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FILTRATION SHRINKAGE BY LEVEL-CROSSINGS
OF A DIFFUSION

BY A. DENIZ SEZER
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We develop the mathematics of a filtration shrinkage model that has re-
cently been considered in the credit risk modeling literature. Given a finite
collection of points x; < --- < x in R, the region indicator function R(x)
assumes the value i if x € (x;_1, x;]. We take [F to be the filtration generated
by (R(X¢))s>0, where X is a diffusion with infinitesimal generator +. We
prove a martingale representation theorem for F in terms of stochastic inte-
grals with respect to N random measures whose compensators have a simple
form given in terms of certain Lévy measures Fl:l i, which are related to the
differential equation Au = \u.

1. Introduction. Let x1,...,xy be a finite collection of points in R, in in-
creasing order. These levels separate R into N 4 1 regions, namely, (—oo, x1],
(x1,x2],..., (xn,00). Letus put R; = (x;, x;41],i =0,...,n—1, Ry = (—00, x1]

and Ry = (xy, 00). We define the region indicator function R(x) as
R(x)=i if x € R;.

Next, we consider a nonsingular diffusion X, with state space /, an interval
of R, and with infinitesimal generator + of the form

A_l (x) i +b()d
_2axdx2 xdx’

where a(x) is strictly positive and continuous and b(x) is locally integrable on 1,
acting on a domain of functions as described in [7, 10]. We assume that [/ either is
open or has absorbing boundary.

Assuming that the points xp, ..., xy belong to the interior of I, we let FO =
(57[0),20 be the filtration generated by (R(X;)):>0. (We reserve the notation I for
a slightly larger filtration, which is right continuous and complete.)

FO is a sub-filtration of the natural filtration of X and among the “filtration
shrinkage” models that have recently been considered in the credit risk literature
[5, 8, 15]. These models aim to represent the incomplete and dynamic information
about a process of interest as a sub-filtration of the natural filtration of the process,
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and are intended to fill in the gap between the so-called structural and reduced form
models for the default time [14]. In the credit risk context this particular model has
the following interpretation [15]. X represents the asset value of a company, and
the default happens when X reaches a default barrier, say, x;. The market cannot
observe X perfectly, and is informed by the company management when there are
significant changes in its economic standing, that is, when X reaches some other
thresholds, say, x2, ..., xn.

The purpose of this paper is to lay out the mathematics of this model. More pre-
cisely, we would like to describe the martingales and totally inaccessible stopping
times of JFO.

Our departure point is the Azéma’s martingale. Azéma [1] established a formula
for what is now known as the Azéma’s martingale: let B be a standard Brownian
motion and define a filtration A? = o{sign(Bys); s <t} and let A denote the com-
pleted filtration (+A;);>0. Let A denote the martingale A; = E{B;|#;} and letting
g: = supf{s <t: By =0}, Azéma’s formula for this martingale is

. T
A; = sign (Bt)\/;«/f — &

Emery [6] has named this Azéma’s martingale and has proved many properties
of it and related martingales, including homogeneous chaos representation and a
fortiori martingale representation. (See [20] for an exposition and relevant back-
ground references.) There is, however, a treatment of a closely related theory estab-
lished much earlier, related to regenerative sets in Markov process theory. Loosely
speaking, a regenerative set is a homogeneous random set M C Q2 x [0, oo) which
has a renewal property at stopping times whose graphs are contained in M. For
example, the zero set {(w, t) : B;(w) = 0} of Brownian motion is a regenerative set
due to the strong Markov property. There is a classification of regenerative sets due
to [12]. According to this classification, the zero set of Brownian motion is of a
particular kind; for fixed w, M (w) is a perfect and closed set with no interior. (We
call these sets perfect regenerative sets.) We refer the reader to [12] for a precise
definition, general classification of regenerative sets.

In [12], Jacod and Mémin focus on an unbounded perfect regenerative set M C
Q x [0, 00). They define the fundamental process U;(w) =t — sup{s <t, (v, s) €
M}, and consider the random measure 1o associated to the jumps of the process U'.
Taking H = (#};);>0 to be the smallest right continuous filtration which makes U
adapted, they provide the explicit form of the predictable compensator of o with
respect to H and prove that o has the martingale representation property for H;
that is, any martingale M adapted to H can be written as a stochastic integral with
respect to (o — vo). To use this to prove the martingale representation property
of Azéma’s martingale (by taking M to be the zero set of the Brownian motion)
requires minor modifications, since H does not give the same information as the
previously defined filtration A (because one does not know when the paths are
positive or negative, only when they are not zero). The key idea remains the same,
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however, that is, to make a time change of A using the inverse local time at zero,
resulting in a filtration A which can be shown to be generated by a Poisson random
measure and, hence, to have martingale representation.

