t) - F(t))) = n{p‘n-_ll““abad - pzﬂabca
+0"Rappa = (207 + p)uls} + 0(n),
where p = (1 - 77)/77’ Mopaag = E (D ;D,; ) Mapbea = E (D ; D, ) Mavbd =

vi Vl vi Vv

E.D,;D;;) and p,, = E(D,;). For example,

Havaa = [[[1G(E = m(x) = 8(x) + 8(y)) — G(t - m(x))]
X[G(t —m(x) — 8(x) + 8(2)) — G(t — m(x))]
X d(x)d(y)d(z) dxdydz.
This variance is not in general zero, so that, we get

E(F(t) - F(t)) = O(n~%?).
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Thus the bias of F need be no better than that of the naive estimator F(t),
when the model is incorrect. As an example, suppose m(x) = x2 and d(x) is
uniform_on [—1, 1]. Then B = 3/1,x%(1/2) dx = 0, whence 8(x) = —m(x),
and E(F(t) — F(t)) = E(F() — F(®)) + o(n™h. -

Under misspecification of the model, we have

var(F(¢) — F(t))
— n73(1 - m){Je(s) + Jao(p N5, N 8) +a(s,5)
—2d,(s,p \s) — [Js(p \s,p\5)
+d4(s,s) — 2J5(s,p N\ 8)]
+2[J5(s, p(5) — Js(s,9)]
—2[Jy(s,p\s) ~ Ju(s, )]
+o7 20 dy(p N 8) —I(s)]”
—20;2[Jy(p N 8)do(p N 8) + Ji(s)Jo(s)
—Jy(p N\ s)do(s) — Ji(s)do(p N s)]
20, %o(3) [ TP N ) ~ o(5)]}
+ N} (1 —m)dg(p \s) +o(n™h).
Proof is given in the Appendix.
Note. If d,. = d,, then this reduces to
n~Y(1 - m)2Ig(s) + N"Y(1 = m)Ig(s) +o(n7) ~ var(F(t) — F(2)).
Thus, if the model is wrong, F(¢) has bias of the same order as F(¢) (naive
estimator) and has the same variance.

3.3. The nonparametric calibration estimator.

DEFINITION.

Fy(t) = N-l{zz(y,. <t)+ Zé(t ~ ¢ — b;)
+ Z Zvij[I(yi <t) - é(t —-4- I;xl)]}
=N‘1{Zl(yi <)+ LH(x)

S |6t - be) - Gl - = bx)]

with v;;, H as defined in subsection 2.2. We assume the true model is
yl = m(xl) + El.
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3.3.1. Bias.
E(N(F}(t) - F(t)) = E{Z Zvijl(yi <t) - Iy < t)}
J i
- E{n‘1 Xy Zvij[I(yk -G —bx,<t-6- Bxi)
i ko
—I(yk —d—Bxk st—d—ij)]}.

The first term is (1/2)k,MAh*d; (x)d,. (x)B(x)dx + o(nh? + h~1) (com-
pare Appendix A2.2).
For the second term, note that

E(I(yk—éxkst—d—l;xi) —I(yk—d—(;xkst—d—éxj))
=G(t;) — G(t,) +O(n™)
=H;,;,-H,+0(n™").

Therefore the second term is
n Y Y Evij(Hik —H,)+ 0(1)
i ko

— -t %{Zd\(xj)_l(nh)_l ZK((xJ - xk)/h)(Hik - jk)} + 0(1)
W '

= $koMB? [ [B(x,3)d; H(2)d,,« (%)d,(y) dxdy + o(nh? + h~1).
In sum,

NE(Fy(t) = F(1)) = 3, Mb?| [d()d, () B(x) di

~ [[dH(x)d, (2)d()B(x, ) dxdy]
+o(nh® + A7),

REMARK. If the model is correct, that is, if m(x) = a + bx, then Blx,y) =
B(x), and N bias = o(nk® + h~1). However, a stronger result is available:

E(N(Fy(t) = F(s))) = £ Lv,,G(t) - LG(Y))
- L X (G(t) - G(¢))) + 0(1)

=0(1)
so that if the model is correct, the bias is actually of order N1,
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TABLE 1
Bias results

