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Let By = (I/N)T, /> X, X3 T,/? where X, = (X;;) is n x N with

i.i.d. complex standardized entries having finite fourth moment, and T,,1 /2 is
a Hermitian square root of the nonnegative definite Hermitian matrix 7;,. The
limiting behavior, as n — oo with n/N approaching a positive constant, of
functionals of the eigenvalues of By, where each is given equal weight, is
studied. Due to the limiting behavior of the empirical spectral distribution
of By, it is known that these linear spectral statistics converges a.s. to
a nonrandom quantity. This paper shows their rate of convergence to be 1/n
by proving, after proper scaling, that they form a tight sequence. Moreover,
if EX%1 =0 and E|X11|4 =2, or if X1| and 7}, are real and EX‘ll1 =3, they
are shown to have Gaussian limits.

1. Introduction. Due to the rapid development of modern technology, sta-
tisticians are confronted with the task of analyzing data with ever increasing
dimension. For example, stock market analysis can now include a large number
of companies. The study of DNA can now incorporate a sizable number of its
base pairs. Computers can easily perform computations with high-dimensional
data. Indeed, within several milli-seconds, a mainframe can complete the spec-
tral decomposition of a 1000 x 1000 symmetric matrix, a feat unachievable only
20 years ago. In the past, so-called dimension reduction schemes played the main
role in dealing with high-dimensional data, but a large portion of information
contained in the original data would inevitably get lost. For example, in variable
selection of multivariate linear regression models, one will lose all information
contained in the unselected variables; in principal component analysis, all infor-
mation contained in the components deemed “nonprincipal” would be gone. Now
when dimension reduction is performed it is usually not due to computational re-
strictions.

However, even though the technology exists to compute much of what is needed,
there is a fundamental problem with the analytical tools used by statisticians.
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554 Z.D. BAI AND J. W. SILVERSTEIN

Their use relies on their asymptotic behavior as the number of samples increase.
It is to be expected that larger dimension will require larger samples in order to
maintain the same level of behavior. But the required increase is typically orders
of magnitude larger than the dimension, sample sizes that are simply unattainable
in most situations. With a necessary limitation on the number of samples, many
frequently used statistics in multivariate analysis perform in a completely different
manner than they do on data of low dimension with no restriction on sample size.
Some methods behave very poorly [see Bai and Saranadasa (1996)], and some are
even not applicable [see Dempster (1958)]. Consider the following example.
Let X;; be i.i.d. standard normal variables. Write

1 N
Sv=|=D_ XuXjk
N

which can be considered as a sample covariance matrix, N samples of an
n-dimensional mean zero random vector with population matrix /. An important
statistic in multivariate analysis is

n
’
i

j=1

n
Ly =In(detSy) =Y In(hy,j),
j=1

where Ay j, j =1,...,n, are the eigenvalues of Sy. When n is fixed, Ay ; — 1

almost surely as N — oo and thus Ly =o.
Further, by taking a Taylor expansion on In(1 + x), one can show that

IN/nLy 2 N, 2),

for any fixed n. This suggests the possibility that Ly is asymptotically normal,
provided that n = O(N). However, this is not the case. Let us see what happens
when n/N — ¢ € (0,1) as n — oo. Using results on the limiting spectral
distribution of {Sy} [see Marcenko and Pastur (1967) and Bai (1999)], we have,
with probability 1,

1 b(©) Inx

_LN —
n a(c) 2mxc

\/(b(c) —x)(x —a(c)) dx
(1.1)

c—1

In(1—-¢c)—1=d(c) <0,

where a(c) = (1 — /c Y2, b(c) = (14 ﬁ)z (see Section 5 for a derivation of the
integral). This shows that almost surely

VvN/nLy ~d(c)vNn — —o0.

Thus, any test which assumes asymptotic normality of /N /n Ly will result in
a serious error.
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Besides demonstrating problems with relying on traditional methodology when
sample size is restricted, the example introduces one of several results that can be
used to handle data with large dimension n, proportional to N, the sample size.
They are limit theorems, as n approaches infinity, on the eigenvalues of a class
of random matrices of sample covariance type [Yin and Krishnaiah (1983), Yin
(1986), Silverstein (1995) and Bai and Silverstein (1998, 1999)]. They take the
form

1
B, = NTHI/ZX,,XZTHI/Z,

whereXn_(X”)lsan X” € C are i.i.d. with E|XT, —EX”1|2_1 Tl/2

n x n random Hermitian, with X and T, /2 independent. When X7, is known to
have mean zero and 7, is nonrandom, B,, can be viewed as a sample covariance
matrix, which includes any Wishart matrix, formed from N samples of the random
vector T,/ 2X "I (X7} denoting the first column of X,), which has population
covariance matrlx T, = (Tl/ 2)2. Besides sample covariance matrices, B,, whose
eigenvalues are the same as those of (1/N)X, X;:T,, models the spectral behavior
of other matrices important to multivariate statistics, in particular multivariate
F matrices, where X{, is N (0, 1) and 7}, is the inverse of another Wishart matrix.
The basic limit theorem on the eigenvalues of B, concerns its empirical spectral
distribution F 5, where for any matrix A with real eigenvalues, F4 denotes the
empirical distribution function of the eigenvalues of A, thatis, if A is n x n then

1
F4(x) = — (number of eigenvalues of A < x).
n

If:
1. forall n,i, j, Xf’j arei.d.,

2. with probability 1, F» 2 n , a proper cumulative distribution function (c.d.f.)
and
3. n/N - c>0asn— oo,

then with probability 1 F? converges in distribution to F*, a nonrandom proper
c.d.f.

The case when H distributes its mass at one positive number (called the Pastur—
Marcénko law), as in the above example, is one of seven nontrivial cases where an
explicit expression for F©# is known (the multivariate F matrix case [Silverstein
(1985)] and, as to be seen below, when H is discrete with at most three positive
mass points with or without mass at zero). However, a good deal of information,
including a way to compute F<| can be extracted out of an equation satisfied by
its Stieltjes transform, defined for any c.d.f. G to be

|
mc;(z)E/)L—_ZdG()L), 3z 0.
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We see that mg(Z) = mg(z). For each z € CT = {z € C: Iz > 0}, the Stieltjes
transform m(z) = m pc,n (z) is the unique solution to

m:/)»(l—c—czm)—de()L)

in the set {m € C: —IZ%C + c¢m € CT1}. The equation takes on a simpler form when
FSH is replaced by
FOH =1 —0)ljg.00) +cFOH

(14 denoting the indicator function on the set A), which is the limiting empirical
distribution function of B, = (1/N)XT,X, (the spectra of which differs from
that of B, by |[n — N| zeros). Its Stieltjes transform

m(@) =mpen (@) = = +om(3)
has inverse
1 t
1.2 = = —— dH().
(1.2) z=2(m) m+c/1+tm ()

Using (1.2) it is shown in Silverstein and Choi (1995) that, on (0, c0), F &H hag
a continuous density, is analytic inside its support and is given by

fefl @y =c! iﬁ“%)
(1.3) dx
= ()" ¥ m@) = (em) ™! lim Im(2).

Also, F&H(0) = max[1 — c L H (0)]. Moreover, considering (1.2) for m real, the
range of values where it is increasing constitutes the complement of the support of
FH on (0, 00) [Maréenko and Pastur (1967) and Silverstein and Choi (1995)].
From (1.2) and (1.3) £ (x) can be computed using Newton’s method for each
x € (0, oo) inside its support [see Bai and Silverstein (1998) for an illustration of
the density when ¢ = 0.1 and H places mass 0.2, 0.4, and 0.4 at, resp., 1, 3 and 10].

Notice in (1.2) when H is discrete with at most three positive mass points the
density has an explicit expression, since m(z) is the root of a polynomial of degree
at most four.

Convergence in distribution of F 5" of course reveals no information on the
number of eigenvalues of B, appearing on any interval [a, b] outside the support
of F&H  other than the number is almost surely o(n). In Bai and Silverstein (1998)
it is shown that, with probability 1, no eigenvalues of B, appear in [a, b] for all
n large under the following additional assumptions:

1’. X, is the first n rows and N columns of a doubly infinite array of i.i.d. random
variables, with EX{; =0, E|X11|2 =1 and E|X11|4 < 00, and



CLT FOR LINEAR SPECTRAL STATISTICS 557

2. T, is nonrandom, || 7, ||, the spectral norm of 7}, is bounded in n, and
3’. [a, b] lies in an open subset of (0, o) which is outside the support of F¢»
for all n large, where ¢, =n/N and H, = FTn,

’ Hn

The result extends what has been previously known on the extreme eigenvalues
of (1/N)X, X (T, =1I). Let kéax, )»fr‘lin denote, respectively, the largest and
smallest eigenvalues of the Hermitian matrix A. Under condition 1/, Yin, Bai and

Krishnaiah (1988) showed, as n — o0
WIS 8 14 Ve,
while in Bai and Yin (1993) for ¢ <1

If [a, b] separates the support of F&¥ in (0, c0) into two nonempty sets, then
associated with it is another interval J which separates the eigenvalues of 7,, for
all n large. The mass F ! places, say, to the right of b equals the proportion of
eigenvalues of 7, lying to the right of J. In Bai and Silverstein (1999) it is proved
that, with probability 1, the number of eigenvalues of B,, and 7, lying on the same
side of their respective intervals is the same for all n large.

The above two results are intuitively plausible when viewing B, as an
approximation of T}, especially when ¢, is small (it can be shown that F¢# 2 H
as ¢ — 0). However, regardless of the size of ¢, when separation in the support of
F<H on (0, 00) associated with a gap in the spectrum of 7, occurs, there will be
exact splitting of the eigenvalues of Bj,.

These results can be used in applications where location of eigenvalues of the
population covariance matrix is needed, as in the detection problem in array signal
processing [see Silverstein and Combettes (1992)]. Here, each entry of the sampled
vector is a reading off a sensor, due to an unknown number g of sources emitting
signals in a noise-filled environment (¢ < n). The problem is to determine q.
The smallest eigenvalue of the population covariance matrix is positive with
multiplicity n — ¢ (the so-called “noise” eigenvalues). The traditional approach
has been to sample enough times so that the sample covariance matrix is close
to the population matrix, relying on fixed dimension, large sample asymptotic
analysis. However, it may be impossible to sample enough times if ¢ is sizable. The
above results show that in order to determine the number of sources, simply sample
enough times so that the eigenvalues of B,, split into two discernable groups. The
number on the right will, with high probability, equal ¢.

The results also enable us to understand the true behavior of statistics such
as Ly in the above example when n and N are large but on the same order of
magnitude; Ly is not close to zero, rather n—1Ly is close to the quantity d(c)
in (1.1), or perhaps more appropriately d(c;).

However, in order to fully utilize n~! Ly, typically in hypothesis testing, it
is important to establish the limiting distribution of Ly — nd(c,). We come to
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the main purpose of this paper, to study the limiting distribution of normalized
spectral functionals like Ly — nd(c), and as a by-product, the rate of convergence
of statistics such as n~! Ly, functionals of the eigenvalues of B, where each is
given equal weight. We will call them linear spectral statistics, quantities of the
form

1 n
— Z fQj) (A1,..., A, denoting the eigenvalues of B,) = / f(x) d F B (x),
n <=

where f is a function on [0, 00).

We will show, under the assumption E|X|* < oo and the analyticity of f,
the rate [ f(x)dFB(x) — [ f(x)d FHn(x) approaches zero is essentially 1/n.
Define

G (x) =n[FB (x) — Fofin(x)].