We build our results on the ideas of [12] because our setting can be thought
of as a generalization of theirs [if we have only one level, say, x|, then FO is the
same as the filtration generated by (sign(Xs — x1))s>0]. Analogously, we prove a
martingale representation theorem in terms of N random measures, i1, ..., UN.
These random measures are the key objects; we construct them and find their com-
pensators using the technique of [12], [16] and [21], and the excursion theory of
Markov processes. We also give formulae to explicitly compute the compensators
in terms of the infinitesimal generator of the given diffusion. To do this, we use the
results of [10] and [19].

Organization of this paper is as follows. In Section 2 we review the relevant
results of excursion theory of Markov processes. In Section 3 we define the random
measures (i, i =1,..., N, and compute their compensators with respect to [F. In
Section 4 we prove the representation theorem for [F, and in Section 5 we give a
method to compute the compensators in terms of the infinitesimal generator of the
underlying diffusion.

2. Point process of excursions. Here we give only a brief account of the ex-
cursion theory of Markov processes following [3]. We formulate the results in
terms of the diffusion X defined in the preceding section; however, we remark
that this theory is developed for more general Markov processes (e.g., not nec-
essarily with continuous paths). A detailed treatment of this subject can be found
in [3]. Following the standard process notation, we consider the canonical six-tuple
(2,4,G, X;,6,, P¥) describing the diffusion X.

Leta eint(l). We let M, (w) = {t > 0: X;(w) = a}. M,(w) is a closed set since
X has continuous paths. As (M, (w))¢ is open, there exist countably many disjoint
open intervals, (I,, r,), n > 1, such that

(Ma) = | . r).
:1

(Here the dependence of all the terms on w is implicit and dropped from the no-
tation.) The open intervals (I, r,) are called the excursion intervals away from a.
Note if (I, r) is an excursion interval, the path f(s) = X;45,0<s <r —I[,isacon-
tinuous function whose graph lies entirely either in the upper positive half plane
R4+ x [a, co) or in the lower positive half plane R4 x (—oo0, a].

Let L¢ be the local time at a and t¢ be its right continuous inverse, that is,

t/ =inf{s: L] >t}.

The key observation here is that At/ > 0 if and only if there exists an excursion
interval (I,,, r,) such that r/2 =1,. Using this, we can define a point process on
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(2,4, P%), called the excursion point process, denoted by Y“. For fixed w, Y% (w)
is the point function that maps the points in the set

Dya = {t > 0|t/ (0) — 7/ (w) > 0}
to © (i.e., the space of all continuous functions from [0, co) to I). For each ¢ in
Dya, Y{ () is defined as
Yo (@)(s) = X" (00 (@).5),  seRy,

where X“ denotes the stopped process X at the hitting time, H,, of a, that is,

X, 1) = X(w, Hy(w) A1),
where

H,(w) =inf{t > 0, w(t) = a}.

Note Y/ is precisely the continuous path f(s) = X;4,, 0 <s <r —1,if (/,r) is
the excursion interval corresponding to ¢.

The following theorem, which is originally due to It6 [9], is the most important
result of excursion theory. We give a generalized version of his result [17, 18] to
include the case when a is transient.

THEOREM 1 (Itd’s theorem). Under P%, Y is a Poisson point process ab-
sorbed at Qoo = {w € Q| H,(w) = 00} with respect to G = ($2)r=0. Equiv-
alently, there exists a measure n® on (L2, go) (called the characteristic mea-
sure of Y?) s.t. for every nonnegative @“—predictable process Z and (2, §°)-
measurable nonnegative g

L%
B Y Zigr = [ glom@E [ z,as.
ATIAO @ 0

We will refer to this formula as the excursion formula.
We go over two consequences of the excursion formula that are of particular
importance to our analysis.

2.1. Decomposition of the inverse local time and a representation theorem. It
and McKean [10] gave the following decomposition for ¢ under P¢:
=17 +oT,

where
a,+ g a,— i
78 =/O lix,>a)ds and 7" =/0 lix,<a)ds.

When a is recurrent, [10] showed that 7%, t%™ are two independent subor-
dinators. A different formulation of this result can be given in terms of the point
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process of excursions which extends the result to the case when a is transient. Note
that the jump times of ¢ are exactly the jump times of 7%~ and 7% T; 7%~ (resp.
@1 jumps at ¢ € Dya if and only if the graph of the excursion Y lies entirely in
Ry x (—00,a] (resp. Ry x [a,00)). Let U4t ={e e Q,e(t) >a,Vt € Ry} and
Ub™ ={eeQ,e(t) <a,Vt e R;}. Then Art”’i = Ha(Y[a)l{yrana.i}. So, we can
consider a point process ¢, defined for fixed w as the point function from Dya to
[—o0, 0) U (0, o0], where

(p;l = Ha(Yta)l{Yf’eUav+} — Ha(Yta)l{Y[ana,f} fort e Dyg.

