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ASYMPTOTIC EXPANSIONS FOR THE POWER
OF DISTRIBUTIONFREE TESTS IN
THE TWO-SAMPLE PROBLEM!

By P. J. BICKEL? AND W. R. VAN ZWET?

University of California, Berkeley and
University of Leiden

Asymptotic expansions are established for the power of distribution-
free tests in the two-sample problem. These expansions are then used to
obtain deficiencies in the sense of Hodges and Lehmann for distribution-
free tests with respect to their parametric competitors and for the esti-
mators of shift associated with these tests.

1. Introduction. Let X, X,, ---, Xy, N = m + n, be independent random
variables such that X}, ..., X, are identically distributed with common distri-
bution function F and density f and X,,,,, ---, X, are identically distributed
with distribution function G and density g. For N=2,3, ... and 0 < ¢ <

m|/N < 1 — ¢ < 1, consider the problem of testing the hypothesis ¥ = G against
a sequence of alternatives that is contiguous to the hypothesis. The level a of
the sequence of tests is fixed in (0, 1). Standard tests for this two-sample problem
are linear rank tests and permutation tests and expressions for the limiting powers
of such tests are well known. In this paper we shall establish asymptotic expan-
sions to order N~* for the powers 7, of such tests, i.e., expressions of the form
Ty = ¢+ N7t + ¢, y N7t 4 o(N~'). Of course this involves finding similar
expansions for the distribution function of the test statistic under the hypothesis
as well as under contiguous alternatives. For simplicity we shall eventually
limit our discussion to contiguous location alternatives. Extension of the results
to general contiguous alternatives is straightforward but messy.

A number of authors have computed formal expansions for the distributions
of various two-sample rank statistics without proof of their validity. Their pur-
pose was to obtain better numerical approximations for the critical value of the
test statistic and the power of the test than can be provided by the usual normal
approximation. For an account of this work we refer to a review paper of Bickel
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(1974), which incidentally also contains a short preview of the present paper
including a brief description of the expansion of the distribution function of the
two-sample linear rank statistic under the hypothesis (cf. Corollary 2.1 in the
present paper). This result was also proved independently by Robinson (1977).
An earlier proof by Rogers (1971) for the special case of the two-sample Wilcoxon
statistic under the hypothesis unfortunately appears to contain a nontrivial error.

We shall not discuss the numerical aspects of the expansions we obtain but
we shall concentrate on a rather delicate type of asymptotic comparison of the
power functions of various parametric and nonparametric tests. Consider two
sequences of tests {T,} and {T,'} for the same hypothesis at the same fixed
level a. Let m(0y)and x,'(6,) denote the powers of these tests against the same
sequence of contiguous alternatives parametrized by a parameter 6. If T is
more powerful than T, we search for a number k, = N + d, such that
my(0y) = 7 (0y). Herek, and d are treated as continuous variables, the power
7, being defined for real N by linear interpolation between consecutive integers.
The quantity d, was named the deficiency of {T,’} with respect to T, by Hodges
and Lehmann (1970), who introduced this concept and initiated its study. Of
course, in many cases of interest d, is analytically intractable and one can only
study its asymptotic behavior as N tends to infinity.

Suppose that for N — oo, the ratio N/k, tends to a limit e, the asymptotic
relative efficiency of {T,’} with respect to {T,}. If0 < e < 1, we haved, ~
(e~! — 1)Nand further asymptotic information about d,, is not particularly reveal-
ing. On the other hand, if e = 1, the asymptotic behavior of d, (which may
now be anything from o(1) to o(N)) does provide important additional infor-
mation. Of special interest is the case where d,, tends to a finite limit.

Asymptotic expansions for the power of the type we discussed above are pre-
cisely what is needed for an asymptotic evaluation of d,. With the aid of such
expansions we arrive at the following results. Lst F be a distribution function
with density f, let b be a positive real number and define , = bN~-}. Consider
the problem of testing the hypothesis (F, F) against the sequence of simple
alternatives (F(. + A,6,), F(+ — (1 — A,)0y)) at level a. Let d, denote the
deficiency of the locally most powerful rank test with respect to the most power-
ful test for this problem. For the rank test the power is independent of A, but
for the most powerful test it is not and'we choose A, in such a way that the
power of the most powerful test is minimal. Under certain regularity conditions
on F we establish an expansion for d, with remainder o(1). To indicate the
qualitative behavior of d, it suffices to note that the expansion is of the form

1 - 5
(I.1) dy = *8‘1]712(;);1; 230 (W (Ujy) + dy,e + 0(1)
where W, = f/(F-')/f(F~'), ¢* indicates a variance, U,,, denotes the jth order
statistic of a sample of size N from a uniform distribution on (0, 1) and
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dy, = O(1). Alternatively we may write

1 1-N—1 ’ 2 7
(1.2) dy = W I (F/(0) (1 —1)dt + dy,o+ o(1)

+ O(N~H T (WY ()1 — 0} ar),

where W’ is the derivative of ¥,. If we replace the exact scores —EW,(U, ) in

the locally most powerful rank test by the corresponding approximate scores
—W,(j/(N + 1)), then (1.1) changes to

1 ¥ E(T(U;.) — T(IN + )P + dyy + o(1)

(1.3) dN:S_W’

and (1.2) continues to hold. Thus the asymptotic behavior of d, is governed
by that of the first term in these expansions and under the conditions imposed,
all we can say is that it is o(N?) but not o(1). Typically, however, it will be
O(1) or only slightly larger than that. By taking F to be a normal distribution
we find that the deficiency of both the normal scores test and van der Waerden’s
test with respect to the test based on the difference of the sample means for
contiguous normal location alternatives is asymptotic to log log N. For logistic
shift alternatives the deficiency of Wilcoxon’s test with respect to the most
powerful parametric test tends to a finite limit. Turning to distributionfree
tests other than rank tests, we find that for contiguous normal location alter-
natives the deficiency of the permutation test based on the sample means with
respect to Student’s test tends to zero for N — co.

If the locally most powerful rank test for shift has nondecreasing scores,
then there exists a corresponding Hodges-Lehmann estimator of shift in the
two-sample problem (cf. Hodges and Lehmann (1963)). There is a similar cor-
respondence between the locally most powerful parametric test for shift and the
maximum likelihood estimator of shift in the two-sample problem. We shall
exploit this correspondence to obtain asymptotic expansions for the distribution
functions of these estimators. We shall show that, when suitably defined, the
deficiency of the Hodges-Lehmann estimator associated with the locally most
powerful rank test with respect to the maximum likelihood estimator is asymp-
totically equivalent to the deficiency of the parent tests for a = 1.

This paper is thus the natural counterpart of Albers, Bickel and van Zwet
(ABZ) (1976) where exactly the same programme is carried out for the one-
sample problem. Without exception the results are also qualitatively the same but
contrary to what one might think at first sight, this in itself is rather surprising.
Of course there is a strong similarity between the one- and two-sample cases
but there is also one major difference. In the nonparametric one-sample loca-
tion problem the underlying distribution is always symmetric both under the
hypothesis and under the alternative. Because of this symmetry, the power
expansions for contiguous location alternatives do not contain a term of order
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N-% for any of the parametric or nonparametric tests considered. Since atten-
tion is restricted to sequences of tests {7} and {T,'} with asymptotic relative
efficiency 1, the leading terms of the power expansions coincide and these
expansions must therefore be of the form =, = ¢, 4+ ¢, yN7! + o(N~?) and
my' = ¢+ ¢ yN~' 4+ o(N-"). Inthe comparison of rank tests T,/ with parametric
tests T, it is found that the deficiency d, is of the order of N(x, — x,') =
(coy — €. y) + 0o(1) = o(N?¥). Inthe two-sample problem, however, the under-
lying distributions are not required to be symmetric and as a result the power
expansions do in general contain a term of order N~%. It is not clear a priori
that this term should be the same in each expansion and because d,, is again of
the order of N(x, — '), one should expect d, to be of the order Nt. It turns
out, however, that for the most powerful test, the locally most powerful test,
the locally most powerful rank test and its approximate scores analogue, the
term of order N~* in the power expansion for contiguous location alternatives is
in fact the same for each of these four tests. Borrowing a phrase from Pfanzagl
(1977) who noted the same phenomenon for the (asymmetric) parametric one-
sample problem, first order efficiency apparently implies second order efficiency
in these cases. It follows that again d, is of the order of (¢, , — ¢; ) and since
¢, v and ¢; , exhibit precisely the same asymptotic behavior as in the one-sample
case, our deficiency results are qualitatively the same as in ABZ (1976). The
reader should note that Pfazagl’s concept of second order efficiency which in
general implies d, = o(N?), is different from Rao’s concept of second order
efficiency as discussed in Efron (1975), which is more in the nature of d, = o(1).
This difference in terminology is not as illogical as it may seem because Rao’s
concept is related to the asymptotic performance of an estimator M, as measured
by the asymptotic variance of N*M, and expansions for this quantity are typically
in powers of N=! rather than N-%.

Throughout this paper we shall draw heavily on the techniques developed
for the one-sample case in ABZ (1976) but several new difficulties appear that
make the two-sample case essentially more complicated. The main source of
trouble is the occurrence of terms of order N~* in our expansions. Not only
do they make the actual computation of the expansions much more laborious,
but their presence also poses a number of technical problems that are hard to
handle under the conditions imposed, which are comparable to those in ABZ
(1976). Another complicating factor is that the distribution theory for the two-
sample rank statistic is more involved than for its one-sample counterpart. In
the one-sample case a conditioning argument reduces the rank statistic to a
weighted sum of independent Bernoulli random variables. A similar argument
in the two-sample case leads to the much less manageable random variable
indicated below.

In Section 2 we point out that for arbitrary F and G, the conditional distri-
bution of the two-sample linear rank statistic given the order statistics of the
combined sample is the same as the distribution of the sample sum in a rejective
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sampling scheme. We establish an expansion for the distribution function of
such a sample sum which may be of interest in its own right. As a corollary
we obtain an expansion for the distribution function of the rank statistic under
the hypothesis. In Section 3 we return to general / and G and obtain an un-
conditional expansion for the distribution function of the rank statistic. We
specialize to contiguous location alternatives in Section 4 and derive an expan-
sion for the power of the rank test. In Section 5 we deal with the important
case where the scores are exact or approximate scores generated by a smooth
function. The permutation test based on the sample means is discussed in Sec-
tion 6. The results on deficiencies of distributionfree tests are contained in
Section 7. Section 8 is devoted to estimators. Some technical results are dealt
with in the appendix.

2. An expansion for the conditional distribution of two-sample rank statistics
and its application to rejective sampling. Let X, X,, ---, X, N=m + n, be
independent random variables (rv’s) such that X}, ..., X, are identically distri-
buted (i.d.) with common distribution function (df) F and density f and
Xpip + > Xyareid. withcommon df G and density g. Let Z, < Z, < --- < Z,
denote the order statistics of X, ..., X, define the antiranks D, D,, --., D,
by Xp, = 2; and let

(2.1) Vv, =1 if m+1<D,<N
=0 otherwise.
For a specified vector of scores a = (a,, a,, - - -, a,) define a two-sample rank

statistic by

(2.2) T=3%,aV,.

J=173" 3

Our aim is to obtain an asymptotic expansion as N — oo for the distribution of
T for suitable sequences of pairs of df’s (F, G,), arrays of scores {a; v}, 1 <
J £ N, and sample sizes (my, ny). As in Albers, Bickel and van Zwet (ABZ)
(1976) we shall suppress dependence on N whenever possible and formally present
our results in terms of error bounds for fixed, but arbitrary, values of N.

Under the null-hypothesis that ¥ = G,

1
P(Vi=10y -0, VszN):‘N—
)
for any vector (v,, - - -, vy) withm coordinates equal to 0 and n coordinates equal
to 1. In general, conditional on Z = (Z,, - - -, Z),

(2.3) P(Vi=wv -, Vy =0y Z) = c(P) [T}, Pri(1 — Py,
where

2.4) P, = 49(Z;) ,
(L= DAZ) + M9(Z))
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2.5 i="1

2.5) L

(2:6) «(P) = XTI Pos(l — P)=s,

and the summation is over all vectors (w,, - - -, wy) consisting of m zeros and n
ones.

Let W, W,, - .., W,beindependent rv’s with (W, = 1)=1 — P(W,=0) = p;,
1 < j < N. Suppose that

(2.7) p; =0 for at most m indices j

p; =1 for at most n indices j

and consider the conditional distribution of Y a,W, given that 3} W, = n. Note

that if we replace p = (p,, - - -, py) by P = (P, - - -, Py), then this is the distri-

bution of T given Z. For general p this distribution is of interest in its own

right since } a,W, given ] W, = n is the sample sum we obtain when we use

a rejective sampling scheme with parameters p,, - - -, py in selecting a sample of

size n from the sampling frame {a,, a,, - - -, ay} (see Hajek (1964) for details).
Define

(2.8) o(t, p) = E(exp{itN=* T a;(W; — pH i Wi = 1),

(2.9) R(x, p) = PIN"E i a(W; — py) = x| DL W = ).

Our program for obtaining an Edgeworth expansion for the df of T parallels in
part that of ABZ (1976). We obtain a formula for p. From this formula we
obtain an expansion for p which we can rigorously translate into an Edgeworth
expansion for R. Because of the connection with rejective sampling we isolate
this result as the only theorem in this section. In the next section we proceed
with our main program and obtain an expansion for the df of T by replacing p
by P and taking the expectation of the resulting expression. We begin with

LeEmMMA 2.1. Define
(2.10)  ¢(s, t, p) = exp{isN~t FL, (p;— A} T3 [ps exp INTH1 —py)(s+a;0)}
+ (1 — p;) exp{—iN"*p;(s + a;1)}],

(2.11) v(t, p) = =4 9(s, 1, p) ds,

(2.12) e(p) = X ILpsta(l — py)'=*s

where the last summation is over all vectors (w,, - - -, wy) consisting of m zeros and n
ones. Then, if (2.7) is satisfied,

W g(s, 1, p)ds = ALp)

(2.13) o(t,p) = o

Proor. Begin with the identity
E(exp{iN7}[s X (W; — p;) + t 23 a;(W; — p)I})
= Do E(exp{itN~* 23 ay(W; — pp} | 2 W; = k)
X P W, = k) exp{isN-¥(k — X p))} -

TN |
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Because the system {(2zN%)~!exp(iksN~%): k =0, =1, ...} is orthonormal on
[—aNt, =N*] this implies

o(t, p) = QaNAP(E W, = m)~ i exp{isN~4 X (p; — )}
X E(exp(iN- X (s + a;)(W; — p;)}) ds.
Elementary considerations now yield (2.13). []

Note that if p, = 2 for all j (which corresponds to the null-hypothesis in the
two-sample problem) our formula agrees with that of Erdds and Rényi for ran-
dom sampling without replacement (cf. Rényi (1970), page 462). In fact their
result motivated our approach.

In our asymptotic study of ¢, v and p we shall repeatedly come across the
following functions of p.

(2.14) o(p) =N PP — A

(2.15) o (p) = N7 2l pi(l — p) s

(2.16) a(p) = Lis pi(1 — p)a;/ i pi(l = pi)
(2.17) e(p) = N7 Zia pi(l — pi)(a; — a(p))

= N7 2 pi(l — pjai® — a*(p)ax(p) ,
(2.18)  mu(p) = N7 Ll pi(1 = p)(L = 2p;)(a; —a(p)),  1=0,1,2,3,

(2.19) ki (p) = N E p,(1 — pi)(1 — 6p; + 6p;)(a; — a(p))
i=0,1,...,4.

In this notation we shall suppress the dependence on p when this is convenient.
Let / denote Lebesgue measure on R and define

(2.20) 76 p)=Hx:3j |x —a| < esp;, <1 —¢}.

LEMMA 2.2. Suppose that positive numbers c, C, 6 and ¢ exist such that

(2.21) dpze. 4 Tet=C,

(2.22) 7(s, §, p) = ONC for some { = N-tlogN.
Then there exist positive numbers b, B and 3 depending only on ¢, C,  and ¢ such that
(2.23) [4(s, t, p)| < BN=Flos?
for all pairs (s, t) such that |s| < aN*%, |t| < bN? and either |s| = log (N + 1) or
[t| = log (N + 1).

PROOF.

(s, 1, p)| = TI3=0 [ — 2p,(1 — p){1 — cos (N=¥(s + a;1))}]?

exp{— 23, p,(1 — pIENTI(s + a;1)" — s N7%(s + a;1)']}
exp{—1L[c** + o*(s 4 at)?]
+ £ N7TIN" 3V (a; — a)'t* + (s + ar)']}-

(2.24)

IA A
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Now (2.21) ensures that
(2.25) 7(p) 2 NPT aft = Cet

(2:26) a(p)| = [N Siaaflior(p) < e*CH,

and by (2.21), (2.24), (2.25) and (2.26) we conclude that there exist positive b,,
B and § depending only on ¢ and C such that for |s| < b, N* and |1] < b, N*

(2.27) [9(s, 1, p)l = Bexp{—§(s* + 1))} .

Next note that (2.25) and (2.21) imply that the number of indices j for which
pi(1 — p;) = 5c*/C is at least 2Nc¢*/C and the number of ; for which |a,| < (C/c)?
is at least N — Nc*/C. Hence the number of indices j for which |a,| < (C/c)?
and p(1 — p;) = 4¢*/C is at least Nc?/C. Put b, = 1b,(c/C)* and we see that if
b,N* < |s| < nNtand |7 < b,N?, then for at least Nc?/C indices j

[1 = 2p,(1 — p){l — cos (N"Ks + a,)}] < 1 — c2C- {1 — cos (%)} :

Combining this with (2.27) we see that it only remains to be shown that positive
numbers b, B and j3 exist depending only on ¢, C, § and ¢ and such that (2.23)
holds for |s| < #N* and (b, A b,)N* < |t] < bNE. For this we can appeal to the
corresponding part of the proof of Lemma 2.2 in ABZ (1976) with only minor
modifications. []

Define functions g, (p), 1 < k < 6, and 4,(p), 0 < k < 6, by

o 1 * 30 o
f‘1—;;a /“"2_—2—;‘;’ #3—7‘—*;;,
3 6w? ! 15w 100® | &°
(2-28) = o g o’ e o o o0’
15 450* | 150* of
He = ;E - e 10 ST
_ N-1
A, =1+ KgoMs + ﬁ(3x4,o/‘4 - "z,o/is) >
N-#% N1
A, = '—T Ky ile + 2 (2K, 15 — K30K3, 1) »
N-t N1 .
(2'29) A, = — 3 K3ty + —22— {—6’54,#‘2 + (2'”3,0/‘3,2 + 3"3,1)/"‘4} s
N-# N1
Ay = Kyy + ———{—6k, 30, + (”3,0’53,3 + k51 k30) 0} »
6 36
N1 .
A, = 24 {"4,4 - (2"3,1"3,3 + 3"3,2)/‘2} >
N-1
Ay = — 12 K3 9K3,3M1
—1
AG = K% 3
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where we have suppressed the dependence on p. We shall show that

] ——@e _ﬁ(ﬁ)A_ﬂm_l’w g 6 it)k
@:30) st p) = Ul ep {0 — T (PP} o Ap))

is an asymptotic expansion for u(t, p).

LeEMMA 2.3. Suppose that positive numbers ¢, C, 6 and ¢ exist such thar (2.21)
and (2.22) are satisfied. Then there exist positive numbers b, B and j depending
only on ¢, C, 6 and ¢ such that for |t| < bN¥,

(@31) 1t p) = ot )| < B (V4 Ny exp |~ s

Proor. In this proof b, b,, B, 8, and N, denote appropriately chosen positive
numbers depending only on ¢, C, ¢ and «.

