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For a version of the interval censoring model, case 2, in which the
observation intervals are allowed to be arbitrarily small, we consider
estimation of functionals that are differentiable along Hellinger differen-
tiable paths. The asymptotic information lower bound for such functionals
can be represented as the squared L,-norm of the canonical gradient in
the observation space. This canonical gradient has an implicit expression
as a solution of an integral equation that does not belong to one of the
standard types. We study an extended version of the integral equation
that can also be used for discrete distribution functions like the nonpara-
metric maximum likelihood estimator (NPMLE), and derive the asymp-
totic normality and efficiency of the NPMLE from properties of the solu-
tions of the integral equations.

1. Introduction. In the interval censoring problem, one wants to obtain
information on some distribution F, often representing an event time distri-
bution, based on a sample of random intervals J;,..., J, in which unobserv-
able X,,..., X, ~ F are known to be contained. In case 1, we have a sample
of observation times 7, and we know whether X, is smaller or larger than
the corresponding observation time 7,. More formally: we observe
(T, Ap,...,(T,,A,), with A; =1 5, Case 2 is usually denoted as the
situation with two observation times (U, V;) and the information whether X;
is left of U,, between U, and V, or right of V..

For case 1, also denoted by current status data, quite a lot is known. It is
already shown in Ayer, Brunk, Ewing, Reid and Silverman (1955) and van
Eeden (1956) that there exists a one-step procedure for calculation of the
nonparametric maximum likelihood estimator (NPMLE) F. of the distribu-
tion function F, based on isotonic regression theory. The asymptotic distribu-
tion of F,(¢,), for fixed ¢, € R, is derived in Part II, Chapter 5 of Groeneboom
and Wellner (1992); n'/3 is the obtained convergence rate. The same chapter
discusses convergence properties of the NPMLE u(F),) of the mean u(F) and
it is shown that, under some extra conditions,

F(x)[1 - F(x)]
g(x)

as n — o,

i (u(£) = ur) = o, f
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628 R. GESKUS AND P. GROENEBOOM

with g(x) the density of the distribution of the observation times, and —.,
denoting convergence in distribution. Huang and Wellner (1995) prove a
similar result for functionals that are linear in F: K(F) = [cdF. Then an
extra factor c¢’(x) appears in the integral formula for the limit variance.
Groeneboom’s proof for the mean uses the convergence rate of the supremum
distance between the NPMLE and the underlying distribution function,
which is replaced by an easier argument based on L,-distance properties of
F and smoothness of ¢'(x)/g(x) in Huang and Wellner s proof.

In case 2 one may expect better estimation results than in case 1, since one
has more information on the location of the X,’s. However, both theoretical as
well as practical aspects of the problem are more complicated. Only iterative
procedures are available for computation of the NPMLE F, of F. The
iterative convex minorant algorithm, as introduced by Groeneboom in part II
of Groeneboom and Wellner (1992), converges quickly in computer experi-
ments, and a slight modification of this algorithm is shown to converge in
Jongbloed (1998). A

When considering the asymptotic distribution of the NPMLE F, (¢,), a
distinction should be made. If the relative amount of mass of the (U, V)-
distribution near the diagonal point (to, to), compared to the amount of mass
of F near t, is very small we are more in a case 1-type situation and we still
have a n!/3 convergence rate [Wellner (1995)]. The limit distribution of F (¢o)
has been established in Groeneboom (1996) for the situation that U and V
remain bounded away. If the observation time distribution has sufficient
mass along the diagonal, the convergence rate increases to (n log n)'/? [see
Groeneboom and Wellner (1992)]. There is a conjecture on the asymptotic
distribution of F,(#,) in this situation, but the proof is still incomplete.
Another “estimator” is F!(¢,), which is obtained by doing one step in the
iterative convex minorant algorithm, with the true underlying distribution F
as starting value. Of course, this procedure, which does not even lead to an
estimator in the strict sense, has no practical value. However, it may be
relevant for theoretical purposes, for the asymptotic distribution of FI(¢,) is
known, and it is conjectured to have the same asymptotic distribution as the
NPMLE.

Contrary to F(t,), for case 1 as well as case 2, the mean u(F) is a smooth
linear functional. This means that it is differentiable along Hellinger differ-
entiable paths of distributions. For any functional having this property, one
can derive a Hajek-LeCam convolution theorem type information lower
bound, giving the best possible limit variance that can be attained under vn
convergence rate. See for example, van der Vaart (1991), part I of Groene-
boom and Wellner (1992) or Bickel, Klaassen, Ritov and Wellner (1993) for
the general theory and the application to case 1. For case 1, an explicit
expression of the information lower bound can be derived and is given by

[e'(x) () dx,
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with ¢(x) being the function

F(x)|1—-F(x
8(x) = e'(x) )[g(x)( L

So this lower bound is attained by the NPMLE.

The function ¢ appearing in the information lower bound has an analogue
in case 2. However, contrary to case 1, an explicit formula for ¢ is unknown
and unlikely to exist, except for some very special choices of the distributions
of X and (U, V) [see Geskus (1997)]. Nevert}leless it can be proved, without
knowing ¢ explicitly, that the NPMLE K(F)), estimating the smooth func-
tional K(F'), shows asymptotically optimal behavior in case 2 as well, using
properties of the integral equation for ¢. Just as in the problem of estimation
of F(t,), two situations can be distinguished, showing different behavior. In
Geskus and Groeneboom (1996, 1997), together from now on denoted as GG,
the simplest case is treated, with the (U, V)-distribution having no mass
along the diagonal. Smoothness properties of ¢ are derived from the struc-
ture of the integral equation and are sufficient to give the proof. The technical
report Geskus and Groeneboom (1995) contains both papers. See also Geskus
(1997), which contains a rather extensive treatment of the application of the
general lower bound theory to case 1 and this simple version of case 2. In the
present paper, we treat the situation where the observation times can be
arbitrarily close. In the long run we will have observations for which we get
very close to observing X itself, a situation that never occurs in case 1 and
the case 2 treated in GG. Now the analysis is much more complicated, since
we really have to deal with the singularity of the integrand of the integral
equation on the diagonal.

Our general outline is as follows. In Section 2, after a specification of the
problem, the relevant lower bound calculations are given. In Section 3 we
show asymptotic efficiency of the NPMLE; here we benefit from some recent
results on the Hellinger distance between the NPMLE and the underlying
distribution function in van de Geer (1996). Section 3 also contains our main
result. Theorem 3.2, showing that the NPMLE K(F) of a smooth functional
K(F,) of the underlying distribution function F, at \/UE -rate, is asymptotically
normal and has an asymptotic variance that is equal to the information lower
bound.

In Section 4 we present some simulation results showing that the variance
of the NPMLE is already very close to the information lower bound for
reasonable sample sizes. In this section we also show some pictures of the
solution of the integral equation and its derivative for the case that the
distributions are uniform [ F uniform and the distribution of (U, V) uniform
on the upper triangle of the unit square] and the smooth functional corre-
sponds to the mean. These graphs are compared to graphs of a corresponding
solution of the integral equation when F is replaced by the NPMLE (and the
equation is transformed into another equation in an inverse scale). Finally, in
the Appendix, some technical results are proved that are needed in Section 3.
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Of course, situations with more than two observation times for each
unobservable event time may occur as well. This is usually denoted as the
case k situation. However, only the two observation times immediately
around the event time give relevant information, so it very much resembles
case 2. We will only consider case 2. See also GG, where case k is briefly
discussed.

Unless otherwise stated, all norms in this paper should be read as L,-
norms. The dominating measure varies, but is denoted by a subscript, or
should be clear from the context. The L}-space denotes the subspace of
functions that integrate to zero.

2. The model. Lower bound considerations. We will start with a
brief formulation of the problem and a list of assumptions that are needed in
order to perform the lower bound calculations. Moreover, a key equation on
which our analysis will be based is given. A more elaborate introduction,
including a derivation of this equation, can be found in GG and Geskus
(1997).

2.1. The model. General lower bound theory for smooth functionals. Let F
be a distribution function. We are interested in estimation of some functional
K(F). However, instead of a sample X;,..., X ~ F, we are only able to
observe the sample (U, Vy, A, 1Y), ..., (U,,V,,A,, ) with A, = 1,5 _;, and

I; = 1y < x, < v,- The following model assumptions are made:

13

(M1) Let K > 0 and let S be a bounded interval c R. F' is contained in the
class

Fg = {F | support( F') C S, F absolutely continuous, sup|f(x)l < K }

Here F' is the distribution on which we want to obtain information;
however, we do not observe X; ~ F' directly.

(M2) Instead, we observe the pairs (U, V;), with distribution function H.
Now H is contained in /Z, the collection of all two-dimensional distribu-
tions on {(uz,v) | u < v}, absolutely continuous with respect to two-di-
mensional Lebesgue measure and such that (U, V;) is independent of
X.. Let h denote the density of (U, V,), with marginal densities and
distribution functions 4., H, and h,, H, for U, and V,, respectively.

(M3) If both H, and H, put zero mass on some set A, then F € % has zero
mass on A as well, so F' << H; + H,. This means that F' does not have
mass on sets in which no observations can occur.

Typically, under (M1), F has support [0, M], and H has its mass on the
triangle {(z,v) | 0 < u < v < M}. From now on we will restrict attention to
this typical situation. More general choices of the support and the situation
with H, + H, having larger support than F have been treated in Geskus
(1997), but are similar in essence. Without condition (M3), the functionals in
which we are interested are not well defined. Moreover, if F' has probability
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mass on a region in which no observations can occur, one cannot estimate the
structure of F on this region consistently. In many survival studies, events do
occur outside the domain of observation, making estimation of functionals
like the mean an impossible task.

The observable random vectors (U, V;, A, T;) have density

ar,n(u,0,8,7) = h(u,0) F(u)" (F(v) = F(1))"(1 - F(v))" "
with respect to A, ® v,, where v, denotes counting measure on the set
{(0,1),(1,0),(0,0)}. The letter “M” in conditions (M1) to (M3) stands for
“model.”
With respect to the functional to be estimated we assume

(F1) K is differentiable along Hellinger differentiable paths of distributions
from .

The canonical gradient for this functional is denoted by k. What functionals
satisfy this pathwise differentiability requirement? An important class of
functionals are the functionals that are linear in F,

K(F) = [e(x) dF(x).

All moment functionals F — [x* dF(x) belong to this class. Estimation of the
distribution function at a fixed point concerns a linear functional as well: for
K(F) = F(¢,) we have c(x) = 1, , (x). In Bickel, Klaassen, Ritov and Well-
ner (1993), Proposition A.5.2, it is shown that linear functionals on %, with

sup Epc(X)? < o
Fegg

are pathwise differentiable at any F € %5, with canonical gradient

Kp(x) =c(x) — fc(x) dF(x).

So if we were able to observe the X,’s directly, we would obtain the informa-
tion lower bound

le(X) — Ep(e(X))I3.
For nonlinear functionals, there is no general method that immediately
establishes pathwise differentiability and supplies the formula for the canoni-

cal gradient. An example of a nonlinear functional to which our theory can be
applied is

K(F) = [Fz(x)w(x) dx.

