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STRONG LAW OF LARGE NUMBERS FOR SUMS OF PRODUCTS

By CuN-HUI ZHANG

Rutgers University

Let X,X,, n > 1, be a sequence of independent identically dis-
tributed random variables. We give necessary and sufficient conditions for
the strong law of large numbers

nfk/p Z XiIXiZ"'Xik_)O a.s.
1<iy<ig<--<ip<n
for £ = 2 without regularity conditions on X, for £ > 3 in three cases: (i)
symmetric X, (ii)) P{X > 0} = 1 and (iii) regularly varying P{|X| > x}
as x — oo, without further conditions, and for general X and % under a
condition on the growth of the truncated mean of X. Randomized, centered,

squared and decoupled strong laws and general normalizing sequences are
also considered.

1. Introduction. Let X, X,, n > 1, be a sequence of independent identi-
cally distributed (i.i.d.) random variables. Define

(L1 St = 3 X, X, ...X;, S#H=gl S, = S,

0,n>
m<iy<ig<--<i,<n

Then ngk] / (2) are U-statistics. This paper concerns the strong law of large
numbers (SLLN)

(1.2) SHpt=b*% Y X, X, ..X, >0 as.

11<ig<--<i<n

and its randomized, centered, squared and decoupled versions, where b, =
b(n), n > 1, and b(¢) is a positive continuous increasing function of ¢.

Let A(xq,...,x;) be a measurable symmetric function: A(xy,...,x;) =
h(x; ..., ;) for all permutations of {1, ..., k}. The Hoeffding (1961) SLLN
for U-statistics asserts that if E|A(X,..., X})| < oo, then

n -1
(k) Y AXi,....X;)— EWXy,...,X;) as.

i1<ig<-<ip<n

[see also Serfling (1980)]. Under the condition E|A(X4,..., X})|? < 00, 0 <
p < 2, the Marcinkiewicz—Zygmund strong law

nkpo N WXL, X;)—>0 as.

l1<ig<-—<ip<n
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was obtained by Sen (1974) for p < 1, by Teicher (1992) for the product
h(xq,...,%;) =[1%; x;, under EX = 0 when 1 < p < 2, and by Giné and Zinn
(1992) for general A, completely degenerate when 1 < p < 2. Assume EX =0
whenever E|X| < oco. By the Kolmogorov and Marcinkiewicz—Zygmund strong
laws, (1.2) holds for b, = n'/? and k = 1 if and only if (iff) E|X|? < co. How-
ever, the case k& > 2 is quite different. Giné and Zinn (1992) gave an example
to show that the condition E|X|? < oo is not necessary for (1.2) with £ = 2
and b, = n'/?. For k = 2, Cuzick, Giné and Zinn (1995) recently obtained nec-
essary and sufficient conditions for the SLLN (1.2) under certain regularity
conditions on the sequence {6, } and the distribution of X (e.g., X symmetric,
P{|X| > x} regularly varying), and considered the almost sure convergence of
normalized maxima of products and normalized sums of symmetrized, squared
or decoupled products.

In this paper, we consider £ = 2 as well as the case k& > 2. For & = 2, neces-
sary and sufficient conditions for the SLLN (1.2) are given without regularity
conditions on X and under a mild condition

bn < bn+1

either np = (n+ 1)Up Vn=>1
1.3)
or im bct) =cl/P Ye>0,
% B(D)

for some 0 < p < 2, on the normalizing constants. For ¢ > 0, define

X * 1
ca(t)zsup{c>1: E("/\l) zt}, a>0,

(1.4) ¢

Coo(t) = O}LIEO Ca(t)’
(1.5) wt)=E[X|-t<X <t], u(t)=0 if P{|X|<t}=0,
(1.6) vi(t) = max v(x), v(t) = max{cy(?), [tp(ca(?))[},

where supd = 1. The function ¢, (¢) is increasing in ¢ and decreasing in a.
For 0 < 8 <1, we observe ¢,(8%t) < 8c,(t), as E(|X|Aéc)* < E(|X|Ac)~ Tt is
also useful to note that P{| X| > ¢,(¢)} < 1/¢. Here and throughout the sequel,
the following notation is used: x™ = x v 0, x; vV --- V x,, = max(xq, ..., X,,),
XA AX,, =min(xy, ..., x,,) and u ~ v means |u/v|+ |v/u| = O(1) for any
functions or sequences u and v (of n, x, ¢, etc.) as their argument tends to co.

THEOREM 1.1 (SLLN for k2 =2). Let M, be a positive constant and c, ~
v¥*(n/M,). Suppose (1.3) holds. Then

(1.2) b, Y X, X;—>0 as.

1<i<j<n
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iff the following three conditions hold:

(1.7) ¢, /b, = 0,
(1.8) > Ple,| Xy >bi} < 00,
n=1
(1.9) Y nP{|X X,y > b2, | X1 A|Xg| > c,} < 0.
n=1

Theorem 1.1 is proved in Section 4. It follows from a Borel-Cantelli argu-
ment that (1.7), (1.8) and (1.9) together are essentially equivalent to
(1.10) g -0 as, &= Jmax (X[ ve,)(X ]V e,)

<i<j=<n

[cf. Theorems 4.1(ii) and 2.1]. This is the content of our conditions for the SLLN
(1.2"). The function v(¢) describes the order of magnitude of certain percentiles
of |S, | (cf. Lemma 4.4). It also gives the L2-order of the sums of truncated X,
as v2(n) ~ E(XF_; X})? for X = cy(n) A((—cy(n)) Vv X;). Condition (1.7) holds
for all 0 < M < oo iff

X ? X
(1.7) lim nE<|b|/\1> =0, lim nE(b)I{|X| <b,}=0
iff the weak law S,,/b, = op(1) holds. Therefore, Theorem 1.1 remains valid
if (1.7) is replaced by (1.7") or the weak law.

The connection between (1.2') and (1.10) can be described with the following
outline of the proof. The necessity of (1.10) can be obtained by a decoupling
argument. For sets A of positive integers, define S, = Y, 4 X, and Sf] =
a2 X; X, where A% = {(i,j): i < j,i € A, j € A}. Let A; , be the odd
integersin [1,n] and A, , the even ones. Since S = SE . +S[ji ,+84,,54,,
the SLLN (1.2") implies its decoupled version 7 ’

(1.11) Sa,,Sa,,/b; >0 as.

1

By a recent result of Montgomery-Smith (1993) (cf. Theorem 4.3), (1.11) is
equivalent to
1<?1?§mn|SALiSA2,_/|/b?Z_)0 as. VYm=12,....

It will be shown in Lemma 4.4 that there exist positive §, and m such that
dov*(n/M,) are bounded from above by certain percentiles of |S,,,,| for all n.
Thus, the decoupled SLLN (1.11) implies max(c,,, X%}n)max(cn, Xgin)/b,% —
0 a.s., which is equivalent to (1.10) and therefore irhplies (1.7)~(1.9). Here
XE:&” = max; s | X;].

The sufficiency of our conditions is obtained by focusing on centered
variables as well as the lifted maxima in (1.10). Let M; > M, and
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My = plcg(n/My)) via (1.4) and (1.5). Since X, X; = (X; — p, )X, —
mn) + (X; + X j)u, — p2, the SLLN (1.2') is a consequence of its centered
version

(112) b;Z Z (XL - /J'n)(Xj - Mn) — 0 as.

1<i<j<n

and (|S,|+|nu,)|np,| /62 — 0 a.s. Let X' be the ¢th largest among {| X;|: 1 <
i < n}. By the Mori (1977) theorem on the SLLN of lightly trimmed sums,
X%zl/bn — 0 a.s. implies (|S,, — nu,| — Xg])/bn — 0 a.s. This and (1.10) imply
(ISu] + Inp, ) |np, | /62 — 0 a.s., so that (1.2') is a consequence of the centered
SLLN (1.12). Let n ; be suitable integers satisfying 1 < y; <n;, /n; < vy < 0.
It follows from a martingale argument and the Borel-Cantelli lemma that
(1.12) holds if

00 2
(1.13) > b;jE{ (X = s (X, - Mnj)} {7 < b } < oo
j=1

15i1<i2§nj

It turns out that, due to the appropriate levels of centering and (random)
truncation, the cross-product terms in the expectation in (1.13) are of no larger
order than the squared terms (Lemma 3.4), so that the SLLN (1.2') is implied
by

(1.14) E(X,X5)" 3 b, 3 I{EF) < b}, } < 0.
j=1
Since }2;2 ; by’ —4n? is of the same order as b, 4n2 by (1.3), (1.14) holds if
(1.15) E(X,X,)? Z by n3I{by g , &2 21 <bp}<oo
j=1

(cf. Lemma 3.5). Finally, (1.14) and therefore the SLLN (1.2’) are obtained via
the Borel-Cantelli lemma from (1.10) and the inequality (Lemma 3.3)

(L16) b, 'n3E(X X, I{b; <&, &1 <0 y=0Q)P{b;  <¢&7) ).