The main result is stated in the following theorem.

THEOREM 1.1. Assume:

(a) Foreachn X;j=X];,i <n, j <N areiid.id.foralln,i, j,EX11 =0,
EIX111?>=1,E[X11* <oo,n/N — ¢, and
(b) T, is n x n nonrandom Hermitian nonnegative definite with spectral norm

bounded in n, with FTr L4 H, a proper c.d.f.

Let fi, ..., fr be functions on R analytic on an open interval containing
(1.4) [hmmfxmml(o,l)(c)(l — Jc)* limsupAln (14 \/E)Z}

n
Then:

(1) the random vector

(1.5) ( [ nwdcaw..... [ fk<x>dGn<x))

forms a tight sequence in n.
(i) If X11 and T, are real and E(Xfl) = 3, then (1.5) converges weakly to
a Gaussian vector (X ¢, ..., X 5 ), with means

¢ [m(2)32(1 +tm(z)) > dH(r)
— ¢ [m(2)22(1 +tm(z))"2d H(t))?

(1.6) EXf_——/f()

and covariance function

Cov(Xyr, X

4 _ fz)gk)  d
B Wf/ (m(e) - mG) da ™V a2, ””(22)‘1216122
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(f,ge{f1,..., fx}). The contours in (1.6) and (1.7) [two in (1.7), which we may
assume to be nonoverlapping] are closed and are taken in the positive direction in
the complex plane, each enclosing the support of F&H .

(iii) If X 11 is complex with E(X%l) =0 and E(|X11|*) = 2, then (ii) also holds,
except the means are zero and the covariance function is 1/2 the function given
in (1.7).

This theorem can be viewed as an extension of results obtained in Jonsson
(1982) where the entries of X, are Gaussian and 7,, = I and is consistent with
central limit theorem results on linear statistics of eigenvalues of other classes
of random matrices [see, e.g., Johansson (1998), Sinai and Soshnikov (1998),
Soshnikov (2000) and Diaconis and Evans (2001)]. As will be seen, the techniques
and arguments used to prove the theorem, which rely heavily on properties of the
Stieltjes transform of F 27 have nothing in common with any of the tools used in
these other papers.

We begin the proof of Theorem 1.1 here with the replacement of the entries of
X, with truncated and centralized variables. Form =1, 2, ... find n,, (n,; > nu—1)
satisfying

m* X1t <27™
{IX111=/n/m}
for all n > n,,. Define §, = 1/m for all n € [n,,,nyu+1) (=1 for n < ny). Then,
asn — 00, 8, — 0 and

(1.8) 5;4/ X1 * = 0.
{|X11\25;zﬁ}

Let now for each n §, be the larger of §, constructed above and the §, created
in the proof of Lemma 2.2 of Yin, Bai and Krishnaiah (1988) with r = 1/2 and
satisfying 8,n'/* — oo. Let B, = (1/N)T1/2X X* /2 with X, nxN having
(@, j)th entry Xij Iy x| <s,ym)- We have then

P(By# By) <nNP(IX11] > 80/ < K&:“f 1X111* = o(1).
{|X11\25;zﬁ}

Deﬁne Bn = (I/N)TI/ZX X*Tl/2 with X, n x N having (i, j)th entry

(X,J — EX,])/GH, where 0 = E|X,J — EX,]| From Yin Bai and Krishnaiah
(1988) we know that both limsup, Amax and hmsupn Amax are almost surely
bounded by limsup,, [|7,[|(1 + /¢ )2. We use G (x) and G 2 (x) to denote the
analogues of G, (x) with the matrix B, replaced by B, and B,, respectively. Let
)LZA denote the ith smallest eigenvalue of Hermitian A. Using the same approach
and bounds that are used in the proof of Lemma 2.7 of Bai (1999), we have,



560 Z.D. BAI AND J. W. SILVERSTEIN

foreach j =1,2,...,k,

] / 1) dC(x) — f £ dGu(x)

n ~ ~
n BV!
ijZp‘k — A
k=1
-1 12,3 ¥ \y ¥ \kgl/2\1/2 B, B, \\1/2
52KJ(N trTn (Xn Xn)(Xn Xn) Tn ) (n()‘max+)‘max)) ’

where K ; is a bound on |fjf(z)|. From (1.8) we have

02— 1] < 2/ X11? < 28,:%—1/ 1X111* = 0(82n ).
{IX111>28,/n} {IX111>8n/1}

Moreover,

= 0(8,,11_3/2).

|E3(\11|=‘/ X1
{\X11|23n«/ﬁ}

These give us

_ ~ ~ = S 1/2
(N ltI' Tnl/z(Xn - Xn)(Xn - Xﬂ)*Tnl/z) /

<(N"'a=1/6,)2tB,)"* + (N~ T, |lo > rEX,EX?)"/?

(=022 n = \I2 o
S(mﬁ I?l?ix) +(n||Tn||)1/20 1|EX11|

=0(8un (1 )2 4 0(8n ).

From the above estimates, we obtain
[ £100dGu) = [ £ dGox) +0,(1)

[op(1) P oasn— 00.] Therefore, we only need to find the limiting distribution
of {f fj(x)dén(x), j =1,...,k}. Hence, in the sequel, we shall assume the
underlying variables are truncated at §,./n, centralized and renormalized. For
simplicity, we shall suppress all sub- or superscripts on the variables and assume
that | X;;| < Su/1, EX;j =0, E|Xij|2 =1, E|X,~j|4 < 00, and for assumption (ii)
of Theorem 1.1 E|X1|* = 3+ o(1), while for assumption (iii) EX7, = o(1/n) and
ElX11|*=2+o0(1).

Since the truncation steps are identical to those in Yin, Bai and Krishnaiah
(1988) we have for any n > (1 + \/E)2 the existence of {k, } for which

kn
Inn

— o0 and E|(1/N)X, X} | <pkn
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for all n large. Therefore,
(1.92) P(|Ball = m) = o(n™"),

for any n > limsup || T||(1 4+ +/c)? and any positive £. By modifying the proof in
Bai and Yin (1993) on the smallest eigenvalue of (1/N)X, X} it follows that when
liminf, AL, T0.1)(c)(1 — /)* >0
(1.9b) P2 <n) =0,
whenever 0 < n < liminf, )\gﬁnl(o,l)(c)(l —4J/c )2. The modification is given in
the Appendix.

After truncation and centralization, our proof of the main theorem relies on
establishing limiting results on

M, (Z) = n[mFBn (Z) — M pep,Hy (Z)] = N[mFﬁn (Z) - mECn,Hn (Z)]v

or more precisely, on JT/I\,, (+), a truncated version of M, (-) when viewed as arandom
two-dimensional process defined on a contour C of the complex plane, described
as follows. Let vg > 0 be arbitrary. Let x, be any number greater than the right end
point of interval (1.4). Let x; be any negative number if the left end point of (1.4)

is zero. Otherwise choose x; € (0, liminf, )\g’inl(o,l)(c)(l — ﬁ)z). Let
C,={x+ivy:x €[x;,x1}.
Then
C={x;+iv:ivel0,v]}UC,U{x, +iv:vel0,vyl}.

We define now the subsets G, of C on which M, (-) agrees with Mn(-). Choose
sequence {¢,} decreasing to zero satisfying for some « € (0, 1)

(1.10) en>=n"%.
Let
e, = {x1+iv:ve[n_lsn,vo]}, if x; > 0,
{x;+iv:vel0,vl}, if x; <O,
and

Cr={x,+iv:ve [n_lsn, vol}-
Then G, = C; U G, U C,. The process Mn(-) can now be defined. For z = x + iv
we have
M, (2), for z € G,
— M, (x, +in"¢e,), forx =x,,ve[0,n e,
(1.11) Mn(Z) _ n( r n) . r [ n]
and if x; > 0,

M,,(xl-l—in_ls,,), forx =x;,ve[0,n g,
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M\n(-) is viewed as a random element in the metric space C(C, R2) of continuous
functions from € to R?. All of Chapter 2 of Billingsley (1968) applies to
continuous functions from a set such as € (homeomorphic to [0, 1]) to finite-
dimensional Euclidean space, with | - | interpreted as Euclidean distance.

Most of the paper will deal with proving the following lemma.

LEMMA 1.1. Under conditions (a) and (b) of Theorem 1.1 {]T/[\n(-)} forms
a tight sequence on C. Moreover, if assumptions in (ii) or (iii) of Theorem 1.1
on X1 hold, then ZT/I\,,(-) converges weakly to a two-dimensional Gaussian process
M (-) satisfying for 7 € C under the assumptions in (ii),

c[m@*(1 +tm(2)3dH (1)
(1—c[m@22(1 +tm(z))2dH(1))?

(1.12) EM(z) =

andforzl,zgeeué,withéz{Z:zE@},

Cov(M(z1), M(z2)) = E[(M(z1) — EM(z1))(M (z2) — EM(z2))]
_ m'(z)m'(z2) 1
(m(z1) —m(z2)?* (21 —22)%

while under the assumptions in (iii) EM (z) = 0, and the “covariance” function
analogous to (1.13) is 1/2 the right-hand side of (1.13).

(1.13)

We show now how Theorem 1.1 follows from the above lemma. We use the
identity

1
(1.14) / F@dGE) = - / F@me() dz

valid for c.d.f. G and f analytic on an open set containing the support of G. The
complex integral on the right-hand side is over any positively oriented contour
enclosing the support of G and on which f is analytic. Choose vg, x, and x; so
that f1, ..., fx are all analytic on and inside the resulting C U C.

Due to the a.s. convergence of the extreme eigenvalues of (1/N)X, X, and the
bounds

AB A B AB A 1B
)‘max = )‘max)‘max )‘min = )‘min)‘min’

valid for n x n Hermitian nonnegative definite A and B, we have with probability 1

_ . B By
l}lrggcl)fmln(xr — Amaxs Amin — )C[)

> 0.

It also follows that the support of F-#» is contained in

[0 Loy (en) (1 = /en )P I (14 e )]
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Therefore for any f € {f1, ..., fi}, with probability 1
1
[ f0dGu0 =5~ [ rom @z
i

for all n large, where the complex integral is over C U €. Moreover, with
probability 1, for all n large,

‘/ f(Z)(Mn(Z) - M\n(Z))dZ

< 4K ey (| max (il (1 4+ /e ) abn) = x| ™!

+ | min()trﬁlinl(o,l)(cn)(l - \/a)z’ )‘rlr;),iln) - )C]|_1>,

which converges to zero as n — co. Here K is a bound on f over C.
Since

M, () — (—2—;1 / A @z, / ﬂ(z)@(z)dz)

is a continuous mapping of C(C,R?) into R¥, it follows that the above vector
and, subsequently, (1.5) form tight sequences. Letting M (-) denote the limit of any
weakly converging subsequence of {M,(-)} we have the weak limit of (1.5) equal
in distribution to

L [ homode .. —— [ fy M@ dz).
( 2mi 2mi

The fact that this vector, under the assumptions in (ii) or (iii), is multivariate
Gaussian follows from the fact that Riemann sums corresponding to these integrals
are multivariate Gaussian and that weak limits of Gaussian vectors can only
be Gaussian. The limiting expressions for the mean and covariance follow
immediately.

Notice the assumptions in (ii) and (iii) require X1 to have the same first, second
and fourth moments of either a real or complex Gaussian variable, the latter having
real and imaginary parts i.i.d. N (0, 1/2). We will use the terms “RG” and “CG” to
refer to these conditions.