Parametric .
model Bias
Estimator Name required? Model correct Incorrect

F Naive No O(n~1/2y*
F Chambers—Dunstan Yes o(n™bH 0(c)
F, nonparametric CD No Ol(nh)~1 + R2J+*
F Rao-Kovar—Mantel Yes o(n=YH O(n~1/2)*
F, nonparametric RKM No Ol(nh)~1 + R2J*
B, Kuo No O(B?) + ol(nh)~1]**
F, design-calibrated Kuo No . O(h2) + ol(nh)~1J*
F, nonparametric calibration Yes O(n™1 O(h®) + ol(nh)~1J*

3.3.2. Variance.
var(Fy(¢) — F(t)) = n" (1 — 7)°Ig(p \ s)
+ N Y1 -m)Is(p \s) +o(nY).

ReMARk. This holds regardless of whether model is correct or not, and is
the same expression as for the variance of the simpler Kuo estimator F(¢).
The expression reduces to that for var(F(¢) — F(¢)) under SRS. Proof is given
in the Appendix.

_ 4. Summary. We can tabulate results on bias as in Table 1. Results for
F, F and F under the correct model appear in CDH; see also Dorfman (1993).

The entries marked (*) require the sample and nonsample designs to be the
same. Under this condition, bias for F, (nonparametric RKM) becomes
o((nh)~' + R?).

The entries marked (**) can be regarded as o(n~'/2), for suitable rate of
convergence of h to zero (h = Cn™° 1/4 < ¢ < 1/2 will do it). In these cases
and the O(n~1!) cases, bias is an insignificant part of mean square error. The
“bias-vulnerable” cases are then: CD, naive, and RKM, this last being some-
thing of a surprise.

When the sample and nonsample designs are the same, as in simple random
sampling, then all the estimators except CD and nonparametric CD have the
same variance up to o(n~1!). Thus judgements on the non-CD estimators can
be based on bias considerations. Within this group Fj, the nonparametric
calibration (CDW) estimator, stands out: It has bias of same order as the other
model-based estimators if the model is correct, but does not share in their
vulperability if the model is wrong. It will do better than F, (Kuo’s), if the
model is correct, and so presumably if it is nearly correct. Kuo may do better if
the model is severely off. The relative worth of Fl, the nonparametric CD
estimator, is as yet unclear.



1464 A. H. DORFMAN AND P. HALL

Comparison of the estimators using simulation studies is a nontrivial step.
To compare the estimators as they would do at their best, requires develop-
ment of suitable methods for each of them of choosing correct bandwidths.
Standard methods of selecting bandwidth lead to oversmoothing. Promising
empirical results appears in CDW for the Kuo and nonparametric calibration
estimators, but more study is required. Suitable choice of bandwidth for the
nonparametric CD estimator is an open question.

APPENDIX

This Appendix contains proofs of Theorems 1, 2 and 3, and for the expan-
sions of the variances of the calibration estimators, under misspecification of
the model. Subsection numbers correspond to sections of the main text.

A2.1.1. Proor oF THEOREM 1.

(a) Preliminaries. Define
A= m(xj) —my(x;) — E{f'\l(xj) - ’ﬁi(xi)}a
déj = E{m(xj) - fﬁ'i(xi)} - {m(xj) - m(xi)}’
t,=t—m(x;), L=t —d;;.
Then
n Y Gt —m(x)} = L LIE <t - (x))
J i
=Y YI(s; + A <ty)).
i
Put
d(x) = (nh) "' LK{(x - x;)/h},

d,(x) ={(n—1hk}" ¥ K{(x - x,)/h},

W,y = (nh) [ d(x;) " E{(x; - %) /1)
—(1 =Y () K (3, — 1) /BYIG #5).
In this notation,

A;;= Z W;,ij€i-
iy
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(b) Bias. Observe that
E[nZG{t - m(xj)}]
J

i

G{(tij - iz#iwilijeil)/(l + wiij)}]

D TG+ w) '+ 5L ZE{( ) wilijail)2(1 + w,.,.j)‘z}

iy #i

-LTE

(A

xg’{tij(l + wiij)_l} +o(nh™1)
= L LG(t;) - X Lwi,ti8()
i J t J
+%022 Zg'(tj)Zwizlij + o(nh™t).
i J i