The main difference between our proof of (1.12) and the common proofs of the
SLLN is that the X, are truncated at random levels and that certain events

about 522] are kept throughout the calculation.

We also generalize the results of Cuzick, Giné and Zinn (1995) from %k = 2
to £ > 3 under weaker regularity conditions, especially for P{X > 0} = 1
and the case where x P{|X| > x} is slowly varying as x — oo. The regularity
conditions of Cuzick, Giné and Zinn (1995), Proposition 3.8, imply that the
random variable X is “essentially symmetric” in the sense that the mean
of the partial sums of truncated X; does not have a larger order than their
standard deviation at proper levels of truncation, whereas a single regularity
condition is imposed in Theorem 2.3 on the magnitude of the truncated mean
relative to {b,,} which holds automatically for £ = 2 and allows the mean
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of truncated sums to grow faster than the standard deviation. Without any
condition on the distribution of X, the equivalence of symmetrized, centered
and squared versions of (1.2) is established for general £ > 2, and that of (1.2)
and its decoupled version for & = 2.

One of the main concerns in Cuzick, Giné and Zinn (1995) is the equivalence
of (1.2) and the strong law for the maxima of products
(1.17) b, max |X;X,..X;,|—>0 as,

i1<lg<--<ip<n

which is always a consequence of (1.2). In Section 5 we show that (1.17) does
not necessarily imply (1.2) even under quite strong conditions by giving an
example such that EX = 0 and both x P{|X| > x} and b, are regularly varying
at oo. Under our regularity conditions on the mean of truncated X and the
sequence {b, }, we obtain the equivalence of (1.2) and the SLLN for the lifted
maxima [i.e., the k-version of (1.10)]

k
(1.18) b,* max [] max(c,,
Jj=1

I1<ig<--<ip<n .

k
Xi,-‘) =b," ]_[lmax(cn, Xy 50 as,
(=

with ¢, ~ v*(n/M,), but we still do not know whether (1.2) and (1.17) are
equivalent when X is symmetric and b, = n'/?, 0 < p < 2, even for k = 2.

The paper is organized as follows. The main results are stated in Section 2.
The sufficiency of our conditions is proved in Section 3, where some general
randomized and centered versions of (1.2) are also considered. The decoupled
versions of (1.2) and (1.18) are considered in Section 4, where the necessity
parts of the proofs are provided. Variables with a regularly varying P{| X| > x}
at oo are considered in Section 5 with some discussion.

2. Main results. In this section, the main results are stated concerning
necessary and sufficient conditions for the strong law (1.2) and its random-
ized, centered and squared versions, and their relationship to each other and
to (1.17). Our regularity and necessary and/or sufficient conditions are also
explained here.

Consider conditions of the form

(2.1) ¢,/b, — 0,

o k
(2.2) SN nIPL{E X X > e, | X A A X > ey} < 00,
n=1/¢=1
where ¢ > 0 and {c,, n > 1} is a suitable sequence of positive constants.
These conditions are the k-version of (1.7)—(1.9) and connected to (1.18) via
the following result.

THEOREM 2.1 (SLLN for lifted maxima). Let ¢, ~ c¢(n/M,) for some posi-
tive increasing function c(-) such that nP{|X| > c¢(n)} = O(1). Then (1.18)
holds for all 0 < M, < oo iff both (2.1) and (2.2) hold for all positive & and
M,.
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Theorem 2.1 is a consequence of Theorem 4.1(i). For £ = 2, Cuzick, Giné
and Zinn (1995), proof of Theorem 2.1’, showed that (1.17) holds iff (2.2) holds
for ¢, = c.(n) and all e. By (1.4), P{|X| > co(n)} < 1/n < P{|X]| = cx(n)}.
In most cases considered here, the sequence {c, } is of the form in Theorem 2.1
with c¢(t) = v*(¢) or c(t) = ¢, (¢) via (1.4)—(1.6).

We shall first consider symmetrized, centered and squared versions of the
SLLN. Let {¢,} be a Rademacher sequence independent of {X,}, i.i.d. with
Ple, =+1} =1/2.

THEOREM 2.2 (Symmetrized, centered and squared SLLN). Let M, and
M be positive constants and n ; be positive integers with 1 <inf jn; ;/n; <
sup;n;.i/n; < oo. Let p, = p(cg(n;/My)) for nj < n < nj,y and
¢, ~ co(n/My) via (1.4) and (1.5). Suppose

2k o0 k-1
(2.3) ilzul) n—"k mX::n o < 00.
Then (1.18) and the following symmetrized, centered and squared versions of
the SLLN are all equivalent to each other:
(2.4) b,k > g &

0 X, X

.E . X, >0 as,

i X A,

I1<ig<-<ip<n

(2.5) b;k Z (Xil _/*_’“n)(Xiz _/:Ln)"'()(i,e _I_-Ln)_) 0 as.,

I1<ig<--<ip<n

n

(2.6) 2% > X, PIX,P X P> 0 as.

l1<ig<—<ip<n

Furthermore, (2.4) holds [along with (2.5), (2.6) and (1.18)] iff both (2.1) and
(2.2) hold for (some or all) € > 0.

REMARK. It will be shown in Theorem 3.1 that the centered SLLN (2.5) still
holds when f, is replaced by w,(c)) at the centering level c,.(n/M) < ¢, <
Mcy(n/M,) for some 0 < M < oco. Condition (2.1) holds with ¢, ~ co(n/M,)
for all 0 < M, < oo iff

2
(2.7) lim nE<|X| A 1) —0

n— oo bn

iff the weak law {S,, — nu(b,)}/b, = op(1) holds. Thus, condition (2.1) in
Theorem 2.2 can be replaced by (2.7).

COROLLARY TO THEOREM 2.2 (SLLN for symmetric and positive X). Let
e=1.

(i) Suppose (2.3) holds and X is symmetric. Then the SLLN (1.2) holds iff
both (2.1) and (2.2) hold for c, = cy(n).



SLLN FOR SUMS OF PRODUCTS 1595

(ii) Suppose P{X > 0} =1 and
, bh & mit
Then the SLLN (1.2) holds iff both (2.1) and (2.2) hold for ¢, = c;(n). In fact,
for ¢, = ¢1(n), (2.1) and (2.2) imply (1.2) without the condition P{X > 0} = 1.

The proofs of (2.1) and (2.2) = (2.4)—(2.6) are provided in Section 3, and
those of (2.4) or (2.5) or (2.6) = (1.18) = (2.1) and (2.2) in Section 4. For & = 2,
Cuzick, Giné and Zinn (1995), Lemma 4.5 and Proposition 4.7, proved (2.1) =
(2.4) = (2.6), and provided somewhat different (but equivalent) necessary and
sufficient conditions for (2.4) under slightly stronger regularity conditions on
the normalizing sequence {b%}.