The reason why concrete results are at present only obtained for the assumptions
in (ii) and (iii) is mainly due to the identity

E(X{AX., —trA)(X]{BX., —trB)
(1.15) : : )
= (EIXul* = [EX],? =2 ) aiihii + |EXT|*tr AB” +r AB
i=1
valid for n x n A = (a;;) and B = (b;;), which is needed in several places in
the proof of Lemma 1.1. The assumptions in (iii) leave only the last term on the
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right-hand side, whereas those in (ii) leave the last two, but in this case the matrix
B will always be symmetric. This also accounts for the relation between the two
covariance functions and the difficulty in obtaining explicit results more generally.
As will be seen in the proof, whenever (1.15) is used, little is known about the
limiting behavior of Y a;; bj;.

Simple substitution reveals

f(z(m1))g(z(m2))

(my —m»)?

(1.16)  RHS 0f(1.7)=—§12/ d(my)d(my).

However, the contours depend on the zj,z> contours and cannot be arbitrarily
chosen. It is also true that

1
(17 = [[FeogomED BN g g,
(1.17) T m(x) —m(y)
| _ [ rooe mimi(y)
=2 [ [ 7/0¢ (14470 Jaxay
and

L t2m*(x)

Here for 0 £ x e R
(1.19) m(x) = lim m(z), zeCt,
7—>X

known to exist and to satisfy (1.2) [see Silverstein and Choi (1995)], and m ; (x) =
JIm(x). The term

2.2
: 1°m=(x) )
= dH (¢
J () arg( / T+ mony2 A0
in (1.18) is well defined for almost every x and takes values in (—m/2,7/2).
Section 5 contains proofs of (1.17) and (1.18), along with showing

mi(x)m;(y) )

1.20 kx,y)=In{1l4+4————————
(120) (.7 “( e —mo)P

to be Lebesgue integrable on R?. It is interesting to note that the support of
k(x, y) matches the support of £ on R — {0}: k(x,y) = 0 < min(f<H (x),
FEH(y)) =0. We also have f&H(x) =0= j(x) =

Section 5 also contains derivations of the relevant quantities associated with
the example given at the beginning of this section. The linear spectral statistic
(1/n)Ly has a.s. limit d(c) as stated in (1.1). The quantity Ly — nd(n/N)
converges weakly to a Gaussian random variable Xy, with

(1.21) EXn = 3In(l —¢)
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and
(1.22) Var X, = —2In(1 — ¢).

Results on both Ly —ELy and n[ [ x" d F5¥ (x) — E [ x" d F SV (x)] for positive
integer r are derived in Jonsson (1982). Included in Section 5 are derivations of
the following expressions for means and covariances, in this case (H = I[1 o))
We have

r 2
(1.23) EXy = (1= V&) +(1+0)") =1 (r> o

Jj=0 J
and
coinmer=r 8 8 (1) (2) (120)
=0ky=0
(1.24) x’fz(%—l—“ﬂ%)
) — ri—1

2 —1—ky + ¢
rp—1 ’

It is noteworthy to mention here a consequence of (1.17), namely that if the
assumptions in (ii) or (iii) of Theorem 1.1 were to hold, then G, considered as
a random element in D[0, co) (the space of functions on [0, co) that are right-
continuous with left-hand side limits, together with the Skorohod metric) cannot
form a tight sequence in D[0, co). Indeed, under the assumptions of either one,
if G(x) were a weak limit of a subsequence, then, because of Theorem 1.1, it is
straightforward to conclude that for any xg in the interior of the support of F and

positive &,
xo+¢&
/ G(x)dx
Xi

0
would be Gaussian, and therefore so would

1 xo+€
G(xg) = Slirr%) - / G(x)dx.
— X0

However, the variance would necessarily be
xo+€ pxote
lim — / / k(x,y)dxdy =
e—0 27'[2 &2 (x.) Y=

Still, under the assumptions in (ii) or (iii), a limit may exist for {G,} when G, is
viewed as a linear functional

f— f F)dGy(),
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that is, a limit expressed in terms of a measure in a space of generalized functions.
The characterization of the limiting measure of course depends on the space, which
in turn relies on the set of test functions, which for now is restricted to functions
analytic on the support of F'. Work in this area is currently being pursued.

We emphasize here the importance of studying G,(x) which essentially
balances F B (x) with FHn and not F©# or EFB:(x). F©H cannot be used
simply because the convergence of ¢, — c¢ and that of H,, — H can be arbitrarily
slow. It should be viewed as a mathematical convenience because the result is
expressed as a limit theorem. From the point of view of statistical inference, the
choice of FH» gver EF5B»(x) is made simply because much is known of the
former, while little is analytically known about the latter.

The proof of Lemma 1.1 is divided into three sections. Sections 2 and 3
handle the limiting behavior of the centralized M,,, while Section 4 analyzes the
nonrandom part. In each of the three sections the reader will be referred to work
done in Bai and Silverstein (1998).

2. Convergence of finite-dimensional distributions. Write for z € G,,
M, (z) = M} (z) + M2(z) where
M (2) =n[mps, (z) —Emps, (2)]
and
M2 (2) = n[mgps, (2) — Mpenm (2)].

In this section we will show for any positive integer r, the sum
r
YoaiMy(z) (37 #0)
i=1

whenever it is real, is tight, and, under the assumptions in (ii) or (iii) of
Theorem 1.1, will converge in distribution to a Gaussian random variable.
Formula (1.13) will also be derived. We begin with a list of results.

LEMMA 2.1 [Burkholder (1973)]. Let {Xy} be a complex martingale differ-
ence sequence with respect to the increasing o -field {Fy}. Then, for p > 1,

e[ > x| < K, E(X 1xP)"”

(Note: The reference considers only real variables. Extending to complex variables
is straightforward.)

LEMMA 2.2 [Lemma 2.7 in Bai and Silverstein (1998)]. For X = (X4, ...,
X7 i.id. standardized (complex) entries, C n x n matrix (complex) we have, for
any p>2,

EIX*CX —trC|” < K,((E|X;[*tr CC*)P> 4 E| X, [*P tr(CC*)P/?).
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LEMMA 2.3. Let f1, f2,... be analytic in D, a connected open set of C,
satisfying | fn(2)| < M for everyn and z in D, and f,(z) converges, as n — oo for
each z in a subset of D having a limit point in D. Then there exists a function f,
analytic in D for which f,(z) — f(z) and f,(z) — f'(z) for all z € D. Moreover,
on any set bounded by a contour interior to D the convergence is uniform and
{f,(2)} is uniformly bounded by 2M /e, where ¢ is the distance between the
contour and the boundary of D.

PROOF. The conclusions on {f,} are from Vitali’s convergence theorem
[see Titchmarsh (1939), page 168]. Those on {f,} follow from the dominated
convergence theorem (d.c.t.) and the identity

’ _ L Su(w)
fa®) = 27 / dw O

c(w—2?2"

LEMMA 2.4 [Theorem 35.12 of Billingsley (1995)]. Suppose for each n
Yu1, Yno, ..., Ynur, is a real martingale difference sequence with respect to the
increasing o -field {F,;} having second moments. If as n — oo,

'n ,
. i.p.
() Y E|Fajo1) > 07,
j=1
where o2 is a positive constant, and for each & > 0,
'n
.. 2
(i) Y E(Yailqy,ze) = 0
j=1
then

n
3 ¥y B N@©,02).
j=1

Recalling the truncation and centralization steps, we get from Lemma 2.2
EIXCX.; —trC|P < K,||C||P [nP/? 4 §3P~Dp (P~ D]
<K ICIPa~ =l p=2.

Let v = Jz. For the following analysis we will assume v > 0. To facilitate
notation, we will let 7 = T;,. Because of assumption (2’) we may assume ||T'|| < 1
for all n. Constants appearing in inequalities will be denoted by K and may take
on different values from one expression to the next. Let r; = (1/+/N)T'/?X.;,

D(z)= B, —zl,Dj(z) = D(@) —r;jrj,

2.1

- 1 -
£j(2) =r;D; @r; = S uwTD; ' (2),

* y—2 1 -2 d
8j(@)=rjD; @) — L uTD; (@) =-¢j(2)
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and
B;(2) :
jR) =
1+r}ij ()
Bi(2) :
i Z == b
/ 1+ N-! trT,,DJ-_l(Z)
1
by(2) =

1+ N-EtT,D; ' (2)

All of the three latter quantities are bounded in absolute value by |z|/v [see (3.4)
of Bai and Silverstein (1998)]. We have
D)= D;'(2) ==D; ' @rjriD; (DB (2)
and from Lemma 2.10 of Bai and Silverstein (1998) for any n x n A
11
Sz

(2.2) tr(D!(2) — D} (2)) A <

For nonrandomn xn Ay, k=1,...,pand B;,l =1,..., g, we shall establish the
following inequality:

p q
E( [1riAr [[GiBiri — N TB;))’
=1

k=1

(2.3) ‘

p
< KN~ OO TT A TT B, p=0.g>0.
k=1 I=1
When p =0, g = 1, the left-hand side is 0. When p =0, ¢ > 1, (2.3) is
a consequence of (2.1) and Holder’s inequality. If p > 1, then by induction on
p we have

p q
E( H riAgr l_[(rikB[rl — Nt TB[))‘
k=1 =1

=

p—1 q
E( [1riAriGiApr =N aTA) B — N~ TB;))’
k=1 I=1

+uN" A,

p—1 q
E( [1riAxn []oiBr — N7 trTBD)‘
k=1 =1

p q
< KN~ OVOTT 1A TT 1B
k=1 =1

We have proved the case where g > 0. When g = 0, (2.3) is a trivial consequence
of (2.1).
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Let Eo(-) denote expectation and E;(-) denote conditional expectation with

respect to the o -field generated by ry, ..., rj.
We have

n[mFBn (Z) - EmFBn (Z)]

=tu[D'(z) —ED (2]

N
=Y wE;D"'(z) —trE;_1 D" (2)
j=1

N
=Y tE;[D7'(@) - D; ()] —trE; 1[D7' (2) — D7 (2)]
j=1

N
=— > (E; —Ej-DB;(ri D2 ()rj,
j=1

Write B;(z) = B;(2) — Bj(2)Bj(2)ej(2) = B;(2) — B;(2)ej(2) + Bi(2) x
Bj (z)sjz.(z). ‘We have then
(Ej —E;-)Bj@riD;*@)r;
=(E; — Ej_l)(,gj(Z)(sj(Z) - B?(Z)Ej(Z)Sj(Z)
_ 1 _
— B}@ej() 5w TD () + B (), (z)e?(z)r;fo(z)rj)
_ _ 1
— (5,208 0) ~ B2 ) 1 TD()

— (E; —Ej-)B;@)(£j(2)8(2) — Bj(@)r; D> (2)rje; (2)).
Using (2.3), we have
2
E

N
Y (Ej —Ej-1)Bi(2)e;(2)8;(2)
j=1

N
_ 21 EI(E; — E;—DA2@)e;(2)8; ()
i

N
<43 EIBi(2)e(2)8,(2))> = o(1).
j=1

Therefore, Z;V:l (E; —Ej—1) 5]2 (2)€(z)d(z) converges to zero in probability.
By the same argument, we have

N .
> (Ej —Ej_1)Bj()r; D (@)rje(z) 5 0.
J J
j=1
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Therefore we need only consider the sum

r N N r
Doy Yiz) =) > ai¥i(),

i=1  j=1 j=li=1

where
Yi(z) =—E; (Bj(Z)Sj(Z) - BJZ-(Z)SJ'(Z)% tr TDJ_Z(Z)> = —Ejd%,éj(Z)Sj (2).
Again, by using (2.3), we obtain
EY; (o) < K(ﬁEw @1+ 'Z'S(N) Elej 1) =o(v ),

which implies for any ¢ > 0

N r 1 N
ZE< I(\z,’ la,Y,<zl>|>s)> —ZZE
j=1

as n — 0o. Therefore condition (ii) of Lemma 2.4 is satisfied and it is enough to
prove, under the assumptions in (ii) or (iii) of Theorem 1.1, for zy, z» with nonzero
imaginary parts

r

4
> ai¥i(z)

-0

Yi(zi)

N
(2.4) Y EjilYjz1)Y(22)]
j=1
converges in probability to a constant (and to determine the constant).

