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PARAMETRIC RATES OF NONPARAMETRIC ESTIMATORS
AND PREDICTORS FOR CONTINUOUS TIME PROCESSES

BY DENIS BOSQ

University of Paris 6

We show that local irregularity of observed sample paths provides
additional information which allows nonparametric estimators and predic-
tors for continuous time processes to reach parametric rates in mean
square as well as in a.s. uniform convergence. For example, we prove that
under suitable conditions the kernel density estimator f associated withT

Ž .the observed sample path X , 0 F t F T satisfiest

1r2ln T
sup f x y f x s o ln T a.s., k G 1Ž . Ž .T k ž /ž /TxgR

where f denotes the unknown marginal density of the stationary process
Ž .X and where ln denotes the kth iterated logarithm.t k

The proof uses a special Borel]Cantelli lemma for continuous time
processes together with a sharp large deviation inequality. Furthermore

Ž .the parametric rate obtained in 1 is preserved by using a suitable
sampling scheme.

Ž . d1. Introduction. Let X , t g S be a family of R -valued random vari-t
ables with a common unknown density f.

Ž . Ž .If X is a discrete time process S s Z , the problem of estimating f givent
Ž w x w xa sample X , . . . , X has been considered by many authors see, e.g., 4 , 7 ,1 n

w x w x w x w x w x w x w x.9 , 18 , 21 , 22 , 23 , 24 , 25 . They have proved that, under some mixing
conditions, it is possible to construct a kernel estimator, say f , whichn
achieves the same rates as in the i.i.d. case.

Thus, under classical regularity conditions concerning f , the mean
Ž . Ž y4rŽ4qd ..square error MSE of f is O n and its supnorm rate isn

Ž Ž .2rŽ4qd ..o ln n ln nrn for all integers k, where ln denotes the kth iteratedk k
Ž .logarithm, defined recursively by ln x s max 1, ln x , k G 2, x ) 0.k ky1

Ž . Ž .Now if X is a continuous time process S s R observed over the timet
w xinterval 0, T , the MSE of the corresponding kernel estimator turns out to be

Ž y4rŽ4qd .. Ž Ž .2rŽ4qd ..O T and its supnorm rate o ln T ln TrT , k G 1. For detailsk
w x Ž w x w x.we refer to 7 see also 1 and 12 .

Ž .However these rates can be sharpened provided that X , t g R shouldt
satisfy a local irregularity condition which will be specified and dis-
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Ž .cussed below. In that case the MSE is O 1rT and the supnorm rate is
Ž Ž .1r2 .o ln T ln TrT , k G 1. In the following, these rates will be called para-k

metric rates since they correspond to the rate of the MLE in classical
Žparametric continuous time models such as diffusion processes see, e.g.,

w x.16 . It should be noticed that diffusion processes satisfy the local irregular-
Ž .ity condition considered in this paper see Section 2 .

In the following, we will show that parametric rates are achieved by
density estimators, regression estimators and nonparametric predictors.

The results are easily obtained for the MSE. On the contrary in the context
of an a.s. uniform convergence, proofs use a special Borel]Cantelli lemma for
continuous time processes together with a sharp exponential type inequality.

Finally we prove that a suitable sampling allows preserving parametric
rates. This paradoxical result is obviously theoretical and must be clarified in
a numerical context. Some comments about sampling appear at the end of
Section 7.

The first parametric rate was pointed out by Castellana and Leadbetter
w x Ž .10 in 1986. They noticed that the variance of a density estimator is O 1rT

w xfor a real ‘‘locally irregular’’ process observed over the time interval 0, T .
w x w x w x w xFor other results of this kind, we refer to 5, 6 , 14 , 15 and 11 .

w x Ž .Kutoyants 14 has recently shown that, if X is a diffusion process, the ratet
Ž .O 1rT is minimax and asymptotically efficient estimators can be con-

w x pstructed. Leblanc 15 has obtained parametric rates in L norm for the
w xwavelets density estimator. Cheze 11 has obtained parametric rates for the

kernel regression estimator. As far as we know, there are no results of this
kind about almost sure uniform convergence until now.

The rest of the present paper is organized as follows. Section 2 contains
some assumptions and notation. The main mathematical tools are introduced
in Section 3. Sections 4, 5 and 6 are devoted, respectively, to density estima-
tion, regression estimation and prediction. Section 7 deals with sampling and
proofs are given in Section 8.

