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CONDITIONAL INFERENCE ABOUT
GENERALIZED LINEAR MIXED MODELS'

By JiMING JIANG

Case Western Reserve University

We propose a method of inference for generalized linear mixed models
(GLMM) that in many ways resembles the method of least squares. We
also show that adequate inference about GLMM can be made based on the
conditional likelihood on a subset of the random effects. One of the
important features of our methods is that they rely on weak distributional
assumptions about the random effects. The methods proposed are also
computationally feasible. Asymptotic behavior of the estimates is investi-
gated. In particular, consistency is proved under reasonable conditions.

1. Introduction. Inference about generalized linear mixed models
(GLMM) has received much attention. These models take into account the
fact that in many practical problems responses are both discrete and corre-
lated, and therefore are useful in statistical application [e.g., McCullagh and
Nelder (1989), Section 14.5, Breslow and Clayton (1993), Lee and Nelder
(1996) and Malec, Sedransk, Moriarity and LeClere (1997)]. Several methods
of inference about GLMM have been proposed, which will be summarized
below.

In this paper, we shall consider these models more generally and propose a
method of inference about these models which in many ways resembles the
method of least squares (LS) in linear models. An important feature of our
method is that it relies on weak distributional assumptions about the random
effects. In particular, to apply the method one does not have to assume that
the random effects are normally distributed. In practice, one is almost never
sure about normality. In fact, in many problems little is known about the
distribution of the random effects. Therefore, it is of practical interest to
develop methods that do not require strong distributional assumptions.

It is interesting to note a difference between linear and nonlinear models.
In the linear case, assuming normality brings technical convenience, because
one can then write out the likelihood function in a closed form. This advan-
tage disappears in GLMM. To see this, consider the following example.

ExaMpLE 1.1. Suppose that given the random effects a,, 1 <i < m; and
b;, 1 <j < m,, binary responses y; ’s are independent with

(1.1) logit(P(y;; = 1la, b)) = p +a; + b;.
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Assume that the a;s and b’s are independent with a; ~ N(O, a?), b, ~

N(O, 72). The log- likelihood for estimating the parameters u, o2 and 72 has
the form
m m
constant — ?llog o? — —Zlog 2+ uy..
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where y = Y/ Y72y, y,.= L2y and y = Xy I my = my = 40, as
in the salamander mating problem discussed in McCullagh and Nelder
[(1989), Section 14.5], the integral in (1.2) will be 80-dimensional. Obviously,
such an expression is much more difficult to evaluate than the log-likelihood
under a linear mixed model, so one advantage of assuming normality is much
reduced.

To overcome the computational difficulty, several authors have proposed
alternatives. These include approximate inference methods [e.g., Schall (1991),
Breslow and Clayton (1993), McGilchrist (1994), Kuk (1995), Lin and Breslow
(1996) and Lee and Nelder (1996)]; Bayesian inference based on Gibbs
sampling [e.g., Zeger and Karim (1991), Karim and Zeger (1992), Malec,
Sedransk, Moriarity and LeClere (1997)]; Monte Carlo EM [McCulloch (1994,
1997)] and the method of simulated moments [Jiang (1998)]. However, these
approaches have two characteristics. First, strong distributional assumptions
about the random effects (e.g., normality or conjugate distributions) are often
made. It should be pointed out that Schall [(1991), page 720] has indicated
that it is not necessary to assume the random effects to be normal when
computing the estimates. However, it is not clear, from a theoretical point of
view, how the estimates behave when strong distributional assumptions do
not hold. Second, the estimates of the (fixed and random) effects are tied up
with those of the variance components. In other words, one has to simultane-
ously estimate the effects and variance components, or estimate the variance
components first, then compute estimates of the effects. In the following we
shall propose a method which is different from all the above in exactly these
two aspects.

Linear models (LM) have been known as a special case of generalized
linear models [GLM, e.g., McCullagh and Nelder (1989), Section 2.2]. How-
ever, this is the case only when normality is assumed. On the other hand, the
definition of LM does not have to be associated with normality. In other
words, GLM by their classic definition do not necessarily include LM as a
special case. A similar paradox exists between linear mixed models [LMM,
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e.g., Searle, Casells and McCulloch (1992)] and GLMM. Therefore, we need to
extend the definition of GLMM so that it includes LMM as a special case
regardless of the normality assumption.

Suppose that, given a vector a = (a,);.,.,, of unobservable random
variables (the random effects) satisfying

(1.3) E(a) =0,

responses yi,..., Yy are independent with conditional expectation
(1.4) E(y;la) = bi(n;),

where b,(+) is a differentiable function. Furthermore, suppose
(1.5) n =% B+ za,

where B = (B)); . ;. , is a vector of unknown constants (the fixed effects), and
x;=(x;)12jcp> 2 = (Z)1 24 < are known vectors, 1 <i < N. This gener-
alizes the classic definition of GLMM, in which it is assumed that the
conditional density

yim — b(my)
1.6 f(yila) =exp{ —————— +¢;(y:, ) >
(1.6) (yila) () ( )
i=1,...,N, where b,(-)s and c,(-, - )’s are specific functions corresponding

to the type(s) of the exponential family, ¢ is a dispersion parameter, and
a,(+)s are functions of weights. Let n=(n);_;_n, X =(x; )1, n 122
and Z = (2;,)1 ;N 1< <m- We assume wlog that rank(X) = p and no col-
umn of Z is 0.

In LM, which correspond to (1.4) and (1.5) with b,(n,) = ?/2 and m = 0
(i.e., there are no random effects), a well-known method is weighted least
squares (WLS) which defines the estimate of 8 as the minimizer of

N

(1.7) Z w;(y; — ”7i)2,

i=1
where w;, 1 < i < N are weights, or equivalently, the maximizer of

N 77'2
(1.8) Z Wil yim — 5 |-
i=1 2
A straight generalization of this method to the case of GLMM would suggest
the maximizer of the following function as the estimates of 8 and «:
N
(1.9) > wi(yi”’)i - bi(ni))'
i=1
However, conditionally, the individual fixed and random effects may not be
identifiable. For example, the rhs of (1.1) = (u + ¢ + d) + (a; — ¢) + (b; — d),
1<i<m,, 1<j<m,foranycand d. In LM there are two remedies when
the identifiability problem arises, namely, reparametrization and constraints.
We shall, for now, focus on the latter. A set of linear constraints on « may be
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expressed as Pa = 0 for some matrix P. By Lagrange’s method of multipliers,
maximizing (1.9) subject to Pa = 0 is equivalent to maximizing
N
(1.10) Z wi(yﬂli - bi(ni)) — APal®
i=1
without constraint, where A is an additional variable. On the other hand, for
fixed A the last term in (1.10) may be regarded as a penalizer. The only thing
that needs to be specified is the matrix P. For any matrix M and vector
space V, let #(V) = {B: B is a matrix whose columns constitute a base for
V}; #(M) = the null-space of M = {v: Mv = 0}; Py, = M(M'M)"M', and
Py,.=1-P,. Let AeBW(Pyx.Z)). We define the penalized generalized
WLS (PGWLS) estimate of v = ( 8, o) as the maximizer of
N A
(1.11) Ip(y) = Z wi(ymi - bi(”’h’)) - E'PAMZ’
i=1
where A is a positive constant. The notation [, is used because (1.11) may
also be viewed as a penalized conditional quasi-log-likelihood. In Section 2 we
shall further explain why the penalizer is chosen this way.

Several questions arise immediately. First, the method seems to ignore the
information about the distribution of the random effects. Our view is differ-
ent. Such information is useful only when it is available. For example, in
some rare case one might know for sure that the random effects are normal,
which is a lot of information. On the other hand, if one has little knowledge
about the random effects, there will not be much information loss by using
PGWLS. Plus, PGWLS does not completely ignore the information about «.
Note that so far the only assumption about o is (1.3), which implies that
E(P,a,) = 0, where «, is the vector of true realizations of the random
effects. This means that the constraints P, « = 0 are, on average, satisfied by
a,. In fact, it will be seen that quite often one has |P, ay| =, 0 as sample size
increases. Therefore, these constraints are also satisfied asymptotically. PG-
WLS also uses the fact that since the first moments of the random effects are
finite, the o’s should be relatively concentrated around their means, and
therefore cannot be too large in absolute values, or they will be penalized.

A related observation is that PGWLS seems to treat the random effects as
fixed. If so, does one always have sufficient information, in large samples,
about all the random effects? The answer is not necessarily. But if there is
sufficient information about all the random effects, the latter may, in some
sense, be treated as fixed. For example, in order to consistently estimate u,
o? and 72 in Example 1.1, it is necessary that m,, m, —> ». In such a case
there is sufficient information about all the random effects, because each one
of them appears a large number of times. However, there is a different case.

