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ON THE DETERMINANT OF THE SECOND DERIVATIVE
OF A LAPLACE TRANSFORM

BY CELESTIN C. KOKONENDJI AND V. SESHADRI1´
Universite Paul Sabatier and McGill University´

If m is a positive measure on R n with Laplace transform L , we showm

that there exists a positive measure n on R n such that det LY s L . Wem n

deduce various corollaries from this result and, in particular, we obtain
the Rao]Blackwell estimator of the determinant of the variance of a

n Ž .natural exponential family on R based on n q 1 observations. A new
proof and extensions of Lindsay’s results on the determinants of moment
matrices are also given. Finally we give a characterization of the Gaussian
law in R n.

1. Introduction. If m is a finite non-negative measure on R, with mo-
Ž . Žment generating function m t assumed to be finite on an open interval

. Ž .containing zero , Lindsay 1989 has shown that the determinant of the
Ž . Ž Ž iqj.Ž .. Ž .Hankel matrix M t s m t , whose entries are derivatives of m t , isp

itself, as a function of t, a moment generating function of another finite
non-negative measure n on R. Motivated by this result we consider a general-
ization to measures on R n.

Let m be a positive measure on R n with Laplace transform

² :L u s exp u , X m dXŽ . Ž .Hm
nR

Ž . Ž .and cumulant transform k u s log L u . We suppose that the set of u inm m
n Ž . Ž .R such that L u exists has a non-empty interior Q m and we denote bym

n nŽ . Ž .MM R the set of such m and by MM R the set of such m which furthermore
are not concentrated on an affine hyperplane of R n. Among the moment
matrices of measures on R n, by far the most important is the determinant of

2 L uŽ .mYL u s ,Ž .m u ui j i , js1, . . . , n

the determinant of the matrix of second order moments. Our main result
shows that this determinant is again a Laplace transform of a positive
measure n on R n. On applying this result to a suitable m, we obtain Lindsay’s
result as Corollary 2.1 and Theorem 2.2. Finally, we apply this to simple
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n Žquadratic natural exponential families in R developed by Casalis 1992,
. Ž .1994 as a generalization of the Morris 1982 class. We also apply it to

Wishart distributions on symmetric matrices. The next application deals with
the Rao]Blackwell estimator of the generalized variance of a natural expo-

n Ž .nential family in R in the special case of n q 1 observations. We conclude
with a characterization of the Gaussian laws in R n.

2. Main results. In what follows we use the notation X mmmmm Y to denote
Ž . Ž .t Ž .tthe matrix x y , where X s x , . . . , x and Y s y , . . . , y . Ai j i, js1, . . . , n 1 n 1 n

prime stands for the first derivative, two primes for the second derivative,
det A for the determinant of the matrix A and mU k for the k-fold convolution

nŽ .of the measure m g MM R .
Our main result is the following.

n nŽ .THEOREM 2.1. Let m g MM R , X , . . . , X g R and n be the image of1 n

1 2w xdet X , . . . , X m dX ??? m dXŽ . Ž .Ž .1 n 1 nn!
by the map

nn nS : R ª R , X , . . . , X ¬ X q ??? qX .Ž . Ž .1 n 1 n

Then

i det LY u s L uŽ . Ž . Ž .m n

and
nY Y X Xii det L u s L u det k u q k u m k u .Ž . Ž . Ž . Ž . Ž . Ž .Ž .m m m m m

wŽ xAs a corollary we obtain a theorem of Lindsay 1989, Theorem 3A on the
moment matrices of measures on R.