If the function w is bounded, a slight extension of the proof in Bickel,
Klaassen, Ritov and Wellner (1993), as given in Geskus (1997), shows that
this functional has canonical gradient

Rp(x) = QLIYxF(S)w(s) ds — KOLZZF(S)ZH(S) ds dF( x).
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In order to show that the NPMLE K(FA’,L) asymptotically attains the lower
bound, we have to make the following extra assumption:

(F2) K(G) — K(F) =ff<F(x)d(G—F)(x) +o(lIG - FI}),

for all distribution functions G with support contained in [0, M ], with A
denoting Lebesgue measure on R. For linear functionals (F2) holds without
the @-term. However, the functional

K(F) = sz(x)w(x) dx

also satisfies (F2).

In the interval censoring model we do not observe X ~ F' directly, and the
estimated K(F) is only implicitly defined as a functional O(Qp ;) on the
class of probability measures on the observation space, with H acting as a
nuisance parameter. What about differentiability and information lower
bounds in this model? The score operator L,, relating the censoring model to
the unattainable model without censoring is, in our situation,

[Lia]l(u,v,8,y) =E[a(X) I U=u,V=0v,A=8§,T=y]
é[yadF
(2.1) - F(u)
yiladF  (1- 8- y)/¥adF
+ +
F(v) — F(u) 1-F(v)
This operator may be defined on L,(F), with range in Ly(Qp ;). However,

since it relates scores, our main interest lies in the domain LO(F) Then its
range is contained in LO(Q 7. 1) The adjoint of L; on LY(Q ;) can be written
as [Libl(x) = E[b(U,V, A, NIX= x] and we get

a.e| Qr, ]

[Lib](x) = Lﬂix/;:ub(u,v,l,O)h(u,v) dvdu

(2.2) +/x fM b(u,v,0,1)h(u,v) dvdu

u=0"v=x
+ " [ b(u,0,0,0)h(u,v) dvdu ae{F].
u=0"v=u

Now we have pathwise differentiability of ®(Qy ;) if and only if
kp € Z(LY)
and if this holds, then the canonical gradient is the unique element GF g in
#(L,)c LS 2(@p ) satisfying
(2.3) L5y ;= Rp.

[See van der Vaart (1991).]
Many functionals that are pathwise differentiable in the model without
censoring lose this property in the interval censoring model. Due to the



ESTIMATION OF SMOOTH FUNCTIONALS 633

smoothness of the adjoint operator, any functional K with a canonical
gradient that is not a.e. equal to a continuous function cannot be obtained
under LY. So not all linear functionals remain pathwise differentiable. For
example, K(F) = F(¢,), with canonical gradient 1, , () — F(¢,), is discontin-
uous at t,, and therefore does not belong to the range of L. This corresponds
with F(¢,) not being estimable at yVn -rate. However, functionals with a
canonical gradient that is sufficiently smooth will be shown to remain differ-
entiable under censoring. Hence for these functionals the information lower
bound theory holds.

If the canonical gradients 6 = HF g and kj satisfy some extra conditions,
the information lower bound ||0||QF , has an alternative formulation.

THEOREM 2.1. Let 6 be contained in (L), say 6 = La, for some a, €
L(F). Assume that the function x — kp(x) is differentiable with bounded
derivative. Then we have

1613, , = (ao, &e)r
—f x)po(x) dx
with ¢o(x) = [Yay(t) dF(2).

For the proof, see Theorem 3.3 in Geskus and Groeneboom (1995).
This theorem holds more generally. However, in the interval censoring
model, both case 1 and case 2, we have the extra property that the function,

(x) = [Ma(t) dF(t) with a € LY(F) as defined,

also appears explicitly in the score operator L,. Therefore it will play an
important role. It will be called the integrated score function. From its
definition we know that ¢ satisfies ¢(0) = ¢(M) = 0 and that ¢ is continu-
ous for F € 7.

In Section 2.2 we will pay attention to the structure of the lower bound.
Section 3 will be devoted to showing that the NPMLE 0, of O(Q ) satisfies

(8, = 0(Qr,11)) »o N(0. 1l ,).

2.2. Lower bounds for interval censoring case 2. We restrict ourselves to
the case 0 € #(L,). So the case 0 € #(L;) \#(L,) will not be considered.
Solvability of the equation

(2.4) kp(x) = [LiLia]l(x) a.e-F

in the variable a € LY(F) will be investigated. The support of F may consist
of a finite number of disjoint intervals. However, (2.4) is not defined on
intervals where F' does not put mass, and these intervals do not play any
further role. So without loss of generality, we may assume the support of F' to
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consist of one interval [0, M]. By the structure of the score operator L, this
can be reformulated as an equation in ¢. If we suppose (2.4) to hold for all
x € [0, M], taking derivatives on both sides yields the following integral
equation:

v d(x) - o(0)
2.5 x) +dp(x ——F h(t,x) dt
(25) b(x) + di )[/,5=0F(x) Y TALUL)

- F(t) ~ F(x)
with dp(x) being the function

h(x,t)dt| =k(x)dp(x),

o F(x)[1 - F(x)]
H() = O - F(0)] + ha(0)F(2)

writing k(x) instead of kp(x). Although 2 may depend on F, we do not
explicitly express this dependence. This is done, since in proving asymptotic
efficiency of the NPMLE we have to consider (2.5) for convex combinations
F =1 - a)F, + aF,, where F; € %5 (the unknown distribution) is continu-
ous and F, (the NPMLE of F,) is purely discrete. Solvability and structure of
the solution to (2.5) will be investigated for such combinations, with & still
determined by the underlying distribution F, (so k = R}O). Apart from the
model conditions (M1) to (M3), some extra conditions will have to be intro-
duced in order to make the proofs in this section possible. For the distribu-
tions we assume

(D1) A(x) + hy(x) > 0 for all x € [0, M].

(D2) The function A(u,v) is continuous. The partial derivatives Al(x) =
(9/dx)h(x,t) and A%(x) = (d/dx)h(t, x) exist, except for at most a
finite number of points x, where left and right derivatives with respect
to x do exist for each ¢. The derivatives are bounded, uniformly in ¢ and
x.

(D3) F is a nondegenerate distribution function with at most finitely many
points of jump x, € (0, M). Let D = {x, =0, x4,..., %, %,,,; = M} de-
note the ordered set of jump points of F', augmented with the endpoints
of the interval [0, M]. We assume that F is differentiable between
jumps, except for at most a finite number of points, where left and right
derivatives exist. Everywhere outside D, the derivative is bounded and
greater than or equal to ¢ for some ¢ > 0 (so we assume f,(x) > ¢ for
all x € [0, M]). The set of points of jump may be empty. Note that if F
has jumps, we assume that F' has derivative greater than or equal to ¢
also on the (nonempty) intervals (0, x;) and (x,,, M) (where we allow
x, = x,,, though).

For the functional we should have

(F3) k is differentiable, except for at most a finite number of points x, where
left and right derivatives exist. The derivative is bounded, uniformly
in x.
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Note that the letter “D” in conditions (D1) to (D3) stands for “distribution”
and the letter “F” in (F1) to (F3) is for “functional.”

Of course, (D2) implies continuity of A4, and h,: (D1) is the equivalent of
g > 0in case 1 and is needed. It implies that d; is bounded. In case 1, the
function ¢ has an explicit representation of the form

_ F[1-F]
$(x) —k—g ,

whereas in case 2, ¢ can only be expressed implicitly as a solution to (2.5). If
(2.5) is solvable, its solution ¢ can be shown to contain a factor F(1 — F), just
as in case 1. The structure of d already suggests this factor to be present.
Validity of the factorization is shown by inserting

¢=F(1-F)¢

in (2.5). Some reordering yields an integral equation in &, which will be
shown to be solvable. This &-equation has the following form:

26) €0+ e[ 2 e ()

o e

_F(t) _F(x)h°(x,t) dt} =k(x)cp(x),

with cz(x) given by

erl(x) = ftio[l—F(t)]h(t,x)dtJr ftlfo(t)h(x,t)dt

(2.7)

= hy(x)E{1 = F(U) |V =x} + hy(x)E{F(V) | U=x)
and
2.8) h*(t,x) = F(t)[1 — F(t)]h(t, x) ift<x,

Re(x,t) = F(t)[1 = F(t)|h(x,t) if x <t.

This equation is similar in structure to the ¢-equation. So the lemmas and
theorems in the remainder of this section apply to both the ¢-equation (2.5)
and the &equation (2.6). Most of the proofs will only be given for the
¢-equation.

Unlike the situation treated in GG, we now assume that the observation
density does have mass along the diagonal. This has the consequence that the
integral equation may no longer be a Fredholm integral equation. However,
we first consider a “desingularized” integral equation, to which the theory on
Fredholm integral equations of the second kind can be applied [Kress (1989)].

If F has jumps, the solution of the integral equation will in general also
have jumps. However, the key observation in analyzing the integral equation
and in proving the efficiency of the NPMLE is that, even when F has
discontinuities, we can make a change of scale in such a way that the solution
of the integral equation can be extended to a Lipschitz function in the
transformed scale.
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We first introduce some notation. Let G(¢) = F~1(¢), t €[0,1], with a
derivative g which exists except for at most a finite number of points, where,
however, G has left and right derivatives. Furthermore, let k(¢) = k(G(2)),
H(t,u) = H(G(t), G(n)) and likewise A(t,u) = h(G(t), G(v)), and let d, be
defined by

t(1—-1¢)

(29 (D) = T 0m) + Fin®)

where A, = h; oG, i = 1,2. Note that, if F has jumps, d; # dj ° G. Also note
that %, d and h are continuous. In a similar way, we define

ep(t) ! = fot(1 — $)R(s,t) dG(s) + ]t sh(t,s)dG(s)

and
hE(t,u) =t(1 —t)h(t,u) ift<u,
R(u,t) =t(1—t)h(u,t), ifu<t.

We have the following lemma.

(2.10)

LEmmA 2.1. (i) The integral equation

B.(1) = de(t) R (2) - /tM%ude(t')

—t')YVe
(2.11) (u) - ( )
16, (u ¢
has a unique continuous solution ¢,, satisfying
(2.12) inf dp(x)k(x) < ¢,(t) < sup dp(x)k(x),
xe[0, M] x<[0, M]

for all t €[0,1] and & > 0. _
For points t in the range of F, say t = F(x), we have ¢, (t) = ¢ (x).
(ii) The integral equation

E(1) = ()| F(t) - ftM

e E(E D dG()

(2.13)

+f1—§8(u) — 5Oz, w) dG(w)

(u -1 ) Ve
has a unique continuous solution £,, satisfying

(2.14) 1[nf cr(x)k(x) < &(t) < sup cp(x)k(x),

xe[0,M]

for all t €[0,1] and & > 0. _
For points t in the range of F, say t = F(x), we have £(t) = £(x).
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Proor. (i) By the Fredholm theory, as used, for example, in Geskus and
Groeneboom [(1996), Theorem 5, page 82], the ¢ -equation (2.11) can be
shown to have a unique continuous solution, for each £ > 0. Note that the
integration in (2.11) is only with respect to dG(¢') and dG(u) and therefore
only involves values belonging to the range of F. So for points ¢ in the range
of F we have

b.(t) = ¢,(G(1)).

Let m = arg min[ q_ﬁs] and s = arg max[ &8]. We have

b.(s) <dp(s)k(s) < sup dp(x)k(x),

xe[0,M]

since ¢,(s) — ¢,(t) > 0, t € [0, 1], and similarly

3.(m) = dp(m)k(m) = inf dy(x)k(x),

>

since 58(771) - $€(t) < 0, t €[0, 1]. Hence we have (2.12).
(i) The argument is completely similar to the argument given for (i). O

The following lemma is the crux of the proof of the existence of the solution
to the original integral equation.