We show here for future use the tightness of the sequence {}/_; o; M,} (zi)}-
From (2.3) we easily get E|Y (2)|>= O(N~1), so that

r N N r 2
EDY o > Yi(@)| =) E]D ai¥(z)
j=1 li=1

i=1  j=1

2

(2.5) o
<r Y il PE|Y; @) < K.
j=li=1

Consider the sum
(2.6) ZE] 1[E; (B (z0)ej(z))E; (B (z2)e(z2))]-

In the jth term (Vlewed as an expectation with respect to r;41, ..., ry) we apply
the d.c.t. to the difference quotient defined by B;(z)&;(z) to get
82
022021

(2.6) = (2.4).



CLT FOR LINEAR SPECTRAL STATISTICS 571

Let vo be a lower bound on |le| For each j let A’ = (1/N)T1/2E D (zl) X

TY2 i =1,2. Then trA’jA’j < n(voN)~2. Using (2 1) we see, therefore that
(2.6) is bounded, with a bound depending only on |z;| and vg.

We can then appeal to Lemma 2.3. Suppose (2.6) converges in probability
to a nonrandom limit for each zx,z; € {z;} C D ={z:v0 < |3z] < K} (K > v
arbitrary), a sequence having two limit points, one on each side of the real axis.
Then by a diagonalization argument, for any subsequence of the natural numbers,
there is a further subsequence such that, with probability one, (2.6) converges for
each pair zg, z;. Write (2.6) as f,(z1, z2). We concentrate on this subsequence
and on one realization for which convergence holds. For each z; € {z;} we apply
Lemma 2.3 on each of {z:v9/2 < Jz < K} and {z: —K < Jz < —vo/2} to get
convergence of fn(z z7) to a function f(z, z7), analytlc for z € D satisfying
3z fn(Z 71) — 8Zf(z z7). From Lemma 2.3 we see that fn(z w) is bounded
in w and n for all w € D. Applying again Lemma 2 3 on the remaining

Varlable we see that f;,(z, w) — f(z, w), analytic for w € D and 8 8 fu(z,w) —

dw dz fn(z, w). Since f(z,w) does not depend on the realization nor on the
subsequence, we have convergence in probability of (2.6) to f and (2.4) to the
mixed partials of f. Therefore we need only show (2.6) converges in probability
and to determine its limit.

From the derivation above (4.3) of Bai and Silverstein (1998) we get

E|B,(zi) — b () <K|Z'| N~L

Uo
This implies
E|Ej1[E(Bj (21, aN)E; (B (222 (2))]
— Ej-1[Ej (ba(@0)ej (2))E; (bu(z2)e (22))]| = O(N /2

from which we get

ZEH {(Bi(z)ej (21))E; (Bj(z2)e(22))]

N

— by (21)bn(22) Z E;i_1[Ej(gj(z1)Ej(gj(22))] b 0.
j=1
Thus the goal is to show
N
(27) bn(Zl)bn (ZZ) Z Ej—l [EJ (gj (Zl))Ej (8j (22))]
j=1

converges in probability, and to determine its limit. The latter’s second mixed
partial derivative will yield the limit of (2.4).
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We now assume the CG case, namely EX11 =o0(1/n) and EIX11]* =24 o(1),
so that, using (1.15), (2.7) becomes

bu(21)bn(22) 2thrT”ZE( T @))TE; (D7 (@) TV + o(1)A,),
J

where

Al < K (0 TE; (D} @) TE, (D} zn)

x trTE; (D} (22)) TE; (D} (zg))) ‘_om.

Thus we study

N
(28)  baz)balz2) 43 ZrTWE D7 (@))TE;(D; ' (z)) T/,

The RG case [T}, X1 real, E|X1]* =3 + o(1)] will be double that of the limit
of (2.8).
Let D;j(z) = D(z) —rir} — rjr;.k,
1 1

Bij(2) = ————— and bi(x)= —-
! 1+ 1D @)ri 1+ N-IEtT D}, (2)

We write

N — —1
Dj(z1) +z11 — by(z))T.

1 N
bi(z)T = Zriri* -
i#]

Multiplying by (z1 — %bl (z1)T)~! on the left-hand side, Dj_1 (z1) on the right-
hand side and using

riD; (1) = Bij D (1)

we get

_ ~1
Dj_l(m) = —<z11 _N lbl(Zl)T)

N_
+Zﬁij(21)(211— N

i#]

-1
Shi@nT) @)
(2.9)

-1 N-1 -1
b (a1 - hi@r) TG

N

N —

1 —1
b1<zl>T) +bi)AGD + B + CG),
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where
N-1 R -1 -1
A(Z1)=Z<11I— ln(on) (irf = NT'T)DF @),
i#£]
N-1 - * ny—1
Bz = Y (Bij 1) — bl(zo)(z,ll - blm)T) rrE D7 )
i#£]
and
_ —1
Cen =N (il - =~ 1b1<z1>T) T
x Y (D' @) = D} @),

i#]
It is easy to verify for any real ¢,
- _ A+ N'EuT DR )]
T Jz(1+ N-Et T D (2))

- lzI(1 +n/(Nvo)).
vo

t
1 —
‘ 2(1+N-Et T D}, (2))

Thus

_ -1
(1= XLy ar) | Lo/,

(2.10) ‘
vo

Let M be n x n and let || M ||| denote a nonrandom bound on the spectral norm
of M for all parameters governing M and under all realizations of M. From (4.3)
of Bai and Silverstein (1998), (2.3) and (2.10) we get

E|tr B(z1)M|

< NE'2(|B12(z1) — bi(z1)?)

@2.11) N1

2
< )

—1
bl(Zl)T> ri

ri*Di;l(zl)M<Z11 -

< K|lIM]|

2
|z [7(1 + 151/(Nvo)) N1/2
Yo

From (2.2) we have

lz1|(1 +n/(Nvo))
3 .

Yo

(2.12) lr Cz) M| < [|M]]



574 Z.D. BAI AND J. W. SILVERSTEIN

From (2.3) and (2.10) we get, for M nonrandom,
E|trA(z1)M|
N—1

—1
< KEl/ztrTl/zD,.;I(zl)M<zl1 - bl(Zl)T)

(2.13)
N -1

-1
x T(le - bl(Zl)T) M*D;'G)T'?

(I+ ”/(NUO))Nl/z'
v

< K|M]|

We write [using the identity above (2.2)]
(2.14) wE(A@)TD; (2T = Ai(z1, 22) + Aa(21, 22) + A3(21, 22),

where
N -1
N

—1
MGz ==Y (al = biET) € (0 @)

i<j

x TBij(z2)Dj;' (z2)rirf D} (2)T

=— > Bije)rfEj(D;' @)D} orirf

i<j

N

—1
S TR A

N —1

-1
Az(Z1,22)=—trZ<z11— b1(z1)T) NIT

i<j

x Ej(D;;'@)T (D} (z2) — Dj;' )T

and

N —1

-1
A3(Z1,Zz)=trz<z11— b1(z1)T) (rirf = N7'T)

i<j

x E;j (Di;l(m))TDi;l(ZZ)T-

We get from (2.2) and (2.10)

(I+n/(Nvo))

p)
Yo

(2.15) |A2(z1, 22)| =
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and similarly to (2.11) we have

ElAs (a1, 2)] < N0 2

Yo
Using (2.1), (2.3) and (4.3) of Bai and Silverstein (1998) we have fori < j

E|Bij (22)r/E (D} D) T D7 c2)rirf

» N-1 !
X D ()T 21! — bi(z)T | ri

— bi(z2)N " tr(E; (D}, (20) T D' (22)T)

-1 -1
bl(Zl)T) T)’

4 N
X tr Dij ()T z11 —

<KN~2
(K now depending as well on the z; and on n/N). Using (2.2) we have

-1 -1
bl(zl)T) T)

-1 -1
bl(zl)T) T)’

N
tr(E;(D;; (Zl))TD (zz)T)tr<D (22)T<z11—

_ _ _ N
—tr(E;(D; ' (z1))T D; 1(22)T)tr<Dj 1(22)T<Z1I -
< KN.
It follows that

1
bi(z2) tr(E; (DJ-_1 (21))TDJ-_1 (z2)T)

-1 -1
bl(Zl)T) T)‘

j_
E|A1(z1,22) + N2

1 N
(2.16) X tr(DJ- (22)T<Z1I -

<KN'72
Therefore, from (2.9)—(2.16) we can write
tr(E ( (Z1))TD (Zz)T)

[1+
N -1
= —tr((zll —

E|A4(z1,22)| < KN'/2,

- 1b1<m>T)_lT)}

-1
bGOT) TD T+ Astar. 22,

N
bl(Zl)bl (z2) tr(D (z2)T (211 -

where



576 Z.D. BAI AND J. W. SILVERSTEIN
Using the expression for DJ-_1 (z2) in (2.9) and (2.11)—(2.13) we find that

tr(E; (Dj_1 (Zl))TDj_1 (z2)T)

j—1
X [1 B b1(z1)b1(z2)

N, T_IT N, T_IT
xtr<<22 - 1(22)) (Zl — 1(21)> )}

= N1 T_IT J T_IT
—tr<<22 - 1(22)) <z1 - N 1(Z1)) )

+ As(z1, 22),

where
ElAs(z1,22)| < KN'/2.
From (2.2) we have
b1(2) = ba(2) < KN
From (4.3) of Bai and Silverstein (1998) we have
|ba(z) —EB1(2)| < KN~/2,
From the formula
| N
My==_N J; Bj(2)
[(2.2) of Silverstein (1995)] we get EB(z) = —zEm,, (z). Section 5 of Bai and
Silverstein (1998) proves that
[Em,(z) —m) ()| < KN~
Therefore we have
(2.17) 1b1(2) + zm0 (z)| < KN/,
so that we can write

w(E;(D; ' (20))TD; ' (z2)T)

x [1 - j]\;lmg,(m)m?,(zz)
(2.18)
x tr((I +m®(z)T) ' T(1 +m(,)l(zl)T)_1T)]

1 _ _
= ;tr((l +m® (z2)T) 1T(I +m%(z)T) 1T) + Ae(z1, 22),
122



CLT FOR LINEAR SPECTRAL STATISTICS 577

where
E|As(z1.22)| < KN'/2.
Rewrite (2.18) as
tr(E; (D' (z1))T D} (22)T)

X [1 _J1= !
N
2dH, (1)

B / (1 + 1m8 ) (1 + tmY (22))
Using (3.9) and (3.16) in Bai and Silverstein (1998) we find
2
0 0 t“dH, (1) ‘
Cym m
”—"(“)—”(7’2)/ I+ ) (0 + 1m0, (2))

t2dH, (1) ]

0 0
cnm,,(m)mn(zz)/(1+tm%(11))(1+tm0(zz))

+ Ae(z1, 22).

