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THE COMPLETE CONVERGENCE THEOREM

OF THE CONTACT PROCESS ON TREES1

BY YU ZHANG

University of Colorado

Consider the contact process on a homogeneous tree with degree

d G 3. Denote by

l s inf l: P o g j o i.o. ) 0� 4Ž .c t

the critical value of local survival probability, where o is the root of the

tree. Pemantle and Durrett and Schinazi both conjectured that the com-

plete convergence theorem should hold if l ) l . Here we answer thec

conjecture affirmatively. Furthermore, we will show that

P o g j o i.o. s 0 at l .Ž .t c

Therefore, the conclusion of the complete convergence theorem cannot

hold at l .c

1. Introduction and statement of results. Let T be an infinite homo-

geneous tree with d G 2 branches for each vertex in T. Note that T is a line if
< <d s 2. The distance v y v between two vertices v and v is defined to be1 2 1 2

the number of vertices in the unique path of T from v to v . A nominated1 2

< < < <vertex of T is called the root and labeled o. For simplicity, let v y o s v for
< <any v g T. Also, for any collection A of vertices, A denotes the number of

vertices in A. Let S be any connected infinite subgraph of T. Consider the

contact process on S as follows. We first set a continuous-time Markov
� AŽ . 4process j S : t G 0 as the collection of finite subsets of vertices in S sucht

AŽ . AŽ .that j S s A for some A ; S. The vertices in j S are thought of as0 t

occupied and the system evolves as follows:

AŽ .1. If x g j S , then x becomes vacant at rate 1.t
AŽ .2. If x f j S , then x becomes occupied at rate l times the number oft

occupied neighbors.

If S s T, we denote

j A T s j A
.Ž .t t

More specifically, we are interested in the processes j 1 and j o, wheret t

j 1 is the process with j 1 s Tt 0

and

j o is the process with j o s o.t 0
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THE CONTACT PROCESS ON TREES 1409

One of the most important questions in the contact process is to investigate

the stationary measures. We start with two extreme measures. First, let d0

be the measure concentrated on the empty configuration. Clearly, d is a0

Ž w x w x.stationary measure. Second, it follows from a simple argument see 2 or 6

that j 1
« j 1, where j 1 is called the upper invariant measure. It is anothert ` `

w xstationary measure. For a large l, it was shown in 10 that

1 j A
« P t A - ` d q P t A s ` j 1 as t ª `Ž . Ž . Ž .t 0 `

for any A ; T, where

t A s inf t : j A s B .� 4t

Ž .Equation 1 is often called the complete convergence theorem. Set

< o <l s inf l: P j ) 0 for all t ) 0 ,� 4Ž .s t

l s inf l: P o g j o i.o. ) 0 ,� 4Ž .c t

where l and l are the critical values for the survival and the local survivals c

of the contact process, respectively. Clearly,

l F l .s c

w xThe most interesting phenomenon of the contact process on T, found by 10
w xand 7 , is the difference between its two critical values, that is,

2 l - l ,Ž . s c

Ž w x w x.when d G 3. For d s 2, it has been proved that l s l see 2 or 6 .c s

Let us return to the discussion of the stationary measures of the contact

process. Clearly, if l - l ,s

j A
« d .t 0

w x w xFurthermore, it follows from 9 and 1 that

j A
« d at l .t 0 s

w xWhen d G 3 and l - l - l , it was proved in 3 that there are infinitelys c

Ž .many extremal stationary measures. On the other hand, by 1 , the complete

convergence theorem holds for large l. Then there are only two extremal

stationary measures for large l. It is natural to ask how many extremal

stationary measures there are when l is equal or near from the right-hand
w x w xside of l . In fact, both 10 and 4 conjectured that the complete convergencec

theorem should hold for l ) l . Then it will imply that there are only twoc

extremal stationary measures for l ) l . Here we answer this questionc

affirmatively as follows.

THEOREM 1. For any homogeneous tree with d G 2, the complete conver-

gence theorem holds if l ) l .c

Ž .REMARKS. a When d s 2, the complete convergence theorem holds if
Ž w x w x.l ) l see 2 or 6 . This implies that l s l . Furthermore, the arguments c s

d Ž w x.that the complete theorem holds when l ) l is also known for Z see 1 .c

Therefore, Theorem 1 holds for d s 2.



Y. ZHANG1410

Ž .b We can also consider the contact process on any homogeneous graph G.

Note that if G is homogenous, then we can pick a vertex o as the origin of G.

Clearly, we can also let

l G s inf l: P o g j o G i.o. ) 0 .� 4Ž . Ž .Ž .c t

For both G s Zd and G s T, the complete convergence theorem holds if and
Ž .only if l ) l by a , the remark after Theorem 3 and Theorem 1 above. Herec

we conjecture that the result should hold for any graph as follows.

CONJECTURE. For any homogeneous graph G, the complete convergence
Ž .theorem holds iff l ) l G .c

In general, the so-called critical case, that is, l s l , is more complicated.c

However, the method developed in Theorem 1 allows us also to prove the

following theorem.

THEOREM 2. For l s l ,c

P o g j o i.o. s 0.Ž .t

w xBy using the argument in 4 , Theorem 2 will imply that there exist

infinitely many extremal stationary distributions at l . More precisely, wec

have the following theorem.

THEOREM 3. If l s l , there are infinitely many extremal stationary dis-c

tributions.

REMARK. By Theorem 3, the complete convergence theorem cannot hold

at l .c

The proofs of the theorems are organized as follows. We collect the prelimi-

nary results of the contact process on trees in Section 2. Then we complete

the proofs of Theorems 1]3 in Section 3.

Since the proof of Theorem 1 is involved, we would like to outline its proof.

To show the complete convergence theorem, one of the useful methods is to

check the hypotheses of the following lemma.

BŽ .LEMMA Griffeath’s lemma . For any subsets A and B of T, if j is ant

independent copy of the contact process and

A B A BP j l j s B, j / B, j / B ª 0 as t ª `,Ž .t t t t

then the complete convergence theorem holds.

w xPROOF. See the same proof in Chapter 11 of 2 . I
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To verify the hypotheses of Griffeath’s lemma, we first show that if l ) l ,c

then for any « ) 0, there exist two positive numbers C and R such that

o < < < <3 P x g j for t F R x G C exp y« xŽ . Ž .Ž .t

Ž .for any x g T. To show 3 , we will renormalize T to another tree with
Ž .‘‘bigger edges’’ see Figure 2 . Then we show in Proposition 1 that if l ) l , ac

vertex in any bigger edge is occupied infinitely often in the bigger edge and

some of its branches with a positive probability. By using the renormalized
Ž .edges and standard ergodic and percolation results see Propositions 2 and 3 ,

Ž . Ž .we prove 3 in Proposition 4. By 3 we then show

4 lim inf P o g j o U ) 0,Ž . Ž .Ž .t
t

w Ž .x Ž .where U is a branch of o see the definition of U after 6 . Equation 4 is
Žproved in Proposition 5 see the intuitive explanation before the proof of

. Ž . Ž .Proposition 5 . Finally, by using 3 and 4 , we will verify the hypotheses of
ŽGriffeath’s lemma see the heuristic argument of the proof of Theorem 1

.before the proof of Theorem 1 .

2. Preliminaries. Now we only focus on the case d ) 2. We start with
Ž w x w xthe graphical representation of the contact process see 2 and 9 for more

. w .details . Consider T = TT, where T is a tree and TT is the time interval 0, ` .

² :We often denote by x, t and A = B an element and a subset of T = TT,

respectively. We associate each site of T with d q 1 independent Poisson

processes, one with rate 1 and the d others with rate l. Assume that these
� v, kPoisson processes are independent from site to site in T. For each v, let T :n

4n G 1 , k s 0, 1, 2, . . . , d, be the arrival times of these d q 1 processes, re-
� v, 0 4spectively, where v represents the vertices in T. The process T : n G 1n

has rate 1, the others rate l. For each v and n G 1 we write a d mark at the
² v, 0: ² v, k:point v, T for n G 1 while if k G 1 we draw arrows from v, T ton n

² v, k:v , T , where v , k s 1, 2, . . . , d, are the neighbors of v. We say thatk n k

² : ² :there is a path from v, s to u, t if there is a sequence of times s s s -0

s - ??? - s - s s t and spatial locations x s v, x , . . . , x s u so that1 n nq1 0 1 n

for i s 1, 2, . . . , n there is an arrow from x to x at time s and theiy1 i i

� 4 Ž .vertical segments x = s , s for i s 1, . . . , n do not contain any d . Fori i iq1

� 4 � 4any two sets A and B, we use the notation A = s ª B = t to denote the
² : ² :event that there is a path from x, s to y, t for x g A and y g B.