Ž . Ž .COROLLARY 2.1 Lindsay . Let a g MM R and let b be the image measure of
Ž . Ž .2 Ž . Ž . n Ž .1rn! Ł x y x a dx ??? a dx by the map s: R ª R, x , . . . , x ¬i- j i j 1 n 1 n

Ž .x q ??? qx . Then for every t g Q a ,1 n

iq jy2d
det L t s L t .Ž . Ž .a bž /dt

i , js1, . . . , n

The most important consequence of the above results is an extension of the
w Ž .so-called Lindsay transform Kokonendji and Seshadri 1992, 1994 and

Ž .x nKokonendji 1993 of the first order for measures on R . Let us denote by

tXL u L uŽ . Ž .Ž .m mLL u sŽ .m X YL u L uŽ . Ž .m m

Ž . Ž . Ž n.the symmetric n q 1 = n q 1 matrix for m g MM R . We then have the
following theorem.
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Ž n.THEOREM 2.2. Let m g MM R and let n be the image measure of0

21 1 1 1
det m dX ??? m dXŽ . Ž .0 nX X ??? Xž /0 1 nn q 1 !Ž .

by the map
nq1n nS : R ª R , X , X , . . . , X ¬ X q X q ??? qX .Ž . Ž .0 0 1 n 0 1 n

Ž .Then for each u g Q m ,

i det LL u s L uŽ . Ž . Ž .m n 0

and
nq1 Yii det LL u s L u det k u .Ž . Ž . Ž . Ž .Ž .m m m

The proofs of the theorems rely on the following proposition concerning the
expectation of a determinant. This appears as a problem due to Polya and´

Ž . xSzego 1972 , Vol. I, Part II, Chapter 1, Problem 68, pages 61]62, 247 . It¨
Ž .generalizes a result Theorem 2A mentioned by Lindsay.

PROPOSITION 2.1. Let h be a positive measure on R n = R n such that
Ž .n nM s H X mmmmm Yh dX, d Y exists. ThenR =R

1
w x w xdet M s det X ??? X det Y ??? Y h dX , d Y ???Ž .Ž . Ž .H 1 n 1 n 1 1

n n nn! Ž .R =R

=h dX , d Y .Ž .n n

Ž .PROOF OF THEOREM 2.1. Let u g Q m . Apply Proposition 2.1 to
² :� 4h dX, d Y s exp u , X m dX d d YŽ . Ž . Ž .X

Ž .d being Dirac measure at X . Then we obtain on the one hand from theX
Y Ž .definition of L u ,m

² : Y� 4M s X mmmmm X exp u , X m dX s L u ,Ž . Ž .H m
nR

while on the other hand, from the definition of n ,
1 2 ² : ² :w xdet X ??? X exp u , X q ??? q u , X m dX ??? m dX� 4 Ž . Ž .Ž .H 1 n 1 n 1 n

n nn! Ž .R

s L u .Ž .n

Ž .This establishes i .
Ž . Ž Ž ..Since L u s exp k u we obtainm m

Y Y X XL u s L u k u q k u m k u .Ž . Ž . Ž . Ž . Ž .m m m m m

Hence
nY Y X Xdet L u s L u det k u q k u m k u . IŽ . Ž . Ž . Ž . Ž .Ž .m m m m m

The proof of Corollary 2.1 relies on the following lemma.
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Ž . Ž .LEMMA 2.1. Let V , AA and V , AA be two measurable spaces, let1 1 2 2
w .g: V ª V and f : V ª 0, ` be two measurable maps and let l and l be1 2 2 1

two measures on V such that1

l dv s f g v l dv .Ž . Ž . Ž .Ž .1 1 1 1

Then

g l dv s f v g l dv .Ž . Ž . Ž . Ž . Ž .1 2 2 2

PROOF. Let A be in AA . Then2 2

Ž . Ž .1 2y1g l A s l g A s f g v l dvŽ . Ž . Ž . Ž . Ž .Ž .Ž . H1 2 1 2 1 1y1Ž .g A2

Ž .3
s I g v f g v l dvŽ . Ž . Ž .Ž . Ž .H A 1 1 12

V1

Ž .4
s I v f v g l dvŽ . Ž . Ž . Ž .H A 2 2 22

V1

Ž .5
s f v g l dv .Ž . Ž . Ž .H 2 2

A2

Ž . Ž .Ž . Ž . Ž .Here 1 is the definition of g l A , 2 is the definition of l , 3 is a1 2 1
Ž . Ž . Ž .reformulation, 4 is the transport theorem applied to I v f v and,A 2 22