(2.19)

B [/ 2 dH, (1) }
L T+ m0 ) + m (z))

t dH, (1) tdHy(1) \]7'
X[(‘“”” 1+rm°<z1))< @2 /1+tm0(zz))} ‘
< 12dH, (1) tdH, (1) ‘)1/2
) MmO @ T+ tm0 )
( t2dH, (1) tdH,(1) ‘2)1/2
| ——— —_—
11+ tm9 (z2)? 14 tm9(z2)
2
{((~.0 t“dH,(t) )
_<(~9mn(Z1)Cn |1+tm91(21)|2

12dH, (1) )‘1)1/2
11+ 1mf (z1)?

Sm (22) M
X <<~smn 22)Cn |1+tm%(12)|2>

2 —1\1/2
- 0 t“dH, (1) ) )
X Sz20+33m> (22)c _ <1
( 2SI @) [0

<

—Z1

X (Ts 71+ %m(z,(m)cn

since
12dH, (1) )‘1
11+ 1mf (2)?

is bounded away from 0. Therefore using (2.17) and letting a,(z1, z2) denote
the expression inside the absolute value sign in (2.19) we find that (2.8) can be

Sz (Ts m?, (2)en
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written as

an(z z)ii 1 + A7(z1,22)
N ST (= D/Nanzz)

where
ElA7(z1,22)| < KN7V2.

We see then that

i.p. 1 1 a(zi,z2) ]
(2.8>—>a<m,zz>/ 7dt=/ dz
o 1—ta(zy,z2) 0 11—z

where
2dH (1)
+tm(z1))(1 + tm(z2))
__m@)m(z) (c tdH() . tdH (1) )
m(z2) —m(z1) 1 +1m(z1) 1 +1m(z2)
m(z1)m(z2)(z1 — z2)
m(z2) —m(z1)

a(z1, z2) = em(z))m(z) / X

=1+

Thus the i.p. limit of (2.4) under the CG case is

92 a(zi,z2) 1
/ dz
022021 Jo 11—z

0 (9a(z1,22)/9z1
_3—22< I —a(z1,22) )
_i[(ﬂ(Zz)—ﬂ(Zl))(m/(Zl)m(Zz)(Zl—22)4‘&(21)&(22))
0z (m(z2) —m(z1))?

m(z1)m(z2)(z1 — Zz)m’(m)]
(m(z2) —m(z1))?

m(z2) —m(z1)
m(z1)m(z2)(z2 — z1)
_ 0 (m'zD) 1 m'(z1) )
- azz(mzl) o n  m@ —m@
_ m'(z)m'(z2) 1
(m(z2) —m(z1))? (21 —22)?

which is (1.13).
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3. Tightness of M,}(z). We proceed to prove tightness of the sequence of
random functions M\nl (z) for z € C defined by (1.11). We will use Theorem 12.3
[Billingsley (1968), page 96]. It is easy to verify from the proof of the Arzela—
Ascoli theorem [Billingsley (1968), page 221] that condition (i) of Theorem 12.3
can be replaced with the assumption of tightness at any point in [0, 1]. From (2.5)
we see that this condition is satisfied. We will verify condition (ii) of Theorem 12.3
by proving the moment condition (12.51) of Billingsley (1968). We will show

EIM!(z1) — M} (z2)?
sup 3
n;21,22€Cy |Z1 - Z2|

is finite.

We claim that moments of | D~!(2)||, ||Dj_1(z)|| and ||Di;1(z)|| are bounded in
n and z € G,. This is clearly true for z € G, and for z € ¢; if x; < 0. For z € G, or,
if x; >0,z € G, weuse (1.9) and (1.10) on, for example B() = B, — rir{, to get

_ _ B
EIID; @I < K1+ v PP(| Bay| = 1y or Ay < mi)

min —
< Kj -|-K21’lp€_pn_Z <K
for suitably large £. Here, 1, is any fixed number between limsup,, ||7']|(1 + /¢ )?

and x,, and, if x; > 0, n; is any fixed number between x; and liminf, Agﬁn(l —
\/E)z (take n; < 0 if x; < 0). Therefore for any positive p,

3.1) max(E[ID~ ()17, EID; ' @7, EID;' )1I7) < K.

We can use the above argument to extend (2.3). Using (1.8) and (2.3) we get

q
’E(a(v) []tiBi@r — N TB](U)))’
=1

(3.2)
< KN~1r)5Q2a=HV0 q>0,

where now the matrices B;(v) are independent of r; and
max(ja()], | Bi()[) < K (1 4 n*I(||Ball = 1 or A, <))

for some positive s, with B being B, or B, with one or two of the r;’s removed.
We would like to inform the reader that in applications of (3.2), a(v) is
a product of factors of the form B;(z) or r{A(z)r; and A is a product of one
or several D 1(z)Dl_l(z j)s j = 1,2 or similarly defined D! matrices. The
matrices B; also have this form. For example, we have |r{ D 1(zl)Dl_l(zz)rll <

_ _ B
P10 @D @)l < K20, + [zln® P2 I By ]| = my or Ay < mp), where
K can be taken to be max((x, — r;r)_l, (i — X)L, vo_l), and where we have
used (1.10) and the fact that |r|? < n, if |B,|| < 1, and |r1]|*> < n otherwise.

We have || B;|| obviously satisfying this condition. We also have f1(z) satisfying
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this condition since from (3 3) (see below) |B1(2)| =1 — ri“D‘lr1| <14+ Kn +
|z|n2 I (|| By || > Ny Or A By n7). In the sequel, we shall freely use (3.2) without

min —
verifying these conditions, even similarly defined 8; functions and A, B matrices.

We have
-1 -1
D (2)rjriD; (2)
xy—1 .
1+erj (2)r;

=—B,(2)D; ' (r;riD;' @)

D7) - D) =-
(3.3)

Let
yj(@) =r;D;' @r; — NT'E(r(D; ' (2)T)).
We first derive bounds on the moments of y;(z) and &;(z). Using (3.2) we have
(3.4) Elej(2)|” < K,N~'62P~%  peven.

It should be noted that constants obtained do not depend on z € C,,.
Using Lemma 2.1, (3.2), and Hélder’s inequality, we have, for all even p,

Elyj(2) —&;(|” =Ely1(x) —e1()|”
P

ZE wrTDi(z)"' —E;j_1r TD ' (2)
] =2

ZE wr7(Dy ' () — DT} (2)

p
—Ej1trT(Dy () — Dy ()

p
Ej-1)B1;(@)r Dy} (DT D} @)r;

B N ) p/2
< N_I;E<Z|<E i = Ej=0B1 @} Dy T Dy @)r )
j=2

K, Y _ _
< NTI;/Z Z E|(E; — Ej_l)ﬁlj(z)r;‘Dljl(z)TDljl(z)rj]p
j=2

E|:312(Z)F§D12 (Z)TDlz (Z)r2|p
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Therefore
(3.5) Ely;|? < K,N~'52P74, p>2.
We next prove that b,,(z) is bounded for all n. From (3.2) we find, for any p > 1,
(3.6) ElB1(2)|” < Kp.
Since b, = B1(z) + B1(2)b, (2)y1(z) we get from (3.5), (3.6)
16 (2)| = [EB1(2) + E1 ()b (2)11(2)] < K1 + K2|bu ()N T2,

Thus for all n large,

K
|bn(2)] < m

and subsequently b, (z) is bounded for all .
From (3.3) we have

D@D (z2) — D7 z1) D (z2)
=(D7'(z1) = D7 @) (D' (z2) — D; ' (22))
+ (D72 = D' @)D (z2)
+ D7 (21)(D™! (z2) — D} (z2))
= BB (22) D} @rjriD; @)D} (z22)rjri DT (22)
— Bj@)D; " )rr; Dy (21D} (22)
— Bj(z2)D; ' (z1) D z2)rjri D (z2).
Therefore
w(D~ @)D (22) = D} ' @) D} (22)
3.7) =B (@B @) (D @)D} @)’
— Bj(z)r; D72 @)D} @)rj — Bj(z2)rf D (22) D} (zi)r).
We write

1
ma (1) = ma(22) = (D~ (z1) — D '(z2))

1 1 -1
:E(ZI—ZZ)trD (z1)D™ (22).
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Therefore, from (3.7) we have

@1 = ma(22) — B(ma(21) — ma(22))
21— 22

(Ej —E;-ntuD ' (z1)D7 (z2)

p”1z

~.
Il
=

(Ej —Ej-DBj(@)B; ) (rf D7 1) D} z2)r))?

p”12

(3.8)

~.
Il
=

- Z(Ej —Ej-)Bj @)D @)D} o)

j=1

N
- ZI<E,~ —Ej-)Bj@)riD @)D @)r;.
]:

Our goal is to show that the absolute second moment of (3.8) is bounded. We
begin with the second sum in (3.8). We have

N
> (Ej—Ej_DBj (Z1)F7D]-_2(Z1)Dj_1(zz)rj

N
= .ZfEf —Ej-D)(baz)ri D221 D (22)r
J:

— Bj @bz D (1) D (2277 (21))
N
=by(z1) Y_E;(rD;*(z1)D; ! (z2)r
j=1
~ N uT 2D @)D @) T!)

N
—ba(z1) ) (Ej —Ej_D)B; )i D; @)Dy (z2)rjyi(z1)
j=1
= by (z1) W1 — bp(z1) Wa.

Using (3.2) we have
al 2
EIW1I> =) E[E;(riD;*(z1)D; ' c)rj — N~ u T2 D 2 (z) D} ()T /)|

j=1
<K.
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Using (3.5), and the bounds for 81(z;) and rf‘Dl_z(m)Dl_l(zz)rl given in the
remark to (3.2), we have

N
_ — 2
EIW2> = ) E|(E; —E;—0)Bjz)r{D; > 1) D} z2)rjvj (1))
j=1
_ B
< KN[En@D)l + v P(IBy]l > 0y or Ay < mi)]

<K.

This argument of course handles the third sum in (3.8).
For the first sum in (3.8) we have

N
Zl<Ej —E;_1)Bi(1)B; ) (r; Dy @)Dy (zo)ry)
]:

N
= bu(z1)bu(22) Y_(E; —E;—D[(r} D7 ' 2)) D7 ' (22)r))?
j=1

— (N T 2D @) D7 ) T

N
—bu(22) Y (B — Ej—DBj @B @) (ri DT ) DT @2)r)) v (22)
j=1

N
— bu(20bn(z2) Y (E; — E;1)B; ) (D} @)D (22)ry) v (21)
j=1
= by (21)bn(22)Y1 — bu(22) Y2 — by (21)Du(22) Y3.
Both Y and Y3 are handled the same way as W5 above. Using (3.2) we have
ElV12 < NE|(r{ D' 1) Dy ' (22)r1)°
< N(2€|(r{ D7 @) DT @)
_ N_ltrT1/2D1_1(ZI)DI_1<Z2)T1/2)|4

+4(mN~H2E|(rf DT ) Dy N (z2)r
—N'uT"2Dr @)Dy (2) T )

< ID7 @) D7 @)
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Therefore, condi/ti\on (ii) of Theorem 12.3 in Billingsley (1968) is satisfied, and
we conclude that {Mn1 (z)} is tight.

4. Convergence of M,f(z). The proof of Lemma 1.1 is complete with the
verification of {M,%(z)} for z € G, to be bounded and form an equicontinuous
family, and convergence to (1.12) under the assumptions in (ii) of Theorem 1.1
and to zero under those in (iii).