ExamPLE 1.2. Suppose that given the random effects a;, b;;,
1 <j < n, binary responses y,;’s are independent with

(1.12) logit(P(y;;, = la, b)) = p + a; + by,

1<i<m,,
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k=1,...,r. Suppose the a;’s and b;s are independent with o = var(a,)
and o} = var(b;;), and that m,, n — % but r remains fixed. Then there is
sufficient information about the a,’s but not the b,;’s. Nevertheless, in such a
case one should be able to estimate u, 0> and o consistently.

The question now is what to do in situations like Example 1.2? One idea is
to “give up” the individual random effects that cannot be estimated with
adequacy, no matter what. Traditionally, this is done by integrating out all
the random effects. However, this requires knowledge about the distributions
of all the random effects. Furthermore, it is often possible to estimate, with
adequacy, a subset of the random effects, such as the a,’s in Example 1.2. In
fact, in this example, one only has to specify the distribution of the b, /s,
because they are the ones to be integrated out. Thus, a natural idea is to
divide the random effects into two groups: those that can be estimated with
adequacy and those that cannot. The integration will be carried out, but only
with respect to the second group, leaving the first group to be estimated
individually. This will only require distributional knowledge about a subset of
the random effects. To illustrate this method, let us consider a special case,
and the more general setting will be similar. Suppose

(1.13) n=XB+ Za + UL,

where @ = (@), _;, ., is independent of { = (), _ ;. . [Note that this corre-
sponds to (1.5) with « replaced by («, ¢).] Furthermore, suppose that U is
standard in the sense that it consists of 0’s and 1’s and there is exactly one 1
in each row and at least one 1 in each column and that {,,...,{, are
independent ~ (- /7)/7, where (+) is a known density function and 7> 0
is an unknown scale parameter, and

(1.14) f(yile, ) =Ff(yin), 1<i<N,

where f(&,]&;) denotes the conditional density of &, given &;. Let u! be the
ith row of U and e, ; the M-dimensional vector whose jth component is 1
and other components are 0. Let S;={1<i<N:u,=e¢y }, and y =
(yi)iesf, 1 <j < M. Then, it is easy to show that

M
(1.15) f(yle) = TT1(yla),
-~
where
(1.16) F(391a) = B T1 A(silat p o+ 2t + 76,

J

and the expectation in (1.16) is taken with respect to & ~ (+). Intuitively, ¢
is a subset of the random effects about which it is impossible to make
adequate inference. It often corresponds to the random effect factor of highest
level of interaction or hierarchy (nesting), for example, the b,’s in Example
1.2. In Section 2 we shall consider inferences about f and &, which are
reparametrization of B and « such that XB + Za =XB + Za for some
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known matrices X and Z. Since (1.15) is the likelihood function conditional
on a subset of the random effects, these estimates will be referred as
maximum conditional likelihood (MCL) estimates.

Because of the computational difficulty associated with GLMM, mentioned
earlier, it is natural to ask whether PGWLS and MCL are computationally
feasible. Although in practice the number of fixed effects in a GLMM is often
fairly small, the number of random effects can be quite large, which means
that one may have to solve a large system of nonlinear equations to obtain
the PGWLS (MCL) estimates. A Gauss—Seidel type algorithm is proposed by
Jiang (1999) for computing the maximum posterior (MP) estimates of the
fixed and random effects. The MP is similar to PGWLS but with w, = 1/a,(¢),
A = 1and |P,al® replaced by ‘D~ 'a, where D is the covariance matrix of «,
which is assumed normal here. It is shown by Jiang (1999) that the algorithm
converges in all typical situations of GLMM (1.6). It seems promising that
such types of algorithms may provide effective ways of computing the esti-
mates introduced in this paper.

In GLMM, the variance components associated with the random effects are
often of interest. Since our methods are based on conditional inference,
estimates of the variance components are not directly obtained [except for the
scale parameter 7 in (1.16)]. However, since the variance components are
closely related to the random effects, adequate inference about the random
effects often easily results in that about the variance components. We shall
discuss this in Section 4. Note that our method is different from the previous
approaches, for inference about GLMM in that our estimates of the (fixed
and random) effects do not depend on the estimates of the variance compo-
nents. This is, again, similar to the LS method. In LM, the LS estimates of
the regression coefficients do not depend on the estimate of the variance of
the errors, say, o 2. On the other hand, the estimate of o2 is based on the
residuals which are analogous to the estimates of the random effects.

Finally, there is, of course, a question about the behavior of the PGWLS
and MCL estimates. The main goal of this paper is to study the behavior of
these estimates from an asymptotic point of view. In particular, we shall
prove the consistency of these estimates under reasonable conditions. The
main theorems are stated in Section 2 and further illustrated by examples in
Section 3. In Section 4, we make a number of observations regarding, in
addition to estimation of the variance components, choice of the penalizer and
the connection between PGWLS and the penalized-likelihood method based
on Laplace approximation. The proofs of the theorems are given in Section 5.

Notation. In addition to those that have been introduced, we have the
following.

Let B=(b;);.;.4 1<,; be a matrix, v =(v,);_;_, a vector and V a
vector space. Define |v| = (v'v)"2, |lvll = max, _; _,|v;; Apin(B) (A0 (B)) =
the smallest (largest) eigenvalue of B, || Bl = A\}/2(B'B), || Bllz = (tr(B'B))"/2,

IBll.. = max;_; ., Z§=1|bij|; BV = {Bv: v € V}, A, (Bly = inf, _y\ (g
(v'Bv/v'v).
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Let vy, ..., v, be vectors and B;,..., B, be matrices. We use the symbol
(Vay, - -+ 5 Uy for the vector (v(y) -+ v(,))". To avoid confusion, a row vector will
be written as (v, --- v,), that is, without commas in between. Let

diag(By, ..., B,) be the block-diagonal matrix with B, being its ith diagonal
block.

Let X, be the uth column of X, 1 <u <p, Z, the kth column of Z,
l1<k<m and H=(X Z2)(X Z). Let B, and 7, be the true B and 7,
respectively, and n, = X8, + Z,.

2. Asymptotic properties of the estimates. In two ways, the asymp-
totic theory regarding random effects is different from that about fixed
parameters. First, the individual random effects are typically not identifiable
[see the discussion in Section 1]. Therefore, any asymptotic theory must take
care, in particular, of the identifiability problem. Second, the total number of
random effects m often increases with the sample size N. Asymptotic proper-
ties of estimates of fixed parameters when the number of parameters in-
creases with the sample size have been studied by Portnoy in a series of
papers. There are several major differences between our results and those of
Portnoy. Besides the fact that the effects we are interested in may be random
and that we are typically dealing with correlated responses, the design
matrix Z often has the ANOVA structure, which is more general than that
considered by Portnoy [e.g., (1984), Section 5].

Also, we note that for the asymptotic results in this paper to hold as
N — o, m may be, wlog, considered as a function of NN. This is because such
results hold iff they hold for each sequence with N increasing strictly
monotonically, in which case m may readily be regarded as a function of N.
Similarly, the number p, the matrices X, Z, A, etc.,, may be regarded as
dependent on N.

To explore the asymptotic behavior of the estimates of the fixed and
random effects, one has to distinguish two different cases: the case where
there is enough information about the random effects and the case where
there is not. The first case is characterized by m /N — 0, while the second by
m/N not — 0.

2.1. The case m/N — 0. In this case we consider the asymptotic behavior
of the PGWLS estimates. A basic technique here is penalization. As discussed
in Section 1, the purpose of the penalization is to make the individual effects
conditionally identifiable, which may be different from that of many tradi-
tional uses of the penalizers. More specifically, we first explain why P,,
defined above (1.11), is chosen this way. The main result states that, under
suitable conditions, the PGWLS estimates of the fixed and random effects are
consistent, where the convergence of the estimates of the random effects is in
an overall sense.

Consider the expression (1.11). The reason that one needs a penalizer here
is because the first term, I,(y) = X~ ,w,(y,m; — b,(n,)), depends on y = (B3, a)
only through n. However, y cannot be identified by 7, so there may be many
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vectors y for which n =XB + Za is the same. The idea is therefore to

consider a restricted space S = {y: P,a = 0}, such that within this subspace,

v is uniquely determined by 7. B
Define the map T: y = (B, a) = ¥ = (B, @) as follows: @ = P,.a, B= B +

(X'X)"'X'ZP, a. Obviously, T does not depend on the choice of A. Since

XB+Za=XB+ Za— Py . ZPya = XB + Za, we have [,(y) = [.(9). Let G,

= (X Z). The proofs of the following results will be given in Section 5.
LEmMA 2.1. rank(G,) = p + m.

COROLLARY 2.1.  Suppose that b!(+) > 0,1 < i < N. Then there can be only
one maximizer of lp.

LEMMA 2.2. For any positive numbers b,, 1 <u <panda,,1 <k <m,
)‘min(G.ﬁthA)

2 2
(maxlsugp bu) 4 (maxlgkgm ak)

Ay (W LHW 1) |y > >0,

where W = diag(b,,...,b,,a,,...,a,).

ki p?

