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SINGULAR WISHART AND MULTIVARIATE
BETA DISTRIBUTIONS!

BY M. S. SRIVASTAVA
University of Toronto

In this article, we consider the case when the number of observations n
is less than the dimension p of the random vectors which are assumed
to be independent and identically distributed as normal with nonsingular
covariance matrix. The central and noncentral distributions of the singular
Wishart matrix § = X X', where X is the p x n matrix of observations are
derived with respect to Lebesgue measure. Properties of this distribution
are given. When the covariance matrix is singular, pseudo singular Wishart
distribution is also derived. The result is extended to any distribution of the
type f (X X') for the central case. Singular multivariate beta distributions with
respect to Lebesgue measure are also given.

1. Introduction. Singular Wishart and multivariate beta distributions were
well defined by Mitra (1970), Khatri (1970) and Srivastava and Khatri (1979),
among others. However, no practical applications were foreseen. Recently, Uhlig
(1994) clearly demonstrated the need for such distributions in his Bayesian
analysis of some interesting problems.

In this article, we derive the probability density functions of singular Wishart
and multivariate beta distributions with respect to Lebesgue measure. To motivate
it, we consider the simplest case when we have only one observation vector x| =
(x11, x21)" on the two-dimensional random vector x distributed as multivariate
normal with mean vector zero and 2 x 2 positive definite covariance matrix X,
written as X ~ N»(0, X), ¥ > 0. The distribution of § = x;x] is called singular
Wishart distribution with 1 degree of freedom. The p.d.f. of x; is given by

cletr—3 =7 'xix)),
where
c=Qm) |z

and (etr A) stands for the exponential of the trace of the matrix A. Let h’1 =
(cos8, sinf) and h, = (—sinf, cosd). Then h’lhz =0and H = (hy,hp) is an
orthogonal matrix. We also note that

(h dh) = db.
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Consider the transformation
x; =rhy, r>0,0<6 <2m.

The Jacobian of the transformation from (x11, x21) to (r, ) is simply r. Hence, the
probability density (p.d.) of (r, 0) is

cr(etr—3r* =~ "hyh}) dr do.

Letting 2 = /1 and noting that J (r — [;) = (2r)~!, the p.d. of (1, 0) is

(1.1) Le(etr—41, =7 hyh}) diy d6.
Equivalently, we can also write it as the joint p.d. of (I, h;) as
(1.2) Se) Netr—2, = "hh)) (1 h) dhy) diy.
Let

(13) AN

and

(dS) =1;(hydhy)dl,.
Then Uhlig (1994) writes the p.d.f. of S with respect to the volume (dS) as
(1.4) le) N etr—4271s).

For practical applications, however, one needs to evaluate the volume (dS). It
is rather difficult to evaluate it without specifying the functionally independent
elements of §. This leads to the p.d.f. with respect to Lebesgue measure. For this,
we consider the transformation (1.3) in terms of functionally independent elements

as
g— (Su 512)
S12 S22
coso

=1 (sin@) (cos, sinf)

_ cos?f cosfsinh
o sin@cos® sin@

As we can see, there are only two independent elements in S. We can choose either
(S11, S12) or (812, S22). Choosing S11 and S1> we find that

Sii=10h cos? 6,

S12 =11 cosfsind.
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The Jacobian of the transformation from (/1,6) to (Si, S12) is (I cos20)~1 =
S 1_11. Hence, the joint p.d.f. of (S11, S12) with respect to Lebesgue measure is given
by

leSi etr—1271s),

where S22 = S122/S11.

From the above discussion, it is clear that for the general case, we need to con-
sider the singular value decomposition of X = (xq,...,X,): p X n,n < p, namely
X=H{FL,Hi:nx p, HHH{ =1,, L:n xn, LL' = I,,, F = diag(f1,..., fu),
fi>>fy>0and S = XX = H{F2H1 = H{DH,. For these transforma-
tions, we need to obtain the Jacobian of the transformations. Similarly, we give
the p.d.f. of multivariate beta, considered earlier by Diaz-Garcia and Gutiérrez-
Jaimez (1997). The p.d.f. of pseudo Wishart, considered earlier by Diaz-Garcia,
Gutiérrez-Jdimez and Mardia (1997) is also given with respect to Lebesgue mea-
sure. The organization of the article is as follows.

In Section 2, we develop the needed Jacobians of the transformations and some
connected results, such as the distribution of a subset of a semiorthogonal matrix.
Section 3 gives the derivation of the central and noncentral singular Wishart
distributions along with properties of this distribution as well as marginal and
conditional distributions. The singular multivariate beta and F-distributions are
considered in Section 4. The case when the covariance matrix is also singular, the
pseudo singular Wishart case, is considered in Section 5.

