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BAYESIAN ANALYSIS OF PROPORTIONAL HAZARD MODELS

BY YONGDAI KIM1 AND JAEYONG LEE
Ewha Womans University and Pennsylvania State University

This paper is concerned with Bayesian analysis of the proportional
hazard model with left truncated and right censored data. We use a process
neutral to the right as the prior of the baseline survival function and a finite-
dimensional prior is placed on the regression coefficient. We then obtain the
exact form of the joint posterior distribution of the regression coefficient
and the baseline cumulative hazard function. As a by-product, we prove the
propriety of the posterior distribution with the constant prior on the regression
coefficient.

1. Introduction. This paper is concerned with Bayesian inference of the
proportional hazard model when observations are both left truncated and right
censored (LTRC). Bayesian analysis of the proportional hazard model with right
censored data has been studied, for example, by Kalbfleisch (1978), Hjort (1990)
and Laud, Damien and Smith (1998). However, their results cannot be extended
directly to LTRC data. To the best of our knowledge, even with the popular prior
processes—gamma and beta—a Markov chain Monte Carlo (MCMC) algorithm is
not available. The main contribution of this paper is the derivation of the posterior
distribution in a closed form for LTRC survival data. There are two important
consequences. First, any Markov chain Monte Carlo algorithm for right censored
data can be modified to implement a Bayesian analysis of LTRC data. Second,
the theoretical study of the posterior distribution for LTRC data has become
simpler because of the availability of its closed form. In particular, we prove
the propriety of the posterior when an improper constant prior is used for the
regression coefficient. To our knowledge, this result is the first propriety result
concerning prior processes neutral to the right.

Our proof also has novel features. We derive the posterior distribution by
embedding the LTRC data into a counting process model. Because it handles
left truncated data easily, this approach, using counting processes, has various
advantages over other earlier approaches. First the proof is much simpler and
more systematic. Kalbfleisch (1978) used gamma process priors for the log of
the survival function and obtained the posterior distribution by deriving finite-
dimensional distributions of the posterior process. The proof involves nontrivial
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details, particularly when there are ties among observations. Our approach handles
ties in a consistent way. Second, the posterior distribution can be derived for a
much wider class of priors. While the previous results require specific knowledge
of a prior for the baseline distribution, such as a gamma or beta process, our
approach requires only that the prior of the baseline distribution be a process
neutral to right. In Example 1 of Section 3, Kalbfleisch’s result is deduced from
the main theorem of this paper. In Example 2 of the same section, we derive the
posterior distribution of the regression coefficient with beta process priors, which is
an extension of Hjort (1990) in tied observations. Laud, Damien and Smith (1998)
implemented an MCMC algorithm for the proportional hazard model with beta
process priors. However, the derivation of the conditional posterior distribution
of the cumulative hazard function, given the regression coefficients used in their
algorithm, is not available in the literature. Our results justify its use.

The paper is organized as follows. Section 2 introduces the model and the class
of priors. Section 3 presents the posterior distribution. Section 4 gives the propriety
result. Sections 5 and 6 give the proofs of the results.

2. Proportional hazard models and processes neutral to the right. In this
section, we introduce the proportional hazard model for LTRC data and review
prior processes neutral to the right for the baseline survival function.

We begin by modelling the complete data and then introduce the truncation
and censoring mechanisms. The postulates of the proportional hazard model
are as follows. Let X, X,... be survival times with covariates Z;, Z, ...,
where Z; € R?. Suppose the distribution F; of X; with covariate Z; is given by
1-Ft)=(01—-F (t))eXp(ﬁTZi), where 8 € R? is the unknown regression coef-
ficient and F' is the unknown baseline distribution function. The survival times
are only partially observed due to the presence of truncation and censoring vari-
ables (W;, C;), which are assumed to be independent random vectors independent
of the X;’s. Let T; = min(X;, C;) and §; = I (X; < C;). In the presence of LTRC
data, one observes (7;, §;) only when 7; > W;. Finally the data consist of n copies
of (T;, 6;, W;, Z;) with T; > W;. By setting W; = 0, data subject to only right cen-
soring can be treated in this framework.

There are two parameters in the proportional hazard model: the regression
coefficient 8 and the baseline cumulative distribution function (c.d.f.) F. We use
a process neutral to the right [Doksum (1974)] for F and a finite-dimensional
distribution with a density for 8. Processes neutral to the right include popular
prior processes such as Dirichlet processes [Ferguson (1973)], gamma processes
[Kalbfleisch (1978); Lo (1982)] and beta processes [Hjort (1990)].