THEOREM 2.1. Let b!(+) be continuous, max, _;_  y{w?E var(y,la,)} be
bounded and

1 _
(2.1) —[( max IXuIZ)II(XtX) 'x1Z|? +( max |zk|2)]uowo|2 Sy 0.
N l<u<p 1<k<m
Let cy,dy >0 be any sequences such that limsupll Byll/cy <1 and

P(lagll/dy <1) > 1, M; > cy2l_jlx;, | +dyXy qlzyl, 1<i<N and ¥ =
(B, &) be the maximizer of lp over T(M) = {y: Iyl < M;, 1 <i < N}. Then

1 p R 9 m .
(2.2) ﬁ( )y |Xu|2(.3u - .BOu) + Y1z, (&, - %k)z) —p 0,
u=1 k=1
provided that
(2.3)

=o(w?),

N

where ® = A, (W 'HW Ylys min, _,_ y{w, inf, _, b/(R)} with W =
diag(IX,|,...,1X,,1Z,l,...,1Z,D.

The following shows that, under further assumptions about the design
matrices, B is a consistent estimate, and the convergence of & can be
expressed more intuitively.

COROLLARY 2.2. Let the conditions of Theorem 2.1 [including (2.3)] hold.
(1) Suppose p is fixed, and

(2.4) liminf A, (X'X)/N > 0,

then p —p Bo-
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(i) SupposeZ = (Z,, -+ Z,)) and correspondingly, a = (a,, ..., a,), where
a, =(a,,)1<y<nm, and each Z,, is a standard design matrix in the same
sense as for U described below (1.13), 1 < u < q. Let Z,, be the vth column of
?1(},{) andn,, = IZMI2 = the number of appearances of the vth component of «,,.

en

m, -1 m,
(25) ( Z nuv) Z n’uv(&uv - aOuv)2 -p 0’ l<ucx< q,
v=1 v=1

where &,, and oy,,, 1 <v<m,, 1 <u <q are the corresponding compo-
nents of a and «, respectively.

One special case of GLMM is the LMM. Theorem 2.1 and Corollary 2.1
imply the following.

COROLLARY 2.3. Suppose b!(+) = 1; max,_,;_y{w?E var(y,ley)} is
bounded, and (2.1) holds. Then (2.2) holds provided (2.3), where ¥ is the
unique maximizer of lp and o = A,;,(W *HW™ Ylys min, _; _ yw;.

Note that one difference between Theorem 2.1 and Corollary 2.3 is that in
the former case ¥ is the maximizer of [, over I'(M), while in the latter case ¥y
is the global maximizer of /. In general, we have the following.

min

LEMMA 2.3. Suppose that bi(-) >0, 1 <i < N. Let y be as in Theorem
21. If ye R} ={y: 1Bl < cy, llall < dy}, then ¥ is identical to the unique
global maximizer of lp.

This is because if ¥ € R, c T'(M), then ¥ is a local maximizer of [, and
hence a root to
(2.6) &_ZP =0

Iy
On the other hand, by the proof of Corollary 2.1, it is easy to show that the
root to (2.6) is identical to the unique maximizer of /.

In the following, we consider a special class of GLMM in which the
responses are clustered into groups with each group associated with a single
random effect (possibly vector valued). Suppose that given unobservable
random vectors «;, ..., «,, satisfying E(«;) = 0, the responses y;;, 1 <i <m,
1<j<n;(n; =1 are independent with E(y,;|a) = b;(n,;), where b,,(-) is
differentiable. Furthermore,

(2.7) m;=a+x;;B+zla,

where a is an unknown intercept, B8 = (B,); ., . s (s is fixed) is an unknown
vector of regression coefficients, and x,; = (x,,);., -, and z; are known
vectors. Such models are useful, for example, in the context of small-area
estimation [e.g., Ghosh and Rao (1994)] in which «; represents a random
effect associated with the ith selected area. Here we are interested in the
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estimation of the ﬁxed effects a, B;, 1 < k < s, and the “area-specific” ran-
dom effects v; = z!@;, 1 <i < m. Therefore, wlog, we may assume that in the

l i’

above model 7;; has the following expression:
(2.8) m;=a+x;B+uv,

where vy,...,v,, are random variables with E(v;) = 0. Note that in (2.8),
a; = a + v; may be regarded as a random intercept. It is clear that this is a
special case of the GLMM (1.3)—(1.5) with B replaced by (a,B), a=v =
(v )1<i<m> and the design matrices X = (1 X, --- X,), where N = L n,,

(Xlk)1<l<m, and X;, = (x;,)1<j<,,and Z = diag(1, , 1 <i < m). Fur-
thermore it is easy to show that A =1, el@(‘/I/(PXLZ)) S ={y: v.=0},
where v.= X" jv,;. Thus, (1.11) has a more exp11c1t expression,

A
(2-9) lP(?’) = Z Z (yijnij - bij(nij)) - §m52,
=1, =1
where v = v./m. For such models, we have the following more explicit result.
Let 6y = min; jw, 1nf‘h‘<M b! (h) Ay = Apin(E7 X0 (x; — X & — X,)D)
with x, = n’lZ”

THEOREM 2.2. Let b]/(+) be continuous; w; E VaI‘(y”|UO) lx;;| be bounded,
liminflAy/N) > 0 and v, —p 0. Let c, d 20 be such that lim sup(|la,l vV
|BoD/ey <1 and P(||Uo||/dN <1 - 1, Ml-j >cy(1 + 2D +dy and ¥ =
(&, B,0) be the maximizer of lp over T(M) ={y: In;l < M,;, all i, j}. Then,
B —p By, and

(2.10)

1

N 2
N ni(ai —ay;)" —p 0,

\IMS

where 4; = 4 + 0, and ay; = a, + vy, provided that m/N = o(8%). If the
latter is strengthened to (min, _; _,, n,)"' = 0(82), then, in addition, & —p a,,
and

1 m , 1 m \
2.11 — (D, — vy, 0 — 0. — Uy, 0.
( ) N Z nl(vl UOL) -p ’ m Z (vl UOl) -p

i=1 i=1

Note. It can be shown, by a simple example, that @ —, a, and (2.11) may
not hold without min, _;_,, n, > <, even if m/N — 0.

2.2. The case m/N not — 0. In this case we consider the asymptotic
behavior of the MCL estimates. As noted in Section 1, a basic technique here
is reparametrization, because, conditionally, the individual effects may not be
identifiable. We first introduce the reparametrization, which is a map from
(B, @) to (B, @). The main result states that, under suitable conditions, the
MCL estimates of 8, @ and 7 are consistent with a certain convergence rate.

We consider the model defined by (1.13) with all the assumptions. Further-
more, we assume that there are no random effects nested within /. In
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notation, this means that 2z, =2z,;, i€8S;, 1<j<M, where z,; =
(24 1)1 <1 < ;- The following lemma defines the reparametrization.
LEMMA 2.4. Thereis a map B~ B,y — & such that:

G) XB+ Za = XB + Za, where (X Z) is a known matrix of full column
rank.

(i) Z,=2,;,1 €S, for some known vector Z, ;, where z} is the ith row of Z
and S; is defined above (1.15).

By Lemma 2.4, we have
(2.12) n=Wy+ U,
where W = (X 2), y= (B, a). Let ¢ = (B,7), ¢ = (&, ¢). By (1.14) we have

M
(2.13) f(yle) = TTF (5w,
jo
and it is easy to show that f(y|y) = g,(2',;a, B, 7), where
(2.14) £.(5) = [ [T f(nls, + s, +5,.,€)]

with s, = (sy =+ 5,,;) and r = dim( B). Note that r < p. Let n = dim(&)
(Note that n is the same as ¢ in the proof of Lemma 2.4.) Let & (s) = log g;(s),
lo() = log f(yly) and I, () = log f(yPlp) = h (', ;&, B, 7). Then

M
(215) le(#) = L le/(0).

Let Z* be the matrix whose jth row is z't*j, 1 <j< M. Let ¢, and ¢, be the
vectors corresponding to the true parameters and realizations of random

effects. Define s , = LM 12, .1, 1 =1,2,...,ty , = T2 T, 412 n 2l
2.16 H 7h,
( ) ) J(l)ll) B Js? 31=5t*j54’3<2)=ﬁ§:sr+2="’

Mz, 0 gy, 0
(217) A, = Z( 0 IH)(H]'(‘PO) _E(Hj(‘po)wo))( ’ )’

j=1 -
where I, represents the /-dimensional identity matrix,

Zt*Z* 0 _ % g*jét*j 0
0 b

(2.18) G-
0 MIr+1 Jj=1

oh;
(219) AM(w) = min )\min(var(a_sjl(ét*jdygﬁ)'lp))’

1<j<M
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and Ay = Ay (). Let £O(yp) = (9'h;/asi)(2 &, B, 7), 1 = 1,2,

1 _ 1
Vi )("3) = 12}5341?“5]'( )(¢o)|1(|z'*jk§;1>(¢0)|>1/28)|¢0)a

Vk(z)(g) = 1131%WE(|§J'(2)(¢0) - E(§j(2)(¢0)|¢0)|1(z‘2*jk\---—~~~|>1/2g)|¢0)-

THEOREM 2.3. Suppose:

() the conditional densities f(y|¥), 1 <j <M are with respect to a
common measure u and have common support, and the first and second
partial derivatives of [f(yY|§) du with respect to components of i exist and
can be taken under the integral sign.

