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FLUCTUATIONS IN THE OCCUPATION TIME OF A SITE IN
THE ASYMMETRIC SIMPLE EXCLUSION PROCESS

By CEDRIC BERNARDIN
Ecole Normale Supérieure de Cachan

‘We consider the simple asymmetric exclusion process with nonzero drift
under the stationary Bernoulli product measure at density p. We prove that
for dimension d = 2 the occupation time of the site O is diffusive as soon as
p # 1/2. For dimension d = 1, if the density p is equal to 1/2, we prove that
the time ¢ variance of the occupation time of the site O diverges in a certain
sense at least as 1°/4.

1. Introduction. We are interested here in the variance of additive functionals
of the simple exclusion process. The simple exclusion process (1:);>0 1S a
Markov process evolving on the configuration space 2 = {0, I}Zd. IfneQisa
configuration, 7(x) is equal to 1 or 0 depending on whether the site x is occupied
or not. First, let us fix a finite-range transition probability p(-) on Z¢ whose
associated mean is denoted by m = )", p(x)x and such that the symmetrization
s(-) = %(p(-) + p(—-)) is assumed to be irreducible. The process (1;);>0 is
described by its generator £, which acts on the local functions f as

(1.1) (LHM = p(y =@ (1 =nW)(f ") = ()
X,y

and whose associated semigroup is denoted (7;);>0. Here and below n*¥ is the
configuration obtained from 5 by exchanging the occupation variables 1 (x), n(y).

Recall that the process is conservative in the sense that no particles are
created or destroyed. In fact, for each density p € [0, 1], the Bernoulli product
measure v, over £2 obtained by placing a particle with probability p at each site x,
independently from the other sites, is invariant for the exclusion process (1;);>0.
Moreover, in the symmetric case, p = s, v, is also reversible. In the sequel, when
we use expressions such as “if the density is p,” it means that we will consider the
process (1;);>0 starting from the probability measure v,,.

We are interested here in the variance of the occupation time functional

t
(12) | (= p)as

whose characterization is used to prove central limit theorems for additive
functionals. In [3], an invariance principle for additive functionals under diffusive
scaling was established by Kipnis and Varadhan in the symmetric case (for

Received February 2002; revised February 2003.
AMS 2000 subject classifications. Primary 60K35; secondary 60F05.
Key words and phrases. Exclusion process, occupation time of a site, invariance principle.

855



856 C. BERNARDIN

which the mean m of p is zero). In [2], Kipnis computes the variance of the
occupation time using the duality properties of the symmetric simple exclusion.
Later Varadhan [12] extended these results in the asymmetric case with mean
m =0. More recently Sethuraman, Varadhan and Yau [11] prove invariance
principles for the general asymmetric case for dimension d > 3, where transience
estimates could be used. See [9] for a good review and extensions of all these
results.

The remaining problem, then, concerns dimensions 1 and 2 for the asymmetric
case with nonzero mean m. In [9], Sethuraman proves the invariance principle
when f is a local function with finite limiting variance o%( f), which is defined, if
the limit exists, by

(13) o’ (f)= lim 1~'o’ (f),

where of( H=Ey fé f(ns) ds)? is the time ¢ variance of the function f,and E, is
the expectation with respect to v,.

He shows that if o2((0) — p) < +00, a2[(n(0) — p)(n(1) — p)] < 400 for the
dimension d = 1 and if 02(17 (0) — p) < 400 for the dimension d = 2, then

(1.4) o2(f) <400 = E,(f)=0.

From heuristic reasoning about the second-class particle, Sethuraman conjec-
tures that if m # 0, then o%(9(0) — p) < +00 <= p # 1/2 in dimensiond = 1,2
and that o2[((0) — p)(n(1) — p)] < +oo for all 0 < p < 1 in dimension d = 1
(ctf. [9D]).

In a recent paper Seppildinen and Sethuraman [8] prove that, in dimension
d =1, if p #1/2, then 62(n(0) — p) < +00.

The aim of this paper is to establish some more positive answers to these
conjectures. We prove the following two results:

1. For d =2 we prove that o2(n(0) — p) < +oo if p # 1/2 and m # O (this
extends the result of Seppildinen and Sethuraman to the two-dimensional
setting).

2. Ford =1, if the density p is equal to 1/2 and m # 0, then az(n(O) —p) =400
and in fact that, for all & > 0, there exists a constant C; > 0 such that

(1.5) o (n(0) — p) = Cot7/47¢,

The expected best exponentin (1.5) is not 5/4 but4/3, and, in fact, it is conjectured
that for d = 1, for the total asymmetric exclusion process, the time correlations has
the scaling form (cf. [6])

E,(n,(/)no(0)) — p* ~ p(1 — p)(4(p(1 — p))?1¥3)~!
x 38"((j — (1 =2p)1) (4(p (1 — p)) ' P23) 71,
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where the scaling function g is the second moment function of the solution of a
first-order partial differential equation defined in [1].

Recently Yau [13] established that the diffusion coefficient in d = 2 diverges
as (log 123 in the leading order, and Landim, Quastel, Salmhofer and Yau [4]
showed that the diffusion coefficient diverges at least as r'/% for d = 1 and as
(log N2 ford =2.

The proof of the two results of this paper is based on the following argument.