Ž . d dX

2. Notation and assumptions. Let Z s X , Y , t g R be a R = R -t t t
valued measurable strictly stationary process defined on a probability space
Ž . dX

V, AA, P . Let M be a locally bounded Borelian real function, defined on R ,
Ž . Ž Ž .. 2Ž .and such that v, t ¬ M Y v belong to L P m l for every positive T,t T

w xwhere l denotes Lebesgue measure over 0, T .T
Ž .Let us assume that Z , Z has a density f for each strictly positive0 u ŽZ , Z .0 u

u and consider the following functional parameters:

2.1 f x s f x , y dy, x g R dŽ . Ž . Ž .H ZX 0dR

and

2.2 w x s M y f x , y dy, x g R d .Ž . Ž . Ž . Ž .H Z0dR
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We may use f and w for defining a version of the regression function
Ž Ž . .E M Y ¬ X s ? by setting0 0

w x rf x , if f x ) 0,Ž . Ž . Ž .
2.3 r x sŽ . Ž . ½ EM Y , if f x s 0.Ž . Ž .0

Ž .We wish to estimate f and r given the data Z , 0 F t F T . For thist
purpose we shall use a kernel K s K md, where K is a one-dimensional0 0
bounded symmetric density with continuous derivative. Furthermore, we

Ž .assume that K is strictly positive over ya, a , where a / 0, and vanishes0
elsewhere.

In all the following, the smoothing parameter is Ty1r4; this choice is
optimal for our purpose. Thus we set

2.4 K u s T d r4K uT 1r4 , u g R d .Ž . Ž . Ž .T

Ž w x w x.and our Parzen]Rosenblatt type estimators cf. 17 and 20 are defined by

1 T d2.5 f x s K x y X dt , x g RŽ . Ž . Ž .HT T TT 0

and

¡w x rf x , if f x ) 0,Ž . Ž . Ž .T T T~ 12.6 r x sŽ . Ž . TT M Y dt , if f x s 0Ž . Ž .H¢ t TT 0

with

1 T d2.7 w x s M Y K x y X dt , x g R ,Ž . Ž . Ž . Ž .HT t T tT 0

Ž . Ž .where the integrals in 2.5 and 2.7 are taken in the usual sense.
Regarding the functional parameters, we suppose that f , f and w areZ

twice continuously differentiable and bounded as well as all their second
partial derivatives.

In order to express the irregularity of sample paths we shall use the
following functions:

2.8 g x , xX s f x , xX y f x f xX , x , xX g R d ; u ) 0,Ž . Ž . Ž . Ž . Ž .u Ž X , X .0 u

G x , xX s M y M yXŽ . Ž . Ž .Hu X2dR

X X X X X2.9 = f x , y ; x , y y f x , y f x , y dy dy ,Ž . Ž . Ž . Ž .ŽZ , Z . Z Z0 u 0 u

x , xX g R d ; u ) 0.

Now we will employ the following assumptions.

Ž X. < Ž X. < XA. The expression h x, x s H g x, x du does exist for all x, x gŽ0, q`. u
R d, is bounded and is continuous over the diagonal of R d.
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Ž X. < Ž X. < X dB. H x, x s H G x, x du does exist for all x, x g R , is boundedŽ0, q`. u
and is continuous over the diagonal of R d.

5 5C. The function g is continuous over the diagonal for all u / 0 and g `u u
Ž .is integrable over 0, q` .

5 5D. The function f is ultimately decreasing with respect to x and
5 5 b 1Ž .sup X g L P for some b ) 0.0 F t F1 t

Ž . Ž .E. X is geometrically strongly mixing GSM ; that is,t

va v s sup P A l B y P A P B F gr , v ) 0,Ž . Ž . Ž . Ž .
Ž .Ags X , tF0 ,t
Ž .Bgs X , tGvt

where g ) 0, 0 - r - 1 are constant.
Ž .F. Z is GSM.t
Ž .G. Z is geometrically w-reverse mixing; that is,t

vsup P B ¬ A y P B F ar , v ) 0,Ž . Ž .
Ž . Ž .where the supremum is taken over A g s j , t G v with P A ) 0 andt

Ž . Ž .B g s j , t F 0 and where a ) 0, r g 0, 1 are constant.t
d 5 5 Ž .H. The term g is continuous over the diagonal of R and g F P u`u u

Ž . Ž . Ž . Ž .where 1 q u P u is integrable over 0, q` and uP u is bounded and
ultimately decreasing.

I.
``

sup g y , z du y d g y , z ª 0.Ž . Ž .ÝH u n kd n
2d 0Ž . d ª0ks1y , z gR n

Comments on assumptions. Assumption A contains an asymptotic inde-
Ž . Žpendence condition take u large and a local irregularity condition take u

.small . This local condition means that the information respectively provided
Ž .by X , X and X differ significantly even if d is small. It also means thatt tqd t

Ž .sample paths are not smooth see Section 4 . Finally, local irregularity of the
observed sample paths provides more information than discrete data. This
partly explains parametric rates which appear below.