Before deriving the posterior distribution, we review several features of
processes neutral to the right. A random distribution function F is a process neutral
to the right if F(t) =1 —exp(—Y (¢)), where Y (¢) is a nondecreasing Lévy process
with Y (0) = 0 and lim;_, , Y (#) = oo with probability 1 [Doksum (1974)]. We can
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redefine it in terms of a cumulative hazard function (c.h.f.), taking the approach
initiated by Hjort (1990). Let A be the c.h.f. of F, A(¢) = fé(l —F(s—)"VdF(s).
Then, it can be shown that F is a process neutral to the right if and only if A is
a nondecreasing Lévy process such that A(0) =0, 0 < AA(#) <1, for all  with
probability 1 and either AA(¢) = 1 for some ¢ > 0 or lim;_, o, A(#) = 00 a.s. From
what follows, we simply use the term Lévy process for a prior process of the
c.h.f. A that induces a process neutral to the right on F'.

For any given Lévy process A(t) on [0, c0), there exists a unique random
measure 4 on [0, co) x [0, 1] such that

(1) Aw = xpu(ds, dx),
[0, ][0, 1]
where p is defined by
) ([0, 1] x B)=Y_I(AA(s) € B)
s<t

for any Borel subset B of [0,1] and for all + > 0. Since w is a Poisson
random measure [Jacod and Shiryaev (1987), page 70], there exists a unique
o -finite measure v on [0, co) x [0, 1] such that E(u ([0, t] x B)) = v([0, ] x B).
Conversely, for a given o-finite measure v with f; fol xv(ds,dx) < oo for all
t > 0, we can construct a Lévy process through (1). Thus, we can conveniently
characterize a Lévy process by v, which we call the Lévy measure of A (or F).
The expectation of A(¢) is also neatly expressed as

t prl
3) E(A(t)):/(; '/0 xv(ds, dx).

The relationship between Levy processes and Poisson random measures is well
known in probability theory. For its complete treatment, see Jacod and Shiryaev
(1987). For their application to Bayesian survival models, which is relatively new,
refer to Kim (1999) and Kim and Lee (2001).

3. The posterior distribution. A priori, let the baseline c.d.f. F' be a process
neutral to the right with a Lévy measure v of the form v(dt, dx) = f;(x) dx dt for
x €10, 1] and let 7w (B) be the prior density function for §. Let g, be the number
of distinct uncensored observations and let t{ < #, < --- < 1,, be the ordered
distinct uncensored observations. Define D, (t) ={i:T; =t,8; =1,i =1, ..., n},
R,(t)={i:W; <t <T;,i=1,...,n} and R,f[(t) = R, (t) — D, (t). Thus, D,(t)
and R, (¢) are the sets of the failure times at time ¢ and observations at risk at
time ¢, respectively. The next theorem is the main result of the paper and is proven
in Section 5.

THEOREM 3.1. Let the observations be denoted by D, = ((Ty, 51, W1, Z1),
ceey (Tn’ 8}1’ an Zn))
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(1) Conditional on B and D,,, the posterior distribution of F is a process
neutral to the right with Lévy measure

v(dt,dx|B, Dy)

4 qn
@ = (1 — ) im0 22D £ () dxdi + 3 dH; (x|B)8,, (1),

i=1

where 8, is the degenerate probability measure at a and H;(-|B) is a probability
measure on [0, 1] with density proportional to

(5) hi (X|,3) — { 1_[ (1 . (1 _ x)exp(ﬂTZj))i|(1 . x)zjeRrT(ti)eXp(ﬁTZj)ﬁi (x)

JE€Dn (i)

(i) The marginal posterior distribution of B is
qn 1
(©6) 7(BIDy) e * P[] /0 hi(x1B) dx 7 (B),
i=1
where

norTopl i1
,O(,B) — Z/ / (1 _ (1 _ x)exp(ﬁTZi))(l _ X)Zj:l Yj(t)exp(ﬂTZj)ft(x) dx d[,
i=17Wi /0

Yi(t)=I1(W; <t <T))for j=1,....n and Y2\ Y;(t)exp(B” Z;) = 0 when
i=1.

REMARK. Setting Z; = 0 for all j, we can deduce the posterior of the c.h.f.

when there are no covariates, which coincides with the results in Hjort (1990) and
Kim (1999).