Arguing as in the proof of Theorem 2.1 in ABZ (1976) we find by Taylor
expansion of log ¢ that if |s + a,7] < $zN* for all j, then

(s, 8, p)
(2.32) = exp {iws — .ﬁ — M
2
iN-? .
- 2 pi(L = p)(1 = 2p)(s + a;1)
6

N-2 2 4
+ 4 2 pi(1 = p)(1 —6p; + 6p7)(s + a;1)* + My(s, ”P)} )

where
M(s, 1, p)] < C N~ 3 |s + a;1f

< 16C(N“Hif" T |a, — @ + N-Ys + atf)

for some absolute constant C,. Now (2.21)and (2.26) imply that N=' 37 |a, — d]?,
N=1Y |a; — al*, N-*max|a,;| and N~ 3 |a; — af° are bounded. Using (2.21)
and (2.25) we find that for all |s| < b,N* and |1| < b, N*

N-3 N-2 22 2 qr)?
ML 5ls o+ aP + S5 5 a0+ M) 5 TEFILH AT

Hence further expansion of part of the exponential in (2.32) shows that

(2.33) O(s, 1, p) = (s, 1, p) + My(s, 1, p)
for |s| < b,Nt and |1] < b, N*, where

d(s, t, p) = exp {iws e gs o+ an
2 2
(2.34) X [1 _ IN6‘2 (1 = p)(1 = 2p)(s + a,1)

N )
+ >4 2 pi(1 —p)(1 — 6p; + 6p)(s + a;1)!

N—? 3)2
— DS = ) = 2 + @t
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o 4 (s + dt)”}
4

(2.35)  |Mys, t, p)| < (N~ + N=H{)M(t, s + at) exp { —

and M, is a polynomial in ¢ and (s + ar) of fixed degree with coefficients
depending only on ¢ and C. Therefore, for |1| < b, Nt,

(2:36) 1905, 1, p) — 95, 1, p)l ds < B(NE + N-ef) exp | =11
Next we show that for [f| < b, N,

(2.37) Vovisimsant [9(5, 1, p)| ds < ByN™Flo8

(2.38) Vizo,wt 1905, 0, p)| ds < ByN=Fslon .

For N = N,, (2.37) is a consequence of Lemma 2.2 and since |¢| < 1 we can
choose B, so that (2.37) holds for all N. Because for all s and ¢

(2.39) (s, t, p)| < exp { o+ 022(5 + ary? } M(t, s + at)

where M, is a polynomial depending only on ¢ and C, (2.38) follows. Combining
(2.11), (2.36), (2.37) and (2.38) we see that for |7] < b, N*

(2.40) (1 p) — = f(s, 1, p) ds|

< B, [(NJ% + N"§|t|5) exp {_%2} + N—ﬂ4logl\':| .
A direct application of Lemma 2.2, the fact that |¢| < | and (2.39) show that
we can choose B, and f, so that (2.40) continues to hold for b, Nt < |1| < bN?

with b as in Lemma 2.2.
It remains to be shown that for all s and ¢

(2.41) o(t, p) = (“u (s, t, p)ds.
This follows by straightforward but tedious computation using the fact that
/ k
(2r)* S°_°W< Z 4 _’ﬁ(ﬁ),> e ¥ dz = u(p) for even k

o(p)  op)
=im(p) for odd k. 0

We now turn to our asymptotic expansion for rejective sampling. For
I < k < 6, define functions Q,(p) by

N-? N-! ks
0, = —T Ks1fs + 6 ["4,1#3 - 3"3 0k31 (2 P - L—:;)} >
N-# N1 1
(2'42) Q, = — ) K3 ot + 8 [‘2’54,2/12 + 2”3,0”3,2 (F — %) + ’Cg,l/’[4:| )
N-}
0, = 6 K33 + [—2’54 st + 3"3 K324

Q,=4,, k=4,56.

I
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Let @ and ¢ denote the standard normal df and its density and let H, denote
the Hermite polynomial of degree k, thus

(2.43) H(x)=1, Hy(x)=x, Hy((x)=x*—1, Hyx)=x*— 3x,
Hy(x) = x* — 6x* + 3, Hy(x) = x* — 10x* 4+ 15x .
We shall show that expansions for (2.8) and (2.9) are given by

@a4) ot p) = exp { =D —iipa(oy} 1 + e QPN

3 _o(xXFte@ap) _ (x4 o(pap)\ se Qulp)
(2'45) R(X, p) - (I) (—Tp)_"‘) ¢ (T) Zk=l -(—;(_P_i))—k

(220
()
Note that g is the Fourier-Stieltjes transform of R, i.e., g(t, p) = { e** dR(x, p).

THEOREM 2.1. Suppose that positive numbers ¢, C, D, 0 and ¢ exist such that
(2.21) and (2.22) are satisfied and

(2.46) jw(p)l < D

Then there exist positive numbers Ny and B depending only on ¢, C, D, 0 and ¢ such
that for N = N,, R(x, p) is well defined and
(2.47) sup, |R(x, p) — R(x, p)| < BN-1.

PrRoOF. In this proof b, B;, 8, » and N, denote appropriately chosen positive

numbers depending only on ¢, C, D, ¢ and «.
By (2.21), (2.25), (2.26), (2.46) and Lemma 2.3 we have for N > N,,

(2.48) 20, p)l =7,  [40,p) — 30, p)l = %

so that [v(0, p)| = »/2 > 0. In the first place it follows that for N = N, ¢(p) > 0
and hence (2.7) is satisfied and R(x, p) is properly defined. We assume that
N = N, and we shall show that, with b as in Lemma 2.3,

(2.49) ety | 20> P) = o P) | g < BN .

By Esseen’s smoothing lemma (Esseen (1945)) this suffices to prove the theorem
because R(—oo, p) = 0, R(co, p) = 1 and the derivative of R with respect to x
is bounded.

By (2.21), (2.25), (2.26) and (2.46), § has a bounded derivative with respect
to t. Also

’d_____p(;; p)~ S NIE(Z a(W; — p)ll 2 W; =n) < N7t 3 Ja;| < CINE.
Since p(0, p) = (0, t) = 1, it follows that

(2.50) joaz, |25 P) = A P) | g < BN
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Next we note that (2.21), (2.25) and (2.26) ensure that for all ¢
. ct?
(2.51) l5(1, p)| < B, exp {~ﬂ :
Together with (2.13), (2.48) and Lemma 2.3 this implies that for |¢| < bN?

2.52) o, p) — XD < 2 it gy — 5(t, p)| + 2 [5(1, p)] 1O, p) — (0, p)
€0,p)| = 7 y

< B, {(N-% 1 N-H[t) exp {v%"'} i Nﬁﬁlogzv:l‘

Again with the aid of (2.21), (2.25) (2.26) and (2.46) one can easily check that,
for 1 £ k £ 6, Q, is obtained from A,/A4; by expanding the denominator and
discarding all terms of order N-#, i.e., that |Q, — A4,/4,| < B;N-%. Itfollows that

(2.53) o0 p) = 26D < BN erp {7

and combined with (2.52) this yields

(2'54) SN‘2s1t1sbN%

o(t, p) — 0(t, p) \dt < B(N-tlog N + N-1) < B,N-} .
t

Together with (2.50) this proves (2.49) and the theorem. []

Two remarks should be made with regard to Theorem 2.1. The first one
concerns condition (2.46) that does not occur in the preceding lemmas. The
meaning of this condition is perhaps obscured by the fact that we make it do
some odd jobs in the proof for which it is not really needed. We use it to show
that (2.7) is satisfied for N = N,, but (2.25) ensures that the number of indices j
with p; = 0 (or p; = 1) cannot exceed m — C~*¢*N + |w(p)|Nt(orn — C~'¢*N +
lo(p)|N?) so that |w(p)] £ C~'c*N*t already implies (2.7) for all N. Condition
(2.46) is also used to obtain (2.50), but in (2.50) we may replace N~? by an
arbitrarily high power of N=! without doing any damage to the proof, and then
the trivial bound |w(p)| < N suffices. Finally we note that since

(2.55) min (2, 1 — 2) = o(p) — N-4a(p)| .

(2.46) forces 2 to be bounded away from 0 and 1 for large N, which is obviously
important although it does not show up explicitly in the proof. However, here
lo(p)] < $C~'c¢*N* would be sufficient.

The basic function of assumption (2.46), however, is to avoid a large (or
intermediate) deviation situation that the condition )} W, = n would get us into
if o(p) = N"HE ¥ W; — n) would not be bounded. Technically speaking this
is reflected in the proof at the point where (2.46) is used to show that »(0, p) is
bounded away from zero. Also (2.46) ensures that (2.45) provides an expansion
in powers of N~# to the required order.

To see what happens when condition (2.46) is relaxed, we prefer not to try to
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adapt the proof of Theorem 2.1 but to answer this question more directly by
remarking that the conditional distribution of }] a, W, given 3, W, = n remains
unchanged if we replace p by p where p,/(1 — p;) =ép;/(1 —p;) 1 £ j< N,
for some 0 < £ < oo. If (2.7) is satisfied there exists a unique £ for which
2. p; = NA. Since w(p) = 0 it follows that if (2.21) and (2.22) are satisfied with
p replaced by p, then (2.47) holds with R(x, p) instead of R(x, p). Of course the
snag is that in general p can only be expressed analytically in terms of p as an
infinite series. However, if o(p) = O(N®) for some a < }, then a finite number
of terms of this series will yield the required degree of accuracy and an explicit
expansion for R(x, p) can be obtained. If a = 0 this is expansion (2.45) but for
0 < @ < } more terms have to be included.

The second remark concerns the remainder O(N~%) of our expansion. It is
clear that by requiring that 3 |a,/> < CN in Theorem 2.1 one obtains |[R — R| <
BN-%#log (N + 1). Of course the “natural” order of the remainder is O(N-%)
and the factor log (N + 1) is due only to technical difficulties in finding the
conditional expectation of 3] a, W, given 3} W, = n.

The special case p; = 4, 1 <j< N, which is random sampling without
replacement, is worth singling out because it corresponds to the null-hypothesis
in the two-sample problem. Let 4 denote the vector (4, ---, 4). For p = 1,
(2.45) simplifies to

R(x, ) = cD(L) _ 9(x/7(4)) [2(1 A g <_x_>

Gy a0 —2aL 2N ()
(2.56) L - z)éﬁ(l — 22) : g (<§ = 5'-)):}5 H, <;(x’z)>
S R e Ty - S ()
+ O e ()]
where
(2.57) 2(J) = L(LN—L) S (a; — a.)?
(2.58) a, = a(l) = 7‘? Tia.

Define, with [ denoting Lebesgue measure on R?,
(2.59) (O = lx: 3 |x—a) < 0.
For p = 4, Theorem 2.1 yields
CoOROLLARY 2.1. Suppose that positive numbers c, C, 6 and ¢ exist such that
(2.60) e 211 —e,

L sy Ly si<c
N = 9

W j=1 j=1%; =

(2.61) (a; —a) =c,
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(2.62) 7({) = 6N, for some (= N-tlogN.
Then there exists B > 0 depending only on ¢, C, 0 and ¢ such that
sup, |R(x, 1) — R(x, 1)] £ BNt

Note that there is considerable further simplification in (2.56) if we either
have almost equal sample sizes, i.e., A = § + O(N-1), or antisymmetric scores,
i.e., a; + ay_;,, is constant for all j. The latter happens for the locally most
powerful rank test against shift alternatives when the underlying distribution
is symmetric. In either case the H, and H, terms disappear so that the correc-
tion to the leading normal term is of order N* only and is due solely to a cor-
rection to the variance, the H, term, and a kurtosis correction corresponding
to H,.

3. An unconditional expansion. We encounter several difficulties on the way
to a usable unconditional expansion:

(i) the distribution of Z is awkward to handle analytically;
(ii) as in ABZ (1976), the random variables obtained by substituting P for
p in g or R are generally not summable;
(iii) again as in ABZ (1976), final simplification is not possible with our
present techniques unless we assume that the sequence of alternatives is con-
tiguous to the hypothesis as N — oo.

In this section we shall deal with the first two difficulties. Although we do
not assume contiguity we shall be governed in the form of our expansion, which
will involve polynomials in (P; — 1), in the number of terms that we calculate
and in what we relegate to the remainder by the consideration that we expect
P, = A4 Op(N%) and 3 (P, — 2) = Op(1).

Recall that we assumed that X, ..., X, are independent, X,, - - -, X,, having
common density f and X, ,, ---, X, having density g. We shall write P for
probabilities and E for expectations calculated under this model. In addition
we need to consider an auxiliary model where X, - - -, X, are i.i.d. with com-
mon density £ = (1 — A)f + g and df H = (1 — A)F + 2G. We shall write P,
for probabilities, E, for expectations and ¢, for variances calculated under
this second model. )

To simplify our notation we assume from this point on that

(3.1) Y a,=0.

J=1"j

Since T = 3] (a; — a,)V; + na, it is obvious how all expansions need to be
modified if (3.1) does not hold.
We meet difficulty (i) through

LEmMmA 3.1.

E,u(t, P) exp{itN-% 3 a; P;}

32 E explitN=iT} =
-2 PV 27N*B,, ()
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where
By (A) = (A1 — )N
Proor. Under our original model the density of Z at the pointz = (z,, - - -, zy)
with z, < z, < .-+ < z, is given by
Z H;’;l f(zij) H.;'V=m+l g(zij) ’
where the sum ranges over all permutations i, .-, iy of 1, ..., N. Under our
second model this density is

NUILS [ = Af(z) 4 29(25)] -
By the Radon-Nikodym theorem and Lemma 2.1,

b

E exp [itN-{T} = ”((’) ‘; )) exp (itN=4 3 a, P}
_ g M6 P) [Z:) 9(Z:) 1
= i gy PN D) B I W i 3
= (B 1By 0 exp iVt 3 ;P Je(r)

where c is defined by (2.6) or (2.12). The lemma follows from (2.11) and (2.13). []

Lemma 3.1 shows that we are concerned with o rather than g, but since o as
a function of P is no more summable than g, we still have to face difficulty (ii).
We do this by showing that © may be replaced by a summable function v* out-
side a set that will later be seen to have sufficiently small probability. Define

(3.3) v*(r,m:[m—zj exp{ =202 w e} me 4z (oo

4)
where
* . 1 Y T _ 2
AKP) = 1+ | D= = (2 (s = D)
1— 2+ 2
B 6 J
AF(p) = N Dap,[1 - ;(1 -5 Z (=D
A*(p) =—(——27V3'2—) 2a(p;— 4) — 2N2
X [(1 =20 2 (p; — 4 — A1 — 4]
1 wr e (1 =22
(34) - '27\[" Zaj (ID] Z) 22(1 — X)NZ {Z a,P,} s

Ax(p) = M [20 = (1= 22) Tap (1 - 62+ 62) T a(p, — A

3 2 2
- F(l —22)" X a; Zaij:} )
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A1 = A= 64+ 62) ¢y A1 = A)(1 = 2y
24N? 8N®

C 2z aitp — 2y

A (p) = {2 ey

+

4wm:§;A1—bu—2WZaf2@wf—b,

21— (1 — 22)
72N®

A(p) = {2 e
LEMMA 3.2. Suppose that (3.1) holds and positive numbers ¢, C and ¢ exist such
that (2.21) is satisfied and

(3.5) e A1 —e.
Then there exist positive numbers B and 3 depending only on ¢, C and ¢ such that

(3:6)  [5(0p) — v*( )l < Bexp{—ArY{NT + N NI + N T (p; — 4))
+ NZ (p; — -

Proor. For simplicity we make use of order symbols in this proof and O(x)
will denote a quantity that is bounded by B,|x| where B, depends only on ¢, C
and .

Suppose first that |o(p)| > 1. Then (2.21) and (3.5) are easily seen to imply
that |v*(¢, p)| = O(@*(p) exp{—e(l — ¢)cr?/4}), whereas for 5(r, p) we have the
bound (2.51). The right-hand side of (3.6), however, contains a term
BN*w*(p) exp{—pt*} so that the lemma is trivial for |w(p)| > 1.

We therefore assume that |o(p)| < 1. Noting that ¢*(p) is bounded away
from zero (cf. (2.25)), we expand ¢7% @, ¢* and «,, about the point p, = 2,
1 < j < N, using elementary inequalities to bound the remainders in terms of
N and

M, = N7 2 (ps =AY My=N7E(p; — A

We find
L - 29 . 1 R
(p) A1 — 2 [1 =N 2P = AT Ty B Z)J

+ O(M, + M)
1
A1 =)

a(p) =

+ O(M} + M),

(1 - 2% N = oM
mzaipi-*_o(Ml)_o(Ml)’

wp) = LoD map+ LD manp, - 1y — & 2 ai(p, — 2y

(1 22y

BRI AR CAR
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’fs,o(P) = A1 — Al —24) + OM} + M,),

wp) = =22 Tagp, + 00,

ma(p) = == 30z oy,

) = = AN=2D 550, E=822 0D 5ap, - 2)
31—

M2 T ap Tap, + ONIMA) (= 0(1)),

keo(p) = A1 — (1 — 61 4 62) + O(M,}),
£ia(p) = O(MyF)

ralp) = A SO0 50 1 o(My),
folp) = 0(1)

kop) = A1 = A ]; 64+ 64) a;t + O(NiM2) (= O(1)).

To illustrate computations involved we present the argument for x;,. By (2.21),
the result for a(p) and the fact that 0 < M, < I, we have

kao(p) = N7 X pi(1 — p)(1 — 2pj)a;’
— 3N7a(p) X p(1 — py)(1 — 2p;)a;* + O(M,})

N-1(1 — (1 — 24) Y a® + N-Y1 — 62 + 62%) 35 a(p;, — 4)
— 3NTH(1 —22)" 3. a* 3l a;p,
+ O(M} + N3 |a;[(p; — 2 + NME 3 aflp; — 4)) .

Holder’s inequality and (2.21) imply that

N-M} Y aflp; — 2 £ NTMA(Y |a)))H(NM,)E = O(M,H)
N Y la;i(p; — 2 < NT(CN) Z a¥(p; — A) < CINTHNM, I a)*)!
— O(NM?).

As a(p) is bounded, &, 4(p) is obviously also O(1). Note that the atypical order
of the remainder O(NiM,}) originates from the term O(N~' 3 |a;[*(p; — 2)%)
where we have to sacrifice a factor O(N~%) in order to apply Holder’s inequality
and (2.21). The same thing occurs for &, ,(p)-

For p,(p) defined by (2.28) we find

m(p) = 7 2 (P = A) + O(M + NIMYY)

1
A1 = 7)

1
S — O(M ;} M NM2) ,
/12([7) 2(1 —/2) + ( VoA My + 2)
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3
=" = 4 O(M} + NM?) ,
#(p) ZZ(I—Z)ZN%Z([)] ) + O(M.} + NM,?)
3
(p) = ——"— + OM} + M, + NMp2),
(P) ]2(1_2)2+( + M, + )
(p) = O(N*M,),
15
=— - 1L OM: 4+ M NM,?%) .
1s(p) wi (M} + M, + NM;?)

