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LEAST UPPER BOUND FOR THE COVARIANCE MATRIX
OF A GENERALIZED LEAST SQUARES ESTIMATOR IN
REGRESSION WITH APPLICATIONS TO A SEEMINGLY

UNRELATED REGRESSION MODEL AND A
HETEROSCEDASTIC MODEL
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In a general normal regression model, this paper first derives the
Ž .least upper bound LUB for the covariance matrix of a generalized least
Ž .squares estimator GLSE relative to the covariance matrix of the

ŽGauss]Markov estimator. Second the result is applied to the unre-
.stricted Zellner estimator in an N-equation seemingly unrelated regres-

Ž .sion SUR model and to the GLSE in a heteroscedastic model.

1. Introduction. A normal regression model of the form

1.1 y s Xb q « with « ; N 0, V ,Ž . Ž .
where
1.2 V s V u g S nŽ . Ž . Ž .

is a typical model often used in applications. Here X is a regression matrix of
Ž .n = k, rank X s k, the covariance matrix in 1.2 of error term « is a

Ž .function of a d = 1 unknown vector u with d - n and S n is the set of
Ž .n = n positive definite matrices. Models of the form 1.1 include, for exam-

Ž .ple, the SUR model formulated by Zellner 1962, 1963 and the heteroscedas-
Ž .tic model where V is diagonal. In the estimation of b in 1.1 , a GLSE of the

form
y1X Xy1 y1ˆ ˆ ˆ ˆ1.3 b V s X V X X V yŽ . Ž . Ž .

ˆ ˆ ˆŽ .is often used where V s V u with u an estimator of u . The problem we
Ž .consider in this paper is to study the efficiency of a GLSE in 1.3 in terms of

ˆ ˆŽ Ž ..the covariance matrix Cov b V relative to the covariance matrix of what we
ˆŽ . Ž .call the Gauss]Markov estimator GME b V even if V is unknown. As is

well known, the GME

ˆ ˆb s b VŽ .GME

is the best linear unbiased estimator when V is known. However, the GLSE
ˆ ˆŽ . Ž .b V in 1.3 is, in general, nonlinear in y and hence it is difficult to derive

ˆ ˆ ˆ ˆŽ Ž .. Ž .Cov b V explicitly and to study the efficiency of the GLSE b V unless an
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additional structure is available. In this paper, the condition we impose on a
Ž .GLSE of the form 1.3 is the following distributional property: conditional on

V̂,
ˆ ˆ ˆ1.4 b V given V ; N b , H ,Ž . Ž .Ž .

ˆ ˆŽ .where H is the conditional covariance matrix of b V given by
y1 y1X X Xy1 y1 y1 y1ˆ ˆ ˆ ˆ ˆ1.5 H ' H V , V s X V X X V VV X X V X .Ž . Ž . Ž . Ž .

For such a GLSE, the covariance matrix is expressed as

ˆ ˆ w x1.6 Cov b V s E H .Ž . Ž .Ž .
Ž .A simple example of a GLSE satisfying 1.4 is the ordinary least squares

ˆŽ . Ž .estimator OLSE b I in which case
y1 y1X X XH s H I , V s X X X V X X XŽ . Ž . Ž .OLSE

Ž .is nonrandom. For a GLSE satisfying the property 1.4 , the covariance
ˆŽ .matrix 1.6 is bounded below by the covariance matrix of the GME b sGME

ˆŽ .b V :
y1X y1 y1ˆ ˆ ˆ1.7 Cov b V G Cov b s X V X ' AŽ . Ž .Ž .Ž . Ž .GME

w Ž . Ž .xsee Kariya 1981 and Kariya and Toyooka 1985 , where inequalities for
matrices here should be understood in terms of nonnegative definiteness.