Let n(-) be given by (1.5). Define the sums of products of centered variables

Hio)= ¥ (X, —mO)X;, —ue)...(X;, —p(c),

(2.8) i1<ig<-<ip<n

HY =1,

Since X; = (X; — u(c)) + u(c), (1.1) can be decomposed into the sum

(k] Foin—t\ ., [
(29) st=3 (5, )t )
=0 -

for suitable constants ¢/, where u, = u(c),). Consider ¢, = cy(n) and condi-
tions (2.1) and (2.2) with ¢, = v*(n) > ¢|,. The strong law for the term with
¢ = k in (2.9) is essentially (2.5) in Theorem 2.2. The term with ¢ = 0 is
bounded by |nu,|* < c*, which is o(b*) by (2.1). As discussed in the outline
of the proof of Theorem 1.1 in Section 1, the term with £ = 1 in (2.9) can be
trimmed by (1.18) and then handled by Mori’s (1977) theorem on the strong
law of lightly trimmed sums. For general increasing b, — oo and ¢ > 0, Kiefer

(1972) proved that P{X > &b, i.0.} = 0 iff

(2.10) Yo nkF1PR{X| > eb,} < o0,

n=1

which is a consequence of (2.1) and (2.2) in view of the terms with ¢ = & in
(2.2). Conditions (2.10) and nu(abd,)/b, — 0 for all @ > 0 are sufficient for the
Mori (1977) theorem, with the normalizing constants satisfying (1.3). Mori
(1977) required an additional condition by, /b, = O(1), which was removed by
Cuzick, Giné and Zinn (1995), Theorem 3.4, although (1.3) is still stronger than
(2.3). It is a consequence of Theorem 5.1 that (2.10) is not sufficient for (1.2),
even when X is symmetric with a regularly varying distribution function. For
k > 2, we have to deal with intermediate terms in (2.9) for 2 < ¢ < k — 1.
In our next theorem, an additional sufficient condition is imposed to control
the growth of the mean of truncated variables, which is essentially a modified



1596 C.-H. ZHANG

(2.3) with respect to the SLLN for H Ef] in (2.9) with the normalizing sequence
{of /v (n)}.

THEOREM 2.3 (SLLN for & > 2). Let 6, and M, j = 0, 1,2, 3, be positive
numbers.

(i) Let ¢, > 6yv*(n/M,). Suppose (1.3) holds and

00 +\ k-2 2(k=2)_ o
m of M of M Mscn™ “'n

m=n ~m

If (2.1) and (2.2) hold for all ¢ > 0, then the SLLN (1.2) holds.
(ii) Let ¢, > dyv*(n/M,). Suppose (2.3) holds and

) o0 B m m +\ k-1 M Ci(k_l)n

m=n

If (2.1) and (2.2) hold for ¢ =1, then the SLLN (1.2) holds.

(iii) Let ¢, ~ v*(n/M,). Then the SLLN (1.2) implies the SLLN for lifted
maxima (1.18), which then implies both (2.1) and (2.2). If (2.3) holds, then the
SLLN (1.2) implies its symmetrized, centered and squared versions (2.4)—(2.6).

REMARK. Condition (1.3) implies (2.3). For £ = 2, (2.3) implies (2.11), so
that Theorem 1.1 is a consequence of Theorem 2.3(i) and (iii), except for the
redundancy of (2.2) for all & > 0. Conditions (2.3) and (2.11’) imply (2.11) by
the Holder inequality [cf. (3.18)].

COROLLARY TO THEOREM 2.3. Suppose either (1.3) and (2.11) hold or (2.3)
and (2.11') hold for some c, ~ v*(n/M,) with 0 < M, < oco. Then (2.1) and
(2.2) for all ¢ > 0 < (1.2) & (1.18).

Parts (i) and (ii) of Theorem 2.3 are proved in Section 3 and part (iii) in
Section 4. It will be shown in Section 5 that (2.11') can be removed if P{|X| >
x} is regularly varying as x — oo. By the definition of v(¢) in (1.6), (2.11') holds
if nu(cg(n))/co(n) = O(1) as in Cuzick, Giné and Zinn (1995), Definition 3.6
and Proposition 3.8.

3. Sufficiency. In this section, we verify the sufficiency parts of Theo-
rems 2.1-2.3. The main difference between our proofs and the common proofs
of the SLLN is that the X; are truncated at random levels and that certain
events about the lifted maxima in (1.18) are kept throughout the calculation.

The sufficiency part of Theorem 2.2 concerning the symmetrized SLLN (2.4)
and the centered SLLN (2.5) is a consequence of Theorem 3.1. Let Y, Y,
n > 1, be ii.d. random vectors independent of the sequence {X,}, and let
h(y1, ..., y:) be a symmetric Borel function, completely degenerate and with
a finite variance: EA(Y, yg, ..., y;) =0 and E|A(Y 4, ..., Y})|? < co.
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THEOREM 3.1. Let 6y, M, M, and M, be positive numbers. Suppose (2.3)
holds. Set w,, = u(c),) for some c,(n/M) < ¢, < Mcoy(n/M,). If (2.1) and (2.2)
hold for some ¢, > 8ycs(n/M,) and ¢ > 0, then
(3.1) b,k Y wY Y, )X; X, ...X; >0 as.

l1<ig<-<ip<n

il,...,

and

(3.2) bt Y (X ) (X, — ) (X, — ) > 0 as.

11<lg<--<ip<n

REMARK. In (2.4), A(y1,...,9:) = ¥1...¥, and Y, = g,. In (2.5),
co(n/My) > ¢, = cy(n;/M;y) > c(n/M) for n; < n < nj,; and M >
Misupn; /n;.

We need some lemmas for the proofs. Let X £,1,]n > X E,%]n > ... > X E,'anm]
be the order statistics of | X, 4],...,|X,|, and xi = Xgl’]n as in (1.10). For
positive ¢ define as in (1.18) the lifted partial maxima of products

éM(e) = e (o),
(3.3) k k
d)=Tl(cvXld,)= max []max(c

m<iy<ig<--<ip<n .
=1 1502 E=T =1

X))

Our first lemma implies the sufficiency part of Theorem 2.1.

LEMMA 3.2. Let ¢ > 0,1 <y < oo and c(-) be an increasing function.

(i) For all integers my > 1, (2.1) and (2.2) imply
(3.4) Zl n ' P{Er (c,) > &b} < oo.
(i) If (2.1) and (2.2) hold for c, > c(n), then

(3.5) S Plél &l (c(n;/ 7)) > &bl } <

Jj=1
for all sequences of positive Lntegers {n;} such that 1 <inf;n;/n; <
sup;n;yi/n; < oo. Consequently, P{fn (c(n/y)) > &bk i.0.} =0.

PROOF. (i) By (3.3) and for c* < &b,
P{&yl (c,) > eby)

IA
M=

PlctxD . XU > ek, XU AXE >}

mon mon

o~
Il
—

IA
™M=

(mon)' PlcE | X,... X | > ebl, | X1~ A I1X| > ¢, )

o~
Il
—
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(i) For men > nj,; and n > n;/\/7, §L]i.]+1(c(nj/ﬂ)) < fyfgn(c(n)), S0

that (3.4) implies (3.5). Take n; ;/n; <./y in (3.5). Since ka](c(n/y)) <
&) (e(n;/ 7)) for n; < n <nj,q, (3.5) implies P{&(c(n/y)) > &bk i.0.} =0
by the Borel-Cantelli lemma. O

For @ = 2 and ¢,, = ¢5(n), Lemma 3.3 asserts that the conditional expecta-

tion of the sum of squares in (2.6), given c,, Vv XLI], cesCp Vv XLk] is controlled
by that of the square of the lifted maxima (3.3). It extends (1.16) to general k.

LEMMA 3.3. LetY,, , =Y, ,(c,)=g(c,V XE}L],L, cesCp V Xy-f]n) for some

¢, > c,(n/M,) and a nonnegative Borel function g(x1,...,x;). Then, for 0 <
L<k<n,
(3.6) EYY ﬁ X1 < Mo K ZE( 0 )Y

. n O,ni:1 i — 1—M0/n 1_€/n 0,n 0,n>

where f%]n = 5%],”(0,1) is given by (3.3). In particular,
¢ “ k k

by (") * O B\ Xi| I{by < & n(ca)s €01e(c7) < by}

(3.7) =t

My k ! (k)
= (1—Mo/n 1 —Z/n) P{by < &o.n(cn))

for all b; < by, ¢* > c,(n/M,) and n* > n.

PROOF. Let ¢, = c,(n/M,) and R, be the rank of | X,| in [X,,.1]- ..,
|X,| in descending order, m < i < n, R} = Rg,]n, with ties broken by random-
ization. For 0 < ¢; < ¢, < k — ¢, define

Bl = [{|X;| < ¢, 1=i <ty ¢, <|X,|, RE' >k, 4y <i <
¢, <|Xil, RV <k, ty<i<k—t}.