In order to simplify the exposition, we let C; = G, or C, U C; if x; <0, and
Cr =Cy(n) =G, or G, UGy if x; > 0. We begin with proving

4.1) sup |[Em, (z) —m(z)| = 0 as n — o0.
zeCy

Since FBx B FeH almost surely, we get from d.c.t. EFEn B peH 1iis easy
to verify that EF2» is a proper c.d.f. Since, as z ranges in €y, the functions
(A —2)""in 1 € [0, 00) form a bounded, equicontinuous family, it follows [see,
e.g., Billingsley (1968), Problem 8, page 17] that

sup |[Em ,(z) —m(z)| — 0.
z€Cy

For z € G, we write (1, n, defined as in the previous section)

1
Em, (z) —m(z) =/El[nz,nrl(k>d(EF§"(k) — FH )

1
+E/K—_Z1[n,,n,]c()\)dFﬁn()\).

As above, the first term converges uniformly to zero. For the second term we
use (1.9) with £ > 2 to get

1
s E/ k—_zl[m,nr]c‘(k) dFB(3)

I4=16)
_ B,
< (ex/n) " "P(IIBull = n, or A" <)

< Kne~'n=t 0.

Thus (4.1) holds.

From the fact that F¢ i 4 F&H [see Bai and Silverstein (1998), be-
low (3.10)] along with the fact that € lies outside the support of F&# it is straight-
forward to verify that

4.2) sup Im(,),(z) —m(z)| =0 asn — 00.
zeC

We now show that

(4.3) sup |(Em, ()T +1)""| < 0.

nzeC,
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From Lemma 2.11 of Bai and Silverstein (1998), ||(Em, ()T + D7 s
bounded by max (2, 4v, 1) on C,. Let x = x; or x,. Since x is outside the support of
FH it follows from Theorem 4.1 of Silverstein and Choi (1995) that for any ¢ in
the support of H m(x)t + 1 # 0. Choose any g in the support of H. Since m(z) is
continuous on C¥ = {x +iv:v € [0, vy]}, there exist positive constants 61 and pig
such that

inf [m(z)to+1|>38; and sup [m(z)| < wo.
zecl zeC0

Using H, 2 Hand (4.1), for all large n, there exists an eigenvalue A7 of T such
that |AT — #o| < 81/4mo and Sup,ecue, IEm,(z) —m(z)| < 81/4. Therefore, we
have

inf |E AT 411> 681/2
zelel,lue,l m, (D)L +1]>81/2,

which completes the proof of (4.3).
Next we show the existence of & € (0, 1) such that for all n large

2 1 ‘
(4.4) S0P |eaEm, (2 / T B @ 0] <

From the identity (1.1) of Bai and Silverstein (1998),

p -1
m(z) = <—Z+c/71 o dH(t))

valid for z = x + iv outside the support of F¢; we find

t2

p -2
_Z+C/71+tm(z) dH(t)‘ .

X

Therefore

2 r?
om(z) / (1 + m(2))? dH(”‘
£2 t
S(C/|1+tm<z>|2‘“q<’)>’_“”/1+tm(z> dH )

t2
= (*‘WC/ m‘”’“))

4.5 X [v + Im(z)c

-2

t2 —1
/ Trmopr Y (”]
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_ 1 c,H tz
= (e[ = [ i imr 44 0)

1 H 12 -1

for all z € C. By continuity, we have the existence of £&; < 1 such that
(4.6) sup

2 1
Sup |em@) / A+mo ! (”‘ <5t

Therefore, using (4.1), (4.4) follows.

We proceed with some improved bounds on quantities appearing earlier.

Let M be nonrandom n x n. Then, using (3.2) and the argument used to derive
the bound on E|W;|, we find

EltD'M —EtwD'M|?

N 2
=E|Y EjuD 'M—E;_juD'M
j=1
N 2
=E[Y (E;—Ej_pu(D~' — Dj_l)M
j=1
al 1 1 2
(4.7) = ZE|(EJ- —Ej_1)BjriD; MDj rjl

j=1
N
<23 E|[j¢iD;'MD; ' rj) = N~ w(T D' MDY
j=l1
+EIB; — B;IINT! tr(TDJ-_lMDj_l)lz]
<K|M|>.
The same argument holds for Dl_1 so we also have
(4.8) EluD;'M —EuD;'MP> <K |M|>.

Our next task is to investigate the limiting behavior of

N(c AED e )
n 1+tEmn n n

1
= NEB, [r;‘Dl—l(EmnT +D7 - N ErEm, T+ I)_ITD_I}

for z € G, [see (5.2) in Bai and Silverstein (1998)]. Throughout the following,
all bounds, including O(-) and o(-) expressions, and convergence statements hold
uniformly for z € C,.
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We have
Et(Em,T + 1) 'TD;' —Ew(Em, T+ 1)~'TD™!
4.9) =EBi1tw(Em,,T + 1)~ TD 'riri DY’
= b,E(1 = Bry))ri Dy N Em, T + 1)~ 'T D] 'y
From (3.2), (3.5) and (4.3) we get
Egiyiri Dy Em, T+ D' TD ' | < KN7L
Therefore
|(4.9) — N"'b,Etr DT Em, T+ D' TD;'T| < KN
Since 81 = b, — bﬁyl + ﬁlbﬁyf we have
NEBrD; (Em, T+ 1)"'r) —EBIEw(Em, T + 1) T Dy
= —biNEyiri Dy (Em, T +1)"'ry
+ b (NEB1y{ri Dy (Em, T + 1)~y
— (EB1yP)EwEm, T+ D~ 'TD; )
= —b2NEy Dy Em, T+ 1)"'ry
+ b2 (E[NB1yEri DT Em, T+ 1) 'r
— Byt Dy Em, T + D7'T))
+b2Cov(Bryl, tr Dy H(Em, T 4+ 1)7'T)
[Cov(X,Y)=EXY — EXEY]. Using (3.2), (3.5) and (4.3), we have
[E[NB1yri DT (Em, T + 1)7'r) — Byt u Dy YEm, T+ 1)7'T]| < K82,
Using (3.5), (3.6), (4.3) and (4.8) we have
|Cov(ry?, tr D (Em, T + 1)7'T)|
< EBINH*ENIH?
x (Eloe Dy Em, T+ 1)"'T —Ew D Em, T+ 1)"'T|})"?
<K§N~4,

Since B1 = b, — b, B1y1, we get from (3.5) and (3.6) ESy = b,, + O(N~1/?).
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Write
ENyiriDy (Em, T +1D7'ry
= NE[(r{ Dy 'ri = N"'uD{'T)
x (rfDy Y Em, T+ D7 = NYa DU Em, T + D7)
+ N~ Cov(r D' T, r DT (Em, T+ 1)7'T).
From (4.8) we see the second term above is O (N ~!). Therefore, we arrive at

( dH, (1)
N(cy | ————
1+tEm,

+zanmn>
=bIN'Eu D Em, T+ D)7 'TD'T
(4.10) — bINE[(D;'ri — N D'T)
x (rf D7 Em, T+ 1)7'ry
~NtuD Y Em,T+D7'T)]
+o0(1).

Using (1.15) on (4.10) and arguing the same way (1.15) is used in Section 2
[below (2.7)], we see that under the assumptions in (iii) of Theorem 1.1, the CG
case

4.11) N<c A1)

+ zc,Em,, | — 0 asn — oo,
n 1+tEmn Cn n)

while under the assumptions in (ii) of Theorem 1.1, the RG case

N(c M+zc Em )
n 1 +(Em, nEMy

= -b2N'Etu Dy EM, T+ D7'TD'T +0(1).

Let A,(z)=c, [ ldHi”(’) + zcy,Emy, (z). Using the identity

+Em, ()
(d —cn)
Z

Emn(Z) = - + c,Emy,

we have

An(2) 4H.(6) +2Em, () + 1
ZW(D=cp | ———— —c, m,
¢ 1 +tEm,(2) ¢El L

= —Em,(2) (—z — tdH, (1) )

top | —
Em, (z) " 1 +tEm, (z)
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It follows that

tdH,(t)

Em, (z =[—z+cn —_—
m, (2) 1 +tEm,(2)

-1
+ An/Emn(z)} :
From this, together with the analogous identity (4.4) we get
Em, (z) — m',(2)

(4.12)
=—m" An[l — c,Em,m° /

2dH, (1) ]_1
Em,)(1+tm?)

We see from (4.4) and the corresponding bound involving ﬂ?; (z), that the
denominator of (4.12) is bounded away from zero.
Therefore from (4.11), in the CG case

sup M,%(Z)—)O asn — oo.
zeCy

We now find the limit of N~ 'Etr Dl_l(EmnT + I)_ITDI_IT. Applications of
(3.1)-(3.3), (3.6) and (4.3) show that both

EwD;"Em, T+ D7 'TD'T —EwD Y Em, T+ D~'TD]'T
and
EeD ' Em, T+ D 'TD'T —Euw DV EM, T+ D~'TD™'T
are bounded. Therefore it is sufficient to consider
N'EuD Y Em, T+ 1)'TD7'T.
Write
N
D@)+zl —by()T =) rirf —by()T.
j=1

It is straightforward to verify that zI — b, (z)T is nonsingular. Taking inverses we
get

D7 z)=—(zf - b,,(z)T)_1
N
+ 3 Bl = ba(@T) 'rjriD;(2)
j=1
— by(2) (I = ba())T) ' TD ™' (2)
= (2] —by()T) " +bp(2)AQR) + B(z) + C(2),

(4.13)
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where
AGR) = i(zi —ba(T) " (rjrs = NT'T)D} ' (2),
1;1
B(z) =) (8j(2) = ba(2))(al ~ bu(T) ' rjriD7 (2)
and a

M=

C@) =N"bu(@) (I —ba@T)"'T Y (D7 () - D™\ (2))

J

Il
—

-

Il
—

= N5, (] = bu(T) "' T Y B; D} @rjri D7 ).
J

Since EBy = —zEm, and EB; = b, + O(N~") we have b, — —zm. From (4.3) it
follows that || (zI — b, (z)T)~"|| is bounded.
We have by (3.5) and (3.6)

(4.14) ElB1 — bul* = |bu*ElBin1|* < KN
Let M be n x n. From (3.1), (3.2), (3.6) and (4.14) we get
INT'Etr B(z)M| < K(E|B1 — by )2 Elriri | DT M| 1)1/?

4.15)
< KN"V2E[M|H*
and
wi6) INT'Etr C(x)M| < KNT'E|Bi|rir I DT IM|

< KNV EM|PH.

For the following M, n x n, is nonrandom, bounded in norm. Write

(4.17) trA()TD™'M = A1(2) + A2(2) + A3(2),
where
N
Al =ty (I =b, ) 'ryriD; ' T(D™ = DM,
j=1
N
MA@ =ty (I —b, ) rjriD;'TDT = NT'TD' TD M
j=1
and

N
A3@)=try (I =b,T)"'N'TD7'T(D7' = DM,
j=1



CLT FOR LINEAR SPECTRAL STATISTICS 591

We have EA,(z) = 0 and similarly to (4.16) we have
(4.18) IEN"'A3(2)| < KN~
Using (3.2) and (4.14) we get
ENT'A1(z) = —EBiri Dy TD 'rirf DY "M (21 — b, T) 7'y
= —b,E(IN"'u D' D' TY (N e DY M (21 = b, T)7IT) + 0(1)
=—b,EIN"'uD'TD'T)Y(N"'a D' M (2l — b, T)7'T) + 0(1).
Using (3.1) and (4.7) we find
|Cov(N ' D 'TD ' T, Nt e DT M (21 — b, T)7'T)|
<EINTaeD'TDITPHVAN!

x (Elr D~'M(zI — b, T)'T —ED'M(zI — b, T)~'T?)"/?
<KN7L
Therefore
EN"'A1(2)
(4.19) = —b,EN 'uD'TD7'T)

x (EN"'e D™'M(z1 — b, T)™'T) + o(1).
From (4.13), (4.15) and (4.16) we get
EN'uD Tzl —b,T)"'T
(4.20) =N"tr(=(I —b,T)"' +EB(z) + EC(2))T(zI — b, T)"'T

Cn 2dH, (1)
22 ) (1+41Em,)?

