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ASYMPTOTICS FOR KERNEL ESTIMATE OF
SLICED INVERSE REGRESSION1

BY LI-XING ZHU AND KAI-TAI FANG

Chinese Academy of Sciences and Hong Kong Baptist University

To explore nonlinear structures hidden in high-dimensional data and
to estimate the effective dimension reduction directions in multivariate
nonparametric regression, Li and Duan proposed the sliced inverse regres-

Ž .sion SIR method which is simple to use. In this paper, the asymptotic
properties of the kernel estimate of sliced inverse regression are investi-
gated. It turns out that regardless of the kernel function, the asymptotic
distribution remains the same for a wide range of smoothing parameters.

1. Introduction. In many statistical applications involving high-dimen-
sional data two tasks will be faced:

1. exploring nonlinear structures such as clusters hidden in data;
2. overcoming the difficulty caused by the sparseness of the data.

Constrained by the three-dimensional physical world in which we live, the
ability to look at more than three variables with human eyes is a real
challenge. Yet, in statistical applications, there is a tendency to trust visual
perception more than mathematical speculation. These issues have led to the
development of dimension reduction techniques, for example, the projection

Ž . w Ž .x wpursuit PP method cf. Huber 1985 including PP regression Friedman
Ž . Ž . Ž .xand Stuetzle 1981 , Hall 1989 and Zhu and Fang 1992 and PP clustering

w Ž .x wFriedman and Tukey 1974 , the generalized additive model Hastie and
Ž .xTibshirani 1987 and so on.

Ž .Alternatively, Li 1991 considers the regression model

1.1 Y s F bT x, . . . , bT x, « ,Ž . Ž .1 k

where x is a d-dimensional random vector, the b’s are unknown vectors, the
random variable « is independent of x and F is an arbitrary unknown
function on Rkq1. This model means that the projection of the d-dimensional

Ž T T .explanatory x onto the k-dimensional subspace, b x, . . . , b x , captures all1 k
we need to know about the response variable Y. When k is small, we may
reach the goal of data reduction by estimating the b’s efficiently.

Ž .A method, called sliced inverse regression SIR , is used to search for the
nonlinear structure in data and to estimate the projection directions b’s. See
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Ž . Ž . Ž .Duan and Li 1991 , Hsing and Carroll 1992 and Li 1991 for results on
SIR.

SIR can be used as a descriptive tool for finding interesting structures
Ž . Twithout relying on the regression model 1.1 . Suppose that X si

Ž . Ž .X , . . . , X , i s 1, . . . , n, are i.i.d. d q 1 -dimensional observationsi, 1 i, dq1
T Ž . Ž .from X s X , . . . , X with density f X . To explore the structure in the1 dq1

Ž .observations, Li 1989 suggested the following method. First, we choose a
component of X, say X , as the dependent variable and consider the rest of X,m

Žm. Ž .TX s X , . . . , X , X , . . . , X , as the regressor. Then we look for1 my1 mq1 dq1
the interesting projection of X Žm., bT X Žm., so that when it is plotted againstm
X , we might find nonlinear structures in the data. For this purpose, Lim
suggested a projection index which is defined as the largest possible R-squared
value for fitting a transformation of X linearly on b T X Žm., that is, for anym
m s 1, . . . , d q 1,

22 T Žm.B b s max Corr A X , b X ,Ž . Ž .Ž .m m
2Ž .AgLL X

where the notation ‘‘Corr’’ means the correlation coefficient of two random
2Ž .variables and LL X is a class of square integrable functions with respect to

w Ž . xthe distribution of X. It is easy to see also see Li 1989 , Theorem 2.1 that for
Ž . Ž T Žm. < .a given b, A X s E b X X , and hencem m

T Žm. <b Cov E X X bŽ .Ž .m21.2 B b s ,Ž . Ž .m T Žm.b Cov X bŽ .
where the notation ‘‘E’’ means the expectation.