On the event with B! = L,Yy,=Y, ,and [X, ;... X, < §[Z_Zl] so that

lo,n >

Yo, T1 X, < (1[‘1[|Xi|“1{|Xi| <) x M 1, < Xih)

i=1 i=1 i=t+1

x (&Y, J{RY, <k, 6y <i<k—t)).

o, n



SLLN FOR SUMS OF PRODUCTS 1599

Since X; are i.i.d., the three factors on the right-hand side above are indepen-
dent, so that

¢ o
E|T] X;| Y, ,Bl+%!
i=1

(38) a / 1\ / \\o—4

< (EIX["I{|X] = ¢;,})" x (P{|X]| > ¢, })"™"

x (E{e Y, J{RY <k, 6y <i<k—t)).

Set p, = P{|X| > c,}. Since ¢, = c,(n/My), E|X|*I{|X| < cn} =
(c¢;,)*(My/n — p,) by (1.4). Since the rank Vector (R%fj,.. R[n]

uniformly distributed given the order statistics x! t,,n (and therefore given
gz,:?] and le,n)a

E{& )y, JRY, <k, 6 <i<t)<{k/(n- )} “E{d MY, ,

Since ¢j, < ¢, and §£ﬂn, 0 <¢ <k and Y, , are functions of c, v X%],n,

0<{<k,
(3.9) a0 Y, X, <cy=8) Y, X <)

so that E{§[K Zl]}‘7‘Y/5 a=(1- p,z)_g?E{f0 " }D‘YO .- Inserting these inequal-
ities into (3. 8) we obtain

4
[TX;
i=1

< {(,)*(Mo/n — p)Y () {k/(n — &)} 2 E{&. ey, ,
< (My/n — pp)" 1 (p,) " {k/(n — Y (1 = Mo/n) " E{&))}*Y,.,

o

E Y, Bl

as p, < My/n and (c, )‘315[5 Al ) < fz I (c,) by (3.3) and the condition c,
.- This gives (3.6) by the exchangeablhty of X;, since

| o

|
‘E|[] X;

i=1

G\ gl x| [61. 5]
= Y, |l_[ L| YO,anb 2
0<[1<z2<£ 1 | i=1

(Mo/n — p,)"(P))"~ Z1( k )” R
E{&) yoy
S0<ll<£2<z( >< ) (1 - My/n)t n—+¢ {f Yo n

<1—M0/n —4{/n

YO, n

) E{&) }oY, .
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For 3.7), Y,, , = P{b; < &u(c,), &F..(c") < by|X,,,..., X} is a
function of ¢, v X%, and (c*)k_‘zggf]n(c;l) < 55’:’],1(0*), so that by*(c*)**=0 .
E{£y) . (¢,)}*Y ., is bounded by

by (¢ FOELEN) ()} I{by < ) (c,), 0. (¢") < by}
< P{by < &1 (e} O

Let H Ef](c) be the centered sum of products and gk’“](e) be the lifted maxima.

For suitable ¢, > ¢, Lemma 3.4 asserts that E{H%l(cg)}zl{ggzk](cn) < b} is
dominated by the expectation of the sum of the squared terms in its expansion
and therefore by the maxima in Lemma 3.3. For £ = 2, this gives (1.14) =
(1.13).

LEMMA 3.4. Let H%k](c) be given by (2.8) and Y,, , = Y, ,(c,) be as in
Lemma 3.3 with ¢, > co(n/M,). For My < M, and My, < M,, set ¢, =
co(n/M,) and ¢, = co(n/My). Then, for 0 <, <+l =L <k <n/3,

() E{H(E,)) Y,

3[2+1 2M1 2¢, ) £ ¢
2k — = ) n'E]Y X2t
= 2 (1—M1/n+ ) <M2—Mo) " { 0’”}:[1 l}

PrROOF. Let H Ef] =H Ef](c;). Expanding the square of (2.8), we obtain

¢ -ty o+t
(3.10) E[HU)’Y,, = Nn,z,zlE{Yo,n M -w? I (Xi—m},

6=0 i=1 i=0—0;+1

where N, , , < n'™% and p, = u(c),). The first step is to control the cross-
product terms in (3.10) with 1 < ¢; < ¢.

Let X, = (X; — w(e,NI{|X;| > c,} with ¢, = cy(n/M;), and Z, =
8o(X1, ..., X,,,) with a Borel function g, of my < n — k variables. The proof
is based on the following facts:

(311) E(Xn - /‘L(C;’L))ZOYO,H = EX;'LZOYO,H’

(3.12) E(X, - u(c,))’|Zo|Y o » < AEX?|Zo|Y g 0,

/7 /7 M ?
(313) (0= mo)E| X, X, 1 ZolYo,0 =4( 1yt + k) EXEZGIYo,

and

n n(n —myg) 9
3.14 2(— |E|Z,|Y EX2|Zy|Y, -
(3.14) CQ<M2> |Zol 0n = (M, — Mo)(n — mg — k) wlZol¥on

The proofs of (3.11)—(3.14) are given in the Appendix.
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Coming back to (3.10), we find by repeated applications of (3.11), (3.12) and
(3.13) with n — my > n — 2¢ > n/3 that

=t 0+t
anfsflE{YO,n 1_[()(i_:u'n)2 1_[ (Xi_/"“n)}
i=1 i=0—t;+1
-ty +€q
~Nooo B{ Yo, T - T1 X
=1 0—04+1
[—Zl [+[1
< nf+414H1E{Y0,n ]_[ X? ]_[ |X;|}
i=1 i=0—t;+1

Ml ZZIZ L ¢ ¢ 2
- 4°n*ElY X“
S(1—Ml/n+k) s { on 1 }

due to the exchangeability of X ;. Summing up over ¢; in (3.10), we obtain

g+l oM 2¢ [
E{HIN?Y 1 2 ‘gly x2!
{ n} O,nS 2 l—Ml/n+ k n O,ni:l_[l i

Since n —my < 2(n — my — k) for my < ¢ < k < n/3, it follows from (3.14) that
(€)™ E{HI)(c,)}*Y o,

_3et oM,
=2 \1-M,/n

20y Ly
+ 2k> nzz(c/,;)%E{YO,n I1 X?}
i=1

3Z2+1 2M1 2, 9 I3 ¢
< +2k) () n[E{Y n X?} m
2 <1—M1/n M2_M0 0, 11;[1

The following elementary lemma is quite useful in our proofs here. For
k=2, it gives (1.15) = (1.14).

LEMMA 3.5. Let m; be nonnegative random variables and A be events.
Then

oo o0 o0 [o.¢]
>omida, =1y, Z ni+ ) IA;‘.AHI‘Z ;-

J=Jo i=Jjo J=Jo i=j+1

In the rest of this section, M’ denotes a finite positive constant which may
change from one place to another.

PROOF OF THEOREMS 2.2 (Sufficiency) AND 3.1. Suppose (2.1) and (2.2)
hold for some ¢,, > §ycq(n/M,) and ¢ = 1. We shall prove (3.1), (3.2) and (2.6).
Assume further M, > M, and 6, = 1. Let M, < M, < M,. By Lemma 3.2(i),
(3.15) > P{ER (c,,) > bk} < o0

le J J J
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for some n; with 1 < y; <n; y/n; < (nj 1 —k)/(n;—k) < vy = M;/M,.
) > bﬁM} is the
smallest among P{fyf(],n(cn) > by, yin; < n < ynj— (yg — 1)k; for some
my > Y.