Let the generator £ be decomposed as £ = § + A, where 8§ = (L + L*)/2
and A = (L — L£*)/2 denote, respectively, the symmetric and antisymmetric parts
of L. Let f be an element of ]Lz(vp). Since £ is a nonpositive operator, for any
A > 0, we have the following two variational formulas (cf. Lemma 2.1):

(=)7L
(1.6) »
g{ (f,8)— (g, (L — 8)g) — (Ag, (L — 8) ™ Ag))
1.7) ::igf{2<(f'+-a%g),(K-—»5)_1(f'+-a%g)>4—<g,(K-—-5)g)L

where the supremum and infimum are taken over all local functions g. These two
variational formulas permit us to obtain lower and upper bounds of the Laplace
transform of the time ¢ variance of f by a good choice of test functions. To perform
the calculations we use the duality expansion (as done in [5, 11] for the case d > 3).
A key step, suggested to us by Yau (cf. [7] for the two-dimensional case), is then
to approximate the terms in (1.6) involving 4 (the generator of the symmetric
exclusion process) with similar terms involving the generator of the corresponding
independent symmetric random walks. In this way the calculations can then be
performed by standard Fourier calculus.

This article is organized as follows. In Section 2, we recall some defini-
tions about the duality of the exclusion process and introduce Hilbert spaces
F€1 and #_1. In Section 3, we give results concerning approximations, in #_1, of
the exclusion process by a system of free particles. This approximation is used in
Section 4 to prove the super-diffusive behavior of the occupation time in dimen-
sion 1 with density 1/2 and in Section 5 to prove the diffusivity of the occupation
time in dimension 2 with a density different from 1,/2.

2. Recalling the duality of the simple exclusion process. We recall some
definitions concerning duality and the Hilbert spaces #; and F#_;. We fix a
density p in (0, 1) and note x(p) = p(1 — p). Let & be the class of all finite
subsets of Z¢ and let &, be the subsets of Z¢ with n points. For each A € &, let
W, be the local function

(n(x) —
J;£ VX (p
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and by convention Wy = 1. It is easy to check that {W4; A € &} is a Hilbertian
basis of ]Lz(vp). We will denote by F,, the subspace generated by {W,4; A € §,}.
The functions of %, are called functions of degree n.

All elements f of ]Lz(vp) can be decomposed in the basis {W4; A € &} and we
write
2.1) f=22 % (A,

n>0Ae€g,

Note that the coefficients f(A) depend on the density p but we will omit this fact
in the notation since we will always work with a fixed density in the sequel.

Denote by the same symbol (-, -) = (-, -) , the inner product on ]Lz(vp) and the
inner product with respect to the counting measure on I.2(&). Note that if f, g are
two elements of ]Lz(vp), then we have

(f.8)=(F.a) =D H(A)g(A).
Aeé
We note the L2 norms by IIﬂI% =|f II% = (}, ). Let &,, be the subspace generated
by the finite supported functions of degree n and let 7, be the projection in L%(&)
on &,. Note that & is just the set of local functions from 74 into R with finite
L2 norm.

For a subset A of Z? and x,y in Z¢ denote by A,y the set defined by
Ay y=A\{x}U{ylifxcAand y¢ A, by A, , =A\{y}U{x}if y € A and
x ¢ A and by Ay, = A otherwise. Denote by s(-) and a(-) the symmetric and
antisymmetric parts of the transition probability p(-). In the basis {W4; A € &},
we have the following decomposition of the generator £:

(L) =D (EN(A) W4,

Acé&

(8f) = (SH(A)W4,
Acé&

(Af)=D AH(A) Wy,
Acé&

where £ =6 +Aand S =21, A= (1 —2p) L2 +2/x(p)(£T — £7), with
E'NA) =1/2) Y sy —0)[f(Ax,y) — FA],

x,yeZd
EHA) = > aly —0[f(Ary) — FA],
XEA,y¢A
EHA= > aly—xfiAU{x),
x¢A,y¢EA

&N = > aly—xfA-{y).

XeA,yeA



OCCUPATION TIME FOR ASEP 859

Note that the operators £! and £ preserve the degree of functions but that
£ (resp. £7) increases (resp. decreases) the degree by 1. The operator 2 has
a unique decomposition of the form

(22) A= Z(an,n—l + an,n + an,n—i—l)’

n>0

where 2, ,, is the operator 7, %m, sending any function of degree n onto a
function of degree m.

In the sequel, we will primarily consider functions of degree 1 for which we
will use the notation §(-) = f({-}). Hence we give the following expression of the
operators A1 = (1 —2p)B1; and Ao =24/ x (0)B12:

BuH ) =) aly — o) —f)l.
y
(B12f) (fx, y}) = aly — O)[f(x) — ()]

We start with the definitions of some resolvent norms and associated Hilbert
spaces. Recall that £ is an operator on Lz(vp) whose symmetric part is 4§ (itself
the infinitesimal generator of the symmetric simple exclusion process with jump
rate s) and antisymmetric partis 4. Denote by D(f) = —(f, Lf) = —(f,8f) >0
the Dirichlet form of the process. The Dirichlet space #; is defined by the com-
pletion with respect to the Dirichlet form £, and the associated norm (resp. inner
product) is denoted || - ||| = N (resp. (-, -)1). By duality of the simple exclusion
process, the Dirichlet space #¢| corresponds to the space §)1, which is the comple-
tion of {f: & — R with finite support s.t. (f, —£f) < oo}. The corresponding norm
(resp. inner product) will be denoted || - |1 (resp. (-, -)1).

Let #_; (resp. $_1) be the dual of #; (resp. 1) with respect to ]Lz(vp) [resp.
IL>(€)]. This is the Hilbert space generated by the local functions (resp. finite
supported functions) and the norm || - || defined by

If1%, = sup(2(/. 8) - lgll3),
If12, = sup(2(f. 8) - lgli}),

2.3)

2.4)

where the supremum is carried over all local functions g (resp. finite supported
functions g).

By duality of the simple exclusion process, we have of course ||]‘||2 =|f ||%
and ||ﬂ|2_1 = ||f||2_1. In the same way, for each A > 0, we can define the Hilbert
space #1 , (resp. $1,,) by completion with respect to the norm || f'[|1,, = ({f, (A —
)NV [resp. [Ifll1,n = ((f, (A — &)f)/2]. Let H_y; (resp. H-1,) be the dual
of F1,, (resp. $1,,) with respect to Lz(vp) [resp. L2(&)]. The H_1,5-norm (or
$_1.,-norm) will be denoted || - ||—1 ».
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LEMMA 2.1. Let f be a local function and let ). > 0. Then we have the two
variational formulas

(=L )= sgp{2<f, g) —llglt, — lAgl2, ;)
= inf{llf + A8l 1, + 118l ).