2 Ž .Hence a projection direction b can be found by maximizing B b for am m
given m; that is, b is such thatm

T Žm. <b Cov E X X bŽ .Ž .m2B b s supŽ .m m T Žm.b Cov X bŽ .1.3 dŽ . bgR

s the largest eigenvalue of L ,
where

y1r2 y1r2Žm. Žm. Žm.<1.4 L s Cov X Cov E X X Cov X ,� 4 � 4Ž . Ž . Ž .Ž .Ž .m

Ž Žm..assuming that Cov X is a positive-definite matrix. It is well known that
Ž Žm..Cov X can be estimated well by a sample covariance matrix. Hence how to

Ž Ž Žm. < ..estimate Cov E X X is the main issue.m
Ž Ž Žm. < ..The matrix Cov E X X can be estimated directly by some nonpara-m

Ž .metric method such as the k-slice estimate proposed by Li 1991 . This
estimate is based on the following procedure. Divide the range of X intom

Ž .nrk rounded to the nearest integer slices, S , . . . , S , where each slice1 n r k
contains k sample points of X . Within each slice, compute the samplem
covariance matrix of concomitants X Žm. associated with X ’s, denoted by C ,m i
i s 1, . . . , nrk. Finally, a weighted sum of C ’s is used as an estimate of L .i

Ž .One can refer to Section 4 of Li 1991 for more details. Hsing and Carroll
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Ž .1992 presented the asymptotic normality of Li’s two-slice estimation. The
issue on appropriate choice of k remains debatable; see the discussions in Li
Ž .1991 .

Ž Ž Žm. < ..In this paper we consider the kernel method for estimating Cov E X Xm
and its eigenvalues and eigenvectors, then L and the associated eigenvalues
and eigenvectors. In our results root n consistency and asymptotic normality
are established. It turns out that the asymptotic variance of our kernel
estimate does not depend on the kernel function used. It remains the same
over a wide range of bandwidth. This theoretical result supports the empiri-
cal finding that SIR is not sensitive to the number of slices used; see Li
Ž .1991 .

In the next section we shall state the main results of the paper and leave
the proofs to Section 4. Some lemmas which are needed in the proofs shall be
given in Section 3.

2. Main results. For simplicity of notation, we write Y and Z for Xm
Žm. Ž .and X , respectively, for given m and let f Y denote the density function

of Y. Put Z and its independent copies Z asj

TTZ s Z , . . . , Z , Z s Z , . . . , Z , j s 1, . . . , n.Ž . Ž .1 d j 1 j d j

Ž . Ž Ž < ..Our objective is to estimate, based on Z , Y ’s, Cov E Z Y , its eigenvaluesj j
and the corresponding eigenvectors. Define

TT < < <R Y s R Y , . . . , R Y s E Z Y , . . . , E Z Y s E Z Y ,Ž . Ž . Ž . Ž .Ž . Ž .Ž .ˆ ˆŽ .1 d 1 d

T Tg Y s g Y , . . . , g Y s R Y f Y , . . . , R Y f YŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .1 d 1 d

and

<L s Cov R Y s Cov E Z Y .Ž . Ž .Ž . Ž .ˆ1

Ž .We may estimate R Y by a kernel method

n1
y1g Y s Z K Y y Y h ,Ž .ˆ Ž .Ž .Ýi i j jnh js1

Tg Y s g Y , . . . , g Y ,Ž . Ž . Ž .Ž .ˆ ˆ ˆ1 d

n1
y1f̂ Y s K Y y Y hŽ . Ž .Ž .Ý jnh js1

and
ˆ ˆR Y s g Y rf Y ,Ž . Ž . Ž .ˆ

Ž .where h is a bandwidth and K ? is a kernel function.
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However, to avoid technical difficulties due to small values in the denomi-
nator, we have to use a modified version of the kernel estimate. For each fixed
b ) 0, let

ˆ ˆf Y s max f Y , b , f Y s max f Y , b� 4Ž . Ž . Ž . Ž .� 4b b

and

R Y f YŽ . Ž . TR Y s s R Y , . . . , R Y .Ž . Ž . Ž .Ž .b b1 b df YŽ .b

ˆ ˆ ˆŽ . Ž . Ž . Ž .We shall use R Y s g Y rf Y instead of R Y . Without loss of general-ˆb b
ity, let EZ s 0. Then an estimate of L can be constructed as follows:1

n1 Tˆ ˆL s R Y R Y .Ž . Ž .Ý ž / ž /1n b j b jn js1

To present our main theorem, we need some notation. For a symmetric
Ž . Ž . Ž . Žd = d matrix c s c , let Vech c s c , . . . , c , c , . . . ,i l d= d 11 d1 22

.T Žw Ž .x .c , c , . . . , c be a d d q 1 r2 -dimensional vector. Defined2 33 dd

1 1V Z, Y s Z R Y q Z R Y ,Ž . Ž . Ž .Ž .i l l i2 2 d=d

s 2 s lT Cov Vech V Z, Y l for l g RdŽdq1.r2 .Ž .Ž .Ž .l

We now present the main results and put the conditions next to them.