2. Jacobians of transformations. In this section, we derive the relevant
Jacobians of the transformations needed to derive the results of this article. We
write £, ,(g) for the linear space of all real p x n matrices of rank g. The set
of matrices H; € &£, ,(p) such that H; Hl’ = I, is a manifold, called the Stiefel
manifold and denoted by #, ,,; it will also be called semiorthogonal matrices. The
set of p x p orthogonal matrices H will be denoted by #,; HH' = H'H = I,,.
The set of p x p lower triangular matrices with positive diagonal elements will be
denoted by T, (p). The set of p x p symmetric positive semidefinite matrices
of rank g will be denoted by S;‘(q). The Jacobian of the transformation is
always from functionally independent variables to the same number of functionally
independent variables. For example, if Y € &£, ,(n) and ¥ = BX, where B is a
p X p nonsingular matrix of constants, then this transformation is valid only if
X € £, ,(n) also. In this case, the Jacobian of the transformation, denoted by
J(Y — X), is well known to be |B|", where |B|, denotes the positive value of
the determinant of the p x p nonsingular matrix B. However, if ¥ € £, ,(q),
then we need to define which of the ¢g(p + n — ¢g) functionally independent
elements of Y is transformed to the same number ¢(p 4+ n — g) of functionally
independent elements of X. Thus, whenever it is feasible, a subscript / has been
added to the variables to indicate this fact in the derivation of the Jacobians of the
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transformations. Before we derive these results, we first give some known results
in the full rank case.

LEMMA 2.1. Let X € £, ,(p) and X =T Hy, where T € T, (p) and H; €
Hp.n. Then the Jacobian of the transformation is

14
J(X =T, H) =[] gpn(H),
i=1

where H' = (H{, Hy): H € #,, gp.n(H1) = J(H(dH{) — dH)).

The proof can be obtained along the lines of Theorem 1.11.5 (page 31) and
Corollary 3.2.1 (page 75) in Srivastava and Khatri (1979), hereafter referred to as
S&K. Let

en  com={
1H41=1p

)4 .
Fp<§> — g P(P=1/ | | F<#)

i=1

gpn(H\) dH) = 21’7117”/21“17(%)’

where

LEMMA 2.2. Suppose we write the p X n semiorthogonal matrix H; =
(Hy1, Hy2), where Hyy is a p X r, r > p, matrix containing all the restrictions
that arise out of the condition Hi H{ = I, and all the elements of the p X (n —r)
matrix Hyy are functionally independent random variables of Hy. Then the p.d.f.
of Hyy is given by

C(p,r)

Coom I, — HipH{,|"=P~D/2 HpH|, <1,

This is Lemma 2 in Khatri (1970).

COROLLARY 2.1. Let Ly = (I, — HioH{,)"/2Hy;. Then

gp,r(Ll)

J(Hyy, Hy— Ly, Hp) =1, — HpH| |(r—p—1)/2 ‘
! P gp,n(Hl)

LEMMA 2.3. Let X be a p x n matrix of rank p < n. Suppose that for any
n X n orthogonal matrix P, X and X P have the same distribution. Then for any
nonsingular factorization of XX' = CC', C:p x p, H=C7'X and XX' are
independently distributed. The p.d.f. of H is given by

(C(p,n)  gpu(H).
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This result has been known for some time, but does appear in Khatri (1970).
When the p.d.f. of a p x n random matrix X is given by

[@m)P S 2IA P Pler =327 (X — A~ (X = )],
we write itas X ~ N, ,(n, X, A); see S&K, pages 54 and 55.

REMARK 2.1. A consequence of Lemma 2.3 is that if X ~ N, ,(0, X, I,),
n > p, the distribution of H; = (XX")~'/2X, where (XX")'/2((XX")1/?) = X X',
is independent of ¥ and for (XX’)!/? we may use the triangular factorization
of XX'.

LEMMA 2.4. Let X € £, ,(n) and X = H{FL, where Hy € #, ,, L € #,
and F = diag(f1,..., fu), fi > -+ > fu > 0. Then, forn > 2,

MX»anm=rﬂﬂ“{rkﬁ—ﬁmm@ﬂ&ﬂmy

i<j

The proof can be obtained from Theorem 1.15 of Olkin (1951).

We now generalize these results to the nonfull-rank case. That is, let X be a
p X nmatrix of rank ¢ < min(p,n), X € £, ,(g). Then, without loss of generality,
we may assume that

X1 X12 I
(2.2) X= 3 = 701 (X1 X12),
Xo1 X21 X1 X12 X201 X1,

where X11 is a ¢ X g nonsingular matrix; see S&K, page 11, Theorem 1.5.3. Since
(X11 X12) is a g x n matrix of rank g, we can write it as 71 L1, where T; € 7 (q)
and Ly € #,; ,. Writing L1 = (L1y L12), where Ly; is a ¢ X g nonsingular matrix,
we find that X1; = 77 L. Hence,

1, T
Xo1Ly Ty Xo1Ly;

Making the transformation 75 = X 21L1_11, the Jacobian of the transformation from
_(h
X = (T2> L

q
J(X11, X12 = T, LI (Xo1 > T) = [ [t ggun(LDIL11 1T,
i

is given by

where |A|; denotes the positive value of the determinant of A. Thus, we have the
following theorem.
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THEOREM 2.1. Let X be a p x n matrix of rank g < min(p, n). Then the
Jacobian of the transformation X' = L\ (T|, T;) = L\T', where L1 = (L11, L12) €
Hyn and Ty € T,.(q), is given by

q
Ll T[] gqn (L)
i=1

COROLLARY 2.2. Let X € £, ,(q) and write X = H{T, where Hy € #, p,
T=,1),TeT:(q)and T is a g x (n — q) matrix. Then

q
- —q+i—1
J(Xp— Hy, T) = |Hy 7 [ g p(HY),
i=1

where Hy = (Hy1, Hy2), Hi1:q9 X q.