PROOF. Recall that, for A > 0, (A — £)~! is a bounded operator on ]Lz(vp).
Let [(A — GC)_I]S denote the symmetric part of (A — £)_1. A simple computation
shows that

[ —L)] =0 —8) — A — 8) ",
Hence, we have
(f, =L )= (£ 10— D7)
= sup {2/, &) = {g. [[G- - £7'1,17'g)

= sup(2(f.g) — lgllf . — 14811 1.
Using this formula with 4 in the place of £, we have
1481215 = sup(2(Ag, ) = ullf 1)
Hence, we obtain

(f, o= L)~ f) = supinf(2(f, g) — lIglI} 5, — 2(Ag, u) + ull} ;)
8
= supinf(2(f + Au, g) — gl ;. + lullf ;)
8
< infsup(2(f + Au, g) — IglIT , + llullf 1)
8

= inf{[| f + AulZ, ; + lullf ).

To prove that the inequality is in fact an equality, consider the functions u; and g;
defined by

u, = —8) L Ag,
with
([0~ D7) gr = 0o — )gr — AG — )L Ag;
=f.
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Using the definitions of u,, g,, it is easy to show that

(fe =Dy =(frgn) = IIf + Aupl® + lusld,

so that the inequality is an equality and we are done. [J

Hence, for f € ]Lz(vp), we have

25) (= L7 = supl2(f. ) = gl = A8 ]2
(26) = sup(2(f, ) ~ g1, — 1%gl%1,)
@7 =inf(20 f +AglZy 5 + gl )
2.8) = inf{20f + Agl2, , + lall7 ;)

where the supremum and infimum are taken over all local functions g (or all finite
supported functions g).

3. Approximation by free particles. Although we are in dimension 1 or 2,
since the approximation is valid for all dimensions, we give the proof for

dimension d > 1 not necessarily less than 2. We denote by ey, ..., e, the canonical
basis of R”. If x = (x(V, .. .,xF”)) € (Z%" = x, and z € Z4, then the notation
X + ze; stands for D, xW 4 7,...,x™). &, can be seen as a subclass of

Xn: € ={(xWM, ..., xM) e xu; Vi j, xD £ x(D}. Recall that the restriction of
& = £! to &, is the infinitesimal generator of n particles in symmetric simple
exclusion:

3.1) ENA)=1/2) Y s —0[f(Axy) — FA)]
x,yeZd

Here, A € §, and | € G,,. The state space of this process (¢;);>0 is &,. We will
denote by D the Dirichlet form associated with £!.
Consider now n free symmetric particles evolving on Z¢. The state space of this

process (X;)r>0 = (x,(l), e x,(n)),zo is xn. The infinitesimal generator of n free
particles with jump rates s(-) is given by
(3.2) €™ H) = Y s@Ifx +ze)) — f(x)].

1<j<n

ze74

Here § is a finite supported function on x,. We have an another description of
this process. Consider a Poisson process on R whose jump times are denoted by
Ti,..., Ty, .... At time T, a particle is uniformly chosen between the n particles
and this particle jumps of z € Z¢ with probability s(z).
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We denote by ((-, -)) (Il - llo.free being the associated norm) the inner product
on L%( Xn) defined by

1
(3.3) «&w»=;§jmwwu>

: xeXll

Let Dfree be the Dirichlet form associated with £ If ¢ is a local function on ¥,
then

1
(3.4) Diree( @) =— ) s(2)[¢(x +z¢)) — P ()]

" x€xn,z€Z4
1<j<n

THEOREM 3.1. Let the dimension d and the degree n > 1 be fixed. There
exist some positive constants Cy = C1(n, d) and Cy = Ca(n, d) such that for each
finite supported function { on &, there exists a symmetric function f on x, with the
following two properties:

(3.5) C1D1ree(F) < D(f) < C2Dfree ()
and
(3.6) Cillfllo.tree < Ifllo < C2lIfll0.free-

PROOF. All the estimates depend on the dimension d but in the notation we
will omit the dependence on d of the constants. Let 7' be the stopping time of the
process (X;)s>0,

T =inf{r > O/Card{xt(l), .. .,x,(”)} =n}.

We first prove there exists some positive integer K = K (d), depending only on the
dimension d, such that, for each initial configuration of the process x € x,,,

3.7) Py[T < Tgp2] =y >0,

where o, is a constant independent of x.

A configuration x = D, ..., x™) e x, will be called good if all the points
of Z4, xM ... x®™ are distinct. Otherwise it will be called bad. Denote by G»
the set of good configurations and by 8B,, the set of bad configurations. In the sequel
we will use the following definition: if x and y are two configurations of y;, then
the distance between x and y, d(x, y), is defined as the infimum of the lengths of
the trajectories Cr(x, y) = [xo = x, ..., Xxx = y], between x and y, of the process
(x1)r>0. Note that, by irreducibility of s(-), d is well defined, by symmetry of s(-),
d is symmetric and, of course, d is subadditive. We need to prove that, for some
integer K and for any initial configuration, we are able to find a path of length at
most Kn? so that the final configuration is good.
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Consider all the lines parallel to the basis vector e¢; of R? containing at least
one particle of the configuration x. Denote by L, ..., Li these lines and by ny
the number of particles on the line L, so that 2{;21 Ny =1.

