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MIXTURES OF PERFECT PROBABILITY MEASURES

By D. RAMACHANDRAN

Indian Statistical Institute, Calcutta

It is shown that a perfect mixture of perfect probability measures need
not be perfect and that a perfect mixture of nonperfect measures can be
perfect. Perfect mixtures of discrete measures are shown to be perfect.

1. Introduction and summary. Let (X, %) and (Y, £&#) be two measurable
spaces and let x(x, B) be a transition probability on X x <%, that is, u(x, B) isa
function defined on X x <Z'taking values in [0, 1] such that for every x in X
¢(x, +) is a probability measure on <% and for every Bin <& u(-, B) is an /-
measurable function. Let 2 be a probability measure on .%”. The set function
¢ on F defined by p(B) = §, p(+, B)di, Be ZFis a probability measure on ..
¢ is called the 2-mixture of the p(x, .)’s. 2 is called a mixing measure, the
#(x, +)’s are called mixand measures and p is called a mixture measure. The
properties of a mixture measure depend on those of the mixing and mixand
measures. We shall study here the role of perfectness of probability measures
in the mixture problem.

We call a mixture measure perfect mixture or nonperfect mixture according
as the mixing measure is perfect or nonperfect. Rodine (1966) conjectured
that perfect mixtures of perfect measures are perfect and also raised the follow-
ing question. If x is perfect, does it follow that the x(x, +)’s are perfect except
possibly for x’s in a A-null set? We shall give examples in Section 2 to show
that the conjecture is false and that the answer to the above question is in the
negative. In Section 3 we show that perfect mixtures of discrete measures are
perfect.

All measures considered in this paper are probability measures. <%, ,; denotes
the Borel g-algebra of [0, 1]. If (X, %7, P)is a probability space and if {4,, n =
1,2, ...} is a sequence of sets such that 4, e .9 for every n, then o({4,}) will
denote the g-algebra generated by the collection {4,,n = 1,2, ...}, AsetAe &
is said to be an atom of P if for every .%-measurable set B contained in A4 either
P(B) = 0 or P(4) = P(B). The measure P is said to be discrete if there is a sequence
{A,,n = 1,2, ...} of pairwise disjoint atoms of P such that } =  P(A4,) = 1.

Let (X, 7, P) be a probability space. P is called perfect if for every .o~
measurable real-valued function f on X and every subset 4 of the real line for
which f~!(A4) belongs to .5 there is a linear Borel set B contained in A such that
P(f~Y(A4)) = P(f~%(B)). It is known (see Sazonov (1962)):

Received November 14, 1972; May 29, 1973.

AMS 1970 subject classifications. Primary 2813, 2825; Secondary 2840, 6005.

Key words and phrases. Atoms of a g-algebra, atoms of a measure, discrete measure, mixture,
perfect measure.

495

Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to éﬁ%%

The Annals of Probability. STOR ®

WWww.jstor.org



496 D. RAMACHANDRAN

(P1) that a measure P on a measurable space (X, %) is perfect if and only
if for every .%“measurable real-valued function f on X there is a linear Borel
set B(f) contained in f(X) such that P(f~'B(f)) = 1.

(P2) that a measure is perfect if and only if its restriction to every countably
generated sub-g-algebra is perfect, and

(P3) that the restriction to any sub-g-algebra of a perfect measure is perfect.

It follows from P1 that a discrete measure is perfect.

Suppose (X, ") is a measurable space with .97 countably generated. Let
{4,,n=1,2, ...} be a sequence of sets such that A4, e .o for every n and
o({A4.}) = . Letf(x) = Y71 (2/3")1, (x) be the characteristic function of {4,}.
Then f(x;) # f(x,) if x, and x, belong to different atoms of .7 and f(.%) =
o N f(X). The following lemma is easily verified using P1.

LEMMA 1. Suppose p is a probability measure on (X, 7). Then p is perfect if
and only if (f(X), S, 0 f(X), pf ) is a perfect probability space.

2. The examples. We shall give three examples in this section. The first one
will show that a perfect mixture of perfect measures need not be perfect. The
second will show that the mixand measures can all be nonperfect though the
mixing and the mixture measures are both perfect. The last will show that
perfectness of the mixture and mixand measures does not imply the perfectness
of the mixing measure.

ExAaMPLE 1. Let X be the unit interval, .9 the Borel subsets of X and 2 the
Lebesgue measure on .%7. Consider the product space (X x X, % ® 7, 1 Q 2).
For our purpose it is enough to consider a set E, contained in X x X, which
meets every closed subset of positive 4 ® 2 measure and no three of whose points
are collinear, constructed by Sierpiniski (1920). But we use the following lemma
due to K. P. S. Bhaskara Rao.

