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This paper obtains a higher-order asymptotic expansion of a class of
M-estimators of the one-sample location parameter when the errors form
a long-memory moving average. A suitably standardized difference be-
tween an M-estimator and the sample mean is shown to have a limiting
distribution. The nature of the limiting distribution depends on the range
of the dependence parameter u . If, for example, 1r3 - u - 1, then a
suitably standardized difference between the sample median and the
sample mean converges weakly to a normal distribution provided the
common error distribution is symmetric. If 0 - u - 1r3, then the corre-
sponding limiting distribution is nonnormal. This paper thus goes beyond
that of Beran who observed, in the case of long-memory Gaussian errors,
that M-estimators T of the one-sample location parameter are asymptot-n

Ž . Ž .ically equivalent to the sample mean in the sense that Var T rVar Xn n

ª 1 and T s X q o Var X .'Ž .Ž .n n P n

1. Introduction. This paper discusses the higher-order asymptotic be-
havior of a class of M-estimators of the one-sample location parameter with

Ž .long-memory errors. Beran 1991 observed, in the case of long-memory
Gaussian errors, M-estimators T of the one-sample location parametern
are asymptotically equivalent to the sample mean in the sense that

Ž . Ž .Var T rVar X ª 1 andn n

1.1 T s X q o Var X .'Ž . Ž .n n P nž /
Ž . Ž .A similar fact was established in Koul 1992 and Koul and Mukherjee 1993

for certain classes of M- and R-estimators of the slope parameter in multiple
Ž .linear regression models. Giraitis and Surgailis 1996 and Giraitis, Koul and

Ž .Surgailis 1996 extended these results to non-Gaussian moving average
errors, in particular, to fractional ARIMA processes.

The natural question arises: is there any difference between any of the
above-mentioned estimators asymptotically at any stage? In particular, is
there any difference between the asymptotics of the sample median and the
sample mean at any stage?
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The aim of the present paper is to answer these questions in the one-
� 4sample location model where one observes X obeying the relationj

1.2 X s m q « , 1 F j F n ,Ž . j j

� 4for some m g R. Here the errors « , j g Z [ 0, "1, "2, . . . , are assumed toj
follow the moving average process

1.3 « s b z , b s L j jyŽ1 qu .r2 , j G 1,Ž . Ž .Ýj jyk k j
kFj

Ž . Ž .for some u g 0, 1 , where L ? is a positive, slowly varying function at ` and
where the random variables z , j g Z, are i.i.d., not necessarily Gaussian,j
with mean 0 and variance 1. We assume that the fourth moment of the
‘‘noise’’ z is finite although higher moments may be needed, depending on0
the value of u . We also require a rather weak smoothness condition of the

Ž . � 4distribution function G x s P z F x , namely, there are constants C, d ) 00
such that

yd< <1.4 E exp iuz F C 1 q u , u g R.Ž . Ž . Ž .0

Ž . Ž .Conditions 1.3 and 1.4 imply that the marginal distribution function
Ž . Ž .F x s P « F x is infinitely differentiable; see Giraitis, Koul and Surgailis0

Ž .1994 and also Lemma 4.1 below.
Ž .Now, to define M-estimators, let c x , x g R, be a real-valued function of

Ž . Ž .bounded variation such that l x s Ec X y x is well defined, strictly0
decreasing on R and

1.5 l m s 0.Ž . Ž .
The corresponding M-estimator T of the unknown location parameter mn

Ž . Ž .based on the observations from the long-memory process of 1.2 and 1.3 is
defined by

n

1.6 T s argmin c X y x : x g R .Ž . Ž .Ýn j½ 5
js1

We shall also assume that l is infinitely differentiable with its kth derivative
lŽk . satisfying the relation

1.7 lŽk . x s c y y x f Žk . y y m dy , k s 0, 1, . . . ,Ž . Ž . Ž . Ž .H
R

where g Žk . denotes the kth derivative of any function g from R to R with the
convention that g Ž0. s g. Note that

lŽk . x s y F Žk . y y m q x dc y , k s 1, 2, . . . .Ž . Ž . Ž .H
R

Žk .Ž .Often we shall write l for l m . Note thatk

l s c y f Žk . y dy s y F Žk . y dc y , k s 1, 2, . . . .Ž . Ž . Ž . Ž .H Hk
R R
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Ž .To formulate our main result, we introduce Appell polynomials A h ,k
k s 0, 1, 2, . . . , of a real random variable h, by the formal power series

` k zhz e
1.8 A h s .Ž . Ž .Ý k zhk! Eeks0

Ž .For any k G 0, A h is a polynomial in h whose coefficients are expressed ink
j Ž . Ž .terms of moments m s Eh , j F k. In particular, A h s 1, A h s h y m ,j 0 1 1

Ž . 2 2 Ž . 3 2 Ž 2 .A h s h y 2m h q 2m y m , A h s h y 3m h q 3h 2m y m q2 1 1 2 3 1 1 2

6m m y m y 6m3, and so on. Note that1 2 3 1

EA h s 1, ks0, EA h s0, k/0,Ž . Ž .k k

A h y x s A h , k G 1, x g R.Ž . Ž .k k

1.9Ž .

Ž .For more on these polynomials, see, for example, Giraitis and Surgailis 1986
Ž .and Avram and Taqqu 1987 .

Ž .The formal Appell expansion of a nonlinear function g h is given by
` ck

g h s A h ,Ž . Ž .Ý kk!ks0

Ž Ž ..Žk . <provided the coefficients c s Eg h q y , k s 0, 1, . . . are well de-ys0k
Ž .fined; see Section 5 in Giraitis and Surgailis 1986 and Giraitis and Surgailis

Ž . Ž .1994 . In particular, for any x g R, one obtains the following formal Appell
series expansions:

i Ž i.` y1 F xŽ . Ž .
1.10 1 X y m F x s A X y m ,Ž . Ž . Ž .Ýj i ji!is0

i Ž i.` y1 l xŽ . Ž .
1.11 c X y x s A X y m , j G 1.Ž . Ž . Ž .Ýj i ji!is0

Put
ik y1 lŽ . i

R c ; k s c X y m y A X y m , 1 F j F n ,Ž . Ž . Ž .Ýj j i ji!is1
n

ku r2y1 ykS s n L n A X y m , k s 1, 2, . . . ,Ž . Ž .Ýk , n k j
js1

1.12Ž .

w xk* ' k* u s 1ru ,Ž .
y1 nw xwhere ? is the integer part. Observe that, with X [ n Ý X ,n js1 j

n
u r2y1 y1 u r2 y1S s n L n X y m s n L n X y m .Ž . Ž .Ž . Ž .Ý1, n j n

js1

Introduce the kth-order Hermite process
k

t Ž .y 1qu r2Z t s v y u dv W du ??? W du , 0 F t F 1,Ž . Ž . Ž . Ž .ŁH Hk i 1 kq½ 5kR 0 is1
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Ž . Ž .Z ' Z 1 , where v s v k 0 and W du is the standard Gaussian whitek k q
� 4noise with mean 0 and variance du. The random variables Z are wellk

Ž .defined and orthogonal for 1 F k - 1ru . See Taqqu 1979 for more on these
processes and random variables.

We also need to define the following polynomials. Let z [ 1, Q s 0,0 0
Ž .Q z [ z , and for k G 2 define Q by the following iterative relation:1 1 1 k

jy1k1 l k!j ry1 jQ z , . . . , z s y1 zŽ . Ž .Ý Ýk 1 k rž /rl j! k y r !Ž .1 js2 rs0
1.13Ž .

lkky1Ž jyr .=P z , . . . , z q y1 z ,Ž . Ž .kyr 1 kyjq1 kl1

with
pkŽ p.P z , . . . , z s Q z , . . . , z ,Ž . Ž .Ý Łk 1 kypq1 j 1 jj , . . . , j s sž /1 p ss1

where the sum is taken over all integers j , . . . , j G 1 such that j q ??? q1 p 1
j s k, k G p G 1.p

Ž .Note that Q z , . . . , z is a polynomial in the variables z , . . . , z g Rk 1 k 1 k
with coefficients given by l , 1 F i F k. All polynomials P Ž jyr . on the right-i kyr

Ž .hand side of 1.13 are expressed in terms of Q , 1 F j F k y 1. Also, note thatj
P Ž1. s Q and P Žk . s k! Qk, ; k G 1. We also give the first few productk k k 1
polynomials P Ž p. for convenience:k

P Ž2. s 2Q2 , P Ž2.s6Q Q ,2 1 3 1 2

2 1 3
Ž2. 2 Ž3. 2P s 4! Q Q q Q , P s 4! Q Q .4 1 3 2 4 1 2ž /1! 3! 4 1! 1! 2!

Using these, one obtains
l2 2Q z , z s z y z ,Ž . Ž .2 1 2 1 2l1

l3 3Q z , z , z s 2 z y 3z z q z ,Ž . Ž .3 1 2 3 1 1 2 3l1

3l 2l l y l2Ž . 22 1 3 2 2Q z , z , z , z s z y zŽ . Ž .4 1 2 3 4 1 23l1

1.14Ž .

l4 4 2q 3z y 6 z z q 4 z z y z .� 41 1 2 1 3 4l1

In the sequel, « stands for the convergence in distribution of random
variables and vectors. We are now ready to state our first result.

THEOREM 1.1. In addition to the above conditions on c and z , assume0
that
1.15 Ez 4 k 2 k*Žu . - `Ž . 0
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and 1ru is not an integer. Then the following asymptotic expansion holds if
l / 0:1

1
k yku r2T y m s X y m q L n n Q S , . . . , SŽ . Ž .Ýn n k 1, n k , nk!1.16Ž . 2FkFk*

y1r2 y1qn l W c .Ž .1 n

Furthermore, ; 1 F k F k*,

1.17 Q S , . . . , S « Q Z , . . . , Z ,Ž . Ž . Ž .k 1, n k , n k 1 k

Ž .while W c is asymptotically normal with mean 0 and variancen

1.18 s 2 s Cov R c ; k* , R c ; k* .Ž . Ž . Ž .Ž .Ýc 0 j
jgZ

Ž .Observe that the coefficient of the first nonzero Q in 1.16 will dominatek
the rest of the terms in the expansion. This leads us to the following
definitions.