Now,

T Lwitg(t;) = Ltg(t;) = 0(n) = o(nk™),
i J J
:, Zg'(tj)zwizlij
i iy
=(N- n)h‘l[(N -n)~! ‘;g'(tj)é(xj)‘2(nh)‘1 LK((x; - x,)/h)?
J i

—AN-n)"'A-n"H"
X Zg’(tj)(f(xj)‘ln‘l Ydi(x) H(nk)™
J i

X ¥ K{(x; — x;)/R}K{(x; — x;)/h}

ip i

Hov-m Te'(t))

X(1-nN "n "t Ldy(x) k)t L K{(x; - xil)/h}2]

ig#i
S =NQA- w)h—l( / KZ)[ [g'tt = m(@)dy(x) 7 d, (%) dx

+(b-a)[gt - m(x)}d,,\smdx] + o(nh7Y),
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L X{G(t,) - G(t;)}

- - ¥ Ta(t)d, + O[T X -
- Z Zg{t - m(xj)}%kZ

x{d(x;) a(x;) - d,(x,)  a(x;) }h? + o(n?h? + nh?)

skan(N - n)hZ[{fg(’ - ’")d”\s}fa

-~ [a(t = m)d: 0]
+ o(n?h? + nh71).
Combining the results from (A.1) down we see that

E{F(t) - F(t)} =N} Z(E[G{t —m(x))] - Gt - m(xj)})

= k(1 — m)(nh) ' I(p \ 8) + 3kyh*(1 — ) I(p \ )
+o{(nk)~" + h?}.
(¢) Variance. Observe that
va:r{FAl(t) —F(t)} =(nN)_ {E ZI(& +4;; < lj)}
(A2)
-2 I(Y, <t);.
ar{%: ( = J)}
Now,

(a9 v D LI+, 6] = LEE Da ),
g

where
(i, 7, j,J") =P(5' + Au <t ept AlJ = t’j’)
—P(g; + A, <t;;)P(ey + Ayjy < typ0).
Since
(1,8, J,J') = G(t; A ty) = G(£;)G(E;) + o(1),
then

Yy ZZZn(z i',J, _])—nZ Z{G(t Aty) = G(tj)G(tj:)}
(Ad) it
+o(n3).

Next we treat the sum over i # i'.
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It may be shown that if c;,c, are constants then, defining y(u) =
Elel(e < u)},

P(ey + cieg S Uy, €5+ Coey S Up) = G(u1)G(uz) —c18(uy)y(uz)
— cp8(ug)y(uy) +0(cf + c3)
as |c;| + lcyl = 0. Therefore, defining
[Jlllj = Z Wi ij€ips

i #1,1

we have
P(e;+ A, <t ,ep+ 0 <tyy)
= P{(1 + w,;;)e; + wyijex
(A.5) <t;— Uy (1 + wl,llj,)a W E <ty - Uyij)
= E[G{(ts; — Uie))/ (1 + i) }G{(tiy = Usiy) /(1 + wery))]
w8 (L )y(ty) — Wiy &ty )y(tiy) + of(nh) "%}
Similarly,

(A6) P(e, + 4 <t,;) = E[G{(t; — Uiry)/(1 + wii,)}] + O(wh;)-
Observe that tLJ= J_dtj=tj+0(h2)’
(A7) z Zwi'ij= Zzwi'ij_zwiij=(n_n)—1= -1,

L Tuf; < 2nh) * L Z[d(x ) ?K{(x; — %) /h)

(A.8) +(1-n"1)" di'(xi)_ZK{(xi - xi')/h}zI(i' * i)]

=0(h™Y).
From (A.7) we see that

T Surslt)n(ee) = T Dusys(t)n(ts) +0(#* E T

i#i i#+i
= 0(1 + nh?),
whence by (A.5),

LT EP(et Sttt by S by
L(A.9) EL ) Z ZE[G i~ Uiy) /(1 + wii;)}

XG{(ti’j' - ljl'lJ')/(l + wl’t']’)}]
+ O(n®h® + n®h7%).
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By (A.6) and (A.8),
Z EZZP(S +A”_ lj)P(8l+ALIJISt//