THEOREM 2.2. Let X € £, ,(q) and Y = AX, where A is a p X p non-
singular matrix. Then
J(Y1— Xp) = |A17|An "1,
where A = (g; gg), A11:q x q, and X; and Y; denote the functionally
independent elements of X and Y , respectively.

PROOF. Asin (2.2), we can write

X11 X12>
X = ,
<X21 X

where X11:9 X g and Xo, = X21X1_11X12. Hence

Y1 Y12>
(YZI Y2

= A A .
( <X21 X22
Thus, the Jacobian of the transformation

X12 Y12
4 <X22> B (Yzz)
gives A11X12 + A12Xo = Yo and A X2 + A X2 = Yoo, From the first
equation we get Ax1 Xy = A21A1_11Y12 — A21A1_11A12X22. Substituting in the
second equation, we get (A — A21A1_11A12)X22 =Yy — A21A1_11 Y12. Thus, given

X7y and Y1, Yoy is fixed. Hence J (Y12 — X12) = |A1]" 7. Combining the two,
we get the result. [

Now
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THEOREM 2.3. Let p > q be integers and let S be a p X p matrix of
rank g with distinct positive eigenvalues in the space of S;r (@) of p x p positive

semidefinite matrices. Then S can be written as S = HI’DHl, where Hy € #, p
and D = diag(dy, ...,dy), dy > --- > dy > 0. The Jacobian of the transformation
of functionally independent elements of S, denoted by Sy, to H and D is given by

q
_ —g+1 _
J(S; — Hy, D) =27 H|?~ " VID1P=1 ] d: — d))gq,p(H),
i<j
where Hy = (Hy1, H12), H11:q9 X q is a nonsingular matrix and S; denotes the
functionally independent elements of S.
PROOF. Consider the transformation

Spxp = H{pquququxp’

where Hy:q x p, HiH{ =I,. Let
H'=(H[{,Hy)):pxp suchthat HH =1I,.

- (39 () - ()

Taking differentials, we get

dS=(dH" (gg)H+H/<dé) 8) H+H’<€8)(dH).

Then

Hence,

H(dS)H = H(dH) (3 8) + (dé) 8) + (3 8) (dH)H'.

Since HH' =1, (dH)H'+ H(dH)' =0.Thus R = H(dH)' is a skew-symmetric
matrix. We write

R— (Rn R12> _ (Hl(dHl)/ Hi(dHy)' ) '

R>1 R Hy(dHy) Hy(dHp)
Let
Wi Wiz
W=H{S)H = < )
@5) War Waa
Then
DO dD 0 DO
W_R(o 0>+< 0 o)‘(o o)R
2.3)

_ R11D—DR11+dR —DR12
- Ry D 0 '
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ACERY)
2

There are only pg — elements on the right-hand side of (2.3), whereas

dS has M elements, out of which only pg — @ elements are functionally
independent. Thus we need to find the Jacobian of the transformation from

(S11, S12) to (H;, D). From above, we note that
Wit =Ri1D+dD — DRy,

Wi2 = —DRy3,
Wa1 =Ry D,
Wor = 0.
Hence,
J(S; — Hi, D)
=J(S11, S12— Hi, D)
=J(dS1,dS1» — dH;,dD)
2.4)

=J(dS11,dS12 — Wi, Wi2)J (W11 — Ry1,dD)
x J(Wa1 = R21)J(R11, R21,dD — dHy,dD)
q
= J1ID|P~1 [ [(d; —d;)J (H dH| — d HY),
i<j
where J; = J(dS11,dS12 — W11, Wip). To find Ji, let us define

Hll _ Hllquq
= /
P His(p-q)xq

and
/
I H21q><(p—q)
Hy= 1 .
22(p—q)x(p—q)
dS=HWH
oo o (Wi Wiz ( Hy
_(HI’HZ)(sz 0 )(H2>
= H{W11H1 + HZ/W{ZHl + H{leHz

=+ + 2"
Expanding, we find that

(1) = H{ Wi Hy H{ Wi H2
H{,Wi1Hy1 H{,Wi1H»

Then
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and
2) = (H2/1W1/2H11 H2/1W1/2H12)
/ / / / *
Hy, Wi, Hiy Hy Wi, Hiz
Hence,
dSi1gxq = H{y W11 Hi1 + Hy W{, Hy1 + H{; W12 Hay
and

dS12gx(p—q) = H{1Wi1Hi2 + Hy Wi, Hio + H{; Wi2 Hp
= (dS11Hy,' — Hy Wi, — H|\WiaHa1 H;") Hia
+ Hzll W{2H12 + H1/1 WixHap
= dS\1Hy,'Hiz + H{,Wi2(Hy — Ha  Hy Hio).
Hence, from Theorem 1.11.2, page 29, of S&K,
J(dS11,dS12 — Wi, Wio)
=J(dS11 — WiDJ(dS12 — Wi | S11)
1 — _
= |H11|3_+ |Hi1 157 Hyy — HoyHy ' HiolY,
1 — —
= |H |9 [Hy 15 Hy |
—g+1
= Hn |}
Thus, the Jacobian of the transformation S = H{ D H is given by
q
— — 1 —
J(S — Hy, D) =27Hy |} D17 [](d;i — d))gq, p(HD,
i<j
since the transformation is 1 to 29. [

THEOREM 2.4. Let U,V € S;‘(q) be related by U =T'VI' =T H{DHI",

where I € #), and Hy € H, ;. Then the Jacobian of the transformation from
U; — Vp is given by

-1 -1
JWUr— V) =|LulL™ " Hy |2
where ' = (I'},T5), T : p x q, Hy = (Hi1, H12) and Hy1 :q X q is nonsingular.
PROOF. LetV = H{DH;. Then

U=TVI' =TH{DHT'
=L\DL,,
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where L1 = HiT' = H| (T}, Fé) = (L11,L12). Thus, L1 = lell and
JU;—-V)=JWU;— L,D)J(L,D— H\,D)J(H{,D— Vy).