LEMMA 2.2. The functions ¢, are Lipschitz on [0, 1], uniformly in & > 0.

ProoF. We will use similar notation to that in Lemma 2.1. Let x,..., x,,
be the points of jump of F and let x, =0, «x,,, = M. Furthermore, let
7, =F(x;), i=0,...,m+ 1. For i =0,...,m, the interval [7,, 7;,,,] can be

divided into two parts.

(1) The interval [7;, 7!), where 7/ = F(x;,;—). The interval [7,, 7/) corre-

sponds to the interval [x;, x,. ;) in the original scale. The function G is
strictly increasing and differentiable on the interval (r;, 7/), and is right and
left differentiable at 7, and 7/, respectively.

(ii) The interval [7/, 7,, ;]. This interval corresponds to the jump of F at
x;, 1. Here the function G is constant, again having right and left derivatives

at the respective endpoints.

If i = m, the second interval only consists of the point 1. Let
D ={rg,...,7, 1} U{Ty,..., 7.}

U {discontinuity points of &'(t), dw(t),

J _ 0 _
AL.(t) = 8_th(t’ t') for t <¢',and A%(¢) = &—th(u,t) for ¢ > u}
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Then ¢,(¢) is differentiable for ¢ ¢ D', and has left and right derivatives for
t € D'. Using

(1) _If%mtgt)w(t’) +ftl% (¢, u) dG(u)
6.(1) . 7 -
- T ~EOlO -0k + Euo)],

and using left or right derivatives when ¢ € D’, we have
Bi(t) = dp() E(1)[(1 = 1) hy(2) + thy(1)]
ft¢> (1) — ¢,(¢) @

v (1) dG(1)

+dF(t){k (t) -
+f1 ¢a(u) d’( )

(u—-t)Vve

2.15 Y p — ('
(2.15) —JF@:){/,,, {¢g(t)_¢g<t> @(t)}dﬁ(t,’t)

t—t' (t —t)?

e {@(t) ~ “’e(”)“”;(”}dﬁ(t,u)}

u-—t (u—1t)

At u) dG(u)}

—JF(t)E;(t)g-l{[ttaﬁ(t',t)g(t')dt' + /tt”ﬁ(t,u)g(u) du}.

Note that (d/c at)H(t, u) = h(t,u)g(t) and similarly for the other partial
derivative of H. Moving the terms containing ¢/ to the left-hand side of (2.15)
shows that ¢/(¢) has a finite upper bound, using Lemma 2.1. Moreover, ¢, is
piecewise continuous on the closed intervals from one point in D’ to the
subsequent one. So ¢’ attains a maximum value, which may be a right or left
derivative. The rest of the proof is devoted to showing that this maximum
value is uniform in e.

Let M, = sup, <o 1 ¢.(t) and suppose that ¢! attains its supremum at a
point s. Note that M, > 0, since ¢,(0) = ¢,(1) =0 and ¢, is continuous.
Then, if 0 <t <s — &,

B(s) _ Bls) - B0 {F) ~ B(w)du

T = 5 > 0.
s—t (s—1) (s—1)

Likewise, if 1 > ¢ > s + £, we get

¢i(s)  b(t) — &, (s)

t—s (t—s)
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So these parts work in the opposite direction, and are harmless in (2.15). Now
let K, (¢) be defined by

K (t) = dp(t)R'(¢) + dp(t)E(t)[(1 — t)hy(t) + thy(2)]
— dp(t ){ftw—h(t t) dG(t")

v

f1¢(u) b.(t) 9

(u—t)Ve

—R(t,u) dG(u)}
and let C,(¢) be defined by

C.(t) =1+ JF(t)s_l{ft h(t' t)g(t)) dt’
(2.16) e
-I—ftHaTz(t,u)g(u)du}, te[0,1].

Then we have

(2.17) #(s)C.(s) < K,(s),

implying

(2.18) M, < sup K.(t)/C.(t).
te[0,1]

In a similar way, if m, = inf, ., ,,$.(¢), we get
(2.19) m,> inf K (t)/C.(t).

e =

tel0,1]
Let the function A be defined by

a0 = a0 [

Jd_ t+8] 0=
—h(t',t)|dG(t) + —h(t
at(»\ (t) /t\m(,w

dG(u)},
t[0,1].
Fix 8 > 0 such that, for all ¢ € [0, 1],
(2.20) A5(1)/C,(t) < 4.
Note that 6 > 0 can be chosen independently of ¢ > 0, since
11?508(,:) =1+ 2d(t)h(t,t)g(t), t<(0,1).

Then we get from (2.20), for each ¢ € [0, 1], by applying the mean value
theorem on the ratios {q,') () — ¢, (t’)}/(t —t) and {¢ (w) — &, (D} /(u — ¢),

+ftt+5 %—h(t u) dG(u)}/Cg(t)

<A (t)max{M,,Im|}/C.(¢t) < 3 max{M,,|m,|}.
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Defining B;(¢) by
By(t) = dp(t)[R'(£)] + |dp()I [(1 = £)Ry(t) + thy(t)] sup {ep(¢)E(¢)])

t'<[0,1]

2d5(t) _ -
+ L sup {dp(t")Ik(¢")]}
5 t'[0,1]
s [Zhn o]+ s | Zacn|)
X< sup |—h(t',t sup |—nh(t,u)|;,
t'€[0,t] Jt uelt,1] Jt

we get, for ¢ € [0, 1],
dp()R () + 1dw(t) E(O[ (1 = £)hy(t) + thy(t)]

+dp(t ){ft 5|¢(t)t|f|¢(t)l —h(t, t)‘dG(t)

1 o (D) + 1o (w)l] a—
o PO S wfaoco)
(221)  <dp()[R'(t) +1dp(t) E(E)I[(1 — ) Ry(2) + thy(2)]
2d,(t) _
+ 5 sup | (t")]
t'e[0,1]

e t)‘dG(t’) + [ ‘iﬁ(t )| dG( )}
at ’ pval ot Y “

><{f0t_3

< By(t) <c,

for some constant ¢, independent of £ and ¢. Hence, for each ¢ € [0, 1],

6L()] < A;(2) /C.(t) + Bs(2) /C,(t) < gmax{M,,|m,]} + B;(¢) /C,(1),
implying
(2.22) smax{M,,|Im,} < sup B;(t)/C.(¢t) < sup c¢/C,(t) <c/,
te0,1] te[0,1]
for some constant ¢’ independent of &. _
Hence ¢.(¢) is bounded on [0, 1], uniformly in ¢ and ¢, implying that ¢, is
Lipschitz, uniformly in ¢ > 0. O

We now have the following theorem.

THEOREM 2.2. Let G(t) = F~1(¢), t € [0,1], with a derivative g which
exists except for at most a finite number of points, where G has left and
right derivatives. Furthermore, let k() = k(G()), H(t,u) = H(G(),G(w)),
h(t,u) = h(G(t), G(w)), and let d be defined by

Z ~ t(1—1)
(2.23) r(t) = (1= t)hy(t) + thy(t)’
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where h; = h; oG, i = 1,2. Then
(i) The integral equation

qs(t)—dF(t){k(t) ft%dﬁ(tzt)
(2.24)
/1¢(ui:f( )dI-_I(t,u) . te[o,1],

has a unique solution which is Lipschitz on [0, 1].
(i) The Lipschitz norm in (i) has the following upper bound. Let C(t) be
defined by

(2.25) C(t) =1+ 2dp(t)g(t)h(t,t).
Moreover, let As(¢) and Bs(¢) be defined by

a0 =a:o ][

t+ o
f
t

Jd _
A, t)‘dG(t')
(2.26) ;
—h(tu)

dG(u)},
and
B;(t) = dp(t)k'(2)l
+1dp()I[(1 = t)Ry(t) + thy(t)] sup {cp(¢)IR(2)])

t'€[0,1]
2.27 2dp(t) N
(2.27) + 2 sup {de(e)IR(t))
t'€[0,1]
J _
X{ sup sup —h(t,u)}
t'e[0,1] welt, 1119t

At the points in
D' = {discontinuity points of g(t), augmented with 0 and 1}

{dzscontmuzty points of k'(t), dw(t),

0 _ J_
AL.(t) = Eh(t’t,) fort <t',and A%(t) = Eh(u,t) fort > u},

A, and B; have two versions, one corresponding to taking left derivatives and
one corresponding to taking right derivatives.
Then there exists a 6 > 0 such that

sup As(t)/C(t) <1/2

tel0,1]
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and we have

(2.28) lp(u) — () <c(u—t), O0<t<u<l,
where c is given by
(2.29) c=2 sup B;(t)/C(t).

te[0,1]

(ii1) The integral equation (2.5) has a unique solution ¢.

Proor. (i) By the preceding two lemmas, the set {¢,.: & < &,} (for some
gy > 0) is bounded and equicontinuous. Hence, by the Arzela—Ascoli theorem,
each sequence ¢, , ¢, 10, has a subsequence (¢, ), converging in the supre-
mum metric to a continuous function ¢ on [0, 1]. By Lebesgue’s dominated
convergence theorem we get, for such a subsequence (¢, ),

¢(x) = lim ¢, (x)

0 x —1

(2.30) = Jp(x){%(x) - (t,x) dG(t)

+11w71(x,t) dG(t) .

x

Uniqueness of the solution follows in the same way as in Lemma 2.1.
(i) It was shown in (2.22) in the proof of Lemma 2.2 that

sup |¢.(t)l <2 sup B;(t)/C.(1),
telo,1] tel0,1]

where C, is defined by (2.16). But since
HmC,(t) =1+ 2dz(¢)h(t,t)g(t),
el0

for ¢t € [0, 1], (2.28) now follows.

(iii)) We define ¢ by ¢(x) = ¢(F(x)). If ¢t = F(x), we get, by a change of
variables,

$(x) = 6(1)
- JF(t){Te(t) - /Ot—‘b(ti — jf(t') dH(t',t)
+/1—¢(ui:j’(t) dﬁ(t,u)}

xp(x) — d(x")

_ dF(x>{k(x) -, Foo )
mMd(y) — d(x)

) F ) “Fn)

dH(x', x)

dH(x,y)},
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and hence ¢ satisfies the original integral equation. Uniqueness of ¢ follows
from uniqueness of ¢ (since a solution ¢ conversely defines a solution ¢ on
the inverse scale). O

REMARK. The same arguments can be applied to prove existence of a
solution to the éequation. Hence ¢ can be written as

¢=F(1-F)E¢.

Solvability of kr = L% L,a can now immediately be seen.
COROLLARY 2.1. The equation kr = L% L,a is solvable.

PrOOF. By the Lipschitz property of ¢ we have, for any 0 <x <y < M,
6(y) — () _ 1S(F(y)) = &(F(x))] -
F(y) — F(x) F(y) — F(x) o

for some constant K. Thus the Radon—Nikodym derivative d¢/dF is a.e.{ F]
bounded by K. O

For the canonical gradient we get, if ¢ < u,
O0p(t,u,d,v) =[Lal(t,u,sd,vy)
b(t) ¢>(u) — (1)
(2.31) F(t) F(u) - F(t)
d(u)
1-F(u)’

t(1-6-7)

3. Asymptotic efficiency of the NPMLE. In this section we will denote
the unknown distribution function of the unobservable random variables X;
by F,. As in Section 2, we will assume that F, is continuous. Let F be the
NPMLE of FO, based on the sample of observatlons (U, Vi, Ay, F ), .
w,,v,, I' ). It is obtained by maximizing the likelihood

(3.1) l_[F(U) (F(V;) = F(U))"(1 = F(V)))"~ Ui, Vi)

over the class of piecewise constant right-continuous (sub-)distribution func-
tions on [0, M ], having jumps only at a subset of the points U, and V,
i =1,...,n. The properties of the function thus obtained are discussed in
Groeneboom and Wellner (1992) and GG.