REMARK. The marginal posterior density of 8 given in (6) has the form
L(B)n(B), where L(B) = exp(—p(B) 1™, Jo hi(x|B)dx. Thus, L(B) is the
integrated likelihood of 8 with the c.h.f. integrated out. This result can be used for
computation of posterior model probabilities in selecting a subset of appropriate
covariates or in Bayesian model averaging.

REMARK. For only right censored observations, the posterior distribution can
be obtained from Theorem 3.1 by letting W; = 0O for all i.

In the next two examples of the application of Theorem 3.1, we derive the
posterior distributions from the two well-known families of prior processes—
gamma and beta processes.
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EXAMPLE 1 (Gamma process prior). A priori, assume that Y(r) =
—log(1 — F(t)) is a gamma process with parameters (c(¢), Ag(t)). Here, the
gamma process with parameters (c(t), Ag(¢)) is defined to be a Lévy process
whose log moment generating function is

t o0
log E(exp(—0Y (1)) =/ / (e 0% — 1)@
0 Jo X
provided Ag(#) is continuous. This class of prior processes was proposed by Lo
(1982). Kalbfleisch (1978) used a subclass of these processes with constant c(¢)
for the proportional hazard model. The cumulative hazard function A of the gamma

process is a Lévy process with a Lévy measure v given by

exp(—c(s)x)dxdAp(s)

! 1
_ _ )1
v([0, t] x B) _/(; /;} “og(l _x)c(s)(l x) dxdAo(s).

Therefore, from Theorem 3.1(i), we can establish that the posterior distribution of
the c.h.f. given § is a Lévy process with Lévy measure

t
v(dt,dx|B, D) = ﬁl)—x)(l — x)ZjeR,,(:) exp(BT Zj)+c()—1 dxdAy(t)
qll
+ Y dH;(x|B)8; (dn),

i=1

where

1 T
dH; - 1 — (1 — x)expB"Zj)
(x|B) x oz (1 — ) |:jED|n|(ti)( (1-1x) )i|

T~. N
X(l—x)zfeRnﬂti)e"P(ﬁ Zjytew—1 ,

Even though the continuous part of Y is a gamma process, the gamma process prior
is not conjugate because the distributions of jumps are not gamma distributions.
This fact was overlooked by Clayton (1991), who used a gamma process in im-
plementing an MCMC algorithm for the frailty model. In the case of constant c(¢)
without left truncation, our result coincides with that of Kalbfleisch (1978).

EXAMPLE 2 (Beta process prior). The beta process with mean Ao and
scale parameter ¢ is a Lévy process with Lévy measure v(dt,dx) = c(t)x ™! x
(1 —x)*O=1dx d Ao(zr). If the prior of the c.h.f. A is the beta process given above,
the posterior of A given f is a Lévy process with Lévy measure

c(1)

v(dt, dx|B, Dp) = —2 (1 — x)Zicka XPB ZN+cO=1 gy g A (1)
X

qn
+ ZdHi (x]B)8y; (d1),

i=1
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where

1 T
. - (1 _ \exP(BZ))
dHl(xl,B)ocx|: | | (1—=(1—=x) ):|

JE€Dn (1)

x (11— x)zfeR,T(ti)e"P(ﬁTZj)Jrc(n)—l

dx.
Also the marginal posterior distribution of 8 is given by (6) with A; (x|8)dx =
dH;(x|B) and

n T; 1 T,

i—1 vy, T . _
% (1 _x)Zj:IY,(t)eXP(ﬂ Zj)+c(t) lddio(t).

Hjort (1990) derived the posterior distribution with a beta process prior when
there are no ties and observations are subject to only right censoring. This example
extends his results for tied observations.

With the result given above, we can devise a Markov chain Monte Carlo
algorithm for left truncated and right censored data. Based on the idea that a
positive increasing Lévy process is an integral of a Poisson random measure,
Lee and Kim (2002) developed an approximate algorithm to generate a beta
process and illustrated their algorithm with the proportional hazard model when
the observations are subject to right censoring only. The algorithm can be used
verbatim for the left truncated and right censored data, except that the risk set
R, (¢) is adjusted for left truncation, that is, W;’s are not 0.

4. Propriety of the posterior. In this section, we consider the propriety of the
posterior distribution with the constant improper prior on 8. For a set of vectors
{x1,..., x5} in RP, a conical (nonnegative linear) combination is represented
by a point x = Z’}’:l)»jxj, where A; > 0 for j =1,...,m. For a set A in R?,
the conical hull of A is the collection of all conical combinations of vectors
from A or

m
coni(A) = Z Ajxj:xj €A, Aj >0andm is a positive integer ;.
j=1

We assume the following conditions on the prior process of the baseline c.h.f.