Assumption B is similar to assumption A and assumption C is slightly
stronger than A.

Assumption D is a technical condition related to the extreme values of
Ž .X .t

Assumptions E and F are classical mixing conditions which are satisfied by
Ž w x.stationary diffusion processes see 26 . Assumption G is stronger and is

Ž w x.satisfied by some Markov processes see 13 .
Assumption H is slightly stronger than C and I is a mild regularity

Ž .condition. Assumptions H and I are valid if, for instance, X is ant
Ornstein]Uhlenbeck process.

3. Preliminary results. In the present section we state two lemmas
which will be used below. Note that these propositions are interesting by
themselves.
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The first result is a Borel]Cantelli type lemma for continuous time pro-
cesses.

Ž .LEMMA 3.1. Let U , t G 0 be a real continuous time process such that wet
have the following.

Ž .a For all h ) 0, there exists a real decreasing function w integrable overn
w .0, q` and satisfying

< <3.1 P U G h F w t , t G 0;Ž . Ž .Ž .t h

Ž . Ž .b The sample paths of U are uniformly continuous with probability 1;t
then

3.2 lim U s 0 a.s.Ž . T
Tªq`

The following lemma provides a large deviation inequality for bounded
dependent random variables.

Ž .LEMMA 3.2. Let j , i g Z be a real-valued zero-mean strictly stationaryi
5 5sequence such that sup j F b. Then for all integer q such that`1F iF n i

Ž .1 F q F nr2 and all « ) 0,

< <P j q ??? qj ) n«Ž .1 n

1r22« 4b n
F 4 exp y q q 22 1 q qa ,2 ž / ž /ž / « 2 q8v qŽ .

3.3Ž .

where

2 b«22 w x3.4 v q s E j q ??? qj q p y p j q ,Ž . Ž . Ž .Ž .1 w p x w pq1x2 2p

p s nr2q and

n
a s sup P A l B y P A P B .Ž . Ž . Ž .ž /2 q Ž .Ags j , iF0 ,i

n
Bgs j , iGiž /2q

w xThis lemma is an improvement of an inequality in 3 . Some ideas in the
w x w x Ž .proof are taken from 19 and 24 . It should be noticed that 3.3 is an explicit

Ž .inequality which is valid even if the sequence j is not strongly mixing.i

4. Density estimation. This section deals with estimation of the finite
Ž .dimensional distributions of X , t g R . In fact we will only consider estima-t

tion of the marginal density since estimation of the density f ofŽ X , . . . , X .t t1 l

Ž .X , . . . , X reduces to estimation of the dl-dimensional marginal densityt t1 l

Ž .of the process X , . . . , X , s g R.t qs t qs1 l
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The first result concerning f is an extension of a Castellana]LeadbetterT
Žw x.10 result.

PROPOSITION 4.1. If A holds, then

12 d4.1 E f x y f x s O , x g R .Ž . Ž . Ž .Ž .T ž /T

Ž w x.It can be shown cf. 7 that A is necessary for the full rate 1rT. In
Ž .particular if X is a Gaussian process we have the following alternative.t

Ž .PROPOSITION 4.2. Let X be a real stationary Gaussian process, continu-t
ous in mean square and such that

4.2 Cov X , X - VX , u ) 0,Ž . Ž .0 u 0

and
q`

4.3 Cov X , X du - `, u ) 0.Ž . Ž .H 0 u 0
u0

Ž .i If there exists u ) 0 such that1

u y1r21 24.4 E X y X du - `Ž . Ž .H u 0
0

then
2

TE f x y f x ª l - `, x g R.Ž . Ž .Ž .T

Ž .ii If there exists u ) 0 such that1

u y1r21 24.5 E X y X du s q`Ž . Ž .H u 0
0

then
2

TE f x y f x ª q`.Ž . Ž .Ž .T

Ž .An easy consequence of Proposition 4.2 is the following: if X has differen-t
Ž .tiable sample paths, then 4.5 holds. In fact, under some regularity condi-

Ž Ž . Ž ..2 Ž w x.tions, it can be shown that E f x y f x , ln TrT see 2 . On theT
Ž .contrary 4.4 is satisfied by regular diffusion processes and in particular by

the Ornstein]Uhlenbeck process.
An extreme example should be a Gaussian process with an autocorrelation

Ž .r u such that

by11 y r u , ln u , u ª 0 q , 0 - b - 1.Ž . Ž . Ž .
Ž . Ž .Then sample paths are not continuous; however 4.4 holds provided 4.2 and

Ž .4.3 are satisfied.
Concerning the supnorm we have the following.
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PROPOSITION 4.3. If d s 1 and if C, D, E hold then
1r2ln T

4.6 sup f x y f x s o ln T a.s.Ž . Ž . Ž .T k ž /ž /TxgR

for all positive integers k.