A rather important property of the NPMLE is that it does not depend on
[TA(U,, V), so we do not have to perform any preliminary density estimation
or bandwidth choice. The fact that we do not have to solve a bandwidth
problem is one of the great advantages of the nonparametric maximum
likelihood approach in the present problem.

By the restriction that F only has mass at the observation times, also
made in Groeneboom and Wellner (1992), we get a piecewise constant func-
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tion. Let x, = 0, x,,,; = M and let x; < -+ <x,, be the points of jump of F
in the interval (0, M). Then F, satisfies the following properties.

PROPOSITION 3.1,  Any function o that is constant on the same intervals
J, =1[x,_1, x;) as F, satisfies

8 Y
/tEJia(t){an  F(w) —ﬁnu)}dQn”’”’ﬁ,v)

Y o 1-d-y
ﬁn(u) _ﬁn(t) l_ﬁn(u)

+ a(u){ }dQn(t,u,S,y) =0

ued;

fori=2,...,m.

PrOOF. See Groeneboom and Wellner [(1992), part 11, Proposition 1.3] and
Geskus and Groeneboom [(1997), Corollary 1, page 207].

PROPOSITION 3.2.

Prob{ lim ||F, — Fyl. = o} -1

For the proof, see Groeneboom and Wellner [(1992), part II, Sections 4.1
(case 1) and 4.3 (case 2)].

PROPOSITION 3.3.

|F, — Follg, = é’p(nfl/?’(log n)1/6) asn — o, fori =1,2.

ProoF. See Geskus and Groeneboom [(1997), Corollary 2, page 209] and
van de Geer [(1996), Example 3.2].
The following result is needed in the proof of Lemma 3.1.

PROPOSITION 3.4.
lim Pr{ﬁ'n is defective} = 0.

-
See Geskus and Groeneboom [(1997), Proposition 1, page 206]. Although
the conditions on H are different there, the proof is the same, since the
difference in conditions has no bearing on this particular property.
In addition to the smoothness conditions (D1) to (D3), given in Section 2,
we assume

(D4) h(t,t) = lim h(t,u) >¢ >0,
ult

for all ¢ € (0, M) and some ¢ > 0. ;

As in GG, our definition of the canonical gradient 0 will be extended to
piecewise constant distribution functions F with finitely many discontinu-
ities, based on the solution ¢ of a discrete version of the integral equation
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(2.5). (In order to stress dependence on F, we will write ¢ instead of ¢.)
However, since F(v) — F(u) no longer remains bounded away from zero on
the region where H puts mass, we have to use an approach different from the
one in GG. On one hand, the quotient,

dp(v) — dp(u)
F(v) —F(u) ’

for u and v in the same interval of constancy of F, can only be defined
correctly if ¢, is constant on the same interval. On the other hand, dy, £ and
Kp, in general are not constant on these intervals, making a completely
discrete version of the integral equation impossible. Therefore, instead of one
function ¢, we now need a pair of functions (¢, ), satisfying

dp(x) = dp(x){k(x) et W)t ) e
(3.2)

M, ) h(x, t) dt},
where rp(¢, u) is defined by
dp(u) — dp(2)
F(u) - F(¢) ’

Yp(u) — ¢p(t)
Fo(u) — Fy(2) ’

if F(t) < F(u),
(3.3) re(t,u) =
if F(t) =F(u),t <u,

where ¢ is constant on the same intervals as F.

Since ¢, is constant, the only real integral part is the yp-part; the
remaining part of the integral can be written as a summation. The key to the
proof of the existence of a solution pair (¢, ) and also to the other proofs in
this section are a representation of the equation for ¢, on an inverse scale
and the construction of a continuous extension of the equation for ¢, on this
inverse scale (similar techniques were used in Section 2). Using a similar
notation to Section 2, we denote by G the inverse of F, where, for purely
discrete distribution functions F, we take the right-continuous version of the
inverse, defined by

G(t) =inflx € [0,M]: F(x) >t}, ¢=0.
Furthermore, we define
kp=k°G, hyy=h1°G, hyp=hy,°G and
t(1-1)
(1= t)hy p(t) + thy p(t)
and likewise H(¢,u) = H(G(¢),G(u)), 0 < ¢t <u < 1.

JF(t) =
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For part (iii) of Theorem 3.1, we will also need the following notation:

(3.4) ai(g) = [ gty dt

X

fxi“f ]Hh(u v) dvdu

u=x;"v=x;

(3.5) A;i(h)

(3.6) d; = o
: COA(R) (1 = 2) + A(Ry)z;

The following theorem shows the existence of the solution pair. Moreover,
it gives a uniform Lipschitz condition for the functions ¢ and ¢, which will
be a crucial tool in showing the Donsker property for 6.

THEOREM 3.1. Let the following conditions on F,, H and kp, be satisfied:
(M1) zo (M3); (DD to (D4); (F1) to (F3). Furthermore, let 7, y, be the set of
discrete nondefective distribution functions on [0, M] with ﬁmtely many
points of jump, contained in (0, M). Then there exists an & > 0 such that, for
F € .7, where ¥ is defined by {F € F 3y: sup, (o, 3| F(x) — Fo(x)| < &},

() There exists a unique Lipschitz function ¢g: [0,1] - R such that, for
t €[0,1]\ D,

$F(t) - $F(t,)
€[0,¢t) t—1t

Fe(t) = dp(t)\Bi(t) = [ dH(t',t)

(3.7)

+/- ¢r(u) — ép(t) dﬁ(t,u) ’
ue(t, 1] u-—t

where D is the (finite) set of discontinuities of the right-continuous inverse
G =F' in (0,1), augmented with 0 and 1. The function ¢, is Lipschitz,
uniformly for F € .

(ii) There exists a pair (¢g, ¥p), solving the integral equation (3.2), where
¢ is absolutely continuous with respect to F and the function yy is Lipschitz
on each interval between jumps of F, uniformly for F € #, with a Lipschitz
norm not depending on the interval.

(iii) Let z; = F(x,) and y; = ¢dp(x;), i = 1,..., m. Then, using the defini-
tions (3.4) to (3.6), we have that the vector y = (y4,...,y,,) is the unique
solution of the set of linear equations,

- Aj;i(h) A;(R)
R e
(3.8) j<i®i TRj j>i % T %
' A (h
=A(k)+ X 4:(h) ) i ”Ez)yj, i=1,...,m.

j<i®i T %) j>i < i
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Theorem 3.1 will be proved by approximating the purely discrete distribu-
tion function F by the function F, = (1 — a)F, + aF and by studying the
behavior of the corresponding funct10n ¢p, as a 1. The rather technical
proof is given in the Appendix. By Theorem 3. 1, the definition of the function
0r can be extended to piecewise constant distribution functions F €. by
defining

S¢dp(2) (1=8-17)dp(u)
0 DAL N R PR S

(39) ép(t,u,ﬁ,'y) = —

where ¢, and iy solve (3.2), and where ¢p(¢)/F(¢) and ¢p(w)/[1 — F(u)]
are defined to be zero if F(¢) = 0 or if 1 — F(u) = 0, respectively. Note that
07 no longer has an interpretation as canonical gradient.

In the sequel we will write @y instead of @ ;. We are now ready to
formulate our main result.

THEOREM 3.2. Let the conditions of Theorem 3.1 be satisfied. Then
(3.10) Vi (K(E,) - K(Fy)) 5 N(0,105,12,) asn — .
ProOOF. Note that it is sufficient to show the following:
(811)  Vn(K(E,) - K(Fy)) = Vn [65, d( Qr,) + 0,(1).
Moreover, using the uniform consistency of F (see Proposition 3.2), we may

assume that F € .7, for all large n, where . is defined as in Theorem 3.1.
The proof consists of the following steps.

(1) By conditions (D1) and (F2), and Proposition 3.3 we have
Vn(K(F,) = K(Fy)) = Vn [&p, d(E, = Fy) + 0,(1).
(i) In Lemma 3.1 the following will be shown:

/RFO d(F - F)) = _féF dQFO,

if Feg.
(iii) Unlike the situation in GG, ¢ is constant on the same intervals
as F Since y = 0, if ¥ () = F (1), Proposition 3.1 can be used to obtain

/ 65 dQ, =0
yielding
_\/;féF,, dQF ‘/—/OF Q QFO)
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(iv) This is further split into
Vn [05, d(Q, — Qp,) = V1 [0, d(Q, — Qs,)
+Vn [( 6z, = br,)d(Q. — Qr,)-

The last term will be shown to be op(l) (Theorem 3.3). O

LEMMA 3.1. Let F be defined as in Theorem 3.1. Then we have under the
conditions of Theorem 3.1, for all F € 7,

[&FO d(F - F,) = —féF dQp,-

ProoF. Let, for any distribution function F, Ly: L,(F) — L,(®5) denote
the conditional expectation operator

8/tadF v/la dF

F(u) @ F(v) - F(u)

(1- 8- v)[MadF
1-F(v)

[Lra](u,v,8,v) =

ae-[Qr],

with adjoint L*, given by the conditional expectation
[L*b](x) =E[b(U,V,A,T) | X =x] a.e-F.

Since the adjoint is an expectation, conditionally on the value of the random
variable X ~ F, its structure does not depend on F'; F' only determines where
it has to be defined (the a.e.-F' part). Still a € L} (F) implies Ly(a) € LYQp).
The ratios occurring in OF, F 7, are bounded since, by Theorem 3.1,
¢p and Y are Lipschitz functions, if F' € 7. Hence BF € Ly(Qp), for F € 7.
Let 1 € L,(F) denote the constant function 1(x) = 1, x € R. Under Ly this
transforms into the constant function 1°(¢,u, 5,y) = 1 on Ly(Qp). Now we
have

/éF dQFO = <éF’ 1O>QFO
= <éF’ LF0(1)>QFO
= (L*(bz), Lr,

= [L*(05) dF,

If we can prove

L¥(0p) = &g, — [Rp, dF a.e-Fy,
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we are done. This is shown as follows: recall that the integral equation
was obtained by taking derivatives on both sides of the equation kp(x) =
[L*6p (%) for all x € [0, M]. Now we will go the other way, integrate, but
replace 05 by 0, obtaining

[ L6, (x) = [#g,](x) + C forall x € [0, M].

For the constant C we have, using that F' is nondefective,

C=deF

= [L*(05) dF — [&y, dF.

It is easily shown that 6, is contained in L}(Qj). [However, it is not
contained in (L), because of the part i of the solution pair (¢p, r).]
Now we have

(LH(fip), Dr = (B, Le(1)e,

= <6F7 1O>QF
=0. O

The hard part of the proof of Theorem 3.2 is to show that

(3.12) Vi [(8s, = 0r,)d(Q, — @r,) = 0,(1).

We will prove the Donsker property for the “middle part” yry of éF and only
indicate the very similar (simpler) proofs for the two other parts of 6, at the
end of the proof of Theorem 3.3. Since the proof is rather involved, we first
sketch the general ideas.