Al. There exists a positive number ¢ such that sup,cg 71.eqo, 17X/t (X) ¥
(1 —x)'=$1 (= M) < o0, where T = max{T1, ..., T)}.

A2. There exist positive constants M> and ¢» and a positive function ap(t)
continuous on (0, t) such that xf; (x) > M>(1 — x)S27 gy (¢) forall x € [0, 1]
andr <.
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THEOREM 4.1. Let B={Zj — Zx:i = 1,...,q,, j € Duo(t;),k € R (1))}.
Assume that Al and A2 hold. If coni(B) = RP”, the posterior distribution with
a constant prior on the regression coefficients is proper.

The sketch of the proof of Theorem 4.1 is as follows. Conditions A1 and A2
yield the result that the marginal posterior distribution of 8 with a flat constant
prior is bounded by J A, ¢ B(eﬁTZ A 1) for some positive constant J, where /\; g;
is the minimum value of a;’s. Thus, B is the set of vectors for which the likelihood
decreases exponentially along the direction of 8 with 87z < 0. The condition
coni(B) = R? implies that the likelihood decreases exponentially in any direction.
Consequently, integrability is guaranteed. The detailed proof of Theorem 4.1 is
presented in Section 6.

REMARK. The condition coni(B) = R? is the condition equivalent to unique-
ness of the maximum likelihood estimator and log-concavity of the partial likeli-
hood. See Jacobsen (1989) and Anderson, Borgan, Gill and Keiding (1993). This
former condition can be seen as a counterpart to the linear independence of covari-
ates in linear regression models.

Consider a gamma process prior in Example 1. Suppose Ag(¢) = fé ao(s)ds
for all + > O such that ag(¢) is positive continuous and bounded on (0, t]. If
0 < inf;¢po, r1c(?) < Sup;¢o.7) (1) < 00, then the assumptions Al and A2 are
satisfied by any positive constants ¢; and ¢ such that ¢; < inf;¢(o, ;) c(f) and
G2 > sup,¢(o, 71 ¢(). Hence, we can use the constant improper prior on f as long as
coni(B) = R? holds. Similar arguments hold for a beta process prior in Example 2.

5. Proof of Theorem 3.1. We prove Theorem 3.1 in this section. The proofs
of part (i) and (ii) of the theorem are given in the following two subsections.
Throughout this section, the probability P refers to the joint probability measure
of the sampling distribution and its prior, and E(-) refers to its expectation.

Define counting processes N; and Y; on [0, 00) by N;(t) = I(T; <t,8; = 1)
and Y;(t) = I(W; <t <T;). Let £ = o(N1(s),...,N,(s),s <t). Then the
compensator A; of N; with respect to #; conditional on 8 and F is

t
Air) = fo Yi(s) dAi(s),

where A;(¢) is the cumulative hazard function of F;. See Fleming and Harrington
(1991) or Anderson, Borgan, Gill and Keiding (1993) for the theory of counting
processes.

Since the truncation and censoring times are assumed to be independent of the
survival times, the posterior distribution conditional on D, is the same as that
conditional on N, = (N1, ..., N,) and Z,, = (Z4, ..., Z,). In the following, we
derive the posterior distribution conditioning on N,, and Z,,, and we drop Z,, in the
formulas unless there is a possibility of confusion.
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5.1. The posterior distribution of F given 8 and data. In this subsection,
we prove part (i) of Theorem 3.1. Noting that A;(¢) is also a Lévy process, we
derive the posterior distribution of A (and, consequently, of F') by first deriving
the posterior distribution of A; using Theorem 3.2 in Kim (1999) and inverting it
to A using Theorem A.1 in the Appendix.

Suppose the Lévy measure v of F is given by

1
@) v(dt,dx) = fi(x)dx + Z de(x)(Svj (dp),
j=1

where for each r > 0, f;(x)dx is a o-finite measure on [0, 1] with fé folx X
fs(x)dxds < oo for all t and G(x) are distributions on [0, 1]. Here, L =
{vi,..., v} is the set of fixed discontinuities of F. For a given counting
process Ni(t) with covariate Z;, define N (¢) by Nj(t) = Ni(t) — AN () x
I(t € L). For given r > 0, define F(t:r) by F(t:r)=1— (1 — F(¢))" and
let A(¢:r) be the cumulative hazard function of F (¢ :r).