Straightforward but tedious calculation now yields
2= Ap)(i1)*

B (1 — 22) o (=4
_[1+ 2 = yn =P A 122(1—2)N:|

¢ Zai D02 3 (p, — 1) — 21 — Gy

(3.7) + -6_]@_[1(1 — A =24 X a+ (1 —64A+62%) 3 a(p;, — )

S v

1 A

) . . 31 =22 N2 | rind
TNZ—[(I—()ZJrM)Z% _—N—{Zaa‘}J(”)

+ AL A= 240 57 iy + O + [N~ 4+ N4

(1 O)[NE 4 N“IM} 4 NM)
Next we expand the remaining factor in (2.30). Because both t*(p) and its

leading term A(1 — 2)N-! 3] a,* are bounded away from zero, there exists 8 > 0
depending only on ¢, C and D, such that

Co)! p [~ D) PO iy

a(p) 20(p) 2
I I DN )
_[z(l——xﬂep{ S B e
% [1 T _1_/2)]\" (=205 (p; =) — T (p; — D+ (Z (p; — D)
(1 —2) B o L - L
At = (7= A Tapilin) + {(1 2) ¥ a(p, — 7)
tpy = o = D=2 5 0l

+ L2z e, —mmﬂ

+ O(exp{—ﬁtz}[N—i + NiM, + NiM).
Multiplication by (3.7) yields (3.6). []
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Here is our first unconditional expansion. Define

(3.8) o(t) = Eexp{itN~iT},
o*(1) = exp {—'2(12—;['2) = aft”} E, [exp{itN‘* 2. a; P}
(3.9) 1+ gy (B 8= 0= (= )

+ B 45 (P} ]

LeMMA 3.3. Suppose that (3.1) holds and that positive numbers c, C, 6, 0’ and ¢
exist with ¢’ < min (4, §/2, ¢*C~/4) and such that (2.62) is satisfied and

i 1

(3.10) ~Ieize, LXaiscC,

(3.11) PH<5§ 49(X,) §1—3>gl—5'.
h(X,)

Then there exist positive numbers b, B, f, and B3, depending only on c, C, 9, ' and
e such that for |t < bNE,

(.12) o) = 0*()] S B| exp{—B,AUN! + Nir)

1 (S 1Y) ],

Proor. In this proof we again use O symbols that are uniform for fixed ¢, C,
0,0’ande. Note that E,{g(X;)/h(X,)} = 1, sothat(3.11) and Markov’s inequality
ensure that min (2, 1 — 2) = ¢(1 — ¢').

Take a number 6" € (¢’, min (3, /2, c?C~'/4) and define the event E by

E={<P;,<1—¢ foratleast (1 — ¢”)N indices j}

= {e < 49(X;) <1 — ¢ foratleast (1 — ¢”)N indices j}.
Applying an exponential bound for binomial probabilities (cf. Okamoto (1958))
we find that (3.11) implies
(3.13) Py(E) = 1 — exp{—2N(d" — d")?} .

Because A and (1 — 2) are bounded away from 0, the same is true for NiB, ,(4).
Also, (2.10) and (2.11) imply that |u(¢, p)] < 2zN? for all ¢ and p. Hence appli-
cation of Lemma 3.1 shows that

E,u(t, P)exp{itN~t 3 a
2zNiB, . (4)

(3.14)  p(t) = iPilts 4 o(exp{—N@" — "),

where y, denotes the indicator of E.



956 P. J. BICKEL AND W. R. VAN ZWET

Since 0” < d/2, (2.62) ensures the validity of (2.22) on the set E with 6
replaced by d — 24”. If 3}’ denotes summation over those indices j for which
P;¢[e, 1 — €] and k denotes the number of these indices, then k < ¢”N on E
and as a result

#(p) 2 U3y (0, — aP) — X (o, — (P

&(1

> =9 50 0 + NEP) — 2 57 4 — 2Ka(P)F]

= M2 feN — 20k 570, = (1 — e)fe — 2("C}] > 0

on E, because 6” < min (3, ¢)C~!/4).
We have shown that on the set E, a and P satisfy the conditions on @ and p in
Lemmas 2.3 and 3.2. Combining (3.14), (2.31) and (3.6) we obtain

o(t) = E,v*(1, P) ex}?{itN”i 2.9 Pae
2zN*B, ()
(3.15) 1+ O(N—#2'8Y 1 exp{— B, )[{N~* + N-1[t]}
X Al + NE; X (P; — &'} + NTEL{X (P, — D)D)
for |t| < bNE, where b, 8, and §8, depend on ¢, C, 4, 6’ and ¢ only.
Because of (3.13) and the fact that v*(¢, p) = O(N), (3.15) remains valid if
we delete 3. Using

2NB, () = [z(_lgg‘zﬂé (1 — i%ﬁ%}%) + O(N-Y)

one easily verifies that in (3.15) the first term on the right may be replaced by
p*(t) without changing the order of the remainder. Since

EZ (P = O = 2E, {5 (99— 1) < 3ivep, (95) 1),

h(X,) h(X))
the proof of the lemma is complete. []
Define
(3.16) r,=E.P;, w=(m, -, Ty).

In the remaining part of this section we obtain a further expansion for p(r) and
convert this expansion into one for the df of 7. Although we still do not assume
contiguity, we shall be guided in what terms we include in the remainder by
the fact that under contiguous alternatives we expect (P, — =) to behave roughly
like 0,,(N7). Let

(3.17) K(x) = ©(x) — $(x) Tioo s Hi(x)
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where @ and ¢ denote the standard normal df and its density, the Hermite poly-
nomials H, are given by (2.43) and

_ 2. 4;7;
{1 =2 ZapN
_ 9u (N a;P) — 3 aEy(P; — 2" + (1 — 22) 3 a(n; — 2)
21 — 2) Y a?
L —2PT ey, 1
22%(1 — 2N 3 a;* 2N
a; = ([AL — (1 —22) a2+ (1 — 62+ 622 3. ai(r; — 2)
(3.18) = 3(1 = 22N~ Y a3 a; =, ]) (6{A(1 — 2) X a;}),
ag = (A1 — (1 — 62+ 62%) Y a — 321 — A)(1 — 22N> a,}?
+ 3(1 = 202 a(x; — HP))(24{2(1 — 2) 3 a,%}) ,
a — (L=243a’y a¥x; — 2)
T R2{I = D e
o (L= 22T a
"7 721 = DT 4

THEOREM 3.1. Suppose that (3.1) holds and that positive numbers ¢, C, 6 and ¢
exist such that (3.10) and (2.62) are satisfied and

@

’

)

(3.19) e<A1<1 —e.
Then there exists B > 0 depending only on ¢, C, 6 and ¢ such that

= e

T
(3.20) sup, P<{2(1 - a]_z}g = x> -k <x N {A(1 — ’2) 2 ajz}&

4
< BN 4 NE, (S 1) 4 N (P, — ]
h(X))
Proor. In this proof B; and j; denote appropriately chosen positive numbers
depending only on ¢, C, d and e. We shall have to consider the rv

(3.21) U= Nt} a(P;, — )

and we note that

(3.22) Ey|UF = N7 X |a;{Ey|P; — PP
< CINTH T {Ey|P; — =[P}t .

Since sup, (1 + |K(x)|) < B(l + E,U? < B(2 + E,|U]*) we may assume
without loss of generality that E,|UJ]* < 1, because otherwise (3.20) is satisfied
trivially for B = 3B,C%. Hence sup, (1 + |K(x)|) < 3B, and similar bounds
la,] < By(1 + E,U?) < 3B, and sup, |K’(x)] < 3B, hold for «y, -, @, and for
the derivative K’ of K.

Take 6" = min (}, d/4, *C~*/8). In view of 1 + |K| < 3B, it is again no loss
of generality to assume that E,(g(X,)/h(X,) — 1)* < 6’¢*/16, because otherwise
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(3.22) with B = 48B,/(d’¢*) is trivially true. Hence by (3.19) and Markov’s
inequality

A9(X,) ) ( 9(X,) \ > '
P<leg___‘_£1—1 > p ) _ql<de)> 1 — o,
AE =0y =T ey IR S

so that the conditions of Lemma 3.3 are satisfied and (3.12) holds.

The proof hinges on the expansion
exp{itN~t 3, a,P,} = exp{itN~t 33 a,x }[1 + itU + 4(itU)*] 4+ O(|tU}®)
and its truncation to fewer terms. We apply this expansion to (3.9) and in the
resulting expression we replace P by = wherever this is possible without giving
rise to remainder terms that would be awkward to handle at this point. Using
elementary inequalities to separate out and bound those parts of the remainder
that depend on the (P; — 2) rather than on the (P; — r,), we arrive at

(3.23)  |o*(0) — p(0)| = Blil exp{—pur) | N1+ N, (g—((i;—; —1) + E,up

+ NE|U S a (P~ )|+ NE (S af(P= )P |,

(3.24) o(1) = exp {itN‘* >a;m; — t“’w hN ajz}

Because max |q;| < (CN)* we find by the same reasoning as in (3.22),
N7TELU 3 a(P; — 7)) + NTE{X] a)(P; — m))f
< BNTEL{ L |a(P; — m)If
< B NTHL + Eu{2 |ay(P; — m))I)]
< BN~ + BN X {Ey|P; — m,}H]F.
Together with (3.22) this shows that (3.23) may be reduced to

(3:25)  1o*(t) — 8] < Bilfl exp(—4,} {Nt + NUE, (—gg; —1)

+ NTUE EP; —
As «,, - - -, a; are bounded and N—5|Z a;7;| < CiN%, we have |p'(f)] < ByNt
for all ¢. Since |o(f)] < N~*E|T| < CiNt for all t and p(0) = p(0) = 1,
(3.26) lo(H) — B(1)| £ BNt for all ¢.
Combining Lemma 3.3, (3.25) and (3.26) we find
S"_IZ}}v% ]P(t) 7 ﬁ(f)\ dt

(3.27) < BN~F 4 (yoagizon?

o(t) — ﬁ(f)‘ dt
t

< Bo (N VB (430 = 1) + NUD B, - VT
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Now §(t)isthe Fourier-Stieltjes transform of K({Ntx — 3} a7, {A(1 —2) 3] a;}7%)
as a function of x. This is a function of bounded variation assuming the values
Oand1at —ooand + oo and havingaderivative thatis bounded by 3B,c=#{¢(1 —¢)}*
in absolute value. It follows from the smoothing lemma (Esseen (1945)) that

sup, | P(N-1T < x) — K< Nix — 3 a7, >|
FUEmhHEED
is bounded above by the right-hand side of (3.20). A change of scale completes
the proof. [J

Theorem 3.1 provides the basic expansion for the distribution of T under
contiguous alternatives. Only first and second moments of functions of order
statistics remain to be determined. In Section 4 we shall be concerned with a
further simplification of the expansion and a precise evaluation of the order of
the remainder. With regard to this remainder we are in a seemingly less favor-
able position than we were at the same stage in the one-sample problem (cf.
ABZ (1976), Theorem 2.3), because the third remainder term in (3.20) is larger
than the corresponding term in the one-sample case by a factor N*. This is due
to the appearance of the remainder term N~E,|U 3 a,%(P; — =;)| that does not
occur for the one-sample statistic. It will turn out, however, that we shall need
only a slightly stronger condition than before to show that the remainder is still
O(N-Y).

The conditions of Theorem 3.1 concern only the sample ratio 2 and the scores
a. There are no assumptions about the underlying densities f and g but this is
merely a trick; obviously something like contiguity is needed to make the ex-
pansion meaningful in the sense that the remainder is at all small. With regard
to the conditions on the scores, (3.10) acts as a safeguard against too rapid growth
and (2.62) ensures that the a; do not cluster too much around too few points,
thus preventing a too pronounced lattice character of the distribution of T, as
was pointed out in ABZ (1976). It was also noted there that in the important
case of exact scores a, = EJ(U,.,), with U, ., < U,, < ... < Uy, order
statistics from the uniform distribution on (0, 1), both (3.10) and (2.62) will be
satisfied for all N with fixed ¢, C and ¢ if J is a continuously differentiable, non-
constant function on (0, 1) with § J* < co. The same is true for approximate
scores a; = J(j/(N + 1)) provided that J is monotone near 0 and I.

4. Contiguous location alternatives. The analysis in this section will be car-
ried out for contiguous location alternatives rather than for contiguous alter-
natives in general. The general case can be treated in much the same way as
the location case, but the conditions as well as the results become more involved.

We recall some assumptions and notation from Section 3 of ABZ (1976). Let
F be a df with a density f that is positive on R' and four times differentiable
with derivatives f, i = 1, ..., 4. Define

f(i)

4.1 U
(4.1) Py 7
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and suppose that positive numbers ¢’ and C’ exist such that for
(42) m1:6, m2:3, m3:%, m4:1,
sup {§2, [¢u(x + Y™f(x)dx: Y =} =C5 i=1, .00, 4.

So far, we have studied the distribution of 7' under the assumption that
X,, -+-, Xy are independent, X, ---, X,, having common df Fand X,,,,, ---, X
having df G. We now add the assumptions that
(4.3) G(x) = F(x — 0)
for all x and that
(4.4) 0<6 < DN
for some D > 0. Probabilities under this particular model will still be denoted
by P. Note that (4.2), (4.3) and (4.4) together imply contiguity.

In Section 3 we also introduced an auxiliary model where X, ..., X, are
supposed to be i.i.d. with common df H = (1 — A)F + AG. In view of (4.3)
this common df now becomes H(x) = (1 — A)F(x) + AF(x — ¢). Probabilities,
expectations and variances under this model will be denoted by P, E,; and ¢ ,,°
as before. Similarly, P,, E; and ¢,* will indicate probabilities, expectations
and variances under a third model where X, ..., X, are i.i.d. with common
df F. Note that for § = O these three models coincide.

Define
(4.5) K(x) = O(x) — $(x) Lo @, Hy(x),
where

=4 (*(‘Z—‘*)) [3(1 — 200* 5 a,Ex$(Z;) — 6N-0 5, 4, Ep(Z))
J
— 00 % a4 E{(1 — 32+ 3)0u(Z,) — 641 — Yp(Z)(Z;)
+ 34(1 = HAHZ)H
&1:82 [—4(1 —=24)0 33 aEp(Z;) + 2(1 — 22)°0* 3 a*Ep¢y(Z))
- 4/?(1 — A0 X aEx$((Z;) + 44(1 — 0T a;4:(Z;))
— 4(1 — 20PN Y 0, Edy(Z))

+ A1 — (1 — 220643 a, Ex¢y(Z))}

(46 @= e 11)}*(2 L 20— 20 e = 21— 614 67)
% 05 aEpdy(Z,) + 6(1 — 2N Y a2 ¥ a, Epn(Z;)
— 321 — N1 — 2006° X 6 E$(Z;) 3 6, Ep (2]
% = i)(z e (1= 624 67) Dt + 3401 — a1 — 220
X (2 a B bu(Z)F + 21 — 2)(1 — 2206 X 0 3 0, Eri(Z,)]
(1 — 2y
84(1 — )N’
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& = — (I =220 3} a;* 3. a”Ex $(Z))
' 12{2(1 — HP(Z a,)*

- (1 =22 a2

7221 — (X a2’

9

and let

—D\?
(4.7) N = _<%;Fll> 0 Y a;Epd(Z;) .
We shall show that K(x — ) is an expansion for the df of {2(1 — 2) 3] a,%}~*T.
The expansion will be established in Theorem 4.1 and an evaluation of the order
of the remainder will be given in Theorem 4.2.
Let n(F, 6) denote the power of the one-sided level a test based on T for the
hypothesis F = G against the alternative G(x) = F(x — ). Suppose that

(4.8) <asl —¢",
for some ¢’ > 0. We shall prove that an expansion for =(F, ) is given by
(4'9) ﬁ(F’ 0) = 1 - q)(ua - 77) + ¢(”a - 77) Z?c=0 Bka(ua - n) )

where u, = ®(1 — a) is the upper a-point of the standard normal distribution
and

5o (1 -2 a? : - s U,
Pr= & = T A agy e T D) T 20 = St = o
_(U-err e R U2y,

2401 — 2)(X aF 821 — AN

(1 — 22y

(4'10) Bl = d1 + dt‘)(uaz - 1)2 - 12(2 a 2)2 o Z aj3 Z ajEF¢2(Zj)(ua2 - 1) )
J
18~2 = d? - d4(ua2 - 1) )
AB~3 = dS - 2d5(ua2 - 1) )
By = @&, for k=4,5.

THEOREM 4.1. Suppose that (3.1) and (4.3) hold and that positive numbers c, C,
C', D, 8, ¢ and ¢’ exist such that (3.10), (2.62), (3.19), (4.2) and (4.4) are satisfied.
Define ’

(4.11) M = N=% ++ N0 3 {EL|o(Z;) — Epd(Z))P}]E
+ N[ L AENDAZ)) — Exdo(Z))} ]

Then there exists B > 0 depending only on ¢, C, C’', D, 0, ¢ and €' such that

(4.12) sup,

P<{2(1 ZzT)Zaﬁ}& §x> —K(x—n)’gBM.

If, in addition, (4.8) is satisfied there exists B' > O depending only on ¢, C, C', D,
0, ¢, ¢ and " such that

(4.13) |z(F, 0) — #(F, 6)] < BM.
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Proor. The proof of (4.12) hinges on Taylor expansion with respect to 6 of
the moments under P, of functions of P = (P, ..., P,) occurring in expansion
(3-20). Since both H and P depend on @ the argument is highly technical and
laborious and it is therefore given in the appendix. Theorem 3.1, Corollary
A.1, (A.12) and (A.13) immediately yield (4.12).

The one-sided level a test based on T rejects the hypothesis if
T{A(l — 2) 3] a®}"* = &, with possible randomization if equality occurs. Using
(4.12) for 6 = 0 (or Corollary 2.1), (3.10), (3.19) and (4.8) we easily show that

_ (I =24 ¥ af : 1) — 2a,(2u} — e
(4.14) o= U, + 6T — D) @) (u, 1) — 2&,(2u, Su,) + SN

(1— 61+ 68 Yar (1—22¢ |, , )
- { 2431 — (% a7y 81 — Z)N} (° = 3u) +-O(N")

where, in this proof, O(x) denotes a quantity bounded by B,|x| with B, depending
onlyonc, C, C’, D, 9, ¢, ¢’ and ¢””. Because of (4.12),

7(F,0) = 1 — R(&, — 1) + O(M).

Using (4.14), (4.8) and the bounds provided by Corollary A.1, we now expand
K(¢, — 1) about the point (1, — 7) and arrive at (4.13). []

Define

4.15 V(1) = g (F1(1) = LED) i=1,....4.
(4.15) {0 = wur) = LT

THEOREM 4.2. Let M be defined by (4.11) and suppose that positive numbers D,
C and o exist such that (4.4) is satisfied and that |W/(t)] < C{t(1 — 0)}*** and
|W,(1)| < C{((1 — 1)}-#+2. Then there exist B > O depending only D, C and & such
that

M < BN-%.

Proofr. The proof is similar to that of Corollary A2.1 in ABZ (1976). To
deal with the second term of M we take # = W, and replace 4 by $ in the proof
of that corollary. For the third term of M we take & = ¥,, replace 4 by 3,
appeal to condition R, instead of R, and otherwise proceed as in the proof of
Corollary A2.1 of ABZ (1976). [

5. Exact and approximate scores. A further simplification of the expansions
in Section 4 may obtained if we make certain smoothness assumptions about the
scores a;. Consider a continuous function Jon (0, 1)and let U,., < U,., < - --
< U,.y denote order statistics of a sample of size N from the uniform distribu-
tion on (0, 1). For N = 1,2, ... we define the exact scores generated by J by

(5.1) aj:aj,N:EvJ(Uj:N)’ j:l,...’N’

and the approximate scores generated by J by

(5.2) aj:aj,N:J<7V%>, j=1,...,N.
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For exact scores and general J Theorem 5.1 will provide expansions for the df
of T under contiguous location alternatives of type F and for the power of the
rank test against these alternatives. In Theorem 5.2 we consider the special case
J= —W¥, with ¥, as in (4.15), for exact as well as approximate scores. Note
that the exact scores generated by — W, define the locally most powerful rank
test.