� 4 � 4Specifically, we say that A = s ª B = t inside D for some set D ; T if
w .the path mentioned above stays inside D = 0, ` . We denote by B theA

² : ² :subset of T = TT such that for any x, t g B there exists a path from y, 0A

² :to x, t for some y g A. Clearly, B is a connected component in the sense ofx

our graph construction for x g T. We refer to B as a cluster.x

Ž � 4.We pick a line in the tree a self-avoiding path of vertices v : n g Zn

which contains the root. We write L for the line and simply denote the
� 4vertices in L by y`, . . . , yn, . . . , o, . . . , n, . . . , ` . We consider the segment

w xyk, k contained in L. For each vertex of T, there are d disjoint subgraphs
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connected to the vertex. These subgraphs are called the branches of the

vertex.

Ž .Next we consider the following special sets. Let H yk, k be the subgraph

of T by:

� 41. removing d y 1 branches from k but leaving the branch that contains
w xthe segment yk, k ;

� 42. removing d y 1 branches from yk but leaving the branch that contains
w x Ž .the segment yk, k see Figure 1 .

Ž .Clearly, lim H yk, k s T. In general, for any vertices x, y g T, notek ª`

that there is only one segment in T which can connect x and y. Let S bex, y

Ž . w Ž .xthe segment. By shifting the graph H yk, k or H yk, k q 1 such that the
w x Ž w x.segment yk, k or yk, k q 1 matches the segment S for some k, wex, y

Ž .can define H x, y as the subgraph which contains the segment connecting x
< <and y. Furthermore, if x y y is an even number, let c be the center ofx, y

Ž .S . Then let see Figure 1x, y

< < � 4 � 4DD x , y s v : v y c x , y - x y y r2 j x j y .� 4Ž . Ž .

< <If x y y is an odd number, let y9 g S be the vertex next to y. Thenx, y

< < < <x y y9 s x y y y 1 is an even number. Let c be the center of S andx, y x, y 9

Ž .let see Figure 1

< < � 4 � 4 � 4DD x , y s v : v y c x , y - x y y9 r2 j x j y9 j y .� 4Ž . Ž .

Ž .Since H yk, k is an infinite graph, we can consider the contact process on
Ž .H yk, k . Set

l k s inf l: P o g j o H yk , k i.o. ) 0 .� 4Ž . Ž .Ž .Ž .t

Clearly,

5 l k G l k q 1 G l .Ž . Ž . Ž . c

Let

lim l k s m.Ž .
kª`

Then we have the following proposition.

Ž .FIG. 1. The left solid graph is H yk, k with k s 6 and d s 3; the middle and the right graphs
Ž . < <are DD x, y with d s 3 and with x y y s 6 and 7, respectively.
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PROPOSITION 1. l s m.c

Before the proof of Proposition 1, we need to introduce a lemma. Clearly, if

l - l, thens

< o <6 P j ) 0 for all t ) 0.Ž . Ž .t

Note that d y 2 of the branches of o do not contain any edges of L. We pick

such a branch which contains o and denote it by U. Then we will show the
Ž .following lemma which is stronger than 6 .

LEMMA 1. If l ) l ,s

o7 P j U ) 0 for all t ) 0.Ž . Ž .Ž .t

Ž w x.PROOF. Lemma 1 was proved by Morrow, Schinazi and Zhang see 8 .

However, the paper is unpublished and the method is involved. We prefer to
w xgive another proof which relies on a method in 9 as follows. Let

ol s inf l: P j U ) 0 for all t ) 0 .Ž .� 4Ž .U t

To show Lemma 1, we only need to show that

8 l s l .Ž . s U

Clearly,

9 l F l .Ž . s U

Ž . w xIt follows from 6 in 9 that

o10 exp c l t F t dE j U ,Ž . Ž . Ž .Ž . Ž .t

Ž . Ž .where c l is a function of l such that c l ) 0 if and only if l ) l .s

ŽFurthermore, by a standard result in the theory of branching processes see
w x.the proof of Theorem 2 in 9 it can also be proved that

o o11 P j U ) 0 for all t ) 0 if ' t such that E j U ) KŽ . Ž . Ž .Ž .t 0 t0

Ž .for some large constant K. Clearly, if l ) l , then by 10 there exists t suchs 0

< oŽ . < Ž .that E j U ) K. It follows from 11 that l ) l . Therefore,t U0

12 l G l .Ž . s U

Ž . Ž .Lemma 1 is proved by 9 and 12 . I

Ž .PROOF OF PROPOSITION 1. It follows from 5 that

m G l .c

To show Proposition 1, we only need to show the other direction. Suppose that

13 m ) l .Ž . c

Then we pick a l such that

l - l - m.c
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Clearly, for such l,

P o g j o i.o. G b ,Ž .t

where b is a positive constant. If we use the graphical language of the

contact process, we let

o ² :k g j i.o s k , t g B i.o� 4 � 4t o

and
o ² :k g j finitely often for all t s k , t g B f.o .� 4 � 4t o

Then

² :14 P o , t g B i.o. G b ,Ž . Ž .o

where B is the cluster of o. On the other hand, note that l - m ando

Ž .m F l k so that, for any integer k,

² :15 P o , t g B i.o., B ; H yk , k = 0, ` s 0.Ž . Ž . Ž .Ž .o o

�² : 4 Ž .For each sample point in o, t g B i.o. , by 15 the sample point is not ino

B ; H yk , k = 0, ` .� 4Ž . Ž .o

In other words, for each such sample point, it is either in

� 4B l k = 0, ` / B� 4Ž .o

or in

� 4B l yk = 0, ` / B� 4Ž .o

Ž .for any positive integer k. By symmetry and 14 ,

b
� 416 P B l k = 0, ` / B G .Ž . Ž .Ž .o

2

Ž . Ž .By 16 , for any positive integer k there exists a real number J k such that

b
� 417 P B l k = 0, J k / B G .Ž . Ž .Ž .Ž .o

3

< oŽ . <On the other hand, by Lemma 1, with probability a ) 0, j U ) 0 for all t.t

Ž . Ž . Ž . Ž . Ž .Note that l - m F l 1 and B U ; H y1, 1 = 0, ` so that, by 15 ,o

² :18 P o , t g B U i.o. s 0.Ž . Ž .Ž .o

Ž .In contrast to 18 , on the assumption l - l - m, we will show thatc

o² :19 P o , t g B U f.o., j U ) 0 for all t s 0.Ž . Ž . Ž .Ž .o t

Since
o20 P j U ) 0 for all t s a ) 0,Ž . Ž .Ž .t

Ž . Ž . Ž .18 and 19 cannot both hold. The contradiction tell us that assumption 13

is wrong. This is

l F m.c

Ž .Therefore, Proposition 1 is proved if 19 holds.
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Ž .Now we begin to show 19 . Intuitively, for each time t, there exists x such
² : Ž . < oŽ . < Ž .that x, t g B U if j U ) 0 for all t. By 17 and translation invari-o t

ance, with probability br3 there exists a path connecting x to o with edges
Ž Ž < <.. < oŽ . <in U in the time interval t, t q J x . On the event j U ) 0 for all t, wej

² : ² :can find infinitely many such x, t , and with probability br3 each x, t can
² : Ž Ž < <..be connected by a path to o, s for some s g t, t q J x . It would imply

² :o , t g B U i.o.Ž .o

< oŽ . < Ž .on the event j U ) 0 for all t. Then 19 can be shown.t

Ž .Now we will give a formal proof of 19 as follows. Suppose that

o² :21 P o , t g B U f.o., j U ) 0 for all t G 3rŽ . Ž . Ž .Ž .o t

Ž .for some r ) 0. By 21 , there exists M such that

o² :22 P o , t g B U at most M times, j U ) 0 for all t G 2r .Ž . Ž . Ž .Ž .o t

Then we can find I large such that

o� 423 P B U l o = I , ` s B, j U ) 0 for all t G r .Ž . Ž . Ž . Ž .Ž .o t

We take n large and then h small such that

n
b r rn

24 1 y - and 1 y 1 y h - .Ž . Ž .ž /3 4 4

Let

< <� 4U M s v g U : v F M .Ž .