(i) h(s), 1 <j < M are three times differentiable and there exist 5, B > 0

such that
max {( max ) \Y, } <B
1<j<M l<u<r+2

for all  such that l¢ — @l < 8. )
Gii) Z,, #0, 1 <k <n, where Z,, is the kth column of Z,, and the
following are bounded:

~ Szﬁ?k Sl(g)k Sgé)k
1Zll., max |—z=|, max |—z=|, max ’ and
1

2

dsy ds,

3

ds, ds, ds,

max
l1<u,v,w<r+2

2)

<ksn |\ Sy p I<k<n |\ Sy s 1<ks<n |\ Sy p
(2.20)
. 2 2
-2 (?hj ﬁhj
max |Z*J-| E|— \Y; max E|— ,
l<j<M 1981 86 2<u<r+2 (9.S‘u so

where s, = (£', ;a,, By, 7o) and
(iv) Ay > 0, and there is a sequence p,, such that 0 < py; < Ay A 1, and
the following — 0 in probability:

_ _ Eu .k n
Amax(G™2A,G~V2) /py,, max ( )/pM, (M)/pj‘l and

1<k<n | 8%,

max (log n/pZ min sfg_,fl)) % (n max V,#9( p]lu)/p]lu).
1=1,2 1<k<n ’ 1<k<n

Then, wit}AL probabilityA approaching 1, there is a sequence lZ satisfying
(0le/ o)) = 0 and [l — Pl = 0p(py).

Note. In fact, it is seen from the proof of the theorem that [|& — ¢,ll =
op( pip).

Consider a special case in which there is only one random effect factor. In
such a case, one may integrate out all the random effects, if necessary. The
resulting MCL estimates are the maximum likelihood estimates for the fixed
parameters. We have the following.
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COROLLARY 2.4. Suppose that in (1.13) a = 0 (i.e., there are no random
effects besides (), and that:

(1) Part (i) of Theorem 2.3 holds with i replaced by ¢.
(i) A, (@), 1 <j <M are three times differentiable and there is &, B > 0
such that

max  sup |(any third derivative of h;)(¢)| < B.
1=i=M jjg—gll<

(i) Ay =min,; _;_y /\min(Var((&hj/ﬁgo)(qoo)lqoo)) > 0 and

mﬁl (1H,(¢0) = BH,(0)I3) = 0,

where H; (go) = 92%h i/ dp2. Then, with probability approaching 1, there is a
sequence ¢ such that ((?lc/(?go)(go) =0 and | — @oll = 0p((Ay, A 1)2)

This follows easily from Theorem 2.3 and the note following the theorem.
Note that since there is no «, most of the assumptions in Theorem 2.3 [e.g.,
(ii1) and most of (iv)] are not needed.

3. Examples. First, we use an example to illustrate Theorem 2.1.

ExaMpLE 3.1. Consider the logit random effects model (1.1). We have
X=1,9®1,,2,=1, ®1, ,Z, =1, ®I,, where ® means Kronecker
product Then A = dlag(l 1,) e {%’(/I/(PXL (Zy Zy)). Also W =
ymym, diag(l, (1/ \/m_l)Im ,(1/ \/HZ_)I ). For any (n,a,b) €S ={a.=b=
0}, let (A, u,v) = W(yu,a, b) Then,

(h,u,v)'W HW Y (h,u,v)

=(M,a,b)tH(M,a,b) = Z Z(M+ai+bj)2

i=1j=1

mq my
=mymyu® +my Y al +my ) b? = (h, u,v) (h,u,v).

i=1 j=1

Therefore, A, (W 'HW Ylys = 1. It is easy to show that (2.1) is satisfied if
m; A my = .

Suppose m,, m, — » such that log m,/(log m,)* — 0, log m,/(log m,)* -
0. Let {cy}, {ey) be any sequences such that ¢y, ey = », ¢y /log(m; A my) = 0
and eyy/log(m, V my) /log(m; A my) > 0. Let dy = eyy/log(m, V my);

5y =by=cy+ 2dy. Then, by Lemma 3.1 in the following, (lla,ll Vv

||b II)/aN — 0. Also, ® = min, {1nf|h‘<MN( b} (R} =inf,, _, {e" /(1 + e")?}
> (1/4)exp(—2by ). Thus it is easy to show that (2.3) is satlsﬁed

It follows from Theorem 2.1 that & —p o, (1/mE(d; — ay,)* —p O,
and (1,/m,)X7" 1(b by;)* —p 0.



INFERENCE ABOUT GLMM 1987

LEMMA 3.1. Suppose «a;, ~ N(0,d?2), 1 <k <m, and max,_,_,, 0 is
bounded. Then P(||lal|l < dy) — 1 provided log m/d% — 0.

We now use an example to illustrate Theorem 2.2.

ExampLE 3.2. Suppose Yij 1<i<m, 1<j<n; are binary with
log1t(P( yl ;=1la)) =mn; = By + Byx,; + a;,, where x;’s are covariates and
ag,... ~ N, o )

Suppose the x,s are bounded, and liminf(1/N)X} X7 (x,;; — X,)* > 0,
that is, asymptotlcally, there is variation within the groups.

Suppose that log m /(log(N/m))? — 0. Let My, = (2 + ¢)d, where dy =
(log m)"/*(log(N/m))"/?, and ¢ > max, ,|x,,|. Then, by Lemma 3.1, P(||ayll <
dN)—>1 Let cy =dy and M;; = My. Then MU_cN(1+|x D + dy. Also,
as in Example 3.1, §, > (1 /4)exp( 2My). Thus, it is easy to show that
(m/N)SN — 0. It follows, by Theorem 2.2, that fB, »p B,; and

N7'Y" in; (ai — ay;)? —>p 0, where a; = B, + «;.

If, furthermore, log m /(log n,)*> - 0, where n, = min; n;, we can choose,
instead, My = (2 + ¢)dy, where dy = cy = (log m)"/*[(log(N/m)¥?% A
(log n , )1/ 2]. Then by the same argument, we have (n,) '85? — 0. Thus, by
Theorem 2.2, B, —p By, and N 'L n(& — ay)? »p 0, m 'L (&; —
ay)* =p 0.

Finally, we use one example to illustrate Theorem 2.3.

ExampLE 3.3. Consider the model deﬁned by (1.12). Suppose the a,’s and
b,’s are normally distributed with og, >0 and r > 2. Take a=a=
(a )1<z<m1’§ b= (sz)1<z<m11<j<n We have X = mlnr and Z =1, 1®

. The transformation of Lemma 2.4 resultsin @, = 4 + a;, 1 <i <my, and
there is no B Furthermore, we have Z = Z, Z =1, ® 1,, and S;
{(i,j,k): 1 <k <r}. Suppose m;, n - «©, and there is 1/2 <p < 1 such that

(3.1) (log m;)"/log n > 0.
We shall verify the conditions of Theorem 2.3.

(i) is obvious, and (ii) follows from Lemma 3.3 in the following.
(iii) Z,, is a m,n-dimensional vector whose components are divided into
m,-blocks of equal length n with the ith block being 1, and other blocks 0;
||Z =18, =n1<i<m;,l=12.;l|2,/=1, Wh1ch combined with
Lemma 3.3, 1mp1ies the boundedness of (2.20).
(iv) By Lemma 3.2 in the following, there is ¢, > 0 such that

(3.2) Ay = dyexp(—2(2r + 5)lla,ll),

where d, = ¢, exp(—22r + 5)| oD, o is the true p and a, is the vector of
true realizations of a. By Lemma 3.1,

(3.3) P(llaoll < (log m;)”) — 1.
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Let py = d,exp(—2(2r + 5)log m;)?) A Ay A 1. It is easy to see that
ty ;=0,1<i<m; and we have, with probability approaching 1,

n 1
(H)/pz‘éf < (m—) vV dy*exp(—log m; + 8(2r + 5)(log m;)") —>p 0;
1

log n/pZl min s 20
l<i<m;

(logn
<

n

) V d;? exp(—log n + loglog n

+41(2r + 5)(log ml)p) —p 0;
and

n max V@ 9(pi)/pi; =0 forlargem,, l=1,2.