Ž . Ž Ž .. Ž .The second-order Appell rank r 2 s r 2; c ? y m of c ? y m is theA A
Ž .index of the first nonzero l in the Appell expansion 1.11 of the functioni

Ž . Ž . Ž . Ž .c x y m q l A x s c x y m q l x y m . More precisely, if k* s 1,1 1 1
Ž .r 2 [ 2, and if k* ) 1, thenA

k* q 1, if l s ??? s l s 0,2 k*
1.19 r 2 [Ž . Ž .A ½ � 4min k G 2: l / 0 , otherwise.k

Theorem 1.2 below shows that the second-order Appell rank determines the
limiting distribution of the random variables

n

c X y m q l X y m ,Ž . Ž .Ž .Ý j 1 j
js1

which arise in the second-order approximation of T .n
Ž . Ž .We also define the second-order M-rank r 2 s r 2; c of an M-M M

Ž .estimator T as follows. If k* s 1, r 2 [ 2, and if k* ) 1, thenn M

k* q 1, if Q ' ??? ' Q ' 0,2 k*
1.20 r 2 [Ž . Ž .M ½ � 4min k G 2: Q k 0 , otherwise,k

Ž . Ž .so that 2 F r 2 F k* q 1 by definition. Using the recurrent formula 1.13M
for the polynomials Q , Lemma 2.2 below proves the remarkable equality:k

Ž . Ž .r 2 s r 2 .M A
Ž .The following corollary shows the importance of r 2 in determining theM

limiting distribution of T y X .n n
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COROLLARY 1.1. Under the conditions of Theorem 1.1,

1
yr Ž2. u r Ž2.r2M ML n n T y X « Q Z , . . . , Z ,Ž . Ž .Ž .n n r Ž2. 1 r Ž2.M Mr 2 !Ž .M

2 F r 2 F k*, k* ) 1,Ž .M

1r2 2l n T y X « NN 0, s , r 2 s k* q 1.Ž .Ž . Ž .1 n n c M

Before discussing the following application, we need to mention the follow-
� 4ing facts about the r.v.’s Z . Letk

c2 u ' EZ2Ž .k k

k
`k! Ž .y 1qu r22s u q u du , kG1, ku-1.Ž .Hž /1 y kur2 1 y kuŽ . Ž .Ž . 0

Ž . Ž .Using some of the results from Taqqu 1979 , Surgailis 1982 , Giraitis and
Ž . Ž .Surgailis 1986 and Avram and Taqqu 1987 , it can be shown that for all

integers k G 1 with k - 1ru , Ez 2 k - `,0

1.21 S , . . . , S « Z , . . . , ZŽ . Ž . Ž .1, n k , n 1 k

and

c2 u , j s l ,Ž .j1.22 ES S ª 1 F j, l F k .Ž . j , n l , n ½ 0, j / l ,

An application. We shall now discuss a statistical application of Theorem
1.1 and . with a focus on the second-order asymptotic variance comparisons of
these estimators. To that effect, suppose, additionally, that f is symmetric

Ž . Ž .around 0, c is skew symmetric, that is, c yx ' yc x , and m s 0. Then
Žk .Ž . Ž .k Žk .Ž . ` Ž .wf y ' y1 f yy and integration by parts shows that l s H c y 1 yk 0

Ž .k x Žk .Ž .y1 f y dy so that

0, k s positive even integer,¡~ `1.23 l sŽ . k Žk .2 c y f y dy, k s positive odd integer.Ž . Ž .H¢
0

Thus, l s 0 and l / 0. Now, k* s 1, 2 or G3, depending on if 1r2 - u - 1,2 1
1r3 - u - 1r2 or 0 - u - 1r3, and the second-order M-rank of the corre-
sponding M-estimator T isn

r 2 s 2, 1r2 - u - 1,Ž .m

s 3, 1r3 - u - 1r2,

G 3, 0 - u - 1r3.
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Ž .In particular, if l / 0, then r 2 s 3 for 0 - u - 1r3, and from Corollary3 M
1.1 we obtain

l3y3 3u r2 3L n n T y X « 2Z y 3Z Z q Z , 0 - u - 1r3,Ž . Ž .Ž .n n 1 1 2 33! l1

2sc1r2n T y X « NN 0, , 1r3 - u - 1, u / 1r2.Ž .n n ž /ž /l1

1.24Ž .

For the remaining discussion here, write T , l and so forth, to empha-n, c k , c

size the dependence on c .
Now focus on the case 0 - u - 1r3. This case may be thought of as the

case of very long memory. Note that here the above asymptotic distribution of
T depends on c only through C [ l rl . It is thus natural to define,n, c c 3, c 1, c

for any two score functions c , c of the above type, the second-order1 2
Ž .asymptotic relative efficiency ARE of T relative to T in the presentn, c n, c1 2

case as the ratio
2

e [ C rC .� 4c , c c c1 2 1 2

Ž . Ž . Ž . Ž .The three interesting c functions are c x s 1r2 sign x , c x sI II
Ž . Ž . Ž . Ž . Ž < < . Ž < < .2 F x y 1 and the Huber h score c x [ h sign x 1 x ) h q x1 x F h ,h

h ) 0. The estimator T is the sample median. In the i.i.d. error case, it isn, c I

well known that this estimator is asymptotically first-order optimal at the
double exponential errors, while T has the same property at the logisticn, c II

errors. All three scores yield robust estimators against heavy tail errors.
Now consider the case of Gaussian errors « , j g Z, with mean 0 andj

2 Ž . Ž .covariance r s E« « , r s t . Then F x ' F xrt , where F denotes thet 0 t 0
d.f. of the standard normal random variable. With w denoting its density, one
verifies that

y hrt 3 w hrtŽ .Ž .
2 2C s y1rt , C s y1r2t , C s ,c c cI II h F hrt y F 0Ž . Ž .Ž .

and hence
e s 4,c , cI II

2hrt w hrtŽ . Ž .
e s ,c , ch I ž /F hrt y F 0Ž . Ž .

2hrt w hrtŽ . Ž .
e s 4 .c , ch II ž /F hrt y F 0Ž . Ž .

Thus, in terms of the second-order ARE, T is four times as efficient as then, c II

sample median. Also note that e ª 4 as t ª `, while e ª 0 asc , c c , ch II h II

t ª 0. Thus, for an arbitrarily large error variance t 2, T is preferable ton, c II

Ž .T for all h ) 0. Moreover, using the fact that the function F x y 1r2 yn, c h

Ž .2 xw x , x g R, is positive for x G 1.4, one can say that the estimator T isn, c h
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preferable to T for all those h for which h G 1.4t , while the opposite isn, c II

true otherwise.
Observe that in all of the above three cases l / 0. For a general c and3

Ž .the Gaussian errors, 1.11 becomes the Hermite expansion
i` y1 lŽ . i

c « s H « ,Ž . Ž .Ýj i ji!is0

Ž .where H x , i s 0, 1, . . . , are Hermite polynomials, andi
i

l s y1 E c « H « .Ž . Ž . Ž .Ž .i j i j

Observe that l s 0 if and only if3

t 2 y x 2 w xrt dc x s x 2 y t 2 w xrt dc x .Ž . Ž . Ž . Ž . Ž . Ž .H H
< < < <x -t x )t

In particular, l s 0 if the measure dc is purely atomic with the only atoms3
at "t .

Next, focus on the case 1r3 - u - 1. In this case, the asymptotic distribu-
Ž . Ž .2tion of T at 1.24 depends on c only through K [ s rl , where nown, c c c 1, c

s 2 s E c « q l « c « q l « .Ž . Ž .Ž . Ž .Ýc 0 1, c 0 j 1, c j
jgZ

In general, it is hard to obtain a closed expression for this. However, some
simplification is possible in the case of the above type of Gaussian errors,
where we shall now take t s 1, for convenience. Let r [ Ý r k. Becausek jg Z j

2Ž < <. < <yu < <r A L j j , j ª `, r converges for k G 3 in the present case. Now,j k
Ž . Ž . Ž .using 1.23 and the orthogonality of Hermite polynomials: EH « H « si 0 i9 j

i! r i, i s i9 s 0, 1, . . . ; s 0, i / i9; for all j, one obtainsj
22` `l r l r2 kq1, c 2 kq1 2 kq1, c 2 kq12s s , K s .Ý Ýc c ž /2k q 1 ! l 2k q 1 !Ž . Ž .1, cks1 ks1

This expression for K can be used to minimize it over a given class ofc

functions c . For example, consider the class of M-estimators corresponding
� 4to the class of functions c , h ) 0 . This class includes the median and theh

sample mean as the two limiting cases h ª 0 and h ª `, respectively. In
this case, the Hermite coefficients l ' l can be explicitly found: l sk k , h k , h

Ž . Ž . Ž .y2 H h w h , k s 3, 5, . . . , l s 1 y 2F h , resulting inky2 1, h
2` H h w h rŽ . Ž .2 ky1 2 kq1

K s .Ých ž /F h y F 0 2k q 1 !Ž . Ž . Ž .ks1

Ž .The function h ¬ K is continuous and strictly positive on 0, ` ,ch

lim K s 0 and lim K s K is the corresponding constant for thehª` c hª 0 c ch h I

median. It follows that K has a well-defined minimum on each compactch
� 4interval which depends on the covariance function r , t g Z . By assumingt

some specific form of the latter, for example, taking it to be the covariance of
fractional Gaussian noise or fractional ARIMA errors, the corresponding
minimization problem for K can be dealt with numerically.ch
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Finally, we state the following conjecture. First, note that because l s 0,2
Ž .1.16 implies that

l L3 nŽ .3 3T y m s X y m q 2S y 3S S q SŽ . Ž .Ž .n n 1, n 1, n 2, n 3, n3u r23! l n1

1
k yku r2q L n n Q S , . . . , SŽ . Ž .Ý k 1, n k , nk!4FkFk*

1.25Ž .

q ny1r2ly1W .1 n

Now, in the very long memory region, that is, when 0 - u - 1r3, the last
Ž . Ž y3u r2 3Ž .. Ž .two terms in 1.25 are o n L n . This together with 1.22 , whichP

implies that ES S ª 0, leads us to the following conjecture even without1, n 3, n
the assumption of Gaussianity:

22 4 y2uE T y m s E X y m q L n n l rl c u 1 q o 1 ,Ž . Ž . Ž . Ž . Ž .Ž .Ž .n n 3 1 13

where
23 2 2c u s EZ 2Z y 3Z Z q Z r3 s 2 EZ y EZ Z .Ž . Ž . Ž .13 1 1 1 2 3 1 1 2

2Ž . 2One way to prove this conjecture would be to show that EW c ª s ,n c

Ž .where W c is as in Theorem 1.1.n
Assuming the above approximation to be true, it can be used to compare

the mean square errors of T and X at the second-order level as follows.n n
Ž .First, using some of the results from Taqqu 1978 or directly from the

definition of Z , one obtainsk

2c u s 4 I u r 1 y u l u ,� 4Ž . Ž . Ž . Ž .13

where
` Ž .y 1qu r22I u s u q u du,Ž . Ž .H

0

2 1 1 1yu2l u [ y y v y v dv.Ž . Ž .H2 3 y 2u 02 y uŽ .
w xThe function l is negative on 0, 1 with the values ranging from 0 to

Ž .y0.004994776 so that c u - 0, ; 0 - u - 1.13
Ž .Thus, if l rl ) 0 -0 , then the mean square error of T is smaller3, c 1, c n, c

Ž .larger than that of X in the second-order sense, that is, in the sense thatn

22y4 2ulim L n n E T y m y E X y m - 0 )0 .Ž . Ž . Ž .Ž .½ 5n n
n

Ž .For example, for the Gaussian X ; NN 0, 1 ,j

l H x 2 y 1 w x dc xŽ . Ž . Ž .3, c s ) 0
l Hw x dc xŽ . Ž .1, c
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Ž . Ž .if the support of dc ; ỳ , y1 j 1, q̀ , while l rl - 0 if the support3, c 1, c

Ž .of dc ; y1, q1 . As an example, the estimator corresponding to

c x [ y1 x F y2 q x q 1 1 y2 F x F y1Ž . Ž . Ž . Ž .
q x y 1 1 1 F x F 2 q 1 x G 2Ž . Ž . Ž .

would have smaller mean square error in the second-order sense than the
sample mean at the long-memory Gaussian errors!

