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In this paper we construct a theory of stochastic integration of processes
with values in L(H, E), where H is a separable Hilbert space and E is a
UMD Banach space (i.e., a space in which martingale differences are un-
conditional). The integrator is an H-cylindrical Brownian motion. Our ap-
proach is based on a two-sided L”-decoupling inequality for UMD spaces
due to Garling, which is combined with the theory of stochastic integration
of L(H, E)-valued functions introduced recently by two of the authors. We
obtain various characterizations of the stochastic integral and prove versions
of the Itd isometry, the Burkholder—Davis—Gundy inequalities, and the repre-
sentation theorem for Brownian martingales.

1. Introduction. Itis well known that the theory of stochastic integration can
be extended to Hilbert space-valued processes in a very satisfactory way. The rea-
son for this is that the Itd isometry is an L2-isometry which easily extends to the
Hilbert space setting. At the same time, this explains why it is considerably more
difficult to formulate a theory of stochastic integration for processes taking val-
ues in a Banach space E. By a well-known result due to Rosifiski and Suchanecki
[36], the class of strongly measurable functions ¢ : [0, T] — E that are stochasti-
cally integrable (in a sense that is made precise below) with respect to a Brownian
motion W coincides with L%(0, T; E) if and only if E isomorphic to a Hilbert
space. More precisely, the authors showed that E has type 2 if and only if every
¢ € LZ(O, T; E) is stochastically integrable and there is a constant C > 0 such that
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and that E has cotype 2 if and only if every strongly measurable, stochastically
integrable function ¢ belongs to L2(0, T; E) and there exists a constant C > 0
such that

T 2
1682070, = CE| [ s awn)|

Combined with Kwapiefi’s theorem which asserts that E is isomorphic to a Hilbert
space if and only if E has both type 2 and cotype 2, this gives the result as stated.

It turns out that the It6 isometry does extend to the Banach space setting pro-
vided one reformulates it properly. To this end let us first observe that, for Hilbert
spaces E,

IPllL20.7:8) = Mgl £y200.7). E)»

where £2(L2(0,T), E) denotes the space of Hilbert—Schmidt operators from
L?(0,T) to E and Iy: L?(0, T) — E is the integral operator defined by

T
I¢f::/0 f@e@)dr.

Now one observes that the class £, (L?(0, T), E) coincides isometrically with the
class of y-radonifying operators y(Lz(O, T), E). With this in mind one has the
natural result that a function ¢ : [0, T] — E, where E is now an arbitrary Banach
space, is stochastically integrable if and only if the corresponding integral operator
Iy defines an element in y(Lz(O, T), E), and if this is the case the It6 isometry
takes the form

2
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This operator-theoretic approach to stochastic integration of E-valued functions
has been developed systematically by two of us [28]. The purpose of the present
paper is to extend this theory to the case of E-valued processes. This is achieved
by the decoupling approach initiated by Garling [15], who proved a two-sided
L?-estimate for the stochastic integral of an elementary adapted process ¢ with
values in a UMD space in terms of the stochastic integral of ¢ with respect to an
independent Brownian motion. A new short proof of these estimates is included.
The decoupled integral is defined path by path, which makes it possible to apply
the theory developed for E-valued functions to the sample paths of ¢. As a re-
sult, we obtain a two-sided L”-estimate for the stochastic integral of ¢ in terms of
the L?”-norm of the associated y (L%(0, T), E)-valued random variable X ¢ defined
path by path by Xy () := I(. «). As it turns out, the space L? (£2; y(Lz(O, T),E))
provides the right setting to establish a fairly complete theory of stochastic inte-
gration of adapted processes with values in a UMD space E. We obtain various
characterizations of the class of stochastically integrable processes and prove a
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version of the It isometry, which, together with Doob’s maximal inequality, leads
to the following Burkholder—Davis—Gundy type inequalities: for every p € (1, 00)
there exist constants 0 < ¢ < C < 0o, depending only on p and E, such that

t p
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P
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This result clearly indicates that for UMD spaces E, the space L?(2; y (L0, T),
E)) is the correct space of integration, at least if one is interested in having two-
sided L”-estimates for the stochastic integral. In order to keep this paper at a rea-
sonable length, the proof of an It6 formula is postponed to the paper [26].

The fact that the two-sided estimates (1.1) are indeed available shows that our
theory extends the Hilbert space theory in a very natural way. Garling’s estimates
actually characterize the class of UMD spaces, and for this reason the decoupling
approach is naturally limited to this class of spaces if one insists on having two-
sided estimates. From the point of view of applications this is an acceptable limita-
tion, since this class includes many of the classical reflexive spaces such as the L?
spaces for p € (1, 00) as well as spaces constructed from these, such as Sobolev
spaces and Besov spaces. At the price of obtaining only one-sided estimates, our
theory can be extended to a class of Banach spaces having a one-sided randomized
version of the UMD property. This class of spaces was introduced by Garling [16]
and includes all L'-spaces. The details will be presented elsewhere.

For the important special case of L4(S)-spaces, where (S, X, i) is a o-finite
measure space and g € (1, 00), the operator language can be avoided and the norm
of LP(R; y(Lz(O, t), L1(S))) is equivalent to a square function norm. More pre-
cisely, for every p € (1, oo) there exist constants 0 < ¢ < C < oo such that

T 12
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p
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As an application of our abstract results we prove in Section 4 that L?-martin-
gales with values in a UMD space are stochastically integrable and we provide an
estimate for their stochastic integrals.

A decoupling inequality for the moments of tangent martingale difference se-
quences was obtained by Hitczenko [17] and McConnell [24]. McConnell used
it to obtain sufficient pathwise conditions for stochastic integrability of processes
with values in a UMD space. We shall recover McConnell’s result by localization.
This approach has the advantage of replacing the ¢-convexity arguments used by
McConnell by abstract operator-theoretic arguments. In our approach, the UMD

L4(S)
p
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property is only used through the application of Garling’s estimates which are de-
rived directly from the definition of the UMD property.

With only little extra effort the results described above can be derived in the
more general setting of L(H, E)-valued processes, with H-cylindrical Brownian
motions as integrators. Here, H is a separable real Hilbert space and L(H, E)
denotes the space of bounded linear operators from H to E. We shall formulate all
results in this framework, because this permits the application of our theory to the
study of certain classes of nonlinear stochastic evolution equations in E, driven
by an H -cylindrical Brownian motion. Here the space L (£2; y(Lz(O, T;H),E))
[which takes over the role of L?(£2; y(Lz(O, T), E))] serves as the framework for
a classical fixed point argument. This will be the topic of a forthcoming paper [27].
The reader who is not interested in this level of generality may simply substitute H
by R and identify L (R, E) with E and Wg with a Brownian motion W throughout
the paper.

Many authors (cf. [1, 4-6, 11, 12, 30, 31] and references therein) have consid-
ered the problem of stochastic integration in Banach spaces with martingale type 2
or related geometric properties. We compare their approaches with ours at the end
of Section 3. Various classical spaces, such as L4(S) for g € (1, 2), do have the
UMD property but fail to have martingale type 2. On the other hand, an example
due to Bourgain [2] implies the existence of martingale type 2 spaces which do not
have the UMD property.

Preliminary versions of this paper have been presented at the meeting Stochas-
tic Partial Differential Equations and Applications-VII in Levico Terme in January
2004 (M. V.) and meeting Spectral Theory in Banach Spaces and Harmonic Analy-
sis in Oberwolfach in July 2004 (J. v. N.).

2. Operator-valued processes. Throughout this paper, (2, ¥, P) is a prob-
ability space endowed with a filtration [F = (¥;);¢[0,7] satisfying the usual con-
ditions, H is a separable real Hilbert space, and E is a real Banach space with
dual E*. The inner product of two elements Ay, hy € H is written as [h{, ha]y,
and the duality pairing of elements x € E and x* € E* is denoted by (x, x*). We
use the notation L(H, E) for the space of all bounded linear operators from H to
E. We shall always identify H with its dual in the natural way. In particular, the
adjoint of an operator in L(H, E) is an operator in JL(E*, H).

We write Q1 Sa Q> to express that there exists a constant ¢, only depending
on A, such that Q1 < cQ»>. We write Q1 ~4 Q> to express that Q1 <4 Q> and

0> Sa Q1.

2.1. Measurability. Let (S, X) be a measurable space and let E be a real Ba-
nach space with dual space E*. A function f:S — E is called measurable if
f~Y(B) € T for every Borel set B C E, and simple if it is measurable and takes
finitely many values. The function f is called strongly measurable if it is the point-
wise limit of a sequence of simple functions, and separably valued if there exists a
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separable closed subspace Eq of E such that f(s) € Eq forall s € S. Given a func-
tional x* € E*, we define the function (f, x*): S — R by (f, x*)(s) := (f (s), x*).
The function f is said to be scalarly measurable if {f, x*) is measurable for all
x* € E*. More generally, if F is a linear subspace of E* and ( f, x*) is measurable
for all x* € F, we say that f is F-scalarly measurable. The following result is
known as the Pettis measurability theorem ([37], Proposition 1.1.10).

PROPOSITION 2.1 (Pettis measurability theorem). For a function f:S — E
the following assertions are equivalent:

(1) f is strongly measurable;

(2) f is separably valued and scalarly measurable;

(3) f is separably valued and F-scalarly measurable for some weak*-dense
linear subspace F of E*.

A function ®:S8 — L(H, E) is called scalarly measurable if the function
d*x*:S — H defined by ®*x*(s) := ®*(s)x™ is strongly measurable for all
x* € E*, and H-strongly measurable if for all h € H the function ®h:S — E
defined by ®h(s) := O (s)h is strongly measurable.

Let © be a finite measure on (S, X). Two scalarly measurable functions
®,V:S — L(H, E) are called scalarly p-equivalent if for all x* € E* we have
P*x* = W*x* p-almost everywhere on S.

PROPOSITION 2.2. If E is weakly compactly generated, then every scalarly
measurable function ®:S — L(H, E) is scalarly p-equivalent to an H -strongly
measurable function V:S — L(H, E).

For H = R this is a deep result of [14], and the result for general H is easily
deduced from it. Recall that a Banach space E is weakly compactly generated
if it is the closed linear span of one of its weakly compact subsets. All separable
Banach spaces and all reflexive Banach spaces are weakly compactly generated.

In the main results of this paper we are concerned with JL(H, E)-valued sto-
chastic processes (®;);c[0,7] on a probability space (€2, ,P), which will be
viewed as functions ®:[0, T] x 2 — JL(H, E). Since E will always be a Ba-
nach space belonging to a certain class of reflexive Banach spaces, Proposition 2.2
justifies us to restrict our considerations to H -strongly measurable processes, that
is, to processes ®:[0, T] x Q — L(H, E) with the property that for all » € H
the E-valued process ®h:[0, T] x 2 — E defined by ®h(t, w) := ®(¢t, w)h is
strongly measurable. We point out, however, that most of our proofs work equally
well for scalarly measurable processes.
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2.2. y-Radonifying operators. In this subsection we discuss some properties
of the operator ideal of y-radonifying operators from a separable real Hilbert space
¢ to E. The special case # = L%(0, T; H) will play an important role in this
paper.