LEMMA 5.1. For given B and N1, the posterior distribution of F is a process
neutral to the right with Lévy measure

v(dt, dx|B, N1)= (1 — x)"1OexpB"ZD) £, (x) dx dt

/
+ ) ¢ [a=nh w))exp(6” 21714
(®) i T
X [1 —(1— x)exp(ﬂ Zl)]af de(x)Svj d?)

e O[T = (1 = x)PE 2] £, (x) dx dNF (1),
where c;j and c(t) are normalizing constants and aj = I (AN (v;) = 1).
PROOF. Letr = exp(ﬁTZI). Theorem A.1 with 2(x) =1 — (1 — x)" implies

that A(z:r) is a Lévy process with Lévy measure

1

vdt,dx:r)=—-(1—x)"/" 7 (1 =1 =x)Y")dx dr
r
I
+3dG(1—(1—x)"")8,, ).
i=1

Since the compensator of Ny(¢) is fé Yi(s)dA(s:r), Theorem 3.2 of Kim (1999)
implies that the posterior distribution of A(z : ), given 8 and Ny, is a Lévy process
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with Lévy measure o:

o(dt,dx|B,N1) = (1 =Y1()x)1/r(1 =)™V f,(1 = (1 =)V dx dr
1
+ 3 e (1= Yipx) TYx dG (1 = (1 - x)")8,, (dr)
j=1

+c M ox1/ra =)V (1= 1 = x)V7)dx dNj(2).
Since

Ay =3"(1— (1= AAGs:m) ") (AAGs:r) > 0),

sS<t

Theorem A.1 with h(x) =1 — (1 — x)V/" implies that the posterior distribution
of A conditional on 8 and Nj is a Lévy process with Lévy measure v(-|8, Ny)
defined by (8). U

PROOF OF (i) OF THEOREM 3.1. Forn =1, Lemma 5.1 with L = & implies
the desired result. For n > 2, we complete the proof by applying Lemma 5.1
repeatedly. [

5.2. The marginal posterior distribution of B. In this subsection, we prove
part (ii) of Theorem 3.1. The proof consists of two parts. First, we derive the
marginal compensator of the counting process Nit1, given 8 and Ni. Second,
we derive the likelihood of 8 using Jacod’s formula for the likelihood ratio [Jacod
(1975); Andersen, Borgan, Gill and Keiding (1993)]. Assume L = & in (7). Let
ri=exp(Bl Zy) fork=1,...,n.

LEMMA 5.2. For k > 1, conditional on  and Ny, Niy1 is a multiplicative
counting process with compensator fé Yi+1(s)dE[A(s : ri+1)| B, Nk ], where

t 1 T
©) E[A(t:rk+1)|ﬂ,Nk]=/0f0(1—<1—x>e"1’°3 Zi0Vy(ds, dx|B. N).

PROOF. Part (i) of Theorem 3.1 implies that, conditional on 8 and Ng, the
posterior distribution of A is a Lévy process with Lévy measure v(-|8, N¢). Hence,
A(t:rgy41) is also a Lévy process and we have

P(Xg+1 > 1|8, Nx) =E(1 — F(t :r541)|8, Nk)

E(]‘[(l —dA(s:rir) 1B, Nk)

s<t

= [ [(1 — dE[A(s :res) 1B, Ni]).

<

©
~
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Hence, conditional on S and Ny, the cumulative hazard function of X4 is
E[A(f : rk+1)|8. Ni]. By (3) and the transformation of variables technique, we
have

t 1 Ty
E[A(t:rk+1)|ﬂ,Nk]=/0/0(1—<1—x>e"1’°3 ) (ds, dx|. Ny)

and the proof is complete. [

LEMMA 5.3. Let Pr41(-|B8,Ny) be the probability measure of Ni41 condi-
tional on B and Ny, and let

dPri1(-1B, Ni)

L(Nei1|B.No) = .
“ dPy11 (10, Ny)

Then

qk
1 ! 3 '
L(Ni+1lB, Nk) H|:—/ (11— x)exp(ﬂTZk+1))1 ANpy1 (1)
Ci JO

i=1
x (1= (1 = x)oPB" Zir)) AN @)

x T] (1= —x)=et 2Dy
J€Dx (1)

X (1 — ) Sk P20

Y1)
St (X)dX}
1 T

/ (1 —(1- x)exp(ﬂ Zk+1))