We let H“ be the filtration generated by ¢“, made to be right continuous and com-
plete with respect to P¢ (see [3] for a review of point processes).

Let Z be I@I“-predictable, and g be Borel on [—00,0) U (0, co], both non-
negative. Since Z is also G%-predictable, the excursion formula gives

EY" Z:g (@) lara0)

s<t
(1) y
a.nt
= [ zoas ( [, an@gHae) + [ dn(@rg(~H, (e))).
0 ya+ va—

Let F“ be the measure defined on [—o0, 0) U (0, co] by

F(A) :/Ua+ dna(e)l{Ha(e)eAe(o,oo]}+/;]a_ dn(e)1{—Ha(e)eae[—o0,0))-

(1) implies that ¢“ is a Poisson point process absorbed at {—o0} U {oo} with char-
acteristic measure F¢.
Consider the random measure

A%(dt x dx)= Y e(pn(dl X dx).
ATd#0
(1) also implies that the e -predictable compensator of 1 is the measure

DU(dt x dx) = 1y<pa)dt x FO(dx).

Since this uniquely characterizes the law of ¢ (hence, P¢ on JAfgo) [18], 1% has
the representation property (see, e.g., [13], page 174) for 4, which we state in the
following theorem.

Let 6!(/1%) be the space of JISHE’H = Jsfﬂ ® B([—o0, 0) U(0, oo])-measurable func-
tions defined on Q = Q x [0, 00) x [—00, 0) U (0, o] s.t. E[(W? % 19.)1/?] < o0.
(Here ‘731?11 is the predictable o -algebra associated to e J)

THEOREM 2. Any local martingale M adapted to H s of the form
M; = Mo+ W % (0 — D),
where W € 9}06(;1“).



744 A.D. SEZER

2.2. Weil’s formula for conditioning on QT_. Let Z be a stochastic process
and A be its natural filtration. Weil [21] gave a formula for the conditional dis-
tribution of (Zr—, Zr) given the “strict past,” 47—, for certain stopping times 7T
of A, when Z admits a Lévy system. [16] applied this formula to find the transition
kernel of the process U of a regenerative set M.

We reformulate Weil’s original result for the point process of excursions of X.
We omit the proof and refer the reader to [21] to see how easily his proof can be
recast to prove our version using the excursion formula.

Let ® be a nonnegative B[0, co) ® § -measurable function on [0, 00) x .

THEOREM 3 (Weil’s formula). Let T = inf{s € Dya:(t",Y{) € H}, where
H e 8(0,00) ® 40 is such that on {T < oo}, T(w) € Dye and (t§_,Y7) € H
P%-a.s. Then

E@(tf . Y 0<T <00}l §F_] = Qi (tf _. @)1 0<T <00}
where
[ @@, e)ly(t, e)n’(de)

Ou(t,®) = [ 1u(t, e)dn(e)

0, if/ 1y, e)dn®(e) =0 or co.

, U‘O<f1H(t,e)dn“(e)<oo,

Moreover, for any H' € 8(0, 00) ® 90, if Ty is defined as

T (w), ifT <ooand (t§_,Y$) e H',
00, otherwise,

T (@) = |
then

E® [CI)(T%H/_, Y%H/)I{TH’<OO}|9\’%H/—] = QHQH/(T%H/—’ (D)I{TH’<°O}'

3. The filtration generated by R(X) and the associated random measures.

Let us put £ = {x1, ..., xn}. Following [12], we can consider the process U de-
fined by
2) U=t —sup{s <t:X; €L}

If £ consists of only one point, say, a, then F is the same as the filtration gener-
ated by sign(X; —a), and as discussed earlier in this case, the results of [12] can be
modified to obtain a representation theorem for [F with respect to the random mea-
sure associated to the jumps of U. Let us denote this random measure by u. When
L consists of more than one point, x4 is no longer enough to generate all martin-
gales of [F. We can explain this using excursions. As before, {s € [0, c0): X € L}
is a closed set, hence, its complement can be written as a countable union of
disjoint open intervals (a,, b,), we call these intervals excursion intervals away
from L. A representation theorem with respect p implies the following: All mar-
tingales jump only at the ends of excursions, that is, at the points b,, (since these
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are the only jump times of U), and the size of the jump (which could be zero) is
determined by a predictable process. This is not true if £ has more than one ele-
ment because one can construct martingales that jump only if X ends the excursion
at a point x;, the information of which is not “predictable.” This suggests that we
should decompose u according to the values of X at the b,,, which would give rise
to random measures p; for each x;. These random measures turn out to be the right
choice in terms of which we can prove a martingale representation theorem.

We first establish our stochastic basis (2, &, [F, P) and then construct the ran-
dom measures u1, ..., 4y and find their compensators using the technique of [12]
and [16].