Let (yx)n>1 be a sequence of independent standard Gaussian random variables
on a probability space (2', F', ') [we reserve the notation (2, F, P) for the prob-
ability space on which our processes live] and let # be a separable real Hilbert
space. A bounded operator R € L(#, E) is said to be y-radonifying if there ex-
ists an orthonormal basis (%,),>1 of F¢ such that the Gaussian series )~ ¥» Rhy
converges in L2(QY'; E). We then define

2> 1/2

This number does not depend on the sequence (y,),>1 and the basis (h,),>1, and
it defines a norm on the space y (#, E) of all y-radonifying operators from
into E. Endowed with this norm, y (#, E) is a Banach space, which is separable
if E is separable. If R € y(#, E), then || R|| < || R, (#,E). If E is a Hilbert space,
then y (H, E) = L2(H, E) isometrically, where £, (#, E) denotes the space of
all Hilbert—Schmidt operators from H to E.

The following property of y-radonifying operators will be important:

Z YanRhy,

n>1

IRy se.E) = (E/

PROPOSITION 2.3 (Ideal property). Let E be a real Banach space and
let 3 be a separable real Hilbert space. If By € L(H,H), R € y(H,E)
and By € L(E,E), then Byo Ro By € y(#,E) and |Byo R o Bill, iy <
I B2l RIly (e, )| B1ll.

For these and related results we refer to [13, 30, 37].

We shall frequently use the following convergence result.

PROPOSITION 2.4. Ifthe T\, T», ... € L(FH) and T € L(H) satisfy:

(1) sup,>; I Txll < o0,
(2) T*h =lim,_oo T, h forall h € H,

then forall R € y (¥, E) we have RoT =lim,_,oc Ro T, in y (¥, E).

PROOF. By the estimate [|R o S|y, E) < IRy, E)llS| for S € L(H)
and (1), it suffices to consider finite rank operators R € y (#, E). For such an
operator, say R = Zl;’:l h; ® xj, we may estimate

k

IR o (T — T)llyse.py < Y Ixj I T*hj — T;Fhj .
j=1
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By (2), the right-hand side tends to zero as n — oco. [

Identifying # ® E* canonically with a weak*-dense linear subspace of
(y (H, E))*, as an easy consequence of the Pettis measurability theorem we obtain
the following measurability result for y (#, E)-valued functions. A closely related
result is given in [30].

LEMMA 2.5. Let (S, X, ) be a o-finite measure space. For a function
X:S — y(JH, E) the following assertions are equivalent:

(1) The function s — X (s) is strongly measurable;
(2) Forall h € #, the function s — X (s)h is strongly measurable.

If these equivalent conditions hold, there exists a separable closed subspace Eq of
E such that X (s) € y(H, Eg) forall s € S.

The following result will be useful:

PROPOSITION 2.6 (y-Fubini isomorphism). Let (S, X, i) be a o-finite mea-
sure space and let p € [1,00) be fixed. The mapping F, :LP(S;y(H#, E)) —
L(FH, LP(S; E)) defined by

(Fy, (X)h)(s) := X (s)h, seS,he i,
defines an isomorphism from LP(S; y (#, E)) onto y (#, LP(S; E)).
PROOF. Let (h,),>1 be an orthonormal basis for # and let (y,,),>1 be a se-

quence of independent standard Gaussian random variables on a probability space
(2, F',P). By the Kahane-Khinchine inequalities and Fubini’s theorem we have,

forany X € LP(S; y(#, E)),
p >l/p
LP(S;E)
B </ B3 X
S

2\ p/2 1/p
du)
n>1 )
1/p
= ([ 1K1 ey i) = WXlrcsp

By these estimates the range of the operator X — F), (X) is closed in y (¥, L?(S;
E)). Hence to show that this operator is surjective it is enough to show that its
range is dense. But this follows from

N K K N
Fy (Z 15, ® (Z hi ®xkn>> =) h® (Z Ls, ®xkn>,
n=1 k=1 n=1

k=1

| Fy (X ly se,Lr(s;E))

= (E’ > ¥ Fy(X)hy
1
@2.1) "=

2 1/2
) ~p (E’ > ¥ Fy(X)hy

LP(S;E) n>1

P 1/p
du) ~p (f (E/ ZynXh”
N

n>1
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for all S, € ¥ with u(S,) < oo and xi, € E, noting that the elements on the right-
hand side are dense in y (#, E). [

For p =2 we have equality in all steps of (2.1).
For later use we note that if (S, X, u) = (2, £, P) is a probability space and
H = L2(O, T; H), then the y-Fubini isomorphism takes the form

F,:LP(Q; y(L*(0,T; H), E)) = y(L*(0, T; H), L’ (Q; E)).

The space on the left-hand side will play an important role in the stochastic inte-
gration theory developed in Section 3.

2.3. Representation. As before we let H is a separable real Hilbert space.

An H -strongly measurable function ®:[0, T] — £L(H, E) is said to belong to
L?(0, T; H) scalarly if for all x* € E* the function ®*x*: (0, T) — H belongs
to L2(0, T; H). Such a function represents an operator R € £L(L*(0, T; H), E) if
forall f € L?(0, T; H) and x* € E* we have

T
(Rf. x*) = /O (D) (1), x*) .

Similarly, an H-strongly measurable process ®:[0, 7] x Q2 — L(H, E) is said to
belong to L*(0, T; H) scalarly almost surely if for all x* € E* it is true that the
function @} x*: (0, T) — E belongs to L?(0, T; H) for almost all w € 2. Here we
use the notation

D, (1) :=D(t, w).

Note that the exceptional set may depend on x*. Such a process & is said to rep-
resent an H-strongly measurable random variable X : @ — £(L*(0, T; H), E) if
forall f € L?(0, T; H) and x* € E* we have

T
(X(w) f,x*) = ./0 [f(), D*(t, w)x™ ]y dt for almost all w € Q.

If ®&; and &, are H-strongly measurable, then ®; and &, represent the same
random variable X if and only if ®(¢, w) = ®2(¢, w) for almost all (¢, w) €
[0, T] x €2. In the converse direction, the strongly measurable random variables
X1 and X, are represented by the same process @ if and only if X|(w) = X2(w)
for almost all w € 2.

For a random variable X : Q — y(LQ(O, T; H), E) we denote by (X, x*): Q —
L?(0, T; H) the random variable defined by

(X, x*) (@) := X*(w)x*.

Notice that X is represented by @ if and only if for all x* € E*, (X, x*) = ®*x*
in L2(0, T; H) almost surely.

The next lemma relates the above representability concepts and shows that the
exceptional sets may be chosen independently of x*.
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LEMMA 2.7. Let ®:[0,T] x Q2 — L(H, E) be an H-strongly measurable
process and let X : Q — y(L*(0, T; H), E) be strongly measurable. The following
assertions are equivalent:

(1) @ represents X.
(2) @, represents X (w) for almost all w € Q.

PROOF. The implication (1) = (2) is clear from the definitions. To prove the
implication (2) = (1) we start by noting that the Pettis measurability theorem al-
lows us to assume, without loss of generality, that E is separable. Let (fin)m>1
be a dense sequence in L2(0, T; H) and let (x;)n>1 be a sequence in E* with
weak*-dense linear span. Choose a null set N C €2 such that:

(i) ®*(-,w)x} € L2(0,T; H) for all x* and all w € CN;
(ii) forall f,, all x}, and all € CN,

T
(2.2) (X(w) f, x™) :/0 (®(t,w) f(1), x™)dt.

Let F denote the linear subspace of all x* € E* for which:

() ®*(-,w)x* € L?(0, T; H) for all w € CN;
(i1)" (2.2) holds for all f € L?(0,T; H) and all w € CN.

By a limiting argument we see that x; € F for all n > 1. Hence F is weak*-dense.
We claim that F is also weak™*-sequentially closed. Once we have checked this, we
obtain F = E* by the Krein—Smulyan theorem, see [7], Proposition 1.2.

To prove the claim, fix € CN and x* € F arbitrary. Then, by (2.2),

(2.3) [ D*(., CU)X*HL2(0,T;H) = ||X(w)||y(L2(o,T;H),E) (B

Suppose now that lim, . y, = y* weak™ in E* with each y, € F. Then (2.3)
shows that the sequence ®*(-, )y, is bounded in L?*(0,T; H). By a convex com-
bination argument as in [7], Proposition 2.2, we find that y* € F, and the claim is
proved. [

REMARK 2.8. The assumptions of (2) already imply that the induced map-
ping @ — X () from Q to y(L%*(0, T; H), E) has a strongly measurable ver-
sion. To see this, first note that by Lemma 2.5 it suffices to show that for all
f € L*0, T; H) the mapping @ — X (w) f is strongly measurable from € to E.
By assumption, almost surely we have that (2.2) holds for all f € L3(0,T; H) and
x* € E*. By the H-strong measurability of @ and Fubini’s theorem, the right-hand
side of (2.2) is a measurable function of w. Thus w +— X (w) f is scalarly measur-
able. By the Pettis measurability theorem it remains to show that w — X (w) f is
almost surely separably-valued.
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Since t — P (t, w) is H-strongly measurable for almost all w € €2 and belongs
to L2(0,T: H) scalarly, it follows that t — ® (¢, w) f (¢) is Pettis integrable with

T
X(w)f:/o O, w) f(2)dt

for almost all w € 2. Then by the Hahn—Banach theorem, w > X (w) f almost
surely takes its values in the closed subspace spanned by the range of (¢, ) >
@ (¢, w) f(¢), which is separable by the H -strong measurability of ®.

The following example shows what might go wrong if the assumption of repre-
sentation in Lemma 2.7 were to be replaced by the weaker assumption of belonging
to LZ(O, T; H) scalarly almost surely, even in the simple case where H = R and
E is a separable real Hilbert space.

EXAMPLE 2.9. Let E be an infinite-dimensional separable Hilbert space with
inner product [-, -]g. We shall construct a process ¢ :[0, 1] x 2 — E with the
following properties:

(1) ¢ is strongly measurable;
(2) ¢ belongs to L?(0,1) scalarly almost surely;
(3) ¢, fails to be scalarly in L2(0, 1) for almost all @ € .

Let (&,),>1 denote a sequence of independent {0, 1}-valued random variables
on a probability space (2, ¥, P) satistying P{§, =1} = % for n > 1. Fix an ortho-
normal basis (x,),>1 in E. Define ¢: [0, 1] x 2 — E by ¢ (0, w) =0 and

(t, ) :=n'?2"2¢ (w)x,  forn>1landre[27",27"h).

It is clear that ¢ is strongly measurable, and (2) is checked by direct computation.
To check (3) we first note that

P{&, =1 for infinitely many n > 1} = 1.