Set ¢ = cy(n;/M,). Similar to (2.9), for n; < n < nj, Hglk](c;) can be
written as

For example, we may choose n;,; such that P{gL’fgnM(ch

koin—t¢ ,
> (3 7y e - mle - B,
=0
Since c(n/M') < ¢, < M'cy(n/M;) and c(n;j/M;) < ¢ < cy(n/M;) for
n] <n< nj+1,
n|EXI{|X| < ci} — EXI{|X]| < L}
< nE[X[Hco(n;/M') < |X| < M'cy(n/My)}
< M'cy(njy 1/ M)nP{|X| > cy(n;/M')} < M'cy(n;/My),

which implies n|u(c})—u(c,)| < M'cy(n j/My) by (1.5) as P{|X| > c,} < M'/n
and P{|X| > ¢’} < M;/n . Thus, with ¢" = cy(n j/M,), (3.2) is a consequence
of (2.1) and

(3.16) Jh_)n(r)lo b;f{c’}*}k’e max |[HIN(c%)|=0 as., 1<t<k

njER<R i

Define T = ¥, h(Y, Y )X X X, Vi =Y, 1 X X X 2,

ll,..., lk’

Z b= 2kE{ k]} I{g[k (C )<bk }

J=Jo
and J and J3 1n the same manner with {T[ }2 replaced by {(cj*)k*‘ .
H;, 4 ;(c )}2 and Vn , respectively. Let 7, be the o-algebra generated by all
symmetrlc functions of (X,;,Y;), 1 <i < n, under the permutation group for
the vectors. For n; <n <nj,;,

-1
n

E[T k][{g[k(c )<bk}|o\] TW(Z) (k]>

on the event {£,(c, ) < bk }. Since {n;!(n — B)!}/{(n, — k)Int} > ;* and
b,>0b, forn; <n < n 1 by the Doob inequality for the martingale on the
left- hand side above

Pl max T/ = e, & (c,) <0} ]

n;<n<nj.q

= P| max |E[TI{¢lf(c, ) < b} }|7]| = etk v;" ]

n;j<n<nj.;

a(ebk v ") CE[THPI{M(c, )< bk}, Ve=o0.
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Therefore, by (3.15) and the Borel-Cantelli lemma, J; < oo implies
P{T¥ bk — 0} = 1 in (3.1). Similarly, (3.16) and (2.6) hold if J5), 1 < ¢ < £,
and J5 are all finite. The martingale argument applies to (3.16) since the level
of truncation c? is the same for n; < n < n;;. Since EA(Y, y3,..., ;) =0

and {Y;} is independent of {X;}, J; = ER*(Y4,...,Y})dJs, so that it suffices
to prove J[;] <o00,l <l <k, and J3 < c0.

Since Y32 ; nf /b2 < M’n’;/b%’; by (2.3), it follows from Lemmas 3.5 and 3.3
(with @« = 2 and ¢ = 0) and (3.5) that, for large j,,

00 n. k
7= 3 02" )BT (el < 8 )

J=Jo i=1
k > ”]§+1 b ek (] (%] k
A !
= Mn’jo + M Z b2k El—[ ‘XLI{an < gnj (an), fnjﬂ(cnjﬂ) = bnﬂl}

J=Jo TMjr i=1
[e.¢]
<M +M Y Plb; < &'lc,,)} <.
J=Jo

By Lemma 3.4 [with (€, £z, €) < (¢, k— €, k) and Y, < I{€}})(c, ) < b }],

Iy = 3 5,7 O B{HIN ) T{EN ) < b))

J=Jo

9] k
<M Y 6,2t E ] XFI{Ef(c,) < b} < M'J5 < co.
J=Jo i=1
Although the proof here is only for M; > M, and §, = 1, it poses no problem
as 8yco(n/My) > cy(82n/M,) and the necessity part for (2.4) implies both (2.1)
and (2.2) for all M, when ¢, ~ cy(n/M,). O

PrROOF OF THEOREM 2.3(i) AND (ii). We shall first prove part (i). Let M, <
M7 < oo and n; be arbitrary positive integers satisfying 1 < y; <nj,;/n; <
Yo < 00. Set ¢ = cy(n ;j/M7). It follows from (2.9) that (2.1) is a consequence
of

(3.17) b;f|njp,(c>;.)|k—f max |H(c%)| -0 as, 0<?l<Ek.

n;j<n<nj.;
For ¢ =0, (3.17) follows from (2.1) and (1.6), as M, < M7 implies
()| /by, < Miv(n;/M3)/b, < Miv*(nj/Mo)/b,, < Mi85%¢, /b, — 0.

Since ¢,,/b,, — 0 by (2.1), it follows from (2.2) (with the terms for ¢ = k) that
(2.10) holds for all & > 0, so that nP{|X| > ¢,b,} — 0 for some ¢, — 0+. By
(1.4), nP{|X| > co(n/My)} < M. For a > 0 and large n these imply

Inu(ab,)/b,| < nlu(ca(n/Mo))|/b, + nE|X|I{cy(n/M,) < |X| < ab,}/b,
= M/cn/bn + 8nnP{|X| > CQ(n/MO)} + anP{|X| > Snbn} = 0(1)
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Thus, the conditions for Mori’s theorem are satisfied for the normalizing se-
quence {b(n/vyy)} as discussed in the paragraph before Theorem 2.3, so that

S periion Xi/b(n/7v;) = 0 as., where Ry is the rank of | X,| in |X,], ..., |X,,].
By_Len_lma 3.2(i1), (2.1) and (2.2) for all &£ > 0 imply

()XW ok < MR (cq(ny/M7))/b, — 0 as.
Therefore, for £ = 1 the left-hand side of (3.17) is bounded by
*\|k—1
(el { > x,

bk max
n; [i]
J k<R, <n

n;<n<njiq

+(k-1)X + nj+1|M(cj.)|} -0 as.

Hence, it suffices to show (3.17) for 2 < ¢ < k.

Take 0 < 8, < 1 without loss of generality. Set M} > M 5,2 such that
M’ = m*M, for some integer m* > 1. Define ¢(¢) = (v?(¢) — Myc3(¢))*. Since
(1.3) implies (2.3), it follows from the Holder inequality and (2.11) that, for
2<{l <k,

© mkt/é(m/M;) k=t
> e ()

m
00 k—111-1/p, ( oo k-1 /5 pe(k—£)y 1/p,
m m c(m/M;)
o =3 %) e (T
,n"c,zl(kfl)
<M T%k’

where p, = (k —2)/(k — ¢) > 1. Thus, we may choose n; = m*m; such that
m*nj < nj+1 < 2m*n],

* {é(n;/M*)Yetpt cn, n
(3.19) 5 i/ b;k)} LMt 2sesh
i=j n;

and such that, by Lemma 3.2(i) with ¢ = 1,

(3.15') > PLE () > by} < o0
j=1

This can be done by taking m ;,; to satisfy a(m ,q; £) < kn;1 Zin:jnj a(m; £)
for all 2 < ¢ < k with a(m; £) being the summands on the left-hand side of
(3.18), as n;/ M7 = m;/M,, and also to satisfy a(n ;) < kn;1 Z?,:an a(m*m)
with a(n) being the summands in (3.4).

By (3.15) and the martingale argument in the proof of Theorem 2.2, for
2 < ¢ <k, (3.17) is a consequence of

k 00
I =3 ¥ b E((nu(e) ! Hile) I{éll)(e, ) < b)) < oo.

=2 j=jo
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Since M} > M,/8% and ¢ =cy(n;/M7) < co(85n;/My) < ¢, Ac, , it follows
from Lemma 3.4, Lemma 3.5 and (3.19), Lemma 3.3 and then (3. 15 ) that

T MY Y b + an, MY E(HI)) TN e, ) < B |

=2 j=j

< M’Z Z b 2k{c(n MY WE]‘[XZ {g[kl(c )< bk }

(=2 j=j, i=1
0 2(k £) ( )
< M/+M/Z Z 7+1 N,y El_[ X2 { k](c ) é:[kHI( n]+1) < /+1}
=2 j=j, "f+1 i=1

<M +M Z > Pl < &l(c,)) < oo
=2 j=jo
For part (ii), we verify (3.17) for 1 < £ < k without using the Mori theorem.
Since (2.11’) holds, the value p, = (£ —1)/(k — ¢) is taken in (3.18). The rest
of the proof is similar and omitted. Condition (1.3) can be replaced by (2.3) as
it is not used after (3.18). Condition (2.2) is used only to obtain (3.15") with
e=1 0

4. Necessity. In this section we prove Theorems 1.1 and 2.1 and the ne-
cessity part of Theorems 2.2 and 2.3, through (1.2) = (1.18) = (2.1) and (2.2).
Decoupled products are also considered. Our methods include decoupling, a
Lévy-type 1nequahty and certain bounds for the percentiles of |S,,|.