The proof of Theorem 1.1 is based on the expansion of the empirical
Ž .functionals C m given in Theorem 1.2 below, wheren

n1
C x [ c X y x , x g R.Ž . Ž .Ýn jn js1

Ž . y1 n Ž .Also, let F x s n Ý 1 X y m F x , x g R, denote the empirical distri-n js1 j
bution function of the errors.

THEOREM 1.2. Under the conditions of Theorem 1.1, for any function c of
bounded variation,

ky1Ž .
k yku r2 y1r21.26 C m s l L n n S q n H c ,Ž . Ž . Ž . Ž .Ýn k k , n nk!1Fk-1ru

where
n

y1r2 21.27 H c s n R c ; k* « NN 0, s .Ž . Ž . Ž . Ž .Ýn j c
js1

Moreover,
yu r2< <1.28 sup F x y F x s O X y m s O L n n .Ž . Ž . Ž . Ž .Ž .Ž .n P n P

xgR

Ž .REMARK 1.1. Recently, Ho and Hsing 1996 established the following
4 Ž .result. Assume Ez - ` and the distribution function of z is k* q 3 times0 0

differentiable. Let
Ž .0n

0 ku r2y1 ykS s n L n b ??? b z ??? z , k G 1,Ž . Ý Ýk , n s s jys jys1 k 1 k
js1 s , . . . , s G01 k

where the second sum is taken over all s G 0, . . . , s G 0 except for the1 k
diagonals s s s , i / j. Then Ho and Hsing proved thati j

k Žk .y1 F xŽ . Ž .
k yku r2 0 y1r2 0F x s L n n S q n H x ,Ž . Ž . Ž .Ýn k , n nk!0Fk-1ru

yd < 0Ž . <with sup n H x ª 0, almost surely, for every d ) 0. They did notx n
address the question of the weak convergence of H 0.n

wUsing the ‘‘multinomial formula’’ for generalized powers Avram and Taqqu
Ž .x 01987 , one can write the difference S y S as a sum over the diagonalsk , n k , n
of products of Appell polynomials of the noise variables. Here, both S andk , n
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0 Ž . 0Ž .S converge in distribution to the multiple integral Z , while H x y H xk , n k n n
Ž 0 .s a linear combination of the ‘‘diagonal’’ sums S y S , 2 F k - 1ruk , n k , n

Ž .can be shown to be asymptotically normal under the moment condition 1.15 .
Ž .Moreover, note that F corresponds to the empirical functional C m withn n

c given by an indicator function. Theorem 1.2 thus gives an analogous
expansion for a class of c functions of bounded variation with the difference
that the remainder is shown to converge in distribution. Our assumptions are
somewhat stronger than those of Ho and Hsing but the expansion result is
valid for a larger class of empirical functionals.

Ž .The proof of Theorem 1.2 uses some ideas of Ho and Hsing 1996 and
Ž .Giraitis, Koul and Surgailis 1996 .

Ž2. Proof of Theorem 1.1. The function C has bounded variation as cn
.does and therefore has right and left limits at every point x g R. In order to

avoid ambiguity with the definition of the M-estimator, we define T as then
� < Ž . < 4 � < Ž . <upper limit of the set argmin C x : x g R s x g R: C x sy yn n

< Ž . < 4 < < Ž . Ž < Ž . < < Ž . <.min C y , where C x s min C xq , C xy .y yy g R n n n n

The following two lemmas are needed in the proof of Theorem 1.1. The first
one shows that the magnitude of T is the same as that of X .n n

LEMMA 2.1. Under the conditions of Theorem 1.1,

2.1 T y m s O X y mŽ . Ž .n P n

and
2.2 r [ C T s O ny1 .Ž . Ž . Ž .n n n P

PROOF. Assume, without loss of generality, that m s 0. By the ergodic
theorem, for any x g R,

2.3 C x ª l x , n ª ` a.s.Ž . Ž . Ž .n

Ž .As C and l have bounded variation, the convergence 2.3 is uniform onn
w Ž . xevery compact interval Feller 1971 , Section 8.10, Problem 8 . Together with

the assumption of monotonicity of l, this implies, in particular, that T isn
strongly consistent: T ª 0, n ª `, a.s.n

Ž . Ž . Ž .As X / X , i / j, a.s., the jumps D F x s F x y F xy F 1rn andi j n n n
Ž . Ž .therefore DC x s O 1rn a.s.; indeed,n

< <2.4 DC x F D F y q x dc y F c rn,Ž . Ž . Ž . Ž .Hn n
R

< <where c is the variation of c . Hence and by the argument above, including
Ž . Ž .l 0 s 0, the relation 2.2 and even the stronger one,

< < < <r F c rn ; n ) n v ,Ž .n 0

w Ž .easily follow. By 2.4 , for sufficiently large n, almost surely, the graph of Cn
Ž .crosses the x-axis in a neighborhood of 0 at some point T with C T q F 0,n n n

Ž . < Ž . Ž . < < Ž . < < Ž . <C T y G 0 and hence C T q y C T y s C T q q C T y Fn n n n n n n n n n
< < xc rn.
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Ž .To prove 2.1 , rewrite

r s c x y T dF x y c x dF xŽ . Ž . Ž . Ž .H Hn n n
R R

s c x y T d F x y F x q c x y T y c x dF x� 4Ž . Ž . Ž . Ž . Ž . Ž .H Hn n n
R R

2.5Ž .

s rX q l T y l 0 .Ž . Ž .n n

Ž .According to Theorem 1.2, 1.28 ,

X< <r s F y F x q T dc xŽ . Ž . Ž .Hn n n
R

< <F sup F y F x c s O X .Ž . Ž . Ž .n P n
x

2.6Ž .

Ž1. ˜Ž . Ž . Ž .On the other hand, by the mean value theorem, l T y l 0 s T l T ,n n n
˜ Ž1. ˜ y1 Ž1.< < < < Ž . Ž Ž .. Ž . Ž .with T F T s o 1 and l T s O 1 , due to lim l x s l /n n P n P x ª 0 1
Ž . Ž . Ž . Ž .0. Thus 2.1 follows from 2.2 , 2.5 and 2.6 , thereby completing the proof of

Lemma 2.1. I

From now on, for convenience, write T ' T y m and S ' S . Also, forn k k , n
x g R, let

R x ; k s 1 X y m F xŽ . Ž .j j

i Ž i.k y1 F xŽ . Ž .
y A X y m , 1F jFn , kG0,Ž .Ý i ji!is0

n
y1r2H x s n R x ; kŽ . Ž .Ýn j

js1

2.7aŽ .

i Ž i. ik* y1 F x L nŽ . Ž . Ž .
1r2 yiu r2s n F x y n S .Ž . Ýn iž /i!is0

The relations

R c ; k s c x dR x ; k , j, k G 0;Ž . Ž . Ž .Hj j

2.7bŽ .
H c s c x dH x .Ž . Ž . Ž .Hn n

are often used in the proofs of Theorems 1.1 and 1.2 below.
Ž . Ž . Ž . Ž .The W c in 1.16 involves the r.v. HH x q T dc x . In view of Lemman n

1.1, the following lemma is useful in concluding that it is close to
Ž . Ž .HH x dc x in probability.n
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LEMMA 2.2. For any 0 - g - 1,

2

yg 2E sup H z q y y H z dc z s O n log n .Ž . Ž . Ž .Ž . Ž .H n n 2½ 5yg R< <y -n

< < ygPROOF. Clearly, it suffices to prove the lemma with y - n replaced by
0 F y - nyg and c nondecreasing. The proof uses a chaining argument and

Ž . ygLemma 3.1, 3.8 , below. Put y s n and letn

K s log ny .Ž .2 n

Consider the sequence of partitions

x s y i2yk , 0 F i F 2 k , k s 0, 1, . . . , K ,i , k n

w x w x yof the interval 0, y . For a y g 0, y and a k s 0, 1, . . . , K, define i byn n k

x y F y - x y .i , k i q1, kk k

w xDefine a chain linking 0 to a given point y g 0, y byn

0 s x y F x y F ??? F x y F y - x y .i , 0 i , 1 i , K i q1, K1 K K0

Ž . Ž . Ž . Ž . Ž . Ž .Let G y s H H z q y dc z and write g x, y s g y y g x for any realn R n
function g on R. Note that

G 0, y s H z q y y H z dc z .� 4Ž . Ž . Ž . Ž .Hn n n
R

Now rewrite

G 0, y s G x y , x y q G x y , x y q ???Ž . Ž . Ž .n n i , 0 i , 1 n i , 1 i , 20 1 1 2

q G x y , x y q G x y , y ,Ž . Ž .n i , Ky1 i , K n i , KKy 1 K K

so that

2Ky1
2

yysup G 0, y F 2 sup G x , xŽ . Ž .Ýn n i , k i , kq1kq 1kž /w x w xyg 0, y yg 0, yks0n n

q 2 sup G2 x y , y .Ž .n i , KK
w xyg 0, yn

Hence, by the Cauchy]Schwarz inequality,

Ky1
2 2

yyE sup G 0, y F 2 K E sup G x , xŽ . Ž .Ýn n i , k i , kq1kq 1kw x w xyg 0, y yg 0, yks0n n

q 2 E sup G2 x y , y .Ž .n i , KK
w xyg 0, yn
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We shall first estimate the last term. By the mononicity of F , then
Ž .boundedness of c and Lemma 4.1, 4.7 , below,

yG x , yŽ .n i , KK

1r2
ys n F z q x , z q y dc zŽ . Ž .H n i , KK

R

k ky1 L nŽ . Ž . yk u r2 Žk .
yy n S F z q x , z q y dc zŽ . Ž .Ý Hk i , KKk! R0Fk-1ru