Ž .finally, 5 is again a reformulation. I

PROOF OF COROLLARY 2.1. We first define the map h: R ª R n, x ¬
Ž 2 ny1.t n Ž n.n1, x, x , . . . , x and apply Lemma 2.1 with V s R , V s R ,1 2

g x , . . . , x s h x , . . . , h x ,Ž . Ž . Ž .Ž .1 n 1 n

1 2w xf X , . . . , X s det X , . . . , XŽ . Ž .1 n 1 nn!
and

l dx , . . . , dx s a dx ??? a dx .Ž . Ž . Ž .1 n 1 n

A simple application of the Vandermonde determinant then implies that

1 2
l dx , . . . , dx s x y x a dx ??? a dx .Ž . Ž . Ž . Ž .Ł1 1 n i j 1 nn! i-j

Lemma 2.1 now gives

1 2w xg l dX , . . . , dX s det X , . . . , X g l dX , . . . , dX ,Ž . Ž . Ž . Ž .Ž .1 1 n 1 n 1 nn!

but

g l dX , . . . , dX s h a dX ??? h a dX .Ž . Ž . Ž . Ž . Ž . Ž .1 n 1 n
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Ž . Ž .With the map S: X , . . . , X ¬ X q ??? qX applied to g l we obtain,1 n 1 n 1
Ž Ž .. Ž .using Theorem 2.1, the Laplace transform of S g l , namely, L u as1 SŽ g Žl ..1

1 2 ² :w xdet X , . . . , X exp u , X q ??? qX h a dX ??? h a dX� 4 Ž . Ž . Ž . Ž .Ž .H 1 n 1 n 1 n
n n n!Ž .R

s det LY uŽ .hŽa .

Ž .From the definition of h a we have

L u s exp u q u x q ??? qu x ny1 a dx .Ž . Ž .� 4HhŽa . 1 2 n
R

Hence

Y iqjy2 ny1det L u s det x exp u q u x q ??? qu x a dx .Ž . Ž .� 4HhŽa . 1 2 n
R i , js1, . . . , n

Ž . Ž .We now take u , . . . , u s 0, t, 0, . . . , 0 and obtain1 n

iq jy2d
Ydet L 0, t , 0, . . . , 0 s det L tŽ . Ž .hŽa . až /dt

i , js1, . . . , n

s L 0, t , . . . , 0 .Ž .SŽ g Žl ..1

Ž .Finally note that if p is the projection map y , . . . , y ¬ y , then s as1 n 2
Ž . Ž Ž Ž ...defined in Corollary 2.1 is s s p(S( g. Thus b s s l s p S g l . Since1 1

Ž . Ž .L 0, t, 0, . . . , 0 s L t , we haveSŽ g Žl .. pŽSŽ g Žl ...1 1

iq jy2d
L t s det L t . IŽ . Ž .b mž /dt

i , js1, . . . , n

PROOF OF THEOREM 2.2. We apply Theorem 2.1 to dimension n q 1 in-
Ž . Ž . Ž . Ž .stead of n with a dx , . . . , dx s d dx m dx , . . . , dx . Thus if u g Q m0 n 1 0 1 n

Ž . Ž . Ž .and u g R, we have L u , u s exp u L u and0 a 0 0 m

tXL u L uŽ . Ž .Ž .m mYL u , u s exp u .Ž . Ž .a 0 0 X YL u L uŽ . Ž .m m

Ž . Ž .Setting u s 0 we obtain i . The second equality ii is obtained by observing0
that

L u s exp k u ,Ž . Ž .m m

LX u s L u kX u ,Ž . Ž . Ž .m m m

Y Y X XL u s L u k u q k u m k u ,Ž . Ž . Ž . Ž . Ž .m m m m m
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and hence that

t tXL u L uŽ . Ž . 1 k uŽ .Ž . Ž .nq1m m mdet s L u detŽ .Ž .m X Y X XX X k u k u q k u m k uŽ . Ž . Ž . Ž .L u L uŽ . Ž .Ž . m m m mm m

s Lnq1 u det kX u . IŽ . Ž .m m

3. Applications.

3.1. Quadratic variances. First we give a brief summary of natural expo-
Ž . nnential families NEF in R and some important properties associated with

them.
Ž n. Ž .To each m g MM R and u g Q m , the set of probabilities

F s F m s P u , m dX ; u g Q m ,� 4Ž . Ž . Ž . Ž .
where

² :P u , m dX s exp u , X y k u m dXŽ . Ž . Ž . Ž .� 4m

is defined as the natural exponential family generated by m. The measure m
Ž .is said to be a basis of F. It is well known that k u is strictly convex andm