0

x (1 — x)zfeRkO) exp(/gTZf)f,(x) dx dt}
% [/1(1 —(1- X)GXP(ﬂTZkH))

0

&kt
x (1 — x)zjeRk(TkH)exP(/sTZj)ft(x) dx] ,

(10)
Tie+1

X exp[— W
1

where qyi, (t1,...,14), Dk, R and R,j are defined similarly to qy, (t1,...,1,),
Dy, R, and R} in Theorem 3.1, except that only the first k observations are used.
Also

k1 =101 =1 Thp1 #tiyi=1,...,q1)
and
1 i Ty.
a1 ¢ =/O [T (1= = 0B 20y — gy =ierfao ™ E 20 ¢ 1 gy

JE€D(t;)
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PROOF. Let B(t) = E[A(t :rx+1)|8, Ni]. Let By(t) = ?il AB()I(t; <1t)

and B.(t) = B(t) — B;(t). By a result of Jacod (1975) [or see Anderson, Borgan,
Gill and Keiding (1993)] and the definition of product integration, we have

LNi4118. N o [] (Y1 @) dB@) 0 (1 = Yy (1) dB(@))' =AM ®
tel0,1]
(12) = be (T4 1) exp[—/o Yies1(0) dBc(t)}

Gk
x [TABa N1 (1= Yy () ABa(0) "1,
i=1
where b.(t) is the first derivative of B.(t). From the definition of B(t) in (9), we
have
dk 1

1
By(t) = Z —/0 |:(1 —(1— x)exp(ﬂTZkH))

C
x T] (1= —x)=»6"2p)

i=1 Y
(3) JEDK(t;)

X (1 — ) Zrert e PO

'f (x)} dx 1 <1)
and
(14) B.(1) = /Ot/()l(l — (1 = x)e BT 20 (1 = ) Ziem B 2D £, (4 dx ds.
The proof is complete by substituting (13) and (14) in (12). U

PROOF OF (ii) OF THEOREM 3.1. When n =1, (6) is valid by Lemma 5.3.

Now, assume that (6) is true for n = k. Since

7T (BINg+1) ¢ L(Ni+118, Ni) 7 (B|Nk)

and the ¢; in (11) is the same as fol h;i(x|B)dx in (5) with n replaced by k&,
we complete the proof by rearranging the equations L(Ng41|8, Ng) in (10) and
7 (BINg) in (6). [

6. Proof of Theorem 4.1. In this section, we prove the propriety of the
posterior distribution of 8 with the constant prior. Let

qn

1
_ —p(® .
L) =e ,.:nl/oh‘(x'ﬁ)dx'

This is the right-hand side of (6) with m(8) = 1. We will prove that L(f8) is
integrable.
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Let0=rg <r; <--- <ry < oo be the ordered values of all the distinct points
of {T1,..., Ty, Wi, ..., W,}. For a given sequence of real numbers {a;}, V/,; a; is
defined to be the maximum value of {a;}. For each k, let n; be an integer such that
ty =1y, and let

Pe(B) = f Z Yi(0)(1 — (1 — x)xPB" Z0)

Tnp—1

x (1= ) s O D] 0 s,

LEMMA 6.1. Fork=1,...,qp,
B =C \/  pii(B).

jEDn (Zk)
where

dx

Tz.
pkj(ﬂ>=/1 [l Ut i ZJ)(1 _x)zzeR;ok)eXP<ﬂTzl>+gz—1

and Cy, = M frt::‘_l ap(t) dt.

PROOF. Note that

r(B) = /

ng—1

1 n , ;
/ (1= (1 —x)Zi=n ViOE 20y £ (1) gy dr.
Hence, for any j € D, (1),

1 T
(B = / (1= (1 — x)™PB 2)) () dx de

rnk 1

/r"k/ (1—(1— 2y Zy(1 - )ZzeR+<tk>exp(’3 Zl)f, (x)dx dt

Tnp—1

/r"k /1 1 — (1 —)C)eXp('B Zj)
Tnp—1

Tz 2—1
SPEIT Moao(t) di

x (1 _x)ZleR,T(tk)

= Crpxj (B)-

The third inequality is due to A2. Since j is chosen arbitrarily, the proof is
complete. [

Let;(B) = fol hi(x|B)dx. For j € D,(t;), define [;; (B) by

dx.

1] — (1 — x)=xp(B"Z))
lij(ﬁ):,/l s ’;) ](1—x)Z"ERIm)eXP(ﬁTZk)Jr;l—l



BAYESIAN ANALYSIS OF HAZARD MODELS 505

LEMMA 6.2.
LB <M N\ L.