ˆ ˆŽ . Ž .Hence an efficiency of a GLSE b V that satisfies 1.4 is measured relative
to the GME by such a quantity as

ˆ ˆ ˆ1.8 h sN Cov b V NrN Cov b NG 1Ž . Ž .Ž . Ž .GME

w x w xprovided E H is evaluated. However, it is still difficult to derive E H
Ž .explicitly since H in 1.5 is nonlinear in y, and even if it is derived, it is

often very complicated. Consequently, to obtain useful information on the
Ž .efficiency of a given GLSE satisfying 1.4 , we may formulate our problem as

the problem of finding an effective upper bound for the covariance matrix
ˆ ˆ ˆ y1Ž Ž .. w x Ž .Cov b V s E H relative to its lower bound Cov b s A :GME

ˆ y1w x1.9 E H F a V AŽ . Ž .
ˆw Ž . Ž .x Ž . Ž .see Kariya 1981 and Toyooka and Kariya 1986 . Here a V in 1.9 is a

ˆŽ . Ž .nonrandom scalar function associated with H ' H V, V in 1.5 . Clearly
ˆŽ .such an upper bound a V can be viewed as an upper bound for the efficiency

Ž . Ž .of a GLSE in a strong sense. For example, for h in 1.8 , 1.9 implies an
upper bound for h:

kˆ1.10 1 F h F a V .Ž . Ž .� 4
Ž .In Section 2, in order to obtain an effective upper bound in 1.9 , we first

ˆŽ . Ž .derive the least upper bound LUB a V for the conditional covariancel
matrix H relative to the lower bound Ay1,

ˆ y11.11 H F a V A a.e.,Ž . Ž .l
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and then propose the expected LUB,

ˆ ˆ1.12 a V s E a V ,Ž . Ž . Ž .l l

ˆŽ . Ž .as a V in 1.9 . However, in general it is still not easy to evaluate the
ˆŽ . Ž .expected value of a V in 1.12 except for certain cases. Hence we alsol

w xderive a simpler but effective bound for H and hence for E H . These results
Ž .are applicable to any given GLSE so long as it satisfies 1.4 .

Ž .Typical GLSEs which satisfy 1.4 are the Zellner estimator in the SUR
model and the GLSE in the heteroscedastic model. In Sections 3 and 4,
applying the general results in Section 2 to these models, we derive the
expected LUB and an effective upper bound for the covariance matrices in
these models. More specifically, let the N-equation SUR model be expressed

Ž .as a model in 1.1 with

� 4X s diag X , . . . , X ,1 N

X XX X X Xy s y , . . . , y , « s « , . . . , « ,Ž . Ž .1 N 1 N1.13Ž .
XX Xb s b , . . . , b , V s S m I with S g S N .Ž . Ž .1 N m

Here X is m = k , y is m = 1, « is m = 1, b is k = 1, n s Nm, k s ÝN ki i i i i i js1 j

� 4 Ž .and diag X , . . . , X denotes the block diagonal matrix. The unrestricted1 N
ˆ ˆ ˆ ˆŽ .Zellner estimator in this model is the GLSE b s b V with V s S m IZE ZE ZE m

w Ž .xRevankar 1974 , where

qX X X1.14 S s Y I y X# X# X# X# Y .Ž . Ž .m

w x w x qHere Y s y , . . . , y is m = N, X# s X , . . . , X is m = k and A1 N 1 N
denotes the Penrose generalized inverse of A. As is well known, the Zellner

ˆ ˆ ˆŽ . Ž . Žestimator b s b V satisfies 1.4 . In the case of N s 2 two-equationZE ZE
ˆ. Ž . Ž . Ž .SUR model , Kariya 1981 derived the expected LUB for Cov b in 1.12ZE

as

ˆ1.15 a V s 1 q 2r q y 3 with q s m y rank X#.Ž . Ž .Ž .l ZE

ˆ ˆ ˆŽ . Ž .Also when N s 2, Bilodeau 1990 found a GLSE b s b V such thatBE BE
ˆ ˆŽ . Ž .the expected LUB of Cov b is smaller than that of Cov b , that is,BE ZE

ˆ ˆŽ . Ž .a V - a V . However, when N G 3, the problem of finding the ex-l BE l ZE
ˆŽ .pected LUB for Cov b remained open since it is not a trivial generaliza-ZE

ˆŽ .tion. In Section 3, we derive the expected LUB for Cov b in a general caseZE
ˆŽ .where N G 2. The expression of a V for N G 3 is rather complicated andl ZE

involves zonal polynomials for N G 4. Hence a simpler but effective upper
Ž .bound is also derived. In Section 4 in the heteroscedastic model 1.1 with

1.16 V s diag u I , . . . , u I ,� 4Ž . 0 1 m N m1 N
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ˆ ˆ ˆŽ Ž ..the LUB and an effective upper bound for Cov b V are derived where u is0 i
the unbiased estimator of u based on the residuals of y s X b q « withi i i i

Ž . Ž .« ; N 0, u I . The case where N s 2 is treated by Kariya 1981i i m i

Ž .and Bilodeau 1990 .