Ž . X Ž .real analytic on Q m and that its first derivative k u , wherem

kX u s X P u , m dXŽ . Ž . Ž .Hm
nR

Ž . Ž . X Ž Ž ..defines a map from Q m to M . If F s F m , then M s k Q m is calledF F m
X Ž . Ž .the mean domain of F. The map u ¬ k u is a bijection between Q m andm

X Ž . Ž .M , and hence we can consider the inverse of k u , namely, c : M ª Q m .F m m F
Ž . Ž Ž . .For each m g M we let P m, F s P c m , m and the bijective mapF m

Ž .M « F, m ¬ P m, F defines a parametrization of F by the mean.F
Ž . nSince P m, F is a distribution in R , its covariance matrix is

tV m s X y m X y m P m, F dXŽ . Ž . Ž . Ž . Ž .HF
nR

for each m g M .F
Ž . Ž .The n = n matrix V m defined on M is called the variance function ofF F

Ž . Ž . YŽ Ž .. YŽ .P m, F or F. Note that V m s k c m . In fact, k u is a HessianF m m m

operator and in the canonical basis has the matrix representation

 2km
.ž /u ui j i , js1, . . . , n

w Ž .x YŽ .The generalized variance Wilks 1932 of F is det k u .m

Ž . Ž .Casalis 1994 introduced natural exponential family NEF with variance
functions of the form

3.1 V m s am mmmmm m q B m q c,Ž . Ž . Ž .F
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Ž . Ž .where a g R, B m is a matrix n = n of elements linear in m and c is a
Ž .matrix n = n of constants. Casalis calls these NEF simple quadratic. We

Ž . Ž .choose instead to call the set of NEF with V m as in 3.1 the Casalis classF
of NEF; it generalizes the Morris class from R to R n. Casalis has made an

Ž .exhaustive study and shows that there are exactly 2n q 4 such types. The
following definition makes precise the term ‘‘type.’’

Ž n. Ž . Ž .DEFINITION 3.1. Let m g MM R and let L m called the Jørgensen set be
Ž n.the set of positive numbers l such that there exists a measure m g MM R forl

Ž . Ž Ž ..lwhich L u s L u is the Laplace transform of m . Two NEFs F and Fm m l 1 2l

Ž n. Ž .are said to be of the same type if there exist m g MM R , l g L m and an
n X Ž . Ž . Ž X.affinity f in R such that with m s f m one has F s F m and F s F m .l 1 2

Ž .Below we give a list of the 2n q 4 types together with their cumulant
transforms and variance functions as given by Casalis. We also include the

YŽ .value of det k u in each case, the computation of which is straightforward.

Ž . Ž .1. Poisson]Gaussian types n q 1 : PG , k s 0, . . . , n,k

1 n 2d dX exp y Ý xŽ . � 4j 1 iskq1 i2
m dX s dX ,Ž . Ž .Ý 2Ž .nyk r2½ 5j!k 2pŽ .jgN

Ž . nwhere dX s dx , . . . , dx , dX s dx , . . . , dx , Q m s M s R ,1 1 k 2 kq1 n F
Ž . k u i n Ž 2 . YŽ . Ž .k u s Ý e q Ý u r2 , det k u s exp u q ??? qu , d is Diracm is1 iskq1 i m 1 n j

Ž . Ž . Ž .mass at j, X s x , . . . , x , X s x , . . . , x and V m s1 1 k 2 kq1 n F
Ž .diag m , . . . , m , 1, . . . , 1 .1 k

Ž .2. Multinomial type M . Let N be a positive integer, let e be the null0
Ž . nvector and let e , . . . , e be the canonical basis of R . Define1 n