LEMMA 2. There exists a subset E of X x X such that

(a) E intersects every closed subset of X x X of positive A Q A measure and
(b) For every x in X, the set E, = {x' € X: (x, x'} € E} is either empty or a
singleton.

Proor. Let w, be the first ordinal co'rresponding to ¢, the cardinality of the
continuum. Let {4,, « < w,} be a well-ordering of all closed subsets of X x X
of positive measure. We shall define a transfinite sequence {p, = (x,, y,): a<f}
as follows. Take p, = (x;, y;) € 4;. Suppose {p, = (x,, y.): @ < f} have been
defined for § < w,. The set {x: 4((4,),) > 0} is an uncountable Borel set and
hence has cardinality ¢. So we can find x, in {x: 2((4,),) > 0} — {x,: @ < B}.
Take a y, € (4,),,- Let p, = (x; ). Let E={p,: « < »}. Then E has the
required properties.

The set E given by Lemma 2 is such that (1 ® 2)*(E) = (A® 2)*(Y) = 1 where
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Y = X x X — E and (2 ® 2)* is the outer measure induced by 4 ® 4. Further,
for every x in X, Y, differs from X by utmost one point. Now let

B=XQFNY={BnY:Be¥YQX}.

Since (A ® A)*(Y) = 1 if we define (B n Y) = 2@ A(B), Be &7 Q %7, then
p# is a measure on <. Define p(x,BNY) on X x & by ux,BnY)=
AB,nY,)=AB,), Be Q@ %, xeX. u(x, Bn Y)is atransition probability
on X x &% and 2 and the u(x, .)’s are perfect. For any Be. % ® % we have
§ u(x, BN Y)da=§AB,)d2 =A@ AB) = x(Bn Y). In other words y is the
A-mixture of g(x, +)’s. Let g be the restriction to Y of a one-to-one real valued,
& ® S7-measurable function on X x X. For every linear Borel set B con-
tained in g(Y), g7'(B) is an .7 ® % measurable set contained in Y and since
(AQ)*(E) =1, u(9g7(B)) = A® A(9~%(B)) = 0. Thus by P1 y is non-perfect.

ExampPLE 2. Let X be any uncountable set and .% the countable and co-
countable g-algebra on X. For each x in X let (Y,, &%,, P,) be a nonperfect
probability space. Let Y = [],., Y,, the product space and &= ),y %,
the product g-algebra. Fix f, in Y. Let f,* = f||;_,, the restriction of f, to
X — {x}. Forevery Be “#define B, = f,"th section of B = {g(x) e Y,: g € Band
g =foon X — {x}}. It can be easily verified that {B,: Be &%} = <%,. Define
#(x, Byon X x #as p(x, B) = P,(B,). For each x in X y(x, ») is a probability
measure on Z%. P, on &%, is nonperfect implies that u(x, «) is nonperfect on
By ={B, x [l.cx—(m Y.: B, € &B,}. Therefore by P3 u(x, .) is nonperfect on
% for every x in X. Since every B in ZZis a countable dimensional cylinder it
follows that either B, = @ for all but a countable number of x’s or B, = Y,
for all but a countable number of x’s. So for each fixed B in “Zeither p(x, B) = 0
for all but a countable number of x’s or p(x, B) = 1 for all but a countable
number of x’s. Hence (., B) is %-measurable for every Bin &%. Thus p(x, B)
is a transition probability on X x <Z. Let 1 be the 0-1 valued measure on &
defined by A(4) = 0 or 1 according as 4 is countable or cocountable. 2 is perfett
by P1 because the range of every real valued .%“-measurable function is a count-
able set. The mixture y is such that y(B) = 0 or 1 according as f, ¢ B or f, € B.
For any real valued Z#-measurable function 4 on Y, i(f,), being a singleton, is
a linear Borel set contained in A(Y) such that p(h=*(h(f,))) = 1. Therefore by
P1, u is perfect as well. By choice u(x, +) is nonperfect for every x in X.

The above example is only a modification of the one constructed by K. P.S.
Bhaskara Rao and M. Bhaskara Rao (1972) to show that mixture of nonatomic
measures need not be nonatomic. The set up in both examples is the same but
instead of taking the p(x, +)’s to be nonatomic, we take them here to be
nonperfect.

ExAMPLE 3. In order to show that a nonperfect mixture of perfect measures
can be perfect it is sufficient to consider a perfect measure ¢ on (Y, &%), a non-
perfect space (X, 7, ) and define p(x, B) on X x <2 by taking u(x, B) = p(B)
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for all x in X. But in this case the transition probability p(x, B) is actually
measurable with respect to the trivial sub-g-algebra {X, ¢} of 7. Clearly the
restriction of 2 to this s-algebra is perfect and thus in this case p turns out in
fact to be a perfect mixture of perfect measures. We give below a non-trivial
example of a perfect measure which is nonperfect mixture of perfect measures.