We start by defining a neighborhood, shrinking with n, such that the
probability that F, belongs to %, tends to 1, as n — . Let, for F € &,

qp(t,u,8,y) = 8F(t) + v{F(u) — F()}

(3.13)
+(1-vy-8){1-F(u)}
and
ap(t u, 8,7) = 8Fo(t) + y{Fo(u) — Fo(¢)}
(3.14)

+(1 - 68— y){1 - Fy(uw)}
It is proved in van de Geer (1996), that
(3.15) h*(qp ,qr,) = ﬁp(n_Z/S(log n)l/S),

where h(qp, qFO) is the Hellinger distance between the densities g5 and qr,
w.r.t. the product of the measure induced by H and counting measure on
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{0, 132\ {(1, 1)}. The result (3.15) has already been used above, since Proposi-
tion 3.3 is based on it. Now, if .7, is the set of distribution functions F € 7,
satisfying

(3.16) h*(qr,qp,) <n */*logn,
we have
Pr{F' e,/f}—>1 as n — o,
In fact, the upper bound n~2/% log n, defining the class .7,, could be replaced
by
c,n"%3(log n)"?,

where we only need ¢, — », as n — o, but we are a little bit wasteful with
our powers of log n in an attempt to avoid an accumulation of constants in
the upper bounds.

We need to study properties of the empirical integrals

Qu(6r — ) and Q,(d — d5),

for F,G € #,. The denominators in 5F0, 0, and 6, can be arbitrarily close to
zero. If F € 7, then F(u) — F(¢) will be zero on a region of positive Lebesgue
measure, in which case we get for the “middle part” yr, of 0:

yre(t,u) = Y{IIfF(u) - d’F(t)}/{(FO(u) - Fo(t)}'

We will face these difficulties by considering three regions of integration:

(3.17) C, (F) = {w: qp(w) > ngp(w), qr(w) >n 3},
(3.18) D, (F) = {w: qp(w) < ngp(w))}

and

(3.19) C,(Fy) = {w: qp(w) <n 173},

for some 1 € (0, 1), where the elements w of the sets, defined above, are of
the form w = (¢, u, 8, y). On the region C, ,(F), 6, has a behavior which is
comparable to the behav1or of 0p; on the other regions we just use the
uniform boundedness of OF and the fact that the integrals over these regions
become sufficiently small.

For the entropy calculations we shall use ratios ry, 3, of the form

ak(Gk(u’)) - $k(Fk(t))
G (u) — Fi(2) ’

where F), and G, are distribution functions such that F, < F < G, [(F},G})
is a “bracket” for F] and where (bk is a Lipschitz function approximating ¢.
In this way, the good behavior of the ratios rp on the region C, (F) is
preserved on the same region by the approximating ratio ry, ¢, 3, Next we
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will apply the chaining lemma, using a chain with a kind of “funnel”
structure, preserving this good behavior on the region C, ,(F). Note that the
approximating ratios are outside the original class of ratios ry.

In dealing with the region D,(F), defined by (3.18), we will need the
functions

9r — 4F,
(3.20) gr=———>
qr + qp,

for which Lemma A.1 in van de Geer (1996) holds. This lemma, specialized to
our situation, is given below for easy reference.

LemMmA 3.2. Let, for F € #,, S,(F) and Z, be defined by
1/2

Sn(F) = {f gI% dQn} and gn = {gFl{qp0> o'n): F EZL}’

qF(,>gn

where (we take) g, = n~'/3. Let (p,),. be a nondecreasing sequence of real
numbers greater than or equal to 1. Then, given 0 < v < 2 and 0 < C < o,
there exists an 0 < L < «© depending on v and C, such that for

T, >n YV@Tpr/@tY) forall n,

we have

lim sup Pr

n— o

> 8 for some F € &,

S,(F)
{h(QF>qFO) Vv (Lt,)

< limsup4 Pr{ sup
5>0

5 14
—) H(b‘,?n,Qn)>C},
Pn

n— o

where H(S, Z,,Q,) denotes the d-entropy of &, for the Ly-distance w.r.t. Q,.
We will also need the following two lemmas.
LEMMA 3.3. (i) Let the function a, be defined by

a, = 1{qpo>n’1/3)/QF2'0'
Then
(3.21) 2@, = ,(log n)

(i1) Let the function b, be defined by

b, =1

n {ap,<n~ /%
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Then
(3.22) Q,b, =@’p(n’2/3).
Proor. Both statements are simple consequences of the Markov inequal-
ity,
Pr{@,a, > clog n} < (clog n)_lQFOan

= (clog n)flf

qp,>n

QEOQ dQy, = ¢ lo(1),

—-1/3

and, likewise,

Pr{Q,b, > cn /%) <7 'n??Qy b, = c‘1n2/3f

qp,=n

dQy, = ¢ '@(1). O

-1/3

LEmMA 3.4.  Let, for n € (0, 1), the set D,(F) be defined by (3.18). Then

(3.23) sup Q,D,(F) =@,(n"?/?log n).

Feg,

Proor. We have

2
_ 9r — 4F
D (F)<(1-mn)"? 2 4,
Q.0 (F) < 1-ntf (I g
(3.24) ,
_ q9r — 4
w5
qr t+ qp,
where we use in the first step that
qr
lar — ar,| = ap, q_ -1 > (1-n)gp,;
if g5 < mgp,.
Furthermore, by Lemmas 3.2 and 3.3,
ar —qr,\”
F F
sup ——*1 dQ@, = sup grd@,
(3.25) Feg, qu0>n1/3{ qr * qr, } Feg, quﬂ>n*1/3 r

=0o,(n"?*?logn).
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Relation (8.25) follows from Lemma 3.2, by taking » = 1, 7, = n~'/3(log n)'/2
and p, = log n. The metric entropy H(35, Z,, Q,) of the class Z,, with the
L,-distance with respect to @,,, is then #,(5™'(log n)'/?) uniformly in & > 0.
This is seen by first noting that

~dqr, 29

- 1
qr t qr, 4qr T 9qp,

J

and next that, for two distribution functions F; and F,,

qr, qr,

qr, T qr, qr, t qr,

< |QF1 - qF2| .
qr,

By the results of Birman and Solomjak (1967) or Ball and Pajor (1990),
applied on classes of uniformly bounded monotone functions, the §-entropy of
the class of functions gy for the L,-distance w.r.t. the probablhty measure
Q,, defined by

o) _ -2 -2

QuBY = [ it 4, / [, o0l 490,

is #(67"), implying H($, %,,Q,) = @,(5 '(log n)'/?), using part (i) of Lem-
ma 3.3. The entropy results needed here can also be found in van der Vaart
and Wellner [(1996), Theorem 2.7.5, page 159; Theorem 2.6.9, page 142 and
Example 2.6.21, page 149] where, in fact, log N(e, 7, Lo(Q)) < K/& follows
from Theorem 2.6.9 by taking % in the latter to be the class of indicators
{1[0’”: t e R}, with V= 2.

Since, by |grl < 1 and part (ii) of Lemma 3.3,

2
q9r — 4F, _
sup [ /{—} Q, < [ ,,dQ, = 6,(n %),

Fe Jap,<n "\ dr t qp, ap,<n”

we get, in combination with (3.25),

(3.26) sup f{ qFO} dQ, =,(n"??log n).

Fegz, qr + QFO

The result now follows from (3.24) and (3.26). O

_ From now on we will concentrate on the behavior of the “middle part” of
6. Consider triples (F,, G,, ¢,), where F, and G, are distribution functions
belonging to # and $k belongs to a uniform class of Lipschitz functions on
[0, 1], with the same uniform Lipschitz norm c1ip, and upper bound as the
functions ¢, F € .7, of Theorem 3.1. For these triples we define

<l"k(Gk u)) — d’k(F( )
(3.27) Tr,.G,, ¢k(t u) = G.(u) — F,(t)

if Gy(u) > Fy(t),
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and, for pairs (¢,u) such that F,(¢) = G,(u), we define ry ¢ 35(¢t,u) = 0.
Moreover, we define the semimetric

dn((Fk?Gkaak):(FlaGl, El))
=2 max |$k(t) - az(t”
tel0,1]

9 1
{fFo(u)—Fo(t»nV3 {Fo(u) — Fy(t)}

2 1/2
Fk(t) - Fz(t)

9 1/2
G(u) — G(u)
" {'/;"O(u)Fo(t)>nl/3{ Fo(u) — Fy(t) } YdQn}

We now have the following result.

1/2
(3.28)

LEMMA 3.5. Let, for distribution functions F and G such that F < G, the
set C, (F,G) be defined by

Coo(F,G) = {(t,u): Fo(u) = Fo(t) >n"'7%,
G(u) — F(t) = n{Fy(u) — Fy(1)}}.

Then we have for all pairs of distribution functions (Fy,,G,) and (F,, G;) such
that F, < G, and F; < Gy,

(3.29)

2
Qn(rFk;Gk7$k - er,Gz,$z) ylcn,n(Fk,Gk)mCn,n(Fzsz)

= CZdn((Fleka ak)y(FbGl; al))zy

where rp g 5 is defined by (3.27), and where C >0 is a constant, only
depending on m € (0,1) and the Lipschitz norm cy;,, corresponding to the
uniform Lipschitz class of functions ¢z, F € 7.

Proor. If G,(u) — F,(¢) > 0 and G,(u) — F,(¢) > 0, we have the decompo-
sition
{rFk,Gk,$k(t’ u) = rg 6, et u)}y
b (Gi(w)) = S (Fi(2)) 3 $(Gi(u)) = ¢,(Gi(2))
Gi(u) — Fy(2) G, (u) — Fi(2)

$(G(w)) = u(F(1))
- Gy(u) — Fy(t) (G)(u) — F(t) — [Gy(u) — Fy(1)])
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—
G/(u) — Fy(¢)

+H{B:(Gu(w) = B(Fi(2)) — [$1(Gi(w)) = i(Fi(1))]}
Y
“G(w) -~ ()

Hence

2
Qn(rFk;ka$k - er,Gz;$z) ylcn,n(Fk,Gk)ﬂ C, 4(F1,Gp)

_ -2
< Ciipﬂ 2/ (Fo(u) — Fy(2))
Co y(Fy, GINC, (F,G)

x{G,(u) — Fy(t) — [Gy(u) — Fy(8)]} v dQ,

- -2
tnt (Fo(u) — Fy(1))
C, o(Fy,GNC, (F,G)

X{&k(Gk(u)) - ak(Fk(t)) - [Ez(Gz(U)) - az(Fz(t))]}z v d@Q,

_ -2
< Ciipﬂ 2/ (Fo(u) — Fy(2))
Co y(F, GINC, (F,G)

x{G,(u) = Fy(t) — [Gy(w) — Fy ()]} v dQ,
(3.30)

_ —2
+2n7 2 (Fo(u) — Fo(t))
Cnyn(Fk,Gk)ﬂC,,,,,(Fl,Gl)

x(,(Gi(w)) ~ B(Fi(0)) — [#1(Gi(w)) ~ BU(F(0))]) v,

_ -2
+4C%ipn 2/ (Fo(u) — Fy(2))
Co o(Fy, GNC, (F,G))

x [(Gu(w) = Gi(w))* + (Fy(t) — Fi(1)))] v dQ,

-2
<c’f (Fo(u) = Fy(2))
Cp. (Fy,GONC, (F,,G))

< [(Gy(u) = Gy(w)’ + (Fu(t) — Fi(1))] v d@,

-2
+C? (Fo(u) — Fy(t))
C, (F,,G)NC, (F,,G)

x| (Bu(Gu(w) = Fi(Gi(w))” + (Bu(Fi(1)) = Bu(Fu(1)))] v @,

< Czdn((Fk’Gka ak)a(Fl,Gl’ al))zy
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where C > 0 is a constant, only depending on 7 and the Lipschitz norm cy;,,
corresponding to the uniform Lipschitz class of functions ¢, F € . O

Note that we can also apply Lemma 3.5 in the approximation of a ratio rg,
by making the identification rz = ry 5. and by noting that C, ,(F,F) =
C, ,(F). For the set of functions %, we now have the following theorem,
which finishes the proof of Theorem 3.2.