We let Fi = (V=0 F9) v N, where N is the set of null sets of P*. To have
a complete stochastic basis for each P¥, we let £ = 0 v N,

PROPOSITION 4. (€2, FiF P*i) is a complete stochastic basis.

PROOF. Clearly ¥ is complete under P¥ and each \’Ft" contains all P -null
sets of F. So we only need to check the right continuity of . First we observe
that fFoi = f‘”oi ., following from Blumenthal’s 0-1 law, since f‘”OOJF C Go+ CN.
Next for ¢ > 0, it is a standard result that P*i (X, € L£) = 0, therefore, {X; € L}
is null, hence, in F and therefore, (N,~, /) N {X; € L} = F/ N {X; € £L}. For
t > 0s.t. X; € LS, R(X) is constant in a neighborhood of ¢. In [4], page 304, this
is referred to as strong continuity at ¢, by the argument of [4], page 304, we also
have that

(ﬂ 37;') N{X, e L) =F N{X, e L)
s>t

Now for any A € (-, F/, both AN {X, € £} € F and AN{X, € L} € F/,
hence, A e F!. U

It will prove fundamental to have a collection of stopping times exhausting the
jumps of U. This can be achieved as follows. For x > 0, let us define the following
collection of stopping times:

T =inf{t > 0:U; > x},
Sy =inf{r > T,) : U, =0} forn > 1,
T, =inf{t > S, :U; > x} forn > 1.

n

Let D = {(w,1): AU (w) # 0}. Then D = U, U,21[IS;11. We note that U is
adapted to ' for each i, since P'-a.s.

3) U; =1t —sup{s <t, R(Xs) # R(X;)}.
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We remark that (3) would not be true if the points x; were not regular, as this
would not rule out the possibility that R(X) is constant in a left neighborhood of
sup{s <t, X5 € L}.

As U is adapted to F', for each n > 1 and x > 0, T and S are stopping times
of F'. We also observe that X sxis F, S’; -measurable, since

N

Xsr = Z Xi+1 1 {R(Xg0)=R(Xpx)=i) T Xi {R(X ) +1=R(Xpx)=i}-
i=1

LEMMA 5.

Q) Fio = Ff,

(i1) ?'Six = fFTix V o (Xsx, AUsx) (with the convention that Xoo = 00, and

(iii) Fge_ = Fr.« Vo (AUsy),

(v) F N{TF <t <SF}=F} N{TF <t < S}

PROOF. (i) This is an elementary consequence of the strong continuity of
R(X) at T,'. The details are omitted; see [4], T28, for a sample argument.

(i) Since Xgr and AUgy are ¥, 35; -measurable, it is enough to show ?Six C
Fre Vo (Xgx, AUsy). We observe F. Vo (Xgx, AUsx) D 0 (R(Xgns:), s = 0) v
N, since

R(Xsyar) = R(X 1) Ve <1 - AUG )

+ 1{tzT,ffAUS% —x)

N
X (Z(i)1{R<xn§)=i,xsg=x,~+.} + (i — I)I{R(XThx):i,Xngxi}>-

1
So, we show
In general, one has the following:

jjsig = ﬂ o (R(Xsn(s34r))s s =0) v N

r>0

Note that
S.X
(o (R(Xsasi4+).5 = 0) Co(R(Xsns:), s =0) VGl

r>0

where

gor = o (05 (B) N{S} < 00} B € Goy).
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We are done once we show
9ot Co(Xg) v N,
Let A= 95_,(1 (B) N{S; < oo}. By the strong Markov property,
pr (A N {XS;;C = x]'}) = P (XS;{ = x]')ij(B).

By Blumenthal’s 01 law, P*/(B) =0 or 1. If P*/(B) =0, then A N {Xgx = x;}
is null, and if P*/(B) =1, then P*(A N {Xgs = x;}) = P*(Xsx = x;), implying
that {Xgr = x;} — (AN {Xsx = x;}) is null. Therefore, in either case, A N {Xgx =
xi} €0 (Xs:) VN and thus, A € 0 (Xg1) vV N'.

(iii) This is trivial because F. Six_ is generated by null sets and the sets of the
form (for s <1t)

{R(Xs) =j}N{S, >1}=({R(Xy) =j}N{S; >t} N{s <T;})
U({R(X7x) =7} N{S; > 1) (T, <s <S;}),

where the right-hand side is in 7x V 0 (AUsx).
(iv) Trivial, because on {7} <1 < §;}, R(X5) = R(X7xs) forall s <tz. O

Next, foreachi =1, ..., N, we define the stopping times
X Sy)lca ifXS’C:Xi,
Sn i n
00, otherwise,

and the corresponding random measures
pi(w,ds,dx) = 1p,(w, )&, avy)(ds, dx)
s>0

on Ry x (0, 00), where

D= J Jus; .