[ ]2. LUB for H and E H . First to derive the LUB for H in the sense of
ˆ ˆŽ . Ž . Ž .1.11 for a given GLSE b V which satisfies 1.4 , let

Xy1r2 y1r2 y12.1 X s V XA with A s X V X ,Ž .
ˆ y1r2 ˆ y1r22.2 P s P V , V s V VV ,Ž . Ž .

y1 y1X X Xy1 y2 y12.3 A X s X P X X P X X P X ,Ž . Ž . Ž . Ž .
� X 42.4 F n , k s Z ; n = k ¬ Z Z s I .Ž . Ž . k

y1ˆ ˆŽ . Ž . Ž Ž ..Then X g F n, k , Cov b s Cov b V s A andGME

y1r2 y1r2ˆ ˆ ˆ ˆ2.5 H s H V , V s Cov b V ¬ V s A A X A .Ž . Ž .Ž . Ž .Ž .
ˆ ˆŽ . Ž . Ž .Therefore, by 1.11 we need to derive the least value a V among a V sl

satisfying
ˆ2.6 A X F a V I.Ž . Ž . Ž .

For this purpose, observe
X2.7 A XD s D A X D for any X g F n , k and D g O k ,Ž . Ž . Ž . Ž . Ž .

Ž . Ž .where O k is the group of k = k orthogonal matrices. Combining 2.6 with
ˆŽ . Ž . Ž .2.7 implies that a V is the maximum root of A X . In fact, we obtain thel

following important result.

Ž .LEMMA 2.1. Let 0 - p F ??? F p be the latent roots of P in 2.2 . Then1 n
ˆŽ . Ž .a V s a P withl 0

2
p q pŽ .1 n

2.8 a P s .Ž . Ž .0 4p p1 n

Ž . Ž . Ž .That is, a P is the LUB of A X in 2.6 .0

Ž . Ž .PROOF. For any given X g F n, k , choose D g O k such that1
X X y1 Ž . Ž .D X P XD is diagonal. Then Z ' XD g F n, k and by 2.7 ,1 1 1

2.9 A Z s fŽ . Ž . Ž .i j

with

2.10 f s f z , z s zX Py2 z r zX Py1 z zX Py1 z ,Ž . Ž . Ž . Ž .i j i j i j i i j j

Ž . Ž . X Ž .where Z s z , . . . , z . Next choose D g O k such that D A Z D s1 k 2 2 2
Ž . Ž . Ž .A ZD is diagonal. Then setting ZD s U s u , . . . , u g F n, k yields2 2 1 k

2.11 A U s diag f u , u , . . . , f u , u ,� 4Ž . Ž . Ž . Ž .1 1 k k
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Ž . Ž . Ž .since f u , u s 0 i / j . Therefore, to find the LUB a for which A U F aI,i j
Ž . Xwe maximize f u , u under u u s 1:j j j j

uX Py2 u uX uŽ .Ž .j j j j
sup f u , u s supŽ .j j 2XX X y1u u s1 u u s1 u P uj j j j Ž .j j

uX Py1 u uX PuŽ .Ž .j j j js sup 2X
n u uŽ .u gR j jj

2.12Ž .

s sup uX Py1 u uX PuŽ .Ž .j j j j
Xu u s1j j

2s p q p r4p p .Ž .1 n 1 n

wHere the last equality follows from the Kantorovich inequality Anderson
Ž . x1971 , page 570 . This completes the proof. I

Ž . Ž .The LUB a P in 2.8 is symmetric in p and p and it is invariant0 1 n
under the transformation P ª Py1. In fact, letting p F ??? F p be the˜ ˜1 n
latent roots of Py1,

222.13 p q p r4p p s p q p r4p p .Ž . Ž . ˜ ˜ ˜ ˜Ž .1 n 1 n 1 n 1 n

Ž .Also a P G 1, where equality holds if and only if p s p or equivalently0 1 n
Ž . Ž .P s g I for some g ) 0. In other words, by 2.2 , a P s 1 if and only if0

ˆ y1r2 ˆ y1r2 Ž .V s g V for some g ) 0. Therefore, as a function of P s V VV , a P0
is a measure of sphericity of P and hence it may be regarded as a loss

ˆ ˆ ˆŽ .function for choosing an estimator V of V in the GLSE b V . This idea was
Ž .adopted in Bilodeau 1990 and applied to the estimation problems in the

SUR model of two equations and in the heteroscedastic model of two distinct
variances.