From Theorem 2.3, J(U] — Ly, D)J(Hl, D — V]) = (|L11|+/|H11|+)p—q+1 X
(84,p(L1))/(gq,p(H1)). It remains to show that J (L1, D — Hy, D) = (g4,p(H1))/
(g4.p(L1)). With H' = (H|, Hy), HH' = I, and L' = (L}, L}), LL' = I,, we find
from Roy (1957) that
J(Ll,D—> Hl, D)
J(L1, D — Hy, D,no restrictions)\ /J(H dH|{ — dH))

< J(LiL} — H{HY) )(J(LdL/l—>dL’1) )

_ 8q.p(H1)

B gq,p(Ll),
since J(L1 — Hj | no restriction) = [['y|9 =1 and J(L|L| — H{H{) = 1. Thus,
JWU; = V)= Lo T O

This result can also be obtained from Theorem 2.5, which is presented next, but
the proof given here may be of independent interest.

THEOREM 2.5. Let U,V € S;(q) be related by U = BV B, where B is a
p X p nonsingular matrix. Then the Jacobian of the transformation from Uy to Vj
is given by

—q+1
_ BB H{I
|Hn|‘i_qul

where B’ = (B/, Bé), Bl q X p, V= HI/DHl, H1H1/ = Iq, H1 = (HH, H12) and
Hi1:g xq.

JWUr— Vp)

PROOF. LetV = H{DH; and D =diag(d,, ...,d,),d; > --->dy; > 0. Then
U=BVB = BH{DHlB/.
Let
c=8B""
Then
CUC' =V = H|DH,.

Taking differentials and proceeding as in Theorem 2.3 with H' = (H{, H,) and
HH'=1,, we find that

(2.5) HC(U)C'H' =HdH) (18 8) + (dé) 8) + (g 8) (dH)H'.
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Let

W =HC(U)C'H = (W“ W”) .

Wi, W

Then W>; = 0 and we need only to find the Jacobian of the transformation
J(dUy1,dUy — dWh1, dW13). From (2.4) in the proof of Theorem 2.3, it follows
from the relationship (2.5) that

q
(2.6) J(Wii, Wia —> dHy,dD)=|D|"~ [[(d; — d;)J (H\dH{ — d H}).
i<j

Let

_ -1_(GuGn .
G=(HC) —((;21 Gzz), Gii:g xq.

Then dU = GWG’ and hence following as in Theorem 2.3 [see the derivation
after (2.4)], we get

J(@dU1,dUrp —> Wi, Wi2)
=1GulL"G1L
=|BI%1Gu I
Note that
G=C"'H' =BH' = (BH{, BH})
BH B H,
:(B;H} B;HZ)’ Bi:q x p.
Hence |G11]+ = |BlH1’|+. Now, from (2.6) and Theorem 2.3,
JWUy— V) =JdU; — dVy)
=JdU;—> Wp)JW; —dH,,dD)J(dH;,dD — dVy)
1BIY B H{!
o qHE O

The next theorem combines the results of Lemma 2.4 and Theorem 2.3.

THEOREM 2.6. Let X € £, ,(n), X = H{FL, H € #,,, L € #, and
S=XX'= H{F?H, = H{DH,. Then, if we write

np—n

Hy=n(H\ Hi2) and S=<SHS12),

Sia S22
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S = Hl/lDHll’ S12 = HlllDle and Sy; = Sile_llSlz, the Jacobian of the
transformation from Xy to S11, S12 and L is given by

J(X1— S11,812) =278 | "7V 2, u(L).

PROOF. From the transformations
X=H{FL, XX =H{F?H =H|{DH, =S5,
we get
J(X;— S;, L)
=J(X;— Hy, F,L)J(Hy,F,L— Hy,D,L)J(H;,D,L— S;,L)

=27 FIP [ = £ gnn(L)gn p (HD2 " F| 12"

i<j
—1
—(p—n+1 - -1
< |Hy |37 1D (g, , (HY)) [H(ff—ff)}
i<j
= 27" D| "= D2 gy P g, (L)
=278, |"P D 2, W (L). O

3. Singular Wishart distributions. Let X = (x1,...,x,) be ~ N, ,(0,
%, I,). That is, the n columns of the p x n matrix X are i.i.d. N,(0, X). We
assume that ¥ is p.d. and n < p. In this case, the p x p matrix S = XX’ is said
to have singular Wishart distribution. The p.d.f. of X with respect to Lebesgue
measure is given by

1 | R
We first obtain the distribution by using the singular-value decomposition
method. Consider the transformation

X =H|FL,

where Hy € #, ,, L € #, and F = diag(fi,..., fu), fi > 0. Then using the
Jacobian of the transformation given in Lemma 2.4, the joint p.d.f. of (Hy, F, L)
with respect to Lebesgue measure is obtained from (3.1) as

2—n
(Zn)pn/2|2|n/2
Integrating out L over the space LL' = I,,, we get from (2.1) the joint p.d.f. of
F and H; with respect to Lebesgue measure as
27"C(n, n)
(27-[)pn/2|2|n/2

1
(etr—EE_lH{FzHl) \FIP " TG = fD8nn (L) gn,p (H).