Let Y be the unit interval and <%, the Borel subsets of Y. Let X be a subset
of the unit interval with outer Lebesgue measure one and inner Lebesgue measure
zero. Let % = <& n X, the trace of <& on X and let 2 on % be the outer
Lebesgue measure. (X, %, 4)isa nonperfect probability space. Define a transi-
tion probability p(x, B) on X x <% by p(x, B) = I,(x). Observe that % is the
smallest g-algebra on X with respect to which the transition function is measur-
able. Each pu(x, .) is perfect and the mixture, being a measure on the Borel
subsets of the unit interval, is perfect (see [3] Section 2.5) though 4 is nonperfect.

3. Perfect mixtures of discrete measures. Let (X, %, 1) be a probability
space. Let (Y, &%) be a measurable space and let x(x, B) be a transition proba-
bility on X x <% Let p be the A-mixture of x(x, «)’s and let P, on (X x Y,
¥ ® <) be the product probability measure defined by

P(C) = §,pux,C,)da, Ce VR® Z.
THEOREM 1. Suppose 2 is perfect. Then p is perfect if and only if P, is perfect.

Proor. If p is perfect then both the marginals of P, are perfect and hence
P, is perfect (see [3] Theorem 6). If P, is perfect then by P3 the marginal of P,
on X ® £Zis perfect and hence y is perfect.

LEMMA 3. Suppose (X, ) is a measurable space with X € 5y, and % =
P N X. If p(x, B) is a transition probability on X x &, then the set
D = {(x,5): p(x, {y}) > 0}

is a Borel subset of the unit square.

Proor. First note (starting from indicators of cubes etc.) that for any measur-
able ¢ from X x [0, 1] x [0, 1]to [0, 1] the function ¢* from X x [0, 1] to [0, 1]
defined by

¢*(x,y) = § 6(x y, Dpu(x, d2)

is % & &}, measurable. Taking
d(x,y,z) =1 if y=z
=0 if y+z

we get ¢*(x, y) = u(x, {)}) is % ® ZB,,; measurable and hence D is a Borel
subset of the unit square.

LeMMA 4. Suppose (X, ) and (Y, &%) are two measurable spaces with X €
By Y a subset of [0, 1], & = B,y N X, and B = S0 Y. If u(x, B) is
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a transition probability on X x <7 then the set
D = {(x, ) plx, {y}) > 0}

is a Borel subset of the unit square.

Proor. Define p/(x, B) on X x &, by ¢/(x, B) = p(x, B n Y). Itiseasyto
check that #/(x, B) is again a transition probability on X x <%,,;. Hence by
Lemma 3 the set D’ = {(x, y): #/'(x, {y}) > 0} is a Borel subset of the unit square.
But D' = D.

THEOREM 2. Let (X, 57, X) be a perfect probability space with . countably
generated. Let (Y, &) be a measurable space with <% countably generated and let
u(x, B) be a transition probability on X x <& such that p(x, «) is discrete for almost
every x in X. Then pu, the A-mixture of u(x, +)’s is perfect.

Proor. By using P1 and Lemma 1 and by redefining the transition probability
suitably, we can, without loss of generality, assume X to be a Borel subset of
[0, 1] with %" = ZZ,;; N X and Y to be a subset of [0, 1] with &= <, ,; n Y.
By Lemma 4, D = {(x, y): #(x, {y}) > O} is a Borel subset of the unit square.
Since p(x, «) is discrete for almost every x in X P,(D) = § p(x, D,) dA = 1. Thus
(D, ¥ ® & n D, P,|,) is a perfect probability space (see [3] Section 2.5) and
hence P, is perfect. By Theorem 1, y is perfect.

THEOREM 3. Perfect mixtures of discrete measures are perfect.

Proor. Let (X, %7, 1) be a perfect probability space, (Y, £2) a measurable
space and g(x, B) a transition probability on X x <& such that p(x, .) is discrete
for almost every x in X. Let x be the 2-mixture of y(x, +)’s. Let <2’ be a count-
ably generated sub-g-algebra of <Zand let /(x, B’) be the restriction of u(x, B)
on X x &Z'. Then p/(x, B') is a transition probability on X x <2’ and %", the
smallest sub-g-algebra of %" with respect to which {¢/(., B’), B’ € <"} are all
measurable, is countably generated. Thus if ' = p|_. and 2/ = 4|, then /' is
the A’-mixture of /(x, .)’s where y/(x, «) is discrete for almost every x in X.
By P2 # is perfect. Hence by Theorem 2, p’ is perfect. Again by P2, u is
perfect.

REMARK. The author’s original proof of Theorem 2 used notions from the
theory of Lebesgue spaces due to Rohlin. The present proof was suggested by
B. V. Rao in a private communication.
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