F b1r2 F z q x y , z q x y dc zŽ . Ž .H n i , K i q1, KK K
R

1r2 yK yku r2 k < <q Cn y 2 n L n SŽ .Ýn k
0Fk-1ru

1r2 yK k yku r2
y y < <F G x , x q C n y 2 L n n S ,Ž . Ž .Ýn i , K i q1, K 1 n kK K

0Fk-1ru

where the constant C is independent of y, n, K.1
Next, observe that ; k s 0, 1, . . . , K y 1,

yysup G x , xŽ .n i , k i , kq1kq 1kw xyg 0, yn

yys max sup G x , xŽ .n i , k i , kq1kq 1kkq10FjF2 y1 w .yg x , xj, kq1 jq1, kq1

F max G x , x .Ž .n j , kq1 jq1, kq1
kq10FjF2 y1

Ž .Hence, in view of 3.8 below, we obtain that, for any 0 F k F K y 1,

2kq1y1
2 2

yyE sup G x , x F EG x , x F Cy ,Ž . Ž .Ýn i , k i , kq1 n i , kq1 iq1, kq1 nkq 1kw xyg 0, y is0n

and similarly,

2 Ky1
2 2

y yE sup G x , x F EG x , x F Cy .Ž . Ž .Ýn i , K i q1, K n i , K iq1, K nK K
w xyg 0, y is0n

Consequently,
2

2 2 2 y2 K < <E sup G 0, y F Cy K q C ny 2 E S .Ž . Ýn n 1 n kž /
w xyg 0, y 0Fk-1run

y2 K Ž y2 Ž1yg ..Now, from the definition of K, we obtain 2 s O n and

ny2 2y2 K s O n1y2gy2q2g s O ny1 ,Ž . Ž .n

22 yg 1yg yg 2K y s O n log n s O n log n .Ž . Ž .ž /n 2 2
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Thus the proof is complete in view of the fact
2

< <E S s O 1 ,Ž .Ý kž /
0Fk-1ru

Ž .which follows from 1.22 . I

REMARK 2.1. The above proof has roots in the paper of Dehling and Taqqu
Ž .1989 . The major difference is that we are taking the supremum over already
small intervals, while in their paper the supremum is being taken over R.
Our chain is thus different from the one used in their paper while some of the
arguments are similar.

PROOF OF THEOREM 1.1. Again, assume, without loss of generality, that
Ž .m s 0. The first term on the right-hand side of 2.5 can be rewritten as

yrX s F y F x q T dc xŽ . Ž . Ž .Hn n
R

ky1Ž .
k yku r2 Žk .s L n n S F x q T dc xŽ . Ž . Ž .Ý Hkk! R1FkFk*

q ny1r2 H x q T dc x ,Ž . Ž .H n
R

Ž .which together with 2.5 yields
ky1y1Ž .

k yku r2 Žk .l T y l 0 s L n n S l TŽ . Ž . Ž . Ž .Ý kk!2.8Ž . 1FkFk*

q ny1r2V c ,Ž .n

˜ 1r2Ž . Ž .where V c [ V c q n r , withn n n

˜2.9 V c s H x q T dc x .Ž . Ž . Ž . Ž .Hn n
R

Ž .The idea of the rest of the proof is to use Taylor’s expansion of l T and
Žk .Ž .l T , and then to use an iterative procedure to solve the resulting algebraic

Ž .equation in T. Before proceeding further, consider the ‘‘normal’’ term V c ;n
Ž . Ž 2 . Ž .that is, we claim that V c « NN 0, s . In view of 2.2 , this will follow ifn c

˜ 22.10 V c « NN 0, s .Ž . Ž . Ž .n c

Ž . Ž .Indeed, by 1.27 of Theorem 1.2, 2.10 in turn will follow from

2.11 h ' H x q T y H x dc x s o 1 .Ž . Ž . Ž . Ž . Ž .Ž .Hn n n P
R

As

< <P h ) d F P sup H x q y y H x dc x ) d� 4 Ž . Ž . Ž .Ž .Hn n n½ 5yg< <y -n

< < yg� 4q P T ) n ,
Ž . Ž .2.11 follows from 2.1 and Lemma 2.2 upon taking 0 - g - ur2.
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Ž .Next, applying Taylor’s formula to 2.8 , we obtain

k* l j j k*q1l T y l 0 s T q O TŽ . Ž . Ž .Ý Pj!js1

kky1k* y1 L nŽ . Ž .
s Ý u r2ž /k! nks12.12Ž .

k* l j jyk k*ykq1= S T q O TŽ .Ýk Pž /j y k !Ž .jsk

q ny1r2V c .Ž .n

yu r2Ž . Ž .Note that, with x ' x s L n n s XrS ,n 1

< k*q1 < < k k*ykq1 < y1r22.13 T q x T s o n , k s 1, . . . , k*,Ž . Ž .P

Ž . Ž .according to 2.1 . Hence 2.12 can be rewritten as

j j jk* k* kl T l T xjj j ky1s y1 SŽ .Ý Ý Ý kž /ž /kj! j! T2.14Ž . js1 js1 ks1

q ny1r2V c q o ny1r2 .Ž . Ž .n P

Ž .From 2.14 , we obtain the first iteration:

ny1r2ly1 V c q o 1 , k* s 1,Ž . Ž .Ž .1 n P
2.15 T s xS qŽ . 1 2½ O x , k* ) 1,Ž .P

Ž .hence 1.16 for k* s 1.
Ž . 2 2 2 Ž 3. j Ž 3.Let k* ) 1. By 2.15 , T s x S q O x , T s O x , j G 3. Substi-1 P P

Ž .tuting these relations into 2.14 , we obtain

l2 2 2 3 3l T q x S q O x q O xŽ . Ž .Ž .1 1 P P2!
l2 2 2s l xS q 2 xS xS q O x y x SŽ .Ž .Ž .1 1 1 1 P 22!

q O x 3 q ny1r2V c q o ny1r2Ž . Ž .Ž .P n P

or

1
2T s xS q x Q S , SŽ .1 2 1 22!

ny1r2ly1 V c q o 1 , k* s 2,Ž . Ž .Ž .1 n Pq
3½ O x , k* ) 2,Ž .P

2.16Ž .

Ž . Ž . Ž .with Q z , z given by 1.14 , thereby proving 1.16 for k* s 2.2 1 2
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Ž .To prove 1.16 for a general k* ) 2, now assume

ky1 jx
k2.17 T s Q q O xŽ . Ž .Ý j Pj!js1

for some 2 F k F k*. We shall prove

k j y1r2 y1x n l V c q o 1 , k s k*,Ž . Ž .Ž .1 n P
2.18 T s Q qŽ . Ý j kq1½j! O x , k - k*.Ž .js1 P

Assume k - k*; the case k s k* can be considered in a similar way. From
Ž .2.17 one obtains

k rx¡
Ž j. kq1P q O x , 2 F j F k ,Ž .Ý r Pj ~ r !T s rsj

kq1¢O x , j ) k ,Ž .2.19Ž . P

kyp rqpx
p jyp Ž jyp. kq1x T s P q O x , 1 F p - j F k .Ž .Ý r Pr !rsjyp

Ž . Ž .Substitute 2.19 into 2.14 , that is, into the right-hand side of

jk kl lj j jpy1j p jyp kq1l T s y T q y1 x T S q O xŽ . Ž .Ý Ý Ý1 p Pž /pj! j!js2 js1 ps1

to obtain

l T y xSŽ .1 1

r jy1 kyp rqpk k kl x l xj j jpy1Ž j. Ž jyp.sy P q y1 S PŽ .Ý Ý Ý Ý Ýr p rž /pj! r ! j! r !js2 rsj js2 ps1 rsjyp

k l j jy1 j kq1q y1 S x q O xŽ . Ž .Ý j Pj!js2

jy1 kyp rqpk l xj jpy1 Ž jyp.s y1 S PŽ .Ý Ý Ýp rž /pj! r !js2 ps0 rsjyp

k l j jy1 j kq1q S y1 x q O xŽ . Ž .Ý j Pj!js2

jy1 qk kl xj jpy1 Ž jyp.s y1 S PŽ .Ý Ý Ýp qypž /pj! q y p !Ž .js2 ps0 qsj

k lq qy1 q kq1q S y1 x q O xŽ . Ž .Ý q Pq!qs2
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q q jy1k x l q!j jpy1 qy1Ž jyp.s y1 S P ql S y1Ž . Ž .Ý Ý Ý p qyp q qž /p½ 5q! j! q yp !Ž .qs2 js2 ps0

qO x kq1Ž .P

k qx
kq1s l Q q O x ,Ž .Ý1 q Pq!qs2

Ž . Ž . Ž .proving 2.18 and thereby also completing the proof of 1.16 with W c sn
Ž . Ž .V c q o 1 .n P

Ž . Ž .The claim 1.17 follows from 1.21 . This also completes the proof of
Theorem 1.1. I

Ž .REMARK 2.2. The recurrent formula for the polynomials Q given at 1.13k
is obtained from the above argument.