1_ _
etr—- % IH{FZHl)IFV’ "T1CG7 = F)gnpCH.

i<j



SINGULAR WISHART DISTRIBUTION 1549

Making the transformation fi2 =d;, the joint p.d.f. of Hy and D = diag(dy, ..., d,)
with respect to Lebesgue measure is
27"C(n,n)
on (27[)pn/2| > |n/2

1_ e
eu—gzlHﬂHh)DW’”“ﬂfkﬁ—dﬂ&w“ﬁl

i<j
Now consider the transformation
S = H{DH,
where S is a p X p symmetric matrix. Writing H| = (H11, H12), where Hi1:n X n
and
np-—n
S_n (Sll 512)_ H1/1DH11 HI/IDle
p—n Siz S22 Hl/zDHll H{ZDle ’
giVCS S11 = HI/IDHH, S12 = HI/IDHIZ and S22 = HllzDle.
If we choose Hj; such that it is nonsingular and we can do so, we find that
Sa» = H{,DHy» = H{,DHy (H{,DHy1) " H{ | DH1» = S},5]; 1>

Hence, S7; is functionally dependent on Sy and S;; and it is not a new
transformation. Thus, we need the Jacobian of the transformation from (S11, S12)
to (Hy, D) which is given in Theorem 2.3. Thus, the joint p.d.f. of S;; and Si»
with respect to Lebesgue measure is

n(n—p)/29—pn/2 1
i |S11I(”_”_l)/z(etr—EE_lS)

IMCIDILE

Among the many methods available in the literature (see S&K, page 73) for
deriving the nonsingular Wishart distribution, the triangular factorization method
appears to be the most popular. Thus, it would be appropriate to have a similar
derivation in the singular case as well, which we do next.

Consider the transformation

T
(33) Xpen= (70 ) L1

(3.2)

where 77 is an n x n lower triangular matrix and 75 is a (p —n) X n matrix. Since
g =n, Ly € #, and |L{|+ = 1, the joint p.d.f. of T = (T}, T;)" and L1, using
Theorem 2.1, is given by

n
(3.4) Q) PR E| T 2 etr A2 TT) ( [1 t,-’ﬁ")gn,n(Ll).
i=1
Note that

(3.5) TT = (TlTl/ TlTZ/).

T Tl/ T Tzl
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Making the transformation
(3.6) T Tll =511 and T Tzl = S12,

we find that the Jacobian of these transformations is given by

n
J(Tl - Si)J(T, — SIZ) — (2—ﬂ 1_[ t;n-}-l—l) |T1|_(p_n).

i=1
Hence, the joint p.d.f. of S1; and Sy, is given by
(3.7) 27"C(n,n)2r) P22 S|P DR (e — 1 21S),

where Sy = Sile_llSlz. This may be called singular Wishart distribution. As
usual, we denote it by S ~ W,(X,n), n < p. Thus, we get the following theorem.

THEOREM 3.1. Let X ~ Nj,,(0,%,1,), n < p. Then the p.df. of the
functionally independent elements of the matrix S = X X' is given by (3.7). This
is the joint p.d.f. of S11 and S1» and is the same as that obtained earlier by the
singular-value decomposition method.

The above result can easily be generalized to any p x n matrix X of rank n with
p.d.f. given by f(XX’). Thus, we get the following corollary.

COROLLARY 3.1. Let X be a p x n matrix of rank n with p.d.f. given by
f(XX'). Let X =TLy, as in (3.3) and S = XX' = TT’', where the upper left
n X n submatrix of S is denoted by S11 = T Tl/. Then the p.d.f’s of T and S are,
respectively, given by

2nnn2/21£[ .
(3.8) t.”._’f(TT’)
Tu(3) 0
and
n2)2
(3.9) |S11|@=P= D2 £(5).

Tn(5)

COROLLARY 3.2. Let X be a p x n matrix of rank n with p.d.f. given by
(XX'). Let X = HFL, H € #, ,, L € #, and S = XX' = H F*H, =
1 P p 1
H{DH\, where we write S = (g%; g;), Sy = Sile_ll S12. Then the joint p.d.f. of
S11 and Sy is given by (3.9).

COROLLARY 3.3. Let S ~W,(X,n),n < p,and U = BSB’, where B is a
p X p nonsingular matrix. Then U ~ W,(BX B’,n),n < p. Thatis, the p.d.f. of U
is given by

c[BEB| AUy | "D er — 3 (BEB)TIU),



SINGULAR WISHART DISTRIBUTION 1551

where
gtn=p)/29—pn/2

I'n(3)

Un U12)

U= :
(U{z Un

U1y is an n X n nonsingular matrix and Uyy = U{zUl_llUlz.