Let {Xgl , n>1}, £ >1, be ii.d. copies of the sequence {X,}. Define

)
o=l E@=T(vEZ), =0,

=1

X(e)* — X(Z)* X(Z)* max |X(Z) ng)

0,n >

2 )

4.1) 8%, = Z X0 8P =80, 8V =max (|5}

i=m+1

0.

Consider the statements

(4.2) ZP{HS(O* }<oo Ve>0,1<y<n; . /n;<vy;<o0,
Jj=1 =1

(4.3) P{&F(c,) > &bk i0.} =0,

(4.4) P{&Fl(c,) > ebk i.0.} = 0.

THEOREM 4.1. Let b, be an increasing sequence of constants.
(1) Let ¢, ~v*(n/M,) and € > 0. Then (1.2) = (4.2) = (2.1) and (2.2).
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(ii) For ¢ > 0 and ¢, > 0, (4.3) implies (4.4). If, in addition, nP{|X| >
c,} = O(1), then (4.4) implies (2.1) and (2.2). Conversely, conditions (2.1) and
(2.2) with c,, > c(n) imply P{ka](c(n/y)) > &bk i.0.} = 0, provided that c(-) is
increasing and 1 < y < oo.

(iii) The summability in (4.2) is equivalent to the decoupled SLLN
bk T1k, SY) = 0 a.s. or the stronger b, ¥k, S 5 0 as.

REMARK. By Theorems 4.1(i) and (iii), 1.1 and 2.3 and Corollary to The-
orem 2.2, the SLLN (1.2) is equivalent to its decoupled versions in Theo-
rem 4.1(iii) under respective conditions.

For disjoint sets of positive integers A, ..., A,, define the sum of “cross-
block” terms
k . .
oon= L X Xy, i) € A1 @@ A,

Iy <ig<-<iy
where A; ® --- ® A, is the set of vectors (iy,...,i;) such that {i{,...,i,} C
‘_1A;and {iy,...,i;} N A; # D for all 1 < j < ¢. For example, SEf]/(“z')
is the U-statistic based on the set of variables {X;, i € A}, where |A]| is the
size of the set A.

PROPOSITION 4.2. Let A}, 0 < j < ¢, be disjoint sets of positive integers and

a; be real numbers indexed by vectors i = (i1,...,1). Then
Yoal{ie(A4;® - ®A)U(A®A;® @A)}
icA

l
=Y (-1 > Yoail{{iy, ..., i} SAQUA, U---UA, |
j=0

O<my<--<m;<t ieA

for all sets A of finitely many vectors. In particular,

k
(%] —j [%]
(4.5) SA1®~~~®Ak = Z(_l)k / Z SAouAmlumuAmj'

Jj=0 O<my<--<m;<k

This proposition, proved in the Appendix, gives one-sided decoupling when
¢ = k. Giné and Zinn (1994), Lemma 1, obtained (4.5) for A, = &. The case
A, # D is useful for the application of the Borel-Cantelli lemma in our proofs.

The following Lévy-type inequality is a straightforward extension of
Montgomery-Smith (1993).

THEOREM 4.3 [Montgomery-Smith (1993)]. Let S%) and ng)* be given by

(4.1). Then there exist universal constants Cy, ,, such that, for positive integers
k and my,
> t}.

k
(€)%
(4.6) P{El‘[1 St > t} < Ck,mOP{Ck, mo

I8¢
=1
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For my = k£ = 1, (4.6) is Corollary 4 of Montgomery-Smith (1993). The
general case is proved by taking conditional expectation of each copy {X Ef)}
given other copies.

Lemma 4.4 provides bounds for the percentiles of |S,,|. Its proof is provided
in the Appendix.

LEMMA 4.4. Let c,(-) and v(-) be given by (1.4) and (1.6), respectively.

(i) Suppose EX? = co. Then there exists a universal constant C such that,
as n — oo,

sup P{|S, —a| < cy(tn)/4} < (1 +0(1))Cy/t/2.

(ii) If P{X = 0} =1, then for, tM > 1,
P{S, = Mc,(tn)} = min{(1 —1/(¢n))", 1 - 1/(tM)},
P{S, < 8ci(tn)} < exp{—58log(st) + & — 1/t}.
(iii) There exists a universal constant C such that, for /t(M —1/t) > 1 and
5<1/2,

P(IS,] = My(tm)} = min (1- ;) - o |

P{|S,| < év(tn)}
t 1 /26+1\%\ 2 1\" [ 26t \?
o3 (51)) e (1) (28]

REMARK. The constant C is the same as the one in Esséen’s (1968) upper
bound of concentration functions, which implies that, for L > 0,

(4.7) sup P{a <S8, <a+ L} <CL[nE(|X®| A (2L))*]712,

where X* = X; — X,.

PrROOF OF THEOREM 4.1. We shall only prove (i) and (4.3) = (4.4) = (2.1)
and (2.2) for (ii), as the last statement of (ii) is in Lemma 3.2 and part (iii) is
a direct consequence of Theorem 4.3 and the Borel-Cantelli lemma.

Step 1. (4.3) = (44). Let A; , = A;n{1,...,n}, A; = j+ Aj and A, =
{mk: m =0,1,...}. Define X[X] = max; 4 |X;|. Then [T (c, v X%g )= lf,

Step 2. (4.4) = (2.1) and (2.2). Set A = sup, nP{|X| > ¢,} € (0, c0). Since
&M(c,) = ¢k, (2.1) holds. Since {(1 —e*)/A\}np, <1 —(1— p,)" for p,n < A,

{1 =M /AYn P{cEF X ... X, > &bk, | Xq| A A X, > ¢y}
< P{cﬁ-@XS)*Xﬁf’* L XS bk, D SR TIUND ¢ Ll cn)
< P{éy“](cn) > sb,’i},
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so that (2. 2) holds if )" j P{§ (c ) > eb* } < oo with n; being the index at
which P{§ (c )>b,} is max1m1zed over 2/ < n < 2“1 This summabil-
ity condition holds by the Borel-Cantelli lemma, as P{gnjfz,nj(c )b, >
eio.}=0.

Step 3. (1.2) = (4.2). Let n; = (k + 1)/ and A, j, 1 <€ < k, be disjoint
subsets of {n: n; <n <n;,,} of size n;. It follows from Proposition 4.2 that

there exist 2% sequences of i.i.d. variables {Yﬁ{’”, n > 1}, each a permutation
of {X,}, such that

p-1 |glA! ‘ <

(m, k]
ni 1S4 @-ahy MZ max |S, |— 0 a.s.,

n;j<n<njiq

1_[ Sa,,

nj1

where S, = >;.4 X; and S is the sum of products based on Y(lm), e, Yo
as in (1.1). Since A, ;, 1 < ¢ < k, j > 1, are mutually exclusive sets, by the
Borel-Cantelli lemma

00 k 00 k
> P{]_[ |S£lej)| > sbn“} => P{]_[ 1S4, | > 8bn_+1} <00 Ve>0,
=1 l=1 ! =1 l=1 " !
which implies (4.2) by Theorem 4.3.
Step 4. (4.2) = (4.4). By Lemma 4.4(iii) there exist constants Cy and m,
depending on M, only such that

P{rr(2n/My) v X% = 1) < CLP{C, 8% = t} < CoP{C,8Y" > 1}

for all ¢t > 0. Repeated applications of this inequality on each copy {X SZ‘)} in the
summands in (4.2) yield ) ; P{éz[ﬁ]j(v*(an/Mo)) > 88(’§b,}§j} < oo forn; =2/,
which then implies (4.4) by the Borel-Cantelli lemma for ¢, < 8;'v*(n/M,). O

PROOF OF THEOREMS 2.2 AND 2.3 (Necessity). Theorem 2.3(iii) follows
from Theorem 4.1(i). Since v*(¢) = cy(¢) for symmetric variables, Theo-
rem 4.1(1) also implies (2.4) = (2.1) and (2.2). Instead of (iii) in Step 4 of the
proof of Theorem 4.1, we use Lemma 4.4(i) and (ii), respectively, to obtain
(2.1) and (2.2) under (2.5) or (2.6). O