As in Section 4 of ABZ (1976) it is now no longer feasible to keep the order
of the remainder in our expansions down to O(N-%) and we shall be content
with o (N=?). Also as in ABZ (1976) we shall formulate the results in this sec-
tion for a fixed scores generating function J and a fixed df F, leaving the con-
struction of uniformity classes to the reader.

DEFINITION 5.1. _Z is the class of functions J on (0, 1) that are twice con-
tinuously differentiable and nonconstant on (0, 1) and satisfy

(5.3) $J(H)dt =0,
(5.4) lim,_,, {«(1 — )}¥J)'(r) = 0,
(5.5) lim sup,_,, #(1 — ?) l%?’ < 3.

& is the class of df’s F on R with positive and four times differentiable densi-
ties f and such that, for ¢, = fO/f, W, = ¢,(F), m, =6, my,=3, my = 4,
m, =1,

(5.6) lim sup, ., {2, [¢:(x + y)|™f(x) dx < oo, i=1,...,4,
(5.7) lim sup,_,., (1 — 1) \%((t’))‘ <3

Note that one can argue as in the proof of Corollary A2.1 of ABZ (1976) to
show that, in conjunction with (5.5), condition (5.4) is weaker than the assump-
tion § J%(r) dt < co. Define

— 3
d, = %%) [3(1 — 22) N6* § J(1)W(r) dr — 66 § J(1)¥ (1) dr
— N&®§J(){(1 — 32 + 32)W,(1) — 64(1 — A)W,(1)W,(1)
+ 341 — HW (1)} dr],
1
= ————[—4(1 — 22)0 § JA()¥(¢) dt
& = a4~ LT
+ 2(1 — 224)20° § J()W,(r) dt — 4A(1 — 2)0* § J()¥ (1) dt
421 — DO §§ JS)I(OW ()W (D)5 At — st]ds dr
— 41 — 2276*{§ J(t)W (1) dr}?
(5.8) 1
2N’

4+ A1 — 2)(1 — 222N64S J()W,(t) ] +
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o 1 .
% = T = Ny gt P T A S0
— 21 — 64 + 620 § J¥(1)W,(r) dt
1 6(1 — 220 § J¥(r) dt § J(1) (1) dt
— 321 — A)(1 — 22N6* § 1)V (1) dr § J(H)W,(r) di]
o 1 B n e
% = ST I 0 [(1 — 62 + 632) § JX(1) dr
1321 — A)(1 — 222NG§ JH1)W(t) drf
1 20(1 — 2)(1 — 22NG* § JXt) dt § J()W,(t) di] — HV ,
fo— . (L—2200 (U0 dr§ ()W () dr
fT12{4(1 — AHNY {§ J¥(t) dr}t
o (1—220 (ST

722(1 — )N {§ J¥(r) di}p*’

Ri(x) = O(x) — ()] Dot Hi(3)

L[ A =2

(5-9) T <N§ J¥(t) dt

Y de
§ Ji(1) dr

)0 {2 21 Cov (U, ), Wi(Uy)

T3 U} ]

Rix) = O(3) — $()| Thoo & Hi(x)

(5.10) + 3 NX(SIJ%;L t)* 6 {2 VR (el — 1 dr
— %ﬁ%‘i_’ ()l — 1) dtH ,
(5.11) h= — <1§1J2'(“t)2iv>* 6§ J()W () dr ,

where all integrals are over (0, 1) unless otherwise indicated. We shall show
that K,(x — 7) and K,(x — 7)) are expansions for the df of {A(1 — 2) 3} a*}~iT
for exact scores. Furthermore let
(1 —22)  §JYr)dr
© T 6{A(1 — AN} {§ J(r) dr}
_ {(1 — 64+ 641 (J(dt (1 — 24y }(u s 3u,)
242(1 — DN {§J3(e)drp  8A(1 — AN) 7

(1 —22)262 § J3(r) dt § J(1)Wy(¢) dt

Y {§ J¥(r) dr}?

uﬂ

2N

B, = & (2 — 1) + 2a,(2u,® — Su,) —

(5.12) B, = & + a(u — 1)? (u2—1),
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‘8-2 = &, — (U, — 1) ’
By = @y — 2a,(u,? — 1),
B, = a, for k=4,5,
(5.13) #(F, 0) = 1 — Ri(u, — 7)
+ Pty — 7)) Dheo (B — a)Hi(ue — ), i=1,2,
i.e., #,(F, 6) equals 1 — K,(u, — 7) with &, replaced by ,, k =0, - .., 3.

THEOREM 5.1. Let Fe .7, Je /, a;, = EJ(U,.,) for j=1, ..., N, G(x) =
Fx—60), 00 <DN} e<i<1—canded <a<1—¢ for positive D, ¢
and ¢'. Then, for every fixed F,J, D, ¢ and ¢, there exist positive numbers B,
0y, 0y, « -+ Such that lim,_,, 6, = 0 and for every N

614 sup. P (s %) — R =) 00,
(.19 sup. [P s = %) — K= )

< 0N+ BN OO 4 [T/ (0D (1 — o)}t r,
(5.16) |7(F, 6) — #,(F, 6)| < ,N,
(5.17)  |a(F, 0) — #,(F, 0)|

< 0y N~ BN AT T((T(n)] + [T (O){(1 — 0} dr .

Proor. In the first part of the proof we shall not need requirement (5.4) but
only the weaker assumption § J4r)dr < co. We proceed as in the proof of
Theorem 4.1 in ABZ (1976), drawing heavily on the results in Appendix 2 of
ABZ (1976). Note that these results remain valid in the present context even
though the definition of the functions ¥, is slightly different here. Throughout
the proof we shall make use of O and o symbols that are uniform for fixed F,
J, D, ¢ and ¢'.

Because )] a, = N { J(r)dt = 0 and in view of the remark made at the end of
Section 3, the assumptions of Theorem 4.1 are satisfied. The proof of Corollary
A2.1 of ABZ (1976) shows that (5.6) and (5.7) imply that

(5.18) W/(t) = o({t(1 — 1)}7%) for +—0,1.

Hence, because of (5.7), W,”(r) = o({t(1 — 1)}~¥) and W, (r) = o({t(1 — 1)}7?)
for t — 0, 1. Since f(F~') has a summable derivative ¥, on (0, 1), f(F~*) must
have limits at 0 and 1; as f is positive on R!, these limits must be equal to 0.
It follows that f{F~1(r)) = o({t(1 — 1)}}) for t — 0, 1. Combining these facts with
the identity W,/(r) = W /(1) (F~(t)) + 3¥,(1)¥/(¢), we find that

(5.19) /(1) = o({t(1 — 0)}Y)  for 1—0,1.

Thus the assumptions of Theorem 4.2 are also satisfled and we can take the
expansions of Section 4 as a starting point for proving Theorem 5.1.
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In @&, - -, @, Po - - +» P defined by (4.6) and (4.10) we may replace Ej, o,
and ¢,(Z;) by E, ¢* and ¢, (F'(U;.y)) = ¥(U,.y) without changing anything.
Next, arguing as in Corollary A2.2 of ABZ (1976), we see that for all sums of
the form Y a,* and Y a;*ER(U,.,) occurring in @, - - -, &, P + - -, B We may
write

(5.20) % S af = § JK1)dr + o(l),
(5.21) _11\7 S afEh(U,.) = § JE(O)h(r) dt + o(1),
and also

(5.22) _]1\7 oY a, Wy (U,0) = V3 J)IOW/ ()L (1)[s A t — st]dsdt + o(1).

We note that @, - - -, &, By - - -, B5 are obtained from a, - - -, &, B -+, s DY
replacing every expression of the form (5.20)—(5.22) by the corresponding in-
tegral on the right in (5.20)—(5.22). Since § J%r)dr > 0, we know that for
those terms in d,, - - -, &, Po, - - -» Ps that are O(N-Y), this substitution can only
introduce errors that are o(N7).

The first terms in @,, & and @&, as well as the second term in f, are generally
not O(N~) but only O(N~*), and here the substitution of integrals for sums gives
rise to more complicated remainder terms. This creates problems we did not
encounter in the one-sample case where certain symmetries prohibit the occur-
rence of O(N~t) terms. We have

1 2 2 1 0-2
S Tt = 1T d = T ()

LT = 50 dr = 3 Cov (). T(U) = 4 B BV (),
T 4 EW(Uy) = S IOV de — - 5 Cov (U)W V)
N DBV (Up) = § PO di = ¥ Cov (I (U), Vi(U)

- % 2 EY(Uy)a*(J(Uj.y)) -
By (A2.22) in ABZ (1976), N~i 3 ¢ (J(U,.y)) = o(N7"). It follows that for
k=0,...,5,
(523) & — &= o(N") + O(M),  fi — = o(N") + O(M,),
M, = (1 = 20N X Cov (J(U;.x)s J(U;.))|
(3-24) + |2 EIU;)a*(J(Un))] + | Z Cov (J(Ujix), Wa(Us.n))
+ 12 Cov (S(Uj)s Wi(Upo)l + [ 2 EVL(Uon)a*(J(Uym))I] -
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By (A2.17), (A2.22) and (A2.23) in ABZ (1976) we have

A1 — 2

3
) 02 5 Cov (U )

ﬁ=ﬁ+%<

_ VoY@ (N
(5.25) M T P |+ oV

=7+ O(N_%) .

Hence, uniformly in x,

R(x — ) = O(x — ) — ¢(x — D1 — 7) + Xi=o @ Hi(x — )]
+ o(NY) 4 O(M,)
= Kl(x —7) +o(N7) + OM,),

and similarly
#(F, 0) = #,(F, 0) + o(N™') + O(M,) .

It follows that, in order to prove (5.14) and (5.16), it suffices to show that
M, = o(N7'). Since (5.15) and (5.17) are immediate consequences of (5.14) and
(5.16) on the one hand and (A2.22) and (A2.23) in ABZ (1976) on the other,
the proof of the theorem will then be complete.

At this point we finally need condition (5.4) rather than the weaker assump-
tion { JYf)dt < co. Using (5.4), (5.18) and (5.19) and proceeding as in the
proof of Corollary A2.1 in ABZ (1976), we find that each term of M, is

(5.26) o(N-F (5T i(1 — n))-tdr) = o(N7Y). 0

ReMARK. In the above we have stressed the fact that the only reason for
requiring (5.4) rather than assuming § J%(¢) dt < oo is that we have to show that
M, = o(N7'). However, there are special cases of interest where § J*(¢) dt < oo
suffices. If either 2 = 4, or fis a symmetric density and J(¢) is antisymmetric
about = 1, then M, = 0. Less trivially, since § J*(r) dt < co and (5.5) imply
that J'(r) = o({#(1 — 1)}-), we can follow the reasoning leading to (5.26) while
retaining the factor (1 — 22), to arrive at

(5.27) M, = o(|]1 — 2N {537 {1(1 — )}t di) = o(|]1 — 22N-Y).

Hence in the special cases where either 2 = } + O(N~%), or f is a symmetric
density and J is antisymmetric about the point 4, the conclusions of Theorem
5.1 will hold if condition (5.4) is replaced by the assumption § J4(¢) dt < co.
Comparison with ABZ (1976) shows that in these special cases the conditions
under which Theorem 5.1 holds are essentially the same as the conditions of
the comparable Theorem 4.1 in ABZ (1976) for the one-sample problem. This
is not surprising as one may think of the one-sample case under contiguous
alternatives as a two-sample situation with A = 1 + Op(N~*}).

We now turn to the special case J = —W¥,. For Fe. we obtain by partial
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integration

FU()¥(r)dt = 5§ W) dt,
(5.28) FUA)Wy(r)dt = 2\ W) de,

U (NT()dt = 2§ WA(e)dt — § W () dr,

VS U()T(OE/ ()T (1)[sAt —st]dsdt = § { W (e)dr — 3(§ W2 (1) dr)* .
Substitution of J = —W, and application of (5.28) considerably simplifies the
expressions (5.8) and (5.12) for &, and j,. Note that 7 defined by (5.11) re-
duces to
(5.29) p* = 0{A(1 — AN § W(1)dr}t .

The expressions for &, and 3, simplify somewhat further if we express § in
terms of »* throughout. Finally we rearrange the terms in }; &, Hy(x — 7*)
and Y 8, H,(u, — 7*) according to the integrals involved and substitute the
explicit expressions (2.43) for the Hermite polynomials H,. In this way we find
after laborious but straightforward calculations that for J = — W,

(5.30)  O(x — 7) — $(x — 1) Thoo @ H(x — 7) = Ly(x),

1 — O(u, — 7)) + ¢4, — 7) k=0 ‘Bka(”a — 7)) = 7*(F, 0),
where
Lo(x) = (I)(x - 77*)
CHx— ) [ 24(1 —22) | W1 dr
288 L{A(1 — ONY (§ W X(0)dr?
4 RROY
(T — DN 3 U0) dif
5 [3(1 — 62+ 62)(x* — 3x 4 7*(x* — 1)) — 3(1 — 52+ 52)p*ix
B e 48 REOYS
S0 =33 S TN [ W) dif
(1 — 240 {§ W3)dry
20— DN {§ T,(0) dif?
X (40 — 10x% - 15x) 4 dp*(x* — 63 + 3) — 8p*3(x* — 3x)
s (1 — 2206 — 3x + %) + 7% + (1 — 52+ Sy
(5.31) (1 =32+ 312)7;*3}]

X (F, 0) = 1 — O(u, — n*)

n*d(u, — n*)[ 241 —24) §W¥Hdr "
BT [{1(1 ZONY 3 Tr) dt}%( 2t 77)

4 { W(e) de
AT — N {5 Ui(0) dep

X {237 = 1) = 2% 4 9" +

X (1 — 34 + 32)p*® +

+ (31 — 64 + 62)(uz2 — 1)
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— 3(1 — 52+ 52)p*u, + 5(1 — 32 4 32%)9*?}
_ 48 VWi (dr Nk
30— N [ Tanap '~ 3
(1= 2 (VA0 gps
T AT DN (g Y
+ 477*(11,13 + 3ua) — 87]*2(11“2 _ 1) + Sy*tu, — 7]*4}
36

— {1 =2, + 1 1 — 54 + 5A%p*
ey 0 2w 1 (1= Sk s,

+ (=34 312)7;*2}]

Define

L) = L) + JEG I R (i)

L) = 1)+ J Sl W RO = o,

Ly(x) = Ly(x) + 2%%2(% S E (W) — W, <Ni 0)

(5:32)  m*(F,0) = n,5(F, 0) - %—Vf‘g—w:(—,)’%} S (W (U,))

* *
“(F, 0) = r#(F, 6) — T-900Wa = 0°) qiont (g vyt — 1) ar
my*(F, 0) = 7,*(F, 0) ZNSW([)d,S“ (T (@)l — ) dr,
X (F, 0) = 7 ,*(F, 0)
_ (U — %) sy E<1If U.)_ T <4 J _>>2
2N § W.X(r) dr 2 (Vi) = il + 1)
Note that (5.9), (5.10), (5.11), (5.13), (5.30) and (5.31) imply that for J = —W,,
K(x — 7) = L(x) and #,(F, §) = n*(F, §) for i = 1,2. The expansions L, and
m,* are connected only with approximate scores that were not considered so far.
THEOREM 5.2. Let Fe 5, J= —W,G(x)=F(x —0),0 <0 < DN}, ¢ <

A< 1 —cand & < a <1 — ¢ for positive D, ¢ and ¢'. Then, for every fixed F,
D, ¢ and ', there exist positive numbers B, 0,, 0,, - - - with lim_, 0, = O such that
the following statements hold for every N.

(i) For exact scores a; = —EllJ'l(U].:N),‘
T ¢ -1
(5.33) sup, P<*{’Z(*17_7)"2*avjf2'}*{ = *) —L(x)| < 0yN,
T
34 [P (G g =)~ 40

< 0y N7+ BN (WP {(1 — 0},
(5.35) |w(F, 0) — n,*(F, 0)] < 6y N,
(5.36)  |a(F, 6) — m*(F, 0)] < 0y N= + BN=1 {207 (W () {e(1 — )} dt ;
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(ii) For approximate scores a, = — W ,(j/(N + 1)),
; T —23 a;
5.37 Pl——— &7 _<x)—L < 0yNT1,
( ) Supx <{2(1 — /{) Z ajz}% = x> 3(x) = N

(5.38) sup,

<{2(1T:;)ZZ(;2}% = ) L)

< 6y N-' 4+ BN~ (87 (W(0)r(1 — )i,
(5.39) |7(F, 0) — m*(F, )] < 6y N
and (5.36) continues to hold.

Proor. For Fe.&, W, is not constant on (0, 1), { ¥ (¢) dt = 0 and ¥ ®is sum-
mable. In view of the remark following Definition 5.1, this implies that J & _Z.
We have already noted that K,(x — ) = L,(x) and #,(F, §) = =,*(F, 0) for i =
1,2,ifJ = —W,. Part(i)of the theorem is therefore an immediate consequence
of Theorem 5.1.

To prove part (ii) we retrace the proof of Theorem 5.1 for / = — W, and ap-
proximate scores a;, = — W, (j/(N + 1)). The first difficulty we encounter is that
in general )] a; + 0. However, Lemma A2.3 of ABZ (1976), (5.7) and (5.18)
yield

(5.40)  a, = % Yiia, = —\W(r)dr + O(N-' VA7 W/(r) dr) = o(N-H),

and one easily verifies that the conditions of Theorem 4.1 hold for the reduced
scores a; — a,. Since the assumptions of Theorem 4.2 are also satisfied, we have

T—-41%aq > o . _
r— 4 C<x) — R(x — 7;)’ = O(N-1),
<{'?(1 — ) 2 (a; s — @)

where K and 7 are obtained from K and 7 by replacing a, by a; — a, throughout.
Because, by (3.10) and (5.40),

(5.42) S (g — @) = % a1+ o(N),

we can change the norming constant ) (a, — a,)’ of T in (5.41) back to 3 a}
with impunity. As { W(r)dr = 0, (5.42) also ensures that |§ — y| = o(N~¥).
Finally (A2.16) of ABZ (1976) and (5.18) imply that ¢,*( 3] a;¢,(Z;)) = O(N)
for / = —W, and, together with (5.42), (3.10), (5.6) and (5.40), this yields
sup, |[K(x) — K(x)| = o(N-%). Combining these results we find

(5.41) sup,

T — 4% a O R(x — _ -
(5.43) sup, <{2( T S ) K 7;)’ O(N-1)
and similarly
(5.44) |7(F, 6) — #(F, 0)] = O(N~1).