Indeed, this follows from the fact that for each n > 1 we have

P{§k=0fora11kzn}=]‘[(1—1>=0.

k>n k

Fix an arbitrary w € Q for which &, = 1 for infinitely many n > 1, say &,(w) = 1
forn =ny,n2,... and &,(w) = 0 otherwise. Let (a,),>1 be any sequence of real
numbers with - a,% <ooand ) 5 na,% =00, and put x := ) 4| axXy,. Then,

1
/ [¢(t’a)),x]2E dt = ana,% > Zka,% = 0.
0

k>1 k>1

This concludes the construction.
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2.4. Adaptedness. A process ®:[0,T]x Q2 — L(H, E) is said to be elemen-
tary adapted to the filtration F = (¥7);¢(0, 7] if it is of the form

N M K

(2.4) D)= > Loy talx A € @) D hi @ Ximn,
n=0m=1 k=1

where 0 <1y <--- <ty < T and the sets Ay, ..., Ay, € F;,_, are disjoint for
each n (with the understanding that (r_1, #o] := {0} and #; | := ¥p) and the vectors
hi,...,hg € H are orthonormal. An H-strongly measurable process @ : [0, T'] x
Q — L(H, E) is called adapted to ¥ if for all h € H the E-valued process ®# is
strongly adapted, that is, for all ¢ € [0, T'] the random variable ®(¢)h is strongly
F;-measurable.

A random variable X : Q — y(L*(0, T; H), E) is elementary adapted to F if
it is represented by an elementary adapted process. We call X strongly adapted
to IF if there exists a sequence of elementary adapted random variables X, : 2 —
y(L*(0, T; H), E) such that lim,_, . X, = X in measure in y (L>(0, T; H), E).

Recall that for a finite measure space (S, X, i) and strongly measurable func-
tions f, f1, f2,... from § into a Banach space F, f =lim,_, « f, in measure if
and only if lim, o E(]| f — fullB A1) =0.

PROPOSITION 2.10. For a strongly measurable random variable X : Q —
y(Lz(O, T; H), E), the following assertions are equivalent:

(1) X is strongly adapted to T,
(2) X(Ajo,nf) is strongly F;-measurable for all f € L%(0,T: H) and t €
[0, T].

PROOF. The implication (1) = (2) follows readily from the definitions.

(2)=(1): For 8§ > 0 we define the right translate R® of an operator R €
y(L*(0,T; H), E) by

R® f := Rf;, feLl?0,T; H),
where f5 denotes the left translate of f. It follows by the right ideal property and
Proposition 2.4 that R® € y(L*(0, T; H), E) with [|R®|l .y < IR, (#.E) and
that 8 — R? is continuous with respect to the y-radonifying norm.

Define the right translate X i.Q— y (L>(0,T; H),E) by pointwise action, that
is, X%(w) := (X (w))®. Note that X? is strongly measurable by Lemma 2.5. By
dominated convergence, limg o X 8 = X in measure in y(L%(0, T; H), E). Thus,
for & > 0 fixed, we may choose § > 0 such that

(2.5) E(IX = X°Il, 2.7 my.5) A 1) <.

Let0=1ty <--- <ty =T be an arbitrary partition of [0, 7] of mesh < § and let
I,=(t,_1,ty]forn=1,...,N.Let Xf, denote the restriction of X° to I,,, that is,

X (w)g =X (w)ing, g€ L’y H),
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where iy, : L>(I,; H) — L?*(0, T; H) is the inclusion mapping. From the assump-
tion (1) we obtain that X2 is strongly F;  -measurable as a random variable
with values in y (L*(I,; H), E)). Pick a simple ¥;,_,-measurable random variable
Y,:Q— y(LZ(I,,; H), E) such that

s &
E(”Xn — Yn”)/(LZ(In;H),E) VAN 1) < Na

say Y, =Y M 14, ® Spun with Ay € F,_, and Sy € y(L2(Iy; H), E). By a
further approximation we may assume that the S,,, are represented by elementary
functions W,,,,, : [0, T] — £L(H, E) of the form

Jmn Kmn

Woin (1) =D Ls ity jun] @) D (ke @ Xtmn).

j=1 k=1

where 1,1 < Somn < -+ < SJ,,,mn < tp and (hg)r>1 is a fixed orthonormal basis
for H. Define the process W :[0, T] x Q — L(H, E) by

My
V(t,0) =Y 14,,(@) Y (0), tel,.

m=1

It is easily checked that W is elementary adapted. Let Y : Q2 — y(Lz(O, T;H),E)
be represented by W. Then Y is elementary adapted and satisfies

(2.6) E(IX° =Yl 2.7 my.60 A1) <e.
Finally, by (2.5) and (2.6),
E(”X — YHJ/(LZ(O,T;H),E) AN 1) < 2¢.
This proves that X can be approximated in measure by a sequence of elementary

adapted elements X,. [

PROPOSITION 2.11. If®:[0,T] x 2 — L(H, E) is an H-strongly measur-
able and adapted process representing a random variable X :Q — y(L*(0, T
H), E), then X is strongly adapted to IF.

PROOF. By using the identity (X (1j0.,.f), x*) = [L0,11.f, ®*x*112(0,7. ) and
noting that the right-hand side is ¥;-measurable, this follows trivially from Propo-
sition 2.10 and the Pettis measurability theorem. [

For p € [1, 00), the closure in L7(LQ; y(LZ(O, T; H), E)) of the elementary
adapted elements will be denoted by

LE(Q; y(L*(0, T; H), E)).
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PROPOSITION 2.12.  If the random variable X € LP(L2; y(LZ(O, T;H),E))
is strongly adapted to I, then X € Lg(Q; y(L%(0,T; H), E)).

PROOF. By assumption, condition (1) in Proposition 2.10 is satisfied. Now we
can repeat the proof of the implication (1) = (2), but instead of approximating in
measure we approximate in the L”-norm. [J

3. LP-stochastic integration. Recall that a family Wy = (Wg (¢))sc[0,7] of
bounded linear operators from H to L*(S) is called an H -cylindrical Brownian
motion if:

(1) Wyh = (Wy(t)h):cl0,1) 1s real-valued Brownian motion for each & € H,
2) EWg(s)g-Wyg)h)=(s At)[g,h]lg foralls,t €[0,T],g,h e H.

We always assume that the H-cylindrical Brownian motion Wg is adapted to a
given filtration [F satisfying the usual conditions, that is, the Brownian motions
Wgh are adapted to IF forall h € H.

EXAMPLE 3.1. Let W = (W (#));>0 be an E-valued Brownian motion and let
C € L(E*, E) be its covariance operator, that is, C is the unique positive symmet-
ric operator such that E(W (¢), x*)? = 1(Cx*, x*) forall t > 0 and x* € E*. Let Hc
be the reproducing kernel Hilbert space associated with C and letic : Hc < E be
the inclusion operator. Then the mappings

Whe (2) 1igx™ = (W (1), x¥)

uniquely extend to an Hc-cylindrical Brownian motion Wg,..

If ®:[0,7T] x Q — E is an elementary adapted process of the form (2.4), we
define the stochastic integral fOT (1) dWg(t) by

T N M K
| @@ awn =3 3" Va3 (Wi = Wty )i i
n=1m=1 k=1
Note that the stochastic integral belongs to L?(€2; E) for all p € [1,00). It
turns out that for a suitable class of Banach spaces E this definition can
be extended to the class of adapted processes representing an element of
LP(R; y(Lz(O, T; H), E)). In order to motivate our approach, we recall the fol-
lowing result on stochastic integration of .£(H, E)-valued functions from [28]; see
[7, 23, 35, 36] for related results.

PROPOSITION 3.2. For a function ®:[0, T] — L(H, E) belonging to L?(0,
T; H) scalarly, the following assertions are equivalent:

(1) There exists a sequence (P,,),>1 of elementary functions such that:
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(i) forall x* € E* we have lim,,_, oo ®;x* = ®*x* in L*(0,T; H),
(1) there exists a strongly measurable random variable n : Q2 — E such that

T
n= nlggo/() O,(t)dWy(t) in probability;,

(2) There exists a strongly measurable random variable n: 2 — E such that
for all x* € E* we have

T
(n, x*) =/(; D ()x*dWg (1) almost surely;

(3) ® represents an operator R € )/(L2 0,T;H),E).

In this situation the random variables n in (1) and (2) are uniquely determined and
equal almost surely. Moreover, 11 is Gaussian and for all p € [1, 00) we have

3.1) ElnINHY? =, Il =R, 20,7 1.8)-
For all p € [1, 00) the convergence in (1), part (i1), is in L?(Q; E).
A function & satisfying the equivalent conditions of Proposition 3.2 will be

called stochastically integrable with respect to Wg. The random variable n is
called the stochastic integral of ® with respect to Wy, notation

T
n=: /0 D()dWg(2).
The second identity in (3.1) may be interpreted as an analogue of the It isometry.

REMARK 3.3. If & is H-strongly measurable and belongs to L?(0,T; H)
scalarly, the arguments in [36] can be adapted to show that condition (1) is equiv-
alent to

(1)’ There exists a sequence (®,),>| of elementary functions such that:

(1) for all h € H we have lim,;,_, o0 ®,,2 = ®/h in measure on [0, T],
(i1) there exists a strongly measurable random variable 7 : 2 — E such that

T
n= nlgrolo /0 O, () dWg (1) in probability.

The extension of Proposition 3.2 to processes is based on a decoupling inequal-
ity for processes with values in a UMD space E. Recall that a Banach space E is
a UMD space if for some (equivalently, for all) p € (1, co) there exists a constant
Bp,E = 1 such that for every n > 1, every martingale difference sequence (d J');!:l
in LP(2; E), and every {—1, 1}-valued sequence (ej)’}zl we have

P\ 1/p p\ 1/p
o) "<onfee] )

n n
Y eid; > d;
j=1 j=1
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Examples of UMD spaces are all Hilbert spaces and the spaces L”(S) for
1 < p < o0 and o-finite measure spaces (S, X, u). If E is a UMD space, then
LP(S; E) is a UMD space for 1 < p < oo. For an overview of the theory of UMD
spaces we refer the reader to [8, 34] and references given therein.

Let Vi/H be an H-cylindrical Brownian motion on a second probability space
(Q, F ,P), adapted to a filtration F. If &:[0,T] x @ — E is an elementary
adapted process of the form (2.4), we define the decoupled stochastic integral

J ®(1)dWy (1) by

K
/ SOATHD =3 S Lans S (Wa s — Wit o i) .
n=1m=1 k=1
This stochastic integral belongs L? (€2; L? (Q E)).
The following result was proved by Garling [15], Theorems 2 and 2/, for finite-
dimensional Hilbert spaces H. For reasons of completeness we include a short
proof which is a variation of a more general argument in [25].

LEMMA 3.4 (Decoupling). Let H be a nonzero separable real Hilbert space
and fix p € (1, 00). The following assertions are equivalent:

(1) E is a UMD space;
(2) For every elementary adapted process ®:[0,T] x Q2 — c,C(H , E) we have

—P EEH

=e]f]

~ - p
5,31’;,EIEEH/O CI>(t)dWH(t)H .

PROOF. (1) = (2): Let ® be an elementary adapted process of the form (2.4).
We extepd @, as well as Wy, Wy and the o-algebras ¥;, #; in the obvious way
to 2 x Q. Write

N T N T ~
Zdnzf ®()dWg (1) and Zen:/ D) dWg (1),
n=1 0 n=1 0
where the random variables d,, and ¢,, on  x Q are defined by d, = Wg (t,)&, —
M

Wr(ta—1)&, and e, = Wi ()& — Wh(ta—1)E,, where &, = Y M_ 1, = x
Zlf:] hi ® Xgmn and

M K
W& =Y 1a,, > Wu(O)hk ® Ximn.
m=1 k=1

Forn=1,...,N let
ran—1:=3(dy +ey) and ry = 3(d, — en).