NUn

m s d R .Ý e iž /
is0

Ž . n � n n 4 Ž .Then Q m s R , M s m g R ; m ) 0, ; i, Ý m - N , k u sF i is1 i m

Ž n u i.N log 1 q Ý e ,is1

n q 1Ž .
Ydet k u s exp y k u q u q ??? qu q n log NŽ . Ž .m m 1 n½ 5N

Ž . Ž . Ž .and V m s diag m , . . . , m y m mmmmm m rN.F 1 n
Ž .3. Hyperbolic H . For l ) 0 we define

m dX s n dX a ny 1 dy ,Ž . Ž . Ž .l l 1 lqÝ xis 1 i

where

Ž . 2yl py2Uny1 2 G p q iy r2Ž .Ž .
n s d y d , a dy s dy ,Ž .Ýl 0 e p 2iž / G p G pr2Ž . Ž .Ž .is1
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Ž . �Ž .p ) 0 and dX s dx , . . . , dx . Then Q m s u , . . . , u ; ypr2 - u -1 1 ny1 1 n n
u1 u ny 1 4 Ž .ny1 Ž .pr2 and e q ??? qe - cos u , M s 0, ` = R, k u sn F m

� � ny1 u i4yp log cos u y Ý e ,n is1

n q 1Ž .
Ydet k u s exp k u q u q ??? qu q n log lŽ . Ž .m m 1 n½ 5l

and
ny1 m mmmmm m

V m s diag m , . . . , m , l q m q .Ž . ÝF 1 ny1 iž / lis1

Ž . Ž .The NEF corresponding to the law of X , Y is F m , where X s1 l 1
Ž .X , . . . , X follows a negative multinomial law with parameter l and1 ny1
conditionally on X the random variable Y follows the hyperbolic secant1

Ž ny1 .law with parameter l q Ý X .is1 i
Ž . Ž .4. Negative multinomial-gamma types n q 1 . NM y Ga : k s 0, 1, . . . , n.k

For 0 F k F n and l ) 0 we define m byl

n

km dX s n dX h dy a dz ,Ž . Ž . Ž . Ž .Łl l 1 ŽlqÝ x . y iis 1 i
iskq2

Ž . Ž . py1 Ž Ž .. Ž .where n is the measure defined in 3 , h dy s y r G p I q y dyl p R
2Ž . Ž .'and a dz s 1r 2p y exp yz r2 y dz.y

Ž . Ž .The NEF corresponding to the law of X, Y, Z is F m , where X sl

Ž .X , . . . , X has the negative multinomial law with parameter l, Y condi-1 k
Ž k .tionally on X has a gamma law with shape parameter l q Ý X andi

Ž . Ž .Z s Z , . . . , Z conditionally on X, Y is multinormal with covariancekq2 n
YI . Note that this definition includes an arbitrary parameter in R k fornyky1
X, an arbitrary scale parameter for Y and an arbitrary mean parameter for
Z. The limiting cases k s 0, k s n y 1 and k s n have obvious interpreta-
tions when an empty sum is replaced by zero. We then have

u 2 u 2
kq2 nu u1 k<Q m s u y e y ??? ye y u y ??? y ) 0 ,Ž . kq1½ 52 2

kq1 nyky1M s 0, ` = R ,Ž .F

2k n uiu ik u s yl log y e y u y ,Ž . Ý Ým kq1 2is1 iskq2

n q 1
Ydet k u s exp k u q u q ??? qu q n log lŽ . Ž .m m 1 n½ 5l

and

m mmmmm m
V m s diag m , . . . , m , 0, m , . . . , m q .Ž . Ž .F 1 k kq1 kq1 l

We now prove the following theorem.
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Ž n. Ž .THEOREM 3.1. Let m g MM R such that F s F m belongs to the Casalis
w Ž . Ž .xclass thus V m is given by 3.1 . Let n be defined from m as in TheoremF 0

Ž . Ž .2.2. Then F n and F m are of the same type.0

PROOF. From the above listing we see by inspection that there exists
Ž . nA, b, c g R = R = R such that