Ž . Ž .LEMMA 2.3. r 2; c s r 2; c .M A

PROOF. Obviously, l s ??? s l s 0 implies Q ' ??? ' Q ' 0, hence2 k 2 k
Ž . Ž .the inequality r 2 G r 2 . Conversely, let l s ??? s l s 0, l / 0, orM A 2 ky1 k

Ž . Ž .r 2 s k; we need to prove Q k 0. Indeed, according to 1.13 ,A k

ky1l 1 lk kky1k Žkyr .Q z , . . . , z s z P z q y1 z k0,Ž . Ž . Ž .Ýk 1 k r kyr 1 kž /rl k y r ! lŽ .1 1rs0

as the last sum does not contain the variable z . Hence the lemma isk
proved. I

3. Proof of Theorem 1.2. As in the proof of Theorem 1.1, we assume
m s 0, so that X s « s Ý b z s Ý b z . We start with the expan-j j sF j jys s sG 0 s jys

w Ž .xsion cf. Ho and Hsing 1996

3.1 c X s E c X N FF y E c X N FF ,Ž . � 4 � 4Ž . Ž . Ž .Ý ž /j j jys j jysy1
sG0

� 4where FF s s z : s F j is the s-algebra generated by the ‘‘noise’’ in the ‘‘past’’j s
s F j so that X is FF -measurable. The summands on the right-hand side ofj j
Ž . 2Ž .3.1 are orthogonal in L V and the series converges in this space. Put

˜X s b z , X s b z .Ý Ýj , s i jyi j , s i jyi
1FiFs i)s

Ž . � 4 Ž . Ž1.Ž .Let F x [ P X F x , f x [ F x , x g R. Note thats j, s s s

˜ ˜3.2 E c X N FF s c x dF x y X s c ? q X , F .Ž . Ž .� 4Ž . ¦ ;H ž / ž /j jysy1 s j , s j , s s
R
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Next, by the multinomial formula for Appell polynomials, for any k G 1,

k
k r ˜3.3 A X s b A z A X ,Ž . Ž . Ž .Ý Ý ž /k j s r jys kyr j , sž /r

rs1 sG0

˜Ž . Ž . Ž .A X ' 1. From 3.1 ] 3.3 we obtain the following expansion of the0 j, s
empirical functional:

ik y1Ž .
3.4 R c ; k s c X y l A X s U c , k ,Ž . Ž . Ž .Ž . Ž .Ý Ýj j i i j j , si!is1 sG0

where

U c ; k s E c X N FF y E c X N FFŽ . � 4 � 4Ž . Ž .j , s j jys j jysy1

ik iy1Ž . i r ˜y l b A z A XŽ .Ý Ý ž /i s r jys iyr j , sž /ri!is1 rs1

˜ ˜s c ? q X , F y c ? q X , F¦ ; ¦ ;ž / ž /j , sy1 sy1 j , s s

3.5Ž .

ik iy1Ž . i r ˜y l b A z A X .Ž .Ý Ý ž /i s r jys iyr j , sž /ri!is1 rs1

˜Ž . Ž .Recall that A z and A X are polynomials of respective degrees rr jys iyr j, s
Ž . Ž .and i y r. Thus 1.9 , 1.15 , the boundedness of c and the independence of

˜z from X for all j, s imply thatjys j, s

3.6 EU c ; k s 0, EU 2 c ; k - `,Ž . Ž . Ž .j , s j , s

for all s G 0, j g Z and k F k*.
Ž . Ž .Now, according to 3.4 and 3.5 ,

n n
y1r2 y1r2H c s n R c ; k* s n U c ; k* .Ž . Ž . Ž .Ý Ý Ýn j j , s

js1 sG0 js1

Put also

˜R c ; k s U c ; k , R c ; k s U c ; k ,Ž . Ž . Ž . Ž .Ý Ýj , t j , s j , t j , s
0Fs-t sGt

so that

˜H c s H c q H c ,Ž . Ž . Ž .n n , t n , t

where

n n
y1r2 y1r2˜ ˜H c s n R c ; k* , H c s n R c ; k* .Ž . Ž . Ž . Ž .Ý Ýn , t j , t n , t j , t

js1 js1



M-ESTIMATORS WITH LONG-MEMORY ERRORS 837

The following lemma is the central technical lemma of the paper, with the
˜ Ž .help of which we prove Theorem 1.2. It is useful to show that Var H c ª 0n, t

as t ª `, uniformly in n. The proof of the lemma itself will be postponed
Ž .until Section 4. To state the lemma, recall 2.7b and define, for y g R,

D R c ; k s R D c ; k s c x q y y c x dR x ; k ,Ž . Ž . Ž . Ž .Ž .Ž . Hy j j j j
R

Ž . Ž . Ž .where D c x s c x q y y c x .y

Ž .LEMMA 3.1. i For any integers 1 F k - 1ru , t G 0 and any d ) 0, one0
Ž .can find a 0 - d - d and a constant C t ª 0, t ª `, such that0

˜ ˜Cov R c ; k , R c ; kŽ . Ž .ž /j , t j9 , t

Ž .yg kq1< < < <- C tr j9 y j k 1 1 k j9 y j , j, j9 g Z,Ž . Ž .Ž .
where

ku y d , if ku - 1,
3.7 g k s g k ; u , d sŽ . Ž . Ž . ½ 1 q d , if ku ) 1.

Ž . < <ii Moreover, for any y - 1,
Ž .yg kq1< < < <Cov D R c ; k , D R c ; k - C y 1 k j9 y j , j, j9 g Z,Ž . Ž . Ž .Ž .y j y j9

where the constant C does not depend on y, j, j9.

Ž .As a consequence of Lemma 3.1 ii , we obtain
2

E H x q y y H x dc xŽ . Ž . Ž .Ž .H n nž /R

2

s E c x y y y c x dH xŽ . Ž . Ž .Ž .H nž /R
n

y1s n E D R c ; k* D R c ; k*Ž . Ž .Ž .Ý yy j yy j9
j, j9s1

3.8Ž .

n
y1ydy1< < < < < <F C y n 1 k j9 y j FC yŽ .Ý

j, j9s1

Ž .as k* q 1 u ) 1.
Ž . Ž .By Lemma 3.1 i , similarly as in 3.8 ,

n
y1ydy1˜ < < < <Var H c F n C tr 1 k j9 y j 1 k j9 y jŽ . Ž . Ž .Ž .Ž . Ýn , t

j, j9s1

`
y1yd ˜F C tr 1 k j 1 k j sC t ,Ž . Ž . Ž .Ž .Ý

js0

Ž̃ .where C t does not depend on n and tends to 0 as t ª `. Therefore, it
Ž .suffices to prove the asymptotic normality of the truncated sum H c , ; t.n, t
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Ž . Ž .Now, for convenience, write U for U c , k* . Then H c can bej, s j, s n, t
rewritten as

n ty1
y1r2H c s n U q N ,Ž . Ý Ýn , t jqs , s n

js1 ss0

where
ty1 s nqs

y1r2N s n U y U .Ý Ý Ýn j , s j , sž /
ss0 js1 jsnq1

Observe that, for every fixed t - `, n1r2N is a sum of a finite number ofn
Ž .stationary r.v.’s whose second moment is finite by 3.6 . Thus, for every fixed

t - `,

N s O ny1r2 .Ž .n P

Furthermore, for any 0 F s F t - `,

U s E c X N FF y E c X N FF� 4 � 4Ž . Ž .jqs , s jqs j jqs jy1

kk* ky1Ž . k r ˜y l b A z A X ,Ž .Ý Ý ž /k s r j kyr jqs , sž /rk!ks1 rs1

Ž . ty1and M t s Ý U are square-integrable martingale difference se-j ss0 jqs, s
quences, satisfying

E U N FF s E M t N FF s 0,� 4 Ž .� 4jqs , s jy1 j jy1

˜Ž .which follows from the fact that A X is measurable with respect tokyr jqs, s
Ž .the s-algebra FF and that A z has mean 0 and is independent of FF forjy1 r j jy1

each j. Moreover, the above martingale difference sequences are stationary
and ergodic, due to the ergodicity of the i.i.d. sequence z , j g Z. Therefore,j

wthe classical martingale central limit theorem applies see, e.g., Billingsley
Ž .x1968 , according to which

n
y1r2 2n M t « NN 0, s t ,Ž . Ž .Ž .Ý j c

js1

where, by stationarity,

s 2 t s Var M tŽ . Ž .Ž .c 0

ty1 ty1

s E U U s E U UŽ . Ž .Ý Ýs , s s9 , s9 0, s s9ys , s9
s, s9s1 s , s9s1

ty1

s E U U by orthogonality; see Lemma 4.4 belowŽ .Ý Ý 0, s j , s9
jgZ s , s9s1

s Cov R c ; k* , R c ; k* .Ž . Ž .Ž .Ý 0, t j , t
jgZ

Ž . Ž .Hence it easily follows that s t ª s , t ª `, with the limit given by 1.20 .c c
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Ž .Finally, the relation 1.28 follows from

'3.9 sup F x y F x q f x X y m s o Var XŽ . Ž . Ž . Ž . Ž . Ž .Ž .n n P n
xgR

Ž .and Lemma 4.1 below. The result 3.9 was proved under somewhat different
assumptions on the distribution function of z in Giraitis and Surgailis0
Ž . Ž .1994 and Ho and Hsing 1996 . Under the present setup, its proof is
obtained in a similar way, using Lemma 3.1 above. This also completes the
proof of Theorem 1.2. I

4. Some general results and proof of Lemma 3.1. This section con-
tains some general results, which may be of independent interest. Lemma 3.1

� 4is a special case of Lemma 4.3 below. Accordingly, let X denote the class of
all moving averages

4.1 X ' X s b z , j g Z,Ž . Ýj s jys
sG0

whose coefficients b , s G 0, satisfys

Ž .y 1qu r2 yŽ1qu .r2< <b F L s 1 k s and b ; L s s , s ª `,Ž . Ž . Ž .s s

Ž . � 4where u g 0, 1 and the slowly varying function L is fixed. For any X g X
Ž .of 4.1 , put

� 4s ' s X s min s G 0; b / 0 .Ž .0 0 s

Ž . Ž .The quantities s X and s X, k appearing in Lemma 4.1 below are non-0 1
random. They depend on the underlying process only through its distribution.

˜For later use, we note that, for any s G 0, the transformation X ª X maps
v , s

� 4 � 4elements of X into X and

˜4.2 s X G s.Ž . Ž .0 v , s

We also need to define the r.v.’s

X s X y b z s b z , j g Z, s G 0,Ýs j j s jys i jyi
iG0, i/s

and the constants
Ž2. ˜2 2 2 yu4.3 b s EX s b s O L s s .Ž . Ž .Ž .Ýs j , s i

i)s

Ž . � 4 Ž . Ž Ž ..Let F x s P X F x and f x s d F x rdx denote the marginal dis-s s 0 s s
tribution function and density of the stationary process X . The followings j
lemma gives the behavior of the derivatives of the distribution functions F,
F and F of X , X and X , respectively. It is an extension of Lemma 2.1s s 0 0, s s 0

Ž .of Giraitis, Koul and Surgailis 1996 .