STOCHASTIC INTEGRATION IN UMD SPACES 1453

Then, (r j)?l | 1s a martingale difference sequence with respect to the filtration
2N
(§,)51 where

Gon =0 (F;, ® F7,),
9’2}’!—] = O—(‘?:}n_] ® ‘??tn—l ’ wnl, wl’Lz’ . ')7
where
wak = (W () hic — W (ta—)hi)) + (Wa (t)hie — Wi (ta—1)h).
Notice that
N 2N ‘
r‘,- and Zen:Z(—l)]+lrj.
n=1 j=1 n=1 j=1

Hence (2) follows from the UMD property applied to the sequences (r j)%ﬁ | and
(=D F1r)3Y,
(2)= (1): See [15], Theorem 2. [

If X e LP(L2; y(L2(0, T; H), E)) is elementary adapted, we define the random
variable I# (X) e LP(Q; E) by

Wy . T
1V (X) = / O () dW (1),
0

where @ is an elementary adapted process representing X. Note that I"# (X)
does not depend on the choice of the representing process ®. Clearly 1"# (X) e
Lg (2, Fr; E), the closed subspace of L”(2; E) consisting of all #7-measurable
random variables with mean zero. In the first main result of this section we extend
the mapping X +— IV (X) to a bounded operator from Lﬁ;(Q; y(Lz(O, T;H),E))
to Lg (Q, Fr; E). IfF =FW# is the augmented filtration generated by the Brown-
ian motions Wy h, h € H, this mapping turns out to be an isomorphism.

THEOREM 3.5 (Itd isomorphism). Let E be a UMD space and fix p € (1, 00).
The mapping X +— 1V# (X) has a unique extension to a bounded operator
i LL(Q; y(L*(0,T; H), E)) — Ly (Q, Fr; E).
This operator is an isomorphism onto its range and we have the two-sided estimate
- W,
13[77% ||X||LP(Q;)/(L2(0,T;H),E)) SP E”I H (X) ||P SP ﬁp,E ”X”ip(ﬂ;y(Lz(O,T;H),E)).

For the augmented Brownian filtration FWH we have an isomorphism of Banach
spaces

Wg.rpP
Ma. L,

(2 y(L20,T; H), E) ~ LY (Q, F' " E).
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PROOF. Let X € LP(Q; y(Lz(O, T; H), E)) be elementary and adapted, and
let ® be an elementary adapted process representing X. It follows from Proposi-
tion 3.2, the Kahane—Khinchine inequalities and Lemma 3.4 that

EIX1 207 = [ e aiyo| o

~p Hf <I>(t)dWH(t)

LP (L E)
:p,EEH/ <1>(z>dWH<r>H — BV (X))

Thus the map X — I"#(X) extends uniquely to an isomorphism from L2 r (£
y(LZ(O, T; H), E)) onto its range, which is a closed subspace of Lg(Q, Fo; E).

Next assume that F = FW# . Since I'"# is an isomorphism onto its range, which
is a closed subspace of Lp (2, Fr FVH. E ), it suffices to show that this operator has
dense range in L (2, ?’TWH, E).

Let (h)k>1 be a fixed orthonormal basis for H.Form = 1,2, ... let }'T(m) be de-
note by the augmented o -algebra generated by {Wg (t)hy:t € [0, T], 1 <k <m}.
Since ?TWH is generated by the o -algebras }'T(m) by the martingale convergence
theorem and approximation we may assume 7 is in Lp (2, Fr VAR ; E) and of the
form anl (14, — P(Ay)) ® x, with A, € F7' and x, € E. From linearity and the
identity

"@ex=>U"@)ex,  ¢eLf(@; L O,T;H)),

it even suffices to show that 14, — P(A,) = IVH (¢) for some ¢ € LL, r(§2; L%, T;
H)). By the Itd representation theorem for Brownian martlngales (cf. [18],
Lemma 18.11 and [20], Theorem 3.4.15), there exists ¢ € L2 (€25 L?(0,T: H))
such that 14, — P(A,) = fo ¢(t)dW(t), and the Burkholder—Dav1s—Gundy in-
equalities and Doob’s maximal inequality imply that ¢ € L2 r(§2; L*(0,T; H)). O

We return to the general setting where Wy is adapted to an arbitrary filtration
[F satisfying the usual conditions. The second main result of this section describes
the precise relationship between the LP-stochastic integral and the operator "# .
It extends Proposition 3.2 to L(H, E)-valued processes. In view of Proposition 2.2
we restrict ourselves to H-strongly measurable processes.

THEOREM 3.6. Let E be a UMD space and fix p € (1, 00). For an H -strongly
measurable and adapted process ®:[0, T] x Q@ — L(H, E) belonging to L?(L2;
L?(0, T; H)) scalarly, the following assertions are equivalent:

(1) There exists a sequence (Pp)n>1 of elementary adapted processes such
that:
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(1) forallh € H and x* € E* we have lim,,_, oo (D, h, x*) = (Oh, x*) in mea-
sure on [0, T] x €2,

(ii) there exists a strongly measurable random variable n € LP(2; E) such
that

T
n= linéo/ D,(t)dWg (1) in LP(Q; E);
n— 0

(2) There exists a strongly measurable random variable n € LP(2; E) such
that for all x* € E* we have

T
(. x*) = /0 OF(x*dWy(t)  in LP(Q);

(3) @ represents an element X € LP (Q2; y(LZ(O, T;H), E));

(4) For almost all w € 2, the function . is stochastically integrable
with respect to an independent H-cylindrical Brownian motion Wy, and o
fOT O (1, w) dWy (1) defines an element of LP (Q2; LP(Q: E)).

In this situation the random variables n in (1) and (2) are uniquely determined and
equal as elements of LP(Q2; E), the element X in (3) is in LIIF’(Q; y(LZ(O, T;H),
E)), and we have n = IVH (X) in LP(2; E). Moreover,

T p
» B -
(32) BIXI e 0 B ) @0dWm)]
and
-P 14 p p
(33) 'BP,EE”X”)/(Lz(O,T;H),E) SJP E”’?”p SJP ﬂvaE”X”)/(Lz((),T;H),E)'

A process @:[0,T] x Q — L(H, E) satisfying the equivalent conditions of
the theorem will be called L?-stochastically integrable with respect to Wy . The
random variable n = IW# (X) is called the stochastic integral of ® with respect
to Wy, notation

T
n=1""(X) ::f &) dWg (7).
0
REMARK 3.7. Under the assumptions as stated, condition (1) is equivalent

to:

(1)" There exists a sequence (®,),>1 of elementary adapted processes such
that:

(i) forall h € H we have lim,,_, oo ®,h = ®h in measure on [0, T'] x Q;
(ii) there exists an n € L?(2; E) such that

T
n= lim / ®,(t)dWy(t)  in LP(Q E).
n—oo 0
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The proof, as well as further approximation results, will be presented elsewhere.

PROOF OF THEOREM 3.6. (4)< (3): This equivalence follows from Lem-
ma 2.7; together with (3.1) this also gives (3.2).

(3) = (1): By Propositions 2.11 and 2.12, X € L?(; y(LZ(O, T; H), E)) rep-
resented by ® belongs to L§(Q; y(LZ(O, T; H), E)). Thus we may choose a
sequence (X,),>1 of elementary adapted elements with lim, .. X, = X in
LP(L; y(Lz(O, T;H),E)). Let (®,),>1 be a representing sequence of elemen-
tary adapted processes. The sequence (®,),>1 has properties (i) and (ii). Indeed,
property (i) follows by noting that lim,,, oo @ x™ =lim,— o0 (X, x*) = (X, x™) =
®*x*in LP(2; L*(0, T; H)), and hence in measure on [0, T'] x €2, for all x* € E*.
Property (ii), with n = IW# (X), follows from Theorem 3.5, since

T
lim ©,(1)dWg () = lim 1" (X,)=1""(X)  inLP(Q;E).
n—oo 0 n—oo

The two-sided estimate (3.3) now follows from Theorem 3.5.

(1) = (2): This follows from the Burkholder-Davis—Gundy inequalities, which
imply that for all x* € E* we have lim,,_, oo ®)x* = ®*x* in LP (Q2; L?(0, T; H)).

(2) = (3): This is the technical part of the proof. It simplifies considerably for
spaces E having a Schauder basis. To get around such an assumption, we give an
approximation argument via quotient maps. We proceed in several steps.

We denote by BF the closed unit ball of a Banach space F'.

Since @ is H-strongly measurable and adapted, without loss of generality we
may assume that E is separable. Since E is reflexive, E* is separable as well and
we may fix a dense sequence (x,),>1 in Bg+. Define the closed linear subspaces
F, of E by

n
Fp =) ker(x).
i=1

Let E, be the quotient space E/F,, and let O, : E — E, be the quotient map.
Then dim(E,) < oo and there is a canonical isomorphism E* ~ F:-, where F;- =
{x*e E*:x*=0o0n F,}.

Step 1. For every finite-dimensional subspace G of E and every ¢ > O there
exists an index N > 1 such that

(3.4 [xll <A +e)lQnxl  VxeG.

To show this it suffices to consider x € Bg. Since Bg is compact we can find
elements y, ..., y, € E* with ||y*|| <1 such that

&
”x”§<1+§> sup |<X,y;k)| VXEBG.

1<i<n
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Since (x7);>1 is norm dense in B}, we may approximate the y to obtain an index
N such that

lx]| <(1+¢€) sup I(x,x;’-‘)l Vx € Bg.
1<j<N

It follows that for all x € Bg,

Ixl < (1 +e) inf sup [x —y,x7)| <(1+e) inf [|x —y]l=(1+e)Qnx].
YeFN 1<j<N YEFN
This proves (3.4).

Step 2. Let the processes @, : [0, T] x Q — L(H; E,) be given by @, (¢, w)h :=
0,9(t, w)h. Clearly &, belongs to L”(£2; L%(0,T; H)) scalarly. Moreover, &,
represents an element X, € LP(R; y(Lz(O, T;H),E,)), since for the finite-
dimensional spaces E,, we have y(Lz(O, T:H),E,) >~ L£(L*0,T; H), E,). Note
that almost surely, in LZ(O, T; H) we have

(3.5) (Xp, x*) =) x* forall x* € E™.

This can be proved directly or deduced from Lemma 2.7.
It is easily checked that / Why, = 0.n. Hence,

EIXal]ro0,7:0), ) S0 B, EIT Xall, = 87, BN Qanll,

k
< B LEIQIL < B LBl
In (x) we used the well known fact that the UMD(p) constant of a quotient space
of E can be estimated by the UMD(p) constant of E.
For 1 <m <n let Qun:E, - E, be given by Q,,,Onx := Qnx. Then
1Qmmll =1 and X, = QumX,. It follows that E[Xull,20,7:m),E,) =<
ENXnully 2200,7: ), E,)- BY Fatou’s lemma,

p _ : p < P
(36) E,SZSI; ”Xn ”]/(LZ(O,T;H),En) - Enli)rrolo “Xﬂ ”J/(LZ(O,T;H),En) NP,E E”’?” .