1<i<m,
Finally, we have

max(G 1/2A G- 1/2)
(3.4)

Z ( (d’o _E(Hij(l!fo)w/o))

R

Let & . q=(3%h;;/ds, &sd)(l/fo) — E(--+ |§hy), where h,(s)=log E exp((s,
+ 85 €)y;;.— rlog(l + exp(s; + s,¢)) with & ~ N(0, 1). By Lemma 5.3 in Sec-
tion 5, there is a constant B > 0 such that V 6 > 0, whenever 0 < ép,, < 4/B,

1 n
P lmax y ) (Hij(l/fo) - E(Hij(‘ffo)|l/fo)) > 8py B*| i,

<i<m, -1 &
2 - = opy 9

< X Z ) & jeal> TnB o
c,d=1i= j=1
2 mq 62 2 8232

< Y ZZexp(— pMnB2) = 8exp npfl(——-i-op(l)) —p 0.
LA 64 64

Therefore, by the dominated convergence theorem, A, (G '/2A,G'/2)/p,,
—p 0.

LEMMA 3.2. Let 6= (u,7), h(0,k) =log Eexp((n + 7&)k — r log(1 +
exp(u + 7)), k=0,1,...,r, where 7> 0,r > 2 and £~ N(0,1). Let Y be a
random variable taking values in {0,1,...,r} such that P(Y = k) =
(1)exp(h(0, k)). Then, there is a constant ¢ > 0 which may depend on T such
that for all u,

(35)  A0) = /\mm(Var(%(O,Y))) > cexp(—2(2r + 5)| ul).
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LEmMmA 3.3. For any b > 0, the first, second and third derivatives of
h(0, k) (see Lemma 3.2) are uniformly bounded for w € R, 0 <7< b and
O<k<r.

4. Remarks.

1. In many cases the variance components of the random effects are of
interest. The methods developed in Sections 1 and 2 provide an easy way to
consistently estimate these parameters. To see this, let us first consider the
case m /N — 0. Suppose that o and Z have the structures described by (ii) of
Corollary 2.2. Suppose that «,,...,q,, are iid. with o = var(a,,),
E(al) < < and that (X7«;n,,) 2Y™,n2 — 0, 1 <u < q. Then (2.5) implies
that (X7«,n,,) 'Y n,, &% —p 02,1 <u <q. In the case of m/N not
— 0, the MCL estimate 7 of 7, which often corresponds to a dispersion
parameter, is consistent under the conditions of Theorem 2.3. If, furthermore,
a and Z in (1.13) are as described above, the same consistent results hold for
the variances of the «,,,’s.

2. As pointed out in Section 1, our procedures are different from the
traditional approaches, in which one needs to get the variance components
right before going to the effects, or one has to estimate the effects and
variance components simultaneously. It may seem surprising that one can
estimate the fixed and random effects without first getting the variance
components right. Here, we need to clarify a few points. First, there have
been other occasions in which one estimates the effects without “getting the
variance components right.” A well-known example is WLS [e.g., Diggle,
Liang and Zeger (1996), Section 4.3], in which an estimate of 8, the vector of
regression coefficients, is obtained by minimizing the quadratic form (y —
XB)W(y — XB), where W is a weighting matrix. In cases where the re-
sponses are correlated, it can be shown that the optimal weighting matrix, in
the sense of mean squared errors, is given by W = V™1, where V is the
covariance matrix of the errors. Note that V involves not only the variance
components but also the correlation structures. Therefore, to identify this
optimal weighting matrix, one needs not only to get the variance components
right, but also to know the complete correlation structure of the data. The
latter is often more difficult to do and requires more assumptions. On the
other hand, the WLS estimate with an arbitrary W is unbiased, consistent,
and asymptotically normal, even if it is not efficient. Our procedures, in a
sense, are similar to WLS. Note that we do not assume the covariance matrix
of the random effects « is known up to a number of variance components
[(1.3) is the basic assumption]. In fact, with only (1.3), it may not be clear
what are the “variance components.” Also, our results only show the consis-
tency of these estimates, not the asymptotic optimality. Second, the consis-
tency of the PGWLS (or MCL) estimates holds only in large sample cases
where there is enough information in the data about the random effects (or a
subset of the random effects). For example, in Example 1.1, if both m; and
m, are large, one has enough information about the a;’s and b;/s. One does
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not need to know, in addition, the variances of the a;’s and b/s, because these
can be deduced from the previous information (see Remark 1). Finally, one
should always be aware that large sample results may not apply to small
sample cases.

3. In PGWLS we have chosen the penalizer as in the form A|Pal|?® [see
(1.11)]. One reason for choosing such a penalizer is computational conve-
nience, because it is a quadratic function of «, which corresponds to a linear
function of « on the left side of the estimating equations (2.6). A penalizer of
the form A|Pa|* also has some ideal theoretical properties. For example, with
P = P,, where A is defined above (1.11), the maximizer of [, if it exists, is
unique (Corollary 2.1). On the other hand, it is seen from the proof given in
the next section that the result of Theorem 2.1 would hold for a variety of
penalizers not necessarily quadratic, for example, those of the form |Pal”,
where k£ > 0. It would be interesting to know what is the “best” choice of
penalizer. Note that although many penalties would lead to consistent esti-
mates, there may be a difference in terms of efficiency and small sample
properties.

The PGWLS procedure also involves a constant A which is assumed
known. For the consistency of the estimates, A does not make a difference. On
the other hand, the choice of A might affect the (asymptotic) efficiency as well
as the small sample behavior of the estimates. It would be interesting to
know to what extent this is the case.

4. There is some connection between PGWLS and the penalized-likeli-
hood method based on Laplace approximation [e.g., Breslow and Clayton
(1993), Shun and McCullagh (1995), Lee and Nelder (1996), Vonesh (1996)].
The Laplace-based penalized-likelihood method leads to a penalizer which
typically involves unknown parameters such as variance components. PG-
WLS, on the other hand, is simpler in the sense that the penalizer is
completely specified. It can be shown that [Jiang, Jia and Chen (1999)], in
terms of consistency, the unknown variance components involved in the
Laplace-based penalizer do not make a difference, provided that m /N — 0.
Therefore, assuming normality of the random effects and with any given
values of the variance components, the Laplace-based method leads to a
penalized log-likelihood in the form of (1.11). Note that the Laplace approxi-
mations considered here are nonstandard in the sense that the dimension of
integrals increases with the sample size. Earlier results have indicated that,
under more restricted limiting process than m /N — 0, the Laplace approxi-
mation is asymptotically exact, and the estimates of the fixed parameters are
consistent. For example, Shun and McCullagh (1995) requires that m /N'/3
— 0; Vonesh (1996) considers a special case of a nonlinear mixed model with
single random factor and requires that min; p, — %, where p, is the number
of observations at the ith level of the random factor. Note that the latter
assumption is, in fact, sufficient for the estimates of individual random effects
to be consistent, while under m /N — 0, one can only expect consistency of
the estimates of the random effects in an “overall” sense (see Theorem 2.1).
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Nevertheless, the PGWLS estimates of the fixed effects are consistent under
m/N — 0.

5. To apply the MCL method, the conditional density f(y;|n,) in (1.14)
must be known. Sometimes, such as in (1.6), f(y;|n,) may contain an addi-
tional dispersion parameter ¢, although, in some cases such as the binomial
and Poisson models, ¢ is known. When ¢ is unknown, it, too, has to be
estimated. An obvious way to do this is to include ¢ as part of ¢ defined
below (2.12) so that it can be estimated jointly with other parameters.

5. Proofs.

PrROOF OF LEMMA 2.1. Let B = —(X'X) 'X'ZA. Then XB + ZA = Py.
ZA = 0. On the other hand, rank((%)) = rank(A) = m — rank(Px.Z) = m —

(rank((X Z)) — rank(X)) = p + m — rank((X Z)). Thus (8) e (/' (X Z))).
Suppose, (i) XB+ Za =0, (i) Aa=0. (@) = (8) = (§)! for some vector [.
Thus by (i), AAl=0=1=0. O

PROOF OF COROLLARY 2.1. It is enough to show that (9%1,/dy?) <0, V v.
Simple calculation shows that

L e

(5.1) ,
TS t
$_6~Z1 2 )\ 2 =-8(X2)(X Z2),
where 8 = min, _; _ y{w;b/(n;)} > 0. Thus for any v € R?, u € R"™,
2

vtalp(vzv)talcv_)\vt() 0 v)

u) gy2 \u u) gy2 \u ul \0 Pyl\u
—8|Xv + Zul® — /\IPAuI2 < 0.

If “=” in the above holds, then (i) Xv + Zu = 0; (i) Pyu = 0. (ii) = A'u = 0
= (¥Z)?)=0=(2) =0by Lemma 2.1. O

IA

ProOOF OF LEMMA 2.2.
VyeS, yHy=I|XB + Zal” = y'GiGyy > Apin(GLGL)IYI*. ¥V v, € WS,
we have
y=Wly, €S =y W HW 'y, = y'Hy > Ayn(GiGy )y
mln(GAGA)Y*tW Y«
Amin(GAGa) |
(max, ., ,b2) v (max, ., . ,af)

The result then follows from Lemma 2.1. O

> |
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ProoF OF THEOREM 2.1. First we show that ¥ € S. This is because ye
I(M) since 7 =Xp + Z& = X,B +Za=7=1p%) = lc(y) —(A/2\|Pal* =
Zp(')’) = lc(’}’) - (/\/2)|PAC(| = C('Y) - (/\/2)|PAPAL Ul| = lc(')/) = (/\/2)
|P &> <0 = P,a=0,thatis, ¥ € S.