A similar result may be obtained for d ) 1 but with stronger assumptions
Ž w x.see 7 .

5. Regression estimation. The asymptotic quadratic error of r isT
given by the following proposition.

Ž .PROPOSITION 5.1. Suppose that A and B hold and that f x ) 0. Then we
have the following:

Ž .i if M is bounded we have
12

5.1 E r x y r x s O ;Ž . Ž . Ž .Ž .T ž /T
Ž . w < Ž . < s x 1Ž .ii if exp sup M Y g L P for some s ) 0, we have0 F t F1 t

2rsln TŽ .2
5.2 E r x y r x s O .Ž . Ž . Ž .Ž .T ž /T

We now turn to uniform convergence. Note that uniform convergence of rT
may be obtained over compact sets but, in general, not over the whole space

5 5since the behavior of r for x large may be very irregular. Now if d s 1 and
Ž .if D is a compact interval such that inf f x ) 0, we obtain the followingx g D

rate.

Ž .PROPOSITION 5.2. If A and B hold, Z is GSM and M is bounded, thent
1r2ln T

5.3 sup r x y r x s o ln T a.s.Ž . Ž . Ž .T k ž /ž /TxgD

for all positive integers k.

Ž .6. Prediction. Let j , t g R be a strictly stationary measurable pro-t
Ž .cess. Given the data j , 0 F t F T , we would like to predict the nonobservedt

Ž .square integrable real random variable z s M j where the horizon lTq l Tql
satisfies 0 - l - T and where M is measurable and bounded on compact sets.

Ž .In order to simplify the exposition, we suppose that j is a real Markovt
process with sample paths which are continuous on the left. We now define
the kernel predictor by

ˆ6.1 z s w j rf j ,Ž . Ž . Ž .Tq l Tyl T T T

where
Tyl

6.2 w j s M j K j y j dt ,Ž . Ž . Ž . Ž .HTy l T tyl T T t
0
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and

T
6.3 f j s K j y j dt .Ž . Ž . Ž .HT T T T t

0

Note that the special form of K together with left continuity of paths
Ž .entail that f j is strictly positive.T T

ˆWe now study the asymptotic behavior of z as T tends to infinity, lTq l

ˆremaining fixed. As usual z is considered to be an approximation ofTq l

6.4 r j s E z ¬ j , s F T s E z ¬ j .Ž . Ž . Ž . Ž .T Tql s Tql T

Let us first indicate an almost sure convergence rate

PROPOSITION 6.1. If the conditions in Proposition 5.2 hold with Z st
Ž Ž . .M j , j thentql t

1r2ln Tˆ6.5 z y r j | s o ln T a.s., k G 1.Ž . Ž .Tq l T j g D kT ž /ž /T

In order to to study convergence in mean square we need for technical
reasons the stronger mixing assumption G.

On the other hand, we slightly modify our predictor by setting

6.6 z U s r X z ,Ž . Ž .Tq l T T

X Ž .where T s T y l y ln T ln T. Then we have the following result.2

PROPOSITION 6.2. If A, B and G hold, then

12U6.7 E z y r j | s O ,Ž . Ž .Ž .Tq l T z g DT ž /T

Ž .where D is any compact interval such that inf f x ) 0.x g D

7. Sampling. In continuous time, data are often collected by using a
Ž .sampling scheme. We consider a process Z , t g R with ‘‘irregular’’ pathst

observed at sampling instants.
In order to model the fact that observations are frequent during a long

time, we assume that these sampling instants are d , 2d , . . . , nd wheren n n
Ž .d ª 0 and T s nd ª ` as n ª `. T is a given sequence of positive realn n n n

Ž .numbers and one must select d so that the rate of kernel estimators shouldn
be ‘‘parametric.’’

Here the kernel estimators are defined by

n1
U d7.1 f x s K x y X , x g R ,Ž . Ž . Ž .Ýn T jdn nn js1



D. BOSQ990

and

¡ U U Uw x rf x , if f x ) 0,Ž . Ž . Ž .n n n
nU ~ 17.2 r x sŽ . Ž . Un M Y , if f x s 0,Ž .Ž .Ý jd nn¢n js1

where
n1

U d7.3 w x s M Y , x g R .Ž . Ž . Ž .Ýn jd nn js1

We then have the following propositions.