Note that, for any s ) 0,

o� 4P B U l U = s / B j U ) 0 for all t s 1Ž . Ž .Ž .o t

so that we can choose M large such that0

o� 425 P B U l U M = I / B j U ) 0 for all t G 1 y h .Ž . Ž . Ž . Ž .Ž .o 0 t

Note also that

P B U l U = I q J M / B,� 4Ž . Ž .Ž o 0
26Ž .

o� 4B U l U M = I / B j U ) 0 for all t G 1 y hŽ . Ž . Ž . .o 0 T

so that we can choose M large such that1

P B U l U M = I q J M / B,� 4Ž . Ž . Ž .Ž o 1 0

2o� 4B U l U M = I / B j U ) 0 for all t G 1 y h ,Ž . Ž . Ž . Ž ..o 0 t

Ž . Ž .where J k was defined in 17 . Consequently, we choose M , M , . . . , M2 3 n

large such that

no<27 P E j U ) 0 for all t G 1 y h ,Ž . Ž . Ž .Ž .n t
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where

ny1

E s B U l U M = I q J M q ??? qJ M / B .� 4� 4Ž . Ž . Ž . Ž .Fn o i 0 iy1

is0

On the other hand,

o� 4P B U l o = I , ` s B, j U ) 0 for all tŽ . Ž . Ž .Ž .o t

o� 4F P B U l o = I , ` s B, E , j U ) 0 for all tŽ . Ž . Ž .Ž .o n t

C o<qP E j U ) 0 for all tŽ .Ž .n t

o� 4F P B U l o = I , ` s B, E , j U ) 0 for all tŽ . Ž . Ž .Ž .o n t

n
q1 y 1 y hŽ .

o� 4s P B U l o = I , ` s B, E , j U ) 0 for all t ,Ž Ž . Ž . Ž .Ý o n t

G
28Ž .

B U l U = I q J M q ??? qJ M s GŽ . Ž . Ž .Ž .o 0 n

n
= I q J M q ??? qJ M q 1 y 1 y hŽ . Ž . Ž .Ž . .0 n

� 4s P B U l o = I , I q J M q ??? qJ M s B,Ž . Ž . Ž .Ž .ŽÝ o 0 n

G

E , B U l U = I q J M q ??? qJ M s GŽ . Ž . Ž .Ž .ny1 o 0 n

= I q J M q ??? qJ M ,Ž . Ž .Ž .0 n

² :G = I q J M q ??? qJ M ¢ o , s for I q J MŽ . Ž . Ž .Ž .0 n 0

n
q ??? qJ M - s - ` q 1 y 1 y h ,Ž . Ž ..n

where the sum is taken over all possible G and G is a finite vertex set in U.

tŽ . Ž . Ž .Let B U be the cluster of B U inside time interval 0, t . Theno o

� 4 t � 429 B U l o = 0, t s B s B U l o = 0, t s B .� 4� 4Ž . Ž . Ž . Ž . Ž .� 4o o

� Ž . Ž . 4In other words, B U l o = 0, t s B only depends on the time intervalo

Ž . Ž .0,t . Clearly, by 29 ,

� 4B U l o = I , I q J M q ??? qJ M s B, E ,� Ž . Ž . Ž .Ž .o 0 n ny1

B U l U = I q J M q ??? qJ MŽ . Ž . Ž .Ž .o 0 n

s G = I q J M q ??? qJ M 4Ž . Ž .Ž .0 n

and

G = I q J M q ??? qJ M� Ž . Ž .Ž .n n

² :¢ o , s for I q J M q ??? qJ M - s - `4Ž . Ž .0 n
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are independent since both events depend on different time intervals. Fur-

thermore, by translation invariance,

P G = I q J M q ??? qJ MŽ . Ž .Ž .Ž 0 n

² :¢ o , s for I q J M q ??? qJ M - s - `Ž . Ž . .0 n

² :F P x , I q J M q ??? qJ MŽ . Ž .Ž 0 n

² :¢ o , s for I q J M q ??? qJ M - s - `Ž . Ž . .0 n

30 where x is a vertex of GŽ . Ž .

� 4F P B l x = 0, ` s BŽ .Ž .o

b b
F 1 y - 1 y by translation invariance and 16 .Ž .ž / ž /2 3

Ž . Ž .Then, by 30 , the first term on the right-hand side of 28 equals

� 4P B U l o = I , I q J M q ??? qJ M s B,Ž . Ž . Ž .Ž .ŽÝ o 0 n

G

E , B U l U = I q J M q ??? qJ M s GŽ . Ž . Ž .Ž .ny1 o 0 n

= I q J M q ??? qJ M , G = I q J M q ??? qJ MŽ . Ž . Ž . Ž .Ž . Ž .0 n 0 n

² :¢ o , s for I q J M q ??? qJ M - s - `Ž . Ž . .0 n

� 4s P B U l o = I , I q J M q ??? qJ M s B,Ž . Ž . Ž .Ž .ŽÝ o 0 n

G

E , B U l U = I q J M q ??? qJ M s GŽ . Ž . Ž .Ž .ny1 o 0 n31Ž .

= I q J M q ??? qJ MŽ . Ž .Ž . .0 n

² :P G = I q J M q ??? qJ M ¢ o , s for I q J MŽ . Ž . Ž .Ž .Ž 0 n 0

q ??? qJ M - s - `Ž . .n

� 4F P B U l o = I , I q J M q ??? qJ M s B, EŽ . Ž . Ž .Ž .Ž .o 0 n ny1

b
= 1 y .ž /3

Ž . Ž .By the definition of J M , 17 and the same method repeated above n y 1i

times,

b
� 4P B U l o = I , I q J M q ??? qJ M s B, E 1 yŽ . Ž . Ž .Ž .Ž .o 0 n ny1 ž /3

32Ž . n
b

F 1 y .ž /3
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Ž . Ž . Ž .Combining 29 , 31 and 32 ,

o� 4P B U l o = I , ` s B, j U ) 0 for all tŽ . Ž . Ž .Ž .o j

n
b rn

F 1 y q 1 y 1 y h - .Ž .ž /3 2

33Ž .

Ž . Ž .This contradicts assumption 23 . Therefore, 19 is proved. I

Ž .Let I k be the indicator of the event that the vertex x becomes occupiedx

Ž .infinitely often in x q H yk, k . By translation invariance and Proposition 1,

if l ) l , then there exists k such thatc

34 P I k s u l ) 0,Ž . Ž . Ž .Ž .x

Ž .where u l is a constant. Recall that L is the line defined before. It is easy to
Ž . Ž .check that I k , . . . , I k , . . . for n g L is a stationary sequence. By a0 n

standard ergodic theorem,

ny11
35 P lim I k s u l s 1.Ž . Ž . Ž .Ý iž /nnª` is0

Ž .Due to 35 we have the following fact.

FACT 1. Assume that l ) l . Given « ) 0, we can pick N large such thatc

w x36 P ' i g 0, n such that I k , s 1 ) 1 y « for n G N.Ž . Ž .Ž .i

For fixed l and k9 we can choose N such that N ) 4k9. For the integer N
w xlet J be the indicator of the event that there exists i g Nr4, 3Nr4 suchN

Ž .that I k9 s 1 for some k9 - Nr4. By Fact 1 and translation invariance, wei

have the following fact.

FACT 2. Assume that l ) l . For given « ) 0, we can pick N large suchc

that

37 P J s 1 ) 1 y « .Ž . Ž .N

Ž .Now we renormalize T as the following new graph see Figure 2 . We first
w xchoose 0, N as an edge called L . There are d y 1 branches that connect to0

w .N and which do not contain 0, N . We pick two branches and select two

segments from the two branches such that each of the segments has a length
Ž . � 4N containing N vertices , and each is next to N . Denote these by L and0, 1

L . Then both L and L have two end vertices: the common one is N0, 2 0, 1 0, 2

and the others are denoted by l and l , respectively. Continuing, we pick0, 1 0, 2

L and L to be the two edges with length N next to the end vertex l0, 1, 1 0, 1, 2 0, 1

and L and L to be the other two edges with length N next to the end0, 2, 1 0, 2, 2

vertex l . With this construction, we get a new three-branch tree but with0, 2

Ž .only one branch connecting the root see Figure 2 .

w xOn the event J , 0, N is occupied by a particle infinitely often. OnceN

w x0, N is occupied by a particle, then with positive probability the particle can
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< <FIG. 2. The bold graph is a renormalized tree with N s 2 from T.