Now by Lemma 2.1, we obtain our main result in this section.

ˆ ˆŽ . Ž .THEOREM 2.1. For any GLSE b V satisfying 1.4 ,

ˆ ˆ ˆ ˆ ˆ2.14 Cov b F Cov b V F a V Cov b ,Ž . Ž . Ž .Ž .Ž . Ž .GME l GME

where
2ˆ2.15 a V s E a P s E p q p r4p p .Ž . Ž . Ž .Ž .l 0 1 n 1 n

ˆ ˆŽ .The expected LUB a V may be regarded as a risk function of V inl
ˆ ˆ ˆŽ .choosing V of b V as has been discussed above.

ˆ ˆŽ . Ž .Since the OLSE b s b I satisfies 1.4 , we obtain the following result.OLSE

ˆ ˆ ˆŽ . Ž Ž .. Ž . Ž .COROLLARY 2.1. Cov b F Cov b I F a I Cov b withGME l GME

22.16 a I s v q v r4v v ,Ž . Ž . Ž .l 1 n 1 n

where v F ??? F v are the latent roots of V.1 n
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ˆŽ . Ž .Though the expected LUB a V is given by 2.15 , in general it is not easyl
ˆŽ . Ž .to evaluate a V explicitly except for some special cases such as in 2.16 .l

Further, even if it is evaluated explicitly, it may be very complicated. Hence
ˆ ˆŽ Ž ..we next derive a simpler but effective upper bound for Cov b V . Such a

bound is obtained through the following lemma.

Ž . Ž . Ž . Ž . Ž .LEMMA 2.2. For a P in 2.8 , a P F a P , for any P g S n , where0 0 1

n nn n1 tr PŽ .
1r n2.17 a P s p r p s .Ž . Ž . Ý Ł1 j j n½ 5n n ¬ P ¬js1js1

Ž .The equality holds if and only if p s ??? s p s p q p r2.2 ny1 1 n

PROOF. By the inequality between the arithmetic and geometric means,
n Ž .ny2n ny11

1rŽny2.a P s p p p pŽ . Ž .Ý Ł1 j 1 n jž /n js2js1
2.18Ž .

n Ž .ny2n ny11 1
G p p p p ,Ž .Ý Ýj 1 n jž /n n y 2js1 js2

Ž .where the equality holds if and only if p s ??? s p s c say . Hence the2 ny1
Ž .smallest lower bound for a P is given by1

n1
Žny2.a s 2b q n y 2 c p p c ,Ž . Ž .Ž .2 1 nn

Ž .where b s p q p r2. Again using the inequality between the arithmetic1 n
Ž .Ž Ž . . 2r n Žny2.r nand geometric means, 1rn 2b q n y 2 c G b c and hence

n2r n 2a G b r p p s b r p p s a P ,Ž . Ž . Ž . Ž .2 1 n 1 n 0

where the equality holds if and only if b s c, proving the result. I

THEOREM 2.2.
n

n n1
2.19Ž . ˆ ˆa V F a V s E a P s E p p .Ž .Ž . Ž . Ý Łl 1 1 j jž /n js1js1

Ž .The expectation in 2.19 is more easily evaluated as will be shown in the
SUR model and a heteroscedastic model.