reQt n=1

3.1. Compensators of the random measures [1;. For the rest of the discussion
we fix P = P%* and F = F"". Let # be the predictable o -algebra of F. Our first
task is to determine the predictable compensators of the w; under P, which we
denote by v;. Clearly, the process v; ([0, ] x (x, 00)) is the sum of its increments
over the intervals (7,7 A t, S; At]. Because of Lemma 5, these increments can be
given in terms of the conditional distribution of (AUszx, X5x) given Frx (see, e.g.,
[12, 13]). In particular,

vi ([0, 1] x (x, 00))
0, ifr <Tj,

G. (d
= Vi([O, T,f]X(x,oo))+fG n,x( u)

{x<us<x—TF+tAS}}>
n,x((ua oo]) " "

1 X X
if T <t <TY,,
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where on {7, < oo},
Giz,x(w’dy) = P(Si)zc - Tnx +x edy, XS; :xi|$T;f)
and

N
Gux(®,dy) =) Gl (0,dy).
i=1

Note that, on {7}’ < oo},
Gy x(@,dy) = P(S; — T, +x € dy|Fry).

i

We use excursion theory to compute G, .,

following the technique of [16]. For
each x;, let Ui+ (resp. U;") denote the set of all paths in €2 whose graphs lie in the
upper (resp. lower) half plane R x [x;, 00) (resp. Ry x (—o0, x;]). Let n' be the
characteristic measure of the point process of excursions of X away from x; and
H; be the hitting time of x; [i.e., H;(w) = inf{t > 0: w(t) = x;}]. We define the
following measures on (0, oo]: For A € 8(0, co],

(4) Fi1+(A):/U+I{HiHEA}(e)l{HHKOO}(e)dni(e) fori=1,...,N—1,

1

5) Fil_(A)=/U7 I{HifleA}(e)l{HH@o}(e)dni(e) fori=2,..., N,

i

(6) FiOi(A):/Uil{HieA}(e)l{HiSH,.il}(e)a’ni(e) fori=1,...,N,
and I

(7) FH(A) = F(A) + FTA),

(8) F7(A)=F'~(A) + F)~(A),

where we set Fll_ = FI{,JF =0.

i+ . ( . i+
Each of the measures Fl-J is a Lévy measure and the functions F[J [x, o0] are
continuous in x (see Section 5).

THEOREM 6. P-a.s.on {T,’ < oo},

F ) dy) . _
ml{y»}, if Xrx—x =xi—1 and R(X7y) =i —1,

0+
F,' (dy)
. Fit(x, 00]
1 — —
Gn,x(w’ dy) - F[_O (dy)
Ffl(x, o0]
Fi 1 (dy) . )
_lLl{y>x}, if X7x—x =xiy1 and R(X7x) =1,
Fipy(x, 00]
0, otherwise.

Ly>x), if X1r—x =x; and R(X7x) =1,

Liy=x}, if Xrx_x =x; and R(X7x) =i — 1,
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PROOF. We derive the first case only, other cases can be done similarly. We
fix n and x, and let f be a nonnegative Borel function on (0, oc]. If T = inf{r >
S>_1» X = x;_1}, by the strong Markov property,

P(f(Sy =T, +x)- I{ng=xi}1{XT,{_x

@ =P TF +x)l{xsic:xi}l{xrf,xzxifl}1{R<Xch)=i—1}|5‘vilx_l))

=Xi71,R(XT’{)=i—l,T,;‘<oo}|3:'T,f)

0 Or Lir <1y (1 <00}
Let Ty = inf{s € D pli1 (YY) € [0,00) x QF), where QF = {w €
Q:Hij(w) A Hi—1(w) /\H _2(w) > x} and
. Xi— +
7 To, 1fT0<C>O, on ! eU",,
00, otherwise.
Let A= {XTx_x =Xi_1, R(XTx) =1 — 1}. We note that l (F <00} =

Tf“_r)f’_1+x P¥i-1 as. Moreover, on A, R(X,) =i if T} —x <u < T, and

=14,and on A,

R(X,) 1y (u<TF—x) is Gf‘_ -measurable (since u < Tj* —x if and only if L' < T).
Thus,

i—1 AXi—1 i—1
fFTlx NAC %_ VNI
Therefore, P*i-1-a.s.on A,

Pxi_l(f(sf - T +X)I{XS.I€=X1‘}1{XT1’“

i i . i— i— 1
= PUL(PY(f (Hi (Y D11 < oo L <oy |97 IF7E)-

—X

il
=xz>1}|‘/";l)C )
(10)

By Weil’s formula, the inner conditional expectation is given by
i—1
fU[.tl foHil{x<H,-<oo}dnl f(x oo]del

Sy Vptinm =y dni=1 (7<) = m{rm}-

(11

(@]

The desired expression follows from (9), (10) and (11), and observing l{f

<oo}
Orlr<miy Umy <o0) = Lixpx  =xim) lixpesxio) Hzp<oc). U

COROLLARY 7.