Let Ly be a fixed line. We call y(V, y@ . y%) the different sites of the

line where there is at least one particle and we assume y( ) < yiz) - < y{k ),

We denote by m ; the number of particles on the site y{) so that Zl;“zl mj =ngy.
Thanks to the irreducibility and translation invariance of the symmetrization,
in K steps we can move a particle from site u to site u + e;. Consequently,
in K Z 2 m (mi4+1 + --- +my,) steps, for each j € {2, ..., k,}, we can move
all the particles on the site y(f) to asite w/) € L, such that wm wij_l) =mj_|.
Now, for each j, in Kym j(m; —1)/2 steps, we can move the particles which are on
the site w(/) to the sites w), w) + e, ..., w) + (mj — 1)ey, with one particle
per site. After all these moves, the particles contained initially on the line L, are
always on the line L, but with at most one particle per site: it is done in at most
Ky 2w mi(migy 4 - my) 4+ Ky 05 mi(mi —1)/2 < 38102 steps. We do
that for each line and we obtain a good configuration after at most 3 =t n? steps.

It follows that P [T < Tk,2] > o, > 0, where «,, is a constant independent
of x. By the Markov property, we obtain P, (T > Ty) < C, ,o,lf , where p, € (0, 1)

and C, > 0. In particular, P,-a.s., T is finite. Let us define ]2 on y, by

(3.8) §(x) = Ex[f(xr)]

for x € xy,.

Note thatifx € &, [i # j = x@ #* x], then f(x) = f(x). Consequently, using
the Schwarz inequality and irreducibility of the symmetrization, it is easy to check
the second inequality in (3.5).

The Dirichlet form Dqpee (f) can be decomposed into three terms:

~ 1
@free(f) = 5{5(9%’ 9>n) + 5(£n» °(Bn) + 2’3(9%» £n)}a
where

8Gn 9= s@ Y (Fo —fox+zep),

1<j<n X€GnMN(Gn—2ze;))
ze74

G B= Y. s@ Y (Fo) —f+zep),
1<j<n X€GnN(Bn—zej)
ze74

5Bu.B)= Y s@ Y (Fo) —fa+zen)
1<j<n X€BN(By—zej)

ze74
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The first term is equal to

$Gn G = Y s@ Y () —fx +ze))
lfjfln X€GnMN(Gn—ze;))
Z€Z1

and so is bounded by K, ®(f), where K, is a positive constant.
For the second term, we have

$Gn B= Y s@ Y (fo) —Fex+zep)’
I<j=<n X€GnN(By—zej)
zeZ4

= Y s@ Y (@-fa+zen)

1<j<n X€GnN(By—zej)

ze74
=Y 5@ Y [Eeze, (far) — f0)]
1<j<n xX€GnN(Bp—2ze;)
ze74
< Y 5@ Y Erpllier) — 1)
1<j<n X€GnN(By—zej)
ze74d
=Y Y 5@ Y Peee [T =Tixr = () — §0))°
k>11<j<n xegnm(o(gn_zej)
z€Z4 YEGn
2
<D Capy 3 s@ D () = §)) Layrteen <k
k>1 1<j<n X€GnN(By—zej)
ZEZd yéﬁn
<N Gtk Y 5@ Y () 500 Lan <kt
k>1 I<j=<n X€GnN(By—zej)
zezd YEGn

since we have seen that IP)HZEJ. (T>T)<Cy, pﬁ, where p, € (0, 1) is independent
of x +ze; and x7, =y is possible only if d(y, x + ze;) < k.

Note now that if x and y are two good configurations, then one can find a path
Cp(x,y) =[xo=x,...,xp =y], where p < nd(x,y) and such that the path is
contained in §,. Hence we get the following estimate:

(3.9) 8(Gn B) <Y Kubk Y (Fxp) — F(x0)) Lacrgur, <ntii s

k>1 Cp=l[xp,....xp]
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where the summation is carried over all the paths C, = [xo, ..., x,] contained
in G,
8(Gn, Bn) <Y Kuoh Y (Fxp) —frp_1) + -+
k>1 Cp=l[xp,....xp]

+ 51 = §60) 1 p<nr 1y
<Y Kuop Y (Fap) = fapm) + o

+ f(x1) — f(xo))zﬂpgn(kﬂ)

p
<Y Kuph D pOIfGe) —flx-DT
k>1 Cp=[xp,....xp] j=1
However, since s is finite-range, there exists a constant A, such that, for all
jel{l,...,p— 1}, there are at most A,p paths of length p containing the
step [x;_1,x;]. Using the Schwarz inequality, it is now easy to check that, for
some positive constant K, we have

(3.10) 8(Gn. Bn) = KnD(f).

There remains the third term. Recall that, in the beginning of the proof, we
proved that, for each configuration x, we are able to find a good configuration
w, such that d(x, w,) < Kn?. When s(z) > 0 then d(x,x + zej) =1 so that

d(x+zej,wx)§Kn2+1§2Kn2.Wehave
58, 8)= > s@ Y (o) -fax+ze))

1<j<n X€BN(Br—2zej)

zeZ4
=Y s@ Y () = fwo) +we) —x +ze))?
1<j<n xe£nm(£n_zej)
zeZ4
<2 ) 5@ Y (e —jw)?
1<j<n xe£nm(£n_zej)
zezZ4
+2 3 s Y. (fo+ze) —fwo)
I<j=<n X€BN(By—zej)
zezZ4

=2 Y s@ Y (f0) —fw)

1<j<n xe£nm(£n_zej)

ze74
+2 Y s Y (fa+ze) —fwn).
1<j<n X€BN(By—zej)

ze74
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Doing the same work as for the second term, it is easy to see that
(3.11) 8(By. By) = K, D(F)

for a positive constant K.

We now have to prove the second set of inequalities concerning the L2 norm.
The right-hand side inequality in (3.6) is evident. For the left-hand side inequality,
we have

||¥||%,free=nl 3 (Exlfxr)])* = — Z(f( >>2+— 3 (ELlfep]).