� 4LEMMA 4.1. For any moving average X g X and any k G 0, one can find
Ž . Ž .s s s X, k ) 0 such that for any s ) s , the distribution functions F x ,1 1 1

Ž . Ž .F x and F x are k times continuously differentiable ands s

Žk . Žk . Žk .4.4 F x q F x q F x F C.Ž . Ž . Ž . Ž .s s
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Moreover,
Žk . Žk . Ž2.4.5 F x y F x F Cb ,Ž . Ž . Ž .s s

Žk . Žk . 24.6 F x y F x F Cb ,Ž . Ž . Ž .s s

and, for any y g R,

Žk . Žk . Žk . < <4.7 D F x q D F x q D F x F C y ,Ž . Ž . Ž . Ž .Ž .y y s y s

Žk . Žk . Ž2. < <4.8 D F x y F x F Cb y ,Ž . Ž . Ž .Ž .y s s

Žk . Žk . 2 < <4.9 D F x y F x F Cb y .Ž . Ž . Ž .Ž .y s s

Ž . Ž .The constant C in 4.4 ] 4.9 does not depend on s, x, y.

The following lemma is an elementary result needed later.

LEMMA 4.2.
yaya

< < < <S t ' 1 k s 1 k j y sŽ . Ž . Ž .Ý
s)t

< <y2 aq1j , if 1r2 - a - 1,
< <F C tr 1 k jŽ .Ž . ya½ < <j , if a ) 1,

Ž .where C t ª 0, t ª `.

Proofs of both of the above lemmas appear at the end of this section.
We now turn to the proof of Lemma 3.1.

PROOF OF LEMMA 3.1. Our proof uses induction in k. Recall the decompo-
Ž . Ž .sition 3.4 ] 3.5 :

4.10 R c , X ; k s U c , X ; k .Ž . Ž . Ž .Ýj 0 j , s 0
sG0

ŽWe shall now indicate the dependence on the sequence X , j g Z, or itsj
.marginal X , too, as it will vary in the sequel. Let0

² :c ? q a , F [ c x q a dF x , a g R, i G 0,Ž . Ž . Ž .Hi i
R

and rewrite

4.11 U s U Ž0. q U Ž1. ,Ž . j , s j , s j , s

where

Ž0. ˜ ˜U s c ? q X , F y c ? q X , F¦ ; ¦ ;ž / ž /j , s j , sy1 sy1 j , s s

ik y1Ž . ˜y b z l A X ,Ý ž /s jys i iy1 j , s½ 5i y 1 !Ž .is1

4.12Ž .
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iq1k iy1Ž . iŽ1. r˜U s l A X b A zŽ .Ý Ý ž /j , s i iyr j , s s r jysž /ri!is1 rs2

Ž .iq1k k y1Ž . ir ˜s b A z l A XŽ .Ý Ý ž /s r jys i iyr j , sž /r½ 5i!rs2 isr

4.13Ž .

k
Ž1, r .' U .Ý j , s

rs2

Note that U Ž1. contains the summands that decrease to 0 fast as s ª `, duej, s

to the fact that b r, s G 0, are summable for r G 2.s
Now let s be as in Lemma 4.1 and rewrite1

kq1
Ž0. Ž0 , p.4.14 U s U ,Ž . Ýj , s j , s

ps0

where

Ž0, 0. ˜ ˜U s c ? q X , F y c ? q X , F¦ ; ¦ ;ž / ž /j , s j , sy1 sy1 j , s s

˜ Ž1.q b z c ? q X , F 1 s ) s ,Ž .¦ ;ž /s jys j , s sy1 1

4.15Ž .

py1y1Ž .
Ž0, p. Ž p.˜U s b z l y E c ? q X , F 1 s ) sŽ .¦ ;ž /j , s s jys p j , s sy1 1ž /p y 1 !Ž .4.16Ž .

˜= A X , ps1, . . . , k ,ž /py1 j , s

Ž .iy1k y1Ž .
Ž0, kq1. Ž1.˜U s yb z c ? q X , F y¦ ; Ýž /j , s s jys j , s sy1½ i y 1 !Ž .is1

˜ ˜ Ž i.=A X E c ? q X , F 1 s ) s .Ž .¦ ;ž / ž /iy1 j , s j , s sy1 15
4.17Ž .

We shall show below that the terms U Ž0, p., p s 0, 1, . . . , k, similarly toj, s
Ž1,r . Ž 2 .U , r s 2, . . . , k, are of the ‘‘summable’’ order O b , while to the mainj, s P s

term, U Ž0, kq1., a suitable inductive hypothesis can be applied.j, s
˜Indeed, for fixed s G 0, consider the stationary sequence X , j g Z. Letj, s

Ž . ² Ž . Ž1. :c x s c ? q x , F . Integration by parts shows that the coefficientss sy1
˜Ž .l c , X in the formal Appell seriesi s 0, s

i` y1Ž .˜ ˜ ˜c X s l c , X A XŽ . Ž . Ž .Ýs 0, s i s 0, s i 0, si!is0

are given by

˜ i ˜ i ˜ Ž iq1.<4.18 l c , X s d Ec X y x rdx s E c ? q X , F ;Ž . ¦ ;Ž . Ž . Ž .xs0i s 0, s s 0, s 0, s sy1
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Ž . Ž . Ž .cf. 1.10 and 1.11 . Therefore, 4.17 can be rewritten as

Ž0, kq1. ˜4.19 U s yb z R c , X ; k y 1 1 s ) s .Ž . Ž .Ž .j , s s jys j s 0, s 1

˜Ž .We need to apply the inductive hypothesis to R c , X ; k y 1 . However,j s 0, s
˜as c and X are different from the original c and X, the hypotheses ands 0, s

statements of Lemma 3.1 have to be correspondingly strengthened. This is
done in the following lemma.

� 4Next, let c be the class of all functions c of bounded variation. The
� 4transformation c ª c is well defined for s ) s and maps c into itself,s 1

which follows from Lemma 4.1 and the inequality

< < < < < Ž1. <4.20 c F c F .Ž . s sy1

� 4 � 4LEMMA 4.3. For any processes X, X 9 g X , any functions c , c 9 g c ,
any integers 0 F t, 1 F k - 1ru and any d ) 0, one can find 0 - d - d and0 0

Ž . < < Ž .constants C t , C - `, independent of j, j9 g Z, y - 1, such that C t ª 0,
t ª `, and such that, for all j, j9 g Z,

˜ ˜Cov R c , X ; k , R c 9, X 9; kŽ . Ž .ž /j , t j9 , t
4.21Ž .

Ž .yg kq1< < < <F C tr 1 k j y j9 1 k j y j9 ,Ž . Ž .Ž .
Cov D R c , X ; k , D R c 9, X 9; kŽ . Ž .Ž .y j y j9

4.22Ž .
Ž .yg kq1< < < <F C y 1 k j y j9 ,Ž .

Ž . Ž . Ž . < <g k s g k; u , d being given by 3.7 . Moreover, for all y - 1,

4.23 Var R c , X ; k F Csyg Žkq1. ,Ž . Ž .Ž .j 0

< < yg Žkq1.4.24 Var D R c , X ; k F C y s .Ž . Ž .Ž .y j 0

Lemma 4.3 easily follows from Lemma 4.5 below. Put

4.25 V Ž i , p. ' V Ž i , p. c , X ; k s U Ž i , p. c , X ; k ,Ž . Ž . Ž .Ýj j j , s
sG0

˜ Ž i , p. Ž i , p.4.26 V s UŽ . Ýj , t j , s
sGt

and

4.27 D V Ž i , p. ' V Ž i , p. D c , X ; k s D U Ž i , p. ,Ž . Ž . Ýy j j y y j , s
sG0

i s 0, 1, j s 0, 1, . . . , k q 1, y g R, where, for p s 0, 1 and p s k q 1, we put
U Ž1, p. s D U Ž1, p. s 0. Clearly,j, s y j, s

1 kq1
Ž i , p.4.28 R c , X ; k s V c , X ; k ,Ž . Ž . Ž .Ý Ýj j

is0 ps0

˜and similar relations hold for R and D R , too.j, t y j
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We shall also need the following orthogonality relation of random variables
U Ž i, p., which is a consequence of them being martingale difference sequences.j, s

LEMMA 4.4. For any c , c 9, X, X 9 of Lemma 4.1, any i, i9 s 0, 1, p, p9 s
0, 1, . . . , k q 1 and any j, j9, s, s9 g Z such that j9 y s9 / j y s,q

Cov U Ž i , p. c , X ; k , U Ž i9 , p9. c 9, X 9; k s 0.Ž . Ž .Ž .j , s j9 , s9

LEMMA 4.5. Under the conditions and notation of Lemma 4.3,

Ž i , p. Ž i9 , p9.˜ ˜Cov V c , X ; k , V c 9, X 9; kŽ . Ž .ž /j , t j9 , t
4.29Ž .

Ž .yg kq1< < < <F C tr 1 k j9 y j 1 k j9 y j ,Ž . Ž .Ž .
Ž i , p. Ž i9 , p9.Cov D V c , X ; k , D V c 9, X 9; kŽ . Ž .Ž .y j y j9

4.30Ž .
Ž .yg kq1< < < <F C y 1 k j9 y j .Ž .

Moreover,

4.31 Var V Ž i , p. c , X ; k F Csyg Žkq1. ,Ž . Ž .Ž .j 0

Ž i , p. < < yg Žkq1.4.32 Var D V c , X ; k F C y s .Ž . Ž .Ž .y j 0

Ž .PROOF. Note that the Appell coefficients 4.18 can be rewritten as

˜ Ž iq1. Ž iq1.4.33 E c ? q X , F s c , F ' l .² :Ž . ¦ ;ž /j , s sy1 s s i

Indeed,

˜EF x y X s EP X F x N FF s F x� 4 Ž .ž /sy1 j , s s j jysy1 s

Ž .from which 4.33 easily follows.
Ž . Ž .The proof of 4.29 ] 4.32 uses induction in k. First, we prove the case

Ž . Ž .k s 1. In this case, we need to check 4.29 ] 4.32 for i s i9 s 0, p, p9 s 0, 1, 2
Ž1, p.Ž .only, as, by definition, V c , X; 1 s 0. We havej

Ž0, 0. ˜ ˜U s c ? q X , F y c ? q X , F¦ ; ¦ ;ž / ž /j , s j , sy1 sy1 j , s s

˜q b z c ? q X , f 1 s ) s ,Ž .¦ ;ž /s jys j , s sy1 1

U Ž0, 1. s b z l y l 1 s ) s ,Ž .Ž .j , s s jys 1 s 1 1

Ž0, 2. ˜ ˜U s yb z c ? q X , f y E c ? q X , f 1 s ) s .Ž .¦ ; ¦ ;ž / ž /j , s s jys j , s sy1 j , s sy1 1ž /
By Lemma 4.4, for any i, p, I9, p9 and any k s 1, 2, . . . ,

Ž i , p. Ž i9 , p9. Ž i , p. Ž i9 , p9.˜ ˜E V V s E U UŽ .Ýž /j , t j9 , t j , s j9 , j9yjqs
sGt : j9yjqsGt

2 21r2 Ž i , p. 1r2 Ž i9 , p9.F E U E U .Ž . Ž .Ý j , s j9 , j9yjqs
sGt

4.34Ž .
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and
2 2Ž i , p. Ž i9 , p9. 1r2 Ž i , p. 1r2 Ž i9 , p9.4.35 E D V D V F E D U E D U .Ž . Ž . Ž . Ž .Ýy j y j9 y j , s y j9 , j9yjqs

sG0

We shall shortly prove that, for p s 0, 1, 2,
2Ž0 , p. 4 2 Ž2.4.36 E U F C b q b b ,Ž . Ž .Ž .j , s s s s

2Ž0 , p. 4 2 Ž2.< <4.37 E D U F C y b q b b .Ž . Ž .Ž .y j , s s s s

2 Ž Ž2..Hence, as b s o b , by Lemma 4.2, we obtains s

1r21r2Ž0 , p. Ž0 , p9. Ž2. Ž2.˜ ˜ < < < <E V V F C b b b bŽ . Ž .Ýž /j , t j9 , t s s j9yjqs j9yjqs
sGt

y1r2yuqdr2y1r2yuqdr2< < < <F C 1 k s 1 k j9 y j q sŽ . Ž .Ý
sGt

4.38Ž .