Ž .PROPOSITION 7.1. i If A, G and H hold then

12U7.4 E f x y f x s OŽ . Ž . Ž .Ž .n ž /Tn

Ž . yd r4provided f x ) 0 and d s T .n n
Ž .ii If in addition B holds and M is bounded then

12U7.5 E r x y r x s O .Ž . Ž . Ž .Ž .n ž /Tn

Ž . y1r4PROPOSITION 7.2. i Under conditions of Proposition 4.3 and if d s T ,n n
then

1r2ln Tk nU7.6 sup f x y f x s o ln T a.s., k G 1.Ž . Ž . Ž .n k n ž /ž /Td nxgR

Ž . y1r4ii Under conditions of Proposition 5.2 and if d s T , thenn n

1r2ln Tk nU7.7 sup r x y f x s o ln T a.s., k G 1.Ž . Ž . Ž .n k n ž /ž /TxgD n

Ž . 4rŽdq4.Note that the choice of d in Proposition 7.1 implies T s n ;n n
consequently, although the obtained rates are parametric with respect to Tn
they are, in fact, nonparametric with respect to n. However, it is interesting
to note that the n discrete observations are sampled over an interval of

Ž .length T < n. On the other hand, it is easy to see that the sequence dn n
Ž X . Ž .is optimal in the following sense: if d is such that the MSE of f isn n

Ž . X Ž . Ždq4.r4O 1rT , then d s O d . Thus n s T is asymptotically the smallestn n n n
w xsample size which ensures the rate 1rT over 0, T . Moreover, this raten n

cannot be improved.

8. Proofs.

Ž .PROOF OF LEMMA 3.1. First let T be a sequence of real numbers whichn
satisfies T y T G a ) 0 where a is some constant.nq1 n
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Since w is decreasing we haveh

q`

w t dt G T y T w T G a w T ,Ž . Ž . Ž . Ž .Ý ÝH h nq1 n h nq1 h nq1
TN nGN nGN

Ž .thus Ý w T - q` and the classical Borel]Cantelli lemma yieldsn h n

Ž � < < 4.P lim sup U ) h s 0, h ) 0 which in turn implies U ª 0 a.s.n T Tn n

Ž .Let now T be any sequence of real numbers satisfying T  q `.n n
Ž Žk .. Ž .To each positive integer k we may associate a subsequence T of Tp n

defined as follows:

T Žk . s T where n s 1,1 n 11

1 1
Žk .T s T where T y T G , T y T - ,2 n n n n n y12 2 1 2 2k k

...
1 1

Žk .T s T where T y T G , T y T - ,p n n n n n y1p p py1 p pk k
...

The first part of the current proof shows that U Žk . ª 0 a.s. for each k.T pª`p

Now let us set

V s v : t ¬ U v is uniformly continuous, U Žk . v ª 0, k G 1 ;Ž . Ž .� 40 t Tp

Ž .clearly P V s 1.0
Ž . < <Now if v g V and h ) 0, there exists k s k h, v such that t y s F 1rk0

< Ž . Ž . < Žk .implies U v y U v - hr2. Consider the sequence T : for each p andt s p

< <each n such that n F n - n , we have T y T - 1rk, and consequentlyp pr1 n n p

< Ž . <U v - h for n large enough. This is valid for each h ) 0 and each v g V ;T 0n

thus U ª 0 a.s. ITn

PROOF OF LEMMA 3.2. We shall use the following lemma essentially due to
w xBradley 8 .

Ž . dLEMMA 8.1. Let X, Y be an R = R-valued random vector such that
pŽ . w x 5 5Y g L P for some p g 1, q` . Let c be a real number such that Y q c )p

Ž 5 5 x U0 and j g 0, Y q c . Then there exists a random variable Y such that:p

i P U s P and Y U is independent of X ,Ž . Y Y

Ž .pr 2 pq1U y18.1Ž . < < 5 5ii P Y y Y ) j F 11 j Y q cŽ . Ž . Ž .p

Ž .2 pr 2 pq1
= a s X , s Y .Ž . Ž .Ž .

In the original statement of this lemma, 11 is replaced by 18 and c s 0 but
the proof is not different.



D. BOSQ992

Now in order to prove Lemma 3.2, we consider the auxiliary continuous
time process h s j , t g R. We clearly have Ýn j s H nh du.t w tq1x is1 i 0 u

Let us now define ‘‘blocks’’ as follows:
p 2 pXV s h du, V s h du,H H1 u 1 u

0 p
...

Ž . 2 qp2 qy1 p XV s h du, V s h du,H Hq u q u
Ž . Ž .2 qy1 p 2 qy1 p

where p s nr2q.
Using Lemma 8.1 recursively we may define independent random vari-

ables W , . . . , W such that1 q

1r25 5V q c `j
< < w x8.2 P W y V ) z F 11 a p ,Ž . Ž .Ž .j j ž /z

Ž Ž . .where c s d bp, z s min n«r4q, d y 1 bp for some p ) 1 which will be
specified below.