3. N-equation SUR model. In the case of the N-equation SUR model
ˆŽ . Ž . Ž .1.13 with V s S m I , we first evaluate the LUB a V in 2.15 form l ZE

ˆ ˆ ˆ ˆŽ . Ž .Cov b of the unrestricted Zellner estimator b s b V withZE ZE ZE

ˆ3.1 V s S m I with S in 1.14 .Ž . Ž .ZE m
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ˆ y1r2 ˆ y1r2 y1r2 y1r2Ž .As P s P V , V s V V V s W m I with W s S SS ,ZE ZE ZE m

2ˆ3.2 a V s E w q w r4w w ,Ž . Ž .Ž .l ZE 1 N 1 N

Ž .where w F ??? F w are the latent roots of W, where W ; W I , q , the1 N N N
Wishart distribution with degrees of freedom q s m y rank X#. To evaluate
Ž . Ž . Ž .3.2 , let C L with L s diag l , . . . , l denote a zonal polynominal corre-k 1 N
sponding to the partition k of k into not more than N parts, which is

Ž . Ž .denoted by k s k , . . . , k s k k, N , and let1 N

r
r Žry1.r43.3 G x s p G x y j y 1 r2 ,Ž . Ž . Ž .Ž .Łr

js1

and
r

r Žry1.r43.4 G x ; k s p G x q k y j y 1 r2 ,Ž . Ž . Ž .Ž .Łr j
js1

Ž . Ž . Ž . Ž .with k s k k, r . Further let B a, b be the beta function, a sa aq1r
Ž . Ž . r Ž Ž . .??? a q r y 1 , a s Ł a y j y 1 r2 andk js1 k j

p 2 Ny2 G N y 2 r2 G N q 1 r2Ž . Ž .Ž . Ž .Ny2 Ny2
3.5 C N , q s .Ž . Ž .0 Nqr24N G Nr2 G qr2Ž . Ž .N N

ˆŽ .THEOREM 3.1. Let q ) N q 1. Then the LUB a V is given byl ZE

ˆa V s C N, qŽ .Ž .l ZE 0

` G Nqr2 q kŽ .
= Ý kN k!ks0

2 ` N y q q 1
= aÝ Ý Ýh ½ ž /23.6 rŽ . rhs0 rs0

N y 1 N q 2 q y N y 1 1Ž . Ž .
=B q k q h q r ,ž /2 2 r !

k G N q 1 r2; tŽ .Ž .Ny 2k t= g C I ,Ž .Ý ÝÝ rs t Ny2ž / 5s G N q 1; tŽ .Ny2s tss0

Ž . Ž . Ž . twhere r s r r, N y 2 , s s s s, N y 2 , t s t r q s, N y 2 , and g s arers

defined by

3.7 C L C L s gt C LŽ . Ž . Ž . Ž .Ýr s rs t
t

Ž . Ž .and a , a , a s 4, y4, 1 .0 1 2

The proof is given in the Appendix.
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Ž .The expression 3.6 involves zonal polynomials and is complicated. How-
ever, in the case of the three-equation SUR model, a simpler expression is
obtained as follows.

THEOREM 3.2. When N s 3 and q ) 4,

ˆa V s C qŽ .Ž .l ZE 1

` G 3qr2 q kŽ .
= Ý k3 k!ks0

2 G k q h q 5Ž .
= aÝ h½ G qr2 q k q h q 3Ž .hs03.8Ž .

k G s q 2Ž .k= Ý ž /s G s q 4Ž .ss0

` yqr2 q 2 k q h q 5 s q 2Ž . Ž . Ž .j j j
= Ý 5qr2 q k q h q 3 s q 4 j!Ž . Ž .j jjs0

Ž . 9r2 Ž . 3qr2 Ž . Ž .where C q s p G qr2 y 2 r4 3 G 3r2 G qr2 .1 3 3

Ž .PROOF. The pdf of the roots w s w , w , w is given by1 2 3

3 3
1 d3.9 f w s d q exp y w w w y w I ,Ž . Ž . Ž . Ž .Ý Ł Ł3 3 j j j i A2½ 5 js1 i-jjs1

Ž . Ž . 3qr2 3qr2 Ž . Ž .where d ' d q s 4C q 3 r2 G qr2 y 2 , d s q y 4 r2 and I de-3 3 1 A
� 4notes the indicator function of the set A s 0 - w - w - w . To evaluate1 2 3

ˆ ˆŽ . Ž . Ž . Ža V s H a V f w dw, transforming w s into v s 1 y w rw j sl ZE l ZE 3 j j j 3
.1, 2 and v s w yields3 3