THEOREM 2.1. Under conditions 1 to 6 given in Remark 2.2, as n ª `, we
have

'2.1 n L y L « H,Ž . Ž .1n 1

T Ž . Ž 2 .where l Vech H has a normal distribution N 0, s for any l / 0 and thel

notation ‘‘« ’’ stands for the convergence in distribution.

'From Theorem 2.1 we can derive the n -consistency of eigenvalues and of
corresponding eigenvectors by using perturbation theory. The result is stated
in the following theorem. First introduce some notation.

Ž . Ž . Ž . Ž . Ž Ž . Ž ..TLet l A G l A G ??? G l A G 0 and b A s b A , . . . , b A , i s1 2 d i 1 i di
1, . . . , d, denote, respectively, the eigenvalues and the corresponding eigen-
vectors of a d = d matrix A.

Ž .THEOREM 2.2. Suppose that nonzero l L ’s are distinct and that condi-i 1
tions 1 to 6 given in Remark 2.2 hold. Then for each nonzero eigenvalue
Ž . Ž .l L and the corresponding eigenvector b L , we havei 1 i 1

'n l L y l LŽ . Ž .Ž .i 1n i 1

T' ' 5 5s n b L L y L b L q o n L y LŽ . Ž . Ž . Ž .i 1 1n 1 i 1 p 1n 12.2Ž .
T« b L Hb L ,Ž . Ž .i 1 i 1
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where H is given in Theorem 2.1, and

'n b L y b LŽ . Ž .Ž .i 1n i 1

Td b L b L L y L b LŽ . Ž . Ž . Ž .l 1 i 1 1n 1 i 1' ' 5 5s n q o n L y LŽ .Ý p 1n 1l L y l LŽ . Ž .Ž .j 1 l 1ls1
l/i2.3Ž .

Td b L b L Hb LŽ . Ž . Ž .l 1 i 1 i 1« Ý
l L y l LŽ . Ž .Ž .j 1n l 1ls1

l/i

5 5 < <as n ª `, where L s Ý a is the l -norm of L .1n 1F i, jF d i j 1 1

REMARK 2.1. Based on Theorem 2.1, it is not hard to obtain the asymp-
Ž .totic distribution for the estimate of L given in 1.4 and the associated$ y1r2eigenvalues and eigenvectors of L , where the estimate of L is Cov Z L =Ž . 1n$ $y1r2Cov Z and Cov Z is the sample covariance matrix of Z. The perturba-Ž . Ž .

Ž . Ž . Ž .tion formula as given by 3.29 or 3.36 in Kato 1983 , pages 92 and 93,
together with the standard delta argument should suffice; see also Tyler
Ž . Ž .1981 and Li 1991 . The derivation can be simplified by noting the affine
invariance property of our problem. One needs only to work out

Ž . Ž Ž ..the special case that Cov Z s I. In this case L s L s Cov R Y . We omit1
the details.

REMARK 2.2. The following six conditions are required for Theorems 2.1
and 2.2.

Ž . Ž . Ž . Ž .1. All g y s R y f y , i s 1, . . . , d, and f y are 3-times differentiablei i
and their third derivatives satisfy the following condition: there exists a
neighborhood of the origin, say U, and a constant c ) 0 such that, for any
u g U,

Ž3. Ž3. < <f y q u y f y F c u ,Ž . Ž .
Ž3. Ž3. < <g y q u y g y F c u , i s 1, . . . , d.Ž . Ž .i i

2. For each pair 1 F i, l F d and for any u g U,

< <R y q u R y q u y R y R y F c u .Ž . Ž . Ž . Ž .i l i l

< <43. E Z - `, i s 1, . . . , d.i
Ž .4. The continuous kernel function K ? has the following properties:

Ž . Ž . w xa the support of K ? is the interval y1, 1 ;
Ž . Ž .b K ? is symmetric about 0;
Ž . 1 Ž . 1 i Ž .c H K u du s 1, and H u K u du s 0, i s 1, 2, 3.y1 y1

5. As n ª `, h ; nyc1, b ; nyc 2 with the positive numbers c and c satisfy-1 2
ing that 1r8 q c r4 - c - 1r4 y c , and the notation ‘‘; ’’ means that2 1 2
two quantities have the same convergence order.
' w Ž . Ž . Ž Ž . .x Ž . Ž .6. n E R Y R Y I f Y F b s o 1 as n ª `, for 1 F i, l F d, where I ?i l
is the indicator function and b satisfies condition 5.
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Conditions 1 and 2 are concerned with the smoothness of the density
Ž .function of Y and regression curve R Y . Condition 3 is necessary for the

asymptotic normality of L .1n

3. Some lemmas. To prove succinctly the theorems, we put some lem-
mas in this section. Without any confusion, we shall denote a constant by c

Ž .which may take different values for each appearance independent of n
throughout this section.

w Ž . xLEMMA 3.1 cf. Rao 1983 , Theorem 2.1.8 . Suppose that conditions 1, 2, 4
and 5 hold. Then, as n ª `,

4 y1r2 y1ˆ3.1 sup f y y f y s O h q n h log n a.s.Ž . Ž . Ž . Ž .
y

The following lemma is a slightly modified version of Theorem 2.37 of
Ž . w Ž . xPollard 1984 or see Zhu 1993 , Theorem 3.1 .