By Taylor series expansion and the fact that 1, = n,, we have

P9l - modle
l —lc(Yo) = — w — Bou) + — (a, — @&
c(7) c(70) = aB, y0(,3 Bo ) k§1 Ja, y0( k ok)
5 2 le ~
(5.2) T (’}’_70) _(7‘70)
1
=1, - 512’

where y* = (1 — )y, + ty for some 0 < ¢ < 1. We have

2 2 810 ’ > 2 ’
E Z X | ( = Z |Xu|7 E ( Z wl lu(yl bi(”’lo;))) a()
u=1 &Bu Yo u=1
p
= Y Ix,? Z wixl E var(yla,)
u=1
2
< | max w, E Var(yllao))
Similarly,
m alg |\
E| X |Zk|2(_ ) = Z 1Z,17* Z wizh E var(ylag)
k=1 ﬂak Yo

IA

( max w’E var(yllao))

1<i<N

Therefore, by (2.3),

( o] ] [ £msea-a)”
(5.3) 2\ 172, 1/2
Z 12,172 ((9 . y) ) (k¥l|zk|2(ak - &ok)z)

< w/Nop(D)IW(y — 7o)l

On the other hand, if y,, y € T'(M), then, since n* = (X Z)y* = (1 — t(X
ZWo + (X Z)y=A -y +tn=Q0Q —t)my + tn, Inl<M,, 1<i<N,
hence y* € I'(M). Therefore, we have, by (5.1) and the fact that y € S, V v,
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that when y, € T(M) and y € I‘(M)OS

I—(v—vo)( v (7—70)
(5‘4) W(Y_ 70) ( 'Wl)(w()’_ 5’0))
> mm( w- 1 &7 B )stIW(y—vo)I

> olW(y— %)
Since Ip(y) = l,(y), y € S, we have, by combining (5.2)-(5.4), that when
Yo €ET(M)and ye T(M)N S,

lp(?) - lp(f’o) = ZC(V) - lc(f/o)
< o/Nop(DIW(y = 3)l - 3|W(v— 7o) I?

= w/N|W(y- 70)|(OP(1) - _(W))

Note that the 0,(1) in (5.5) does not depend on y. Let R, = {y: [W(y — ¥,)| <
eVN} (&> 0). Since y, € (M) = ¥, € (M) N S, we have, by (5.5) and the
proved fact that y € S, that

{reran, o <)

C (7 €T(M) NS, 1,(y) <Ip(%), Y yET(M) NSNR:) C{§<R,).

Since {y, € T(M)} D {ll Boll < ¢, llapll < dy), we have P(y € R,) — 1. By the
arbitrariness of ¢, we have

(5.5)

(5.6) lIW(? — %) =5 0.
Finally, let Wy = diag(|X,|, 1 <u < p), W, = diag(|Z,], 1 < & < m). Then,
W (% = vo)I* = IWX(BO - Bo)l2 + W, (ay — ap)l
— Wy (X'X) ' X'ZP,a,|? + [W,P,
< IIWXIIZII(XtX)_l)ﬁ'tlezlPAaol2 + W11 Py e
_ [( max | X, )I(XX) X217 + ( max |zk|2)]|PAa0|2.

l<u<p 1<k<m

(2.2) thus follows from (5.6) and (2.1). O

PrROOF OF COROLLARY 2.3. Take cy = (1 + | B,IDN, dy =1 + Ella,/)N
and M; =»,1<i<N. O
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ProOOF OF THEOREM 2.2. In the following, we use the abbreviation “PT2.1”
for “the proof of Theorem 2.1.” As in PT2.1, ¥ € S. By (5.2), it is easy to show
that

le(y) — lc(i’o)

= ,Z "Z wij(yij - E(yij|vo))(nij )

(5.7) z=1j;1 N 2
_% Z Z wijb;,j(n*ij)(nij - ”7Iol‘j)
i=1j=1
= 11 - %Iz
Note that

(5.8) Mij — Moij = @; — @g; + J_Ci(,B - .éo) + (xij - ii)t(ﬁ - ,éo)-
Thus we have, similar to PT2.1, that
1/2

L] < ( i ni_l( i wij(yij - E(yiJ"UO))) )

m 9 1/2
x| X ni(ai — @y, + 3_55(3 - Bo)) )
(5.9) i=1
+ X wij(yij_E(yij|vo))(xij_3_€i)|,3_[§o|
i=1j=1
n _ 2} -
=OP(1)M( Zni(ai_dOi_f—g_Cf(B_BO)) + Op(1)VNIB — Bl;
i=1
m n; _ - 2
I, > 5N'Z ; (ai — @y + 9_55(3 - Bo) + (xij - Q_Ci)t(ﬁ - Bo))
(5.10) =il

2 SN( Z ni(ai —Gg; + E(B - réo))2 + Ayl B - [§0|2)_

Let r2=2YX" n(a; — ay +x(B — By)? + NIB — B,|*>, we have, by (5.7),
(5.9) and (5.10) that, when y, € (M), ye (M) N S,

(1) = 1p(30) < Op(fmry + Op(Vry = 14 3 B0k

m 1 An\ T
=4 N|(O 15_1‘/———1/\——.
For any &£ > 0, let R, = {rZ < £2N}. By (5.11) and the same argument as in

PT2.1, we have P(y € R,) - 1. Thus, #4/N —, 0, where 7y is ry with y
replaced by . It follows that

(5.11)

1
N T

1

I’Ll(dL - dOi)Q _)P 0.

1z

(5.12) |8 — Bl »p 0 and
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We now show that

(5.13) 1Bo — Bol> »p 0 and % Z ni(@y; — ag;)” —p 0.
Therefore, the conclusions without min, _,_,, n;, = « follow. To show (5.13),
we let B* = (a, B), and note that, by the definition, B — B =
(X'X)~ 'XZP,v,, By — vg = —Pyvy and | By — Byl <|Bg — Bil, ldy; — agil <
| BO ,80 | +10y; — vy, It is easy to show that the first row of X'Z consists of
, 1<i<m, and the (v + 1)'s row (1 <u <s) of X'Z consists of «x,.,,
1 s i < m, where x;, = Y7 x;;,. It follows that |BE — B <
KN 1XX) 1 |Bl, where B = N 'X!ZP,v,. Now, [(N7'X!X)7!| =
(N" Ao (X'X)) 7", and [the first row of B| <|[[Pyv,ll, Ithe (z + 1)’s row of
B| < IIPAvollmaxi,j,klxijkI, 1 <u <sand ||Pw,ll =17,l Thus, | B¢ — B&l =5 0
(5.13) thus follows.

Finally, let n, = m1n1<l<m n,, and suppose n, '=o0(82). Let s% =
Y ona; — dg; + 2B — B)? + (Ay/2IB — B,yl%, and S, = {s? < £2mn .}
(e > 0). By (5.7), (5 9) and (5.10), we have that, when y, € I'(M) and y €
r(M)nsS,

Lp(v) = 1p( o)
< Op(1)Vm sy — 255 + Op(1)VNIB — i

NN (YNIB = Bol)”
(5.14) o )

< Sysyymn, [Op(1)85'n, ~ /2

+0p(1)65%n, !

\/E SN
\/ESN_2 ’

Here we use the fact that the function Ax — ux? (u > 0) is bounded by
A /4. By (5.14) and a similar argument asin PT2.1, we have P(y € S,) — 1.
Thus, §%/mn, —p 0, where 8y is sy with y replaced by ¥. It follows that
[using the first half of (5.12)] m 'Y™ (4, — a,,)*> »p 0. Also, by the same
argument as before, we have m~ 21—1(aol a,;)> =p 0. Therefore, by the
fact that ¥ € S, we have

— N2 1 A ’
(@ —ap—70p) _(;i_zl(ai_a()l)
17 9
<— 2 (4 —ay) —p0
mia

The rest of the conclusions follow easily. O
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PRrOOF OF LEMMA 2.4. Let a* = o + (Z'Z)Z'XB. Then
XB+Za=P, XB+P,XB+ Za
(5.15) =P, XB+Z(Z'Z) Z'XB+ Za
71 XB + Za*,
Let S={j,...,J;) be a set of indexes such that X=(PZLXj)jEs €

HB(L(P;.X)). Then for k & S there are numbers A;, j€ S such that
PZL‘Xk = ZJES)\‘]kPZLX‘]' Thus

p
P, . XB = ZPZL % B

(5.16) =Y P, X, B, + ) ( Y AjkPZLXJ.)Bk
keS k&S N jes
=X PZJ-Xj(Bj + ) Ajp Bk) = X8,
JjES k&S

where 8= ());cs with B; = B; + ) 2 s Ay By-

Let T = {kl, ..., k) be a set of indexes such that Z = (Z)y 7 € B(A(Z)).
Then for j & T there are numbers w;;, k € T such that Z;, =}, crp;,Z,.
Thus

Za* = ), Z;a}

Jj=1
(5.17) = Y Zaf + ) ( )y uijk)aJ
jET j&eT ‘keT

= Z Zk(a];k + Z lu“kja;'k) :Z&’
keT jeT
where a = (&k)keT with @, = off + ZJeT,ukj .