X€Xn xeg,, x6£,,

The first sum is equal to IIﬂI% and one can rewrite the second term as

1
— Z E.[f(xp)])? =2 > fOV Py =y T=T]

XGJG’,, Tk>1xeB,
YEGn
== Z f(y)? Z Z Pelxy, = y: T =Ti]
yegn k>1xeB,
1
=2 I Y PAT =T
=l VEG k=1 xsit.
d(x,y)<k
1 d
<Ko > ) ko,
"n! YEG k>1
Z f()?
yegn
= K, [15. u

Let us define the resolvent norms associated with the generator gfree The
ﬁtfee and fjf_rele norms associated with the Dirichlet form Dy are defined by

D17 free = Drree (@),

3.12

G-12) 1912 e = 50206, ) = IV s

and the resolvent norm, || - |1 free,x and || - || —1.free.. are defined by
D17 free.r. = — (. (£ — 0)$)) = Direc (@) + A (. B)),

(3.13)

P12 freer = s;p{z«qs, Y = 1115 freen)-
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Note here that we do not have necessary equivalence of the ﬁf_r‘? and $_; norms

because we do not have the equality ((%, ) = {f, g). Nevertheless, let 2, be the
operator defined on L?(x,) by

(3.14) 20, f(x) = Lxeg, f(x).

THEOREM 3.2. For each n, there exists a constant C = C(d, n) such that
(3.15) Il —1.0 < ClIWnFll -1 free.n

for all finite supported function over &, and where % is defined by (3.8).

PROOF. Indeed, we have

17112 5 = sup(2(f. ) - lglf )
= sgp{z«ﬁnni @ —lal},)
< Cslglp{z«mi 3 — 1817 freer}

2
=< C||mnf||—l,free,k‘

The penultimate inequality follows from Theorem 3.1. [J

Hence it is possible to compare the $_; ; norm of B >f with respect to the
e norm of §,f, where 15 is just the operator 20,981, and B, is defined b
1A J p y

(3.16) BPx, y) = (B, y).

A simple computation shows that

(3.17) (TP, y) =aly — x)(f(x) — §(3))-

Hence, we have
(3.18) 1B12f121 5 < CIT1I% 1 freer = CIT 1212 frees

by Theorem 3.2 and since % = f for the degree 1 functions f.

Now we give the expressions in terms of Fourier transform of the || - ||1 free,2 and
Il - | -1.free.x. norms. If ¥ is a function of L2(x,) and if ¥ (sy - - -s5,), s; € [0, 11%, is
its Fourier transform, defined by

~ 1 .
Vo= 3 STy ()
n

C (X1 Xn) € Xn

and

— — A
‘ereew — gfreew
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where
e (s - 5,) = —[Zed@j)}&(sl )
j=1
with, for u € [0, 119,
(3.19) Oa(u) =2 s(x)sin” (7 (u - 2)).
z€74

Using the Parseval equality, we get

1 n R
w2 =—/ <x+§)0d<s‘>)|w<s1---s YPdsy - ds
bleer = mynd Jispespeqoar \© & ! !

and

/ |9 (51 -+ - 50) 2

PRV sy - - dsy,
(s1-s)€((0, 119y A+ Y11 Ba(si) "

2 _ _
||1/f ”—l,free,k - (Zﬂ)”d

4. Superdiffusivity in dimension 1 for the density p=1/2. We prove
that, for dimension 1 and density p = 1/2, the occupation time of the site 0
in the general asymmetric simple exclusion process with nonzero mean has a
superdiffusive behavior. Throughout this section, the density p is fixed and equal
to 1/2. Let fo(n) = (n(0) — p) and recall that the time ¢ variance is defined by

o2 (fo) = Ep[ [ " fon(s)) dsT.

THEOREM 4.1. Forall ¢ > 0, there exists a positive constant C, such that, for
large t, we have

t 2
a,2<fo>=Ep[ /0 fo(n(s»ds] > CuS4,

To prove this theorem, we first obtain a lower bound for the Laplace transform
of the function 0.2( fo), which is contained in the following lemma.

LEMMA 4.2. There exists a positive constant ¢ such that, for all ) > 0, we
have
4.1 (fo, = L) fo) = er™ %,

PROOF. By Theorem 2.1 in [10], we just have to prove this lemma for the total

asymmetric exclusion process. In fact, the following estimates could be done for
the general asymmetric exclusion process but the use of this theorem permits us
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to simplify the calculus. Hence, in the sequel, we assume total asymmetry to the
right of the exclusion process.

Remark that fo = +/x (0)80, where &g is the characteristic function of the set {0},
is a degree-1 function.

We have

(4.2) (80, (. — £)~'80) = Slglp{2<50, o) — llalif ;. — I1Agl2, ),

where the supremum is taken over all finite supported functions g. To obtain a
lower bound, we can restrict this supremum over degree-1 functions. In this case,
since the density is p = 1/2, there is a single term in the asymmetric part of the
generator. If g is of degree 1, we have g = 2;>g and we recall that

@pg)(fx, yH =0 if|y —x[>1
and
@12g)({x, x + 1}) = F(g(x) — g(x + D).

Thanks to (3.18), we can replace the term ||Ql129||2_m by ﬂll‘Ilzgllz_l’free’A
in (4.2) (B being a positive constant independent of 1), where ¥ is the operator
defined by

(F129)(x, y) =0 if [y —x|#1,
(Ti2g) (. x + 1) = 3(¢(x) — p(x + 1))
More exactly, with this definition, there exists some constant 8 such that

4.3) (80, (A — L)"') = ¢Su£ (2630, #) = 111 5. tree — BIT120112 1 free.1)-

Using the Fourier transform, we have to estimate

sup{l /1 b(s)ds — /1 (4 615))1d(s) 2 ds
¢ LT JO 0
B (sin(27s) + sin(27t))?
) (s,0)€[0,112 A+ 01(s) +61()
It is simple to check that

/ (sin(27s) + sin(27t))?
(s,0el0, 112 A+ 01(s) +01(2)

4.4)

|¢§(s+z)|2dsdt}.