Step 3. Let No be a null set such that for all w € CNy we have

C(w) = Slili I Xn() Ny 2200,7: 1), E,) < OO
n

Using (3.5), for each n > 1 we can find a null set N, of that for all w € CN,, and
x* € Ef, (Xp(w),x*) = ®X(-,0)x* in L*(0, T; H). Let N := No U (U,=1 Na).
We claim that for all w € CN and all x* € E*, ®*(-, w)x* € L?(0, T; H).

Fix w € CN. First let x* be a linear combination of the elements xX{, . x
Then x* € FnL and hence, for all € [0, T], ®* (¢, w)x™ = @} (t, w)x*. It follows
that

[D*(-, w)x* ||L2(0,T;H) = (X (@), x¥) ||L2(0,T;H)

< I Xn @)y (120,7: 1), E 171l < C(@) 1 X*]I.
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Next let x* € E* be arbitrary; we may assume that x* € Bj. Since (x{)i>1 is
norm dense in Bg+ we can find a subsequence (k,),>1 such that x* = lim,_, x,fn
strongly. It follows that for all m, n > 1 we have

1D, @) (xg, — xp M 20,72y < C@)llxg, — x|l

We deduce that (®*(-, a))x,fn)nzl is a Cauchy sequence in L?(0,T; H), and after
passing to an almost everywhere convergent limit we find that the limit equals
@*(-, w)x*. Hence, ®*(-, w)x™ =lim, 00 ®*(-, w)x; in L*(0,T; H). Since w €
CN was arbitrary, this proves the claim.

Step 4. By Step 3, for v € CN fixed we may define the integral operator
X(w):L*(0,T; H) — E by

T
X()f ::fo (t, ) £ (1) dt.

These integrals are well defined as Pettis integrals in E since E is reflexive. We
claim that X (w) € y(L%(0, T; H), E) and

3.7 ||X(w)||y(L2(o,T;H),E) = SUI; | Xn (w)”y(LZ(o,T;H),En)-
n=

To prove this, let the random variables p, (w) € L?(2'; E) be given by

n T
p@) =Y 7 [ o0 0
i-1 70

where (y;)i>1 is a standard Gaussian sequence defined on a probability space
(Q', F',IP’) and (f;);> is an orthonormal basis for L>(0, T'; H).

Let ¢ > 0 be arbitrary and fixed. Since p,(w) takes its values in a finite-
dimensional subspace of E, it follows from Step 1 that there is an index N, such
that

E'[lon(@)1* < (1 4 )*E'[| Qn, pu (@)%
Clearly,
2

E'|Qn, pn(@)|> =F

; TCI> d
gy/o N, (1 @) fi (1) dt

< 1X8, @3 20,7 1). £, )
and it follows that

supE'[| on (@) 1> < (1 + €)% sup IXN @) 207 1y, £y

n>1 N>1
Since E does not contain a copy of ¢y, a theorem of Hoffmann-Jorgensen and
Kwapien [22], Theorem 9.29, assures that X (w) € y(LZ(O, T; H), E)and

IX @I 20,789 = sugE/||pn(w>||2 <+ sup I XN @2 12007211y, )
n=

N>1
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Since ¢ > 0 was arbitrary, the claim follows.

Step 5. To finish the proof, we note that X : Q — y(Lz(O, T; H), E) is almost
surely equal to a strongly measurable random variable; see Remark 2.8. It follows
from (3.6) and (3.7) that X € LP(; y(LZ(O, T; H), E)). By definition X is rep-
resented by @ and hence (3) follows. [

REMARK 3.8. If the filtration F is assumed to be the augmented Brownian
filtration F"# | the equivalence (1) <> (2) is true for arbitrary real Banach spaces
E. This follows from the martingale representation theorem in finite dimensions.
We briefly sketch a proof of (2) = (1). For K =1, 2, ... let TFT(K) be the o -algebra
generated by the Brownian motions Wghyi, 1 < k < K. Choose a sequence of
simple random variables (1,),>1 in L (€2, ?T(K); E) with mean zero and such
that n = lim;,_, s 1. This is possible by the martingale convergence theorem and
the Pettis measurability theorem. By the martingale representation theorem for
finite-dimensional spaces, for all n > 1 there exists an L”-stochastically integrable
process @, such that n, = fOT D, (t)dWg (t). The sequence (P,),>1 satisfies (i)
and (i1) of condition (1) of Theorem 3.6. Indeed, (ii) is obvious and (i) follows
from the Burkholder-Davis—Gundy inequalities. The processes ®, need not be el-
ementary adapted, but since each ®,, takes values in a finite dimensional subspace
of E one can approximate the ®,, with elementary adapted processes to complete
the proof.

For H = R, the implication (4) = (1) in Theorem 3.6 can be interpreted as
an L?-version of McConnell’s result quoted in the Introduction. Below, in the
implication (4) = (1) of Theorem 5.9, we recover McConnell’s result.

COROLLARY 3.9 (Series expansion). Let E be a UMD space and fix p €
(1, 00). Assume that the H -strongly measurable and adapted process ®:[0, T] x
Q — L(H, E) is LP-stochastically integrable with respect to Wy. Then for all
h € H the process ®h:[0,T] x Q — E is LP-stochastically integrable with re-
spect to Wy h. Moreover, if (hy),>1 is an orthonormal basis for H, then

T T
| ewawa =Y [ @@ dWioh,.

n>1

with unconditional convergence in LP(Q2; E).

PROOF. Let Py be the orthogonal projection in H onto the span of the vectors
hi,...,hy.Let X € LP(Q; y(LZ(O, T; H), E)) be the element represented by &.
By the right ideal property we have

IX o Pnllyw20.7:m).5) = I1XIly 20.7:m). E)
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almost surely. Here we think of Py as an operator on y(Lz(O, T; H), E) defined
by (PyS) f := S(Pn f) with (Py f)(t) := Py (f(¢)). By an approximation argu-
ment one can show that

Jim 11X = X o Pylly 20,7 m),5) =0,

almost surely. Since ® Py is represented by X o Py, the result follows from The-
orem 3.6 and the dominated convergence theorem. The convergence of the series
is unconditional since any permutation of (4,),>1 is again an orthonormal basis
for H. 0O

A theory of stochastic integration for processes in martingale type 2 spaces has
been developed by a number of authors, including Belopolskaya and Daletskii [1],
BrzezZniak [4-6], Dettweiler [11, 12], Neidhardt [30] and Ondrejét [31]. Some of
these authors state their results for 2-uniformly smooth Banach spaces; the equiva-
lence of martingale type 2 and 2-uniform smoothness up to renorming was shown
by Pisier [32]. To make the link with our results, first we recall that a UMD space
has martingale (co)type 2 if and only if it has (co)type 2, (cf. [6, 33]), and that every
space with martingale type 2 has type 2. By the results of [29, 36], E has type 2
if and only if we have an inclusion L2(0, T; y (H, E)) < y(L*(0, T; H), E), and
that E has cotype 2 if and only if we have an inclusion y(L?(0, T; H), E) —
L?(0,T;y(H, E)); in both cases the inclusion is given via representation. Thus
from Theorem 3.6 we obtain the following result.

COROLLARY 3.10. Let E be a UMD space and let p € (1, 00).

(1) If E has type 2, then every H-strongly measurable and adapted process ®
which belongs to LP(Q2; L*>(0, T; v (H, E)) is LP-stochastically integrable with
respect to Wy and we have

p

<

T
p
EH]O SO AWH O | Zp.r BN 20 111 )

(2) If E has cotype 2, then every H-strongly measurable process ® which is
LP-stochastically integrable with respect to Wy belong to LP(S2; L*>(0,T; y (H,
E)) and we have

T p
BIO 207y S B| [ 0w

We conclude this section with a result giving a necessary and sufficient square
function criterion for LP”-stochastic integrability of L(H, E)-valued processes,
where E is assumed to be a UMD Banach function space. In view of Theorem 3.6
it suffices to give such a criterion for JL(H, E)-valued functions, and therefore a
straightforward extension of [28], Corollary 2.10 (where only the case H = R was
considered) gives the following result.



STOCHASTIC INTEGRATION IN UMD SPACES 1461

COROLLARY 3.11. Let E be UMD Banach function space over a o -finite
measure space (S, X, u) and let p € (1,00). Let ®:[0,T] x Q — L(H, E) be
H -strongly measurable and adapted and assume that there exists a strongly mea-
surable function ¢ : [0, T] x Q x S — H such that forall h € H and t € [0, T],

(@O () =I¢@,),hly  inE.

Then ® is LP-stochastically integrable with respect to Wy if and only if
< 00.

IEH(/(;T llo(z, .)”%{dt)l/z :

p T 1/2
:pEEH(/O ||¢<r,->||%,dt)

4. The integral process. It is immediate from Theorem 3.6 that if ®: [0, T'] x
Q — L(H, E) is LP-stochastically integrable with respect to Wy, then for all
t € [0, T] the restricted process ®:[0,7] x Q — L(H, E) is LP-stochastically
integrable with respect to Wg. Thus it is meaningful to ask for the properties of
the integral process

p

In this case we have

T P
EH/ OB dWy (1)
0

E

tl—)/ZQD(s)dWH(s), tel0,T].
0

This will be the topic of the present section.
It will be convenient to introduce a continuous process

£x:[0,T] x 2 — y(L*(0,T; H), E)

associated with a strongly measurable random variable X:Q — y(L2(0, T;
H), E). For t € [0, T] we define the y(LZ(O, T; H), E)-valued random variable
Ex(1):Q — y(L*(0, T; H), E) by

Ex(t, o) f =X @)(Apnf),  feL*0,T;H).

Note that &x(7) = X. The strong measurability of £x(t) as a y(L%(0,T;
H), E)-valued random variable follows from Lemma 2.5.

PROPOSITION 4.1. The process &x defined above is strongly measurable and
has continuous trajectories. Moreover:

(1) If X is strongly adapted to F, then &x is adapted to F and for all t € [0, T],
Ex (t) is strongly adapted to TF;

(2) If X € Lg(2; y(L*(0,T; H), E)), then x (1) € Lg(2; ¥ (L*(0,T; H), E))
for all t € [0,T], and the mapping t — &Ex(t) is continuous from [0,T] to
Ly(Q; y(L*(0, T; H), E)).
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PROOF. By Proposition 2.4, t — &x (¢, ®) is continuous for all w € 2. Since
for all r € [0, T'], £x(¢) is strongly measurable we obtain that £x is strongly mea-
surable.

(1) This follows from Lemma 2.5 and Proposition 2.10.
(2) For w € 2 fixed, the right ideal property implies that

€x (1) (w) ||y(L2(O,T;H),E) < X(w) ||y(L2(0,T;H),E)-

Hence if X € LE(Q; y(L?(0,T; H), E)), then for all t € [0, T], &x(¢) € LE(Q;
y(Lz(O, T; H), E)) by Proposition 2.12. The continuity of ¢ > &x(¢) follows
from Proposition 4.1 and dominated convergence. [l

REMARK 4.2. Since (t,w) — |&x(t, w)”)Z/(LZ(O,T;H),E)
nondecreasing, we may think of this process as an analogue of the quadratic vari-

ation process.

is nonnegative and

Now let E be a UMD space and fix p € (1, 00). For X € L%(Q; y(Lz(O, T; H),
E)), with some abuse of notation the E-valued process

" Ey) it IV Ex (),  tel0,T],

will be called the integral process associated with X. In the special case where X
is represented by an LP”-stochastically integrable process @, for all ¢ € [0, T] we
have

1W”($x(¢))=/0t<1>(S)dWH(S) in LP(Q; E).