LEMMA 3.2. Suppose that conditions 1 to 6 are fulfilled. Then, for any
fixed « ) 0,

y1r2 y1P sup g y y E g y ) 8n h «Ž . Ž .ˆ ˆi i½ 5
y

y4« 1 1r22F 2c exp y « r 32d log nŽ .Ž .½ 5ž /' 2n d3.2Ž .

q 8cdy8 exp ynd2Ž .
4 1r4y1r2< <q E Z I Z ) cd log n ,Ž . Ž .Ž .i i

where
1r2y y Y

d G sup Var K .½ 5ž /ž /hy

Ž .By this lemma the uniform convergence rate of g y can be achieved.ˆi

LEMMA 3.3. Suppose that the conditions in Lemma 3.1 are satisfied. Then

4 y1r2 y13.3 sup g y y g y s O h q n h log n .Ž . Ž . Ž . Ž .ˆi i p
y

w xPROOF. Since the kernel function K is uniformly continuous on y1, 1 ,
< Ž . <writing c s sup K u , we have1 y1F uF1

1r2 1r2y y Y y y Y
2sup Var K F sup K f Y dY F c .Ž .H 1ž / ž /ž / ž /ž /h hy y
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Choose « s log n, then as n ª `, we have
y1r2 y13.4 sup g y y E g y s O n h log n .Ž . Ž . Ž . Ž .ˆ ˆi i p

y

Ž .On the other hand, expanding g y in a Taylor series with the Lagrangei
w Ž . xform of the remainder term or see Rao 1983 , page 47 and using condition

1, we can see that

sup E g y y g yŽ . Ž .ˆi i
y

1 y y Y
s sup K R Y f Y y R y f y dY� 4Ž . Ž . Ž . Ž .H i iž /h hy

s sup K u R y y uh f y y uh y R y f y du� 4Ž . Ž . Ž . Ž . Ž .H i i
y

3s sup K u g z y u y g y uh du 6Ž . Ž . Ž . Ž .Ž .˜ ˜H i i
y

4 4F c K u u du ? h ,Ž .H
completing the proof. I

4. Proof of Theorem 2.1. Clearly, we need to deal with only the ilth
element

n n1 1 T2̂ ˆ ˆg Y g Y rf Y of the matrix R Y R Y .Ž . Ž .ˆ ˆŽ . Ž . Ž .Ž . Ž . Ž .Ý Ýi j l j b j b b' 'n njs1 js1

The proof will be done in several steps. Define
g yŽ .i

R y s ,Ž .b , i f yŽ .b

g y g yŽ . Ž .i lŽ1.I y s s R y R y ,Ž . Ž . Ž .i , l b i b l2f yŽ .b

g y g y q g y g y R y g y R y g yŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .ˆ ˆ ˆ ˆi l l i b i l b l iŽ2.I y s s q ,Ž .i , l 2 f y f yf y Ž . Ž .Ž . b bb

f̂ yŽ .bŽ3.I y s 2 R y R y .Ž . Ž . Ž .i , l b i b l f yŽ .b

Step 1. Show that
n1 g Y g Yˆ ˆŽ . Ž .i j l jÝ 2' ˆž /n f YŽ .js1 b j

4.1Ž .
n1

Ž1. Ž2. Ž3.s I Y q I Y y I Y q o 1 .Ž .Ž . Ž . Ž .� 4Ý i l j i l j i l j p'n js1
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It is easy to see that

n n1 g Y g Y 1ˆ ˆŽ . Ž .i j l j Ž1. Ž2. Ž3.s I Y q I Y y I YŽ . Ž . Ž .� 4Ý Ý i l j i l j i l j2' 'ˆž /n n4.2Ž . f YŽ .js1 js1b j

y J q J q J y J ,n1 n2 n3 n4

where
n1

J s g Y g Y y g Y q g Y g Y y g Yˆ ˆŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .½ 5Ýn1 i j l j l j l j i j i j'n js1