2 22 y vŽ .1 dˆ w xa V s d r4 1 y v v y v v vŽ .Ž .Ž . ŁHl ZE 3 j 1 2 1 21 y v3.10Ž . B js112

=H v , v dv dv ,Ž .1 2 1 2

� 4where B s 0 - v - v - 1 and2 2 1

` 3 1
3qr2y1H v , v s v exp y v exp v v q v dvŽ . Ž .H1 2 3 3 3 1 2 3½ 5 ½ 52 20

3qr2 `2 G 3qr2 q kŽ . ks v q v .Ž .Ý 1 2kž /3 3 k!ks0

3.11Ž .
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Ž .Further transforming u s v and u s v rv in 3.10 yields1 1 2 2 1

ˆa VŽ .l ZE

3qr2 `d 2 G 3qr2 q kŽ . 13 ks 1 y u u 1 q uŽ . Ž .Ý H 2 2 2kž / ž /4 3 3 k! 0ks0

3.12Ž .

=G u du ,Ž .2 2

Ž . Ž . Ž . Ž .where with b h, k s a G d G k q h q 5 rG d q 5 q k q h ,h

1 2 d dy14qkG u s 2 y u 1 y u u u 1 y u duŽ . Ž . Ž . Ž .H2 1 1 2 1 1 1
0

2 ` yd k q h q 5Ž . Ž .j j js b h , k u .Ž .Ý Ý 2d q 5 q k q h j!Ž . jhs0 js0

3.13Ž .

Ž .k Ž .Hence expanding 1 q u and evaluating 3.12 yields the results. In the2
evaluation, the monotone convergence theorem is used. I

ˆŽ .It is noted that a V does not depend on unknown parameters.l ZE
ˆŽ . Ž . Ž .The expected LUB a V in 3.6 or even in 3.8 is very complicated.l ZE

ˆŽ .A weaker but much simpler upper bound for Cov b is obtained viaZE
Theorem 2.2 as follows.

THEOREM 3.3. For any N G 2,

Ny1 N y 2 rN j q 2Ž .ˆ3.14 a V F 1 q ' g N , q .Ž . Ž .Ž . Łl ZE ½ 5q y j y 2js1

ˆŽ .Moreover a V ª 1 as q ª `.l ZE

ˆ N NŽ . �Ž . 4PROOF. By Theorem 2.2, a V F E w q ??? qw rN w ??? w , thel ZE 1 N 1 N
Ž .right-hand side of which is evaluated by Khatri and Srivastava 1971 as

3.15 G Nqr2 G qr2 y 1 rN N G Nqr2 y N G qr2 .Ž . Ž . Ž . Ž . Ž .N N

This leads to the results in Theorem 3.3. I

Ž .In the case of N s 2, the equality holds in 3.14 , which is the result of
Ž .Kariya 1981 . When N ) 2, the inequality is strict. In particular, when

N s 3,

7 8ˆa V - 1 q 1 q .Ž .l ZE ž / ž /3 q y 3 3 q y 4Ž . Ž .

ŽThe larger the number N of equations is, the greater the upper bound g N,
ˆ. Ž . Ž . Ž .q in 3.14 is relative to a V , though g N, q gives an effective bound.l ZE
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ˆ ˆŽ .For the OLSE b s b I , by Corollary 2.1,OLSE

2
l q lŽ .Ž1. ŽN .

a I s ,Ž .l 4l lŽ1. ŽN .

where l F ??? F l are the ordered latent roots of S. Clearly, even ifŽ1. ŽN .
Ž .q ª `, a I does not converge to 1, implying an inefficiency of the OLSE.l

ˆŽ . Ž .The LUB a I measures the sphericity of S, while a V measures thel l ZE
y1r2 y1r2 ˆŽ .sphericity of S SS . As has been discussed in Section 2, a V can bel

ˆ ˆ ˆŽ .regarded as a risk function for choosing V in the GLSE b V . When q is
ˆŽ . Ž .large, a V - a I unless S is spherical.l ZE l

The efficiency of the Zellner estimator relative to the GME in terms of the
generalized variance is

kˆ ˆ ˆ1 F h s¬ Cov b ¬r¬ Cov b ¬F a V ,Ž . Ž . Ž .½ 5ZE GME l ZE

which converges to 1 as q ª `.