’

PROOF. Write B’ = (B{, B}), Bi:n x p, S=H{DH,, HiH{ = I, and H| =
(Hi11, Hi2), where Hyp :n X n and is nonsingular. Then

U1 = B|SB| = BiH|DH, B
and, from Theorem 2.5,
(3.10) J(S;— Up) = [Hy [P~ B 7" | B Hf |~ 7"+ D.
Also
S11=H{{DHj:n X n.
Since, the p.d.f. of § is given by
S|PV D 2 er — L 2L S)
=c|H{;DHy;|" P~ V22|72 (er —3(BXB") "' BSB),
the p.d.f. of U is given by
c|BiH{DH,B{|"~ P~ V2B B'|"/*(etr —L(BZ B)"'U).
In the next corollary we give the marginal distribution of S| and the conditional
distribution of Sy given Si1; the proof can be obtained along the lines of S&K,
page 79. U
COROLLARY 3.4, Let S~ W,(X,n),n < pand ¥ > 0, where
np—n
S=n_ <S11 S12>’ 2::<E11212)’
p—n\Sp, S» X 2
S11] # 0 and Sxp = S},S;,' S12. Then:

i) S~ Wu(Z11,n).
(ii) The conditional distribution of Siz given S11is Np_n n(BS11, Z2.1, S11),
where

1 =30 XL S, p=3,2"
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By using the results of Lemma 2.4, the p.d.f. of the nonzero eigenvalues of S
in the case of ¥ = I can easily be obtained. Alternatively, we can use the fact
that the nonzero eigenvalues of XX’ are the same as those of X’X, which is
nonsingular. Using either of the two methods, the p.d.f. of the nonzero eigenvalues
dy > --->d, of S when ¥ =1 is given by

a2 S (pen=D)2 di /2 .
3.11) d:r T e (d; —d;).
2P"/2Fn<%>rn<g><g’ )E o

Next, we consider the noncentral case; that is, let X ~ N, ,(u, X, I,,), where
n < p. Then the p.d.f. of X is given by
(@myP2 ) etr —1n 7N (X — ) (X —
=k(etr—3 27 XX')(etr =7 X 1)),
where k = (27)"P/2|Z "2~ (etr —%Q), Q = ¥ 'up'. Make the transformation

X =TL, where T = (T\',T»') : p x n with T} € T (n) and L € J#,. Then the
joint p.d.f. of T and L is given by

n
k]t gnp(L)(etr =327 TT ) (etr 27! T L),
i=1

Integrating out L, we get the p.d.f. of T" as
n .
kC,m) [ [ (et —3 =7 TT) Fi(3n, ;Q57'TT),
i=1

from James (1964). Hence, the p.d.f. of S = XX’ = T'T" is given by the following
theorem.

THEOREM 3.2. Let X ~ N, n(u, X, I,),n < p. Then the p.d.f. of S = XX’ is
given by

gt (n=p)/29—pn/2
La(DIZ |72

1 1 1
|511|("_”_1)/2(etr——2_1S) Fl(—n, —QE_IS).
2 0 2 4

We write itas S ~ W, (X, n, 2). Following the steps of Corollary 3.3, we obtain
the following corollary.

COROLLARY 3.5. Let S~ W,(X,n,Q),n < p.Thenfora p x p nonsingular
matrix B,U = BSB' ~W,(BEB',n,Q), 2 = (BEB)"'Buu'B’.
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4. Singular multivariate beta distribution. We use the following definition
of a multivariate beta distribution as given by Khatri (1970) and Mitra (1970).

DEFINITION 4.1. Let X ~ Nj,,(0,%,1,) be independently distributed
of Y ~ Npn(0,%,1,,) with (n; + ny) > p. Let Z = (XX' + YY)"1/2X,
where (XX’ + YY")~1/2 is any nonsingular factorization of (XX’ + YY’);
(XX + YYH/2(XX' +YY)/? = XX' + YY'. Then U = ZZ' is said to have
a multivariate beta distribution, denoted by B, (n1/2,n2/2) with ny +ny > p; if
ny < p, itis called a singular multivariate beta distribution.

An alternative definition in terms of Wishart distribution can also be given,
namely

U=V +wW)" 2y +w)y V7

where V and W are independently distributed as W,(X,n1) and W,(Z,na),
respectively, with n; 4+ ny > p; see Khatri (1970) or S&K, pages 93 and 96.
However, we use the definition in terms of the normal random matrices. Recall
that from Remark 2.1 in connection with Lemma 2.3, we may use the triangular
factorization of XX’ + Y'Y’ or V + W without any loss of generality and we do so
in the following development.

It may be pointed out that Uhlig’s (1994) Theorem 1 is Khatri’s (1970)
Theorem 2.

THEOREM 4.1. Let X ~ Np (0,2, 1) and Y ~ N, ,(0, X2, I,) be inde-
pendently distributed with ¥ >0, m > p and n < p. Let XX' +YY' =TT/,
where T is a lower triangular matrix with positive diagonal elements t;; > 0,
i=1,..., p. Then the distribution of U = T\YY'T'" ! is given by

o e (222) 2 )

x |U11|(n—l7—1)/2|1 _ U|(m_p_1)/2,

“.1

where U = (gi: Zg), Uii:n x n. We denote the p.d.f. given in (4.1) as MBi(p,

n,m), m=> p, n < p,and call it, as in S&K, singular multivariate beta Type 1
distribution.