(i) P-a.s.,vi(w,{t} x (0,00))=0
(ii) The stopping times S;, are totally inaccessible with respect to F.

PROOF. (i) is true simply because the functions Fl.] i[x, oo] are continuous.
For (i), observe that the compensator of the one point process 1{sx<;} is

N X X 1
enS)-T; +x G! (dl/l)
At = I{ZZT,;’C] / X

= GE[u, o]
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which is again continuous because the functions Fi] [x, oo] are continuous. [J

4. Representation theorem. Let M (resp. .M?) be the space of uniformly
integrable (resp. square integrable) martingales with cadlag paths and adapted to
F. Let 'V be the space of processes with finite variation, again with cadlag paths
and adapted to F. Let gl’i (resp. 51.2, 4;) be the space of P =P® B0, 0)-
measurable functions W on =  x [0, 00) x (0, 00) s.t. E[(Wz*m)oo)l/z] <0
(resp. E[(W?x Uidool < 00, E[(|W]* 1i)oo] < 00). (Note that, due to Corollary 7,
these are the right choices of integrand spaces in order for the stochastic integral
to be in M, M2 and M NV, resp.; see, e.g., [13] for a definition of the stochastic
integral with respect to a random measure.)

THEOREM 8. Forany M € Mg, there exists W; in glloé such that

N
M, = E[My] + Z(Wi * (Ui — Vi))r-

i=1
Moreover, if M € M?, then W; € 51.2; and if M € M and of finite variation, then
W; € 4;.
PROOF. Let us consider the random measure i on = © x [0, 00) x E, where
E =(0,00) x {x1, ..., x,} defined by
f(w,dt x (dx x {x;})) = wi(w,dt x dx).

Let # = & x &, where & is the o-algebra generated by the sets B x {x;}, and
B € B(0,00); and & is the predictable o-algebra of F. We define the spaces §!,
8" and 42 for 1 analogously. Clearly, $-compensator of ji can be given in terms
of v;, in particular,

v(w, dt x (dx x {x;})) = vi(w,dt x dx).
Let D ={(w,t): u(w, {t} x E) =1}. Then we have that
o0
p=J s,
reQtn=1
We recall that
(12) 3752 :‘rFTrf VO'(ng,AUsg).

Since {Xgx = x;, —AUsx € A} = {u([S;] x (A x {x;})) =1} and

p=Jusy™.
n,m
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condition (12) allows us to use a special case of Jacod’s decomposition theorem
of martingales with respect to random measures (see [11], e.g., Theorem 4.1 and
remark 3 following Theorem 4.1, and Proposition 2.4). That is, for any local mar-
tingale M, there exists W € 9110C such that

M=My+W*(ii—v)+ M,

where My is Fy-measurable and integrable, and M’ is a local martingale with
My = 0, adapted to I, and that does not jump on the support of ji. Since
Fo consists only of null sets, Mo = E[My] a.s. Also, if we let W;(w,t,y) =

W(w,t, (y,xi)), then each W; € gloc and
N
W*(ﬁ—f)):ZWi*(Mi—W)-

According to [11], if M € M and of finite variation (resp. M € M?), then W € 8!
(resp. /52), which implies that each W; € §; (resp. 5[2). So we only need to show
that M’ = 0 and by localization, we may assume that M € M.

We first argue that M’ has a constant stretch during any excursion interval.
Equivalently, we can show M g’;f — M/T,;“ =0 for any x > 0 and n > 1. We consider

the filtration F"* = (F"%);>0, where 7" = 7+ V Fsxo;, and the multivariate
“one” point process u'"* defined by

w0, [0, 1] X {xi}) = V(s3I <t X gr=xi) -

Due to Lemma 5, F">* is the smallest right continuous filtration A for which u'>*
is optional and that has Ay = ?On’x Therefore, F"* has martingale representation
with respect to u'>* (see [13], page 148). The martingale M;"" = M(/Tx—i-t)/\Sx
adapted to """ and does not jump at S; — 7, + x, therefore has to be constant.
The second and last step is proving the following claim: Any uniformly inte-
grable martingale that stays constant during the excursion intervals is constant on
[0, 00). To prove this, we use a time change argument. To motivate, suppose £
consists of only one point, x;«. The uniformly integrable martingale M’ obtained
by applying the time change M = =M, !, where 1 is the inverse local time of X
at x;,, does not jump on the support of the random measure [t corresponding
to the jumps of t+ — 7. Since M’ is adapted to the filtration generated by [,
and {1 has the martingale representation property by Theorem 2, it follows that
M/ MO = 0. Thus, M’ =0, since M, = E[M’L |F:]. Now we improve this ar-
gument to prove the claim for the case when £ consists of more than one point.
Let g; = sup{s <t, Xy € L} and consider the process X defined by X, =X ¢ The

paths of X are step functions taking values in £. If X, = x;, the next jump time of
X is the first time s > ¢, such that X € [x;_1, xj+1]¢. Therefore, if we consider the
stopping times

