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JOINT ADMISSIBILITY OF THE SAMPLE MEANS AS
ESTIMATORS OF THE
MEANS OF FINITE POPULATIONS

By V. M. Josm1

The University of Western Ontario

When samples are taken independently from different populations, the
sample means are jointly admissible for the population means with the squared
error as loss function. The result supplements a previous result that when there
are many variate values associated with the population units, the sample means
of the variate values are jointly admissible for the population means for general
loss functions.

1. Introduction. It was shown in [3] that when there are k(k > 1) variate
values associated with the population units, the sample means of the variate values
are jointly admissible for the population means. This was proved for the squared
error loss function and also for more general loss functions considered in [2]. Thus,
the clubbing together of the different estimates does not have an effect like Stein’s
inadmissibility result for the multivariate normal population. In this note, the
question whether such an effect occurs if samples are taken independently from k
different finite populations is considered. It is shown that in this case also, with the
squared error as the loss function, the sample means are jointly admissible for the
population means.

2. Notation. Let the populations be arranged in some order. For i =
1,2, - -, klet for the ith population, N, be the population size, s; a sample (a set
of distinct units), S; the set of all s, p;, the sampling design (any probability

distribution on S;), and x; = (x;, X, - * -, x,.Nl) the parametric vector. Let
(1) s={s, 8 ,5%}

(1-ii) p(s) = i p(s),

and

(14iii) x={x,r=1,2---,N, i=1,2---,k}

R, denotes the space of all points x and S the set of all s. The population totals are
given by '

) T(x) = 2L %,
An estimator of T;(x) may be based on the pooled data of the k samples. Hence, it

Received December 1977; revised May 1978.

AMS 1970 subject classifications. Primary 62D05.
Key words and phrases. Joint admissibility of the sample means, squared error loss function,

inadmissibility, multivariate normal population.
995

[Z8 (€
v
Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to @,%;/‘
The Annals of Statistics. RIN®IY

8

2@13

www.jstor.org



996 V. M. JOSHI

is denoted fori = 1, 2, - - -, k by ¢(s, x), a function defined on § X R, which for
each s, depends on x through only those coordinates x;, for which u, € 5; and
s; € s. It is assumed that for i = 1, 2, - - - , k, the units in the ith population are
labelled by subscripts i1, i2, - - -, iN,. The estimators of the population totals 7;(x)
based on the sample means are given by

N,
* =3 : | = PN
3) e*(s, x) n(s) ZiresXir i=12, , k

where n(s;) equals size of sample s,, and ir € s, is written shortly for », € s;. Joint
admissibility of the e*(s, x) for T,(x) is obviously equivalent to that of the sample
means for the population means.

3. Main result. Suppose that with the squared error loss function the estima-
tors e*(s, x) are not jointly admissible for the population totals Ty(x). Then there
exists a set of estimators e,(s, x) satisfying

@) Z.esZhap(9)[els, ®) = TE ] < ZiesZhaip(9)[ ef(s, 0) = T
for all x € Ry, with the sign of strict inequality holding for at least one x € R,,.

In the following it is shown that the strict inequality in (4) cannot hold for any
X € Ry. For clarity of presentation, the proof is divided into independent lemmas.

FurTHER NoTATION. For k = 1,2, - -, P, denotes the proposition that if for
the designated fixed k the inequalities (4) hold for all x € Ry, then for all s such
that p(s) > 0 and all x € Ry, ¢(s, X) = ¢*(s,x) for i=1,2,---,k. For j=
1,2, -, N, B; denotes the subset of Ry, such that the coordinate of x, contain
at most j distinct values. For k =1,2,---,j=12,--, NP ; denotes the
proposition that if the inequalities (4) hold for all x € R,, then for x such that
X, € B;and all s such that p(s) > 0, e(s, x) = e*(s,x)fori =1,2,- - - , k.

LemMA 3.1. Let P,_, be true for some k. Then P, , is true.

Proor. Take any point x € Ry such that x, € B,. As all the coordinates
X r = 1,2, - -, N, have the same value, by (3)
(%) et (s, x) = T(x).
Now put foralls € S,allx € Ry,andi=1,2,---,(k—1)

s = {sl’ St 0t ’Sk—l}’
x/ = {xl’ x2’ ceey, xk—-l}’
(6) p(s) =2, p(5, 5)

p(s)e(s’, x) = Zskp(s)ei(s, x),

eX(s', x') = e*(s, x).