THEOREM 3.3. Let %, be the set of distribution functions F € 7, defined by
(3.16). Then we have, under the conditions of Theorem 3.2, for each & > 0,

(3.31) Pr{ sup ‘\/;(Qn - QFO)(éF - éFO)‘ > g} -0 asn — »,
Fez,

Proor. We will [using the notation of Pollard (1984), page 150] denote the
empirical process Vn (Q, — Qr,) by E, and the symmetrized empirical pro-
cess E, by E°. Fix an (arb1trary) £ > 0. By the symmetrization lemma we
have

Pr{IEn(rF —rp,)y| > & for some F EZL}
< 4Pr{|E,?(rF —rp,)y| > g for some F ez}.
Let £ > 0 and n € (0, 1) be fixed in the following. We are going to show that
(3.32) Pr{IEO(rF —rg,)YI> 1e forsome F €.7, | &, } -0 asn — %,
for all
& = ((Tla Ui, 81,71)5---5 (T, Uy, 8,5 Yn)),

such that
-2/3

(3.33) /unsn—vsdQ” <n%/3logn,

—2 2
(3.34) [q D dQ, < (logn)
and
(3.35) sup @, D,(F) = sup [ dQ, < n *3(logn)?,

Feg, FeZ, “qr=<mqr,

are satisfied for the empirical measure @,, corresponding to ¢,. By the
preceding lemmas, the probability that these conditions are not satisfied for
the sample &, tends to zero, as n — . In (3.33) to (3.35) we use again our
method of absorbing constants into extra powers of log n.

Let ¢, = 5¢/Vn and let, for each 8 > 0, % be a (minimal) net of triples
(F,,G,, ¢,) such that for any F €.7, there exists a triple (F,,G,, ¢,) €.%
satisfying F, <F < G,, F},,G, € % and

d,((Fy, Gy, b2), (F, F, dr)) < 8/C,
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where the constant C > 0 is as in Lemma 3.5, and where the Lipschitz norm
of ¢, is bounded above by the Lipschitz norm of the class {¢y: F € F}. Then
(3.32) will hold if we can show that, for some &, < ¢,,

(3.36) Pr{|EX(rs, 6,5, — Tr,) |y > s¢ for some (Fy, Gy, ;) €7, 1 £,} > 0
as n — o,

since, conditionally on £,,
|EY(re = 15,)7|
<|EX(rp =15, 6,3)Y| +|EX (e, 6,3, — Tr,) Y|
< n1/2Cd,,((Fy, Gy, &), (F. F, b5)) +|EX(rs, 6,5, — Tr,) 7|
+ @ (n"/5(log n)*)
5|E,?(rFkvgk,$k — rFO)y| +n'%, + o(1)

0 1 1. 0 _ 1
S|En(rFk)ka$k - rFo)’y| + 16¢ + 16¢ —|En(rFk’Gk,¢'k rFo)y| + g€

for all large n.
We now construct a chain in the following way. Let

8, =387 in 112, i=0,1,...,
and let k£ be the smallest integer such that 3 *n~"/'* < ¢,. Define 7; =%,
and let, recursively, 7, = be a minimal §,_;-net for the semidistance d,, such

that for each triple (F; ,G; , ¢, ) €.; there exists a triple (F; ,G; , ¢; )€
5, satisfying F; ,G; €7, F;, <F;, <G; <G,  and

d,((Fy .Gy %5 )s(Fy, Gy b)) < 8-1/C,

where the constant C > 0 is as in Lemma 3.5. The cardinality N,(§;) of 7
satisfies

log N,(8,) <cb;' logn, i=0,...,k,

for some constant ¢ > 0, using (3.34) and the entropy results in Birman and
Solomjak (1967). Hence,

k-1
(3.37) Y 8;y/log N,(8;.,) <c(logn)”/?n=1/24,
i=0

for some constant ¢ > 0.
Furthermore, let, recursively, starting with an element in % =9
(F5, G, qba ) be the closest point to (F; , G; , q,‘>5 )in g | for the semidis-

tance dn, such that F, <F, <G; < G - This is what We meant by the
“funnel structure”; the pair (F5 , Gs ) is “narrowing” the pair (F;, ,G;, ).

Defining H(5;) = {210g(N, (5, )2/8 W2 and n; = §;H,(5,, ), we get, for all
large n, using Hoeffding’s inequality [see, e.g., Pollard (1984) page 161, for a

similar construction of the 7,’s] and using the fact that, by (3.37), L¢-1 n, =
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o(1),

;|
‘|

J

Pr max ‘EO r 2 —r 3 y‘>a/32
(Fyy, G,y 65,07, "( Fs ), Gsy» b5, FakyGak'%k)

0
< Pr{ max ‘E (l O - )
= n\'"Fs ,Gs,, Fs, ,Gs, ,

(Fék,G‘;k, ¢ak)EZk 502 Ga: P op2 Oop oy

X ylcn,n(FSk’GSk)‘ > &g/64

0
< PI‘ max ‘E (’ - — 7 -
= n\"F; ,Gs , Fs, ,Gs, ,
{ (Fs,, Gs,, t;bsk)E%k 20> Mog> Poo o ok d)sk)

k-1
> Z n;
i=0

Xvle, (k.G

k-1
< Pr max ‘E’O r o, B y‘
i=0 {(Fsl*l’G5i+l’$3,+1)e%Hl n( F5i+1’G5i+1’¢5i+1 F6i705i’¢5i)
ch”’V(F5i+1’G5i+1) > i g’l}
k-1
<2 ) Ny( 5i+1)eXP{—%”f)i2/8i2}
i=0
k-1 2
<2 ). Ny( 3i+1)exp{—10g(Nn( 8:1) /5i+1)>
i=0
k
<2Y 8 =0(n"1"?2).

i=0

We also have, if A, is the set of triples that can occur at the (coarse) end of
a chain as constructed above, and if (F; , G; , ¢;) € A,

0 - 0 - -
|En(rF50,G50,¢50 rFo)y| = |En(rF50,Gﬁo,¢50 rFak’Gak’%k)‘y'
0 —
+ |En(rFakaﬁkv$5k rFo)y|’
for some (F; , G;,, aak) at the beginning (fine end) of the chain. Moreover,

|E'(L)(rFsk,Gsk,$ak - rF0)7|

<

E(r,,. 6oy — rF)V| +|EX(re = 15,)v|
<n'%, +|Er?(’"F - ’"F0)7| =¢/32 +|Er(z)(rF - ’"F0)7|,

for some F € .7,, by the properties of .7; and the construction of the chain.
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But for an F €&,

n

we have, by Hoeffding’s inequality, for all large n,
Pr{|EX(ry — rp,)y| > /321 gn} < 2exp{—% £/32)%/Q, (ry — rFO)Z}
< 2exp{—cn'/*%?/(log n)2},
for a constant ¢ > 0, since by Lemmas 3.5, 5.1 and 5.2, and (3.33) to (3.35),

sup Q,(rp — 5,)°y < kn"%(log n)?,
Fez,

for some 2 > 0 and all large n. Hence, using the correspondence between

(F;,,Gs,» 550) and (F;,G;, $5k) along the chain, but this time doing the
counting at the “coarse end” of the chain, we get
gn}

&

0 - — - —

= Pr{ Sup ‘E”(rFﬁo’Gso'd’ﬁo rFék’Gﬁk’d’sk)y‘ > 32
(Fs,, Gs,» b5,)EAg

gn}

< exp{c;n'/? log n — c,e2n'/® /(log n)*} + 0o(1) > 0 as n — o,

3

0

Pr{ swp | B (s, 6,5, ~ Tr)Y| > 350
(F5,, G5 b5 )EA,

fn}

&

0

+ Pr{ sup |En(rF5k,Gak,$5k ~rr,)v| > 16
(Fs,, G5, b5,)EA

for constants c,,cy, > 0, since the number of triples in the 6,-net for the
semidistance d, is exp{@(n'/'? log n)}. Thus we get
N

&
<Pr max ‘E,? e G g —T 3 y‘>—
o ,Gs,» @, Fs,, G5y, &
{(FﬁkyGesk:(/’ak)E%k ( 51, oy Ps), 507 Gsy 50) 32

&
>_
Y73

0 - —
PI‘{ mzix P |En(rF5k,G5k,¢3k rFo)
(FS/@’ Gsk’ ¢5k)e‘/3k

N
N

3

0

+ Pr{ sup |En(rF50,G50,$50 - ’"F0)7’| > 35
(Fsy, Gs,y, b5 )EA

-0, n — oo,

This proves (3.36).
In a very similar way, it is shown that

bp(t)  dp(2)

F(t)  Fo(t)

n

8‘>3}—>0,

(3.38) Pr{ E
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and

¢ﬁn( u) ¢FO( u)

1-F,(u) 1-Fy(¢)

(3.39) Pr{|E, (1-1vy-29)

>8}—>0,

as n — «. For example, to prove (3.38), we condition on a sample

fn = ((TlaUla 61’ 71)a~~~a(TnaUny 37“3’”)),

such that conditions (3.33) to (3.35) are satisfied for the empirical measure
Q,,, corresponding to £,. We then approximate pairs (F, ¢,) by pairs (F,, ¢,),
where F, > F. The remaining part of the argument is the same (and in
fact easier). The reason for treating the ratios r, separately was mainly
notational.

The result now follows from (3.32), (3.38) and (3.39). O

4. Simulations.

4.1. Computation of ¢y and q_bF If F is a purely discrete distribution
function, we know from Theorem 3.1 that ¢, as given by (3.2), is a piecewise
constant function as well. In this equation, we do not need the ¢y-part in
order to obtain the ¢-solution. We know from part (iii) of Theorem 3.1 that
the values of ¢y can be found from a finite set of linear equations Ay = b,
where [as noted in the proof of part (iii) of Theorem 3.1] the matrix A is a
symmetric, strictly diagonally dominant M-matrix. Such a matrix can be
shown to be positive definite [see Berman and Plemmons (1979)]. So Cholesky
decomposition can be used, which is a fast algorithm and numerically stable.

The solution of the integral equation in the transformed scale is easily
obtained from this, since the integral parts are with respect to a measure
that has mass restricted to the values 7; = F,(x,). In Figure 1 we give a
picture of the NPMLE and in Figures 2 to 4 we give the solutions q,')F , §F
and q,‘)F, respectively, based on a random sample of size n = 300 from a
uniform distribution on [0, 1], censored by two uniformly distributed observa-
tion times (so H is the uniform distribution on the upper triangle of the unit
square), where k = 1, which is the derivative of the canonical gradient for the
mean functional.