2̂ 2f Y y f YŽ . Ž .b j b j
= ,

2 2f̂ Y f YŽ . Ž .b j b j

n1 g Y y g Y g Y y g Yˆ ˆŽ . Ž . Ž . Ž .Ž . Ž .i j i j l j l j
J s ,Ýn2 2' ˆn f YŽ .js1 b j

2
2 2n f̂ Y y f Y1 Ž . Ž .ž /b j b j

J s R Y R YŽ . Ž .Ýn3 bi j b l j 2 2' ˆn f Y f YŽ . Ž .js1 b j b j

and
n1 R Y R Y2 Ž . Ž .bi j b l jˆJ s f Y y f Y .Ž . Ž .Ý ž /n4 b j b j 2' f Yn Ž .b jjs1

Ž .Hence it suffices to show that, for obtaining 4.1 ,

< <4.3 J s o 1 , i s 1, . . . , 4.Ž . Ž .ni p

Since
22 2ˆ ˆ ˆf Y y f Y s f Y y f Y q 2 f Y f Y y f Y ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .b b b b b b b4.4Ž .

ˆ ˆf y y f y F f y y f y and R y F R y ,Ž . Ž . Ž . Ž . Ž . Ž .b b bi i

then, by Lemmas 3.1 and 3.3 and condition 5, we have

34 y1r2 y1 y3 1r2< <J s O h q n h log n b nŽ .½n1 p ž
24 y1r2 y1 y2 1r2q h q n h log n b nŽ . 5

4.5Ž .
n1

= R Y q R YŽ . Ž .Ý ž /i j l j½ 5 /n js1

2y8c q2 c q1r2 2 c q2 c y1r21 2 1 2s O n q n log n s o 1 ,Ž . Ž .Ž .p p

where the second equation is due to the law of large numbers for
y1 n < Ž . <n Ý R Y .js1 i j

Ž .Similarly, we can prove 4.3 for J , i s 2, 3, 4.ni
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Step 2. Show that
n1

Ž1. Ž1.I Y y E I YŽ .Ž .� 4Ý i l j i l'n js1

n1
s R Y R Y y E R Y R Y q o 1 .Ž . Ž . Ž .� 4Ž . Ž .Ý i j l j i l p'n js1

4.6Ž .

All we need to do is to show that
n1

R Y R Y y R Y R YŽ . Ž . Ž . Ž .Ž .½Ý i j l j b i j b l j'n js14.7Ž .
yE R Y R Y y R Y R Y s o 1 .Ž . Ž . Ž . Ž . Ž .Ž . 5i l b i b l p

By the independence of Y ’s and b ª 0, we havej

n1
E R Y R Y y R Y R YŽ . Ž . Ž . Ž .Ž .½Ý j j l j b i j b l j½ 'n js1

2

yE R Y R Y y R Y R YŽ . Ž . Ž . Ž .Ž . 5i l b i b l 5
s Var R Y R Y y R Y R YŽ . Ž . Ž . Ž .Ž .i l b i b l

2F E R Y R Y y R Y R YŽ . Ž . Ž . Ž .Ž .i l b i b l

2s R Y R Y y R Y R Y f Y dYŽ . Ž . Ž . Ž . Ž .Ž .H i l b i b l
� Ž . 4f Y -b

F 2 R2 Y R2 Y f Y dY ª 0 as b ª 0,Ž . Ž . Ž .H i l
� Ž . 4f Y -b

Ž . Ž .which implies 4.7 , and 4.6 is proved.

Step 3. Show that
n1

Ž2. Ž2.I Y y E I YŽ .Ž .� 4Ý i l j i l'n js1

n1 1 f YŽ .js R Y R Y q Z R YŽ . Ž . Ž .Ý bi j b l j l j b i j½' 2 f Yn Ž .b jjs1

1 f YŽ .jq Z R YŽ .i j b l j 52 f YŽ .b j

4.8Ž .

1 f Y 1 f YŽ . Ž .
y E R Y R Y q Z R Y q Z R YŽ . Ž . Ž . Ž .bi b l l b i i b l½ 52 f Y 2 f YŽ . Ž .b b

q o 1 .Ž .p
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y1r2 n Ž2.Ž .To analyze n Ý I Y , we need only to work onjs1 i l j

n1 g Yˆ Ž .l j
R Y .Ž .Ý bi' f Yn Ž .b jjs1

Approximate this sum by a U-statistic with a varying kernel. Applying the
Ž . Ž .similar argument used by Stone 1984 , Nolan and Pollard 1987 , Hardle and¨