The remainder of the proof parallels that of Theorem 5.1 for the special case
J = —W,. We replace all sums as well as ¢*(}] a; ¥,(U;.y)) by the appropriate
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integrals. The reasoning of Corollary A2.2 of ABZ (1976) shows that for those
terms in the expansions that are O(N~"), this substitution will only lead to errors
that are o(N~!). For the O(N~*) terms the error committed is O(M,) + O(M,),
where M, is given by (5.24) with J/ = — W, and M, originates from the difference
between exact and approximate scores. It was shown in the proof of Theorem
5.1 that M, = o(N~'). With regard to M,, (5.7), Lemma A2.3 of ABZ (1976),
(5.18) and (5.19) imply that, uniformly in j,

EW,(U, ) — W (= )
BV W) =~ T (51)
i (N — j 4 1)1k
5.45 = O(N- <N 1{1(_1_}
(5:45) (N7) + 0 N1y )
EW(U, ) = o(1 J'_@.:L‘F_l)}'* :
B sl = 01) + o ([IE=LE D))
(N — j+ 1))
EW,(U,.,)| = 0(1 ({J_(E_L} )
I 2( J-N)I ( )+ 0 (N—]— 1)2
where k = 1,2, 3. It follows that M, is of the form (5.26) and is therefore
o(N-Y).
It remains to replace » by »*. Because of (5.7), (5.18) and Lemma A2.3 of
ABZ (1976), N-' 3 ¢¥(W,(U,.)) = o(N~%), and in view of (5.45),

1 J 2
R ACT o) EV(U,) — § W) a

L w1 s ()]
= o(N7¥).
Hence, for J = -V,
(5:49) =7~ g D E{G) = ()] e0v
= n* + o(N7¥),

and a comparison with (5.25) for J/ = —W¥, show that (5.37) and (5.39) will
hold if L, and 7;* can be obtained from L, and 7,* by replacing Y] ¢*(¥,(U,.,))
by 3 E{¥,(U;.y) — ¥,(j/(N + 1))}. Since this is true, (5.37) and (5.39) are
proved. The validity of (5.38) and (5.36) for approximate scores is a con-
sequence of (5.37), (5.39) and Corollary A2.2 of ABZ (1976). The proof of the

theorem is complete. []

At this point it is appropriate to repeat some remarks made in ABZ (1976).
The correspondence between expansions (5.34) and (5.38) and the fact that
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(5.36) holds for both exact and approximate scores seem to be typical for the
case/ = —W,. In the general case where J = —W,, expansions (5.15) and (5.17)
will not hold for approximate scores even if T is replaced by T — 2 Y a; in
(5.15). A second remark is that the growth conditions on J* and ¥ implicit
in our assumptions (viz. (5.4) and (5.18)) do not guarantee that the right-hand
side in (5.15), (5.17), (5.34), (5.36) and (5.38) is indeed o(N!) as is our aim.
For this we would need J'(t) = o({t(1 — #)}")and ¥/(¢) = o({t(1 — £)}~*). This
may explain the presence of the remaining expansions in Theorems 5.1 and 5.2,
which are less explicit but do have remainder o(N-') under the conditions stated.
Note that their presence in Theorem 5.2 also indicates that even for J = — W,
expansions for exact and approximate scores are not necessarily identical to
o(N-'). Finally we should point out that similar expansions with remainder
o(N~') might have been given in Theorem 4.2 of ABZ (1976) where they were
unfortunately omitted.

We conclude this section with a few examples of the power expansions in
Theorems 5.1 and 5.2. First we consider the powers 7,,(®, 6) and 7,,(A, 6) of
Wilcoxon’s two-sample test (W) against normal and logistic location alterna-
tives (®(x), O(x — ¢)) and (A(x), A(x — 6)) respectively, where A(x)=
(1 4+ exp{—x})~*and # = O(N~%). We find

Ty (D, 0) = 1 — O(u, — 7) + 77¢(u§V — 1)

37 — 2174 + 2172
x| —3— R
[ 2 a1 =g e

367 — 4371 4 4372

5.47 —-—{— }ua
(>-47) Tyl T 20 7
1 (3 oz 29219+ 21912} ,
21— %) { * 7

1

6 ' 36 20
(1 — 64 + 64) 6arctan 2¢
A1 —2) T

+ o(N7Y),
where 73 = (34(1 — A)N/xn)%0, and

+

{ua2 -1 - 2”0{77 + 772}:|

7rw(A, 0) =1 (I)(lla — 7]*) + M

N
L2 I — 52452
5.48 [_L_M oy LS se,
(5-48) R T w i A T e
I — 324 32

T 2001 — %) ”*2] o),

where p* = (2(1 — 2)N/3)%6.
As a second example we compute expansions for the powers 7,4(®, ) and
mys(A, 0) of the two-sample normal scores test against the normal and logistic
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location alternatives described above. One of the integrals occurring in this
computation is

(5.49) S}v—_ﬂi‘l i(1 —1 ) g dr =2 (@71a-¥7 Q(x)(1 — O(x)) dx

{82~ ()} #(%)
and since its asymptotic evaluation is not entirely trivial, we provide some
details. Let y denote Euler’s constant

(5.50) ;= lim,_., { e, L jog k} — 0.577216 -
J

and note that (cf. Ryshik and Gradstein (1957), page 197)

(5.51) {¢e*logudu = —7,

(5.52) (o p(u)logudu = —%log2 — Ir.

To evaluate (5.49) we begin by writing for z > 0

(5.53) ¥ 1 _((I;(x) dx = (i dx |= e-du=2wo gy — L1 (e dy (240 e=iw gy

= Sg"ie‘ﬁ“z(l — e ) du.
u

It follows from (5.53) and (5.51) that for z — oo,

Sol—:—(g(ﬁd x = (& __(1 e~ ™) du + {2y — ! e*“zdu o(l)

(5.54) — it L ey dut g g;;,)_I%e—" du + o(1)

u
=4logz— \fevlogudu + § log (2z)
+ 4§ e logudu + o(1)
=logz+4 $log2 + 4r + o(1).
Similarly (5.53), (5.51) and (5.52) imply that

o L= QW) ;(q;;"))z dx = {7 §(x) dx {5 e #(1 — emv) du
(5.55) = 5 - (et — (1 — O(w) dn

= (¢ log u{fue=*** — ¢(u)} du
= 4log2 4+ L {Fe*logxdx — {7 ¢(u)logudu
= $log2.
Sincelog @Y1 — N7') = floglog N + % log2 + o(l)for N — oo, (5.49), (5.54)
and (5.55) imply that

v (=0
(5.56) {1 -{-Wdt_ loglog N 4+ log2 + y + o(1).
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With the aid of (5.56) we find
(5.57)  ays(®@,0) = 1 — Du, — 7*) + Mzﬁf_m[—%log log N
— }10g2 — 4y + 3 — 3w — D] + o(NY,
where now 7* = {A(1 — A)N}}6, and
(A 0) = 1 — O, —7) + P =Dy loglog N+ 3 10g 2 + 47

130432 0y
124(1 — )
31 — 22 71'__4—2124—2122}”.

— 3 _
2

{ a1 -2 6 1241 — 2)
{6(1 —SAESE) Ly 31— 22)
1

(5.58)

) a1 = 2)

Ie(1 — 524 5%) 5 — 21+ 2122}7_]2}
64(1 — 2) 122(1 — 2)

+ o(N7Y),

where now 7 = {A(1 — A)N/z}}6. Note that Theorem 5.2 ensures that expansion
(5.57) is also valid for van der Waerden’s two-sample test which is based on
the approximate scores a, = ®~'(j/(N + 1)).

It may be useful to remark here that an integral similar to (5.56) also occurs
in ABZ (1976), formula (4.25) on page 130, where its asymptotic behavior is
determined numerically. However, the numerically computed value is incorrect
and in formulas (4.25) and (6.8) in ABZ (1976) the number 4 log 2 + 0.05832 . ..
should be replaced by 3y = 0.288608 - .. (cf. the correction note in this issue).

6. The permutation test based on the sample means. In ABZ (1976) two
results were given for permutation tests in the one-sample problem. The first
of these is an asymptotic expansion for the power of the locally most powerful
permutation test against contiguous shift alternatives. Secondly it was shown
that the difference between the powers of the permutation test based on the sum
of transformed observations }; j(X;) and Student’s test applied to j( X)), - -, j(Xy)
is o(N7) for a large class of alternatives.

In the present paper we shall forego the two-sample analogue of the first
mentioned result; the expansion can be obtained in a straightforward manner
in much the same way as in the one-sample case but the computations will be
extremely tedious. We shall concentrate on the comparison with Student’s test.
For simplicity we take j to be the identity, thus comparing the two-sample
permutation test based on the sample means with Student’s two-sample test.
Also, we restrict attention to contiguous location alternatives.



ASYMPTOTIC EXPANSIONS FOR TWO-SAMPLE TESTS 975

As before, we assume that X, ..., X are independent, X, - .., X, having
common df F and X,,,, ---, Xy having common df G(x) = F(x — 8); Z =
(Zy, -+, Zy) denotes the vector of order statistics of X, ---, X,,. We wish to
test the hypothesis § = 0 against the alternative § > 0 at a fixed level a € (0, 1).
We denote probabilities and expectations under the alternative by P and E, and
under the hypothesis by P, and E,. Note that we do not assume that F has a
density, as we did in the previous sections.

The permutation test rejects the hypothesis if

(61) Z%v:m+1 Xi g Etz(Z) ’

possibly with randomization if equality occurs. Here £,(Z) is chosen in such a
way that

(6.2) Pl Xi 26, Z)=a aus.

with an obvious modification if there is randomization. If Fis known, Student’s
test rejects the hypothesis if

(63) g (ML= NN — (x> — X, ) ]
[Zr (X — X% + T (X, — X2))E

1\

where

xw=Lymx, xw=Llyr x
m h

i=m41 A+
Here 7, depends on F, N, 2 and « and is chosen in such a way that the test has
level a. Again there may be randomization. Let x,,(F, 6) and zg,(F, 6) denote

the power against the alternative (F, F(+ — #)) of the tests (6.1) and (6.3)
respectively.

THEOREM 6.1. Suppose that positive numbers ¢, C, D, ¢, ¢', 6 and r > 8 exist such
that F~' is differentiable on an interval of length at least § where

d
6.4 ZFY ) =c,
(6.4) S F) 2
and such that § |x|"dF(x) < C,0 < 0 < DN}, e<i<1l—candd <a<1—¢.
Then there exist B > 0 depending only on ¢, C, D, ¢, ¢’ and 6, and 8 > 0 depending
only on r such that

(6.5) (7o i(Fs 0) — moi(F, 0)] < BN-1-* .

Proor. We shall draw heavily on the proof of Theorem 5.2 in ABZ (1976).
The only essentially new problem is caused again by the occurrence of a term
of order N~} in the expansions. The O symbols in this proof are uniform for
fixed ¢, C, D, ¢, ¢’ and §. Since both tests are location invariant we may assume
without loss of generality that | x dF(x) = 0.
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We begin by collecting some results on moments that will be needed throughout
the proof. Define

. — 8
6.6 :mm(r ,l>,
(6.6) § =%k
1 1
(6.7) X, =27, = ~ yoX; :NZ;Y:I Zz,,

and note that EX,* = E(X, + 0)* and that EX, = 0. Proceedingas in the proof
of Theorem 5.2 in ABZ (1976) we see that

C253 2 4 2/r
(6.8) = EX s [EXf s O,

and that, uniformly on a set of probability I — O(N~'-#) under P as well as
under P,,

1

(6.9) ~ Tt Xk = (1= DEX} + O(N-#), k=1,...,4,
(6.10) .%. ¥ X} = JEX}} 4 O(N-), k=1,...,4,
(6.11) % mL (X — X)F = (1 — )EX* + O(N-#), k=2, ....4,
(6.12) b Dl (X = X = X} + ONF),  k=12,....4.

For k = 1, (6.9) and (6.10) are insufficient for our purposes. Arguing as in
(5.13) in ABZ (1976) for = = N-3, we find

1 1
(6.13) v L X = O(NY), + Diem Xy = O(N7H),

uniformly with probability 1 — O(N-'-#) under both P and P,.

We shall also have to consider the quantity I{x: 3/ |x — X;| < {} for some
{ = N-tlog N, where I denotes Lebesgue measure. Borrowing from the proof
of Theorem 5.2 in ABZ (1976) again, we find that for { = N-% log N,

(6.14) Mﬂiu—m<gg%§
with probability 1 — O(N='=#) both under P and under P,. Let E, be a set on
which (6.9)—(6.14) hold uniformly, with P(E)) = 1 — O(N-'~#) and P.(E,) =
1 — O(N--#).

Under the hypothesis P, and conditional on Z the df of

N_i(ZZanH Xi — 4 Z}Y=1 Zj)

equals R(x, p) defined in (2.9) with p, = 2 and a; = Z; for j=1, ..., N.
Hence Corollary 2.1 provides an expansion for this conditional df that holds
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uniformly on any set where the a;, = Z, satisfy (2.61) and (2.62) for some fixed
positive ¢, C and d, and in view of (6.8)—(6.14) such a set is contained in E,.
Since ¢/ < a < 1 — ¢, this yields an expansion for £,(Z). We find (cf. (4.14))
&) —232;
(41 — 2 X (Z; — Z)]

(=) 5(Z = ZF iy
6{A(1 — DH[Z (2, — 2P °
(6.15) = A =2015(Z = Z)T 0y _ 5y

362(1 — A3 (Z; — Z)T
{(1 — 61468 (Z, —Z,) (1 — 2,2)
2441 — D[ X (Z;, — Z)T 84(1 — A)N
+ O(N7H),

= u, +

} (u? — 3u,)

uniformly on E,.

Next we start to compute under the alternative P. We have P(E)) = 1 —
O(N~'-#)and on E, we can use (6.8), (6.11)and (6.12) to replace the random terms
of order O(N~!) on the right in (6.15) by constants. In this way we arrive at

(6.16)  mp(F, 0) = P(T* 2 & + U, + O(N%)) + O(N--%),

where the first remainder term depends on Z but may now be taken to be uni-
formly O(N—'=#), and where

(6.17) 7% = XianXi — A2 7
[A(1 — 4) Z(Z — Zy’
e = w4 2N e

6{A(1 — ANP(EX?)?
(6.18) — (= 20EX) 58 sy
364(1 — AN(EXZ)
(1— 62+ 6B)EX,  (1—20 |, o
+ {241(1 ZONEX?Y | 8i(1 = R)N} (1 = 3t).
(1 — 22)(2 — 1) (Z (Z, — Z.)° N‘%EX13} .

sl — f [z (z, -y (Ex?

(6.19) U, =

The basic problem is now to show that the rv U, originating from the O(N~?%)
term in (6.15), may be omitted in (6.16). Since U, is a rv of order N~%, this
problem is nontrivial. We shall show that because U, depends only on Z and is
approximately centered, a cancellation occurs which makes its contribution to
(6.16) of negligible order. Several methods of proof are possible. We choose
one that does not require any additional assumptions.

In (6.16), P may be replaced by P, if X, is replaced by X, 4 ¢ for i =
m + 1, ..., N, which transforms 7* and U, into T*(0) and U,(6), say. On the
set E,, (6.8)—(6.13) ensure that we can expand T*(¢) and U,(f) about T* and
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U,. Replacing rv’s by their expected values if the difference is of negligible
order, a simple calculation shows that under P, we have, uniformly on the set E|,

3(1 — NG ] w1 = W}

(6.20)  T*(6) = T* [1 —

1y 7 -2y | (2 = ZyT
(1 — DPNG (31 — DN e
@z T ey 0T
(6.21) U(6) = U, + O(N-7).

Another easy calculation where we use (6.8)—(6.13) to bound the terms in
(6.20) and (6.21) and to replace rv’s by their expected values whenever possible,
and where we note that §,* = u, + O(N~*), shows that uniformly on E,, the
inequality T*(6) = §,* 4+ U,(6) + O(N-'~#) isequivalent to T* = & *(0) — U, +
U, + O(N-'-f), where

_ GO — )Ny (a1 =Dy, i1 = 0p

22 * = & *
(6.22)  &40) = &, ) NEE 4 " aE

o’

(6.23) Uy = {4(1 — 2)}*No {[Z Z. 1_ ZyE (NE}z)* } '

Since Pp(E;) = 1 — O(N~'~#), this implies
(6:24) 7, (F, 0) = Pu(T*(0) = &% + U,(6) + O(N"%)) + O(N-1~%)

= Po(T* 2 &.7(6) — Uy + Uy + O(N779)) + O(N77F) ,
where the first remainder term in the last member depends on X, ..., X, butis
uniformly O(N='-%).

Since U, and U, depends on X, ..., X, only through Z, we can compute
Po(T* < £,%(0) — Uy + U, + O(N~'7#)) by taking the expectation under P, of
the conditional df of T* given Z under P, evaluated at the point §,*(8) — U, +
U, + O(N~'7#). Corollary 2.1 provides an expansion for the conditional df of
T* given Z under P, that is valid uniformly on E,, and P,(E)) = 1 — O(N~'7#).
Combining these facts and simplifying as much as possible with the aid of
(6.8)—(6.13) (note that (6.8), (6.11) and (6.12) imply that U, = O(N~*) and
U, = O(N-##)) we find

L 0) = 1= B0 Uy ) =2

n(Z, -2y e o
< Bz PO — DI — )]

(6:25) FHEHO) | 5 EO) + ]

(1 — 62+ 68) EX}
2401 — )N (EX2)

(1 — 22 . (1 —22° (EX’)
TRl — R)N} HE50) + 724(1 — )N (EX2)?

X HEA(O) | + OV ).
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Thus we see that the contribution of U, to the expansion for r,,(F, §) is re-
stricted to its contribution to —E,®(§,%(0) — U, + U,). On the set E, we have
U, = U, + M, where

= L2 = D) (B 2) ) _ g (220 )],

1 =

6{4(1 — )N} NEX? NEX?
and
v = 0 (|G B if 4 | BN | [BE R )

uniformly on E,; also U, = O(N~*) uniformly on E,. Let y, denote the indicator
of E,. Then, because P,(E)) = 1 — O(N'7#),
Ep®(E,*(0) — Uy + U)) = Ex®(E*(0) — Upits, + Uy + Myz) + O(N™'%)
= Ey @(Ea*(ﬂ) - oXEl) + E; ¢(Ea*(0) - OXEI)(jl
+ O(N7V7# 4 EF{(712 + |M|xg})
= Ep®(£,%(0) — Uy) + $(6.*(0)Er U
+ ONT# o+ E{NH|U)| + U + |Mzs}) -
Noting that 3} (Z;, — Z,)* = 3, (X, — X,)¥, E; X, = 0 and E;|X,|” < C for some
r > 8, one easily verifies that E, U, = O(N~%), E,U;? = O(N~*) and E M|y, =
O(N-%). It follows that
(6.26) E,®(&.%(0) — U, + U) = E,O(E,*(0) — Uy) + O(N74),

and hence U, may be omitted in (6.25) because its contribution is of negligible
order. Retracing our steps back to (6.16) we conclude that the same must be
true there, so that

(6.27) Tp(F, 0) = P(T* = £ + O(N-#)) + O(N-1-F).

The remainder of the proof parallels that of Theorem 5.2 in ABZ (1976). Let
T be Student’s statistic as defined in (6.3). The inequality T* = a is algebra-
ically equivalent to T = a{(N — 2)/(N — a*)}* on the set where }; (X; — X,)’ # 0
and provided that > < N. Since ) (X; — X,)* # 0 on E, for sufficiently large
Nand¢ < a £ 1 — ¢, this implies that

L — 2u

(6.28)  @p(F, 0) = P<T =g+ 7 -t O(N—l—ﬁ)> 1+ O(N-1-5) .