+o(1).

Similarly,

EN'«uD Y Em, T+ D)7 'T@l —b,T)7'T
4.21)
cn t2dH,(t)

2) (I +iEm,)
Using (4.13) and (4.15)-(4.20) we get
EN'uD'TD'T
=—EN'D'T(zI = b,T)7'T
—b2ENuD'TDTITYENT DI T (21 — b, T)TIT) +0(1)
o 2dH, (1)
22J) (14+1Em,)?

+o0(1).

(1+Z2Em2EN ' D7'TD7IT) + o(1).
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Therefore
EN 'uD 'TD™'T

[cn t2dH, (1) ][ Em2t>dH,(t)
22) (1+1tEm,)? (1+1tEm,)?

Finally we have from (4.13)—(4.19), (4.21) and (4.22)
N'euD Y Em, T+ D 'TD7'T
=—EN'DYEm, T +D)7'T @l —b,T)7'T
—b2EN"'ueD'TDIT)
x (EN"'ae D™V EmM, T+ D' Tl —b,T)'T) +0(1)
o 2dH, (1)
~22) (141Em,)3

12dH,(1) Em2t2dH,(1)7"!
2 2 [ e o ] ) e
x( +z°Em;, 2 GxiEm 2 Cn (1 1Em, )2 +o(1)

(4.22) 4
} +o(1).

2 2.2 —1
_[cn t“dH, (1) M B Em’ ¢ dH,,(t)] +o(l).

122 A +1Em, ) ] T+ 1Em,)?
Therefore, from (4.12) we conclude that in the RG case

m(2)*r* dH (1) (1 . [r@'PdH®

-2
—(1 n tm(z))z ) asn — oo,

su M2 7)— ¢
é’ #0) (1 +1tm(z))3

which is (1.12).

Finally, for general standardized X1, we see that in light of the above work, in
order to show {M,% (z)} for z € ©G, is bounded and equicontinuous, it is sufficient to
prove { f,(z)}, where

fo(2)=NE[(riD{'ri = N~ ' D;'T)
x (rFD7 Em, T+ D7y = N"'u D7 Em, T+ 1)7'T)]
is bounded. Using (2.3) we find
If'@)] < KN_I((E(trDl_zTﬁl_zT)
x E(tr D (Em, T + )™ 'T(Em, T+ 1)"'D; 'T))"
+ (E@D;'TD,'T)

x E(tr D72(Em, T + )" T(Em,T +1)"' Dy 1))
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+ |Em, |(E(r DT TD, ' T)
x E(tr Dy Y(Em,, T + 1)7*T3
x E@,T+ 172Dy 'T))"?).

Using the same argument resulting in (3.1) it is a simple matter to conclude that
Em’,(z) is bounded for z € C,. All the remaining expected values are O(N) due
to (3.1) and (4.3), and we are done.

5. Some derivations and calculations. This section contains proofs of
formulas stated in Section 1. We begin with deriving some properties of m(z).
We claim that for any bounded subset S of C,

(5.1) inf |m(z)| > 0.
z€S

Suppose not. Then there exists a sequence {z,} C CT which converges to a number
for which m(z,,) — 0. From (1.2) we must have

tm(zp)

——dH(@)— 1.
1+tm(zn)

However, because H has bounded support, the limit of the left-hand side of the
above is obviously 0. The contradiction proves our assertion.

Next, we find a lower bound on the size of the difference quotient (m(z1) —
m(z2))/(z1 — zp) for distinct z; = x +ivy, 20 =y +iva, vy, v2 # 0. From (1.2) we
get

i1 —22=

m(Zl)—m(zz)< / m(z1)m(z2)t> dH(t) )
m(z1)m(z2) (1 +m(z1)(A +tm(z2)) /)

Therefore, from (2.19) we can write

m(z1) — m(z2)
21— 22

/ m(z1)m(z2)t> dH (1) }_1
(1

= [m(zl)m(zz)][l - +tm(z1))(1 + tm(z2))

and conclude that

(5.2)

‘w S ImEm ().

i1 — X2

We proceed to show (1.17). Choose f, g € {f1,..., fx}. Let Sp denote the
support of FSH andleta # 0, b be such that Sg is a subset of (a, b), on whose
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closure f and g are analytic. Assume the z| contour encloses the zo contour. Using
integration by parts twice, first with respect to z> and then with respect to z1, we
get

_ L[ _fege) d
RHS of (1.7) = 702 // (@D —m() lem(m)dzdel

1
T on2 /,/ f'(z1)8(z2) log(m(z1) — m(z2)) dz1 dz>

(where log is any branch of the logarithm)

1
=3 / / f@)g @)[In|m(z1) — m(z2)|

+ i arg(m(z1) — m(z2))]dz1dzo.

We choose the contours to be rectangles with sides parallel to the axes. The
inside rectangle intersects the real axis at a and b, and the horizontal sides are
a distance v < 1 away from the real axis. The outside rectangle intersects the real
axis at a — ¢, b + ¢ (points where f and g remain analytic), with height twice that
of the inside rectangle. We let v — 0.

We need only consider the logarithm term and show its convergence, since the
real part of the arg term disappears (f and g are real valued on R) in the limit, and
the sum (1.7) is real. Therefore the arg term also approaches zero.

We split up the log integral into 16 double integrals, each one involving a side
from each of the two rectangles. We argue that any portion of the integral involving
a vertical side can be neglected. This follows from (5.1), (5.2) and the fact that
z1 and zo remain a positive distance apart, so that |m(z1) — m(z2)| is bounded
away from zero. Moreover, at least one of |m(z1)|, |m(z2)| is bounded, while the
other is bounded by 1/v, so the integral is bounded by KvInv~! — 0.

Therefore we arrive at

1

b rbte _
—;gft/ﬁKﬂ@+ﬂw§@+ho+fu+ﬂm§@+wn

X In|m(x 4+i2v) — m(y +iv)|
(5.3) — (f'(x+i2v)g'(y +iv)

+ (x4 i20)g'(y + iv))

x In|m(x +i2v) —m(y +iv)|]dx dy.
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Using subscripts to denote real and imaginary parts, we find

L b obte iy . / . ' .
(5.3)2—;/61 /a_g [(ff(x+i20)g.(y +iv) — fl(x +i20)g; (y +iv))
x In|m(x +i2v) —m(y +iv)|
— (G +i20)g(y +iv)

+ fl(x +i2v)gl(y +iv))

x In|m(x +i2v) —m(y +iv)|]dxdy

1 b pbte m(x +i2v) —m(y +iv)
5.4 =—/ / ! i2v)g jv)In | — — dxd
(5.4) 2 ] Jfr(x +i2v)g,.(y +iv)In G+ i20) —m(y + 10| XY

1 b pb+e , ) , )
+—2/ fi(x +i2v)g;(y +iv)
T Ja Ja—e

(5.5) x In|(m(x +i2v) —m(y +iv))

x (m(x +i2v) —m(y +iv))|dxdy.

We have for any real-valued /, analytic on the bounded interval [«, 8] for all v
sufficently small

(5.6) sup |hi(x +iv)| < K|vl,
x€la,B]

where K is a bound on |4/ (z)| for z in a neighborhood of [«, B8]. Using this and
(5.1), (5.2) we see that (5.5) is bounded in absolute value by Kvilnv ! = 0.

For (5.4) we write
m(x +i2v) —m(y +iv)
m(x +i2v) —m(y +iv)

(5.7) In

11 (1 4m; (x +i2v)m;(y +iv) )
=—In .
2 Im(x +i2v) —m(y +iv)|?

From (5.2) we get

1 16m . i ‘ .
RHS of(5.7)§—1n<1+ m G + i20)m, O + i) 2>‘
2 (x =) Im(x +i2v)m(y + iv)|
From (5.1) we have
m;(x +i2v)m;(y +iv)
sup

x,y€la—e,b+e] |m(x +i2v)m(y + iv)|2 .
ve(0,1)
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Therefore, there exists a K > 0 for which the right-hand side of (5.7) is
bounded by

(5.8) 5 1+L
' 2n< (x—y)2>

for x,y € [a — &, b + €]. It is straightforward to show that (5.8) is Lebesgue inte-
grable on bounded subsets of R2. Therefore, from (1.19) and the dominated con-
vergence theorem we conclude that (1.20) is Lebesgue integrable and that (1.17)
holds.

We now verify (1.18). From (1.2) we have

d 2 ?m?(2) =
d—m(z) m (Z)[I—C/de(t)] )

In Silverstein and Choi (1995) it is argued that the only place where m’(z) can
possibly become unbounded are near the origin and the boundary, dSFr, of Sf. It
is a simple matter to verify

2 Z(Z)
Exf_4 /f(z)—log(l— /7(1“”1(2))2(1110))@

=i [ Fron(1 = | <1+2z;(<zz)>>2 4H )bz

where, because of (2.19), the arg term for log can be taken from (—m /2, w/2). We
choose a contour as above. From (3.17) of Bai and Silverstein (1998) there exists
a K > 0 such that for all small v,

tzmz(x-i-iv) )
l—c/ it dH(t)‘ > Kol

Therefore, we see the integrals on the two vertical sides are bounded by
Kvlnv~!' — 0. The integral on the two horizontal sides is equal to

1_/ ?m?(x +iv)
¢ (1+tm(x +iv))?

1 b, ) 2m?(x +iv)
+E/a f,(x—i—zv)arg(l—c/(1+tm(x+iv))2 dH(t))dx.

Using (2.19), (5.6) and (5.9) we see the first term in (5.10) is bounded in absolute
value by KvInv~! — 0. Since the integrand in the second term converges for
all x ¢ {0} U dSF (a countable set) we get, therefore, (1.18) from the dominated
convergence theorem.

We now derive d(c) (¢ € (0, 1)) in (1.1), (1.21) and the variance in (1.22). The
first two rely on Poisson’s integral formula

5.9 inf
6:9) xeR

1 b,
Z./a fix+iv)ln

(5.10)

(5.11) @)= — /zn () L-r do
' M=l T T rcos0—)
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where u is harmonic on the unit disk in C, and z = re'?® with r € [0, 1). Making
the substitution x = 1 4+ ¢ — 2,/ccos we get

d(c) lfzn sin”6 In(1 + ¢ — 2/ccos0) d6

C) = — n C — C COS
7Jo 14+c—2ccosd

1/2ﬂ 2sin” 6
0

=— In|1 - ce'|* de.
2 1 +c—24/ccosb n|l = e

It is straightforward to verify that

f@=—(—z"H*(log(l — Vez) + ez) — ez —2°)
is analytic on the unit disk, and that
R f(e) =2sin>01n|1 — /ce'|*.
Therefore from (5.11) we have
FWe) _e—1
1—c c
For (1.21) we use (1.18). From (1.2), with H (1) = I[1,00) () we have for z € Ct

d(c) =

In(1—c¢)—1.