ProOF OF THEOREM 1.1. By Theorem 2.3(i) and (iii), we only need to
show that (1.7)—(1.9) imply (2.1) and (2.2) for 2 = 2 and all & > 0, as
1.3) = (2.3) = (2.11) for £ = 2. It follows from Lemma 3.2(ii) that
P{§Lk](v*(n/(2M0))) > gobkio} = 0 for some g > 0, which implies
XEL”X%]/b?1 < ka](cz(yn/Mo))/b?L — 0 as. by Theorem 2.2. Set v, =

lim sup,, & (v*(yn/(2M)))/b?. Since v*(yt) < yv*(t) + ey(yt) for y > 1, by
(2.1) and (1.3),

% < vy = limsup X" (n/ M) /b2, = ~ lim sup v (n) Mo) XW /2

< lim sup 2v*(n/(2M)) X1 /b2 < 201/22/” <2172/Pg) < o0,

n—oo
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which implies v, = v; = 0 as 0 < p < 2. Hence, (2.2) holds by Theo-
rem 4.13ii). O

5. Regularly varying distributions and discussion. In this section,
we consider conditions (2.1), (2.2), (2.11) and (2.11') based on their interpre-
tation in the case

(5.1) C,P{|X]|>x} <xPL(x) < CoP{|X| > x}, x> X,

where 0 < C; < Cy < oo and L(x) is a slowly varying function as x — oo.
This condition is slightly weaker than the requirement that P{|X| > x} be
regularly varying as x — oco. We shall assume EX = 0 when E|X| < oo, due
to the strong law of Hoeffding (1961). Some discussion is given at the end.

THEOREM 5.1. Suppose (2.3) and (5.1) hold for some 0 < p <2, EX =0 if
E|X| < oo, and that b(t) is regularly varying as t — oo if p = 1. Let ¢,, = v*(n).
Then v*(t) = O(cy(t)) as t — oo and (2.11') holds for p # 1, and (2.1) implies
(2.17) for p = 1. Consequently, (2.1) and (2.2) together are equivalent to each
and all of the statements (1.2), (1.18), (4.2), (4.3) and (4.4), equivalent to (1.17),
(2.4), (2.5) and (2.6) if p # 1, and equivalent to

(5.2) bt Y X, X,...X,|—>0 as.

l1<ig<-<i,<n

if 0 < p <1and (2.3) holds. Furthermore, if v*(t) = O(cy(2)) (e.g., p # 1) and
(53)  sup LGLO)/L(x)~ _inf  L(xL())/L(x)~ 1.

Yyo<y<xl/pte

then for b, = n'/? (1.2) holds iff
00 , 1\T\** L dt
GO (—log[m1n<tP{|X|p - 2)}) WP{X? > S < oo

REMARK. The last statement of Theorem 5.1 shows that (2.10) is not suffi-
cient for (1.2). Condition (5.3) holds if L(x) = []_;(log; x)Pi, where log;(x) =
{log(x v 1)} v 1 and log ;1(x) = log;(log ;(x)).

Proor.

Step 1. Proofs for p # 1. By (5.1), E(|X| A x)* ~ x*"PL(x) for p < « and
E(|X| - x)* ~ x'"PL(x) for p > 1. These and (1.4) imply c5(¢)/L(cy(t)) ~ ¢,
and together they imply

nu(ca(n))| < nE[|X| A cy(n)] = O(D)n[ea(n)]' " Lica(n)) = O(1)ey(n)
for 0 < p<1and
[nu(ca(n)) < nE(|X| — cy(n))" + nea(n) P{|X| > ca(n)} = O(1)cy(n)

for 1 < p <2 and EX = 0. They also imply ¢, () ~ ¢y(¢) for p < a« < co Thus,
(2.17') holds, as cy(n/M;) ~ v(n/M;). By Theorem 2.2, (1.2) < (2.1) and (2.2)



1610 C.-H. ZHANG

with ¢, = v*(n) or ¢, = c,(n) for all p < a < oco. Therefore, (2.1) and (2.2)
are equivalent to (1.2) and (1.18) by Theorem 2.3, to (4.2), (4.3) and (4.4) by
Theorem 4.1 and to (2.3), (2.4) and (2.5) by Theorem 2.2. Also, cy(n) ~ c.(n)
implies (1.17) = (1.18), and c¢;(n) ~ cy9(n) implies (1.2) = (5.2) by Corollary
to Theorem 2.2(ii) under (2.3").

Step 2. Prove (2.1) = (2.11') for p = 1. Since b, is regularly varying, b* =
n* P Ly(n) for some p’' and slowly varying function Ly(n). Let ¢, = v*(n).
Since v*(n) > cy(n) ~ nL(cg(n)) and L(cg(n)) is slowly varying, (2.1) implies
p’ < 1. Since L(x) is slowly varying,

cg(m)
u(ea(m) = wles(m)] = cxmPUX| = ey} + [ P{X| = ) d
< ep(n)/n+Ci'ez’(n) | cj(?) P L(x) dx

< M'(L(cy(n)) + [ea(m)/cy(n)]’ L(cg(m))),

where M’ = M’; < co does not depend on m or n, and 0 < § < 1/(2k). Since
both Ly(n) and L(cy(n)) are slowly varying as n — oo and cy(n) ~ nL(cq(n)),
(2.17’) holds for ¢,, = v*(n) and M; = 1, so that (1.2) & (2.1) and (2.2).

Step 3. Prove (5.4) < (2.1) and (2.2) for b, = n'/?, p # 1and 0 < p <
2. Let ¢, = c,(n) for some a > p. By (5.3), c¢i ~ nL(n'/P), so that (2.1)
holds iff L(x) — 0 as x — oo. Since the finiteness of (2.2) depends only on
the order of P{|X| > x} for large x, we may further assume without loss
of generality that |X| has a density function f(x) ~ x P71L(x). Let A, be
the event {|X{| A - A |X, 4| > ¢, ¥ X;...X;| <b% 1 <i < ¢}. Then
bke #+t)1X,... X, and |X;|, 1 < i < ¢, are all between c, and bc,**! on
A,. Since L(x) ~ L(n'/?) for ¢, < x < bkc;**1 by (5.3), we have

% L bkc—k-HZ -p L -1
P{c* | X{...X,| > bF, A} ~ /A (xl"”xl> L(n'/P) []7F(x;)dx;
' Xy i1

ck—t\ P . el
~ ( gfi ) Lin /P)/Al(xl ceXp_q)” ,:l_ll dx;

kNP bk !
- (5) memfos(2))

Since (2.1) & lim,_, . L(x) = 0, (2.2) holds with &, = n!/? iff

[renf{ )| % o

which is equivalent to (5.4). O
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EXAMPLE 5.2. Suppose (5.1) holds with p =1 and

(55)  L(x)=[](og;x)*, bk =n*Ly(x) = n*(log,, x)
j=1

for some m > 1 and m; > 1. Similar to the case of p # 1, we have
n'P{ct !X, ... X, > bk, A} ~ (ck/bh)[nL(n)/c, ]| log(bk/ck)} .

By assumption, cy(n) ~ nL(n) and log;(b%/ck(n)) ~ log(Ly(n)/L*(n)) ~
log,,,(n) for some my > 2 if (2.1) holds. By Theorem 5.1, (2.4) holds iff

(5.6) [ " (tLo(£)) LA (t)(log,,, £ dt < oo,

Suppose P{X > M} = 1 for some —co < M < 0if EX = 0and M =0
if E|X| = oo. Then v*(n) ~ |nu(cy(n))| ~ nL(n)Li(n) and (2.1) implies
log(b% /(v*(n))*) = O(log, n), where L(x) = ]_[?:11 log ;(x) with m; = min{j >
1: B; # 1}. Therefore, (1.2) holds iff

(5.7) [ Lo L) LOLy(2) dt < o0,

For example, if m = my = 1, then (2.4) & (5.6) & kB, — By > 1, while (1.2)
& (5.7) © kB — By > k. For By =0 and B; = 2/k, k> 2, E|X| = o0, (2.4)
holds but (1.2) does not. The same is true for B, = 2(k — 1) and B; = 2
under EX = 0. The general case is more complicated, where ¢,, may fluctuate
between +nL(n)L(n).