Let S’ denote the set of all s’ and R}, the space of the points x". On substitution by
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(6) and (5), (4) reduces to
Zyes2iTip()e(s, X) = T(x) ] + 2,524 1 p(s) [ e(s, X) — (s, x) ]
() +3,e5p(s) els, x) — T(x)]?
< Zyes2iZiP() e (s, x) = T,(x)]?

which on omitting the nonnegative second and third terms in the left-hand side
reduces to

(®) SyesZitp()e(s, X) - )T
< Zyes SiTip() (s, x) - T

As the inequalities (8) hold for all x’ by proposition P, _, assumed to be true, it
follows that for s such that p(s’) > 0, allx,and i = 1,2,- - - , k — 1

) els’, X) = e¥(s, X') = e*(s, x)

by (6). On substitution by (9) in (7), it is seen that the second and third terms in the
left-hand side of (7) vanish. The vanishing of the second term implies that for s,
such that p(s) > 0, for i = 1,2, - -, (k — De(s, X) = ¢(s’, X) = e*(s, X) by (9)
and the vanishing of the third implies that for p(s) > 0, e,(s, x) = T\(x) = e (s, x)
by (5). Hence if P, _, is true, then P, , is true.

LEMMA 3.2. Let P,_, and P, ;_, be true for some k and j. Then Py ; is true.

PrOOF. We can eliminate in (4) all terms for which n(s,) = N, because, for
such terms, we can put e;(s, x) = T;(x). Assuming, accordingly, that all such terms
have been eliminated, put in (4),

(10) 8 (s, x) = [Nk - ”(Sk)]_l[ek(s, x) — Ekre.\'kxkr]
ge(s, x) = [Nk - ”(Sk)]—l[e/’:(s’ x) — Ekre.rkxkr]
which yields

zsesp(s){zlx:ll[ei(s’ X) - Ta(x)]z

1 2
an +[ N — "(Sk)]z[ 8c(s, x) — mzk,&kxk,} }
< Z,ear(){ 22175, 3) - 10

2
+ [Nk - ”(Sk)]z[ gi(s, x) — mzkreskxkr} }

Next take expectations of both sides of (11) with respect to a discrete distribution
on R, under which the x;,,r =1,2,- - -, N, are distributed independently and
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identically with common mean ®(w) and common variance o%(w). Writing

1 2
[gk(s’ X) - —]_v—k_—n(;k_)_zkrés,‘xkr:l

as

(186, - 0@)] = =y Bwenl e ~ 0]

and similarly for the corresponding term in the right-hand side of (4), noting that
the expectations of the product terms vanish on both sides due to the independence
of the x,,, and cancelling out the common term o%(w) from both sides, we obtain

S, esP(DE, (St els, ©) — T®T
+[ N, = n(s) ][ &ls: x) — 8(w)]?

(12) < 3P Ef Sl [efx) - TOT?

2
+[ N, - ”(Sk)lz[ g2 (s, x) — 6(w)| }
In (12) E_, denotes expectation with respect to w.

Since x;, for r = 1,2, - - -, N, are distributed independently and identically, in
(12) we can replace x,, for kr € s, in e(s, x), g (s, x) and gf(s, x) taken in some
order by X, X4, ¢ * * Xents): Let

h(s, x) = resulting value of ¢(s, x) fori=1,2,- - -,k — 1,
(13) = resulting value of g, (s, x) fori = k,

h¥(s, x) = resulting value of g (s, x).
Note that in (13), 4(s, x) fori = 1,2, - - - , k depends for each s on x only through
the coordinates x;, € s; for i = 1,2, - -, (k — 1) and X, Xz, * * * 5 Xyns)- AlsO,
by (3), (10) and (13),

(14) (s, x) =

n( ) r=1 kr

Hence, (12) is transformed into
3, esP()EL (2! [hls, 0) — ()]
+[ N, = n(s0) P s, %) — O(w)]*}
< 3,esP(9)E {42! [ef(s, ) — T(®)]?
+ [N, = n(s) [ (s, x) — B(w) ]*}.