To =0,

T, = inf{t > Tn_l:A)A(t;éO}, n>1,
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we have X1, € /£, and U —olTn, Th+1) = [0, 00) due to continuity of X. We let

Xi = (XTn71+tATn)1{Tn71<OO}'
By the strong Markov property, X" is a copy of the original diffusion with the
starting point X7, , stopped at the exit of the interval [x;_1, x;+1] if X7, | = x;.
Let L™ be the local time of X" at x;, T be its ;ight continuous inverse, and (p”’i
be the point process of the jumps of 7>+ — ¢/~ where

Ill
T
rt _/ xn>x}ds and rt —/ Lixn<x;)
Let

N
L" = ZL”’l I{XTn_1=Xi}’
i=1
:Z {XT 1 =xibs

N
¢" =2 1y, =xe™
i=1

and we let u” be the random measure corresponding to the jumps of ¢"”. We con-
sider the filtration H" = (#");>0, where

H =0l s <)V Fr,_,
Let " be the predictable o-algebra associated to H". The predictable compen-
sator V" (with respect to P" ) of u" is given by

N

Vi(dt x dx) = Z 1{XTn,1:xi}1{z§Lg’oi}dt X n’Xn(dx).
i=1
By the discussion preceding Theorem 2, it follows that v"* completely describes the
restriction of P(:|X7, , = x;) to o (¢, s > 0) for each x;. Therefore, P on #/ is
determined by v" and the restriction of P to ¥7, ,, that is, following the notation
of [13], the martingale problem s(¥7, ,, ,uN | P, Fr,_ V") has a unique solution.
By the fundamental representation theorem (see, e.g., [13], page 212), this implies

martingale representation with respect to u"* for H".
We let

/

N; = (M(/Tn,1+t)ATn - MTn,l)l{Tn_1<oo}

and

N
N; = Z N_[tn,i I{XTn—l —x;}-
i=1
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Since M’ stays constant during the excursion intervals, we have that N, —N,_=0
for all ¢ such that Az’ # 0. Next we argue that N is adapted to H". Let " =
Fr._,+:. Then N, is }'T:fi -measurable and ?t’[’; N{t < L%} C H!N{t < L%} The
latter follows from the fact that " N {L} < L3} C Hpr N{L} < Lo} since on
{L} < L% },onehas R(X;) = R(Xr, ) or R(X7, ,)— 1, which can be determined
by the sign of (pl'i;l. This implies that J\A/tl{,< Ln ) 1s H/'-measurable and N Ln— 18

HS -measurable. Since N Loo— = N Loo> N is adapted to H".

Adapted to H" and having no jumps on the support of ", N must be equal
to No(= 0). Since N, = E[NL;1|37I”], N =0 and therefore, M/Tn — M/Tn_1 =0.
Observing U2 [Th—1, T,1 = [0, 00), it follows that M is constant (hence, is equal
to My=0). O

COROLLARY 9.

(i) All local martingales adapted to F are purely discontinuous with jumps
only at the ends of excursions.

(ii) The graph [|T|] of any totally inaccessible stopping time T is contained
in D.

5. Computation of the measures Fij i. As we have seen, the compensators
v; of the random measures p; are given in terms of the measures Fl-j i, which are,
therefore, the key quantities that we want to compute.

The measures F ij * are related to the Lévy measure of the inverse local time of
X at x;. That is the measure F; defined on (0, 0o] as F; (A) = [ L{m;caydn’ (see,
e.g., [19], Sections 2.1 and 2.2). Clearly, F/[x, 00] < Fi[x, 00] Vx > 0, hence,
each Fij * defines a Lévy measure on (0, co] as well.

We let

o=

. o0 .
(1 — e ™) F/*(dx) :x/ e F/¥[x, 00l dx.
(0,00] 0

In this section we prove a theorem (which we obtain as a corollary to the results
of [19] on the decomposition of the Laplace exponent of the inverse local time
and last exit times) characterizing wl/ * in terms of the solutions of the equation
AD =A1D.