Note that, for each j,

5 5 5 5V q c G c y V G d y 1 bp ) 0Ž .` `j j

5 5so that 0 - z F V q c as required in Lemma 8.1.`j

Ž .Now according to the choice of c and z , 8.2 may be written as
1r2

d q 1 bpŽ .
< < w xP W y V ) z F 11 a p .Ž .Ž .j j ž /min n«r4q , d y 1 bpŽ .Ž .

If d s 1 q «r2b then
1r24b

< < w x8.3 P W y V ) z F 11 1 q a p .Ž . Ž .Ž .j j ž /«

Žw x. qOn the other hand we may apply Bernstein’s inequality 7 to Ý W . We1 j
obtain

2 2q n« n « r16
8.4 P W ) F 2 exp y .Ž . Ý j q 2ž / ž /4 4Ý EW q 2bpn«r41 j1

Now since P s P we haveW Vj j

2
Ž .jq1 p2 28.5 EW s EV s E h du .Ž . Hj j už /jp

Ž . Ž .By 8.4 and 8.5 it follows that
2q n« « q

8.6 P W ) F 2 exp y ,Ž . Ý j 2ž / ž /4 8v qŽ .1

2Ž . Ž .where v q is given by 3.4 .
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On the other hand, elementary computations show that
q qn« n«

X< <8.7 P j q ??? qj ) n« F P V ) q P V )Ž . Ž . Ý Ý1 n j jž / ž /2 21 1

and that
q q qn« n«

< <8.8 P V ) F P W ) q P V y W ) z .Ž . Ž .Ý Ý Ýj j j jž / ž /2 41 1 1

Ž . Ž . Ž . Ž .Finally collecting the bounds in 8.7 , 8.3 , 8.6 , 8.8 and the analogous
X Ž .bound for the V ’s, we obtain 3.3 . The proof of Lemma 3.2 is thereforej

complete. I

Proofs of Propositions 4.1 and 4.2 follow from standard argument and are
therefore omitted.

Ž .PROOF OF PROPOSITION 4.3. i Let us consider the process
1r21 T

U s f x y Ef x ,Ž . Ž .Ž .T T Tž /ln T ln Tk

where k and x are fixed.
We first show that

< < ych
X Žln k T .2

8.9 P U G h F c T , h ) 0,Ž . Ž .T h

where c and cX are strictly positive and do not depend on x. For thish h

purpose, we shall use Lemma 3.2. Let us set
1 jdXj s K x y X dt ; j s 1, . . . , n ,Ž .Hjn T td Ž .jy1 d

y1 w xwhere d s n T and n s T . Thus we have
n n1 1

X Xf x y Ef x s j y Ej s j .Ž . Ž . Ž .Ý ÝT T jn jn jnn njs1 js1

2Ž .We now evaluate v q . First
1 pd

pd V K x y X dtŽ .H T tž /pd 0

u
s 2 pd 1 y du K x y y K x y z g y , z dy dzŽ . Ž . Ž .H H T T už / 2dTŽ .0, pd R

`
5 5F 2 g duH `u

0

by B.
Ž .Then using 3.4 it is easy to see that

`4
2 1r45 5 5 5v q F g du q K «T .Ž . H ` `upd 0
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wŽ 1r4. x Ž 1r4 .We now choose q s n«T r2 q 1, hence p s 1r «T q u where 0 -
2Ž . 1r4u F 2 and v q F a«T where a is constant.

Ž .Substituting in 3.3 , we obtain
n

y1r4P j ) n« F 4 exp yc« qTŽ .Ý jnž /js1

1r21r4 5 58T K ` w xq 22 1 q qa pŽ .ž /«

8.10Ž .

F u q v ,T T

where c is a strictly positive constant.
Ž .1r2We now choose « s ln TrT ln Th so thatk

8.11 u F 4Tyc1Žln k T .2
,Ž . T

where c is constant.1
On the other hand

1r21r4 5 58T K ` pv F 22 1 q qgr ,T ž /«

Ž yc1Žln k T .2 . Ž .which is clearly O T ; hence 8.9 .
Ž . Ž . Ž .ii We now prove that U satisfies condition b in Lemma 3.1. Let usT

consider
1r21 T 1

V s I ,T Tž /ln T ln T Tk

where
T 1r4I s K T x y X dtŽ .Ž .HT t

0

then U s V y EV .T T T
We are going to prove that

< <8.12 sup V x , v y V x , v F L T y S ,Ž . Ž . Ž .T S
dxgR , vgV

T ) 1, S ) 1, where L is constant.
Ž . Ž .Note that 8.12 implies a similar result for U sinceT