Z ) E EE[G i~ Uy)/(1 + wiij)}]

i+

XE|G{ (ti = Upip)/ (1 + wyiy)}] + O(n?h7Y).

i'ij

Combining this result with (A.9), and Taylor expanding the functions G, we
obtain

XXX Xn(i,i,j,J') + O(n°h* + n’h~?)

i+ Jj J

=2 X Z ZE(UmUz'u')(l +w;i,) (1 + wpgy)

i+
xg{tij(l + wiij)_l} {t, A1+ wpp) }

> {|E(02,0) +E<U::,>>}

i

i#i

-rTLY z:( zww) (©)s()

ol{(nh) ' + AT T L L|B(UsUsiy)|
+ZZZ|E iij ”J |

(A.10)

spsslgmtpe 5o

= 022{2 Zwilijg(tj)}
O|{(nh) ™" + 1% L L E(nk)™

+L L E(nh) + PN Z;(nh)‘z]

=nNZ2%%(1 - 17)2f{ds—1dp\sg(t -m) — [g(t - m)dp\s}zds

+o(n?) + O[n*{(nh) > + 4]
Equations (A.2), (A.3), (A.4) and (A.10) together yield the claimed result. O
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A2.1.2. PROOF OF THEOREM 2.

(a) Preliminaries. Adopt notation from the.proof of Theorem 1, and in
addition define

Az = oy (x;,) — f (%) — E{ﬁ%z(xiz) — xil)}7
diiz = B, (x;,) — (2} — {m(x;,) - m(x;)},
t,=t—m(x;), tr=t —drs
w2 = {(n - 1)h}_1[‘ii3(xi3 _1K{(xi3 - xil)/h}l(il #13)
—~d () K {5, — %) /RY (i # i5)]
In this notation, >
Al2is = Zwilizisgi ,

nz;é{t —(x)) = L XI(e;, + A2 < thiz),

Fy(t) —F(t) = (1 —m)n ' LI(e; < ;)

(A1) +(aN) P Y I(e; + A < ty5)
i J

—(1- ‘rr)n_2 Z ZI(siI + Alviz < til’iz)

i iy
- N_1 ZI(3J S tj)'
J
(b) Bias. We know from part (b) of the proof of Theorem 1 that
E[Zé{t - m(xj)}] - LG(t)
Jj Jj .
= 1k (1 — m)N(nh) 'I(p \ 8) + $ky(1 — w)NR?I(p \ 5)
+ o{n[(nh)_1 + hz]}.
Similarly it may be shown that
B| T 6t - wu(=)| - Tac)

= Lkh7UL(s) + Shonk?Ly(s) + o{n[(nh) 7" + h2]}.

The desired result follows on combining these two formulae.
(c) Variance. By (A.11)

var{Fy(t) — F(t)} = (1 - m)’n %0, + (nN) v, + (1 — m)°n" %,
(A.12) +2(1 — 7)(n2N) v, — 2(1 — m)°n"2u,
— 2(1 — w)(n®N) vg + N~%v,,
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where, writing a, = n*{(nh)~2 + b4},
v, = var{ZI(ei < ti)} = nlg(s) + o(n),
vy = var{z ZI(& +4A;; < lj)}
=nN*(1 = m)*{Iy(p N s) + I(p \ s) = Ij(p \ 5)°} + o(n®) + O(a,,),

Ug = var{ Z ZI(E + Antz < ttlz2)}

iy iy

n®{Iy(s) + I,(s) — Ij(s)*} + o(n®) + O(a,),
cov{ZI(a t), Z ZI(s +A;; < ,j)}

~
I

Zcov{l(a t), ZI(& +4;< lj)} +o(n?) + O(n"'a,)
nN(1 - 7){I(s,p \s) = I(s)I5(p \ s)} + o(n?) + O(n"'a,,),
vy = cov{ZI(si <), Y ZI(eil + Atz < tiliz)}

iy i

n{L(s) — I(s)"} + o(n?) + O(n"a,),
Vg = cov{Z YI(e; + A <ty;), Y Zj(gil + Aliiz < tiliz)}
i ;

i g

n?N(1 = m){I(s,p \s) + I,(s,p \s) — Iy(s)Is(p \ s))
+o(n®) + O(e,),
v, = var{ZI(sj < tj)}.
J
(The formula for v, was derived during the proof of Theorem 1, and the
formulae for v, and vg may be obtained similarly.) The desired result follows

on combining the estimates from (A.12) down. O

A2.2. ProoF OF THEOREM 3.