Ž .generate particles in each site of L . More precisely, if we write H K for0, 1

Ž .H x, y for any segment K with two end vertices x and y, then with positive
w0, N xŽ Ž . Ž .. Ž .probability L ; j H L j H L for some t ) 0. Let F N be this0, 1 i 0 0, 1 t

w0, N xŽ Ž . Ž ..event; that is, each site of L is occupied by j H L j H L . Then,0, 1 t 0 0, 1

Ž .on the event J , D F N should occur with probability 1. More pre-N t g Ž0, `. t

cisely, we have the following proposition.

PROPOSITION 2. Assume that l ) l . There is N which only depends on lc

such that

<38 P ' 0 - t - ` such that F N occurs J s 1.Ž . Ž .Ž .t N

PROOF. Note that l ) l so that, by Proposition 1,c

39 l ) l k9Ž . Ž .
for some k9. We can pick N such that N ) 4k9 as we did before. On the event

J , letN

w x w0 , N xh s inf ` ) t ) 1: 0, N l j H 0, N / B ,Ž .� 4Ž .1 t

w x w0 , N xh s inf ` ) t ) h q 1: 0, N l j H 0, N / B ,Ž .� 4Ž .2 1 t
.

.

.

40Ž .

w x w0 , N xh s inf ` ) t ) h q 1: 0, N l j H 0, N / B .Ž .� 4Ž .n ny1 t

Clearly, on the event J , with probability 1 there exists h - h - ??? -N 1 2

Ž .h - ` for any integer n. Furthermore, let q x be the probability of then N

event that

L ; j x H L j H LŽ . Ž .Ž .0, 1 1 0 0, 1
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w xfor x g 0, N . Let

q s max q x .Ž .N N
w xxg 0, N

Clearly,
q ) 0.N

With these definitions and translation invariance,

<P 'u 0 - t - ` such that F N occurs JŽ .Ž .t N

<s P 'u 0 - t - ` such that F N occurs, ' h , h , . . . , h JŽ .Ž .t 1 2 n N

`

s P 'u 0 - t - ` such that F N occurs,Ž .ŽH t
0

<' h , h , . . . , h , h s s J ds.1 2 n n N

41Ž .

`

F 1 y q P 'u 0 - t - s such that F N occurs,Ž . Ž .ŽH N t
0

<' h , h , . . . , h , h s s J ds..1 2 n n N

Ž .By iterating 41 ,
n

<42 P 'u 0 - t - ` such that F N occurs J F 1 y q .Ž . Ž . Ž .Ž .t N N

Ž .By 42 , we note that n can be arbitrarily large so that Proposition 2 is

proved. I

Similarly, on the event J each of the vertices of L is occupied byN 0, 2
L0Ž Ž . Ž ..j H L j H L for some t with probability 1. Lett 0 0, 2

t s inf ` ) t ) 1: L ; j L0 H L .Ž .� 4Ž .0 0 t 0

By Fact 2 and the same proof of Proposition 2, for l ) l and any givenc

« ) 0, we can pick N and R large such that

<43 P t - R L is occupied by particles at time 0 G 1 y « .Ž . Ž .0 0

Similarly, on the event t - R, let0

t s inf ` ) t ) t : L ; j L0 , t 0 H L l L ,Ž .� 4Ž .0, 1 0 0, 1 t 0 0, 1
44Ž .

L , t0 0t s inf ` ) t ) t : L ; j H L l L ,Ž .� 4Ž .0, 2 0 0, 2 t 0 0, 2

where j L, t 0 is the contact process for t G t such that j L, t 0 s L. Then, byt 0 t 0

Fact 2 and Proposition 2, for large N and R,

<45 P t y t - R t s t G 1 y «Ž . Ž .0, i 0

for i s 1, 2. Consequently, on the event that t y t -0, i , . . . , i 0, i , . . . , i1 j 1 jy1

Ž .R, . . . , t - R, for the N and the R in 45 , let0

t 0, i , . . . , i1 jq1

s inf ` ) t ) t : L½ 0, i , . . . , i 0, i , . . . , i1 j 1 jq146Ž .

; j L0, i1
, . . . ,i j

, t 0, i1, . . . ,i j H L j H L ,Ž . Ž . 5ž /t 0, i , . . . , i 0, i , . . . , i1 j 1 jq1
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Ž .where i s 1 or 2, . . . , i s 1 or 2. Then, by translation invariance and 45 ,1 jq1

<47 P t y t - R t s t G 1 y « .Ž . Ž .0, i , . . . , i , i 0, i , . . . , i1 j jq1 1 j

Now, on the condition that every vertex in L is occupied at time 0, we say L0 0

is open if t - R. Continuing, on the event that L is open, we say0 0, i , . . . , i1 j

L is open if t y t - R. With this definition, on the0, i , . . . , i 0, i , . . . , i 0, i , . . . , i1 jq1 1 jq1 1 j

Ž .condition that every vertex in L is occupied at time 0, we define C N, R as0

� 4the open cluster of the root o with open edges in the edge set L . Now0, i , . . . , i1 j

we show the following result.

PROPOSITION 3. If l ) l , we can pick N and R large such thatc

148 P C N , R s ` L is occupied at 0 ) .Ž . Ž .Ž .0 2

PROOF. By the Markov property, on the event that L and L0, i , . . . , i 0, l , . . . , l1 j 1 k

Ž .are first occupied for each vertex by particles at t and t , respectively, for1 2

i / l , then the events that L and L are open or notj k 0, i , . . . , i , i 0, l , . . . , l , l1 j jq1 1 k kq1

Ž .only depend on the Poisson processes on edges of H L j0, i , . . . , i1 j

Ž . Ž . Ž .H L and H L j H L , respectively. Note that0, i , . . . , i , i 0, l , . . . , l 0, l , . . . , l , l1 j jq1 1 k 1 k kq1

H L j H L l H L j H L s B� 4Ž . Ž .� 4Ž . Ž .0, i , . . . , i 0, i , . . . , i , i 0, l , . . . , l 0, l , . . . , l , l1 j 1 j jq1 1 k 1 k kq1

so that L and L are open or not independently on the0, i , . . . , i , i 0, l , . . . , l , l1 j jq1 1 k kq1

event that L and L are first occupied at t and t , respec-0, i , . . . , i 0, l , . . . , l 1 21 j 1 k

Ž Ž .tively, for i / l . By a standard Peierls argument see the proof of 8.12 inj k

w x. Ž .5 and the Markov property, for any d ) 0 if « is small enough in 45 and
Ž .47 , then

<49 P C N , R s ` L is occupied at 0 ) 1 y d .Ž . Ž .Ž .0

Proposition 3 is proved. I

With Proposition 3, we have the following proposition.

PROPOSITION 4. Suppose that l ) l . Given any « ) 0, there exist M and Gc

which may depend on « such that

< < ² : ² : < <P ' t F M x such that o , 0 ª x , t inside H o , x G exp y« xŽ . Ž .Ž .

< <for all x ) G.

< < � < < < <4PROOF. For any large x consider the graph v g T : v F x . We con-
� 4struct the graph L , L as we did in the proof of Proposition 3, where0 0, i , . . . , i1 j

< <L s N for some N which is large enough such that Proposition 3 holds, and0

< < < <j is the largest integer such that j L F x . We also choose our0

� 4L , . . . , L such that x can be connected by y directly, where y is one0 0, i , . . . , i1 j

� 4 Ž . < <of the end vertices of L see Figure 3 . Clearly, x y y F N. By0, i , . . . , i1 j

Proposition 3, on the event that L is occupied by particles at time 0, there0

� 4exists an open path from o to one of L with a probability larger than0, i , . . . , i1 j
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< <FIG. 3. The bold graph is a special renormalized tree with N s 2 such that y can connect to x

directly.