Y ² :det k u s exp bk u q u , A q c .Ž . Ž .� 4m m

From Theorem 2.2 we see that
Xk u s n q 1 k u q log det V k uŽ . Ž . Ž . Ž .� 4Ž .n m F Ž m . m0

² :s n q 1 q b k u q u , A q c.Ž . Ž .m

Hence
kX u s n q 1 q b kX u q A.Ž . Ž . Ž .n m0

U X Ž . UWriting m s k u and b s n q 1 q b, we haven 0

mU y A
U U U Um s b m q A and V m s b V .Ž .F Žn . F Ž m . U0 ž /b

Ž . Ž .This shows that F n and F m are of the same type. I0

This result generalizes Lindsay’s verification for the Morris families for
n s 1.

The Casalis class does not cover the whole set of NEF with a quadratic
Ž .variance. For instance, let E be the space of d = d real symmetric matrices

and let S be the cone in E of positive definite matrices. Consider the
Ž .standard Wishart distribution W 2 p, S concentrated on S with S in S and

p in

1 3 d y 1 d y 1
3.2 L s , 1, , . . . , j , q` .Ž . ½ 5 ž /2 2 2 2

Then it is known that the NEF

3.3 F s W 2 p , S ; S g S� 4Ž . Ž .p

w Ž .xhas a quadratic variance Letac 1989 .
We now prove the following theorem.

Ž . Ž . Ž .THEOREM 3.2. Let m g MM E such that F m s F with F given by 3.3p p
Ž .and p in L given by 3.2 . Let n be defined from m as in Theorem 2.2. Then0

Ž . X � Ž Ž . .4 Ž .XF n s F , where p s p 1 q d d q 1 r2 q d q 1 .0 p

PROOF. Without loss of generality we take m s m , wherep

1 ŽŽ . .py1y dy1 r2
m dX s det X I X dX ,Ž . Ž . Ž .p SG pŽ .d
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where

dy1 i
d p ŽdŽdy1..r4G p s 2 p G p y , Q m s yS,Ž . Ž .Łd pž /2is0

Ž .S being the cone of d = d symmetric positive definite matrices and p )
Ž .d y 1 r2. Furthermore,

yp1L u s exp tr u X m dX s det y2uŽ . Ž . Ž . Ž .� 4 Ž .Hm p2p
S

so that

k u s yp log det y2u .Ž . Ž .Ž .mp

Then

ydy1Y ŽdŽdq1..r2det k u s p det yu .Ž . Ž .Ž .mp

To see the above step we use three classical facts:

Ž . Ž . y1a The differential of S ª R, u ¬ ylog det u is u .
Ž . y1 y1 y1 y1b The differential of S ª S, u ¬ u is du s yu du u .
Ž . Ž .c If A is any d = d matrix, the determinant of the linear endomor-

Ž . Ž .phism f of the space of symmetric d = d matrices defined by f M sA A
t Ž .dq1AMA is det f s det A .A

Ž Ž .. Ž .Hence with n s d d q 1 r2 dimension of E we have

pX

k u s k u q log const,Ž . Ž .n m0 pp

X Ž . Xwhere p is defined in Theorem 3.2. Thus F n s F . I0 p

YŽ .3.2. Rao]Blackwell estimation of det k u . The following theorem pro-m

vides the key to obtaining the Rao]Blackwell estimator of the generalized
Ž n. Ž .variance of a NEF generated by m g MM R in the case of n q 1 observa-

tions.

Ž n.THEOREM 3.3. Let m g MM R and let n be the image measure defined in0
U Žnq1. Ž . Ž .Theorem 2.2. Denote by m the image measure of m dX m dX ???0 1

Ž . Ž .m dX by the map S of Theorem 2.2. Suppose that there exists C X suchn 0
that

n dX s C X mU Žnq1. dX .Ž . Ž . Ž .0

Ž . YŽ .Then C X q X q ??? qX is the Rao]Blackwell estimator of det k u based0 1 n m

Ž .on n q 1 observations X , . . . , X .0 n
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Ž .PROOF. From Theorem 2.2 we have, for each u g Q m ,

L uŽ .nY 0det k u sŽ .m
U Žnq1.L uŽ .m

n

s C X q ??? qX P u , m dX . IŽ . Ž . Ž .ŁH 0 n i
n nq1Ž .R is0

As an illustration of Theorem 3.3 we give below the Rao]Blackwell estima-
tors of the Casalis class as well as the Wishart families.