JE€Dy(1)
PROOF. For any j € D,(¢;), we have

1 T
BB = [ (1= (1 =020y et S f )

11— (1 = x)=xpB7Z))
= Ml/ 1-d=-x ' (11— x)zkeR;}"(t,‘)exp(ﬁTZk)-i-s‘l—l dx
= Ml;; (B).

The second inequality is due to Al. Since j is arbitrary, this completes the
proof. [J

LEMMA 6.3.  Let p;(B) =V jep, @) rij(B) and let IF (B) = Njep, ) lij (B)-
Then
qll

L(B) < M{" [T exp(=Cipn/(B))IF (B),

i=1

where C; are defined in Lemma 6.1.

PROOF. Lemma 6.1 implies

4n qdn
P(B) = pk(B) =D Crpii (B)

k=1 k=1
and Lemma 6.2 implies

4n qdn
[Tt <miT1i ).
i=1 i=1
The above two inequalities lead to the conclusion. [J
Let v (x) = fol(l - (1 - y)x_l) /ydy. Direct calculation yields that for any
positive 7,

(15) Y = sup x¢ (x) < oo,

N<x<00
where ¥ (x) = dyr (x) /dx.
LEMMA 6.4. There exists a constant K > 0 such that

ﬂsulgp exp(—Cip;/ (B))I} (B) <K

fori=1,...,qy.
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PROOF.  First consider p;;(B) — [;;(B) for j € D(;). Then, using the mean
value theorem, we can write

1oij (B) —1ij (B)]
w( > eXP(ﬂTZk)Jrgz)—W( > exp(ﬁTzk)+g1>

keR (1) keR (1)

=

+’w<eXp(ﬁTZj)+ > exp(ﬁTzk)+gz>

keR (1)
— w<eXp(ﬂTZj) + Y exp(BTZo) + g)
keR;T (1)
=1(s2 — sV (@D + (2 — sV (a2)]

for some constants a; > ¢3 and a, > ¢3, where ¢3 = min{¢y, ¢»}. From (15), we
have

2 *
1pij (B) = 1ij (B < ls1 — &2l 4 (§3).
S3
Since
2 *
H 1BV (B —1y) > e - ol 2,
JE€DR(1i) (%]
we have

2 *
exp(—Cip;(B))IF (B) < exp(—Cil}(B))Cil*(B) eXP<Ci|§1 - §2|%§3)>/C,‘

2¢*(53)
SGXP<Ci|§1—§2| w§3§3 )/Ci.

Now, letting

29*(s3) .
K =max{exp<C,~|g1 — §2|7)/Ci = 1,...,qn},
S3

we complete the proof. [

LEMMA 6.5. Fori=1,...,q,,

s NN vrnexp(—pT (Z - Z))).

J€Dn(t) ke R (1)
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PROOF. It suffices to show that for any j € D,(#;),

LB < N\ v exp(—B"(Zk - Z))).

ke Ry (t;)

Since w/ is decreasing, the mean value theorem yields that

l,-jw):w(exp(ﬂTZjH > exp(ﬂTzk>+g1)

keRF ()

— w( > exp(BT Zo) + g)

ke Ry (t;)

< exp(ﬂ%)%( Y exp(B"Zi) + gl)
keR;F (1)
exp(BTZ))
T Ykert ) €XPBTZ1) + 61
- v*(s1)
N ZkeR,T(zi) exp(,BT(Zk - Zj))
< A\ v nexp(-BT(Zk — Z))).

keRF (1) U

v (1)

LEMMA 6.6. For some constant J > 0,

LBy <J N\ A1),
z€B
PROOF. Lemma 6.4 implies thatfori =1, ..., g,

dn
sup [ exp(—Crof (B (B) < K™~
BERP =
ki
Since exp(—C;p/(B)) < 1, Lemma 6.5 yields
L= N N\ MUKy exp(-BT (2 - Z)).
J€Dn (i) ke RY (1;)
Since i is arbitrary, we have

LB = N\ A N\ MIKTr (o) exp(—BT (Z — Z))).

i=1,...qn j€Dn(ti) ke R} (1))
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On the other hand, by Lemma 6.4, we have
qn