(s + 1)|* ds dt

4.5) 1
:4/ ds|d(s)|? sin®(s) F.(s) ds,
0
where
1 cos2(u)
4.6 Fi(s) = d
(4.6) +() /ox+2sin2(n(u+s)/2)+2sin2<n<u—s)/2) !
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The supremum is taken over all the real local functions ¢ but it is easy to see
that the supremum is the same if you consider the supremum over real functions
in L2(Z) = &,. Note now that the expression in the variational formula (4.4),
using (4.5), is just the integral of a quadratic expression in terms of b(s).
Consequently, the last supremum (4.4) is equal to

4.7 ! fl du
' 472 Jo A+ 2sin®(ru)(1 + BF.(u))

and the maximizer is given by

1
27 (h + 2sin®(ru) (1 + BF.(u)))

A The maxirpizer is theA Fourier transform of a real function since we have
@5 (1 —5) = ¢;.(s) (here ¢} means the complex conjugate of the function ¢;).
For s < 1/2, using the fact that for 0 < x < 1 we have

. <7Tx> - d (ns) - 1
sin| — X an cos| — —_,
2 )" 2/ V2

we get the following inequalities:

(4.8) da(u) =

1 2
4.9)  F.(s) :/ _ cos” (T v) _ dv
0 A+ 4sin”(ws/2)cos?(mv/2) + 4cos?(mws/2) sin“(wv/2)
1 d
(4.10) 5/ i
0 A+4s2cos?(mv/2) + 20?2
12 d 1y
4.11) 5/ —”+/ av
0 A+2s2+202  Ji220?
4.12) <C ,
VA +s?

where C is a constant independent of s, A.
Consequently, for some positive constant K, we have

/1/2 du
0 A+2sin’(ru)(1 4+ BF (1))

/1/2 du
>
“Jo A4272u(1 + K /A +u?)

A2 d
:A‘”‘*/ Z
0 14 27222A 4+ 272K 22(1 + /Az2)~1/2

with the change of variables z = A >/%u.
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Hence we obtain, for sufficiently small A,

0 A+2sin’(Tu)(1+ BF.(u)) — 0o 1+272(1+K)z2

where C is a positive constant independent of A. This proves Lemma 4.2. [J

We now give a lemma which is just a refinement of Lemma 4.5 in [9]. Recall
that we have defined o;(f) by a,z(f) = Ep[fé f(n(s)) ds]?. We recall some
notation of [9]. For each ¢ > 0, 7; is the semigroup of the asymmetric simple
exclusion process whose generator is given by £. Let Uy (1) = fé (Ts f, f)ds and
Vi(t) = f(; Ur(s)ds = %olz(f). Since f is a bounded function, there exists a
constant C such that V(7)) < Ct%. Moreover, (T f, f) = 0 by Lemma 2.2 of [9]
so that Uy is nonnegative.

LEMMA 4.3. Let U(t) be a nonnegative function and let V(t) = f(; U(s)ds.
Suppose that there exists some constant 0 > 0 such that limsup,_, |tV (t) <
0. Denote by L(A) = fooo e U (s)ds the Laplace transform of U and suppose
that a(U) = sup{a € [0, 1]/liminf,_,¢ ATIL(A) > 0} exists. Then forall e >0
we have

liminfzr =@ty (1) > 0.
t—+4o00

PROOF. Let C; and C, be positive constants such that for large ¢ and small A
we have

V) =i,
L(}) > Cea~@F1=9),
Note ¢(U) =« and y = a — 2¢ and suppose that liminf;_, ;o ~ V() =0.

Then there exists some subsequence {t,}, t, 1 00, such that V(t,) < ty 1 Since
L(A)=A fooo e ™V (s)ds, we have the following inequalities:

- tn Oo
(4.13) C A~ @+2—8) < / eMVs)ds+ | e ™V(s)ds
0 173
0
(4.14) 54“+a/ o550 s
In
o0
(4.15) =t,7,’+2+C1)»_9_1/ e's? ds.
Aty

We now take A = A,,, where K,, = A, t, = t,l/“ with u > 1 so that lim,, .o A, =0

and lim,_, o K, = o0o. Note that fxooe_sse ds ~¢ oo e *xP. Multiplying by
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A%+2=¢ and using this remark, we have

(4.16)  C, <pyTemegeti=e 4 ol glro—ef—ate=l,—K,

4.17) < pyre—at(l/@+2—e) 4 Cét(l/u)(lm—s)w—&ﬁ—le-tw
) <t (

’

where C, is a positive constant. If p is sufficiently large, then y + ¢ — a +
(1/m) (e 4+ 2 — ¢) will be of the same sign as y 4+ ¢ — @ = —e, which is negative.
For a such p, the last estimate tends to 0 as n goes to infinity so that C, = 0, which
yields a contradiction. [J

In our case, since we have proved a(U 4,) > 1/4, we obtain that, for all £ > 0,
o —(5/4—¢)
htglogft Vi @) >0

and Theorem 4.1 is proved.

5. Diffusivity in dimension d =2 with density p #1/2. In this section,
we prove that, for dimension d = 2 and density p # 1/2, the limiting variance
oz(fo) = lim;_ oo t_lozz(fo) is finite. We recall that in [9] it is proved that
o2(fo) is well defined and that o2( fy) = limy_.o( fo, (A — &£)~! fo). Throughout
this section, the density p is fixed and different from 1/2.