PROPOSITION 4.3. Let E be a UMD space and fix p € (1,00). For all
X e Lﬁ;(Q; y(Lz(O, T; H), E)) the integral process IVH(£x) is an E-valued
LP-martingale which is continuous in pth moment. It has a continuous adapted
version which satisfies the maximal inequality

1 1
@1)  E sup 1" Ex @) < qPEITY (X))” (—+ —= 1).
tel0,T] p q

PROOF. For all x* € E*, the real-valued process /"# (§5x*) is a martingale;
see [18], Corollary 17.8. The martingale property easily follows from this; see [28],
Corollary 2.8. The continuity in pth moment follows directly from the continuity
of the Itd map and the continuity in pth moment of £y, which was proved in
Proposition 4.1.

Next we prove the existence of a continuous adapted version. Choose a se-
quence (X,),>1 of elementary adapted elements such that lim, ,. X, = X in
LP(R; y(Lz(O, T: H), E)). It follows from Theorem 3.5 that lim,,_, oo I V¥ (X,,) =



STOCHASTIC INTEGRATION IN UMD SPACES 1463

IYE(X) in LP(; E). Clearly, for each n > 1 there exists a continuous ver-
sion 1, of I Wh (& X"), and by the Pettis measurability theorem we have n, €
LP(Q2; C([0, T]; E)). By Doob’s maximal inequality, the sequence (17,),>1 is a
Cauchy sequence in L”(2; C([0, T']; E)). Its limit defines a continuous version of
IWH (£x), which is clearly adapted.

The final inequality (4.1) follows from Doob’s maximal inequality. []

Combining these results we have proved:

THEOREM 4.4 (Burkholder-Davis—Gundy inequalities). Let E be a UMD
space and fix p € (1,00). If the H-strongly measurable and adapted process
®:[0,T] x 2 — L(H, E) is LP-stochastically integrable, then

E sup
1€[0,T]

where X € LP(Q; y(L*(0, T; H), E)) is the element represented by ®.

p
. P
~p,E E||X||V(L2(0,T;H),E)’

fot ® () d Wi (5)

The estimates in Corollary 3.10, when combined with Doob’s maximal inequal-
ity, may be considered as one-sided Burkholder—Davis—Gundy inequalities for the
LP(Q; L*(0, T; y(H, E)))-norm. In particular we recover, for UMD martingale
type 2 spaces, the one-sided Burkholder—Davis—Gundy inequalities for martingale
type 2 spaces of BrzeZniak [6] and Dettweiler [12].

We address next the question whether the integral process associated with an
LP-stochastically integrable process ® is LP?-stochastically integrable with re-
spect to a real-valued Brownian motion W. When E is a real Hilbert space and
p € (1, 00), the answer is clearly affirmative and by the Burkholder—Davis—Gundy
inequalities we have

p) 1/p

LP(;L%(0,T;E))

T ot
(EH/O /OCID(s)dWH(s)dW(t)

fo’eb(s)dWH(s)

~p

< ﬁ(E sup

N\ 1/p
) ~p ﬁ||q)”LP(Q;L2(0,T;E))'
te[0,T]

f01<b<s)dwﬂ<s)

More generally, every £L2(H, E)-valued LP-martingale, where E is a Hilbert
space, is LP-stochastically integrable, and an estimate can be given using
Doob’s inequality. In the following we shall generalize these observations
to y(H, E)-valued LP-martingales, where E is a UMD space. We will say
that a process M:[0,T] x Q — y(H,E) is an LP”-martingale if M(t) €
LP(Q2;y(H,E)) for all t € [0, T] and E(M (¢)|F5) = M(s) in LP(; y(H, E))
for all 0 <s <t < T. In the proof of the following result we will need the well
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known fact that every L”-martingale M : [0, T] x 2 — H admits a modification
with cadlag trajectories. This may be proved as [21], Proposition 2.

Our next result uses the vector-valued Stein inequality, which asserts that
in a UMD space E certain families of conditional expectation operators are
R-bounded. Recall that a collection 7~ C £L£(Bj, B), where By and B, are Banach
spaces, is said to be R-bounded if there exists a constant M > 0 such that

N 2.\12 N 2.\1/2
(IE > raTuxn ) =M (E D Tk ) ;
n=1 B n=1 B

for all N > 1 and all sequences (Tn)r[l\’:l in 7 and (xn)fl\’:1 in B1. The least constant
M for which this estimate holds is called the R-bound of T, notation R(7). By
the Kahane—Khinchine inequalities, the role of the exponent 2 may be replaced
by any exponent 1 < p < oo. Replacing the role of the Rademacher sequence
by a Gaussian sequence we obtain the related notion of y-boundedness. By an
easy randomization argument, every R-bounded family is y-bounded and we have
y(T) < R(T), where y(7) is the y-bound of T .

THEOREM 4.5. Let E be a UMD space and fix p € (1,00). Let M :[0, T] x
Q — y(H, E) be an LP-martingale with respect to the filtration F and assume
that M (0) = 0. If Wy is an H-cylindrical Brownian motion adapted to F, then M
is LP-stochastically integrable with respect to Wy and we have

T p\1/p
<EH/O M(t)dWH(t)H) SpeNTEIMD)D 4 ).

PROOF. The proof is based upon a multiplier result for spaces of y-radonify-
ing operators, due to Kalton and the third named author [19]. Translated into the
present setting, this result can be formulated as follows. Let By and B, be UMD
spaces, let p € (1,00), and let N :[0, T] x Q — L(B1, By) be a strongly adapted
process such that the set {N(¢):¢ € [0, T]} is y-bounded. Then, if ®:[0, T] x
Q — L(H, By) is an H-strongly measurable process which is L”-stochastically
integrable with respect to Wy, the process N®: [0, T] x Q — L(H, By) defined
by (N®)(t)h := N(t)(P(¢t)h) is LP-stochastically integrable with respect to Wy
as well and satisfies
P

T p T
EH/(; N@)P)dWg(t) gp,BlaBzKpEH/o O)dWgH(2)

To start the proof of the theorem, we first show that M is H-strongly measur-
able and adapted. Let & € H be fixed. Clearly, M is an E-valued L?-martingale.
By martingale convergence, M#h is left continuous in mean. Therefore by a gen-
eral result from the theory of stochastic processes, M is strongly measurable and
adapted.
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Next we check that M belongs to L?(2; L?(0, T; H)) scalarly. Let x* € E* be
fixed. By the above discussion M*x* has a modification with cadlag trajectories.
Hence we may apply Doob’s maximal inequality to obtain

E|M*x* ]2 7.5 < TWEI sup IM*@)x* 1y Sp TPPEIM*(T)x*||7;.
€[V,

Let B = Lg(Q, Fr; E) be the closed subspace in L?(2; E) of all Fr-measur-
able random variables with zero mean, and define the bounded and strongly left
continuous function N : [0, T] — L(B) by

N(@)¢ =E(E|F), £eB,tel0,T].

Since E is a UMD space, by a result of Bourgain [3] the set {N(¢):t € [0, T']} is
R-bounded, and therefore y-bounded, with y-bound depending only on p and E.
A detailed proof of this fact may be found in [10], Proposition 3.8.

By the Fubini isomorphism we may identify the random variables M (t) €
LP(Q; y(H, E)) with operators M) € y(H, LP(Q; E)). Recall that for all ¢ €
[0, T], for all h € H, for almost all w € €2, (M(t)h)(a)) = M(t, w)h. Define a con-
stant function G : [0, T] — L(H, B) by

G(t) := M(T), t€[0,T].

Clearly G represents the element Rg € y(L2(0, T; H), B) given by
T .
Rof= [ MDf0dr,  fel’O.T:H),
0

and |RG |l z200.7:1).8 = VTEIM(D)lly (. £). Since for all t € [0, T1, M(r) =

N()M(T) in B, we may apply the above multiplier result to conclude that M
represents an element R € y(LZ(O, T; H), B) with

||R||y(L2(0,T;H),B) §p,E ||RG||y(L2(O,T;H),B)'

Using the y-Fubini isomorphism we define X = F’ '(R). Recall that for all f €
L?(0,T; H), for almost all w € Q, (Rf)(w)=X(w) f.

We claim that X is represented by M. Once we know this, it follows with The-
orem 3.6 that

pN\1/p P 1/p
)" =k XU o )
~p IR, 20,7 H),B)

1
Sp e NTEIMD) 4 )7

(EH/OT M(t)dWy (1)

Let f € L?>(0,T; H), x* € E* be arbitrary. We have to show that [M*x*,
flrzormy = (Xf, x*) almost surely. It suffices to check that E(14[M*x*,
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Flezo.rmy) =EQa(XS, x*}) for all A € F7. By the Fubini theorem we have
E(LALM*X*, f1,20.7:1)) = / / "Mt @) f ). X s (@) dt dP(@)
» J 20,1 1) o Jo ; ,
T
= [ [ M0 0. xa@dP@)ar
0 Q

T ~
= [ 0@, a @) d = (R 1 57
—E((X/, *)1,).

This proves the claim. [J

In view of Proposition 4.3, this theorem can be applied to the integral process
W (€x) associated with elements X € Lﬁ; (22 y(Lz(O, T; H), E)). In the special
case where X is represented by a process we obtain:

COROLLARY 4.6. Let E be a UMD space and fix p € (1,00). Let Wy and
W be an H-cylindrical Brownian motion and a Brownian motion, respectively,
both adapted to the filtration F. If the H -strongly measurable and adapted process
D:[0,T] x Q — L(H, E) is LP-stochastically integrable with respect Wy, then
the integral process ( fé D (s)dWH(S))iefo0.1] is LP-stochastically integrable with
respect to W and we have

p) 1/p

We conclude this section with a representation theorem for E-valued Brown-
ian LP-martingales, that is, E-valued L?-martingales adapted to the augmented
filtration FW# generated by an H-cylindrical Brownian motion Wy . It is a direct
consequence of the second part of Theorem 3.5 and Proposition 4.3:

(EHfOT /(;t®(s)dWH(s)dW(t) p>1/,, Sp.E ﬁ(EH/OTcp(z)dWH(z)

THEOREM 4.7 (Representation of Brownian L”-martingales in UMD spaces).
Let E be a UMD space and fix p € (1, 00). Then every LP-martingale M [0, T'] x
Q — E adapted to the augmented filtration FWH has a continuous version, and
there exists a unique X € LH{Z(Q; y(Lz(O, T; H), E)) such that for all t € [0, T]
we have

M@t)=M©O)+ 1" (Ex () in LP(QE).
5. Localization. We begin with a lemma which is a slight generalization of a

stopping time argument in [24], Lemma 3.3. For the convenience of the reader we
include the details.
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LEMMA 5.1. Let p € [1,00). Let E and F be Banach spaces and let
(¢1)iefo,1) and (Yi)iejo,T) be continuous adapted processes with values in E
and F, respectively. Assume furthermore that Yo = 0. If there exists a constant
C > 0 such that for all stopping times T with values in [0, T'] we have

(.1 Ell¢: % < CE[y |5
whenever these norms are finite, then for all § > 0 and ¢ > 0 we have
CcésP
62 B s oile=e) = o+ P( sup il zs).
1€[0,T] eb 1€[0,T]

PROOF. Let §, ¢ > 0 be arbitrary. Define stopping times p and v by

p(w) :=inf{r € [0, TT: ¢ () llE = €},
v(w) :=inf{r € [0, T]: [ ()| F = 8},

where we take w(w) := T and v(w) := T if the infimum is taken over the
empty set, and put T := u A v. Then 7 is a stopping time and E||¢>t||§ <eP,
E|vy- ||I;F < 7. By Chebyshev’s inequality, (5.1), and pathwise continuity we have

1
]P’( sup |[¢¢lle >e€, sup [[YllF < 5) <P(l¢: g > ¢) < —Elg.|%
1€[0,T] 1€[0,T] ep

cs?