Let w assign positive probabilities to only j specified values, viz., w(#) = p;, i =
1,2, -,j,p>0,_,p;, = 1. The distribution assigns positive probabilities to

(15)
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only those points x, € Ry, for which each coordinate x,,,r = 1,2,- - -, N, has
one of the values #}, t,,* - - , ;. Let B/(t, t,, - - - , ;) be the set of all such points.
Then

B(t), ty, -+ +, ) C B,
Let t denote the vector (1, --,%), and let g(#, x,) denote for i =
1,2,- - - ,j the number of coordinates of x, which are equal to ¢, Also, put
(16) h(s, X) = hE(s, x) + v (s, X).
Then (15) is reduced to |

Esesp(s)zxkesj(t){zlf-:ll[hi(s, x) — E(x)]z}H{=|P§("’ )
+2:ESP(S)2xkEBj(t)[Nk - ”(Sk)]zolf(s’ X p§e 0

) +23,¢5P(8)Zx, e o[ Ne = () ]0(s, %)
[hl:‘(s’ X) - 9(@)]Hf‘f=1p§(% Xi)

- 200 x
< Esesp(s)zxkeq,(t){zlf-ll[ei*(s, x) — T,(x)]} T, p5* 9,
Let
(18) B(t) = B'(t) + BX(t)
where Bj‘(t) is the subset consisting of all points x, € Bj(t) such that each of the
values ¢, - - - , #; occurs at least once in the coordinates of x,.
By assumption P, ;_, is true. Hence (13) implies that, the two sides of (17) are
equal for x, € sz(t). Hence, in (17) summation over x, € Bj(t) can be replaced by

summation over X, € le(t). Further the third term in the left-hand side of (17) can
be rearranged as follows. Let S,, be the subset of S defined by

sES,, iff, n(s,) =m.
Then, denoting the third term in the left-hand side of (17) by T3, we have
T; = 23040 llzses,,,p(s)zxkelij‘(t)(Nk — m)’v(s, %)
[AE(s, X) — B(w) ]I, p =
In (19), ov.(s; x), B¥(s, x) depend on x, only through the m-vector X, =
(X1 Xa2 * * * » Xm)- Let Ry, be the space of the vectors x,,, and let Dy(t) be the
subset of R,,, defined by
(20) Xpm € Dj(t) iff x, € Bj(t)

Then, in the right-hand side of (19), we can sum up the factor Il_, p#% ** over all
those x, which give the same value for x,,,. Let g(;, X;,,) be number of coordinates
Xyp» Xpas * * * s Xy having the value . Note that with an obvious notation, V.,
pig(th ) = pw(xk)’ H{=lp'g(‘i’ Hen) = Pw(ka)’ and Pw(xk) = Pw(ka)Pw(xk'ka)' Hence
S denoting summation over x, € Ry with a given value of x, 2P, (x,) =
P (X;,)= P (X Xim) = P,(Xs,)- Hence on summation over x; with a given value of

(19)
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X, (19) reduces to
1, = 22?;’:"-: llzses,,,p(s)zx,m eD,(t)(Nk - m)z'-’k(s’ x)

(21
[h;:(s’ X) - @(w)]]’[{= lpf('b ka).
Let
(22) Dy(t) = D;'(t) + D(t)

where D;\(t) is the subset of D,(t) of all those points x,,, for which each value
occurs at least once in the coordinates of x,,,. For x,,, € D(t) each term in the
summation in (19) vanishes. Because for the given x choose x’ such that, x; = x; for
i=1,2---,(k—1,x;, =x,fors=12---,mand for s > m, the coordi-
nates x;, assume only the values belonging to the set of values of x,, for
s=1,2,- -+, m. Then x; € B;_,. Hence by the assumption P, ;_,, (10) and (13),
h (s, X’) = h¥(s, X'); hence by (16), v, (s, x") = 0. By the note preceding (16), and
noting that n(s,) = m, v(s, X') depends on x; only through x,,s =1,2,- - -, m.
These coordinates have the same values for x’ and x; also x; =x; for i =
1,2, - -, (k— 1); hence v(s, x) = v(s, x) =0 if x,, € Djz(t). Hence, it follows
that each term in the summation in (19) vanishes for x,,, € Djz(t). Hence, summa-
tion over x,,, € D,(t) can be replaced by summation over x;,, € Dj'(t). Thus (17) is
- equivalent to