THEOREM 5.1. If the density is p # 1/2 and the dimension is d = 2, for
the general asymmetric simple exclusion process with nonzero mean, the limiting
variance O'z(f()) =lim;_, o t_lo*zz(fo) is finite.

Since oz(fo) =lim;—o(fo, (A — £)_1f0), we have to prove

(5.1) sup(fo, (h — L)~ fo) < 0.
A>0

For simplicity of the calculus we will assume that the jumps of the exclusion
process are just nearest neighbors. In fact, one can restrict the study to this case
by Theorem 2.1 of [10]. We adopt the following notation: a(e;) = —a(—e;) = ay,
a(er) = —a(—ey) = ap, s(e]) =s(—ey) =51 and s(ez) = s(—ep) = s2. Thanks to
the irreducibility of s(-), s; > 0 and s, > 0 and since the mean of p is nonzero,
af + a% # 0. Recall that jo = </ x (0)d9 is a degree-1 function.

We have the following variational formula:

(80, (A — £)718) = inf [2[180 - Agl®, , + llgl? ],

where the infimum is taken over all finite supported functions.
If g is of degree 1, then 2(g has the form

Ag=A119+Ai2g,
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where
g ) =1 —=2p)(Brig)(x)
= (1 =2p)[ai(g(x +e1) —g(x —e1)) +ax(g(x +e2) — g(x — e2))]
and
@120)(lr, x +e1)) = 2vx (0) (Brag) (fx, x +e1})
=2Vx(0)[a1(g(x) — a(x +en)],
@120)(lx, x +e2)) = 2vx (0) (Br2g) ({x, x + e2})
=2V (p)[a2(g(x) — g(x +e2))].
Cleedx, yh =0 if[y—x|#1.
Using Theorem 3.2 we have the following inequalities:

inf 2030 — ApI1%, 5 + 9117 ;]

< inf [2/180 — Al% , + 613 ,]
$ed)

A (2180 = (1 =20)B1ig 12,5 + 19175+ 8x () 1B12g Il ]
1

<C inf [I8 — (1 = 20)B1161% | free.s
9eb) o

F 1117 frees + 8X O IF 12017 | frees ]

where C is a positive constant.
We have

(52 inf 18 - W1D12 1 frees + 1117 free.

_ inf{/ {|1+iy<u>¢3<u>|2
472 e | Juero,172 A+02(u)

(5.3)
+ (e 62(0) B0 ey du
where
y(W) =2(1 —2p)la; sin(Rruy) + ap sin2wuy)]
= by sin(2Qruy) + by sin(2wuy)
and we recall that

60r (1) =4sq sinz(nul) + 459 sinz(nuz).
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The function ¢, realizing the infimum of ||§p — Ql11¢||2_1’free’)\ + ||¢”%,free,)\ is
given by its Fourier transform:
iy (u)
Yy () + (A + 6 (u)?

. The minimizer is Athe Fourier transform of a real function since we have
¢35 —s1, 1 —52) = (51, 52).
Moreover, this infimum is then equal to
B / (A +602(u)) y
472 Juero,12 y ()2 + (A +60(w))?

(5.4) d1(u) =

(5.5
and we have

(5.6) du < 00.

sup/ A+ 62(u))

3>0Juel0,112 ¥ ()? + (A 4 62 ())?
Indeed, problems happen when 6>(u) =0 [e.g., u = (0, 0), (0, 1), (1,0), (1, D].
Let us examine the problem for (0, 0), the others being of the same nature. Near

(0, 0) we may make the change of variables x; = sin(2wu1), x, = sin(2wu3), and
it is easy to check that there exists some constant C (independent of 1) such that

/ (A +62(u)) ;
uel0,1/42 ¥ )2 + (A + 62(u))?
2 2
SC/ (A +x7 +x3) dx.
xev (b1x) + b2x2)? + (A + x{ + x3)?

where V is a neighborhood of (0, 0). Now, using polar coordinates, the problem is
equivalent to finding a uniform bound in A for

1 /2 A+ I”2
rdr/ do.
/0 0 (b} +bDr2sin’(¢) + (A +r2)? ¢

It is easy to check that this integral is uniformly bounded.
Hence we take this function ¢, and, to prove (5.1), it remains to show that

sup ||(212¢)L||—1,free,)» < Q.
A>0

We can compute the Fourier transform of T12¢, and we have
i

— [y (u) + y (v)1s (u + v).
—2p

(T1athn) (u, v) = —

Consequently, we get

G 112012 freer

_ ;/ (¥ () +y (v))?
472(1 —2p)% Juwyeo. 122 A+ 62(u) + 62 (v)

(5.8) |62 (u +v)|> du dv.



OCCUPATION TIME FOR ASEP 875

We have to check that the following integral / is finite:
2 2
(59 I= / Y (u +2v) (y ) +y W) dudv
(,0)el0,11* (Y2 (u +v) + 05 (u +v))? 62(u) +62(v)

We begin with a lemma which will be useful in proving the convergence of the
integral /.

LEMMA 5.2. The function
Jo.p(e1,€2)

= (sinz(nsl) + sin2(7T82))

(sin®(re1) + sin® (1 e2))? }_2
(asin(2wer) + Bsin(2mwey))

is integrable in a neighborhood V C R x R of (0,0) for every value of the
parameters o and B such that o> + B> #0.

X [(a sin(2rwe;) + Bsin(2wer)) +

PROOF. First, note that we can assume that V C RT x R by a change
of signs for «, B. Since we are near 0, we may make the change of variables
x1 =sin(2mwey), xo = sin(2mw &) and we have

/ Jo,p(e1,62)derder
1%

<

/ (67 + &3)(asin(2we)) + Bsin(2ey))? deydey
v

[(asin(2mer) + Bsin(2mer))? + (67 + £3)212

- K/ (xl2 + x%)(oexl + ,3x2)2 dx dx)
U lext + Bx)? + (i + 3D 132 1 —x2

- K,/ (xf + x3) (x| + Bxa)?