C
<—E P <
=7 [Vl < PR

where the last inequality uses the fact that ¢ = 0. This implies

Ccé?
P(swp e =) = - +P( sup lgnle = sup Wille =)
1€[0,T] ep 1€[0,T] 1€[0,T]

Clearly (5.2) follows from this. [J

For a Banach space B, let LO(Q; B) be the vector space of all equivalence
classes of strongly measurable functions on 2 with values in the Banach space
B which are identical almost surely. Endowed with the translation invariant metric

1€l o3y = E(IEN A D),

LO(Q; B) is a complete metric space, and convergence with respect to this metric
coincides with convergence in probability.

We return to the standing assumptions that H is a separable real Hilbert
space, Wy is an H-cylindrical Brownian motion adapted to a filtration [ sat-
isfying the usual conditions, and E is a real Banach space. We denote by
L%(Q; y(LZ(O, T; H), E)) the subspace of all adapted elements of Lo y(Lz(O,
T; H), E)), that is, the closure of subspace of all elementary adapted elements
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in L°(Q; y(L*(0, T; H), E)). Notice that X € L%(2; y(L?*(0, T; H), E)) if and
only if X is strongly adapted to IF.

For a stopping time T with values in [0, 7] and an element X € L%(Q; y(L?(0,
T; H), E)) we define the y(Lz(O, T; H), E)-valued random variable £x(7): 2 —
y(L*(0,T; H), E) by

Ex (M) (@) f =Ex(T(@), ») f = X (@) (L0,r()1 f) feL?(0,T; H).

The random variable £x(7) is well-defined since £x has continuous paths and is
adapted by Proposition 4.1.

LEMMA 5.2. The random variable &x(t) is strongly adapted to F. If
p €l1,00) and X € Lp(Qy(L*(0,T; H), E)), then &x(t) € L (v (L*(0,
T; H), E)).

PROOF. It is clear that for all r € [0, T], f € L%(0,T: H), and x* € E*, the
random variable (X (1011 f), x*) is F;-measurable. Hence the first assertion fol-
lows by combining by the Pettis measurability theorem and Proposition 2.10.

By the right ideal property,

IEx (@@, 20,7 1), E) = 1 X @y (2200, 7: 1), E)-

Hence if X € Lﬁ(Q; y(Lz(O, T;H),E)) for some p € [1,00), then &x(7) €
LP(R; y(Lz(O, T; H), E)). The second assertion now follows from Proposi-
tion 2.12. [

PROPOSITION 5.3. Let E be a UMD space and let p € (1,00). If X €
Lg(Q; y(Lz(O, T; H), E)) and t is a stopping time with values in [0, T'], then

(5.3) IV Ex () =UY (Ex)):  almost surely.

PROOF. For elementary adapted X, (5.3) is obvious. For general X €
Lg(Q; y(Lz(O, T; H), E)) the result is obtain from the following approxima-
tion argument. Choose a sequence of elementary adapted elements such that
lim;, 00 X, = X In Lﬁ(Q; y(Lz(O, T; H),E)). Hence, £x(7) = lim, o0 €x, (T)
in LE(Q; y(L?(0, T; H), E)) and it follows from Theorem 3.5 that I V# (£x (7)) =
limy,—, 00 IVH (¢x, (1)) in LP(R2; E). On the other hand, Proposition 4.3 shows that
IYaEy) = limpooo IVH(Ex,) in  LP(Q:;C([0,T]; E)). In particular,
(IWH (Ex))r =lim, (I (£x,)). in LP(2; E). The general case of (5.3) now
follows from the fact that (5.3) holds for all X,,. [

By combining the previous two results we obtain the following result, which
should be compared with [24], Lemma 3.3. Our approach is somewhat simpler, as
it allows the use of F-stopping times rather than the F ® F-stopping times used
in [24].
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LEMMA 5.4. Let E be a UMD space and let p € (1,00). If X € Lg(Q;
y(LZ(O, T; H), E)), then forall § > 0 and & > 0 we have

Cp. 8"
54 Pl osup [TV E)) N >e) <L +PIX N, 20.7:1).5) = )
1€[0,T] ep 4
and
C, gé?
5.5 P(IXlly@20.7:m).8 > &) <~ +P( sup ||(1WH<sx)),||zs>,
€ t€[0,T]

where C), g is a constant which depends only on p and E.

PROOF. Forallwe Qandr €0, T],

IEx ) @), 20,7 m).6) = 1X @)y 20,710, E)

with equality for = T', and therefore,

IX @)y r200.7:1y.8) = s[gpﬂ IEx )y (1200,7: ), E)-
tell,

Hence by Lemma 5.1 it suffices to prove that for every stopping time t with values
in [0, T'] we have

E”(IWH (gX))‘L' ”P :p,E E”gX(T)”i(Lz(O’T;H)’E)

provided both norms are finite. But this follows from Proposition 5.3 and Theo-
rem3.5. U

We call an E-valued process M := (M;);cj0,7] @ local martingale if it is
adapted and there exists a sequence of stopping times (t,),>1 with values in [0, T']
with the property that for all w € 2 there exists an index N (w) such that t,(w) =T
for all n > N (w) and such that the process M™ = (Mf”) te[0,7] defined by

M{" := Mpr, — Mo
is a martingale. In this case, (7,),>1 is called a localizing sequence for M.
If, for some p € [1,00], each M™ is an LP-martingale, we call M a local
L?-martingale. In the case of p = co we say that M is a local bounded mar-
tingale. It is easy to see that every continuous local martingale is a continuous

local bounded martingale (cf. [9], Proposition 1.9); a localizing sequence (T;;)n>1
is given by
T, =inf{r € [0, T']: | M; || = n}.
Here we take 1, = T if the infimum is taken over the empty set. We will use this
convention for all stopping times in the rest of paper.
We denote by ,M(C)’IOC(Q; E) the space of continuous local martingales starting
at 0, identifying martingales that are indistinguishable. Each M € M(C)’IOC (2; E)



1470 J.M. A. M. VAN NEERVEN, M. C. VERAAR AND L. WEIS

defines a random variable with values in C([0, T]; E). Thus we may identify
Mg’l‘”(sz; E) with a linear subspace of LO(2; C([0, T1; E)). If we want to stress
the role of the underlying filtration F we write MS’IOC(Q; E) = M(C)’IOC(Q, F; E).

Now let E be a UMD space and p € (1,00). For X € L%(Q; y(Lz(O, T; H),
E)) we recall that from Proposition 4.3 that "# (£x) is a continuous martingale
starting at 0. With this in mind we have the following localized version of Theo-
rem 3.5.

THEOREM 5.5 (Itd homeomorphism). Let E be a real UMD space. The
mapping X — IWH(&x) has a unique extension to a homeomorphism from
L%(Q; y(LZ(O, T; H), E)) onto a closed subspace of MS’IOC(Q, IF; E). Moreover,
the estimates (5.4) and (5.5) extend to arbitrary elements X € L%(Q; y(LZ(O, T;
H), E)). For the augmented Brownian filtration FWH we have an homeomorphism

1Y Ly, (Q:y(L*(0,T; H), E)) = M (Q, FVi E).
PROOF. Fix X € L%(Q; y(Lz(O, T; H), E)) and define a sequence of stop-
ping times (t,),>1 by

Ty = lnf{t S [0, T] ||$X(t)”)/(L2(O,T;H),E) > n}

Then &x(t,) € Lg(Q; y(LZ(O, T; H), E)) forevery p € (1, 00).
By Proposition 4.3 we can define a sequence of L”-martingales (M"),>1 in
M (Q; E) by

M" =1"" ().

Since lim, o X, = X it follows from Lemma 5.4, applied to the differences
Xm — Xn, that (M"),>1 is a Cauchy sequence in L%Q: C([0,T]; E)). It fol-
lows that (M"),>1 converges to M € LY C([0,T]; E)). As a process, M =
(M;)tefo,17 1s adapted and My = O almost surely. To show that M € MS’IOC(Q; E)
it is now enough to show that (M;);¢[0,7] is a local martingale. We claim that

My, e =M almost surely.

This will complete the proof, since it shows that M is a local martingale with
localizing sequence (T;)m>1. To prove the claim we fix m > 1. It follows from

Proposition 5.3 that foralln > m > 1,
56) M: o= Ex ) e =TV ((Ex,)gunt)
' =11y (tw AD) =" (Ex, ) =M"  almost surely.

By passing to a subsequence we may assume that lim,—,~ M" = M in C([0, T'];
E) almost surely. Then also lim;_, M;’m/\t = M, A in C([0,T]; E) almost

Tm
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surely, and the claim now follows by letting n tend to infinity in (5.6). It follows
that IWH (X) := M is well defined. At the same time, this argument shows that
(5.4) extends to all X € L9(Q; y(L*(0, T; H), E)). This in turn shows that I"#
is continuous.

Next, we extend (5.5) to arbitrary X € L%(Q; y(Lz(O, T;H),E)). Let M =
[WH (£x) and define a sequence of stopping times (7,),>1 as

T, =inf{r € [0, T]: [[Ex ()] = n}.

By the above results we have, IW# (€x,) = M™. Applying (5.5) to each X, and
letting n tend to infinity one obtains (5.5) for X. From this, we deduce that 7"#
has a continuous inverse. This also shows that the mapping 7 "# has a closed range
in M5'°(; E) and LO(Q; C([0, T1; E)).

Next assume that F = FW# It suffices to show that the mapping I"# is
surjective. Let M € MS’lOC(Q,IFWH; E) be arbitrary. We can find a localiz-
ing sequence (7,),>1 such that each M™ is a bounded martingale. It follows
from the second part of Theorem 3.5 that there is a sequence (X,),>1 in
LIZFWH (2 y(L?(0, T; H), E)) such that

1 (gx,) =M™,

Clearly, (M™),> converges to M in M(C)’IOC(Q, FWa: E). 1t follows from The-
orem 5.5 that (X,),>1 is a Cauchy sequence in L%(Q; y(Lz(O, T;H), E)) and
therefore it converges to some X € L%(Q; y(LZ(O, T; H), E)). It follows from
Theorem 5.5 that IV (X) =M. O

REMARK 5.6. Proposition 5.3 extends to arbitrary X € L]%(Q; y(Lz(O, T;
H), E)). This may be proved similarly as in Proposition 5.3, but now using Theo-
rem 5.5 for the approximation argument.