1 c

(5.12) Z:_m(z)+ T m@

Solving for m(z) we find

—@+1-0+VE@+1-02—4z
2z

_—(z+1—c)+\/(z—1—c)2—4c

— s :

m(z) =

the square roots defined to yield positive imaginary parts for z € CT. As 7 — x €
[a(y), b(¥)] [limits defined below (1.1)] we get

—(x+1-0)+VAc—(x—1—-0)2i
2x
—(x+1—0)+/(x—ale)(b(c) —x)i
2x
The identity (5.12) still holds with z replaced by x and from it we get

m(x) =

m(x)  1+xm(x)
1+m(x) c

’
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so that
m?(x)
07
(1+m(x))?

_, 1<—(x—1—c)+J4c—(x—1—c)2i>2

- c 2
4e—(x—1—0)?

_ Ve (x2 V Vae— G —1=0 +(x—1—0)i).

C
Therefore, from (1.18)
1 b x—1—c
EX;=— /xtan_1< )dx
7721 Jago 7 Vic—(x —1—1¢)2

fa@)+ fe) 1 /b@ £ ;
a(c) \/4c—(x—1—c)2 '

4 2r
To compute the last integral when f(x) =Inx we make the same substitution as
before, arriving at

1 27 012
—/ In|1 — /ce?|” 6.
4 Jo

We apply (5.11) where now u(z) = In|1 — /cz|?, which is harmonic, and r = 0.
Therefore, the integral must be zero, and we conclude

EX|, = M = éln(l —c).

To derive (1.22) we use (1.16). Since the z1, zo contours cannot enclose the
origin (because of the logarithm), neither can the resulting m, my contours.
Indeed, either from the graph of x(m) or from m(x) we see that x > b(c) <
m(x) € (—(1 + ﬁ)_l,O) and x € (0,a(y)) & m(x) < (/e — )~!. For our
analysis it is sufficient to know that the m, m; contours, nonintersecting and both
taken in the positive direction, enclose (¢ — 1)~! and —1, but not 0. Assume the
my contour encloses the m contour. For fixed m,, using (5.12) we have

log(z(m1))
(my —my)?

_/ 1/m? —c/(1+my)? 1
) =1mi+ /(A +my) (my —my)

:/(1+m1)2—cm%< -1 1 )dml
cmi(my —mp) \my+1 my—1/(c—1)

=2m<mz+1 oy — 1}(0— 1))'

dm

dm
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Therefore
1
Var X, = _/<m n - (= 1)) log(z(m))dm

1 1 1 m—1/(c—1)
e
Tl m+1 m—1/(c—1) m+1

_1 [ 1 B 1 ]1 m)d

2i lms1  mo i) oglmdm.

The first integral is zero since the integrand has antiderivative

1 [ (m —1/(c— 1))]2
——|log| ——— )|,
2 m+1
which is single valued along the contour. Therefore we conclude that
Var Xi, = —2[log(—1) — log((c — 1)_1)] =—-2In(l —¢).
Finally, we compute expressions for (1.23) and (1.24). Using (5.13) we have

r r b(c) r
EX, = (a(e))” + (b(c)) L/ X dx
4 27 Jaqeo) \/40 —(x—-1- C)2
r r 2 .
_ (a(@) + @) 1 ll—ﬁelelzrde
4 4 Jo
_ (a(e)” + (b)) b

4

/27‘[
= (1= ey <+f2r—§ ()

5 (1)) eor e
2o\ k

>
which is (1.23).

For (1.24) we use (1.16) and rely on observations made in deriving (1.22).
For ¢ € (0, 1) the contours can again be made enclosing —1 and not the origin.
However, because of the fact that (1.7) derives from (1.14) and the support of
Felico on RY is [a(c), b(c)], we may also take the contours taken in the same
way when ¢ > 1. The case ¢ = 1 simply follows from the continuous dependence
of (1.16) on c.

Keeping m; fixed, we have on a contour within 1 of —1

(=1/my +c/(1 +m)"
(my —my)?

1 1 —c\" _
— A1 1— 1 r
c /<m1+1+ " ) (1—(@mi+1)

_ my 4+ 1\ 72
1 2(1— ) d
x (my+1) R mi
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0
00 00 —1
Z(”“ Do+ 0/ 4023 e am

=1 \ma2+ 1

ri—lri—k; 1 — ki 1
_amich Z Z < )( C) <2r1 rll _(/1<1+€)>£(m2+1)—e—1.

Therefore,

COV(Xx’l y Xx’Z)

i S L—c\" (2 =1 (ks +0)
e T () ()

k1=0 (=1

r _co\Nk
x /(m2+ 1)—2—1; (12) <—1 - c) (ma + D272
2=0

00 oyt i—1 )
><Z<2 JJ )(m2+1)fdm2
j=0

ri—1 nr ki+ky
_ ri+r ry r l—c
=2 X_: Z_:<k1)<k2>< ¢ )

ri—k
8 ile<2r1—1—(k1+€)><2r2—1—k2+£>,

ri—1 rp—1
which is (1.24), and we are done.
APPENDIX

We verify (1.9b) by modifying the proof in Bai and Yin (1993) [hereafter
referred to as BY (1993)]. To avoid confusion we maintain as much as possible
the original notation used in BY (1993).

THEOREM. For Z;j € C, i =1,...,p, j=1,...,n iid. EZ;; =0,
E|Z111> = 1, and E|Z11|* < o0; let S, = (1/n)XX* where X = (X;;) is p x n
with

Xij =Xij(n) = Zijlz),; <5, yuy — BZij 21, <8, ym )

where 8, — 0 more slowly than that constructed in the proof of Lemma 2.2 of Yin,
Bai and Krishnaiah (1988) and satisfying 8,n'/> — 0o. Assume p/n — y € (0, 1)
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as n — 00. Then for any n < (1 —ﬁ)z and any £ > 0
P(Amin(Sn) < 1) = 0(n™").

PrROOF. We follow along the proof of Theorem 1 in BY (1993). The
conclusions of Lemmas 1 and 3-8 need to be improved from ‘“almost sure”
statements to ones reflecting tail probabilities. We shall denote the augmented
lemmas with primes (") after the number. We remark here that the proof in BY
(1993) assumes entries of Z1; to be real, but all the arguments can be easily
modified to allow complex variables.

For Lemma 1 it has been shown that for the Hermitian matrices 7' (/) defined
in (2.2), and integers m, satisfying m,/Inn — oo, mn8,1,/3/lnn — 0 and

mﬂ/(an\/ﬁ) —0
Ew 7" () <n*(2+ 1D+ D)™™ (p/m)" D (14 0(1) .

[(2.13) of BY (1993)]. Therefore, writing m,, = k, Inn, for any ¢ > 0 there exists
an a € (0, 1) such that for all n large,

(A1) P(rT(l) > QL+ 1) + Dy =72 4 g) < n?gmn = p2Hhaloga — o=t

for any positive £. We call (A.1) Lemma 1.
We next replace Lemma 2 of BY (1993) with the following:

LEMMA 2'. Let for every n X1, X2, ..., X, be iid with X; = X{(n) ~
X11(n). Then for any ¢ > 0 and £ > 0,

n
P<n—1Z|X,-|2—1

i=1
. n
P<n—f SIXil* > s) =o(n Y.

i=1

> 8) = o(n_g)

and for any f > 1,

PROOF. Since asn — oo E|X;|> — 1,
n
n~ I EIX)Y <22TE1Zy P >0 for fe(1,2]
i=1

and

n
n~ Y EIX P <2 B[z TRV = kT 50 for f > 2,
i=1
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it is sufficient to show for f > 1,

n

(X —ElXx 1)

i=1

(A2) P (n

> 8) = o(n_e).

For any positive integer m we have this probability bounded by

n 2m
n_szs_sz[Z(lXilzf - ElX,-sz)}

i=1

=ne Y (llzm,)l_[EUXiZf EIX, )

i1>0,...,i,>0 t=1
i1+"'+i11:2m
m
—omf 2 n 2m 2 2
=y (0% () )HE<|X1| !X, Py
k=1 i1>2. g2 M i/
i1+ tig=2m
“ 2m
S YD S R [Teix, o
k=1 i=2,q=2 N =1
i+ tig=2m
m k )
<2y Inf g S k3 ( )l—[ 25,/ 20y
k=1 i1>2,...,i>2 t=1
i+ tig=2m

m
S22mn—2mf$—2m ZkZm(zgn\/—)Arfm —4k k(E|Z | )
k=1

m
=227 3 728 M EIZn 1 @i R
k=1

(28,)% 4m )2'"

<(forallnl
< (for all n large) m<81n(45%n/E|Z11|4)

where we have used the inequality a—*xb < (b/1In a)b, valid foralla > 1,b > 0,
x > 1. Choose m, = k,Inn with k, — oo and 82fkn — 0. Since 8,n'? > 1
for n large we get for these nln(é,zln) > (1/3)Inn. Using this and the fact that
limy_, oo x1/* = 1, we have the existence of a € (0, 1) for which

- 2
m( (28n)2f4m ) " < a2k” Inn _ l’l2k” Ina
sln(48%n/E|Zn|4) -

for all n large. Therefore (A.2) holds.
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Redefining the matrix XY in BY (1993) to be [|X,y|/ ], Lemma 3’ states for
any positive integer f

P()»max{n_fX(f)X(f)*} >T7+¢e)=o0@mn"" for any positive & and £.

Its proof relies on Lemmas 1’, 2 (for f = 1, 2) and on the bounds used in the proof
of Lemma 3 in BY (1993). In particular we have the GerSgorin bound

)»max{n_fX(f)X(f)*}

n n
— 2 —
(A3) =maxn™ 301Xy P maxn ™l 303X X1

j=1 ki j=1
n n p
<maxn~/ > |X;1* + (mfdxn_l > |Xij|f> (maxn_1 > |ij|f>.
i 4 i ‘ j
j=1 j=1 k=1

We show the steps involved for f = 2. With ¢; > 0 satisfying (p/n+¢e1)(1+¢1) <
7 + ¢ for all n we have from Lemma 2’ and (A.3)

P(imax [n 2XPXP%) 5> 7 4 ¢)

n
< PP(’?_Z Z |X1j|4 > 81)

j=1

n p
+pP<n_1 Yo IxyP-1> 81> +nP<p_1 S IXplF—1> 81>

j=1 k=1
= o(n_e).

The same argument can be used to prove Lemma 4/, which states for integer

f>2
P(|n= 72X D > &) =0 for any positive ¢ and £.

The proofs of Lemmas 4'-8’ are handled using the arguments in BY (1993) and
those used above: each quantity L, in BY (1993) that is o(1) a.s. can be shown to
satisfy P(|L,| > ¢) = o(nY.

From Lemmas 1’ and 8’ there exists a positive C such that for every integer
k > 0 and positive ¢ and ¢,

(A.4) P(IT — yI|f > Ck* 25k &) = o(n™").
For given ¢ > 0 let integer k > 0 be such that

2y (1 = (CkHYR)| < e/2.
Then
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Therefore from (A.4) we get, for any £ > 0,

(A.5) P(IT —yI||>2/y+¢)=o0nb.
From Lemma 2’ and (A.5) we get for positive £ and £

P(IISy — (1 + )| > 2y +¢)
<P(ISy — I =Tl >¢&/2) +o(n™")

n
— -1 2
_P<rln§a]§n ZlX,jl 1

j=1
Finally, for any positive n < (1 — /y )2 and £ > 0

P(Amin(Sn) < 1) =Phmin(Sn — 1+ 2)1) <0 — (1 = /3)* = 2)
<P((IS: = A+ >2/5+ (1= /y) —=n) =0

and we are done. [

> s/2> +on™ Y =0 b.
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