We let <I>it\ fori =1,...,N — 1 (resp. CIDZA_,A for i =2,...,N) denote the
decreasing (resp. increasing) solution of A® = Ad with boundary condition
®(x;41) =0 [resp. ®(x;j—1) = 0] normalized to have <I>lTJ’EA (x;) = 1. We also let
@, (resp. @;,) denote the decreasing (resp. increasing) solution of A® = A®
with boundary’condition @ (sup(l)) =0 [resp. @ (inf(/)) = 0]. (Here we only deal
with absorbing boundary conditions at the boundary of /.) (For the construction
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of such solutions, see [10], page 128.) For A > 0, let

1(®75) (xi)

+
: - 4 LA
vEG) T

and similarly,

5 dE ) (x;
wﬁu=—¢%%§%§l
We put ¥:°(0) = lim; 0 %" (%) and ¥/:=(0) = lim; .o ¥;"(1). Finally we let
Vi1 () =¥ 00 + ¥ ()
and
Yii-1 (W) =7 ) + 9 ().
THEOREM 10. (i) Fori=1,...,N —1,

YT = Py (Hig1 < 00)ii41(0) — Py (e ity g 11 (),
andfori=2,..., N,

Y1) = Py (Hi—1 < 00)¥ii—1(0) — Py, (e =1y ;1 (3).

@i1) Fori=1,...,N —1,
Yt ==y 0) + ¥t ),
and fori =2,...,N,
Y00 ==y 0) + ¥ ().
Qi) Y™ (W) = () and Y~ (1) =P (V).

PROOF. (iii) directly follows from [19] (see, in particular, Theorem 1 and Sec-

tion 2.2).

(ii) For each i = 1,..., N — 1, consider the diffusion X’*! with state space
I N (—o0, x;+1] obtained by stopping X at H;y;. The infinitesimal generator of
X+ coincides with 4 on the interior of I N (—oo0, Xxi+1] and x;4+| becomes an
absorbing boundary point. Let n;i 41 be the characteristic measure of the point

process of excursions of X i+1 around x;. Then for A € B0, o0],

F?WAniL+umgxaum<wmﬂmﬁwm@.

i
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Let Fl.+ be the measure on (0, co] defined by Fi+(A) = [y+ Limeay(e) dnf(e).
According to Pitman and Yor [19] (see also [10], page 128 with regards to the
boundary conditions), we have that

o= [ (e E @,
(0,00]
Therefore, ¥F (1) = ;7 (0) — ¥;7 (%), fori = 1,..., N — 1. A similar argument
(replacing + with —) yields the result for 1//19_, aswell, fori =2,..., N.
(i) For 1/fi1+ fori =1,...,N — 1 (resp. 1//l-l_ fori =2,...,N), we are again
going to make use of the results of [19]. Following their notation, let

Aiit1 =sup{t < Hip1: X; = x;}

be the last exit time from x; before the first hit of x; ;. Pitman and Yor [19] finds
the Laplace transform of H; 1 — A; ;41 as

EXi (e—)\(Hi+l—Ai,i+l)) — E%i (e—)\HiJrl) Vi it1 (M) .
Vii+1(0)
We observe that

E" (I{Hi+1<0°} - e_k(Hi+l_Ai’i+l))
; —AHj g1 (Y
=E* > (1= e Mt ON T v ) <o0)

xl‘ xl‘ xl‘
SELH[+| T LF T

= E%i (LHi—H) f(] — €_AHi+l(e))1{Hi+1<oo}l’li(d€),

where the last equality follows from the excursion formula. We note that the second
term in the right-hand side is ;" (). Since L Hy, is equal to Lif ! where Li*!
is the local time at x; of the stopped diffusion X i+1 from Theorem 2 of [19], we
have that

1
E(Lg, )= ——=—.
(L) Vi,i+1(0)
Now the result follows by simple algebra for xl/i“r fori=1,...,N — 1. By the

same argument replacing + with — we also get the expression for 1/fl-1_ for i =
2,...,N. O

This theorem can be used to compute the measures F. i] i, if the coefficients of A
are parameterized, and if one can identify the solutions of A® = A® for the given
parametrization. However, what remains open is the qualitative understanding of
how these measures react to the changes in the coefficients of the diffusion in a
general setting where the coefficients are nonparameterized.
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5.1. Remarks. In Section 3 we stated that the functions Fl.o’i[x, oo] and

Fili[x, oo) are continuous. Here we justify why this is correct.

Pitman and Yor [19] point out that (with reference to [2]) the measures F iOi have
spectral representation, that is, there exist measures ,u?i on [0, c0) with f[o,oo)(l +
£)~!uF(d€) < oo such that

FP¥lro0l = [ el ).

It follows that FiOi [x, oo] is continuous, in fact, Fl-Oi has a smooth density with
respect to Lebesgue the measure and the density is given by the function

1w= [ T ret % ).

From the Laplace transform of Fili[x, 00), we see that
Fl%[x, 00) = P¥ (His1 < 00) FI* (00 / g (x — w) (F [, o)) du,

where Fii *1 s the Lévy measure of the inverse local time at x; of the stopped

diffusion X'*! and gf *1is the probability density function of the hitting time of
x;+1 with respect to P, which exists and continuous is (see, e.g., [10]). Since
Fl-’ +1 [x, oo] is also continuous by the same comment of [19] as above, we have the

continuity of FiHE [x, 00).
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