1
. Note that, on the event that there is such an open path, each of its open2

bonds L for 0 F m F j has to allow all its vertices to be occupied by a0, i , . . . , i1 m

particle at some time t with t y t - R so thatm m my1

� 4 � 4P L = 0 ª L = t in U� 4Ž . ž /0 0, i , . . . , iž 1 j

50Ž .
1<with t - jR L is occupied at 0 G ,0 2/

where U is the branch of o which contains the segment from o to x. Let
Ž . Ž .q L be the probability that, starting with one particle at o, 0 , each vertex0

of L is occupied by particles at time 1. Then0

1² : � 451 P o , 0 ª L = t in U with t - jR q 1 G q L .Ž . Ž .� 4ž /0, i , . . . , i 02ž /1 j

� 4 jOn the other hand, the number of end vertices of L equals 2 F0, i , . . . , i1 j
< x < rŽ < L0 <y1. Ž .2 . By symmetry and 51 ,

² : ² :P ' t F Rj q 1 such that o , 0 ª y , t in UŽ .

< <1 x
G q L exp y .Ž .0 ž /< <2 L y 1Ž .0

52Ž .

Ž .We also let q L be the probability that, on the event that y is first1 0

occupied at time t by a particle, x is occupied by a particle at time t q 1.
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Ž .Since N does not depend on x, q L has a positive lower bound that does1 0

not depend on x:

² : ² :P ' t F Rj q 2 such that o , 0 ª x , t in UŽ .
< <1 x

G q L q L exp y .Ž . Ž .1 0 0 ž /< <2 L y 1 .Ž .0

53Ž .

< < < <For a given « , we take L large enough and then x large such that0

² : ² : < <54 P ' t F Rj q 2 such that o , 0 ª x , t in U G exp y« x .Ž . Ž .Ž .
w . ² :Note that T is a tree so that if there exists a path in U = 0, ` from o, 0 to

² : Ž . w .x, t with t F Rj q 2, then there exists a path in H o, x = 0, ` from
² : ² : Ž .o, 0 to x, t with t F Rj q 2. Finally, by 54 ,

< < ² : ² :P ' t F M x q 2 such that o , 0 ª x , t in H o , xŽ .Ž .

< < ² : ² :G P ' t F M x q 2 such that o , 0 ª x , t in UŽ .

< <G exp y« xŽ .

for M s RrN. Proposition 4 is proved. I

By adapting the proof of Proposition 4, we can show the following corollary.

COROLLARY. For any l ) l and « ) 0, there exists M and G such thatc

< < ² : ² : < <P ' t F M y such that o , 0 ª y , t inside DD o , y G exp y« yŽ . Ž .Ž .
< <for any y G G.

Ž .PROOF. For a large integer f, let J f be the indicator of the event thatN

w x Ž .i g Nr4, 3Nr4 is occupied more than f times in H o, N for some i. By

Fact 2, for some large N,

P J f s 1 G P J s 1 G 1 y «r3.Ž . Ž .Ž .N N

Then, for each f , we take K large such that

< <� 455 P J f s 1 inside H o , N l v F K G 1 y «r2.Ž . Ž . Ž .Ž .N

Ž .On the event J f s 1, letN

X L0 < <� 4t s inf ` G t ) 1: L ; j H L l v F K .Ž .� 4Ž .0 0 t 0

Ž .It follows from 55 for large f and the same proof of Proposition 2 that we

can pick N, R and K such that
X <P t - R L is occupied by particles at 0 G 1 y « .Ž .0 0

Similarly, on the event t
X

- R, let0

X X L0 , t
X
0 < <� 4t s inf ` G t ) t : L ; j H L l L l v y N F KŽ .� 4Ž .0, 1 0 0, 1 t 0 0, 1

and
X X L0 , t

X
0 < <� 4t s inf ` G t ) t : L ; j H L l L l v y N F K .Ž .� 4Ž .0, 2 0 0, 2 t 0 0, 2

Ž .Then, by 55 and the same proof of Proposition 2, for large N, R and K,
X < X

56 P t y t - R t s t G 1 y «Ž . Ž .0, i 0
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for i s 1, 2. Consequently, on the event that t
X

- R, t
X y t

X
-0 i 01X X Ž .R, . . . , t y t - R for the K, N and R in 56 , let0, i , . . . , i 0, i , . . . , i1 j 1 jy1

t
X s inf ` G t ) t

X
: L½0, i , . . . , i 0, i , . . . , i 0, i , . . . , i1 jq1 1 j 1 jq1

; j L0, i1
, . . . ,i j

, t
X
0, i1, . . . ,i j H L j H LŽ . Ž .ž /t 0, i , . . . , i 0, i , . . . , iž 1 j 1 jq1

< <l v y l F K ,� 4 50, i , . . . , i /1 j

where i s 1 or 2, . . . , i s 1 or 2, and l is the common vertex of1 jq1 0, i , . . . , i1 j

Ž . Ž . Ž .H L and H L . Then, by translation invariance and 56 ,0, i , . . . , i 0, i , . . . , i1 j 1 jq1

X < X
57 P t y t - R t s t G 1 y e .Ž . Ž .0, i , . . . , i 0, i , . . . , i1 jq1 1 j

Now, on the condition that every vertex in L is occupied at time 0, we say L0 0

is open if t
X

- R. Continuing, on the event that L is open, we say0 0, i , . . . , i1 j

L is open if t
X y t

X
- R. With this definition, on the0, i , . . . , i 0, i , . . . , i 0, i , . . . , i1 jq1 1 jq1 1 j

Ž .condition that every vertex in L is occupied at time 0, let C9 N, R, K be the0

� 4corresponding open cluster with open edges on L defined above. By0, i , . . . , i1 j

the same proofs of Propositions 3 and 4, we can show that, for a large N, R

and K,

ŽŽ � 4. Ž� 4 � 4.P L = 0 is connected to L = t by open edges in U0, i , . . . , i0 j1
1< .with t - jR L is occupied at 0 G .0 2

� 4Note that the renormalized graph L is a tree so that if there is an0, i , . . . , i1 j

open path from o to x for some x g T, then the open path is the unique path.

Ž .By this observation and the same argument of 51 , there exists C ) 0 such

that

² : ² : < < < <� 4P ' t F Rj q 1 such that o , 0 ª y , t in U l v F y q KŽ .

< <x
G C exp y .ž /< <L y 1Ž .0

Ž . Ž .By the same argument from 52 to 53 , note that K is a finite number which

does not depend on y so that there exist M, G and K such that

< < ² : ² : < <P ' t F M y such that o , 0 ª y , t in DD 0, y G exp y« yŽ . Ž .Ž .
< <for all y G G. The corollary is proved. I

ŽPROPOSITION 5. For any l ) l , there exists d ) 0 which may depend onc

.l such that

58 lim inf P o g j o U G d .Ž . Ž .Ž .t
t

Before the proof of Proposition 5, we first prove the following lemma.

LEMMA 2. If l ) l , there exist a , b and d ) 0 such that, for any t G 0,s

o < <� 459 P j U l v : a t F v F b t G exp c t G d ,Ž . Ž . Ž .Ž .t l

where c is a positive number which may depend on l.l
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w x oŽ .PROOF. It follows from Lemma 1 in 9 that, on the event that j Ut

survives,
o60 lim j U s `.Ž . Ž .t

tª`

Note that l ) l so thats

P ;t , j o U / B s h ) 0.Ž .Ž .t

Ž .Then, by 60 ,

o61 P lim j U s ` s h .Ž . Ž .tž /
tª`

� 4Let us consider that i.i.d. sequence X which has common distribution:i

X s 1 with probability r and X s 0 with probability 1 y r .i i

� 4 nLet PP be a probability measure corresponding to X and let S s Ý X .i n is1 i

Ž w x.By a standard large deviation result see 3 ,

r
62 PP S - k F exp ya r kŽ . Ž .Ž .k ž /ž /2

Ž .for some constant a r ) 0 which may depend on r but not k. Now, for any

S ; T, we define the border set of S as follows. We say that a vertex in S is

in the border if at least one of the d branches emanating from x has no
Ž . Ž .vertex in S except x. Denote by BB S and N x the border of S and one of

Ž w x.the empty branches of x for x g S, respectively. It is known see 10 that

d y 1
< <63 BB S G S .Ž . Ž . ž /d

Now, for any k with

h d y 1
k ) 2,ž / ž /2 d

Ž .by 61 we can take t such that0

3o64 P j U ) k ) h .Ž . Ž .ž /t 40

Then we also can take a small and b large such that

1o < <65 P j U l v : a t F v F b t G k ) h .� 4Ž . Ž .ž /t 0 0 20

Ž . < oŽ . � < < 4 <Clearly, by 63 , on the event that j U l v: a t F v F b t ) k, thet 0 00
oŽ . ŽŽ . .number of border vertices of j U is at least d y 1 rd k. By the samet0