Ž .yg 2< < < <F C tr 1 k j9 y j 1 k j9 y j ,Ž . Ž .Ž .
Ž . Ž .g 2 s 2u y d if 0 - u F 1r2, d - 2u , and g 2 s 1 q d if 1r2 - u - 1, d -

Ž . Ž .2u y 1 r3. This proves 4.29 for k s 1. The same argument implies
Ž . Ž .4.30 ] 4.32 , for example,

2Ž0 , p. 2 Ž2. y1y2uqd y2uqd< < < <E DV F C y b b - C s F C y s .Ž . Ý Ýj s s 0
s)ssG0 0

Ž . Ž .Next, we shall prove 4.36 . Using the definition 4.15 , similarly to Ho and
Ž .Hsing 1996 , one obtains by Taylor’s formula and the mean value theorem

Ž0, 0. ˜ ˜U s F ? y X y b u y F ? y X y b z , c dG uŽ .¦ ;H ž / ž /j , s sy1 j , s s sy1 j , s s jys
R

˜y b z f ? y X , c¦ ;ž /s jys sy1 j , s

˜s b z y u f ? y X y b z , c dG uŽ .Ž .¦ ;H ž /s jys sy1 j , s s jys
R

21 2 Ž1. ˜q b z y u f ? y X y b z u , c dG uŽ . Ž .Ž . ¦ ;H ž /s jys sy1 j , s s2
R

˜y b z f ? y X , c¦ ;ž /s jys sy1 j , s

2 2 Ž1. ˜s yb z f ? y X y b z , c¦ ;ž /s jys sy1 j , s s

21 2 Ž1. ˜q b z y u f ? y X y b z u , c dG u ,Ž . Ž .Ž . ¦ ;H ž /s jys sy1 j , s s2
R

Ž . Ž . Ž .where z, z u are some random points. Therefore, according to 4.4 ,

Ž0, 0. 2 24.39 U F Cb 1 q z ,Ž . Ž .j , s s jys

Ž .which proves 4.36 for p s 0.
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< Ž . Ž . < 2 Ž .In the case p s 1, as f x y f x F Cb , by 4.6 and because c hass s
bounded variation,

2 2Ž0 , 1. 2 4² :4.40 E U s b f y f , c F Cb .Ž . Ž .j , s s s s

˜Ž . < Ž . Ž . <In the case p s 2, using 4.7 of Lemma 4.1, f x y f x y X Fsy1 sy1 j, s
˜< <C X and thereforej, s

˜ ˜c ? q X , f y E c ? q X , f¦ ; ¦ ;ž / ž /j , s sy1 j , s sy1

˜ ˜F c ? q X y c , f q E c ? q X y c , f¦ ; ¦ ;ž / ž /j , s sy1 j , s sy1

˜ ˜< < < <F C X q E X .ž /j , s j , s

Hence
22Ž0 , 2. 2 ˜ ˜E U s b E c ? q X , f y E c ? q X , f¦ ; ¦ ;Ž . ž / ž /j , s s j , s sy1 j , s sy1ž /

4.41Ž .
2 ˜2 2 Ž2.F Cb E X FCb b .ž /s j , s s s

Ž .Next, consider 4.37 . Fix s ) 1 sufficiently large in order that the1
statement of Lemma 4.1 applies, and consider the cases s ) s and s F s1 1

Ž .separately. In the first case, similarly to 4.39 ,
Ž0, 0. 2 2 ˜ Ž1.D U s yb z c ? q X q b z , D f¦ ;ž /y j , s s jys j , s s y sy1

21 2 Ž1.˜q b c ? q X q b z u , D f z y u dG u ,Ž . Ž .Ž .¦ ;H ž /s j , s s y sy1 jys2
R

Ž . Ž . Ž .where z g yz , z and z u g z y u, z q u are random points.jys jys jys jys
Ž . Ž . < Ž0, 0. < < < 2ŽHence, again using 4.7 , similar to 4.39 , we obtain D U F C y b 1 qy j, s s

2 . Ž .z , or 4.36 for p s 0, s ) s . Cases p s 1, 2, s ) s can be consideredjys 1 1
Ž . Ž .exactly in the same way as 4.40 and 4.41 , with f , f , f replaced bysy1 s

Ž . Ž . Ž .D f , D f , D f , respectively, and using 4.7 ] 4.9 of Lemma 4.1.y y sy1 y s
Now consider the case of s F s . By definition,1

D U Ž0, 0. s E D c X N FF y E D c X N FF� 4 � 4Ž . Ž .y j , s y j jys y j jysy1

and therefore
2 22Ž0 , 0.E D U F 2 E E D c X N FF q E E D c X N FF� 4 � 4Ž . Ž .Ž . ž / ž /y j , s y j jys y j jysy1ž /

2
F 4E D c X .Ž .Ž .y j

Ž . Ž . Ž . Ž .Write c x s c x y c x , where c x , i s 1, 2, have bounded variation1 2 i
Ž Ž ..2 �Ž Ž ..2 Ž Ž ..24and are increasing. Then E D c X F 2 E D c X q D c X ,y j y 1 j y 2 j

and, for y ) 0,
2 2

E D c X s E c X q y y c XŽ . Ž . Ž .Ž . Ž .y i j i j i j

< <F c E c X q y y c XŽ . Ž .Ž .i i j i j

< <s c F x y F x y y dc x - Cy ;Ž . Ž . Ž .Ž .Hi i
R
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Ž .the last inequality follows from 4.7 . Next,

2 2 2Ž0 , 1. 2 2 < < < <E D U s b D f , c Ez F C y F C y ,² :Ž .y j , s s y jys

Ž . Ž .according to 4.7 . This proves 4.37 , and the first induction step k s 1.

Ž . Ž . Ž . Ž .Induction step k y 1 ª k. For i, p F 0, k q 1 , i9, p9 / 0, k q 1 , the
Ž . Ž .inequalities 4.29 ] 4.32 follow similarly to the case k s 1. In fact, using

Ž . Ž .4.34 and 4.35 it suffices to check the bounds

2Ž i , p. 44.42 E U F Cb ,Ž . Ž .j , s s

2Ž i , p. 4< <4.43 E D U F C y b ,Ž . Ž .y j , s s

Ž . Ž .i, p / 0, k q 1 .
Ž . Ž . Ž . Ž .For i, p s 0, 0 , 4.42 and 4.43 were proved above. For i s 0, p s

1, . . . , k, their proof is similar to the case k s 1. Indeed, using the inde-
˜ Ž .pendence of z and X , from 4.16 we obtainjys j, s

22 2y2Ž0 , p. 2 Ž p. Ž p. 4˜E U s p y 1 ! b E A X c , F y F F Cb ,² :Ž .Ž .Ž . ž /ž /j , s s py1 j , s s s

Ž . Ž . Ž .where we have used 4.6 and 4.33 , similarly to 4.40 . Next,

2ik y1Ž .2 2 iŽ1, p. 2 p 4˜E U s b E A z E l A X F Cb ,Ž .Ž .Ž . Ý ž /j , s s p jys i iyp jys spž /ž /i!isp

Ž .p s 2, . . . , k, proving 4.42 .
Ž . Ž . Ž .In the case i, p s 0, k q 1 , according to 4.19 ,

22Ž0 , kq1. 2 2 ˜4.44 E U s b Ez E R c , X ; k y 1 ,Ž . Ž .Ž . ž /j , s s jys j s 0, s

22Ž0 , kq1. 2 2 ˜4.45 E D U s b Ez E D R c , X ; k y 1 .Ž . Ž .Ž . ž /y j , s s jys y j s 0, s

Here,
2 ykuqd˜4.46 E R c , X ; k y 1 F Cs ,Ž . Ž .ž /j s 0, s

2 ykuqd˜ < <4.47 E D R c , X ; k y 1 F C y s ,Ž . Ž .ž /y j s 0, s

Ž . w Ž .which follow from 4.2 and the inductive hypothesis Lemma 4.3, 4.23 and
Ž . x4.24 , for k s k y 1 . Therefore, by Lemmas 4.2 and 4.3,

Ž .y kuyd r2Ž0 , kq1. Ž0 , kq1. yŽkuyd .r2˜ ˜ < < < <E V V F C b b s 1 k j9 y j q sŽ .Ýž /j , t j9 , t s j9yjqs
sGt

Ž .yg kq1< < < <F C tr 1 k j9 y j 1 k j9 y j .Ž . Ž .Ž .
Ž . Ž . Ž . Ž .Using 4.34 , 4.35 and 4.42 ] 4.47 , the proof of the rest of the relations

Ž . Ž .4.30 ] 4.32 is analogous, thereby completing the proof of Lemma 4.5. I
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Ž . Ž . Ž . Ž .PROOF OF LEMMA 4.1. The claims 4.7 ] 4.9 follow from 4.4 ] 4.6 , re-
spectively; for example,

xqy
Žk . Žk . Žkq1. Žkq1. Ž2. < <D F x y F x s F z y F z dz - Cb y .Ž . Ž . Ž . Ž .Ž . Ž .Hy s s s

x

Consider the characteristic functions

ˆ4.48 f u s E exp iuX s f ub ,Ž . Ž . Ž . Ž .Ł0 j
jG0

ˆ4.49 f u s E exp iuX s f ub ,Ž . Ž . Ž . Ž .Łs 0, s j
0FjFs

ˆ4.50 f u s E exp iu X s f ub ,Ž . Ž . Ž . Ž .Łs s 0 j
jG0: j/s

Ž . Ž . Ž . Ž .where f u s E exp iuz satisfies 1.4 . Clearly, 4.4 follows from0

kq1ˆ ˆ ˆ < <4.51 f u q f u q f u F Cr 1 q u ,Ž . Ž . Ž . Ž . Ž .s s

s ) s . For any k ) 0, one can find an integer s ) 0 such that the number1 1
< < � 4 Ž .J of elements in the set J s j s 0, 1, . . . , s :b F 0 is larger than k q 1 rd ,1 j