Ž . Ž .Stoker 1989 , and Powell, Stock and Stoker 1989 , we have

n1 g Y g Yˆ ˆŽ . Ž .l j l j
R Y y E R YŽ . Ž .Ý bi j b i j½ 5' f Y f Yn Ž . Ž .b j b jjs1

4.9Ž .
n1

s u w y E u w q o 1 ,Ž . Ž . Ž .Ý hbi l j hbi l p'n js1

where

1 y R Y Z R yŽ .Ž .l b i j l j b iy1u w s K Y y y h q f z , y dz dyŽ . Ž .Ž .Ž .Hhbi l j j 1 l l½ 52h f Y f yŽ .Ž .b j b

Ž . Ž . Ž . Ž . Ž .and f z , y is the density function of w s Z , Y . Let f y rf y s « y ;ˆ1 l l l b b
we have

1 y R Y Z R yŽ .Ž .l b i j l j b iy1u w s K Y y y h q f z , y dz dyŽ . Ž .Ž .Ž .Hhbi l j j 1 l l½ 52h f Y f yŽ .Ž .b j b

R Y 1Ž .bi j y1s K Y y y h R y f y dyŽ . Ž .Ž .Ž .H j l2 f Y hŽ .b j

1 1 R y f yŽ . Ž .biy1q Z K Y y y h dyŽ .Ž .Hl j j2 h f yŽ .b

R Y R Y f Y Z R Y f YŽ . Ž . Ž . Ž . Ž .bi j l j j l j b i j j
4.10 s qŽ .

2 f Y 2 f YŽ . Ž .b j b j

R Y 1Ž .bi j y1q K Y y y h R y f y y R Y f Y dyŽ . Ž .� 4Ž . Ž . Ž .Ž .H j l l j j2 f Y hŽ .b j

1 1 R y f y R Y f YŽ . Ž . Ž . Ž .bi b i j jy1q Z K Y y y h y dyŽ .Ž .Hl j j ½ 52 h f y f YŽ . Ž .b b j

1 1
2 2s R Y R Y « Y q Z R Y « Yˆ Ž . Ž . Ž . Ž . Ž .i j l j b j l j i j b j2 2

qJ Ž5. Y q J Ž6. Y .Ž . Ž .nil j nil j
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Ž .In order to show 4.8 , it is sufficient to show that

n1
Ž5. Ž5.Var J Y s Var J Y s o 1Ž . Ž .Ž . Ž .Ý nil j nilž /'n js1

and
n1

Ž6. Ž6.Var J Y s Var J Y s o 1 .Ž . Ž .Ž . Ž .Ý nil j nilž /'n js1

By conditions 1 and 5, there exists a constant c ) 0 such that

2Ž5. Ž5.Var J Y F E J YŽ . Ž .Ž . Ž .nil nil

2 2R yŽ .bi 4F c K u u du f y dy ? hŽ . Ž .H Hž /ž /f yŽ .b

4.11Ž .

F ch4 by2 E R2 Y s O ny4 c1q2 c2 s o 1 .Ž . Ž . Ž .i

Moreover,

R Y y uh f Y y uh R Y f YŽ . Ž . Ž . Ž .bi 1 1 bi 1 1y ª 0
f Y y uh f YŽ . Ž .b 1 b 1

as h ª 0 and b ª 0. Applying the dominated convergence theorem, we have

n1 2Ž6. Ž6. Ž6.Var J Y s Var J Y F E J YŽ . Ž .Ž . Ž . Ž .Ý nil j nil 1 nil 1ž /'n js1

1 R Y y uh f Y y uhŽ . Ž .bi 1 12 <s E Z Y K uŽ .Ž . Hl 1 ½½ ž4 f Y y uhŽ .b 14.12Ž .
2

R Y f YŽ . Ž .bi 1 1y du5 5/f YŽ .b 1

s o 1 ,Ž .
Ž . Ž .and completing the proof of Step 3 from 4.9 to 4.12 .

Step 4. Prove the following three equations:
n1

Ž3. Ž3.I Y y E I YŽ . Ž .½ 5Ý i l j i l j'n js1

n2 R Y R Y f YŽ . Ž . Ž .bi j b l j js Ý ½' f Yn Ž .b jjs1

4.13Ž .