L(B) < up [ ] exp(—Crpj (B)) Ml (B) < (M1 K)?.
ERP =1

Finally, by letting J = max{Mf”Kqﬂ_lw*(gl), (M K)%}, the proof is com-
plete. [

PROOF OF THEOREM 4.1. Suppose B = {z1, ..., zm}. First, we show that
there exists /2; > 0 such that

(16)

-

(eﬂTZi A 1) < e—hj\ﬁj\

i=1

for each j =1,2,..., p. Take j = 1 and let e¢; be the unit vector where the first
coordinate is 1 and all the other coordinates are 0. Since coni{zy, ..., z;u} = R?,
there exist nonnegative numbers ¢, . .., ¢, such that

m
el = ZC,’Z,’.
i=1

Letd =1/(m\//_, ¢;) and d; = dc;. Note that d is well defined because not all ¢;
canbe zero,and 0 <nd; <1foralli=1,2,...,m:

=
=

(eﬂTZi A 1) < (e”d"ﬁTZ" A 1)

i=1 1

~.

m
< eXp{ d,-ﬂTzi} Al

]

—

=W A1,

The first inequality holds because 0 < nd; < 1; the second inequality holds because
the minimum of n real numbers is always less than or equal to their average.
Similarly, we can find g > 0 such that

m
/\(eﬁTzi A 1) <e 8P AT
i=1
Now, let i1 =d A g and assume that (16) holds for j = 1. By mimicking the

above derivations with e;, the unit vector whose jth coordinate is 1 and all the
others are 0, we can find & for (16).
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Finally, let h* = min{hy,...,h,}. Combining Lemma 6.6 and (16), we
have

A —hjlBil
/RPL(ﬂ)dﬂSJ/RPL\Ie "l g

p
< J/ oIBil g
AN

= Jp e—h*lﬂlldﬂ
1B11=VI_, 18]
181l 181l N
=Jp// / el ‘51|dﬁp--~d,32dﬂ1
R J—|Bil —161l

—Jp /R Q11" eI gp,

= Jpzp/ Bl e Mg < oo,
B1>0
and the proof is complete. [
APPENDIX

Transformation of nondecreasing Lévy processes. Let SC[0, 1] be the set
of all strictly increasing differentiable functions defined on [0, 1] with 2(0) =0
and 4 (1) = 1. We prove the following theorem.

THEOREM A.1. Let A be a Lévy process with Lévy measure v given by (7).
For a given h € SC|0, 1], define a process B by

B(t) =) h(AA())I(AA(s) > 0).
sS<t

Then B is a Lévy process with Lévy measure vg, where

dh=' () - : _
dxx fi(h @) dxdi + 3 dGj(h~ ()8, (d1)

j=1

(17) vp(dt,dx) =

and h=" is the inverse function of h.

PROOF. Let A, be a Lévy process defined by
Ap(t) =) AA()I(1/n < AA(s) < 1).

s<t
Let N(t) be a Poisson process with intensity function a(t) = fll/n fi(x)dx.
Conditional on {N(s):0 <s < t}, let Yi,...,Yn@) be independent random
variables with density a_l(ti)f,l. x)I(A/n<x<1)fori=1,..., wheret; is the
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time of the ith jump of N on [0, ¢]. Also, let Vi, ..., V; be independent random
variables with each other as well as N and Y1, ..., Yn() such that the distribution
function of V; is G; left truncated at 1/n. Since these two Lévy processes have the
common Lévy measure vy, (dt,dx) =1(1/n <x <1)v(dt,dx), we have
4 N(1) l
(18) A=) Yi+ Y Vil (v <1).
i=1 i=1
Define a Lévy process B, by
By(1) =Y h(AA(s))I(1/n < AA(s) < 1).
s<t
Then (18) implies
4 N@) l
By() =) h(Yi)+ Y h(V)I(v; <1).
i=1 i=1
Since the density of A(Y;) is a~'(4)(dh~'(x))/(dx) f, (W (x) I (h(1/n) <
x < 1)dx and the distribution function of A(V;) is G;(h—1(x)) left truncated at
h(1/n), the Lévy measure of B, is
dh~!
vg, (dt,dx) = T(x)ft(h_l(x))l(h(l/n) <x <l)dxdt
X
I
+ Y dGui(h1(x))8y, (d1),
j=1
where G, is G left truncated at 1/n.
Let B be the Lévy process with Lévy measure vg in (17). Theorem 3.13
in Jacod and Shiryaev (1987) implies that B, 4 B. On the other hand, from

. . .- . d d 7 .
its construction, it is obvious that B, — B. Hence, B = B and the proof is
complete. [
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