These solutions are compared with the solution qSF , with F, = U(0, 1),
implying qu = ¢p,- This solution is obtained in Geskus (1992), based on a
power series expansion using Legendre polynomials. The function gF
defined by &:(t) = ¢p()/(t(1 — 1)), t € (0,1) and likewise fFO(t)
bp () /(1 = 1)), t € (0, D).

The number of jumps of the NPMLE was 15 and the locations of the jumps
are indicated by small vertical bars (slightly smaller than the tickmarks at
0.25, etc.) on the x-axis in Figure 1. On the other hand, in Figures 2 to 4, the
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0 0.25 0.5 0.75

—

Fic. 1. F, based on sample size 300 and F, (dashed).

small vertical bars on the x-axis denote the values of F, at these points of
jump. The derivative E}an is actually continuous in this case (this will gener-
ally not be the case), and has cusps at the points F,(x,). In Geskus (1997)
it is shown that the cusps of the derivative E}ﬁn are located on the curve ¢t —
3(1 = 20)&: (1), t € (0, D).
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FiG. 2. @4” and $F0 (dashed).
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0.818 1

0.774 1

073 T

} | | IS EE R | 1 T |

0 0.25 0.5 0.75 1

0.687

Fic. 3. Eﬁ" and EFO (dashed).

0.859 7

0.43 1

-043 T

} T } [ } T I B

0 0.25 0.5 0.75 1

-0.859

Fic. 4. q_b};n and q_b};U (dashed).

4.2. A simulation of K (ﬁn). For the same uniform case as above, we did a
computer experiment of 10,000 samples of magnitude 1000, and estimated
the mean w(F;) by the NPMLE u(Fyo,). Estimating the variance of
V1000 ( u(Fyg00) — w(Fy)) by the unbiased estimator S7) o, yielded the num-
ber 0.11917, while analytic computations as in Geskus (1992) yield 0.1198987
for the information lower bound. So the estimate is very close to the informa-
tion lower bound.
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APPENDIX

ProoF oF THEOREM 3.1. (i) Let F, = (1 — @)F, + aF. For a € (0,1), the
function F, is strictly increasing and continuous between jumps and hence
the solution ¢5, to the integral equation exists by Theorem 2.2 in Section 2.
For simplicity of notation, we will denote ¢p by ¢,. Furthermore, we will use
the same notation as in the proof of Lemma 2.1: Xyy..., X, are the points of
jump of F, contained in (0, M) and x, = 0, x,,,; = M; moreover, 7, = F(x,),
i=0,...,m+ 1

Let G, =F,!, with derivative g,. Furthermore, let 2, =%k -G, TLi,a =
h,°G,, H/(t,u)=H(G, (t),G,(w)) and h,(t,u) = MG,(t),G (u), 0 <t<
u <1 L1kew1se we define d, = dF and ¢, = ¢y. Then, by Theorem 22, ¢, is
the unique solution of the mtegral equation

ba(t) = u(2)

dH (t',t
€[0,t) t—t' ( )

Fult) = @(t){h(t) -
+f ¢a(u) B d)a(t)

ue(t,1] u-—t

dﬁa(t,u)}, te[0,1].

Let the set D, be defined by
= {discontinuity points of g,(¢), augmented with 0 and 1}

U {discontinuity points of &/ (t), d(t),

Alt(y)——h (t,t") for t <t', and A (t)——h (u, t)fort>u}

and let A, ;(¢) and B, ;(¢) be defined by

a0 =dolf

t+8| 0
+/; E

Jd _

2B, 0)|d6,(¢)
(A1)

Ea(t,u)

dGa(u)},
and
B, 5(t) = d (t)[E,(2)l
1 (OI[(1 = )Py o (t) + thy ()] sup {2,(¢)E.(2)])

t'e[0,1]

A2 2d,(t) TN
(A-2) +——— sup {d,(¢)lk, (")}
t'€[0,1]
J_
X{ sup sup |—h,(t,u) }
t'e[0,¢t] uelt, 1] Jt
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Moreover, let
(A3) Cu(t) = 1+ 2d,(0)gu()F(1,0).

As in Theorem 2.2, we have that at points of D, the functions A, ; and B, ;
have two versions, one corresponding to taking left derivatives and one
corresponding to taking right derivatives. Then there exists a 6§ > 0 such that

sup Aa,S(t)/Ca(t) < 1/2
tel0,1]

By Theorem 2.2 we have
lp(u) — b () <K, (u—1t), O0<t<u=<l,
where K, is given by

(A.4) K,=2 sup B, ;(t)/C.(1),
telo,1]

for & > 0 such that sup, .o 1; A, 5(t)/C,(¢) < 1/2. We need to show that we
can choose 6 and K, independently of @ and F in a small (supremum
distance) neighborhood of F,.

If (using the same notation as in the proof of Lemma 2.2) # belongs to an
interval (7, 7/), on which G, increases, then, going back to the original scale,
we get

A, 5(t _ J

2e0  qup [2h(x, ) "/ T h(x', x)|dx’
C.(%) xe(0, M) 2t Fy(x)- 8<F,(x)<F ()| 0%
p

+ —h(x, ‘d .

'/;/:Fa(x)<Fa(y)<Fm(x)+6 Jx ( y) y}

The essential observation here is that, although A, ;(¢) tends to », as « 11,
for points ¢ in the range of F,, the ratio A, ;(¢)/C,(¢) stays bounded, since
the factor g,(t), causing the steep increase of A, ;(¢) via (3/dt)h,, also
occurs in the denominator C, ().

If, on the other hand, ¢ belongs to an interval (7}, 7;,;), on which G, is
constant, then A, ;(¢) = 0, since g,(¢) = 0 on such an interval. Hence we can
choose 6 > 0 such that

sup Aa,ﬁ(t)/ca(t) =< 1/2
te[0,1]

for all @ € (0,1) and all F such that sup, (o 5| F(x) — Fy(x)| < &, for a fixed
suitably chosen & > 0.
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In a similar way we get, using (2.27) in Section 2,
B.s(t) _ B (%)
= < sup —————
Ca(t) x€(, M) 2h(x’ .’)C)
1+ 1A (x) = ho( )+ |R(2)] + |R(x)]
+ sup
x€(0, M) h(x, x)
(A5) k(x)
. X sup —————F—
ve0,m) €1h(x, x)
1 2k(x)
+ = sup —————
dinf, ¢ o, ar) R(%, X) w0, m) Pi(x) + hy(x)

+  sup
x,y€, M)

i h
dx (. ¥)

X{ sup
x,y€, M)

i h
oy (2, %)
for some &; > 0, uniform over « and F, implying that sup, (g ; B, 5(¢)/C,(¢)
and hence also K, in (5.4) has a finite upper bound [given by the right-hand
side of (A.5)] which is independent of a and F.

It follows that the sequence (¢,) is equicontinuous and hence has a
subsequence, converging to a function ¢ which is Lipschitz on [0, 1]. Let

(@,),_1,5, . be asequence of numbers such that «, 11 and ¢, — ¢ in the

yaen

supremum distance. Define

(A.6) bp(x) = ¢p(F(x)).
Then, by the equicontinuity of the sequence (3%), we obtain, for each
x €[0, M],

8e(x) = Bp(F(2) = lim , (F, (x)) = lim 6, (x),
xe[0,M].

Now let ¢t € [0,1]\ D. Then ¢ is a point of continuity of G and does not
belong to the range of F. We have

$F(t) = r}l_l}}c %n(t)

(A7)

N $a(t) — bu(t)
=r}%dan(t){k%(t)—ft,em T LN CND

o (W) = b0 (B)
(A.8) + ] - dHan(t,u)}

— = . bp(t) — b, (1) _
=dF(t){kF(t) - ’}Erzo'[t’E[O ) - )t—t’n( dH,(t',1)

+ limf
n-wJye(t, 1] u-—t
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Suppose F(x;) <y < F(x,,,). Hence G(y) = x,, ;. Then (5.8) can be written
t(1—1t)
hy(xi1)(1 = 8) + ho(x;,1)¢

gF(t) =

aF(t)_d)a(‘x’)
IR 5
(a9)  X{k(xi1) ~ lim [ o6 E—F(x)

. limf bo () — dp(t)
n-e=Jye,mo,m1  F,(y) —t

dH(x',G, (t))

dH(G, (1), y)

and by the dominated convergence theorem and (5.7), we get

= _ t(1—-1¢)
dp(t) = hy(x; 1)(1—12) +hy(x;, 1)t
bp(t) — dp(x’
X{k(xi+1) N v/;c';F(x’)qq5 (tzF(d;,() ) dH(x’,le)
bp(y) — bp(2)
* y: F(y)>t F(y) —t dH(le’ y)}
(A.10)

t(1—t)
Ri(t)(1 —t) + hy(t)t

- op(t) — dp(t)
x{kF(t) - ft/e[o,ﬁd) ( 1_;7 ( )dH(t’,t)

u-—t

EF(U’) - EF(t) =
+fu6(t71] dH(t,u)}.

Letting ¢ | F(x;), we find
dp(x;) = EF(F(xz))
F(xi)(l _F(xi))
hi(x;1) (1 = F(x;)) + ho(x;,1) F(x;)
dp(x;) — dp(x’)
(A.11) % {k(le) B /x F(x)<F(xp F(x;) —F(x")

—Gp(F(x) +)[ o dH(x )

dH(x', %;,1)

+/. ¢r(y) — dp(x;) dH (%, 1, y) ),

F(y)>F(x;) F(y) _F(xi)
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and letting ¢ 1 F(x,, ), we get

bp(xii1) = dp(F(21,1))
F(x; 1)(1 - F(x;.41))
hy(21) (1= F(x;01)) + ho( 24 1) F(x;,1)
r(x;i11) — dp(x’)

<! k(x. — dH(x', x;
(A-12) ( L+1) ];c’: F(x")<F(x;,¢) F(xi+1) - F(x,) ( +1)
+$}<‘(F(xi+1) _)f dH(xi+17y)

y: F(y)=F(x;, 1)
dp(y) — dp(x;41)
+ dH(x;,1,%);-
fy:F(y)>F(x,-+1) F(y) —F(x;.1) (%i41,7)

Note that the right and left derivatives

G (F(x;) +) = , lim {@r(t) — dp(F(x,))}/(t = F(x,))

F(x))

and

¢'F(F(xi+1) _) = tul«“i(m ){¢F(F(xi+1)) - ¢’F(t)}/(F(xi+1) - t)
Xit1
exist, since the other functions appearing in (A.10) are continuous and have
finite limits as ¢ | F(x,) or ¢ 7 F(x,, ), respectively. These one-sided deriva-
tives, so to speak, “catch” the discontinuities in the functions E, 711, 712 and
H, if one crosses a point F(x;) in the range; the function ¢, is continuous at
such a point and can be defined there by either taking the left-hand limit
[involving h;(x,), k(x;), etc. at F(x,)], or the right-hand limit [involving
h(x,, ), k(x,, ), etc. at F(x,;)]. Uniqueness of ¢, will be proved below in
part (iii).
(i) We define, for a € (0, 1), the functions ¢, : [0, M] — R by

$a(x) — ¢, (x;)
l1—-—« ’

and ¢ (M) = (M —-). Using (A.5), we get, for x,y in the same interval
Lo 20 1),

(A13) ¢ (x) =

x € [x;,%,,1),1=0,...,m,

(6.(3) = ¢ [Bu(Fu(9)) = Bu(Fu(2))]
() — ()1 = D~ D BB~ B(R()