EXAMPLE 3.1. Cases of the Casalis class.
Ž .Case 1. Poisson]Gaussian types PG , k s 0, 1, . . . , n, give for x / 0,k 1

. . . , x / 0,k

m )d dXn dX Ž .Ž . nq1 e q? ? ?qe0 1 kC X s s s x ??? x .Ž . 1 kU Žnq1. m dXŽ .m dXŽ . nq1

Note that it is independent of the Gaussian component.
Case 2. In the multinomial case we have

Ž .Ž .nq1 Ny1n n
nL u s N 1 q exp u exp u ,Ž . Ž .Ý Ýn i i0 ž / ž /

is1 is1

Ž .nq1 Nn

U Žnq1.L u s 1 q exp u .Ž . Ž .Ým iž /
is1

Note that n is concentrated on the tetrahedron T in R n with vertices0 0
n Ž .Ž . U Žnq1.p s Ý e , n q 1 N y 1 e q p, j s 1, 2, . . . , n, while m is concen-is1 i j

n Ž .trated on the tetrahedron T in R with vertices 0, n q 1 Ne , which1 j
Ž .contain T . If X s x , . . . , x is in T , then0 1 n 0

nn X s N n q 1 N y 1 !r x y 1 ! ??? x y 1 !,Ž . Ž . Ž . Ž . Ž .0 1 n

U Žnq1.Ž . wŽ . xwhereas m X s n q 1 N !rx ! ??? x !1 n
Thus

n XŽ .0
C X s XŽ . Ž .U Žnq1.m

nN n q 1 N y 1Ž . Ž .
s x ??? x if X g T1 n 0n q 1 NŽ .

Ž .and C X s 0 if X f T .0
Ž .Case 3. For the hyperbolic type H we have

Ž .yl nq1ny1
u iU Žnq1.L u s cos u y e s L u ,Ž . Ž .Ým n ml lŽnq1.ž /

is1
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while from Theorem 2.2,
ny1

nL u s l L u exp u .Ž . Ž . Ýn m i0 Žlq1.Žnq1. ž /
is1

Hence for x / 0, . . . , x / 0,1 k

lnm )d dXn dX Ž .Ž . Žlq1.Žnq1. e q? ? ?qe0 1 ny1C X s s .Ž .
m dX m dXŽ . Ž .lŽnq1. lŽnq1.

wObserve that the density corresponding to n suffers a translation for the0
Ž . Ž ny1 . xsupport of x , . . . , x by one unit because of the factor exp Ý u .1 k is1 i

Letting b s Ýny1 x q l , we obtainjs1 j 1

24ln b 2 q x 2 x ??? xŽ .n 1 ny1
C X s .Ž . 2l l q 1 ??? l q n bŽ . Ž .1 1 1

Ž .Case 4. For the negative multinomial-gamma type, NM y Ga , k sk
0, 1, . . . , n, we have for x / 0, . . . , x / 0,1 k

yl2k n uiu iL u s y e y u yŽ . Ý Ým kq1 2is1 iskq2

Ž . w Ž .x nq1
Uso that L u s L u , while from Theorem 2.2,m Žnq1. m

Ž .Ž .y lq1 nq12k n kuinL u s l y exp u y u y exp u .Ž . Ž .Ý Ý Ýn i kq1 i0 ž /2is1 iskq2 is1

Thus we obtain

lnG l n q 1Ž .Ž . nykq1C X s x ??? x x .Ž . Ž .1 k kq1G l q 1 n q 1Ž . Ž .Ž .
YŽ . Ž .The Rao]Blackwell estimator of det k u is therefore C X q ??? qX withm 0 n

Ž .C X as given above.