Bias.

NE{Fy(t) — F(t)} = Z Zvij{H(xi) - H(x;)}
= Zd(x ) (nk)7! ZK{ - )/h}{H(x) H(x;))
= st(xj) "3koB(x;) B + o(nh? + B
J

= 3hao(N —n)h2[d;'d, B + o(nh® + h7Y).
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Variance.

var{F,(t) — F(t)} - N2 var{ZI(Y} < t)}
J
- N2 {G(t) - 6()) Loy
i J
= (nN) (N = n)* T (G(1) — G(t)H{d(x) d, (x)) +o(n7Y)

=n M1 -m)?[{G(t —m) = G(t - m)*)d;d2 , + o(n7Y).

Bias.
E{Fz(t) - F(t)}
=N E Yoy{H(x) - H(x))}
i

—~(n"'=N"Y) ¥ YuieH(x,) - H(x,))

= N1 L d, (%) 3kaB(x))h* = (n71 = N Ed(x;,) " 5kaB(%:,) B
J ig
+ of(nh) ™" + A%}
= k(1 - w)hZ(fdgldp\sB - fﬁ) +o{(nh) ™! + h?}.

Variance.

var{F,(t) — F(t)} - N2 var{ ZI(Y} < t)}

=n 2 L{G(t) - G(t,.)z}{u — @) +mlv; — (L-m) .Z_vi,&}
14 J 19#1

= n 21 - 1) TG(1) — G(t) W dy(x) d, (=) +o(n)

=n (A - m)?f{G(t = m) ~ Gt~ m)*}d;MdE  +o(n7Y). O

pP\s

A3.2.2. Proof of expression for var(F(¢) — F(¢)), under model misspecifi-
cation.
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We have
F(t) = F(t) = ("' = N"H) TI(e; <t,) |

+(nN) 'Y U I{e; + A(x; — x;) <t}
i

—(n®N) (N=n)L LI{e;, + Az, —x;) <t;,)

i1 12
-N7! 21(8, <)
whence it follows that .
var{F(t) — F(t)} = (n7! - N"Y’u, + (nN) %0, + (n2N) "X (N = n)%0,
+2(n"1 = N"Y)(nN) v, — 2(n3N?) (N - n)%v,
— 2(n®N?%)"Y(N = n)vg + N"%v,,

where

v =var{ L(e; < )} = T{G(E) - G(1)*) = nd(8) + o),

= var{z ZI(& +A(x; —x;) < tﬂ)}
-XX Z{G( ) A G(ty,) = G(2,)G(t,))

+n7lo %0 {Z Z(x xi)g(tji)}z
g2 Y zzz{ =) (%, = £)8(8,) 7 (t1)

i1#iy J1 Ja
+ (x5, = 23,) (%, — )8 (85,,)v(t5,1,)} + 0(n®)
=nM2[J2(p\s pN\s)—dg(p\Ns,p\s)
+o7 202y (p N\ 8)° = 2073, (p N\ 8)do(p \ 8)] + o(n?).

Likewise,

vy = var{ Y Y J (e, + Axy, —x) < tizil)}

= n3[J2(s, s) — Jy(s,8) + 0, 202 (s)*
—20;%1,(s)dy(s)] + o(n?),
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o= cor{ e 1), £ T (e + 8%, =4,
-z %:[G(m A G(t;;) — G(1)G(t;)]
—nlo;? i§k Y §(xj —x,)(x; —X)g(ti)v(t) + o(n?)
= Mn[Jy(s,p N 8) = Ju(s,p \ 8) = 07 %Ji(p \ 8)Joo(s)] + 0(n?),
vg = cov{ lZJ(e,. <t), & X d(e;, + Alxy, — %) < tizil)}

i1 ig

= nz[Js(s,s) —dJy(s,s) — Ux_2J1(3)J00(3)] +o(n?),

~———

Vg = cov{ Z ZJ(ei + A(x; —x;) < tji), Y ZJ(eil +A(x;, —x;) < tizil)

i iy iy
= n2M{J2(p Ns,s) —dy(p \ 8,8) + 0, %02 (p \ s)Jy(s)
—o7 [ Iy(p N\ 8)do(s) + Ji(8)Jo(p \ $)]} + o(n?),

vy = Var{ZI(ej < tj)} =N(1-m)dg(p \s) +o(n).