In the same way as in the proof of Theorem 5.2 in ABZ (1976) we show that

(6.29) sup, P(t < T <t + O(N-'-F)) = O(N™'¥)
and hence

6.30 Fooy=P(T=ex o % =2\ | o(N-1-9) |
630) (R 0) = P(T 2 & 41 Fe) 4 ON)

Now &,* depends only on N, 4, « and F but not on ¢, and arguing as in the
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proof of Theorem 5.2 in ABZ (1976) we find that this together with 7, (F, 0) =«
ensures that

8 — 2u
6.31 t, =& + Y = “ha | o(N-1-8)
(6.31) g+ B By o(N-oy)
with 7, defined as in (6.3). Combination of (6.29), (6.30) and (6.31) completes
the proof. []

Although we have conducted the proof in such a way as to avoid actually
establishing expansions for z,,(F, ) and z,(F, 6), the excursion from (6.16) to
(6.26) and back has, in fact, brought us rather close to obtaining such expan-
sions. Suppose that the conditions of Theorem 6.1 are satisfied but drop the
assumption { x dF(x) = 0 that was made in the proof merely for convenience.
Define

. {A(1 — )N}
(6.32) 7= ) ,
6.33 £y (F) = M , £f(F) = E(X, — EX))* -3,
633 = 2GS (1 = HE R0

where all moments are computed under F since only X, is involved. A relatively
straightforward computation starting with (6.25) and (6.26) yields

e (F 0) = 1 — D, — 7) 4 10 = 1) [1200 = 22)e(F)
A 0) = 1= Oy — 7) + D) [HC 28D 7 — o)

1 — 227k} (F)

+ (=7 + S, — 8u27 + 4, + 877

21— )N
(6.34) — 24u7 + 20u7 — 10)
30(F) 1324 3y — 3
+2(1_2)N{ ( + 38)7 - 3)
+3(1 = 53+ 5P — 3(1 — 62 + 621}
1842

-
where § is given by (6.6) and the O symbol is uniform for fixed ¢, C, D, e, ¢’
and 9. Theorem 6.1 ensures that the same expansion is valid for s F, 0).

The case where F is normal is perhaps of most interest because both tests are
then asymptotically efficient. Since ® satisfies the stronger regularity conditions
needed to replace 8 by 1 we find in this case

(6:35) 7@, 0) = 7 (®, ) + O(N-1)

=1— O, — 7*) ”a277*¢2:’]z\xr ) + O(N-1),
where »* = {A(1 — A)N}4.
Y }

7. Deficiencies of distributionfree tests. In analogy to the one-sample case
we want to compare the distributionfree tests discussed so far to the best parame-
tric tests for the two-sample problem when the hypothesis and the alternative are
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both simple. The situation is more complicated than in the one-sample case
because of the shift invariance of the distributionfree tests involved. Let
X,, -+, X, be independent and let (F, G) denote the hypothesis that X;, - .-, X,
have common df F and X, _,, ---, X, have common df G. For fixed F and ¢
and varying A € R*, consider the simple hypothesis H, and the simple alternative

Ky 5.4, Where
Hy =(F,F),  Kpy,= (F(- +A40), F(- — (1 — 4)0)).

The shift invariance of the distributionfree tests ensures that their power against
K 5.4 is independent of A, so that it was sufficient to consider only alternatives
with A = 0 in the preceding sections. Note that the form of the locally most
powerful rank test against K, ,, is also independent of A. However, the en-
velope power n*(F, 6, A), i.e., the power of the most powerful level a test of
H, against K ,,, does depend on A and the “right” A against which compari-
sons should be made is thus the value A, that minimizes the envelope power.
It is given to first order by A ~ 2. For values of A whose asymptote is different
there is not even an asymptotically efficient shift invariant test, so that the defi-
ciency of a shift invariant test with respect to the best test is not of much interest
in this case. Of course we shall have to provide a more precise asymptotic
evaluation of A, because we are concerned with second order terms.

Suppose that F is a fixed df with density f that is positive and five times dif-
ferentiable on R'. The most powerful level a test for H, against K , , rejects
H . for large values of the statistic

50— Trt0g JEEAD oy fO = (1= )0)
f(Xo) fXo)
This statistic is a sum of independent rv’s and we can therefore obtain an
Edgeworth expansion for its df under H, and under K, , and hence for the
power n*(F, 6, A) by proceeding in the classical manner and expanding the
cumulants of the statistic. In this expansion for z*(F, ¢, A) we minimize with
respect to A. We shall give each of these expansions but we omit the tedicus
computations.
Define ¥, by (4.15) fori =1, ..., 5, and take

#+(F, 0, A)

—1_ oy 9, — ) [24 o §WHdr 50
=1 =, —17) - =5 [N*{rzs‘lfﬁ(t)dt}%( 2u, + 1)

(7.1) +_ t, § UA(r) dt

N {5, § U(1) dif? {—3(u — 1) + 3ju, — 277}
12 7, W (e)dr

HOde 1 fe | W) dif
TN By T TN (5 U
X {8(2u,} — 1) — 45(u,® + 3u,) + 7(8u,’ + 1) — 57%u, + 7'}

36#4( u2+1+7;a):|’
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where
(7.2) 7= [M(1 — DA* 4 A(1 — MY} { Wi(r) dr]id,
(7.3) T, = (1 — A)AF + 2(A — 1), k=2,3,4.

Lemma 7.1. Let F satisfy (5.6) for m, = 5[i, i =1, ..., S, and suppose that
positive numbers D, D', ¢ and ¢’ exist such that 0 < § < DN-%, |AG] < D'N-#,
eSA=1—canded <a<1—¢. Then there exists B> 0 depending only on
F, D, D', ¢ and &' such that
(7.4) |z*(F, 6, A) — #*(F, 6, )| < BN-.

Proor. Under the conditions of the lemma we find that under H, = (F, F)

Spn + 37
P, <_ﬁ— < x>
— O(x) — $(x) [2_4 o § W) dt
- 288 LNt {r, { W2(r)dr)l

4 7, W) dr

N (e, § WR(1) drp
12 ¢, §WkHdr [ "
TN Eswap T

1 {z, § W3(r) di}?
N {c, § WX(1) di}®
+ 137°(x* — 3x) — 67°(x* — 1) + 77*x}

BT 1= = 3+ 2900 — 1) — 774} | 4 OV,

2(¢ — 1) — 37x 4 7}

{3(x* — 3x) — 67(x* — 1) 4 57*x — 277}

+ {4(x® — 10x° + 15x) — 12(x* — 6x* & 3)

_|_

whereas under K , ,,

= O(x) — $(x) [_zi o § W(e) dt
N 288 LNt {r, | W(r) dr}?

2 s B0 300 30 46 — 1) 4 Six + 279

20 — 1) + 39x + 7%}

N {zy § W) di?
12 7, § W2(¢) dt _ _
N T
MERCAR AGYL;
N {z, § W2(0) drf?
+ 137(x — 3x) + 67°(x* — 1) + 7%}
367
Nr,
The remainder terms O(N-%) are uniform for fixed F, D, D' ¢ and ¢’. Together
these expansions yield (7.4). []

4(x* — 10x3 4 15x) 4 127(x* — 6x* 4 3
( 7

R (0 = 3 = 20 — 1) — 77 | + OV,
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For large values of |AGN?|, both =*(F, 6, A) and #*(F, 6, A) will come close
to1as N— co. It follows that an asymptotic expansion for the value A, that
minimizes 7*(F, 6, A) may be obtained by minimizing #*(F, 6, A) instead. This
yields

_ A =P §Wiar x -
(7.3) A= 2+ 0 1Irlz(t)dt}g( 2u, + 7*) + O(N7)

with »* as in (5.29). Since the derivative of 7 with respect to A vanishes at
A = 2, (7.5) is sufficient to determine 7 and #* for A = A; up to a remainder
O(N-%). Noting that indeed |A,0] = O(N~*), we substitute (7.5) for A in (7.1)—
(7.3) and neglecting terms that are O(N~%), we find that #*(F, 6, A,) reduces to
~ 4 _ * v*¢(ua - 7]*)
F,0)=1— O, — 7y )+T
[ 24(1 — 22) S W¥r)de
(1 = DN (§ U(r) iyt
41 — 324 32) (WAr)adr

(—zua + W*)

TN UK dip

(7.6) X {3(115,2 — 1) — 3p*u, + 277*2}
121 =324 38) §WHOdr . 9 {§ WX dip
AT—HN  [§UHndy T N (T

s (=2 GO g
X T TN g ag T D

+ 4yt (s’ + 3u,) — 7*(8u’ + 1) + 57, — 7*Y

36(1 —324+32) , . .
L (= 1)+ 7 |

with 7* as in (5.29). Summarizing, we have

LeMMA 7.2. Let F satisfy (5.6) for my = 5/i, i =1, ..., 5, and suppose that
positive numbers D, ¢ and ¢' exist such that 0 < 0 < DN} ¢ <A< 1 — ¢ and
¢ Za =1 —¢. Then there exists B > 0 depending only on F, D, ¢ and ¢ such
that
(7.7) |m*(F, 8, A)) — #*(F, 0)] < BN-%.

For the same testing problem Theorem 5.2 provides an expansion for the power
n(F, 0) of the locally most powerful rank test. Together, Theorem 5.2 and Lemma
7.2 enable us to find an asymptotic expression for the deficiency d, of the locally
most powerful rank test with respect to the most powerful parametric test for
Hj against K, , . To ensure that F satisfies the assumptions of both Theorem
5.2 and Lemma 7.2, we require that F e .5, where

DEFINITION 7.1. .57 is the class of df’s F on R! with positivg and five times
differentiable densities f and such that (5.6) is satisfied fork =1, ..., 5 with
m =6,m,=3,my=25§, m =3, m =1, and such that (5.7) holds.
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Furthermore, we define

5 1 (4§ W) dr 2 «
Buo= g5 Lo w oy g D0 — D = 27
A1 — 32+ 38 {g WA(r) dt — 3§ WA(r) dr
) (10
3 W) ary 30 — 22 {§ W 3(e)dr)?

+ 3} 7]*2

2 3 (2u“ - 7]*)2 - 2 3
_ {§ W(2) di} AL —2) {§ W/i(1) di}
(7.8) 12u2 43— 2;7*ua}] ,
j 1 N

dN,l = d.N,O + oz(wl(Uj:N)) s

§W(rydt <
Qs =+ iy g V0 (WOML = 0,

1
. < 1 / i 2
do,=d, + L ».v_E(lIrU..,_w J )
vo = duat e g 2o B (FUi) 1(N+1)

where W, and »* are given by (4.15) and (5.29) and U, is the jth order statistic
of a sample of size N from the uniform distribution on (0, 1).

THEOREM 7.1. Let d, be the deficiency of the locally most powerful rank test
with respect to the most powerful test for testing Hy against Ky , , on the basis of

X, +++, Xy and at level . Suppose that Fe &%, c(N7P < < CN7% e <A Z
1 —cande < a <1 — ¢ for positive ¢, C, ¢ and ¢'. Then, for every fixed F, c,
C, ¢ and ¢, there exist positive numbers B, d,, 0,, - - - with lim,_,, 6,, = O such that
(7'9) |dN - d-N,1| = 5N )

(7.10) (dy — dyl < 8y + BN=H 50 (W P{(1 — O} dr.

If in the above the locally most powerful rank test is replaced by the rank test with
the corresponding approximate scores a; = —W,(j/(N + 1)) then

(7.11) ldy — dy | < dy

and (7.10) continues to hold.

Proor. Let us first consider the locally most powerful rank test and show
that the expansions (5.35) and (7.7) yield (7.9). The conditions of the theorem
ensure that »*, {A(1 — 2)}~! and u, are bounded. As &, C .5, (5.18) holds
and the reasoning leading up to (5.46) gives

(7.12) N 5Y, 0¥(U(U,.y) < NP DL, E{WI(UJ*N) - w‘(zvi 1>}2

= O(N_s) .
In view of these remarks we find from (5.35), (5.32) and (5.31) that the power
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n(F, 6) of the locally most powerful rank test satisfies

n(F,0)=1— ®u, — 7*)

7FP(U — ) (1 =24 § W3(r) dt _ *
(713 R PR R R T A O A
+ o(N7H).

From Lemma 7.2 and (7.6) it is clear that z*(F, 6, A,) also equals the right-hand
side of (7.13). Since d, is obtained by replacing N and 7* by (N + dy) and
7*(1 + dyN=")} in n(F, §) and equating the result to 7*(F, 6, A,), and since 7*
is bounded away from zero, we find that d, = o(N?).

Having obtained this crude bound for d, we study the effect of the substitu-
tion of (N + dy) and 7*(1 + d,N-1)* for N and 7* a bit more carefully. The
effect on z,*(F, ) as given in (5.31) is obviously the addition of a term

7.14 77*?5(1’{((—77*)‘1y o(N—# ;
(7.14) T =) g, + o (N
to prove that this remains true for =, *(F, #) in (5.32) it is clearly sufficient to
show that

1 - 1 1 s
(7'15) N Z}}zlod(qfl(Uj:A\')) = m—l Z‘;:f oz(qfl(Uj:Nﬂ)) + O(N 3) .
Once this has been established, (5.35) and (7.7) imply that an expansion for dy
may be obtained by equating (7.14) to z*(F, 0) — =,*(F, 0) + o(N7*) and an
easy computation yields (7.9).

To prove (7.15), we let b, , denote the density of U;,, and we note the well-
known recurrence relation (N 4 1)b; v = jb; i vo1 + (N — j + 1)b; v We
have

AWLUs) = g BOUsnen ) — EV(U))

N—j+1
A B — EV(Upf

j N—j+ 1,
= T—ji——l (U (Ujiina) + N—_{_—'I- a(¥y(Uj.x41)

T D (U0 = B, )

Summation on j gives

LR A,

1

7.16 -
(7.16) N

Z}Y:ll Gz(wl(Uj:N+1))

y JIN—j+1) _ :
+ Zj:l —]—Vm— {E[wl(UjH:NH) lIrl(Uj:N+1)]} .
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By Fubini’s theorem and (5.18),

|E[wl(Uj+l:N+l) - wl(Uj:N+1)]| é S PRSRA II]I ’(t)l dt

U] N+1

E
SIS (OPUjiysr £ 1 < Ujipya) dt
*

Il

) GBI @O — nv=ide
M (L) ot D'
N+ 1/ {j(N+1=)F
where M is a bounded function on (0, 1) with lim,_,, M(t) = 0. Hence

Il

N j(N_j+ 1) _ A 2
251 W {ETY (U 11iv41) 1I].1((11:1\/+1)]}

= o(N=* {3A T {t(1 — 1)}tdr) = o(N~F).
Together with (7.16), this proves (7.15) and establishes expansion (7.9).
For the rank test based on the approximate scores the proof that (5.39) and

(7.7) yield expansion (7.11) proceeds in the same way as above, the only dif-
ference being that instead of (7.15) we now show that

(7.17) % Zy:1E<11rl(UM) - w1<Ni 1>>

TN + 1 ZN+1E< (Ujinen) — IIfl<Ni 2)>2 LoV

Using the recurrence relation for b, , again, we find after some arithmetic

% T E<IIII(U,.;N) - W1<Ni 1>>Z

_ + ZN“E< (Ujivin) — IIJ'1<N_j‘._2>>2

) (Y
-;“MNL )i (1) =¥ (7))
+er1 N+1{JN11F1<N—]|—2> < >>

T ":J-Ff‘_@‘(zvi 2> N w1<Ni 1>>2}’
Now (5.18) ensures that
N+2/ (N+2p (N +2)

N N
for ]—2$ ’N 19

k) v R a s e

for j=1,..-, N,

IA

it (7 >(N—j+ 2){.1‘(N—j+ 2>}—%
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where M is a bounded function on (0, 1) with lim,_, , #(r) = 0. Similarly, (5.7),
Lemma A2.3 in ABZ (1976) and (5.18) imply that

lElIfl(Uj:N“) -1 <N i 2>‘

A, #J_NI{J_(N_—_Li}_)} for j=1,..«,Na1.
<N+2> (N 1 2y o +

It follows that both the second and third terms on the right in (7.18) are

IA

o(N* ATHI(1 — D)t di) = o(NH),

which proves (7.17) and therefore (7.11).

Finally, the validity of expansion (7.10) for exact as well as approximate scores
is a simple consequence of (7.9) and (7.11) and the fact that Theorem 5.2 clearly
implies that both 3 e (W (U,.y)) and 3] E(¥(U,.y) — W,(j/(N + 1)))* equal

A (WPl — 0 de + o(1) + O(N=H A7 (W (n){u(1 — 1)} dr) .
This completes the proof of the theorem. []

Like Theorems 5.1 and 5.2, Theorem 7.1 presents us with a choice between
an expansion with remainder o(1) and one which is more explicit but may have
a remainder of larger order under the conditions of the theorem. If ¥/() =
o({r(1 — 1} for t —» 0, 1, then dy, = d,, + o(1) for exact as well as approxi-
mate scores and expansion (7.10) is obviously preferable. This appears to be
the most common case. However, if W/(¢) is of exact order {#(1 — £)}~?, then
(7.10) yields only

v (W ()P — 1yd
Finally, if ¥/'(¢) ~ {#(1 — t)}—l"’ for 1 — 0, 1 and some 0 < d < %, then (7.10)
reduces to d, = O(N¥).

In general, all we can say under the conditions of Theorem 7.1 is that

(7.19)  dy = 22EWUin) | o1y = o1 (W () (1 — 1) di) = o(NY)

§ W) dt
for exact scores, and that
_ 2 EW(YUsy) = U(/N A D))
(7.20) T di + 0(1)

= 031 1(lIr ()1l — 1) dr) = o(N¥)

for approximate scores. Even this result, however, is rather surprising because
one might have expected these deficiencies to be of the order Nt. The reason
that they are of smaller order than N? is of course that the power expansions
for the rank tests in Theorem 5.2 and for the most powerful test in Lemma 7.2
agree not only in their leading terms of order 1 but also in their second order terms
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of order N~ It is only in third order terms that differences begin to show up.
Borrowing a phrase from Pfanzagl (1977), who noted the same phenomenon in
the parametric one-sample problem, first order efficiency apparently implies
second order efficiency in the cases considered. Note that results very similar
to (7.19) and (7.20) were obtained for one-sample rank tests in ABZ (1976). In
that case, however, there is no cause for surprise because certain symmetries that
are present in the nonparametric one-sample problem ensure that there is no
term of order N~% in any of the power expansions. Finally we should perhaps
point out that in the present two-sample case, the fact that we have evaluated
the envelope power for A, as given in (7.5) instead of for the conventional choice
A = 2, is of no consequence for these considerations. For A = 2 the term in-
volving (2u, — »*)* should simply be omitted from (7.6) and (7.8) and this does
not influence the qualitative behavior of #* or d ,.

To provide some examples of Theorem 7.1 we compute the expansion (7.10)
for the special case where F is the logistic df A(x) = (1 + e~*)~! or the normal
df ®. The computations resemble those at the end of Section 5. Suppose that
c<ON!<C,e<i<l—cand ¢ <a<1—¢ for positive ¢, C, ¢ and ¢,
As both examples concern symmetric distributions for which { ¥ ) dr = 0,
the second order term in (7.5) vanishes so that we may take A; = 1 in both
cases. For F = A we are therefore concerned with the problem of testing the
hypothesis (A, A) against the alternative (A(« + 26), A(« — (1 — 2)6)) and d,,
denotes the deficiency of Wilcoxon’s two-sample test with respect to the most
powerful test for this problem. We find

1 — 32 432

(1.21)  dy= 5% [4%2 16 4 dyu, A

v*ﬂ +o(1)

with »* = {A(1 — 2)N/3}}6. In this example d,, remains bounded as N — co.
In the second example we consider the testing problem (®, @) versus

(O(+ + 20), ®(« — (1 — 2)0)). Now d,, is the deficiency of the two-sample nor-

mal scores test (or van der Waerden’s two-sample test) with respect to the most

powerful test based on the difference of the sample means. We obtain

(7.22) dy = loglog N + (u}? — 3) +log2 + 7 + o(1),

where y denotes Euler’s constant (cf. (5.50)). Now d, ~ loglog N — oo as
N — co. Note that there is no dependence on 6 or 1 in this expansion.