Ž . ŽŽ . . � 4argument of 63 , there exist at least d y 1 rd k border vertices x of
oŽ . � < < 4 Ž . � < < 4j U l v: a t F n F b t such that N x l v: v - a t s B. Note that,t 0 0 00

Ž . Ž .for two such border vertices x and y, N x l N y s B so that each such
1border vertex x can also generate another k particles with probability h2

independently inside

< < < <N x l v : a t F v y x F b t ; N x l v : 2a t F v F 2b t� 4 � 4Ž . Ž .0 0 0 0

Ž . Ž . Ž .by repeating the step in 65 . Therefore, by 62 , 65 and the Markov
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property,

o < <P j U l v : 2a t F v F 2b t� 4Ž .2 t 0 00ž
2k d y 1 hŽ .

o < <- j U l v : a t F v F b t G k� 4Ž .t 0 0ž / 0 /d 2
66Ž .

h k d y 1Ž .
F exp ya .ž /ž /2 d

Ž .Iterating by using the argument in 66 ,

o < <P j U l v : ma t F v mb t� 4Ž .mt 0 00ž
m

k d y 1 hŽ .
o < <) j U l v : a t F v F b t ) k� 4Ž .t 0 0ž /ž / /d 2

m
k d y 1 hŽ .

o < <G P j U l v : ma t F v F mb t )� 4Ž .mt 0 0 ž /0 ž /ž d 2

o < <j U l v : a m y 1 t F v F b m y 1 t� 4Ž . Ž . Ž .Žmy1.t 0 00

my 1
k d y 1 hŽ .

) ž / /2 d

o < <=P j U l v : m y 1 a t F v F m y 1 b t� 4Ž . Ž . Ž .Žmy1.t 0 00ž
my 1

k d y 1 hŽ .
67 )Ž . ž /ž /d 2

o < <j U l v : a m y 2 t F v F b m y 2 t� 4Ž . Ž . Ž .Žmy2.t 0 00

my 2
k d y 1 hŽ .

) ž / /2 d

.

.

.

o < <=P j U l v : 2a t F v F 2b t� 4Ž .2 t 0 00ž
2k d y 1 hŽ .

o < <) j U l v : a t F v F b t G k� 4Ž .t 0 0ž / 0ž / /d 2

by the Markov propertyŽ .
imy1 h k d y 1Ž .

G 1 y exp ya .Ł ž / ž /ž /2 dis1
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Note that

h d y 1
k ) 2ž / ž /2 d

Ž .and 67 so that

h
o m< <68 P j U l v : ma t F v F mb t ) 2 G s ,� 4Ž . Ž .ž /mt 0 0 ž /0 2

where

i` h k d y 1Ž .
s s 1 y exp ya ) 0.Ł ž / ž /ž /2 dis1

Lemma 2 is proved. I

Since the proof of Proposition 5 is involved, we would like to present an
Ž .intuitive explanation first. In fact, if a particle at o, 0 survives for a long

Ž . Ž . � 4time t , by Lemma 2 and 63 , there should exist C exp c t vertices x1 l 1 1

� < < 4inside a t F v F b t such that each of them is occupied by a particle h1 1 x1

Ž .and no other particles occupy N x , where C is a constant. For each x , at1 1

Ž . � 4 Ž . � <time 2 t , there should exist C exp c t vertices x in N x l a t F v y1 l 1 2 1 1

< 4x F b t such that each of them is occupied by a particle h generated from1 1 x 2

Ž . Ž .h inside N x see Figure 4 . After doing this step m times, at time mt ,x 1 11

Ž . � 4 Ž .there exist C exp c t vertices x inside N x such that each of them isl 1 m my1

Ž . �occupied by a particle h generated from h inside N x l a t Fx x my1 1m my1

< < 4v y x F b t . Now we consider a backward process, that is, to generate them 1

� 4particles h to o. For each x , by Proposition 4, h can generate a particlex m xm m

Ž . Ž < <.to x inside N x with a probability exp y« x y x Gmy1 my1 m my1

Ž .exp y«b mt , where b, defined in Lemma 2, is a constant which does not1

depend on t and m, and « can be very small if t is large. However, there1 1

Ž Ž . . Ž .are at least C exp c m y 1 t such N x as we discussed above. Notel 1 my1

Ž . Ž .that N x l N y s B if x / y so that, by a standard probability estimate,
wŽ Ž . . xthere are at least D exp c m y 1 y «b t such x that are occupied byl 1 my1

� 4 � 4a particle from h , where D is a constant. We denote by h thesex xm my1

particles. Subsequently, by the same argument there are at least

D exp c m y 1 t y «b t y «b tŽ .Ž .l 1 1 1

� 4such x that are occupied by a particle from h . Note that « can bemy 2 my1

very small so that we can repeat this method m times to generate a particle

from x back to o again with a positive probability.m

Now we give a formal proof as follows. In the following proof, we first give

a probability estimate for m s 3. Note that, except the first time, each time
Ž .we only generate particles in N x from h to h for i s 2, 3, . . . andi i iq1

Ž .consider the backward generation from h to h also in N x so that weiq1 i i

can repeat the same method as m s 2 and 3 for a general m.

PROOF OF PROPOSITION 5. We divide the proof into three parts. The first
� Ž .4part, part A, is to show that a particle from o generates particles in N x2
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� 4FIG. 4. The left figure is the event that the particle from o comes to x and the right one is the4

� 4event that o is reoccupied by the particles from x .4

as mentioned in the intuitive explanation. The second part, part B, is to show

that, with a uniform positive probability, o is reoccupied by the particles in
� Ž .4N x . The third part, part C, is to give a general probability estimate for2

any m.

Now we prove part A. By Lemma 2, we may take t large such that1

o < <69 P j U l v : a t F v F b t ) exp c t G d .� 4Ž . Ž . Ž .ž /t 1 1 l 11

oŽ .Now we consider the border of j U . Let Y be the border set of theset 11

Ž .particles. Then, by 63 , the number of its vertices has to be larger than

d y 1
exp c tŽ .l 1

d
if

o < <j U l v : a t F v b t ) exp c t .� 4Ž . Ž .½ 5t 1 1 l 11

For such a particle at x, at time 2 t , by Lemma 2 with a probability larger1

Ž .than d , there exist more than exp c t particles generated from x whichl 1

Ž . � < < 4stay in N x l v: a t F v y x F b t . Here by a particle generated from x1 1

Ž . � < < 4inside N x l v: a t F v y x F b t we mean that at 2 t it can be con-1 1 1
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² : Ž . � < < 4nected by a path from x, t inside N x l v: a t F v y x F b t . If the1 1 1

Ž .border vertex x has the above property, N x is called a good branch or
Ž .good. By 62 and the same argument of Lemma 2 again, there exist

d y 1 dŽ .
exp c tŽ .l 1ž /d 2

Ž .good N x with a probability larger than

d y 1Ž .
1 y exp ya d exp c t .Ž . Ž .l 1

d

Now we consider the border vertices of the particles generated by such x at
Ž .time 3t . Let Y denote these particles. We also call N y good if there exist1 2

Ž . Ž . � < < 4exp c t particles generated from y in N y l v: a t F v y y F b t . Simi-l 1 1 1

larly, on the event that there exist

d y 1 dŽ .
exp c tŽ .l 1ž /d 2

Ž .good N x , at time 3t there exist1

2
d y 1 dŽ .

exp c 2 tŽ .l 1ž /d 2

Ž .good N y with a probability larger than

2
d y 1 dŽ .

1 y exp ya d exp c 2 tŽ . Ž .l 1 ž /d 2

Ž .see Figure 4 , where y g Y . Note that d does not depend on t so that we2 1

may choose t large enough such that, for all m G 1,1

m
d y 1 dŽ .

exp c mt G exp mbtŽ . Ž .l 1 1ž /d 2

and
m my1d y 1 dŽ .

exp ya d exp c mt F exp ya d exp bmtŽ . Ž . Ž . Ž .Ž .l 1 1ž /d 2

for some 0 - b - c . Thus part A is proved.l

Next we show part B; that is, o is reoccupied by a particle generated by
Ž .these particles in D N y with a uniform positive probability. By Propositiony

� < < 44, for « ) 0 and any z g v: a t F v F b t , there exist M and G such that,1 1

for all t ) G,1

² : ² :P ' t z F Mb t such that o , 0 ª z , t z in H o , zŽ . Ž . Ž .Ž .1
70Ž .