- U [(ax1 + Bx2)? + v(x? + x3)2]?
where C, K, K’ are positive constants and U C RT x R* is a neighborhood
of (0,0).

Assume that U C [0, 1] x [0, 1] and use polar coordinates to rewrite this last
integral as follows:
/ (x} +x3) (ax1 + Bx2)?
U [(ax1 + Bx2)? + (x7 + x3)212
1 72 2 2,4 a2
< [ar [ g P o
0 0 [(@2 + B2)r2sin®(¢p + ¢o) + r*]?

1 Po+7/2 sin’(¢)
(2 2
= (" +p )/0 rdr /% do S (@) 4+ 2P

dxidxy,

dx1dx;
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where ¢q is such that o/va? + B2 = sin(¢o) and B/Va? + p? = cos(¢p). It is

easy to check the convergence of this last integral and so the lemma is proved. [J

LEMMA 5.3.

2 2
I— Y (u+v) (¥ (u) +y(v)) dudv < 0o,

 Jwwen, 11 (2w +v) + 63w+ v)? 62(u) + 62(v)

PROOF. Let us denote by F (u, v) the function appearing in the integral,
y*u+v) (r (W) +y )?
(2(u +v) + 02U +v))? u)+62(v)

Since we are just interested in the convergence of this integral, by a trivial
inequality, we can suppose that 6> (1) = sin?(wup) + sin®(wus).
Note that the singularities of F' correspond to the set

8 ={(u,v)€[0,11*/u+veAx A},

(5.10) F(u,v)=

where A = {0, 1, 2}.

In fact, many singularities have the same behavior and, by a change of variables,
it is enough to study what happens for F in the neighborhood of u + v = (0, 0),
u+v=0,1),u+v=(~1,1), u+v=(0,2). We just give the proof for the
singularity (0, 1).

We have hence 1| + v{ near 0 and uy + vy near 1.

We suppose that (u, v) € [0, 17* is such that uy, vi, &2 € V, ur + v2 = 1 + &5.
Here, V is a neighborhood in R of 0. Let us call y; = u; — vy (resp. yo = up — v2)
and, since uy, vy € V, we will assume that u; +v; =¢&;, whereg; € Vand y; € V.
We denote this domain by D.

It is easy to check that

y(u +v)=bsin(2wey) + by sin(2wey)
and that
03 (u + v) ]2

[y(u—i—v)-i— Y+ )

(sinz(nsl) + sin2(7r$2))2 ]2

= | (b1 sin(2 by sin(2
[( sin2ren) + basinQren) + G S T sin@ren)

= Xby.b, (81, €2).
We also have

6 (1) + 0 (v) = 2[(:0s2 (%) sin? <%> + cos? (%) sin? <%)
o (o () o (2o (7

> 8(e1, €2, v1, v2),
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where ¢ is a continuous function which is positive if y; is not in a neighborhood
of 1 and such that

8(e1, 62, y1,y2) = k(el +e3+yi + (T 1?)

for y; in the neighborhood of £1 and where k is a positive constant.
Note therefore that the function 1/§ is integrable on D.
We may rewrite the fourth term as follows:

y(u)+yW) = 2(b1 sin(;rer) cos(myy) — by sin(mwer) cos(nyz))
= (b1 sin2re1) + basin(2mer)) + p (e, €2, V1, ¥2),
where p is a bounded function such that
lo(e1, 82, y1, y2)] < K (e1 + ) (67 + 63+ y{ + 02 F 1))

for y, in the neighborhood of 1 and where K is a positive constant.
Using this notation, we get the following inequalities:

/ F(u,v)dsdt
(u,v)eD

((bysin(2mey) + by sin(27e2)) + p(e1, €2, y1, ¥2))?
<C dedy
(e1,82)€V? Xb1.by (€1, €2)8(e1, €2, Y1, ¥2)
i€V, ye[-1,1]

by sin(2rwe;) + by sin(2mer))?
<2C (b1sin(2mey) + by sin( 2))d8dy
(e1.62)€V2  Xby,br (€1, €2)8(€1, €2, Y1, ¥2)
i€V, y€[-1,1]

2
+2C po(e1,€2, Y1, y2) dedy

(e1.62)€V2 Xby.by (€1, €2, Y1, ¥2)8(€1, €2, Y1, ¥2)
i€V, y2€[-1,1]

1
<M  dedy
(e1.60)eV? 8(€1, €2, Y1, Y2)
i€V, ye[-1,1]

+M Jb by (€1, €2)dedy
(e1,82)€V?
yieV,ye[—1,1]

since
2 2
p(er, &2, 31, y2) _ K”
8(er,e2,y1,¥2) ~ k

for y in a neighborhood of +1 and is bounded otherwise. However, the first
integral in the last inequality is bounded because 1/§ is integrable and the second
integral is finite by Lemma 5.2.

E 4+ +e3+yi+nF DY)
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Then we have proved that f(u’v)eD F(u,v)dudv < oo. The study of the other
singularities could be done with comparable estimates. [

This lemma completes the proof of Theorem 5.1. We recall the two following
corollaries established in [9].

COROLLARY 5.4. Assume that the density is p # 1/2, the dimension d is 2
and the mean of p is nonzero. Let f be a local function with mean 0. We have
weak convergence in the uniform topology on C[0, o) to Brownian motion, with
respect to the initial measure v,

ot
. —1/2 _ 2
Jim a2 [T fn) ds = B2 ().

PROOF. The proof is a trivial consequence of Lemmas 3.4 and 3.9 and
Theorem 1.1 of [9]. O

COROLLARY 5.5. [f the density p # 1/2, dimension d = 2, mean of p is
nonzero, the position of the second-class particle R(t) is v,-transient.

PROOF. See [9], Section 6 for the proof.
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