PROOF. From Lemma 2.3 and Remark 2.1, we may assume without loss of
generality that ¥ = 1. The joint p.d.f. of X and Y in this case is given by
Q) PN (etr—L(XX + YY), N =m+n.
Let
(X,Y)=TH,, Hy € Jt, N, TeT (p).
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Using the Jacobian of the transformation from (X, Y) to (7, H;) from Lemma 2.1,
we get the joint p.d.f. of T and H; as

Q2m)"PN2g, N(H)) ﬁ T etr—4TT).
i=1
Integrating out 7', we get the p.d.f. of Hj as
(C(p, N) " gp.n(H).

Noting that

Hi =T '(X,Y) = (Hi1, H),
where Hi1:p x m and Hyy: p x n, m > p, we find that

Hp=T"'y

and

HpH, =T 'vyY'T " =U.
From Lemma 2.2 with r — m and n — N the p.d.f. of Hj; is given by

C(p,m) —p—
(4.2) mup — HipHp,|"P~VD2 HyH|, <1,

Using the singular-value decomposition of Hiy, Hip = MiF L, Mi:n x p,
M\M{=1,and L:n x n, LL' = I,, and then U = H\;H{, = M{DM, we find
from Theorem 2.6 that the p.d.f. of U is as given in the theorem after integrating
out L.

Alternatively and more easily, we obtain the p.d.f. of U from Corollary 3.1.
Note, as before, that

U=H12H1/2
=M1DM1

_ MilDMll MilDMIZ
- MizDMll MizDMIZ

=<U11 U12>
Ui, Un)’
where M| = (M1, M13), My :n x n. Since

Uz = Uj,U; ' Uta = M{, DMy (M} DM11)™' M}, DM2 = M{,DM3,

it follows that the p.d.f. given in the theorem is, in fact, the joint p.d.f. of Uy
and Upjp. O
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COROLLARY 4.1. Let U ~ MBy(p,n, m), the p.d.f. of which is given by (4.1).
For any p x p orthogonal matrix T, let V =TUT'. Then V ~ MBi(p, n, m).

PROOF. Let V = I'UT". Then from Theorem 2.4, the Jacobian of the
transformation from Uy to Vj is given by

—n+1 —n+1
JWU; = vy = Hy 27" ey

where
U=H1/DH1, H{leln,
Hy = (Hn, Hi2), Hyp:n xn, [Hi| #0,
"= (1}, T, [i:pxn.

Hence,

U = H{,DHy,
Vi1 =T H|DHT).
Thus, the p.d.f. of V is given by
1| Hyy 1P~ T~ P40 HY D Hyy | P~ D2 — v m=p=D/2
= c1 [T H{DH\ T} "=~V — y|mmp= D72
= c1| V| P V2 — v mmp=D/2)

e )

COROLLARY 4.2. Let U ~ MBi(p,n, m), where

where

np-—n
U_" <U11 U12>
p—n U{Z Uy )’

|U11| #£0, Uy = U{zUl_llUlg and where the p.d.f. of U is given by (4.1). Then the
p.d.f. of Uy is given by

o m-+n n m
e lUn 2T = Uy =12, cz=Fn< . )/Fn<5)rn(5).

PROOF. We first note that
[l —U|=|I —Unl|l —Uxp—Uj,(I —Up)"'Up

=1 —Un||I = ULIUG + U = Ui~ "U|

—1/2 — —1/2
=1 —Unl|l = UL,UyL 2 — v~ oy o).
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Let
W=(U- U11)_1/2U1_11/2U12.
Then
JUi— W) = [Un| P21 — Uy | P2,
Hence, from (4.1) the joint p.d.f. of U;; and W is given by
Const - |Uyy|7V21 — Uy | == D721 — ww!|(m=p=D/2,
Integrating out W, we get the p.d.f. of Uy as given in the corollary. [
The joint p.d.f. of the nonzero eigenvalues d; of H12H1’2 can be obtained

from Lemma 2.4 or directly from (4.2) by using Lemma 3.2.3 (page 76) and
Theorem 1.11.5 (page 31) of S&K, and the fact that

I+ AB| =11, + BA]
for A: p x g and B:q x p. The p.d.f. of d; is given by

| s n%/2 n e
rp<p%(>r2n<)%]§rn<§> ( [Tar"a- di)(m_p_l)/2> [T =ap

i=1 i<j

4.3)

The above p.d.f. differs from the one given by Diaz-Garcia and Gutiérrez-
Jaimez (1997); they used I" p(%) in place of F,,(g) in the denominator.

THEOREM 4.2. Let X ~ N, ,(0,1,1) and Y ~ N, ,(0,1,1) be indepen-
dently distributed with m > p and n < p. Let XX' = w2wl2 where W/2
is any nonsingular factorization of X X'. Define

G=w"wyyyw-2
Then the p.d.f. of G is given by
nn(n—p)/er(mTJrn)

(4.4) G| PV G2,
Lp(3)Cn(3)
where G = (g/:; gg) We denote the p.d.f. given in (4.4) as MBy(p,n,m), m > p,

n < p, and, as in S&K, call it singular multivariate beta Type 11 distribution.

PROOF. Let W = X X'. Then the joint p.d.f. of W and Y is given by
Qr)~P2C1(p, m)|W| P2 (etr —L (W + YY),

-1
com=(on(3)

where
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Making the transformation

Z=w"%y
and integrating out W, we find that the p.d.f. of Z is given by
(277:)_1,"/2 Ci(p,m) I+ ZZ/|—(m+n)/2.
Ci(p,m+n)

Hence from Theorem 2.6, the p.d.f. of G is given as in the theorem after integrating
out L;. U

COROLLARY 4.3. Let G ~ MBu(p, n,m), the p.d.f. of which is given in (4.4).
Then for any p x p orthogonal matrix T, the p.d.f. of P = I'GI" is again
MBu(p,n, m).