4. N-equation heteroscedastic model. In this section, we derive the
ˆ ˆŽ .expected LUB for the covariance matrix of the GLSE b V in the N-0

Ž .equation heteroscedastic model 1.1 with V s V where0

4.1 V s diag u I , . . . , u I� 4Ž . 0 1 m N m1 N

and

ˆ ˆ ˆ4.2 V s diag u I , . . . , u I .Ž . ½ 50 1 m N m1 N

Ž .Here letting y s X b q « with « ; N 0, u I be the ith homoscedastici i i i i m iˆŽ .submodel of 1.1 , u is given byi

qX X Xˆ4.3 u s y I y X X X X y rqŽ . Ž .i i i i i i i i

with q s m y rank X , where q ) 0 is assumed. Leti i i i

ˆ y1r2 ˆ y1r24.4 P s P V , V s V V VŽ . Ž .0 0 0 0 0

ˆand let v F ??? F v be the ordered values of v s u ru s, which are theŽ1. ŽN . i i i
ˆ ˆŽ Ž ..latent roots of P. Then, by Theorem 2.1, the expected LUB for Cov b V is0

given by
2ˆ4.5 a V s E v q v r4v v .Ž . Ž .Ž .l 0 Ž1. ŽN . Ž1. ŽN .

Ž .Though the expression in 4.5 is simple, the evaluation is difficult. Therefore,
Ž .we do not pursue a further evaluation beyond 4.5 . On the other hand,

applying Theorem 2.2 with
2 Nv q v v q ??? qvŽ . Ž .Ž1. ŽN . Ž1. ŽN .

4.6 a P s F s a PŽ . Ž . Ž .0 1N4v v N v ??? vŽ1. ŽN . Ž1. ŽN .

yields the following result.
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Ž .THEOREM 4.1. When q G 3 i s 1, . . . , N ,i

N y1jN1 2 G q r2 q N y 1Ž .N j jˆa V FŽ . Ý Łl 0 N N ??? Nž / ž /1 N q G q r2N4.7Ž . Ž .js1 j j

' g q , . . . , q ,Ž .0 1 N

ˆŽ .where N G 0 and Ý N s N. Moreover, a V ª 1 as all q s ª `.i j l 0 j

Ž . Ž .PROOF. From 4.6 , 4.7 follows easily as

N NE a P s E v q ??? qv rN v ??? vŽ . Ž .1 1 N 1 N

2Ž . Ž .N j
y1 Žand as q v ; x q independently. Next let f ' 2rq G q r2 q N yj j j j j j j

. Ž . Ž .1 rG q r2 . Then f s 1 q 2r q y 2 if N s 0, f s 1 if N s 1 and f sj j j j j j j
N jy2 Ž Ž . .Ł 1 q 2 i rq if N G 2. Hence f ª 1 as q ª `, proving the result. Iis0 j j j j

Ž .When N s 2, the equality holds in 4.6 and

1 1ˆa V s 1 q qŽ .l 0 2 q y 2 2 q y 2Ž . Ž .1 2

w Ž .xsee Kariya 1981 . The upper bound g in Theorem 4.1 will be an effective0
ˆ ˆŽ Ž ..bound for Cov b V .0

ˆ ˆŽ .For the OLSE b ' b I , letting u F ??? F u be the ordered valuesOLSE Ž1. ŽN .
of u s,j

2
u q uŽ .Ž1. ŽN .

a I s ,Ž .l 4u uŽ1. ŽN .

Ž .which does not converge to 1 even if q s ª `. In fact, a I simply measuresj l
ˆŽ .the sphericity of V , while a V measures the sphericity of P s0 l 0 0

y1r2 ˆ y1r2 ˆ ˆŽ . Ž . Ž .V V V . Since a V ª 1 as q s ª ` by Theorem 4.1, a V - a I0 0 0 l 0 j l 0 l
for q s large.j

APPENDIX

Ž .PROOF OF THEOREM 3.1. The joint pdf of w s w , . . . , w is given by1 N

N N
d1A.1 f w s d exp y w w w y w I ,Ž . Ž . Ž .Ý Ł ŁN j j j i A2½ 5 js1 i-jjs1

N 2 r2 Nqr2 Ž . Ž . Ž .where d s p r2 G Nr2 G qr2 , d s q y N y 1 r2 and A sN N N
� 4 w Ž .x Ž . Ž0 - w - ??? - w . To evaluate a ' E a P with a P s w q1 N 0 0 1