R Y R Y f YŽ . Ž . Ž .bi blyE q o 1 ,Ž .p5f YŽ .b
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n1 Z R Y f Y Z R Y f YŽ . Ž . Ž . Ž .l j b i j j i j b l j j
R Y R Y q qŽ . Ž .Ý bi j b l j½' 2 f Y 2 f Yn Ž . Ž .b j b jjs1

R Y R Y f YŽ . Ž . Ž .l b iyE R Y R Y qŽ . Ž .bi b l 2 f YŽ .b

R Y R Y f YŽ . Ž . Ž .i b lq 52 f YŽ .b

4.14Ž .

n1 1 1
s R Y R Y q Z R Y q Z R YŽ . Ž . Ž . Ž .Ý i j l j l j i j i j l j½' 2 2n js1

y2 E R Y R Y q o 1Ž . Ž . Ž .i l p5
and

n1 R Y R Y f Y R Y R Y f YŽ . Ž . Ž .Ž . Ž . Ž .bi j b l j j b i b ly EÝ ½ 5' f Y f YŽ .n Ž .b j bjs1
4.15Ž .

n1
s R Y R Y y E R Y R Y q o 1 .Ž . Ž . Ž .� 4Ž . Ž .Ý i j l j i l p'n js1

Ž . Ž .Since the arguments for proving 4.13 to 4.15 are essentially the same as
those used in the proofs of Steps 2 and 3, we omit the details here.

Up to now, we have showed that, combining Steps 1 to 4,
n1

2̂g Y g Y rf Y y E v YŽ .ˆ ˆ ˆŽ . Ž . Ž .Ý ž /i j l j b j b i l'n js1

n1 1 Ts Z R Y q Z R Y y E R Y R Y q o 1 ,Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ý l i i l i l p½ 5' 2n js1

where

R Y g Y R Y g YŽ . Ž . Ž . Ž .ˆ ˆbi l b l i
v Y s R Y R Y q qŽ . Ž . Ž .ˆbil b i b l f Y f YŽ . Ž .b b

ˆR Y R Y f YŽ . Ž . Ž .bi b l by 2 , 1Fi , lFd.
f YŽ .b

Consequently, the last step is to prove that

' '4.16 n E v Y s n E R Y R Y q o 1 .Ž . Ž . Ž . Ž . Ž .ˆbil i l

It is easy to see that

f 2 YŽ .
20 F 1 y « Y s 1 y I f Y - b F I f Y - b .Ž . Ž . Ž .Ž . Ž .b 2ž /b
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Furthermore, by condition 6, we have

'n E R Y R Y y E R Y R YŽ . Ž . Ž . Ž .bi b l i l

2f YŽ .'s n E R Y R Y 1 yŽ . Ž .i l ž /f YŽ .b

4.17Ž .

'F n E R Y R Y I f Y - b s o 1 .Ž . Ž . Ž . Ž .Ž .i l

Invoking condition 6 again, we obtain

R Y g YŽ . Ž .ˆbi l'n E
f YŽ .b

1 Z R Y f Y , Z f YŽ . Ž . Ž .l b i 1 1 ly1's n K Y y Y h dZ dY dYŽ .Ž .H 1 l 1h f YŽ .b

1 R Y R Y f Y f YŽ . Ž . Ž . Ž .l 1 bi 1y1's n K Y y Y h dY dYŽ .Ž .H 1 1h f YŽ .b

R Y y uh f Y y uh R Y f YŽ . Ž . Ž . Ž .l b i's n K u du dYŽ .H f YŽ .b

' 's n E R Y R Y q n K uŽ . Ž . Ž .Hl b i

R Y f YŽ . Ž .bi
= R Y y uh f Y y uh y R Y f Y du dY� 4Ž . Ž . Ž . Ž .l l f YŽ .b

R Y R Y f YŽ . Ž . Ž .l b i'y n K u f Y y f Y du dY� 4Ž . Ž . Ž .H b f YŽ .b

Ž7.'s n E R Y R Y q J q o 1 .Ž . Ž . Ž .ˆ l i nil

4.18Ž .

Moreover, by conditions 1, 4 and 5, we have

Ž7. 4 y1 4'< <J F c n h b K u u R Y f Y du dYŽ . Ž . Ž .Hnil i
4.19Ž .

s O ny4 c1qc 2q1 r2 s o 1 .Ž . Ž .

Ž . Ž . Ž .Together with 4.18 , 4.19 and the expression of 4.15 , we need only to show
that

ˆR Y R Y f YŽ . Ž . Ž .bi b l b' '4.20 n E s n E R Y R Y q o 1 .Ž . Ž . Ž . Ž .i lf YŽ .b
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ˆFor this purpose we express f as a sum of five terms, where c is a positiveb
constant to be specified later:

ˆ ˆ ˆ ˆf Y s f Y I f Y G b q bI f Y - bŽ . Ž . Ž . Ž .Ž . Ž .b

ˆ 4 y1r2 y1s f Y I f Y ) b q 2c h q n h log nŽ . Ž . Ž .Ž .
ˆ 4 y1r2 y1q f Y I f Y G b y I f Y G b q 2c h q n h log nŽ . Ž . Ž . Ž .� 4Ž .Ž .