Suppose that Xa + Zb = 0. Then since X'Z = (X, DiesPr (Zer =0, we
have |Xal? =a'X'Xa=0=>a=0=>2b=0=b = 0. (i) thus follows from
(5.15)—(5.17).

Since z; = (z;)1cpem =25, = Zupichem L €8;, we have 2, =
(Zik)kET (Z*jk)keT_Z*J,leS O

The proof of Theorem 2.3 is fairly long; therefore we divide it by lemmas.

LEmMA 5.1. Let f(x) = f(x4,...,x,) be a differentiable function, where
x; =X, 1<i<s; R={x €R" |x; — x4 <8, 1<i<s}, where
n=2xi_n;, §>0,1<i<s. Let x*€R such that f(x*) = max,_p f(x).
Then, x* & JR, provided that

. I
(5.18) (x; —x4;) — <0, x € IR,
ax;
where df/dx; = (f/9%;)1<;<n, and IR, ={x € R": |x; — ;] = &
ol < 8y i # i)

i L2 —
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ProoF. For any x € JR;, define the function x(u): [0,1] — R* as follows:
x(w); = xq; + ulx; — xy;), x(w); =x;, 1" #i. Let p(u) = f(x(w)); then ¢'(u)
= X7, (af/dx; Nawx;; — xg;;), hence @'(1) = (x; — x(,)'(3f/dx;Nx) < 0.
Therefore, there is 0 < u < 1 such that f(x(uw)) = o(u) > (1) = f(x), and
|x(u); - x0i| = ulxi - x0i| < ¢;, |x(u)l - in’| = Ixi, — xOL-,| < 6, 1" # i. There-
fore, x(u) € R\ JR;, hence x* & JR,. O

Given 0 <e<1, let R, ={y:lla—all <e lo—@l<e®, IR, =
{y: lla - &0|| <e lo— ¢0| = 82}, &Rg,k = {lﬂ |a‘k - &0k| =8, |&l - éI"Ol| =<

g, l#k, lo— gl <e?, 1<k<n.

LEMMA 5.2. Under the conditions of Theorem 2.3 we have that whenever

)\M > Amax(G71/2A2G71/2) + d,
sup {lc(¢) — le(o)}
YEIR, o
(5.19) < &/Mn 0p(1) + e2/M 0,(1)

—(£2/2)M( Ay — Aan(GV/2A,G71/%) = d),

where d = max, _ ;. y SUpy_ < () — H(P)llr, and the Op(1)'s do not
depend on e.

ProoF. For any ¢ € JR, ,, we have

ale| \' .
Le(¥) —lc(¥h) = (% %) (a - ao)
(5.20) qu e e

1 9%
+ J— J— J—
where ¢, = ¢, + t(y — ) for some 0 < ¢ < 1.
Given ¢, dl¢ /oy = (39/d)log f(y 1), 1 <j < M are independent with,
by G), E(dl ;/dply) = 0. Therefore,

al.| |?
E||—
dar k=1

1
(b —to) =1, + 1, + 512,
/8

1
M=

|

=

Yo
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where K is given by (2.20). Thus,

dl

(5.21) I, <|—=| |l& - a,l < eVMn 0p(1).

[y
Similarly, one can show

alg| I

Ef|— <(r+1)KM.

Ip |y
Thus,
(5.22) Iul<| 5> llo= gl =2 VM Op(1).

Yo

On the other hand, we have 1, ;/dy* = C;H,())C}, where C; = (% ,° )
and H (i) is defined by (2.16). Thus,

%l ; M M
| T L GE(H)l)C + T Ci(H; (o) = E(H;(v0)l4))C;]
* j j:1
(5.23) M t
Z S(Hi($+) — Hy(4))C
- A1 + A, + A,
It is easy to show, by (1), that
’ ¢ &hj ¢
(5.24) CjE 952 N l/lo Cj = —Cj Var g . l,bo Cj.
It follows that
M (s st 0
(5.25) Ay < =) X | 795 e’
Jj=1 0 Ir+1
In addition, we have
(5.26) A, < AmaX(G‘l/ZAzG‘l/Z)G,
M
(527) AS < Z )‘max(Hj(d’*) - H]( lpO))CJCJt =< dG
j=1
Note that A, (A) <|Allg for any symmetric matrix A. (5.19) thus follows

easily from (5.20)-(5.23) and (5.25)—(5.27). O

LemMA 5.3. Suppose X, ..., X, are independent with EX; = 0 and |X,| <
B, 1 <i<n,where B> 0.Then forany 0 < e<1/Banda, > EX? 1<i<
n’

£12
<2 —=| Al,
( eXp( (2) )

> A

where A = X! ,a,;.
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The proof is straightforward [e.g., Stout (1974), Lemma 5.4.1].

CoROLLARY 5.1. Suppose X;,..., X, are independent with EX, =0 and
EX? <o, 1<i<n.Thenforany e¢>0 and a, > EX?,1<i <n,

P( T X, sZ[exp(—(g)zA

i=1
where A = X7 ,a,;.
Proor. We have X; = U, +V;, where U, = X;1x .15, — EX;1 ), V; =

1 n
> 2sA + ;EIE|XL'|1(\XL\>1/2E> ;

13

X, — U. By Lemma 5.3, P(X"_,U,| > £¢A) < 2exp(—(&/2)?A). By Chebyshev
inequality, P(X]_,V;| > ¢A) <(2/6A)L!_EIX;|1x 51,2, The result thus
follows. O

LEMMA 5.4. Under the conditions of Theorem 2.3 there is a set S, with

2 B
P(Silwo) <2n ). {exp(— =L g2l min s}l‘}’,fl))

=1 4 1<k<n
(5.28)
3—1 3-1 l
+ max Sgt/l,k) maxlgksnvk( )(‘9)
1<k<n Sﬁ(}jky) SZBS,Z ’

where B, = 1 V max,_;_ylE(E®W)lPy)|l and By, =1V max,_;_y
var(£® (o)) such that on S,,

. g
max {lZ*k|_2 sup [(&k —&ok)_c }

1<k<n yEIR, , é’&k

Lu,
< 32{—AM+d1 + b, max (](Z_)

1<k<n\ Sy p
(5.29) o
M,k
+¢&|2B; + 2B, max 5
1<k<n | S§p
Si1 i
+(r+1)b, max (——||},
1<k<n \ Sy p
where
b; = max sup |§j(2)(¢)|a
L<i=M iy — gyl <e
9%h;
b, = max max sup ,
1<j<M 2<u<r+2 ly—woll< & (981 (?Su (5t*jd,l§:’r)
and

d,= max sup [§P(¢) — £P (o)l

1<j<Mjjy—ygli<s
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ProOOF. Forany 1<k <n and ¢y € R, ;, we have

3 L dle 3 o dlg 3 e d%l,
p— —_ = — —_ + — [—
(ak %k) I, ap a0k) I, " (ak a0k) 35%2 o
3%l
+ ~ — v ~ — S
(5.30) z;k (& = Gon)(& ~ dor) day, day |,
(& - @) | )
+(a, — ag, ) ——— -
k 0k 9, d¢ » 0

=Ly + Ly + L5 + Iy,

where i, = ¥, + t,( — ) for some 0 < ¢, < 1.
It follows from (5.24) that var(£M(golwy)2%, , = —ECEP(Wldg)Z 4,
1 <k < n. Thus,
2
l//0)

alc)‘]’
Let S, ; = N}_4{l(als/da, o)l < 2By sy ). Then, on S, ;,
(5.31) I, < 26°B,s@,

E

([/Ow = Var( §j(1)(¢0)|l//o)52*jk = 3152*1‘13-

and by Corollary 5.1,

n al
P(S:qlyy) < L P —= > 28°B; s, ‘Po)
k=1 Ek |y,
n 84
<2y exp(—IBlsﬁ)’k)
k=1

(5.32)
1 M
= 1
T g @ > |Z*jk|E(|§j( )(‘Po)|1(|z"*,k§;”(d/o>>1/262>|¢0)]

1SMLE j=1
Dy .2 1
Vi(e?) | [ sits
2 2 .
e°B, Sl(ll),k

n et
<2) exp( - 13131(13),13
E=1

+

Next, we have

21
day,

and
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Let S, , = Ni_ {021/ 07 Xy) — EW(3%1o/ da) i)l < 2&B,siy ),
Since