H. KURATA AND T. KARIYA1558

.2 Ž .w r4w w , transform w s into v s 1 y w rw j s 1, . . . , N y 1 andN 1 N i j j N
v s w . ThenN N

2 Ny1 Ny1 Ny1d 2 y vŽ .N 1 d
a s 1 y v v y v vŽ .Ž .Ł Ł ŁH j i j jž /4 1 y vB js1 i-j js11Ny1A.2Ž .

Ny1

=H v dvŽ . ŁNy 1 j
js1

� 4 Ž .with B s 0 - v - ??? - v - 1 , v s v , . . . , v andNy1 Ny1 1 1 Ny1

Ny1` N vNNqr2y1H v s v exp y v exp v dvŽ . ÝHNy1 N N j N½ 5 ½ 52 20 js1

kNqr2 ` Ny12
s f k v ,Ž .Ý ÝN jž / ž /N ks0 js1

A.3Ž .

Ž . Ž . kwhere f k s G Nqr2 q k rN k! and the monotone convergence theoremN
was used in the second equality. Next transforming v s into u s v , u sj 1 1 j

Ž . Ž .v rv j s 2, . . . , N y 1 in A.2 yieldsj 1

Nqr2
a s d r4 2rNŽ . Ž .N

` Ny1

= f k 1 y u u y uŽ . Ž .Ž .Ý Ł ŁHN j i j
B js2 2Fi-jFNy1Ny2ks0A.4Ž .

kNy1 Ny1 Ny1

= u u q 1 G u duŽ .Ł Ý Łj j Ny2 jž /js2 js2js2

� 4 Ž .with B s 0 - u - ??? - u - 1 , u s u , . . . , u andNy2 Ny1 2 2 Ny1

Ny1
1 2 d lqky1 dy1Ž . Ž . Ž . Ž . Ž .A.5 G u s 2 y u 1 y u u u 1 y u du ,ŁHNy 2 1 j 1 1 1 1

0 js2

Ž .Ž .where l s N y 1 N q 2 r2. Here note
Ny1 `

d d r1 y u u s¬ I y u L ¬ s yd u C L rr !,Ž . Ž .Ž . rŁ Ý Ýj 1 Ny2 1 1 r
js2 rrs0

� 4 w Ž .xwhere L s diag u , . . . , u see, e.g., Sugiyama 1970 . Hence writing2 Ny1
Ž .2 2 h Ž .2 y u s Ý a u and integrating A.5 term by term yields1 hs0 h 1

2 `

A.6 G u s a yd C L B l q k q h q r , d rr !.Ž . Ž . Ž . Ž . Ž .rÝ Ý ÝNy 2 h r
rhs0 rs0

Ž . Ž Ny1 .kNow to evaluate a in A.4 , expanding 1 q Ý u asjs2 j

k k
sk ktr L s C LŽ . Ž .Ý Ý Ý sž / ž /s s

sss0 ss0
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Ž . Ž . t Ž .and using C L C L s Ý g C L ,r s t rs t

Nqr2
a s d r4 2rNŽ . Ž .N

=
` 2 `

f k a yd B l q k q h q r , d rr !Ž . Ž . Ž .rÝ Ý Ý ÝN h
rks0 hs0 rs0A.7Ž .

k
k t= g K tŽ .Ý ÝÝ rs Ny2ž /s

s tss0

with
Ny1 Ny1 Ny1

K t s 1 y u u y u u C L duŽ . Ž . Ž .Ž .Ł Ł Ł ŁHNy2 j i j j t j
B js2 i-j js2 js2Ny2

G N y 2 r2 G N q 1 r2; t G N q 1 r2Ž . Ž . Ž .Ž . Ž . Ž .Ny 2 Ny2 Ny2s 2ŽNy2. r2p G N q 1; tŽ .Ny 2

A.8Ž .

=C I ,Ž .t Ny2

Ž . Ž . Ž .where Lemma 3.3 of Sugiyama 1966 is used and G a; t is given by 3.4 .N
This completes the proof. I
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