ˆ ˆq f Y y f Y I f Y G bŽ . Ž . Ž .�Ž . Ž .
4.21Ž .

yI f Y G b q 2c h4 q ny1r2hy1 log nŽ . Ž . 4Ž .
q bI f Y - b y 2c h4 q ny1r2hy1 log nŽ . Ž .Ž .

ˆ 4 y1r2 y1q b I f Y - b y I f Y - b y 2c h q n h log nŽ . Ž .Ž . Ž .� 4Ž .
s J Y q J Y q J Y q J Y q J Y .Ž . Ž . Ž . Ž . Ž .ˆ n8 n9 n10 n11 n12

Ž .It is now clear that 4.20 is equivalent to

J Y R Y R YŽ . Ž . Ž .n8 bi b l' '4.22 n E s n E R Y R Y q o 1Ž . Ž . Ž . Ž .i lf YŽ .b

and

J Y R Y R YŽ . Ž . Ž .nk bi b l'4.23 n E s o 1 , k s 9, . . . , 12.Ž . Ž .
f YŽ .b

Ž . Ž . Ž .One can show 4.22 using the argument for proving 4.18 and 4.19 . For
Ž .4.23 we break it into four separate cases to proceed. By Lemma 3.1 there
exists a positive constant c such that

4 y1r2 y1ˆsup f Y y f Y F 2c h q n h log n a.s.Ž . Ž . Ž .
y

� Ž . Ž 4 y1r2 y1 .4Since the set f Y ) b q 2c h q n h log n is contained in the set
ˆ� Ž . 4f Y ) b with probability 1, we can see, by condition 6, that

J Y R Y R YŽ . Ž . Ž .n9 bi b l'n E
f YŽ .b

'F n E R Y R YŽ . Ž .½ i l

4 y1r2 y1ˆ= I f Y G b y I f Y G b q 2c h q n h log nŽ . Ž . Ž .Ž .Ž . 5
4.24Ž .

's n E R Y R YŽ . Ž .½ i l

4 y1r2 y1 ˆ=I f Y F b q 2c h q n h log n , f Y G bŽ . Ž .Ž .Ž . 5
4 y1r2 y1'F n E R Y R Y I f Y F b q 2c h q n h log nŽ . Ž . Ž . Ž .Ž .i l

s o 1 .Ž .
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Ž .Using a similar argument for 4.24 , we obtain

J Y R Y R YŽ . Ž . Ž .n10 bi b l'n E s o 1 ,Ž .
f YŽ .b

J Y R Y R YŽ . Ž . Ž .n11 bi b l'n E
f YŽ .b

4 y1r2 y1'F n E R Y R Y I f Y - b y 2c h q n h log nŽ . Ž . Ž . Ž .Ž .bi b l

s o 1Ž .
and

J Y R Y R YŽ . Ž . Ž .n12 bi b l'n E
f YŽ .b

4 y1r2 y1'F n E R Y R Y I f Y - b q 2c h q n h log nŽ . Ž . Ž . Ž .Ž .bi b l

s o 1 .Ž .
Ž . Ž .So we have shown 4.20 , and hence 4.16 , completing the proof of Theorem

2.1. I

5. Proof of Theorem 2.2. The standard perturbation theory gives the
w Ž .xfollowing chain-rule formulas see also Sun 1988

­l ­Li 1s b b ,i i­ a ­ ak l k l

d T­ b b b ­L r­ a bŽ .i m m 1 k l is .Ý
­ a l y lŽ .k l i mms1

m/i

By Theorem 2.1, the perturbation L y L is small when n is large enough.1n 1
Then, by a Taylor expansion, we have

'n l L y l LŽ . Ž .Ž .i 1n i 1
5.1Ž .

T U's n b L L y L b L q R L ,Ž . Ž . Ž . Ž .i 1 1n 1 i 1 i 1

U U UT T' 'Ž . Ž . Ž . Ž . Ž . Ž . Ž .where R L s n b L L y L b L y n b L L y L b Li 1 i 1 1n i 1 i 1 1n i 1
Ž U . Ž .and L y L ª 0 in probability. The proof of 2.2 can be completed by1 1

Ž U . Ž .proving R L ª 0 in probability. In view of the expansion in 5.1 , this isi 1
Ž .easily done, so we omit the details. The assertion 2.3 can be proved

similarly. The proof is complete. I
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