< < < < < <EV y EV F E V y V F sup V y V .T S T S T S
x , v

Now we set
ln V s A q B ,T T T

where
1 T

A s yln T q ln y ln TT kq1 ž /2 ln T
and

B s ln I ,T T

where I is supposed to be strictly positive.T
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Ž y1 .The derivative of A is clearly O T .T
Concerning B we first haveT

 KTX 1r4 1r4I s T x y X dt q K T x y X .Ž . Ž .Ž . Ž .HT t TT0

On the other hand

 K 10 X1r4 y3r4 1r4T x y X s T x y X K T x y XŽ . Ž . Ž .Ž . Ž .j t , j j t , j 0 j t , j T 4
X Ž .for each component x y X of the vector x y X . Then since K u s 0 ifj t, j t 0

< <u G a we infer that
X5 5 K a K 1`0 01r4T x y X F ,Ž .Ž .j t , jT 4 T

therefore
 K 1

1r4T x y X s OŽ .Ž .t ž / T T

< X < Ž .and finally I s O 1 . Hence,T
X y1 y1ln V F c T q c I ,Ž .T 1 2 T

where c and c are positive constants.1 2
X Ž .XUsing the relation V s V ln V , it is then easy to see thatT T T

< X < y1r28.13 V F cT , T ) 1,Ž . T

Ž .where c is constant. By continuity the bound in 8.13 remains valid if I s 0.T
X Ž .Finally V is bounded, hence 8.12 .T

Ž . Ž . Ž .iii We are now in a position to apply Lemma 3.1: using 8.9 and 8.12 ,
we obtain

1r21 T
f x y Ef x ª 0 a.s.Ž . Ž .Ž .T Tž /ln T ln Tk

Ž y1r2 .and since the bias is O T , we find
1r21 T

f x y f x ª 0 a.s.Ž . Ž .Tž /ln T ln Tk

Ž . � 5 5 g 4iv Using a covering of BB s x: x F T , with g ) 0, and the fact thatT
K is Lipschitz, it is easy to show that the convergence is uniform over BB .T
Finally condition C allows establishing uniform convergence over R d. For

w xdetails we refer to 7 .

Ž . Ž .PROOF OF PROPOSITION 5.1. i Since f x ) 0, the following decomposi-
tion, where x is omitted, is valid for T large enough:

Ew Ef y f w y EwT T T T T
8.14 r y s r q ,Ž . T TEf Ef EfT T T



D. BOSQ996

hence
2 25 5Ew 2 m q 1Ž .`T w xE r y F Vf q Vw .T T T2ž /Ef 5 5EfT T

Ž y1 .By Proposition 4.1 Vf s O T . Similarly it can be checked that Vw sT T
Ž y1 .O T .
Now

Ew Ef y f w y EwT T T
r y s r q ,

Ef Ef EfT T T

thus
2 25 5Ew 2 m q 1Ž .`T 2 2r y F Ef y f q w y Ew .Ž . Ž .T T2ž /Ef EfŽ .T T

Ž .2 Ž y1 . Ž .2Again by Proposition 4.1 Ef y f s O T and similarly, E w y Ew sT T
Ž y1 . Ž .O T , hence 5.1 .
Ž . Ž .ii In order to establish 5.2 we need the following lemma.

Ž . < <LEMMA 8.2. Let j , t g R be a stochastic process such that sup jt q 0 F t F T t
is measurable for each positive T and which satisfies the condition

< < s8.15 c s sup E exp a h - `Ž . Ž .j
jG0

< <for some a ) 0, some s ) 0 and where h s sup j .j jF t F jq1 t
Then

prsw xln c T q 1Ž .p< <8.16 E sup j F , p ) 0, T ) 0.Ž . tž / ž /a0FtFT

PROOF. Consider the strictly concave function
prsypr sl x s a ln x , x ) 0Ž . Ž .

and set
< < p pz s sup j s max h ;t j

w x0FjF Tw x0FtF T q1

then Jensen’s inequality entails

p y1< <E sup j F Ez F E l l zŽ .Ž .tž /
0FtFT

y1F lE l zŽ .
sF lE max exp ahj

w x0FjF T

w xT
sF lE exp ahÝ j

js0

prsypr s w xF a ln T q 1 c . IŽ .
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Ž .We now apply Lemma 8.2 to j s M Y , t G 0. We have, for every p ) 0,t t