G exp y«b t .Ž .1

Ž .Clearly, for each z g D N y ,y

² : ² :P ' t z F Mb t such that z , 0 ª y , t z in H z , yŽ . Ž . Ž .Ž .1
71Ž .

G exp y«b t .Ž .1
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Ž . Ž . Ž . Ž .On the event that there exist exp bt good N x and exp 2bt good N y ,1 1

Ž . Ž .for each N y let z g N y be a vertex such that z is occupied by the particle
Ž .generated from y. Then, by 71 and translation invariance,

² : ² :P ' t z F Mb t such that z , 3t ª y , 3t q t z in H z , yŽ . Ž . Ž .Ž .1 1 1
72Ž .

G exp y«b t .Ž .1

Specifically, z is called excellent if z satisfies the condition above. Let Z be
� 4the set of all excellent vertices. Let us consider the i.i.d. sequence X with ai

common distribution

1, with probability exp y«b t ,Ž .1
X si ½ 0, with probability 1 y exp y«b t .Ž .1

n Ž .Let S s Ý X . By Chebyshev’s inequality, for n s exp 2bt ,n is1 i 1

n exp y« tŽ .1
73 PP S F F 4 exp y 2b y «b tŽ . Ž .Ž .n 1ž /2

for the probability measure PP, where PP is the product probability measure
� 4 Ž . Ž .for X . Note that if y / y , then N y l N y s B so thati 1 2 1 2

' t z F Mb t such that z , 3t ª y , 3t q t z in H z , y� 4Ž . Ž . Ž . Ž .Ž .1 1 1 1 1 1 1 1 1

and

' t z F Mb t such that z , 3t ª y , 3t q t z in H z , y� 4Ž . Ž . Ž . Ž .Ž .2 1 2 1 2 1 2 2 2

are independent events since

H z , y l H z , y s B.Ž . Ž .1 1 2 2

Ž .Furthermore, each event has a probability larger than exp y«b t . Then, by1

Ž . Ž .72 , 73 , and the independence of two such events, with a probability larger

than

1 y 4 exp y 2b y «b t ,Ž .Ž .1

1 ŽŽ . . Ž .there exists exp 2b y «b t such N y so that each of them contains such12

excellent z.

Ž .However, t z varies from 3t to 3t q Mb t . To fix a unique time, we will1 1 1

Ž .do the following work. We denote by E 2 t the event that there exist1
1 ŽŽ . . Ž .exp 2b y «b t such N y so that each of them contains an excellent z.12

Ž . Ž .Then, on the event E 2 t , for each z, there exists an integer h z with1

Ž .3t F h z F 3t q Mb t such that1 1 1

1
P t z g h z , h z q 1 G .Ž . Ž . Ž .Ž .

Mb t1
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w Ž .xBy Chebyshev’s inequality see 73 with

1¡
1, with probability ,

Mb t1~X si 1
0, with probability 1 y ,¢ Mb t1

then there exist

1 1
exp 2b y «b tŽ . 1 ž /2 2 Mb t1

Ž .such h z defined above with a probability larger than

1 y 8 Mb t exp y 2b y «b t .Ž .1 1

Ž . w Ž . Ž . xClearly, if t z is fixed in the interval h z , h z q 1 , with a unique strictly

positive probability r for all z,

² : ² :y , t z ª y , h z q 2 .Ž . Ž .

Ž .By 62 , the Markov property and the discussion above, with a probability

larger than

1 y 4 exp y 2b y «b t 1 y 8 Mb t exp y 2b y «b tŽ . Ž .Ž . Ž .1 1 1

=
1

1 y exp ya r exp 2b y «b t ,Ž . Ž .Ž .12ž /2 Mb t1

there exist
r

exp 2b y «b tŽ .Ž .132 Mb t1

such z with

² : ² :z , 3t ª y , h z q 2 .Ž .1

Let NN be the number of such z so that

² : ² :z , 3t ª y , m q 21

for some integer m with 3t F m F 3t q Mb t , where m does not depend on1 1 1

Ž . Ž . Ž .z. Note that h z is an integer nonrandom and 3t F h z F 3t q Mb t so1 1 1

that there exists m such that

1 r
P NN G exp 2b y «b tŽ .Ž .13ž /Mb t 2 Mb t1 1

G 1 y 4 exp y 2b y «b t 1 y 8 Mb t exp y 2b y «b tŽ . Ž .Ž . Ž .1 1 1

1
= 1 y exp ya r exp 2b y «b t .Ž . Ž .Ž .12ž /2 Mb t1
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Since b does not depend on t , by Proposition 4, we may take t large enough1 1

Ž . < <in 70 such that z is large enough to make

b
«b - .

4

Also, note that M does not depend on t so that we take t large enough such1 1

that, for any integer n ) 0,

1 y 4 exp y nb y «b t 1 y 8 Mb t exp y nb y «b tŽ . Ž .Ž . Ž .1 1 1

1
= 1 y exp ya r exp nb y «b tŽ . Ž .Ž .12ž /2 Mb t1

74Ž .

G 1 y exp yb n y 1 tŽ .Ž .1

and

1 r
75 exp nb y «b t G exp b n y 1 t .Ž . Ž . Ž .Ž . Ž .1 13Mb t 2 Mb t1 1

Ž . Ž . Ž .Clearly, with n s 2, if t satisfies 70 , 74 and 75 , with a probability larger1

than

1 y exp ybt ,Ž .1

Ž . Ž .there exist exp bt such N y so that each of them contains a z which1

satisfies

² : ² :z , 3t ª y , m q 2 .1

Similarly, for each y connected by a path from z, we consider the event
Ž . Ž .y, m q 2 ª x, t for some time t, where x g Y . By the same estimate we1

Ž . Ž . Ž .can show the following result. If t satisfies 70 , 74 and 75 , then, with a1

probability larger than

1 y exp y bt r2 ,Ž .Ž .1

Ž .there exist m F m F m q Mb t and exp c t r2 such y with1 1 l 1

² : ² :y , m q 2 ª x , m q 2 .1

We can then choose a time S such that

² :P x , 3t q m q 2 q m q 2Ž . Ž .Ž 1 1

² :ª o , 3t q m q 2 q m q 2 q S s tŽ . Ž . .1 1

for t ) 0 depending on t and b only. Clearly,1

² : ² :P o , 0 ª o , 3t q m q 2 q m q 2 q SŽ . Ž .Ž .1 1

G dt 1 y exp ya d exp btŽ . Ž .Ž .Ž .1

= 1 y exp ya d exp 2btŽ . Ž .Ž .Ž .1

= 1 y exp ybtŽ .Ž .1

= 1 y exp ybt r2Ž .Ž .1
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Finally, we show part C. In general, if we do this step l times, we can
Ž . Ž . Ž .construct good branches Y , Y , . . . , Y . Then we can find m l , m l , . . . , m l1 2 l 1 l

such that

lt F m lŽ .1

F lt q Mb t , m l F m lŽ . Ž .1 1 176Ž .

F m l q Mb t , . . . , m l F m l F m l q Mb t ,Ž . Ž . Ž . Ž .1 ly1 l ly1 1

Ž . Ž . Ž .where t satisfies 70 , 74 and 75 . By the same discussion above, note that1

t does not depend on l so that1

² : ² :P o , 0 ª o , lt q m l q 2 q m l q 2 q ??? q m l q 2 q SŽ . Ž . Ž .Ž . Ž . Ž .Ž .1 1 l

G dt 1 y exp ya d exp btŽ . Ž .Ž .Ž .1

= 1 y exp ya d exp 2btŽ . Ž .Ž .Ž .1

.

.

.

= 1 y exp ya d exp lbtŽ . Ž .Ž .Ž .1

= 1 y exp yb l y 2 tŽ .Ž .Ž .1

= 1 y exp yb l y 3 tŽ .Ž .Ž .1

.

.

.