Ž .EXAMPLE 3.2. For the Wishart families we observe that Theorem 3.2

2 dŽdq1.pŽdŽdq1..r2
ŽŽ . .p y1y dy1 r20n dX s det X I X dXŽ . Ž . Ž . Ž .0 SG pŽ .d 0

1w Ž Ž ..x Ž .with p s p 1 q d d q 1 q d q 1 , while0 2

1 Ž . ŽŽ . .p y dq1 y1y dy1 r2U Žnq1. 0m dX s det X I X dXŽ . Ž . Ž . Ž .SG p y d y 1Ž .d 0

so that

2 dŽdq1.pŽdŽdq1..r2 G p y d y 1Ž .d 0 dq1C X s det X .Ž . Ž .
G pŽ .d 0
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Ž .If X , . . . , X are i.i.d. random variables with Wishart distribution W 2 p, S1 m
y1 w Ž .xwith u s yS r2, then from the well-known formula Muirhead 1982

G r q pŽ .r dr drE det X s det y2u 2 ,Ž . Ž .Ž .Ž .
G pŽ .d

we have

G r q mpŽ .r r ddrE det X q ??? qX s det y2u 2 .Ž . Ž .Ž .Ž .1 m G pŽ .d

Y Ž . Ž Ž ..dq1Since det k u s const det y2u for r s d q 1, we obtainmp

dq1 Y
E det X q ??? qX s det k = const.Ž . Ž .Ž .1 q m p

Ž Ž ..dq1Thus with q observations X , . . . , X , const det X q ??? qX is the1 q 1 q
Y Ž .Rao]Blackwell estimator of det k u . Hence our method is not very efficientmp

Ž Ž . .since it gives the estimator only for the case q s 1 q d d q 1 r2 .
Our results in the case of NEF with simple quadratic variance structure

Ž .can be regarded as a partial since we consider n q 1 observations general-
ization of the result for Morris families in one dimension, namely, the

YŽ . ŽŽ . . Ž .Rao]Blackwell estimator of k u is V X q ??? qX rq qr q q a , wherem F Ž m . 1 q
Ž . 2 w Ž .xV m s am q bm q c Letac 1992 .F Ž m .

3.3. Characterization of Gaussian laws in R n. Theorem 2.2 also implies
the following remarkable fact about Gaussian laws in R n. If X , X , . . . , X g0 1 n
R n, then

1 1 1 ??? 1
v X , X , . . . , X s detŽ .0 1 n X X ??? X0 1 nn q 1 !Ž .

is the algebraic volume of the tetrahedron with vertices X , . . . , X . Let m in0 n
Ž n. Ž n.nq1MM R be also a probability; consider the two probabilities in R :

P s m m ??? m m ,1

P s Kv2P ,0 1

where K is a normalization constant. Denote by Q and Q the respective0 1
images of P and P by the map0 1

X , X , . . . , X ¬ X q ??? qX .Ž .0 1 n 0 n

A reformulation of Theorem 2.2 gives

3.4 L u s L u det kY u rdet kX 0 .Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .Q Q m m0 1

Ž .Now suppose that m is Gaussian with any mean and covariance . Then Q0
Ž .and Q have the same distribution obviously a Gaussian one . It is tantaliz-1
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ing to think of a converse. For n s 1 it is trivial. For general n, it relies on
Ž .the following delicate result of Pogorelov 1978 .

THEOREM 3.4. Let f be a C` convex function on R n such that the determi-
nant of the Hessian matrix f Y is a constant. Then f Y itself is a constant.

Ž .This is a reformulation of Pogorelov’s result on page 90 . We then have the
following characterization of Gaussian laws in R n:

THEOREM 3.5. Let m, Q and Q be as defined above. Assume further that0 1
the Laplace transform of m is finite everywhere in R n. Then Q s Q if and0 1
only if m is Gaussian.

Ž .PROOF. The ‘‘if ’’ part is obvious from 3.4 . The ‘‘only if ’’ part comes also
Ž . YŽ . Ž .from 3.4 , which gives that u ¬ det k u is a constant. Since u ¬ k u is am m

real analytic strictly convex function which is defined on all R n, Pogorelov’s
YŽ .theorem applies and k u is a constant. This implies that m is Gaussian withm

X Ž .covariance k u and arbitrary mean. Im
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