9%l 3%l M ) o . o
da2 REYY: =)z #tl & (V) — & (o)l < dysip s
) E |y, Jj=1
we have, on S, ,, that
(5.33) Ly < &*(=Aysipn + 28Bysip, + dysip 1)

and by Corollary 5.1,

n 3%, 3%l .
P(Sslyy) < X P —~ | —E|—=5| [¥o]||>2eBsysit |0
k=1 c?ak Vo c?ak "
L g2 1 )
<2 Z exp __BQS( ) D J@) Z *jkE(lfj( )( l»l’O)
k=1 4 8B 28Mk j=1
(5.34)
_E( gj(z)( ¢0)|l//0)|1(z-2*jk‘... — > 1/25)|¢0)]
- e V() | [ si2
<2 exp(——B s+ — 1.
k—1|: 4 2R B, 8511
Also, we have
QZC .
(5.35) |15l < )y |(0‘k - aOk ( - 0‘01)| Z P 0.,] = 8zb1tM,k,
1#k a;, da, Yoy
r M 2 M (92[0 ;
Lal<e?| X X + 2=
(5.36) ! u-1j-1| 9, f7Bu ba|  J=1 day It |,
< &¥(r+ 1)bysiy,

Inequalities (5.28) and (5.29) then follow by combining (5.30)-(5.36) and
letting S, =S, , NS, ,. O

Proor oF THEOREM 2.3. (iv) implies that there is a sequence §,, such that
0<6,<1,8,—>0and

L[ log n e
P\ 27 VvV max

1 ©6-20)
1=1,2 |\ pp MIDg _p .Sy x

nmaxlgksnvle(37l)(pllll) i
; oy —p 0.

Pm

\%
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Let &), = 8,; py;- Then we have
(swdu) (/M) = (p3”(n/M)"?) /8y =p O,

log n/ey min s{ 20 = (log n/pi min S%}}‘kﬂ))/Sﬁl -5 0,
1<k<n 1<k<n

n max Vi D(eir)/ ey < (n max ViED( 91{4)/91114)/31{4 —p 0.
1<k<n 1<k<n

Replace & in Lemmas 5.2 and 5.4 by &,. (ii) implies that there is a

constant C such that B; V B, V b, V b, < C when ¢, < 8. (i) and (iii) imply

that there is D > 0 such that d < Dgy; when ¢, < 6. Thus d,/py, < d/py <

Ds,; — 0. (Note that b,, b,, d and d; all depend on &,,.)
By Lemma 5.2, on S = {A;; > A, (G"'/?A,G /%) + d}, we have

sup  {lo(¥) — Lo(Wo))

weﬁRwﬁ

Pum

Pm
\/;/SMPM)OP(l)

) 1 AmaX(G71/2A2G71/2) d
< eypuM 3 1-

(5.37)
+2

1

By Lemma 5.4, on Sjp = S, , we have

- al
|Z,]"?  sup {(&k—&Ok)—C}}

YR, day,

max | 2k
1<k<n sﬁ%k Pu

(4)
M,k
ZBI+-2B21nax (77—)

1<k<n

Si7 i
+(r +1)b, max | —o—
k

1<k<n

max
1<k<n

2 d,
SSMPM _1+p_+b1
M

5.38

= ey pu(—1 + 0p(1)).
Finally, we have

Lis@y < LG 1724,67 72/ pyy+d /oy >1) P 0
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and

¢ log n
P((sﬁp) |¢,0) < 4{exp[01j1) (—% + op(l)”

nmax,_,., Ve (&l
+0P(1)( 1= Vil M))} -, 0.

ey

Therefore, by the dominated convergence theorem, P(S§,) — 0, where S,, =
S(O) N S(l)

Let m be the maximizer of [, over R, . Then by Lemma 5.1, (& JR, } >
Sy N{op(D) < 1/2} Nn{op(D) < 1} N {6M < 8}, where the two oP(l)’s are as in

(5.37) and (5. 38) respectlvely Thus P(¢ € R? ) — 1. Note that ¢ satisfies

PrOOF OF LEMMA 3.1. Suppose & ~ N(0, o 2); then it is easy to show that

(5.39) P(|§|>)\)$2\/§(;)exp{—%(%)2}, A> 0.

Let 0% = max,_,_,, 0. By (5.39),

m

P(lall > ay) < ¥ P(lay| > ay)

ProoF oF LEMMA 3.2. It is easy to see that E((dh/30X0,Y)) = 0. We
shall first show that A(8) > 0, V 6. Suppose that this is not true. Then there
is A such that Eexp(u,(&)v,(0, )¢ = AE exp(u,(£)v,(0,£), 0 <k <r,
where u,(&) = (u+ 78k —rlog(l + exp(u + 7€), v,(0,&) =k — rexp(u
+ 78) /(1 + exp(u + 7€)). By integration by parts we have

Eexp(u,(£))v,(0,¢) = 7 'Egy(0, )€,
Eexp(u,(£))v,(0,€)E=7"Eq,(0,¢)(£* - 1),

where ¢,(0, ¢) = (exp(u + 7E)* /(1 + exp(u + 7¢))". Therefore we have

(5.40)

(5.41) Egy(0,€)(é*—Aé—1)=0, k=0,1,...,r.



2004 J. JIANG

Let A, =(1/2(A — VA2 +4), A, =(1/2)(A+ VAZ+4). By (5.41) and the
fact that r > 2 we have
Y |

R A S

_( il exp( n+ 'r)\j)

B LMt )
—ex T
(1 +exp(pu+ 7é)) PLu
£ -1

(1+exp(p+ 7))

+

2
[Texp(p+ T)\j))E
j=1

2
=E(1+exp(pu+ 7)) " [1(¢- Aj)(exp( u + 7€) — exp(p + 7A;)) > 0,

which is a contradiction.
Let g(0,k) = E¢,(0, £). Let u,v € R such that u? + v? = 1. By (5.40) it is
easy to show that

(g)tVar(‘;—Z(e,Y))(g)

> % min {(2)/g(e,k)}ki (Eg, (6, €)(vE> + ué —v))™.

O<k<r -0

On the other hand, it is easy to show that there is a constant C such that

r

Y (Eey(0, ) (vé? + ué - v))’

k=0

(5.43) > ¥ (Beu(0, €)(0€ + ué = )12 /m)
k=0

(5.42)

2
—(r+ l)Cexp(—%).

Suppose that |u| > rand v # 0. Let & = A, V (—|ul/7), & = Ay A (Lul/7).
By the fact that for |£]<|ul/7, TT7_,(£ — A )exp(7¢) — exp(r£)) > 0 and
continuity, it is easy to show that

E(1+exp(p+ 7€) (vE2 + ué—v)

2
X _]_[l(exp( w+ E) —exp(p + Tfj))1<|§|s|u|/v>
j=

(5.44) .
= IUIeZ“E{(l + exp( p + 7€))

2
le:[l(f = A;)(exp(r¢) - eXP(Tfj))1<§5u/f)}

> 2 "exp(—2(r + 1) ul),
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for some constant n > 0. On the other hand, let
— 2
6= 0’;7«]?;52|E€Dk(9, E)(vE* + ud = v)1gg < nl

Then, the lhs of (5.44) equals

Egy(0, &) (vE® + ué—v)lg o0 /m

‘E¢H(0’§).n

2
(5.45) El exp(p + 7¢;)

+

2
EIIGXP(M + Tfj))E%(@, ) ‘

< 48e3IH,

Combining (5.42)—(5.45) and the fact that g(0, k) < 1, we have that, when

lul > 7,
(g)tVar(%(H,Y))(g)
(5.46) : %[22“*%2 exp(~2(2r + 5) )
2
472

for all u,v such that u? + v2 = 1 and v # 0. By continuity, (5.46) holds even
if v = 0 (and u? = 1). The rest of the proof is easy to complete. O

—(r +1)Cexp

Proor oF LEMMA 3.3. It is easy to show that for any integers m, n, [ > 0
and b > 0,

sup
0<7<b

exp((n — m)M)E{ (exp( e + 7¢)) nlfll}

(1 +exp(pu+ 7))

—E{exp((m — n)7§)|§|l}

- 0,

as u — o, and

(exp(p + €))"
(1 +exp(u+ Tf))n

sup 1£1') — Efexp(mré)l €'} - 0,

0<7<b

x|
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as u — —oo. It is then easy to demonstrate that for any integers &, [, r > 0,
0 <s <tand b > 0, the expression

an |E (exp(p + 7€)) 2l (exp(p + 7¢))

(1+exp(,u+7§))r (1+exp(/u+'rf))r+t

Fik

is bounded for w € R, 0 < 7 < b. The conclusion then follows, because any
derivative of A(6, k), up to third, is a linear combination of terms of the form
(5.47) or products of terms of such a form. O
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