(14 Fu(y) - F(2)]
<c— - =clFy(y) — Fo(x)l,

- l—«

where ¢ > 0_is independent of @ and F €%, since we use the Lipschitz
constant for ¢, in (A.14). By the continuity of ¢,, we can extend the function
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¥, restricted to an interval [x;, x;,,) to a continuous function ¢, ;, defined
on the closed interval [x;, x,, ;]. The functions ¢, ; are equicontinuous in «
on the intervals [x,, x;,,;] and hence have a convergent subsequence, con-
verging (in the supremum metric for functions defined on [x,, x;,,] to a
continuous function ¢;, defined on [x,, x;,;]. Let ¢5: [0, M] - R be the
function, such that

lPF(X) = lzi(x)’x < [xi’le)’ i = O,...,m, l//F(]M) = le(M)’

and let (4, ),_, .  be a sequence such that the restriction of ¢, to an
interval [x,, x;, ), i = 0,...,m — 1, or the interval [x,,, M ] converges to ¢
in the supremum metric for continuous functions on such an interval. Since
the sequence (d’an) is also equicontinuous, we can also assume (by switching
to a further subsequence) that ¢, converges in the supremum metric to a
Lipschitz function ¢, as in part (i). Then we have

wF(y) - lpF(x) = lim d)ozn(y) _d)an(x)
Fo(y) — Fo(x) n— (1= a,){Fo(y) — Fo(x))}
lim Ga(¥) = &y (%)
1 ’
noe B, (y) = F, (%)

(A.15)

for x; <x<y<x;,q, 1=0,...,m. Since, by Theorem 2.2, part (iii), ¢,
satisfies the integral equation

b (%) = ¢o(x')
ba(x) = da(x){k(x) - '/;’E[O,x) F,(x) —F,(x")

bu(¥) = bu(x)
e B “Eox)

we now get, by (A.7), (A.15) and the dominated convergence theorem,

dH(x', x)

dH(x,y)},

br(3) = dp() | K() = [ (') dH (2 0)

x'€

(A.16)
+/ M]rF(x,y) dH(x,y)},

ye(x

where ry is defined by (3.3).
The function ¢ is absolutely continuous with respect to F, since, by the
Lipschitz property of ¢,
ldp(y) — dp(x) = |$F(F(y)) - aF(F(x)N
This shows in particular that constancy of F on an interval implies constancy
of ¢ on that same interval. Moreover, by (A.14) and the bounded differen-

tiability of F,, we have that ¢, is Lipschitz on each interval [ x;, x;, ;), and
hence ¢ is also Lipschitz on such an interval.
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(iii) Multiplying both sides of (A.16) by dz(x)! and integrating from x, to
x;. 1, the yp-part cancels and we get a finite set of linear equations Ay = b
for y, given by (3.8). The matrix A is a symmetric, strictly diagonally
dominant M-matrix (also called a Stieltjes matrix). This implies that the
matrix equation has a unique solution and hence that the piecewise constant
(right-continuous) function ¢, is uniquely determined [see Berman and
Plemmons (1979)]. The unicity of ¢ is easily obtained from this, since the
integral parts of the equation for ¢, are with respect to a measure that has
mass restricted to the values ¢t = F(x,). O

The following two lemmas are used at the end of the chaining argument in
the proof of Theorem 3.3.

LEMMA A.1. We have

(A.17) sup sup |F(x) — Fy(x)l=a@(n"15).
Feg, x[0,M]

Proor. If F €.7, then, for each x € [0, M], using the Cauchy—Schwarz
inequality,

<V2n V2||F - Fll;

{F(2) = Fo(2)} dt

'/;tE[O, M]: [t—x|<n~1/6}
< en~5/2{log n}"?,

for some ¢ > 0 independent of x, using ||F — F,ll; = @(n~'/*log n}*/?) and

Proposition 3.3. By the monotonicity of F we have, if x + n~ 1/ < M,

nVS(F(x) — Fy(x)) < n/3 /:*”’”GF(;:) dt — nV/5F,( x)

< n1/3

[5 R () — Fo(o)) de

X

(A.18)
+ nl/3 /“”’”G{Fo(t) — Fy(x))dt

<kq,

for some constant k£, > 0, independent of x. Likewise, if x > n~1/¢,

nVS(F(x) = Fy(x)} 2 n'? [ | F(2) dt = n/F,(x)

(A.19) 2 —n'/? fx_n,w{F(t) — Fo(¢)} dt
—nl/3 /;Cin—l/ﬁ{FO(x) — Fy(t)} dt
> —ky,



670 R. GESKUS AND P. GROENEBOOM
for some constant k, > 0, independent of x. For x € [0,n"'/®] we get, from
(A.18),
nVS{F(x) — Fo(x)} <k,

but since we also have

n8{F(x) — Fy(x)} = —n'®Fy(n %) = —c,
for some ¢ > 0, if x €[0,n"1/%], the result also holds if x [0, n"1/5].
A similar argument is used if x € [M — n~ /% M]. O

LEMMA 5.2. Let the conditions of Theorem 3.1 be satisfied. Then

(A.20) sup sup |dp(t) — p(t)l = (n"1/1?).
FeZ, tel0,1]

Proor. For a €(0,1), let F, ,=(1 — a)F, + oF, and let q,’) q’)F
using the same notation as in the proof of Theorem 3. 1 but with an 1ndex n
added to denote that we consider distribution functions F €., instead of
distribution functions F € %. For a = 1, we define ¢ qu , Where d)F is

defined as in Theorem 3.1 and for « = 0 we define qﬁo ¢F0 Since
By (1) = limd, (1),
it is sufficient to prove

(A21) Sup |$n,a(t) - ao(tﬂ =< Cn_1/12,
te[0,1], a<(0,1)

for some ¢ > 0.
Let G, be the inverse of F, and G, , be the inverse of F, ,. Furthermore,
let

d, o(t) = (1= t)/{(1 = )hy(G, (1)) + thy(G, (1))},
and, similarly
Jo(t) =t(1- t)/{(l - t)hl(Go(t)) + thz(Go(t))}-

Finally, let H, ,(t,u) = H(G, (1), G, ,(w), H(t, u) = H(G(), Gy(w)),
k, na=k°G,, and ko =k o G,. Note that

(A.22) sup G, (¢) = Go(t)l < kn=1/®
te[0,1], s (0,1)

for some £ > 0, which follows from Lemma 5.1 and from
G, .(t) =inf{x: F, ,(x) > ¢t} < inf{x: Fy(x — cn /%) > t},
and

G, (t) =inf{x: F, ,(x) >t} > inf{x: Fy(x + cn /%) > t},
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for some ¢ > 0 and all « € [0, 1]. We now write

by, () = bo(t)

= —d, (1)
G, o(8) = by o(t) = (Do(2) — Bo(2)) —
(A.23) % ftre[o,t) t—t' Hy,o(E:8)
L 3@ =80 - (B0 EO)
we(t,1] u-—t matn
+B, (t) +C, (t) +D, ,(t) + E, .(¢),
where

bo(t) = $o(t’)d

(A24) B, (t)=-d,.()[ (H,, .- Ho)(t',1),

t'€l0,t) t—t
a25) Cp (1) = —d, . I T0O g 7w
’ ’ ue(t,1] u-—t ’

D, (t) = —{d, o(2) — do(t)}

ao(t) - ao(t’) = .y
(A.26) % '/;’6[07t) t—t' aH, (', ¢)
_O u) — _o t) _—
_ Ll 1]—¢ ( L)¢—Zb ( ) dHo(t,u)
and
(A.27) E, (t) =d, o(O)k, .(t) = do(t)ko(t).

We first consider B, ,(t). Let ¢ € [0,1] be a point such that ¢ > n~'/*2
Moreover, let ¢, =t —n"'/'>. On [0,¢,] we take a grid of points u;, j =
0,...,m, such that

1,-1/6 _ ~1/6 ;
2n Su;—u; ;<n , Jj=1

and u, =0, u,, = t,. Furthermore, we define the right-continuous piecewise
constant function y, by

Eo(t) - Eo(uj)

t—uj

X, (t') = t' e [uj,uj+1),j<m

and by x,(z) = 0 on the remaining part of the interval. Then we get, by the
Lipschitz property of ¢, and the fact that ¢t —¢t' > n /12 if t' <t¢,,

[ B ae
(A28) t'E[O,tn) t — t,
=@(n"1/12).

()| d(H, o+ Hy)(t', 1)
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Moreover, using sup,|G, .(t) — Go(t)] = @(n"'/®), the Lipschitz property of
¢, and the differentiability properties of H, we get

[ xae)d(H, .~ Hy)(t',t)
t'€lo0,t,)

S| Xn(tn){ﬁn,a(tn’t) - HO(tn’ t)}|
[ o Fat00) = Bt 0l ()]
t'€[0,t,)

— ﬁ(nfl/ﬁ) + nl/lzﬁ’(n’l/t;) — @»(n—l/m)'

(A.29)
+

We also have

Go(1) — do(2’ _ _
%‘d(Hn,a +Ho)(t’,t) = o(n1/12),

A.30
( ) ‘/;’e[tn,t)
by the uniform boundedness of {¢,(t) — ¢(t)}/(t — t"), t > t', the differen-
tiability properties of H, and by sup,|G, ,(t) — G(8)] = #(n~1/%).

Since d,, , is uniformly bounded, we now get from (A.28) to (A.30):

B, ()] = @(n"2/1).

Moreover, since sup,|G, ,(t) — Gy(t)l = @(n~'/%), uniformly in «, the
@(n~1/'?)-term is uniform in « and ¢ € [0, 1]. Note that for ¢ € [0, n~1/12],
we only have to use the uniform boundedness of {¢,(t) — ¢(t")}/(t — t"),
t > t', and the property H, ,(t',t) + Hy(t',¢) = &(n"1/12).

We similarly get

sup [C, (1)l = &(n /1),
tel0,1], a€(0,1)

Since the integrals on the right-hand side of (A.26) are uniformly bounded,
we have, using (A.22) and the differentiability properties of the marginal
densities 2, and A,

sup  |D, (1)l =&(n 1),
te[0,1], a<(0,1)

Using the differentiability condition (F3) for &, we similarly get
sup B, (1)l =&(n17").
te[0,1], a(0,1)
Thus,
sup B, ,(¢) +C, ,(t) + D, .(t) + E, (1)l

(A.31) t€[0,1], «=(0, 1)
— @’(n—l/IQ)‘
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To complete the proof, we use the same argument as has been used several
times before, notably in Section 2: let s be the point where the continuous
function

(A32) i - En,a(t) _ao(t)’ S [0’1]’
attains its maximum. Then, by (A.23),

by o(5) = bo(s) < B, 4(5) + C, o(s) + D, ,(s) + B, ,(s),

since the integrands on the right-hand side of (A.23) are nonpositive if s is
the (respectively right or left) boundary point of the integration domain.
Similarly, if m is the point where the function (A.32) attains its minimum,
we get

by, o(m) = o(m) =B, ,(m) +C, ,(m)+D, ,(m)+E, (m).
It follows that

sup b, o(£) = bo(t)]
€[0,1], 2€(0, 1)

< sup  |B, .(t) +C, .(?) + D, .(t) +E, ,(¢)l.
te[0,1], a€(0,1)

The result (A.21) now follows from (A.31) and (A.33), and the theorem then
follows from (A.21). O

(A.33)
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