REMARK 1. It is not clear whether the condition P{X > 0} = 1 can be
completely removed from Corollary to Theorem 2.2(ii), even for b, = n'/?,
0 < p < 1. By Theorem 5.1, (1.2) and (5.2) are equivalent under (5.1) for
0 < p < 1. For k£ = 1, there is no need to center the variables and (1.2) is
equivalent to (5.2) for b, = n/? by the Marcinkiewicz—Zygmund strong law of
large numbers. In Example 5.2, (2.4) and (1.2) are not equivalent for certain
parameter values in (5.5), so that (1.2) and (5.2) are not equivalent when X;
is replaced by ¢; X ;. However, (2.3') does not hold.

REMARK 2. The problem in Remark 1 is also related to the question con-
cerning the equivalence between (2.4) and (1.17). Suppose (2.3") and (1.2) hold
and (5.2) does not. Then (1.18) holds by Theorem 2.2, so that

b%2  max \/|Xi1Xi2 X, | >0 as.
11<lg<-<ip=<n
On the other hand, Theorem 2.2 also implies that
b;k/z Z 8i18i2"'Sik\/|Xi1Xi2"'Xik| — 0 a.s.
i1<ig<-<ip<n

does not hold. This would show that (2.4) and (1.17) are not equivalent for
/| X| and the normalizing sequence e,
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APPENDIX
Here we prove (3.11)—(3.14), Proposition 4.2 and Lemma 4.4.

Proor orF (3.11)—(3.14). Let p, = P{|X| > ¢,} and p, = P{|X| > c,}.
Similar to (3.9), we have

(Al) YO,nI{|Xn| 50;}=Y0,n711{|Xn| SC/n}

This implies (3.11) due to the independence of (Z,, Y, , ;) and X, since, by
(1.5) u(c,) is the conditional expectation of X, given |X,| < ¢),. Similarly,
(A.1) and (1.5) imply
E(X, — u(cy))?1Zo|Y s,
< EX71Zo|Y o o J{IX,| < ¢} + E(X), | Zo|Y o o I{I X, > €.},

so that (3.12) follows from

(A.2) X < (1X ]+ )X ] > ¢} < 21X {| X ;] > ¢},

Let R%],n be the rank of | X;|in |X,, 4], ...,|X,| in descending order as in
the proof of Lemma 3.3. By (A.2)

E\X, X, 1Zo|Yo,n
<4E|X,X, 1Zo|Y0 n {Rnojn <k, R[”] < k}
(A.3) +4E|X, X, 1Z0|Y ol {RL’;,L > k, REZ n>k

| X1l > ¢, | X, > ¢}
+8E|X, X, 1Z|Y, 1 {R[” 1] <k<R[”] v 1 X0l > )

We shall derive (3.13) by boundlng the three terms on the right-hand side

above. Since | X, X, 4] < (X g, n)2 and (R[,Z0 L, R% n) is uniformly distributed

given (Z,, X Eno,na YO,n)’
E|Xan71ZO|Y0,nI{R£;LL(;}L] <k, R%n <k}
< k(k = 1){(n — mo)(n — mo — DY ' E(X};) )% Zo| Y0,
< k(k = 1){(n — mo)(n —mo — D} 'E(X3, 11+ + X2)|Zo| Yo,
< k*(n—mo) 'EX}|Zo|Y o, -
[n-1]

Since | X, X, 1| < (Xm . 2)?and Yy , =Y, , o when Ry, » and Rgno n are
both greater than &, by the independence of (X,_;, X,) and (X my, n—2 Zo,
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Y ,_2) we obtain
E|X,X, 1Zo|Yo J{RY ) > k, R > by | X, 4] > ¢y | X4 > €}
< E(X},) 12)’1Z0lY o, 2(P))?
< AP/ = DY E(X 7 1+ + X0 ) ZolY o o I{| X VX, < €}
<(n—-mo{p,/(1- pn)}zEX%|Z0|Y0,n-
Combining the above arguments,
E|X,X, 1Z|Y J{RU ) <k, RU) >k, |X,|>c,}
< E(X | IZo|Y, , HRE < b, |X,| > ¢}
< Ph(1—=p)) " k(n —1—mg)” IE(X mo, n— 1)2|Z0|Y0 n
< P,(1 = p,) 'REX}| Zo|Y g, -

Adding the above three inequalities together, we obtain (3.13) by (A.3) and
np, < M;.

Finally, let us prove (3.14). By (1.4), c2(¢)/t < E{|X| A cy(¢)}?, so that by
(A.1)

M2C2(n/M2)E|Zo|Y0 n= nE{X2+1 /\Cz(n/Mz)}|Zo|Y0 n
<nEX; 11Zo|Y o o I{| X pyal < cu}
+ncy(n/M3)E|Zo|Y o, P{| X 11| > ¢, }
<nEX2 | Zo|Y o i1+ 10,050/ Mo)E| Z|Y g .
Hence, we have (3.14) as np,, < M, and
EX; | ZolY 0,01 = EX}y il ZolY o nin RS a > 1)
+EX 7 11Z0|Y o, n+1I{R£Z;ﬂ ni1 < R}

< EX2|Zo|Yy , + k(n—mg)~ 1EX2+1|Z0|Y0 ntl g

PROOF OF PROPOSITION 4.2. It suffices to show

14
(A.4) _ Z(_l)li—j > I{{ii,.--,ik}gAOUAmlU"'UAmj}

0<m1<---<mj52

for all vectors i = (iy,...,1;) with {i;,...,i,} S AyUA;U.---UA,. Let B,, be
the indicator of the “event” {i;,...,i,} N A,, = &. Since

If{{iy, ..., iz} SAGUA, U---UA, | =B, ...B,
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such that {my,...,m’,} = {i,..., ¢} N {my,...,m;}, by the inclusion—
exclusion formula for the union of events the right-hand side of (A.4) is

14

Jj=1 0<m’1<---<m’j,§l m=1

which equals the left-hand side of (A.4). Equation (4.5) follows as Aj ® A; ®
PP ® Ak — Q‘ O

ProOOF OF LEMMA 4.4. Let med(X) be the median of X. With X* = X, —X,
as in (4.7), we observe P{|X®| > x} > 1/2P{| X —med(X)| > x}, which implies
2E(|X5| Ac)? > E(|X — med(X)| A ¢)?. Let ¢, = cy(tn). It follows from (4.7)
that

c, V2C(c,/2) B \/t
S‘ipphs" al < 4} = [ME(X — med(X)| nc ez~ 1T oMEY 5.
This gives (i). The proof of Lemma 2.3 of Klass and Zhang (1994) gives (ii).

Let us prove (iii). Set u,, = u(c,) and p = P{|X| > ¢ }. Let P* and E* be
the conditional probability and expectation given |X;| < ¢}, 1 <i < n. Then
(1 - p)E*X?2 = (¢,)?(1/(nt) — p). For Cy > 0 we have

P{|S, —nu,| = Coc,} = (1 — p)"P*{|S, — nu,| = Cocy}

> (1 - p)"{1 - nE*X}/(Cyc,)?}
=(1-p) ' {1-p- (" —np)/C}

Since the right-hand side is log-concave in p, its minimum is reached ei-
ther at p = 0 or p = 1/(nt), so that P{|S, — nu,| < Cyc,} > min(1l —
1/(¢C2), (1—1/(nt))"). This gives the first inequality of (iii) with C; = M —1/t
and the second one for d¢n|u,| > ¢,/2 with Cy = (1 — 8¢)/(28¢). Let X', =
min{max(X ;, —c,,), ¢}, j = 1, 2. For &tn|u,| < ¢, /2,

E(X| - X3)
2
Since (X} — X5) < min{|X*|?, (2¢,)?}, by (4.7),

’ ’ / (c/n)Z C;l 2 1 1 2
—Var(X}) = BX ~{ll+pe? = GO () (i)

¢ 2 2/1 1\
P ‘ ARE XS A @Y <C| T =2 (o o
{|Sn|§ . } < Cc,[nE{| X®| A (2¢,)}"] §C|:t n (28t+ t) :|
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