COROLLARY 4.4. Let G ~ MBu(p, n,m), where

np—n
G_" (Gn G12>
p—n\Gp Gn)’

|G11] #0, Gy = G/12G1_11G12 and its p.d.f. is given by (4.4). Then the p.d.f. of
G is given by

T (252
L (Tu(3)
THEOREM 4.3. Let X ~ N, ,(0,1,1) and Y ~ Nj ,(0,1,1) be inde-

pendently distributed. Let dy > --- > d, > 0 be the nonzero eigenvalues of
(XX)'YY' form > p,n < p. Then the joint p.d.f. of dy, ..., d, is given by

2
" /2F n+m n o n
17( ) Hdi(p n 1)/2(1 +di)—(n+m)/21_[(di —d])

G172 T + Gy |~ H/2,

2
T (T, (HTa(5)

i<j

5. Pseudo Wishart distribution. In this section we consider the case when
p(X) =r < p, where p(X) denotes the rank of ¥. Let X ~ N, ,(0, X, I,), where
p(X) =r < p, but r > n. Then from Khatri (1968) or S&K, page 43, the p.d.f.
of X is given by

,
Qm) 2 A" (e -1 57X X),
i=1
with respect to Lebesgue measure on the hyperplane A;X = 0 (with probability
one), where A is defined below, and where X~ is a generalized inverse of X,
¥¥~¥ = X and A;’s are the nonzero eigenvalues of X. Consider an orthogonal
matrix A" = (A}, A}), where A} is a p x r matrix such that AjA} = I, and

T =A (I())* 8) A=A|DyAy, Dy =diag(ri,..., 7).
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Then, it follows that
-1
AT A =AA|DA) A = b0 .
00
Hence, the p.d.f. of AX =Y is given by
r
((2n)—”’/2 I1 )\j"”) er—1D 1Y,
i=1

where Y' = (Y{, Y3), Y1 ~ N, (0, D;, I,) and Y> = 0 with probability 1. Hence,
from Theorem 3.1, the p.d.f. of V =YY/ is given by

n,n(n—r)/22—rn/2

2
(3 [Ty A

1

where

Vi V12>
V= , Viiinxn
(sz V22 !

and Vyy = V{le_llVlz. Alternatively, we can write Yi = M{FL, VY[ =V =
M{DM,; where L € #,, F2=D, My:n x r and M\M{ = I,. Hence, Vi| =
M{lDMU with My = (M1, M12), M11 X n x n. Use of Theorem 2.6 gives the
result.

To write the p.d.f. in terms of S = X X', we can use either Corollary 3.1 or 3.2.
To use Corollary 3.2, we write X = HI’FL, Hy € #Hp,, L € H, and F =
diag(fi,..., fa), fi >0,S = XX'= H{F?H, = H|DH,, giving S11 = H| DHy;
and H; = (H11, Hi2). Hence, we get the following theorem.

THEOREM 5.1. Let X ~ N, ,(0,%, 1), p(¥) =r > n. Then the p.df. of
S = XX’ is given by

nn(n—r)/22—rn/2 o 1
e n/2|511|<" r 1)/2(etr—52 S).
n(j)ﬂi:l)‘l‘

The distribution of S = X X’ is called a pseudo Wishart distribution as defined
by S&K, page 72.

We now obtain results analogous to the one given in (3.8), when X ~
Npn(0,%, 1), p(¥)=r < p and p(X) = g = min(r, n). We can write

_ (T
X_(T2>L1

=TL,
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where T : g X g is a triangular matrix with positive diagonal elements ¢;;, T : (p —
q) X q matrix and Ly € #, ,. Hence, the p.d.f. of T and L, is given by

r q
[(277)_’”/2 I1 ki_"/z} ( [1 tﬁ_’)gq,n(Ll)ILn 57 etr =327 TT),
i=1

i=1

where the ¢ x n matrix Ly = (L11,L12), L11:qg X g and Lip:q X (n — q).
Integrating out Ly, the p.d.f. of T is given by

r q
C(q, n)|:(27r)_r”/2 I1 A;”/Z}K ( I1 ti';_i>(etr—%2_TT’),
i=1

i=1
where, from Lemma 2.2 and Corollary 2.1 with p — g and r — ¢,

K= [C<q,n>]—1/ Ly L), P9, (L) dLy

1€ q.n

_Cq.9)
- Clg.n) Jepey,<,
_C(q,9) C(g,n+a)
~ Clg.n) Clg,q+a)
Hence, we get the following theorem.

|1, — LiaLy| P17 D2 d L,

a=p—q.

THEOREM 5.2. Let X ~ N, ,(0,%,1), p(¥) =r < p and p(X) =q =
min(r, n). Consider the transformation X' = L\T" = L (T{, T,), where L| € #, »
and Ty is a q x q lower triangular matrix with positive diagonal elements t;; and
T, isa (p — q) x q matrix. Then the p.d.f. of T is given by

Cla.a)Canta)f ) mpy1,-m2]| []m [ (—1 B /ﬂ
Cq.q+a) [(271) ,‘:1_[1)% }L:l_[ltii etr 22 TT1') |,

a=(p—q).
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