So far in this section we have compared distributionfree tests to the most
powerful test for a simple hypothesis against a simple alternative. However, all
distributionfree tests occurring in this paper—rank tests as well as the permu-
taion test discussed in Section 6—are invariant under changes of location and
scale. It would therefore be more realistic to compare these tests to the uni-
formly most powerful location and scale invariant test, if such a test exists. For
the two-sample normal location problem Student’s test answers this description
and its power would therefore be a more suitable basis for comparison than
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the envelope power. For the problem of testing (®, ®) against (O(. + 49),
D(. — (1 — 2)9)) the power of the most powerful test equals 1 — @(u, — 7*)
with »* = {A(1 — A)N}}0. Assuming again that c <IN} < C, e <1< 1 —¢
and¢’ < a < 1 — ¢ for positive ¢, C, eand ¢’, the power of Student’s two-sample
test is given by (6.35) and its deficiency with respect to the most powerful test
is therefore equal to iu,? 4 o(l). It follows from (7.22) that the deficiency of
the two-sample normal scores test (or van der Waerden’s two-sample test) with
respect to Student’s two-sample test for the normal location problem is given by

(7.23) d, = loglogN — 3 + log2 + r + o(1),

where now the expansion does not even depend on a. Since both tests are loca-
tion invariant, (7.23) also denotes the deficiency for testing (®, @) against
(©, O(- — 9)).

We conclude this section by comparing the permutation test discussed in Sec-
tion 6 to Student’s test. Theorem 7.2 is an immediate consequence of Theorem
6.1, expansion (6.34) and (6.8).

THEOREM 7.2. Suppose that positive numbers c, ', C, D, ¢, &', 0 andr > 8 exist
such that the conditions of Theorem 6.1 are satisfied and that § = ¢'N=}. Letd,
denote the deficiency of the permutation test based on the sample means with respect
to Student’s two-sample test for testing (F, F) against (F, F(« — 0)) on the basis of
X, -+, Xy and at level . Then there exist B > 0 depending only on c, ¢’, C, D, ¢,
¢ and 9, and 8 > O depending only on r such that

(7.24) d, < BN-*.

The case F = @ is of course of most interest because then the theorem asserts
that for the normal location problem there exists a distributionfree test whose
deficiency with respect to the best location and scale invariant test tends to zero.
We note that the remark at the end of Section 6 implies that in this case (7.24)
may be replaced by dy < BN~ For F + @ the theorem merely shows how
closely the permutation test resembles Student’s test with the correct significance
level for F.

8. Expansions and deficiencies for related estimators. Let X, ..., X, be
independent and let (F, G) denote the hypothesis that X, - - ., X,, have common
df Fand X,,,,, - -+, X, have common df G. Let T = T(X,, - --, X,) be the rank

statistic given by (2.2) and suppose that the scores a; are nondecreasing in j =
1, ..., N. Define the statistic M by

M(X,, - -, Xy)
(8‘1) :%sup{t: T(Xv "‘7XmaXm+1_ Z "‘aXN_ f)>RZa,-}
+%inf{[: T(Xn "')Xm)Xm+1_ f ’."’XN— t)< XZaj}-

Under the model (F, F(+ — p)), M was proposed as an estimator of x by Hodges
and Lehmann (1963). They showed that the normal approximation to the power
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of the level § test based on T for contiguous location alternatives can be used to
establish asymptotic normality of M. In the same way we shall show that a power
expansion yields an expansion for the df of N}(M — x). Note that we do not
make the assumption of Hodges and Lehmann (1963) that the distribution of T
under (F, F) is symmetric about 4 3] a;, which occurs, e.g., when either 1 = }
or the scores are antisymmetric. As a result the power expansion involved will
be for the test based on T at level @ = $ + O(N~%) rather than at level }, but
for our deficiency computations this will not make any difference. We shall
restrict attention to the case where T is the statistic of the locally most powerful
rank test or its approximate scores analogue, so that the a; will be exact or
approximate scores generated by the score function —¥,, with ¥, as in (4.15).
To ensure that the scores are nondecreasing we require that the density f of F
is strongly unimodal, i.e., that log f is concave.

Let %~ be given by Definition 5.1, let z(a, F, #) denote the power of the level
a right-sided test based on T against the alternative (F, F(+ — 6)) and define

(1—22)  (UYdr

(8.2) a =4+ 6{274(1 — NP [§ 'qflz(,)dt}g.

Furthermore define, with ¥, as in (4.15),
PN g(x) [ 241 —22) (¥(ndt .
Lox) = @) = 288 [{2(1 — AN} S W2 (1) dt}%( +2)
4 § W) de
A= AN (SN0 drf?
X {5(1 — 32 + 32)x* — 3(1 — 64 4 64%)x}
48(1 — 32+ 32) (¥ (ndt 4
W= DN (3 B0 dip
+ (1 - 2'2)2 {S wla(t) dt}2 (x5 — 4x3 — 12x)
A1 — AN {§ W (1) dtf?

36 s 4 x
- e (= 3 3 }],

3 _ T xP(x) N g2 _
L(x) = Ly(x) — W 2o (Yu(Ujn) s

Ly(x) = Ly(x) — EN_S"_?;‘;;()W T (WP — 1) de,

Ly(x) = Ly(x) — QN—S{?IEI_):();)—d—t 2iaE (wl(UjiN) - ¥, < Ni 1>>2 :

(8.3)

Probabilities under the model (F, F(- — p)) are denoted by P ,.

THEOREM 8.1. Suppose that F ¢ ", that f is strongly unimodal and that either
a; = —EW(U, ) forj=1,---,N,ora; = —Y(j(N+ 1)) forj=1,---,N. Let
¢ and C be positive numbers and suppose that ¢ < A < 1—e¢. Then there exist positive
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numbers B, 0,, 0,, - - -, with limy_,, 6, = 0, which depend only on F, ¢ and C, such
that

(8.4)  sUPgc [Pr f(NHM — p) < &) — {l — a(a, F, —ENTHY < oy N~
and such that the following statements hold:

(i) for exact scores a; = —EW(U,.,),
(8:5)  SUPizc | Pr([A(1 — DN § W2(t) dii(M — p) < x) — L(v)| < 6N,
(8:6)  sUPuizc [Pr ({A(1 — AN § WL (D) dpH(M — p) < x) — Ly(x)|

< 0y N1 4+ BN (W01 — D) dr;

(if) for approximate scores a; = —W,(j/(N + 1)),
(8.7)  sUPusc [Pr ({41 — YN §UH(0) diPF(M — p) < x) — Ly(x)| < 9, N7
and (8.6) continues to hold.

Proof. In view of (8.1) we have for § = —&N-E,

Pp (NYM — p) <€) = Pry(M £0),
Prof(T <A a)<Pp,(M=<0)< Pp(T<23 0.
For § = —éN-*and ¢’ < a < 1 — ¢, the conditions of Theorem 5.2 are satis-
fied except, of course, that # < 0if & > 0. However, the theorem remains valid
for |#] < DN-#; it was formulated for positive ¢ merely because we were dis-
cussing one-sided tests against one-sided alternatives at that point. It follows
that P, (T = 4 3] a;) = o(N~") uniformly for || < C, so that
(8.8) Pr N M — 1) £ §) = Ppy(T < 2 X a;) + o(N7Y)
=1—a(a, F, =EN~t) + o(N7),

where « is the level of the test that rejects if 7> 23 a;. Noting that
2. a; = 0 for exact scores, we find from (5.33) and (5.37) for x = »* = 0, that
a =&+ o(N7"). In view of (5.35) and (5.39) this yields #(a, F, —EN~%) =
m(a, F, —§N~%) + o(N~') uniformly for |§| < C and together with (8.8) this

proves (8.4). The remainder of the theorem follows from (8.8) and expansions
(5.33), (5.34), (5.37) and (5.38) with x and »* replaced by 0 and —x. [J

The natural parametric competitor of M as an estimator of p is of course the
maximum likelihood estimator M’. Under the model Kp o = (F(- + Ap),
F(+ — (1 — A)p)), M’ = M, is the solution of

(8.9)  AXE A+ AM) — (1 = 8) T, (X; — (1 = /M) = 0

with ¢, = f’/f as in (4.1). Note that, in contrast to M, the estimator M,’ as well
as its distribution under K, , , depend on A.

The df of M," under K, , , is connected with the power of the locally most
powerful test for H, = (F, F) against K. , ,. For # > 0, this test rejects H for
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large values of the statistic

(8.10) S, =43, (X)) — (1 - A) Diiema D(X;) -

Let n(a, F, 0, A) denote the power against K. , , of this right-sided test at level
a. Suppose that F is a fixed df with density f that is positive and five times
differentiable on R! and define

#(a, F, 0, A)
o oy TP — 24 T WA
=1— O, — 7)) 288 [N% {r2§11f12(r)dt}%( 2u, + 7))
(8.11) AR S O L TP S N P ¥

N {r, § Wi(r) dif?
48 o, S Wr(dr 1 {r § W0 dif

N o O dy T TN (e, § Wi iy
X {8(2u, — 1) — 49(u,® + 3u,) + 8P (u, — 1y — S57°u, + 7'}

3674 (w2 — 1) — ju, — 7).

2
Nz,

_|_

where 7 and z, are given by (7.2) and (7.3).

LemMma 8.1. Let F satisfy (5.6) for m; = 5]i, i =1, ..., S, and suppose that
positive numbers D, D', ¢ and &' exist such that |0] < DN~%, |A)| < D'N-%t e <2<
l —cand e’ < a <1 —¢'. Then there exists B > 0 depending only on F, D, D',
¢ and ¢' such that

(8.12) |z(a, F, 0, A) — #(a, F, 0, A)| < BN-1.

ProoF. The proof proceeds in the same manner as that of Lemma 7.1 and
again we omit the details. Under the conditions of the lemma we find that
under K , 4,

P(vrrvigar =)
{Nr, § Wi(0) drj?

IA

oy S D) [28 S SV e L
=0 =1 - Ty [Nf ) T agi S T DA ER =T
(8.13) + %—{;«* SS ggg;j:}z (Bxt — 3x) + 30¢ — 1) — 37x + 57

_ 48 o, §Wi(ndt i 1 {7 § W 3(1) dr)?
N{n, Wi (0df " " N {r, { Ui dif?
+ 4(x* — 6x* 4 3) — 87(x* — 3x) — 47%(x* — 1) + Si'x — 77}

3}’\]6:; (—(x — 3x) — (x* — 1) + 7x + 773}:| + O(N-Y).

{4(x® — 10x° 4 15x)

+

The remainder term is uniformly O(N-%) for fixed F, D, D', ¢ and ¢’. This ex-
pansion yields (8.12). []

Note that the expansions (8.12) and (8.13) are valid also for negative values
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of @, but that the right-sided test considered here is not locally most powerful
against these alternatives.

If the conditions of Lemma 8.1 are fulfilled and if, moreover, f is strongly
unimodal so that ¢, is nonincreasing, then we can establish the connection
between w(a, F, 0, A) and the df of M,’ by arguing as in the proof of Theorem
8.1. Writing P, ,, for probabilities under K, ,, and taking § = —&N~} we
find that

PF,&,A(SA < 0) = PF,,;,A(N%(MA, — ﬂ) = ‘S) = PF,o,A(SA = O) .
In view of (8.12) and (8.13) this implies that uniformly for |§|, |x| < C,
(8.14) Po AN (M) — ) &) =1—x(a, F, 0,A) + O(N}),
S S AU L
6{2aN} {r, { WX (r) dr}t’
Pra({maN § WH(0) d)A(M, — p) < x)

= O(x) — M I:_%i 75 § W) dr
288 LN 5, 3 W i
_ 4 n i ¥(0dt 5. 48 o §WHndr
N i B ap T TN E e dp
1z, § Wi¥0)de) A 367,
W E—S——W (X 4x 12X) Wz__;z_ (x + x):’
=+ 0(1\/—%) .

We have already remarked that the df of (M,” — ) under K, , , depends on A
and thus the same problem arises that we encountered in Section 7, viz. to
determine the “right” A for which M and M’ should be compared. It is easy to
see from (8.16) that the value A = A° that is least favorable for M’ in the sense
that it minimizes (maximizes) P, , ,({NA(1 — 2) § W2(¢) d}¥(M," — p) < x) for
positive (negative) x is given by

{20 — A §¥H(n)dr x* + 2
CANY (W dr
However, we shall not take A = A° as a basis for comparing M and M’ but we
shall simply choose A = Ainstead. We advance three reasons for doing so. The
reader who does not find these reasons sufficiently compelling should realize
that we are merely granting the maximum likelihood estimator a slight additional
advantage.

(i) The second order term of A® depends on x just as the second order term
of A, in (7.5) depends on ¢. This did not deter us from choosing A = Ajas a
basis for comparison in Section 7, but we feel the situation is slightly different
there. In Section 7 we were comparing with envelope power and in general this
means comparing with a different most powerful test for each alternative (¢, A).
This being so, there seems to be little reason not to choose the least favorable
testing problem for each value of ¢, i.e., to take A = A,. All we are doing is

(8.15) & =

o=

(x* + 2)

(8.16)

A = 2 + O(N7Y).




994 P. J. BICKEL AND W. R. VAN ZWET

locating a curve (¢, A/(¢)) of least favorable alternatives in the set of all alter-
natives (¢, A) and comparing with envelope power on that curve only.

Our attitude would have been difterent, however, if in Section 7 we had been
comparing with the power of the locally most powerful test rather than with
the envelope power. The locally most powerful test is of course independent
of ¢ (cf. (8.10)) and for every fixed A we would therefore be comparing with a
single fixed test for all #. In this case it would still be reasonable to choose
A = 2 which is least favorable to first order, but if { W) dr = 0, it would
seem to be rather extreme to compute the power of the locally most powerful
test at each § for A = A, = Ay(0) which is least favorable to second order in this
case too. After all, for every fixed A there would be a single locally most power-
ful test that does better than that for all values of § except the one for which
Ay(f) = A. Tt is precisely for such sets of alternatives (A fixed, # unknown) that
the locally most powerful test is designed and it seems unrealistic to assess its
performance only for a different one-parameter set of alternatives (6, A,(6)).

The present problem for the maximum likelihood estimator is of course very
similar to the one for the locally most powerful test. Again the choice A = A°
depending on x appears to be rather extreme because for every A the df of the
maximum likelihood estimator is more concentrated around g than this choice
would indicate at all but at most two points.

(ii) Even though, in general, the distribution of M,” under K, , , is not sym-
metric about p, most reasonable measures of dispersion are built around the
distribution of |M,” — p| rather than (M,” — p). It is clear from (8.16) that
P, J({NA(1 — 2) § WX(r) di}|M," — p| < x) is minimized by A = 2 + O(N-Y);
it is also obvious from (8.16) that it makes no difference for our asymptotic
results if we take A = 2 instead (cf. the remark following (7.5)). Hence A = Zis
the “right” choice of A for our asymptotic comparison of M and M’, provided
that the comparison is made on the basis of the distributions of |M — p| and
M — pl.

(iii) Our final argument is the rather more pedestrain one that any choice of
A other than A = 2 4 o(N~*%) would to a certain extent destroy the simplicity of
the main results in this section. We shall elaborate points (ii) and (iii) after
proving Theorem 8.3.

We now substitute A = 2in (8.14)—(8.16) and find that & reduces to a as
defined in (8.2) and that the expansion on the right in (8.16) becomes

L¥(x) = @(x) — 20 [ 24(1 — 22 (WX(n)dt
288 L{A(1 — )N} {§ W, X(r) dr)?
_ A1 =32432) SVHOd g gy 48(1-32432)
AT =N [§ 1) drp? A1 — )N
VA dt o (1-227 {§ W0 dif
{§ Wi (r)dry A(L—2)N {§ W/(z) drf’

36(1 — 3 4+ 37) 4
i gy +X)]‘

(¢ +2)

(8.17)

(x* —4x® —12x)
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We have proved

THEOREM 8.2. Suppose that F satisfies (5.6) form, = 5[i, i = 1, ..., 5 and that
[ is strongly unimodal. Let ¢ and C be positive numbers and suppose that ¢ < 2 <
1 — e. Then there exists B > 0 depending only on F, ¢ and C, such that

(8.18)  SUP 0| Pr A(NHM — 1) < &) — {1 — =(@, F, 6N, D} < BN,
(8:19) U, o Pr 2(1A(1 — HN'§ Wa(1) dif (M — 1) < x) — L*(x)] < BN

There is no unique natural measure to assess the performance of the estimators
M and M)’ on the basis of the expansions (8.5)—(8.7) and (8.19) and con-
sequently there is no unique natural definition of the deficiency of M with respect
to M, either. Let us, for a moment, indicate the dependence on the sample
size N in our notation and write M, and M] , for M and M;’. For any real £
we define the deficiency D(§) of the sequence of estimators {M,} with respect
to the estimator M; , by equating the df’s of (My,,, — p)under P, , ; (or P; )
and of (M} y — ) under P, ,; at the point §N~%, thus

(8.20) Pp (Myipy, — #t S ENH) = Pp (M} y — p < ENH),

with the usual convention that the probability on the left is defined by linear
interpolation for nonintegral values of N + D,. Of course, one will normally
not be inclined to judge the performance of {M,} with respect to Mj , on the
basis of D, (&) for one value of & only, but rather on the behavior of D,(¢) as a
function of £. In our asymptotic study this will not make any difference because
the expansions for D, (&) will be found to be independent of &.

Turning to the corresponding tests, we let d,(a, 6) denote the deficiency in the
usual sense of the locally most powerful rank test (or its approximate scores
version) with respect to the locally most powerful test for the problem of testing
H, = (F, F)against K, , , = (F(- + 20), F(+ — (1 — 2)0)) at level a. Since we
shall be concerned with negative as well as positive values of #, we note that for
positive (negative) # the tests involved reject H, for large (small) values of the
statistics given in (2.2) and (8.10), where the scores in (2.2) are exact or approxi-
mate scores generated by — V.

Let % be given by Definition 7.1 and define

s g~ 1 g SO

) § Wi(r)dt
RO
J

!
=

I
NN

= 1 e L pewmr gy —
(8.21) D, = W ap 2+S‘F3(t)dt 1 (F/(0)e(1 — ryde,
D — _1 S 11"14(0 dt _ 3
AR W nydp !
1 ¥ _ J :
+ WROY "=1E<WI(U":N) 1lr1(N + 1>> '

THEOREM 8.3. Let dy(a, 0) be the deficiency of the locally most powerful rank
test with respect to the locally most powerful test for testing Hy against K , ; at
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level . Let D () be the deficiency of the Hodges—Lehmann estimator associated
with the locally most powerful rank test with respect to the maximum likelihood
estimator for estimating y under K, , ;. Suppose that F ¢ 57| and that f is strongly
unimodal. Let ¢, C and ¢ be positive numbers and suppose that ¢ < |§| < C and

e £ 2 £ 1 —e. Then there exist positive numbers B, 0,, 0,, - - -, withlimy_ 6,y = 0,
which depend only on F, ¢, C and ¢, such that

(8'22) IDN(S) — dy %, —EN_*)| <0y,

(8'23) A IDN(g) - DN,II § 51\/ s

(8.24) |Dy(§) — Dy 4| < 6y + BN~} S;T_Nl_l /() {t(1 — n}rdr.

If in the locally most powerful rank test and in the associated estimator, the exact
scores are replaced by the approximate scores a, = —W,(j/(N + 1)), then (8.22)
and (8.24) remain valid and (8.23) is replaced by

(8.25) ID(§) — Dy sl < 6y .