J
These combined give the result.
A3.3.2. Proof of expression for var(Fy(t) — F(t)).
N? Var(FA3(t) — F(t)) = v, + vy + v5 — 204 + 205 — 206 + Vg,

where, letting ¢; = X ,v,,
Uy = Var(Zﬁ(xj)) = Var(Zd’iI(yi = t))
J i
=n Y1 —m)°Jg(p \s) +o(n~') asin the proof of Theorem 3,
vy = var(>—n‘1 Y Y I(e, + A(x; — %) < tik))
ik

=n 2y Y)Y Z‘Pi1¢i2[P(3k1 + A(x;, — %) < tiggs

iy iy ky kg
8k2 + A(xi2 - xkz) < ti2k2)
_P(Ekl + A(xil - xkl) < tilkl)

X P (e, + A%, = T4,) < tigs,)]
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-2 Z Y Z%I‘PLZ[G(E E) A G(tz2k) G(tilk)G(tizk)]

iy ig

+n "% %0 {Z E‘Pz(x xk)g(tik)}
AR Z 2%1%2{(%1 Xy )(xk2 x)g(tzlk )’Y(tlzk )

iy iy ky ky

+(x T X, (xk1 x)g(tlzkz)y(ti1k1)} + O(n)
=Mt L Y Yd, (%) d (%) 'd, (5 d o (x;,)

ki g

X [G(tilk /\ Gtizk) - G(tllk)G(ttzk)] .
2

n M0 2{zzdp\s(x)d (=) (5 ~ 5)g (1)
M %ty Y Y 2{ paa(%:) (%) T, (%) d () 7

iy iy Ry kg
X [(xil - xkl)(xkz - x)g(tilil)y(tilkz)
+(xi2 - ka)(xkl - x)g(tizkz)y(ti1k1)]} +o(n)
=M>n"Hdy(p N s,p\s) —ds(p\s,p\s)+o 20WEp\ s)
—20;%(p \ s)do(p \ 8)} +o(n),
vy = var(n‘1 Y X I(e + A(x; — x,) < tjk))
j ok
=dy(pNs,pNs)—Jy(p\Ns,p\s)+o 20%Yp\s)
=20, %J,(p \ s)dy(p \s) + o(n),
vy=n"! COV{E‘PkII(ykI <t), L Xol(ep + A(x; —x,) < tik)}
&y ik
=n"1 Z Z cov{p, I(y, < t), e 1(e, + A(x; — x;) < tin))

nt kEk L X cov{onI(y, <), 0:I(eh + A(x; — %) < t))

=n7ME E{d, (a0 du(x) Ty (x)d (x)

x[G(t) A G(tu) = G(1,)G(t,)])
Mot T E L (dy () du(30) 7', (545 (1)

X(x; — xk)(xk1 - x)g(tik)')’(tkl)> +o(n)
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=M?n"YJg(pNs,p\s) —J(p\s,p\s)
— a7 go(p \ s)Ji(p \ s)} + o(n),

v = n " eov{ Do (32 0), T (e + AGx, — 7)< 1))
i Jj k

=M?n"Yds(p Ns,pN\s) —J(p\s,p\s)
05 Ugo(p N\ 8) (D N 5)) + o(n),

- vg =n? cov{z Yoo I(e, + A(x; — x,) < tir),
Pk

Y Y I(e, + Ax; —x) < tjkl)}'

J kR
=M?n"Ydy(p \s,p\s) —dJy(p\s,p\s)

+0, 202 (p N\ s) — 20, 2J,(p \ 8)Jy(p \ s)} +o(n)
and

v, = Var(ZI(yj < tj)) =N(1-m)Jdg(p \s) +o(n).
J
Combining terms gives the result. O
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