< < Ž . Ž .that is k q 1 - d J . Then, by 4.48 ] 4.50 ,

ydˆ ˆ ˆ < <max f u , f u , f u F C 1 q ub .Ž . Ž . Ž . Ž .ŁŽ .s s j
J

Ž . Ž < <.ydFor any b / 0, there is a constant C s C b, d such that 1 q bu -
Ž < <.ydC 1 q u . Therefore, by the argument above,

< < yky1yd Jˆ ˆ ˆ < < < <max f u , f u , f u F C 1 q u F C 1 q u ,Ž . Ž . Ž . Ž . Ž .Ž .s s

Ž .proving 4.4 .
Ž . Ž . < Ž . <Consider 4.5 and 4.6 for k G 1. Choose s so that Ł f ub -1 0 F jF s j

Ž < <.yky4C 1 q u , s ) s , where C is independent of u, s. Then1

y1 kŽk . Žk . < <f x y f x F 2p u f ub f ub y 1 duŽ . Ž . Ž . Ž . Ž .Ł ŁHs j j
R 0FjFs j)s

yky4k< < < <F C u 1 q u f ub y 1 duŽ . Ž .Ý H j
Rj)s

4.52Ž .

yky4kq22 Ž2.< < < <F C b u 1 q u dusCb ,Ž .Ý Hs s
Rj)s

1 2< Ž . < < <where we used the inequality f u y 1 F u . In a similar way,2

kŽk . Žk . < <f x y f x F C u f ub y 1 f ub duŽ . Ž . Ž . Ž .ŁHs s j
R j/s

yky4kq22 2< < < <F Cb u 1 q u du-Cb .Ž .Hs s
R
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Ž . Ž .It remains to verify 4.5 and 4.6 for k s 0. For this, it suffices to prove
the bounds

yky2Žk . Žk . Ž2. < <4.53 f x y f x F Cb 1 q x ,Ž . Ž . Ž . Ž .s s

yky2Žk . Žk . 2 < <4.54 f x y f x F Cb 1 q xŽ . Ž . Ž . Ž .s s

Ž . Ž . Ž .for k s 1, as they imply 4.53 and 4.54 for k s 0 and then, similarly, 4.5
Ž . Ž .and 4.6 for k s 0. Proceeding as in Giraitis, Koul and Surgailis 1996 ,

Ž . Ž . Ž .Lemma 1 ii , 4.53 and 4.54 follow from

Ž .r y22ˆ ˆ < <u f u y f u F Cb 1 q u ,Ž . Ž . Ž .Ž .ž /s s

Ž .r y22ˆ ˆ < <u f u y f u F Cb 1 q uŽ . Ž . Ž .Ž .ž /s s

or

y3Žr . Žr . Ž2.ˆ ˆ < <4.55 f u y f u F Cb 1 q u ,Ž . Ž . Ž . Ž .s s

y3Žr . Žr . 2ˆ ˆ < <4.56 f u y f u F Cb 1 q u , rs0, 1, 2, 3.Ž . Ž . Ž . Ž .s s

Ž .Consider 4.55 for r s 2, for example, as the remaining inequalities can be
Ž . Ž .similarly verified. By differentiating 4.48 and 4.49 with respect to u, one

obtains

Ž̂2. Ž2. 2f u s f ub b F uŽ . Ž .Ž .Ý j j j
0Fj

q 2 f Ž1. ub f Ž1. ub b b F u ,Ž .Ž . Ž .Ý j j j j j , j1 2 1 2 1 2
0Fj -j1 2

Ž̂2. Ž2. 2f u s f ub b F uŽ . Ž .Ž .Ýs j j j ; s
0FjFs

q 2 f Ž1. ub f Ž1. ub b b F u ,Ž .Ž . Ž .Ý j j j j j , j ; s1 2 1 2 1 2
0Fj -j Fs1 s

where

F u s f ub ,Ž . Ž .Łj j9
j9G0: j9/j

F u s f ub ,Ž . Ž .Łj ; s j9
0Fj9Fs : j9/j

F u s f ub ,Ž . Ž .Łj , j j91 2
j9G0: j9/j , j1 2

F s f ub .Ž .Łj , j ; s j91 2
0Fj9Fs : j9/j , j1 2

We have

Ž2. Ž2.ˆ ˆf u y f u F S q S q 2S q 2S ,Ž . Ž .s 1 2 3 4
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where
Ž2. 2S s f ub b F u y F u ,Ž . Ž .Ž .Ý1 j j j j ; s

0FjFs

Ž2. 2S s f ub b F u ,Ž .Ž .Ý2 j j j
j)s

Ž1. Ž1.S s f ub f ub b b F u y F u ,Ž . Ž .Ž . Ž .Ý3 j j j j j , j ; s j , j1 2 1 2 1 2 1 2
0Fj -j Fs1 2

Ž1. Ž1.S s f ub f ub b b F u .Ž .Ž . Ž .Ý4 j j j j j , j1 2 1 2 1 2
0Fj , s-j1 2

We need to show
y3Ž2. < <4.57 S F Cb 1 q u , s ) s , i s 1, . . . , 4.Ž . Ž .i s 1

Ž .Consider S . As in 4.52 ,1

F u y F u F F u f ub y 1Ž . Ž . Ž . Ž .Łj j ; s j ; s j9
j9)s

y5 y32 2 Ž2.< < < <F C 1 q u u b F C 1 q u b ,Ž . Ž .Ý j9 s
j9)s

Ž .provided s ) s is large enough, proving 4.57 for i s 1. The case i s 21
< Ž . < Ž < <.y3follows from the bound F u - C 1 q u .j

< Ž1.Ž . < < <To estimate S , use f ub F ub and the bound3 j j

F u y F u F F u f ub y 1Ž . Ž . Ž . Ž .Łj , j ; s j , j j , j ; s j91 2 1 2 1 2
j9)s

y5 2 2< <F C 1 q u u b ,Ž . Ý j9
j9)s

as in the case i s 1. Finally, in the case i s 4, one uses
Ž1. 2 Ž2.< < < < < <f ub b F u b F u bŽ .Ý Ýj j j s2 2 2

j )s j )s2 2

< Ž . < Ž < <.y5together with F u F C 1 q u . This completes the proof ofj , j1 2

Lemma 4.1. I

PROOF OF LEMMA 4.2. It suffices to consider j G 1. Let a ) 1. Let t F j.
Then

S t F s qŽ . Ý Ý Ý
sgZ < < < <sF j r2 s) j r2

ya yaya
< < < < < <F 2 1 k j r2 1 k s F C 1 k j .Ž .Ž . Ž .Ý

sgZ

Next, let t ) j, K ' trj ) 1, a ) 1. Then
ya ya ya ya

S t F C 1 k t sC 1 k j 1 k K sC tr 1 k j 1 k j ,Ž . Ž . Ž . Ž . Ž . Ž .Ž .1 1

C t ' C tya ª 0, t ª `.Ž . 1
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Now consider the case 1r2 - a - 1, t F j. Then

< <ya < <ya yaS t F C s j y s ds s Cj .Ž . H1
R

Finally, let 1r2 - a - 1, t ) j, K ' trj. Then
` `y2 a y2 ay2 aq1 y2 aq1S t F C s y j dssC j u y 1 dusC K j ,Ž . Ž . Ž . Ž .H H1 1

t K

C K s C Ky2 aq1 ª 0,Ž . 2

as K ª `. I

REFERENCES

Ž .AVRAM, F. and TAQQU, M. S. 1987 . Noncentral limit theorems and Appell polynomials. Ann.
Probab. 15 767]775.
Ž .BERAN, J. 1991 . M-estimators of location for data with slowly decaying correlations. J. Amer.
Statist. Assoc. 86 704]708.

Ž .BILLINGSLEY, P. 1968 . Convergence of Probability Measures. Wiley, New York.
Ž .DEHLING, H. and TAQQU, M. S. 1989 . The empirical process of some long-range dependent

sequences with an application to U-statistics. Ann. Statist. 17 1767]1783.
Ž .FELLER, W. 1971 . An Introduction to Probability Theory and Its Applications 2. Wiley,

New York.
Ž .GIRAITIS, L., KOUL, H. L. and SURGAILIS, D. 1996 . Asymptotic normality of regression estimators

with long memory errors. Statist. Probab. Lett. 29 317]335.
Ž .GIRAITIS, L. and SURGAILIS, D. 1986 . Multivariate Appell polynomials and the central limit

Žtheorem. In Dependence in Probability and Statistics E. Eberlein and M. S. Taqqu,
.eds. 21]71. Birkhauser, Boston.¨

Ž .GIRAITIS, L. and SURGAILIS, D. 1994 . Asymptotics of the empirical process of a long memory
linear sequence. Preprint.

Ž .HO, H. C. and HSING, T. 1996 . On the asymptotic expansion of the empirical process of long
memory moving averages. Ann. Statist. 24 992]1024.

Ž .KOUL, H. L. 1992 . M-estimators in linear models with long range dependent errors. Statist.
Probab. Lett. 14 153]164.

Ž .KOUL, H. L. and MUKHERJEE, K. 1993 . Asymptotics of R-, MD- and LAD-estimators in linear
regression models with long range dependent errors. Probab. Theory Related Fields
95 535]553.

Ž .SURGAILIS, D. 1982 . Zones of attraction of self-similar multiple integrals. Lithuanian J. Math.
22 185]201.

Ž .TAQQU, M. S. 1978 . A representation of self-similar process. Stochastic Process. Appl. 7 55]64.
Ž .TAQQU, M. S. 1979 . Convergence of integrated processes of arbitrary Hermite rank. Z. Wahrsch.

Verw. Gebiete 50 53]83.

DEPARTMENT OF STATISTICS AND PROBABILITY INSTITUTE OF MATHEMATICS AND INFORMATICS

MICHIGAN STATE UNIVERSITY 2600 VILNIUS

EAST LANSING, MICHIGAN 48824-1027 LITHUANIA

E-MAIL: koul@assist.stt.msu.edu