Prookr. Since &, C &, the conditions of Theorems 8.1 and 8.2 are satisfied
and (8.5)—(8.7) and (8.19) provide expansions for the df’s of the estimators con-
sidered. Substituting the appropriate expansions in (8.20) and proceeding exactly
as in the proof of Theorem 7.1, we arrive at (8.23) and (8.24) for the estimator
associated with the locally most powerful rank test and at (8.24) and (8.25) for
its approximate scores version.

Turning to the corresponding tests, (8.4)and (8.18) clearly imply that for nega-
tive values of £ the computation for obtaining an expansion for d (&, —&EN-Y)
is precisely the same as for D,(§). In view of (8.23) and (8.25) this computation
determines the deficiency up to o(1) and hence

(8.26)  |Dy(€) — dy(@, —EN-H)] = o(1), for —C<&< —c.

For positive &, dy(a, —EN~%) refers to testing for negative shift and therefore to
the left-sided tests rather than the right-sided tests whose powers appear in (8.4)
and (8.18). Since the powers of the left- and right-sided versions of a test sum
to 1 if their significance levels do, we find

(8.27)  |Dy(€) —dy(l — & —EN-H| =o(l), for c<E<C.

Note that (8.26) and (8.27) hold for exact as well as approximate scores and that
the remainder terms are uniformly o(1) for fixed F, ¢, C and «.

It remains to show that @ may be replaced by § in (8.26) and (8.27). If we
take A = 4 in the power expansion for the locally most powerful test in Lemma
8.1 and compare the result with the power expansion for the most powerful test
in Lemma 7.2, we see that the terms of orders 1 and N~-* agree and that in the
terms of order N~ only certain coefficients differ. Moreover, for A = 1 the
conditions of Lemma 8.1 are identical with those of Lemma 7.2. This means
that if we replace the most powerful test by the locally most powerful test in
Theorem 7.1, then the theorem will remain valid if some of the coefficients in
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dy, are changed. Thus, under the conditions of Theorem 7.1 there exists, for
exact as well as approximate scores, an expansion for d,(a, #) with a bounded
derivative with respect to « and a remainder term o(1). This statement remains
correct for —CN~% < # < —cN~* because the power expansions in Lemma 8.1
and Theorem 5.2 are valid for negative ¢ too (cf. the remark in the proof of
Theorem 8.1) so that the only change in the expansion for dy(a, 6) is a change
of sign of u, to account for the switch from the right-sided to the left-sided tests.
Noting that ¢ < || < C and that @ = § + O(N~%) we find that we may indeed
replace & by % in (8.26) and (8.27) without affecting the right-hand side and its
uniformity for fixed F, ¢, C and ¢. This proves (8.22) and the theorem. [J

A number of comments should be made at this point. First of all we recall
remarks (ii) and (iii) in our discussion earlier in this section concerning the
choice of A for which M and M’ should be compared. Suppose we define defi-
ciencies D,'(§) by

PF‘y(lMAVWLDA’V — FI = EN—;") = PF,;;,A(IMI(,N — ﬂl = EN—*)

for that value of A that minimizes the right-hand side. In view of remark (ii),
Theorem 8.3 implies that D,/(£) is also asymptotically equivalent to the D, ,.
Thus our results can be thought of as corresponding exactly to those of ABZ
(1976) where deficiencies are defined in terms of a positive quantile of the sym-
metrically distributed centered estimators in the one-sample problem. Since the
deficiency is asymptotically independent of the value of &, we obtain the same
answers for deficiencies based on reasonable functionals of the distributions of
N#M — pland N#M’ — p, such as the asymptotic second moment. This agrees
with what was found in the one-sample case in Albers (1974).

The choice A = 1 is less obvious in equation (8.20) which defines Dy(¢). In
remark (iii) we pointed out that if we would not choose A = 2 + o(N~%), then
our results would become essentially more complicated. The first source of
trouble is the difference of the significance levels @ and & given by (8.2) and
(8.15). Except in the trivial case where | W,%(¢) dt = 0, we find that (& — &) is
of the order of N-#(A — 1) and a change of the order of N=#(A — ) in the level
of significance of one of the two tests produces a change of the same order in
its power. Unless A — 2 = o(N~t) such an effect is not negligible for our pur-
poses and this means that it would no longer be true that the deficiency for the
estimators is asymptotically equivalent in the sense of (8.22) to the deficiency of
the parent tests at the same level. In fact a correction term of the order of
N*(A — 2) would have to be introduced in (8.22) to ensure its validity. Note
that there is no contradiction here with the fact that in the proof of Theorem
8.3 we could change & to 4 with impunity, because there we were concerned
with the same change of level for both tests simultaneously. A second unpleasant
consequence of choosing A = A° (or even A = 1 + bN~* with b independent of
x) would be that the expansions for D,(§) would no longer be independent of
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§. By taking A = A°, we would therefore destroy at one stroke the two most
striking features of Theorem 8.3.

Next we note that upon formal substitution of « = 1 and 6 = 0 the expan-
sions for d in Theorem 7.1 reduce to the expansions for D,(¢) in Theorem 8.3.
This shows that for every & # 0, D,(§) is nonnegative for suﬂiciently large N.

In the proof of Theorem 8.3 we indicated how one can obtain expansions for
the deficiency of the locally most powerful rank test or its approximate scores
analogue with respect to the locally most powerful test. At that point there
was no need to produce these expansions, but we shall do so now because they
may be of independent interest. The simplest way to describe these results is
the following. In the formulation of Theorem 7.1 change the words “most
powerful test” to “locally most powerful test” and Kr 4,1, 10 Kp 4 23 change dy.o
in (7.8) to

4 W A1) dt

839 dvo= i

B — 1) — 2p*u) — 12(u? + 3 — Zn*ua)J .
With these changes Theorem 7.1 holds. When comparing the expansions for
dy in (7.8) with those based on (8.28) we see that the expansions in (7.8) consist
of three parts. The term involving (2u, — 7*) is due to the fact that compari-
sons with the most powerful test were made for A = A, rather than A = 2 (cf.
the discussion following Theorem 7.1). The other terms involving 7*? represent
the deficiency of the locally most powerful test with respect to the most powerful
test for A = 2. The remaining terms are due to the transition from the locally
most powerful test to the two rank tests. All four tests are efficient to second
order, i.e., for each pair the deficiency is o(N*?), and the reason for this is that
the terms of orders 1 and N-* are the same in all four power expansions (cf. the
discussion following Theorem 7.1).

We conclude with one example of Theorem 8.3. For estimating x in the
normal location model (®(. + Az), ©(+ — (1 — 2)p)), the deficiency of either
one of the Hodges-Lehmann estimators associated with the normal scores test
and with van der Waerden’s test with respect to the difference of the sample
means is given by

(8.29) Dy(§) = loglog N — 8 + log2 + v + o(1),

where y is Euler’s constant as in (5.50). Note that this expansion is the same
as expansion (7.23) for the deficiency of the normal scores test (or van der
Waerden’s test) with respect to Student’s test for any «a.

APPENDIX
Expansions for the contiguous location case. In this appendix we provide the
tools for deriving Theorem 4.1 from Theorem 3.1. The quantities appearing in
the expansion of Theorem 3.1 are expected values under P, of functions of
P, ..., Py and in the setup of Section 4 both H and P,, - - ., P, depend on 4.
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Our task is to provide Taylor expansions in ¢ with error bounds for these quan-
tities, thus reducing expectations £, to expectations £, while at the same time
expanding the rv’s involved. Since we are only concerned with the models P,
and P, under the assumptions of Section 4, we suppose throughout that
X, -+, Xy are i.i.d. with common density # under P, and f under P, where
h(x) = (I — 2)f(x) + Af(x — ) and f is positive and four times differentiable on
R'. Define &(x, t), p(x, t) and p(x, 1) by

(A.1) (1 — DF(E(x, 1) + AFER 1) — 1) = F(x),
A2 N=__ HMx—=n
(4-2) P = T 00 + afe = 0
(a.3) P ) = pEGe 1, 1)

As in Appendix 1 of ABZ (1976), these functions are introduced because
p(Zy, 0), -, p(Zy, 0) under P, have the same joint distribution as P, .- -, Py
under P,. Our main problem is therefore to expand p(x, r) as a function of z
around 7 = 0.

With ¢, = f/f as in (4.1), we define fori =1, ..., 4,

(A.4) 1%, 1) = [uE0e, D] + [u(E(x, 1) — 1)
and for any function ¢ of two variables we write

67ig(x, 1)

(X 1) = -
9sl0 ) = =5 o

Then elementary but tedious computations yield

p(x,0) =2,
Poa(x, 0) = —A(1 — )Py(x)
(A.5)  Poalx. 0) = A(1 — (1 — 22)py(x) ,
Pos(x,0) = —A(1 — D{(1 — 32 + 32)¢y(x) — 64(1 — 2)¢,(x)¢y(x)
+ 34(1 — 2)$i(x)}

|po,1| < by l
(A.6) (Do < ba(xe + 117)
[Posl < o1z + 2.2 + 212%) 5
[P0l = b0t + 1:* + 18 + 1Y)

where by, - - -, b, are positive constants.
Define n; = E, P; as in (3.16).

THEOREM A.l. Suppose that positive numbers C, C' and &' exist such that
2at < CN,0 <0< < and (4.2) is satisfied. Then there exists B > 0 depending
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only on C, C' and &' such that
Dar; — )= Al — H){—0 3 a,E ¢ (Z;)
02
+ (1 — 22)7 2 a;Epdy(Z))
6° .
(A7) 3 2 a; E (1 — 32 4 32%)¢y(Z))

— 62(1 — DY(Z)GZ,) + 3A(1 — DYIHZ)]) + M,
M) < BN#G*;

ai(s, = 2) = Ml — {0 % a7 E4,(Z)

(A8) (1= 20) 3 D afEg(Z)} + M,
|M,| < BN§*;
(A.9) S ez — 4) = A1 = )0 %4 ExgiZ)) + M,
|M,| < BNHG* ;
(A10)  XafE(P— i = A1 = 0 5 Epi(Z) + M,
M) < BN

0, (3 a; P) = 21 — 2)0e, (2 a;¢,(Z;) + M,
(A1) M| < BIN*0¥ + NOP[Ef| ) a($(Z;) — Exdi(Z5) ]
+ o (X a;(Z,))0 (0 a;9(Z;)) + 005 (2 a;0(Z,))} 5
(A.12) E, <29(X) > < BO*;
h(X))

(A.13) [ZAELP; — PP < 012 {El(Z;) — Erdi(Z))IP}]F + BNi6°.

Proor. Although the proof is very similar to that of Theorem Al.1 and the
relevant part of Corollary Al.1in ABZ (1976), there are additional complications
due to the fact that now p, ,(x, 0) = 0. We begin by noting that the distribution

of £(X,, t) under F is that of X, under AF(x) + (I — 2)F(x — 1), so that (4.2) and
(A.6) imply the existence of B, > 0 depending only on C’ and such that

(A.14) sup {Eg|p, (X, v0)|": 0 = v < 1} < By, i=1,...,4,

where m, = 6, my = 3, my = 4, m, = 1.
Using Lemma Al.1 of ABZ (1976) together with }; a;* < CNand (A.14), we
find that

64 _
M| < __sup X IaleFlP0,4(Zj’ v : 0 < v < 1}

(CN) o

Nig*,

U Sup (NEp|po (X v0)]: 0 < v < 1} < Bzg
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6° _
[M,| < 3 sup {2 a]'2EF|P0,3(Zj’ vi) 1 0 < v < 1}

3 iICH
< (T a)sup (NEpy X, ) 0= v £ 1) = B v,

: 0* L
M < & sup {2 14, PERl poo(Z;,0)[: 0 < v < 1)

NEG?,

62 R BiC?
= 5 OX }aj|?)§(NBl)§ = 12 :

6° ~ o -
|M4‘ = F sup {Z aszF[2|Po,3(Zj’ V0)| + 6|P0,1(Zj’ ”0)]70,2(21" Va)l]: 0=v< l}

3
= AT @) (NBY + 6(X @ JNBYT = (B + BACING,
£, (00— 2) < 0 sup (B, (X, 0): 0 < v < 1) < B0,
h(X,)
which proves (A.7)—(A.10) and (A.12). To establish (A.13) we note that
\P(Z;, 0) — Exp(Z;, 0)] < 01poi(Z;, 0) — Eppoi(Z;, 0)]
0? _ N
+ 5 $o 201 — )|y o(Z;, ¥0)| + Ep|poo(Z;: v0)|} dv .
Hence

/Al _
E}/IP]' - ”jls = EF|¢'1(Z]') - El«"/’l(zj)l3 + 46° Y 2(1 — V)EFIP0,2(Z," u0)|3dy s

16
2 {EH’Pj - 7"";'13}g = 0 Y {EdN(Z;) — EFSbl(Zj)IB}é + 2(B, + 1)N¢9§ s
and (A.13) follows.
It remains to prove (A.11). We have
Pl t)y — 2+ i(1 — A)ighy(x) — 21 — 2)(1 — 22)r2¢y(x)
= L R20 = (sl ) = Pual, ) = £ 331 — 2y w0

and as a result
(P 1) — 7+ A1 = Dgh(x) — 321 — 2)(1 — 22)r°p, ()Y’

2 Bl g3 H
< ’? 52(1 — 2)(Po o(X, v1) — Poo(x, 0)) dv % §13(1 — v), o(x, 1) dv

= {13 55 2(1 = »)(Po,o(X, ¥1) — Poo(x, 0)) df?
+ 1% $03(1 = »)Pos(x, vi) dv])
= F G {120, o(x6 v+ 1 Po,o(X5 O)° 4 | Py o5 v)[H} v
Similarly,
P(x, 1) — A+ A1 = Degy(x) — $A(1 — (1 = 20)rg,(x)]!
= 11 So {l 2o »0)1° A+ 1Po,o(x5 O)F + |2y 5%, v1) |3} v .
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It follows that

0 (X a{P(Z;, 0) + A1 — D0Y(Z,) — 321 — (1 — 22)0°,(Z,)})
< N X afEa(p(X,, 0) — 2+ A1 — D0g(X,) — 321 — 2)(1 — 200°6,(X))
< 3B,CiN?G%
|Covy (X a,{p(Z;, 0) + A1 — )i¢y(Z))
— 24 = H(1 = 200°0(Z,)}, 2 a;4(Z,))]
- = [EA X ai{p(Z;,0) — 2+ A1 — 2)04(Z;)
— 341 — (1 = 200G Z, Y P Ee| T a,($(Z;) — Er$i(Z)'T
= [(Z1a%)NER|p(Xy, 0) — 2 + A1 — )6, (X))
— 341 — (1 = 200G () FIER X a;(9:(Z;) — Ergn(Z)))I'T
= CB)'CINO¥E| X a(4d(Z;) — Erd(Z)ITF
|Cove (2 a{p(Z;, 0) + A1 — 2)b(Z;)
— Ml = H(1 = 200°(Z,)}, X a; 44 Z)))|
= (3B)!CiNGY05( L a;44(Z;)) -
These inequalities ensure that there exists B, > 0 depending only on B, and C
such that

9,2 ( 2 a;P)) — 02 (2 a,{A(1 — 1)0¢y(Z;) — 34(1 — (1 — 20)0°0(Z,)})]
= B{N0¥ + NOV[Ed| X ai($A(Z;) — Exi(Z))’] + NO¥op(L a;94(Z,))} -

Since N0¥0 (3 a;¢(Z;)) < N*60¥ + 00,23 a;¢0(Z;)), (A.11) follows immedi-
ately and the proof of the theorem is complete. []

CoroLLARY A.1. Suppose that (3.1) and (4.3) hold and that positive numbers
¢, C, C', D, ¢ and ¢ exist such that (3.10), (3.19), (4.2) and (4.4) are satisfied.
Let K, a;, K, &, and 7 be defined by (3.17), (3.18), (4.5), (4.6) and (4.7). Then there
exists B > 0 depending only on ¢, C, C', D, ¢ and ¢’ such that

X — 29,7, _ _
sup, |K ( aa—=3> ajz}é> Kix ’7)‘
(A.15) = BN+ NSO (EG(Z,) — E,u(Z) )

+ N[ S AEADAZ,) — ErdZ)))11Y

(A.16) 9 |2 a; Erdi(Z;)| < BN~ g |2 a;’Erdi(Z))| < BN-t,

(2 a7t 2. a;
567 — gy
(Xal)t ™ ’
(a17)  pZAEGGED < g 4 NPT (E(Z) — B 2D

and all other terms occurring in &, - - -, &, are bounded in absolute value by BN,
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Proor. In this proof O(x) will denote a quantity that is bounded by B,|x|
with B, depending only on ¢, C, C’, D, ¢ and ¢'.

We begin by noting that (A.16) and the last statement in Corollary A.l are
immediate consequences of Holder’s inequality, (3.10), (4.2) and (4.4). Also

Oa (2 a;9(Z;)) < 1 + 00,3 a;¢0(Z;))

1+ 0°ER 3 a(9((Z;) — Ergy(Z))))°

1+ 012 1a,{Esl$i(Z;) — Erd(Z,)I'BT

1+ 002 a0, X {ER$(Z;) — Exd(Z)I) ],
and in view of (3.10) and (4.4), this implies (A.17). For later use we note that
similarly

(A19) 0T a;9(Z;)) < CINHE{ENPA(Z;) — Ex o Z,))P]E

It remains to prove (A.15). Since (A.15) is trivially satisfied for N < (D[e")?,
we may assume that 0 < 6 < ¢’ so that Theorem A.1 applies. Because of (3.1),
2a;m; = 3 a;r; — 2). In view of the bounds obtained above, we can trun-
cate expansions (A.7) and (A.8) to

(A.18)

IATIA HIA

Y a;m, = i1 — 2 {_0 S a, Ex¢(Z,)
(A.20) + (1= 20) T 5 0, Epg(Z,)] + o(ver

= —A(1 =)0 ¥ a, E.¢(Z,) + O(N8?) = O(N6),
(A21)  Xai(r; — ) = =41 — 0 3 aEp¢y(Z;) + O(1) = O(NY).
Using (A.8)—(A.11), (A.20), (A.21), (3.10), (3.19) and (4.4) we expand
ag, -+, a0z and find
sup, [K(x) — R(x)| = O(N~F + 6¥[E;| T a,(¢(Z;) — En¢(Z,)
(A.22) + N700p(2 a;9(Z,))o (2 a;$4(Z;))
+ N7l (3 a;94(2))) »

where
(A.23) Kx) = D(x) = $(x) Tioo @ Hu(x) »
@, = %%Eﬁﬁ)* N=0 3 a;Epgy(Z;),
f=a — Zl o A1 = (1 — 2207643 a,Ep¢i(Z,))
(A24) @y =a — Ha — 200" ¥ aEr $(Z,) T 4, En 9i(Z;) ,
a4, = d — 12(—552)7 (1 — 2278 5 a* 51 0, E ¢(Z,)

a, = a, for k=4,5,
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with &, as given by (4.6). By applying elementary inequalities (A.22) may be
simplified to
(A-25)  sup, [K(x) — K(x)| = ON~F + NWEL| T a($i(Z,) — Ergi(Z))f
+ N7 XX a;94(Z;))) -
With the aid of (A.7), (A.20) and the bounds obtained in the first part of the

proof we now expand K(x — 37 a;7 {A(1 — 2) 3 a;*}~%) about the point (x — 7)
and obtain

(A.26) sup,

12'<x— 29,7, — K(x — 7)
{21 =2 Z a7y
= O(N™! + N=0% (5 a,¢,(Z,)))
with K as given by (4.5). Combining (A.25), (A.26), (A.18) and (A.19) we see
that (A.15) and Corollary A.1 are proved. [
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