3,esP(8)Zx enrol ST s, X) — Ti(x) ]} 5=
+3,e5P(5) 25, e 5o Ni — n(s) I*0k(s, XY p5
(23) +250 15 5, P(5)2x,, e pj0(Nic — m)*o,(s, X)
[AE(s, x) — O(w) ]IV p§to )
< 2,92y eno{ Ei2i[ (s 0) = TEP T pfe ™).
Now g(t, x;) > 1 for x, € B/(t), and g(#, X,,,) > 1 for x,,, € D/(t). Hence, we

can divide both sides of (21) by IF,_,p;. The resulting expressions are integrated
with respect to p,, p,, * + + , p;_ over the domain

9 =[pl’P2’ C s Py Di >0,i=12,--": »Js 2ji=|17i = l]'

For each s € Sy, the sum of the integrals of the third term in the left-hand side of
(23) over the points x,,, € Dj'(t) vanishes (cf. equation (12*) in [2]). For x, €
Bj'(t), let
(24) fQHJ:=|P'xg("’ %)~ 1dpdp, - - - dp;_y = f(xy)-
Thus integration of (23) yields

zsesp(s)zxkEBj'(t)f(xk)Ele-——: [ Als, x) — Ti(x)]2
(25 +Z;e5P() 2y, e 510 X [ Ny — n(s) ) 0¥ (s, x)

< Esesp(s)zl,?__fll[e,-*(s, x) — Ti(x)]zzx,‘elijl(t)f(xk)'
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The order of summation can be interchanged in the right-hand side as ¢*(s, x)
and T(x) fori =1,2,- - -, k — 1 are independent of x,. Let

K = ExkEle(t)f(x’C)’

Each f(x,) > 0 and hence X is a finite positive number as Bj'(t) is a finite set. Next
put

. , 1
(26-1) e'(s, x) = ?zx,‘eejl(t)f (x) (s, x)
where X' = (x;, X5, * * * , X, _,;) and for each s’ = {5, 55, * * , 8 _;}
(26-ii) (s, x) = 2s,‘es,‘l’(f*'k)eil[(s', 50 X]'

Then the first term in the left-hand side of (25) .
= K3, esp(s)EI[ 805, x) - T,(x)]
7) +KZ,esp(s)Z521 [ e}s, %) — &(s', 0) ]’
+3,c5P(8) S, e 5o ST [ (s, ) — €5, 0) %

Hence, omitting nonnegative terms, we obtain from (25), cancelling out the factor
K,

(28) Z,esp()Zhzi[a(s, x) - T,(x)]
< 2.t"ES'p(SI)EIxF;II[ei*(sl, X/) - n(x,)]z

where p(s') = 2, p(s’, 5)- For given #;, 1, - - - , 1, e(s', X') in (28) depend on x’
only through x/, € 5;,,i = 1,2, - - -, (k — 1) and hence are estimators.

By the assumption that P,_, is true, (28) implies that if p(s") > 0, g(s’, X) =
e*(s’, x') = e*s,x) fori = 1,2, - -, (k — 1); then in (27), each of the nonnega-
tive terms must vanish thus yielding by (13) that if p(s) 7 0, e,(s, X) = (s, X)) =
e*(s,x) for i=1,2,---,(k — 1). Lastly by (25), for p(s) # 0, v,(s, x) = 0 for
x, € B; which by (16), (13) and (10) yields that for p(s) # 0, e, (s, X) = ef(s, X).
Thus if P,_, and P, ;_, are true, then P, ; is true.

LemMA 3.3. P, is true for all k.

PrOOF. Lemmas 3.1 and 3.2 together yield by induction on j that if P,_, is true,
then P, ; is true for all j < N, and hence that P, is true. By a previous result (cf.
[1]) P, is true. Hence, P, is true for all k. Lemma 3.3 implies that in (4) the strict
inequality does not hold for any x € R,. This proves the joint admissibility of the
estimators e*(s;, x) for the population totals (and hence of the sample means for
the population means).
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