2 p
T2 pE r s E p j dt ,Ž . HT tT tž /0

where

¡ T
K x y X K x y X dt , if f x ) 0,Ž . Ž . Ž .HT t T t T

0~p stT 1
, if f x s 0.Ž .¢ TT

Thus
2 p < < 2 pE r F E sup jŽ .T tž /

0FtFT

and by Lemma 8.2 it follows that
1rp1rp 2 prs2 p w x8.17 E r F ln c T q 1 .Ž . Ž .Ž .Ž . ½ 5T

Ž . Ž .On the other hand, setting q s 1 q « where 1rp q 1rq s 1 we obtainT

1rq1rq 2 «2 q 2 « r4T T< < 5 5E f y Ef F 2 K T VfŽ .Ž . Ž .`T T T

and since Vf F kTy1 where k is constant, we getT

1rq 1rq2 q 2 « Ž« r2y1.r qT T< < 5 5E f y Ef F 2 K k T .Ž .Ž . `T T

Now we choose « ª 1 and more preciselyT T ª`

1 y « r2 1Ž .T s 1 y .
1 q « ln TT

1r ln T Ž .Therefore since T s O 1 , we have
11rq2 q< <8.18 E f y Ef s O .Ž . Ž .T T ž /T

Ž . Ž .Now using Holder’s inequality together with 8.17 and 8.18 , we obtain¨
2rsln TŽ .22E r f y Ef s O .Ž .Ž .T T T ž /T

On the other hand, it is easy to prove using A that
2 y1E w y Ew s O T ,Ž . Ž .T T

Ž .hence 5.2 . I

The proof of Proposition 5.2 is similar to the proof of Proposition 4.3 and
therefore omitted.

PROOF OF PROPOSITION 6.1. It suffices to notice that

w j y w j | F sup w x y w xŽ . Ž . Ž . Ž .Ty l T T j g D TylT
xgD



D. BOSQ998

and that
f j y f j | F sup f x y f xŽ . Ž . Ž . Ž .T T T j g D TT

xgD

and then apply Proposition 5.2. Details are omitted.

PROOF OF PROPOSITION 6.2.
2

XD s E r j y r j |Ž . Ž .Ž .T T T T j g DT

2
Xs E r x y r x f x dx ,Ž . Ž . Ž .Ž .H T

D

8.19Ž .

where f is the density of j .T
Žw x.By a Cai]Roussas lemma 9 for w -mixing processes, it follows that forrev

P -almost every x in D,j 0

2
XE r x y r x ¬ z s xŽ . Ž .Ž . /T T

2 X
XF E r x y r x q 8 sup M x w T y T .Ž . Ž . Ž . Ž .Ž .T x g D rev

Ž .Using this bound in 8.19 , we get
X2 ŽTyT .

XD q F sup E r x y r x q 8 sup M x ar .Ž . Ž . Ž .Ž .T
xgD xgD

Then BX entails
1 XŽTyT .D s O q O rŽ .XT ž /T

1
s O ž /T

Ž .which proves 6.7 . I

Ž .PROOF OF PROPOSITION 7.1. i First it is easy to prove that
5 58.20 lim H y G s 0,Ž . `n n

nª`

Ž . ` Ž .where H y, z s Ý d g y, z andn is1 n id n

ny1 i
G y , z s 1 y d g y , z .Ž . Ž .Ýn n id nž /nis1

Now the variance of f U has the classical decompositionn

U ˜Vf x s V q C ,Ž .n n n

˜where V is the sum of variances and wheren

2
C s K x y y K x y z G y , z dy dz .Ž . Ž . Ž .Hn T T nn nndn

˜For V we have the well knownn

1
Ṽ s O .n yd r4ž /nTn
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Concerning C , note thatn

ndn
5 5C y K x y y K x y z H y , z dy dz F H y GŽ . Ž . Ž .H `n T T n n nn n2

and

5 5K x y y K x y z H y , z y G y , z dy dz F H y G ,Ž . Ž . Ž . Ž .H `T T n nn n

Ž . q` Ž .where G y, z s H g y, z du.0 u
Ž .By 8.20 it follows that

ndn
C y K x y y K x y z G y , z dy dz ª 0.Ž . Ž . Ž .Hn T Tn n2

Ž .Since G is continuous at x, x we find
q`

nd C ª 2 g x , x du.Ž .Hn n u
0

Finally, we have

1 1 12U8.21 E f x y f x s O q qŽ . Ž . Ž .Ž .n yd r4ž /nd TnT n nn

Ž y1r2 .since the bias is as usual O T .n
Now since d s Tyd r4 and nTyd r4 s T the result follows.n n n n
Ž . Ž .ii The proof of 7.5 is similar and therefore omitted.

The proof of Proposition 7.2 uses Lemma 3.2 essentially as in Proposition
4.3 and 5.1. Details are omitted.
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