The next results on stochastic integration for H-valued processes will be used
below.

FACTS 5.7. Let¢:[0, T] x Q2 — H be a strongly measurable adapted process
such that ¢ € L?(0, T; H) almost surely. The following results hold:

e The integral process [;¢ (1) d Wy (t) is well defined and belongs to Mg’lOC(Q;
R).

e The quadratic variation process of [;¢ (1) dWy(t) is given by [; |4 (1) |2 dt.

e If 7 is a stopping time, then almost surely for all ¢ € [0, T'] we have

TNt t
/ (s)dWi(s) = / 10,615 () AW (s).
0 0
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PROPOSITION 5.8.  Let @:[0, T] x Q2 — E be an H -strongly measurable and
adapted process which belongs scalarly to LY(Q; L>(0, T; H)). If there exists a
process ¢ € LO(2; C([0, T1; E)) such that for all x* € E* we have

(¢, x¥) =f.<1>*(t)X*dWH(t) in L%(2; C([0, T]; R)),
0
then ¢ belongs to MS’IOC(Q; E).

PROOF. Clearly, ¢y = 0 almost surely and ¢ is adapted, so it suffices to show ¢
is a local martingale. It is obvious that for all x* € E*, (¢, x*) is a local martingale.
Define a sequence of stopping times (7,),>1 by

Ty i=inf{r € [0, T]: |1l = n}.
By Facts 5.7, for all x* € E* we have

(™, x*) = ‘/(;.(QD(S), x")110,7,1(s) AW (s) in C([0, T']; R) almost surely.

Since the local martingale on left-hand side is bounded, the Burkholder—Davis—
Gundy inequalities and [18], Corollary 17.8, imply that it is a martingale and for
all x* € E* and 0 < s <t it follows that

<E(§r,,At|~7:s), x*) :E(@rn/\z’x*H?S) = (Cr,ms»x*)

almost surely. It follows that for all 0 < s <t we have E(¢;,ar|Fs) = &1 a5, SO
(&z,at)rel0, 71 18 @ martingale and (¢;);¢[0,7] is a local martingale. []

For elementary adapted processes @ : [0, T'] x Q2 — L(H, E) we define the sto-
chastic integral as an element of LO(Q; C([0,T]; E)) in the obvious way. The
following result extends the integral to a larger class of processes.

THEOREM 5.9. Let E be a UMD space. For an H -strongly measurable and
adapted process ®:[0,T] x Q — L(H, E) which is scalarly in LO(Q; LZ(O, T;
H)) the following assertions are equivalent:

(1) there exists a sequence (Py,),>1 of elementary adapted processes such that:

(1) forall h € H and x* € E* we have lim;,_, oo (D, h, x*) = (Oh, x*) in mea-
sureon [0, T] x 2,
(ii) there exists a process ¢ € LO%(2; C([0, T1; E)) such that

¢ = lim /'cbn(z)dWH(t) in L(S; C([0, T1; E));
n—oo 0

(2) There exists a process ¢ € LO(2; C([0, T1; E)) such that for all x* € E*
we have

(¢, x*)y = /0. O*(t)x*dWy (1) in L°(Q; C[0, TY);
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(3) ® represents an element X € Lo y(Lz(O, T;H),E)); B
(4) For almost all w € Q, O, is stochastically integrable with respect to W .

In this situation X € L%(Q; y(L*(0,T; H), E)) and
¢=1"1(Eyx)  in LY@ C(0, TT; E)).

A process ©:[0, T] x 2 — L(H, E) satisfying the equivalent conditions of the
theorem will be called stochastically integrable with respect to Wy . The process
¢ = IVH (gx) is called the stochastic integral process of ® with respect to Wy,
notation

;=/0 O (1) dWi (1).

It follows from Proposition 5.8 that ¢ € M(C)’IOC(Q; E).

It is immediate from Proposition 4.3 that if ®:[0,T] x @ — L(H, E) is
LP-stochastically integrable for some p € (1, 00), then @ is stochastically inte-
grable and we have

1" 6 = [ 0@ dWi ),
where X € LP(R2; y(LZ(O, T; H), E)) is represented by &.

REMARK 5.10. Under the assumptions as stated, condition (1) is equivalent
to:

(1)’ There exists a sequence (®,),>1 of elementary adapted processes such
that:

(1) for all h € H we have lim,;,_, o0 ®,,2 = ®h in measure on [0, T] x ;
(ii) there exists an n € L%; C([0, T1; E)) such that

n= lim /'cbn(z)dWH(t) in L%Q: C([0, T1; E)).
n—oQ 0

PROOF OF THEOREM 5.9. First note that (i) and (ii) of part (1), com-
bined with [18], Proposition 17.6, imply that in (i) we have convergence in
Lo L%(0, T; H)).

(1)=(3): Let &, represent X, € LO(; y(Lz(O, T;H), E)). By (ii)) and
Lemma 5.4, these elements define a Cauchy sequence in LO(; y(Lz(O, T;H),
E)).Let X € LO(Q; y(LZ(O, T; H), E)) be the limit. Since each X, is elementary
adapted we have X € LIOF(Q; y(L*(0, T; H), E)), and with property (i) it follows
that

(X,x*) = lim (X, x*) = lim ®;x* =&**  in LY%Q; L*0, T; H)).

Hence, ® represents X.
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(3) = (4): It follows from Lemma 2.7 that for almost all o € 2, ®,, is repre-
sented by X (w). The result now follows from Proposition 3.2.

(4)=(3): Let N be a null set such that ®,, is stochastically integrable with
respect to Wy for all w € CN. Proposition 3.2 assures that for such @ we may
define X (w) € y(L?(0, T; H), E) defined by

T
X(w)f = /O (t, ) f(1)dt.

An application of Remark 2.8 shows that the resulting random variable X : 2 —
y(Lz(O, T; H), E) is strongly measurable. This proves (2).

(3) = (1): This may be proved in the same way as Theorem 3.6, this time using
Theorem 5.5.

(1) = (2): This is clear.

(2) = (1): It follows from Proposition 5.8 that ¢ € M(‘;’IOC(Q; E).Let (t,)n>1 be
a localizing sequence such that each ¢™ is bounded. It follows from the assump-
tions and Facts 5.7 that for all n and all x* € E* we have

(™, x*) =/0 10,7, 1()®* (t)x* dWg (1) almost surely.

By the Burkholder-Davis—Gundy inequalities, each 1jg ;& is scalarly in L2(Q;
L2(0, T; H)). In particular,

T
(L 2*) = /0 10,0, (VD" (Ox* AW (1) in L(Q).

By Theorem 3.6, each 1jo 1@ is L>-stochastically integrable with integral ¢, .
With Theorem 3.6 we find elementary adapted processes (®,),>1 such that

< —.
L2(Z;E) N

T
Co — fo &, (1) dWy (1)

Doob’s maximal inequality implies that

H; —fo ®, (1) AW (1)

2
< —.
n

I —/O O, (1) dWy (1)

LX(2;C([0,T];E))

It follows that

LY C([0,T]; E))

=I¢ = ¢™o@cqoryen + HZ’” —f P () dWh (1)
0 LY@:C(10.T1:E))

2
< 1Z = &™locqo.r:ey + 0
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The latter clearly converges to 0 as n tends to infinity. This gives (ii). Now choose
x* € E* arbitrary. In view of

/'cb*(t)x*dWH(;) =n11n30/' X ()x*dWy(t)  in LO(S: C([0, T])
0 - 0
from [18], Proposition 17.6, we obtain (i). [J

REMARK 5.11. As was the case in Remark 3.8, if the filtration IF' is assumed to
be the augmented Brownian filtration }'TWH , then the equivalence (1) < (2) is true
for every real Banach space E. This may be proved by a stopping time argument
as in the proof of (2) = (1).

Our next objective is a generalization Theorem 4.4.

THEOREM 5.12 (Burkholder—Davis—Gundy inequalities). Let E be a UMD
space and fix p € (1,00). If ©:[0,T] x Q — L(H, E) is H-strongly measurable
and adapted and stochastically integrable, then

E sup
1€[0,T]

where X € L%(Q; y(Lz(O, T; H), E)) is the element represented by .

)4
o P
~p.E ]EHXH),(LZ(O,T;H),E)’

/Ot B (s)d Wi (s)

This is understood in the sense that the left-hand side is finite if and only if
the right-hand side is finite, in which case the estimates hold with constants only
depending on p and E.

PROOF OF THEOREM 5.12. First assume that the left-hand side is finite. De-
fine a sequence of stopping times (7,),>1 by

T = inf{t € [0, T] : ”gX(t)”)/(LZ(O,T;H),E) > I’l}

Observe that &x(t,) € Lg(Q; y(LZ(O, T; H), E)) and that it is represented by
®1y9,7,]. From Theorem 3.6 we deduce that ®1(p ] is L”-stochastically inte-
grable. Combining the identity

T T
/ O (1) dWy (1) = f 10,01 dWr (1)
0 0

which follows for instance from Theorem 5.9(1), with the dominated convergence
theorem (here we use the assumption) and Fatou’s lemma, we obtain

T P T p
IEH/ d)(t)dWH(t)H = lim EH/ 1[0,,”](z)c1>(z)dWH<z)H
0 n—oo 0

;p,E liminf ”SX(T}'!) ”iP(Q;y(LZ(O,T;H),E))

p
= ”X“Lp(Q;y(Lz(O,T;H),E)).
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This shows that X € L?(Q; y(Lz(O, T; H), E)), and by Theorem 3.6 that ® is
LP-stochastically integrable. The result now follows from Theorem 4.4.

If the right-hand side is finite, then ® is L”-stochastically integrable by Theo-
rem 3.6 and therefore the left-hand side is finite by Theorem 4.4. [

In the real-valued case, a similar estimates holds for all 0 < p < co. We do not
know whether Theorem 5.12 extends to all 0 < p < oo (or even justto p = 1).

We have the following extension of Itd’s representation theorem for Brownian
martingales to UMD Banach spaces.

THEOREM 5.13 (Representation of UMD-valued Brownian local martingales).
Let E be a UMD space. Then every E-valued local martingale M := (M;):c[0,T)
adapted to the augmented filtration FVH has a continuous version and there exists
a unique X € L%(Q; y(Lz(O, T; H), E)) such that

M= Mo+ 1" (x).

PROOF. We may assume My = 0. By Theorem 5.5 it suffices to show that M
has a continuous version. This can be seen in the same way as in the real case (cf.
[18], Theorem 18.10). [

For UMD spaces E with cotype 2 recall that y(Lz(O, T;H), E)— LZ(O, T;
y(H, E)). Hence every X € LOQ; y(LZ(O, T), E)) can be represented by a
process & € Lo L%(0, T, y(H, E))). In this case, the above representation
takes the form

)
M:Mo-l—/o O()dWy (t).

For M-type 2 Banach spaces E, a representation theorem for martingales as sto-
chastic integrals with respect to H-cylindrical Brownian motions can be found in
[31], Chapter 2.
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