= 1 y exp ybtŽ .Ž .1

= 1 y exp ybt r2Ž .Ž .1

G dts ,

where

` `

s s 1 y exp ya d exp lbt 1 y exp yb l y 2 tŽ . Ž . Ž .Ž . Ž .Ž . Ž .Ł Ł1 1
ls1 ls3

= 1 y exp ybt r2 )0.Ž .1

Ž . Ž . Ž .Note that t , m l , m l , . . . , m l and S are fixed times. For any t, we1 1 l

choose l such that

t F lt q m l q 2 q m l q 2 q ??? qm l q 2 q S.Ž . Ž . Ž .1 1 l

Clearly, we have good branches Y , . . . , Y . Let X be the particles gener-1 l ly1

ated back from Y as we did before. Clearly, X ; Y . Now we onlyl ly1 ly1

consider doing l y 1 steps instead of doing l steps. Clearly, we have the same

good branches Y , . . . , Y as above. If we only consider that o is reoccupied1 ly1

by the particles in X instead of the particles in Y , then we have thely1 ly1

Ž . Ž .same m , m l , . . . , m l as above such thatl 1 ly1

² : ²P o , 0 ª o , l y 1 t q m l q 2Ž . Ž .Ž .Ž 1

:q m l q 2 q ??? q m l q 2 q S G dts .Ž . Ž .Ž . Ž . .l ly1
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Similarly, let X be the particles generated back from X , . . . , and let Xly2 ly1 2

be the particles generated back from X . By the same reasoning,3

² : ²P o , 0 ª o , l y i t q m l q 2Ž . Ž .Ž .Ž 1

:q m l q 2 q ??? q m l q 2 q S G dts .Ž . Ž .Ž . Ž . .1 lyi

Clearly,

l y i t q m l q 2 q ??? qm l q 2 q SŽ . Ž . Ž .1 1 lyi

F t F l y i q 1 t q m l q 2 q ??? qm l q 2 q SŽ . Ž . Ž .1 1 lyiq1

for some i. Let

² : ² :p s P o , l y i t q m l q 2 q ??? qm l q 2 q S ª o , t .Ž . Ž . Ž .Ž .1 1 lyi

Ž .It follows from 76 that p only depends on t , M and b. By the Markov1

property for any t,

² : ² :P o , 0 ª o , t G dtsp .Ž .

Proposition 5 is proved. I

3. Proofs of the theorems. Before the proof of Theorem 1 we give the
² : ² :following lemma. We write x, t l y, t if there exist z g T and time s ) t

² : ² : ² : ² :such that x, t ª z, s and y, t ª z, s . With the definition, we have

the following lemma.

LEMMA 3. Suppose that l ) l . Given « ) 0, for any x, y g T, there existsc

C which may depend on « but not on x and y such that

² : ² : ² : < <y2 < <P y , 0 l x , 0 inside DD y , x G C x y y exp y« x y y .Ž . Ž .

PROOF. By the corollary, we can show that there exist M and G such that

< < ² : ² : < <P ' t F M y such that y , 0 ª o , t inside DD o , y G exp ye yŽ . Ž .Ž .

< <for any y G G. Therefore, there exist C ) 0, C ) 0 and M ) 0 which are1 2

independent of y such that

< <C exp y« yŽ .1

< < ² : ² :F P ' t F M y such that y , 0 ª o , t inside DD o , yŽ .Ž .
< <M y

² : ² :F P y , 0 ª o , t inside DD o , y for i F t F i q 1Ž .Ž .Ý
is0

77Ž .

< < ² : ² :F M y max P y , 0 ª o , t inside DD o , y for i F t F i q 1Ž .Ž .
i

< < ² : ² :s C M y P y , 0 ª o , t y inside DD o , yŽ . Ž .Ž .2 0

Ž .for all y, where t y is an integer time such that the probability that0

² : ² Ž .: Ž . < <y, 0 ª 0, t y inside DD o, y is the largest among all i with 0 F i F M y ,0

< <and we assume that M y is an integer without loss of generality. For each x
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Ž .and y, let z be the center of DD x, y and let z be a vertex such that
< < � < < < <4z s min y y z , z y x . Note that z is the center of the segment connecting

< <x and y if x y y is an even number. Therefore, by translation invariance,
Ž w x . Ž .the FKG inequality see page 78 in 6 for more details and 77 ,

² : ² :P y , 0 l x , 0 inside DD y , xŽ .Ž .

² : ² :G P y , 0 ª z , t z inside DD y , z ,Ž . Ž .Ž 0

² : ² :x , 0 ª z , t z inside DD x , zŽ . Ž . .0

² : ² :G P y , 0 ª z , t z inside DD y , zŽ . Ž .Ž .0

² : ² :=P x , 0 ª z , t z inside DD x , zŽ . Ž .Ž .0

2 y2< < < <G C C rC M y y x exp y« 2 y y xŽ . Ž .3 1 2

for some constant C ) 0. Lemma 3 is proved. I3

To show Theorem 1, we need to verify the condition of Griffeath’s lemma as

we said before; that is, for any subsets A and B of T,

A B A B78 P j l j s B, j / B, j / B ª 0 as t ª `,Ž . Ž .t t t t

B Ž .where j is an independent copy of the contact process. To verify 78 , wet

would like to present the following heuristic argument first. We will first

show that

A B A BŽ .79 P ; t F t such that j l j s B, j / B, j / B ª 0 as t ª `.Ž .t t t t

A BAssuming that both j / B and j / B, then by Lemma 2 we can choose st t

large with s - t such that

A < <� 4j l v : v y u F 2bs for u g A G exp c sŽ .s l

and

B < <� 4j l v : v y u F 2bs for u g B G exp c s .Ž .s l

We set

A BX , Y s x , y : x g BB j , y g BB j ,Ž . Ž .� 4Ž . Ž .s x

A Bwhere x and y are border vertices of j and j , respectively. Clearly, x / ys s
A BŽ . ² : ² :for any pair x, y if j l j s B for t - t . Furthermore, x, s l y, st t

A BŽ .cannot occur on the time interval s, t if j l j s B for t - t . However,t t

² : ² : Ž .x, s lu y, s in some time interval s, s will have a probability smaller1

than

< <y2 < <1 y C x y y exp y« x y yŽ .

Ž . Ž .by Lemma 3. Now, for another pair x , y g X, Y , the particles in x and1 1 1

Ž . Ž .y can survive and hit x and y at time s in N x and N y , respectively,1 1 1 1 1 1

with a positive probability d 2 by Proposition 5. Suppose that x and y are1 1

² : ² : ² :hit by s by particles from x , s and y , s , respectively. Then x , s lu1 1 1 1 1
A B² : Ž .y , s in some time interval s , s for any t ) s ) s if j l j s B for1 1 1 2 2 1 t t

2 < <y1 Žs - t . It will have a probability smaller than 1 y d C x y y exp y«2 1 1
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A B< <. Ž .x y y . By using the same argument for each pair in X, Y , j l j s B1 1 t t

for s - t - t has a probability smaller than

Ž .exp c sly22 < < < <1 y d C max x y y exp y« max x y y .ž /i i i iž /i i

< < Ž .Note that x y y F 2bs for each i so that the probability in 79 goes to 0 asi i

s goes to ` if we take « small. With the probability estimate above and the
A BMarkov property, we know that j and j intersect many times if t ist t

large. Then, by Proposition 5, we can show that Lemma 4 holds if t is large.

Now we present a formal proof as follows.

PROOF OF THEOREM 1. Clearly, to show that the complete convergence

theorem holds for l ) l , we only need to check Griffeath’s lemma for l ) l .c c

We first restrict our discussion to the finite sets A and B. Now we will show
Ž .79 . We denote

< <� 4M s max u y v .

vgA , ugB

We also denote

A < <� 4D A s BB j l v : v y u F bsŽ . Ds s ½ 5ž /
ugA

and

B < <� 4D B s BB j l v : v y u F bs ,Ž . Ds s ½ž /
ugB

Ž .where BB S is the border of S. Note that A is finite so that it follows from
w Ž . Ž .x Ž .the same argument in Lemma 2 see 67 and 68 and 63 that, given « ) 0,

we can take s ) M large such that
A<80 P D A G exp c s j / B G 1 y «Ž . Ž . Ž .Ž .s l s

and
B<81 P D B G exp c s j / B G 1 y « ,Ž . Ž . Ž .Ž .s l s

Ž .where b and c are constants which do not depend on s. We write Z s forl

the following event:

D A G exp c s l D B G exp c s .� 4 � 4Ž . Ž . Ž . Ž .s l s l

Ž . Ž .Let x g D A and y g D B be the vertices such that1 1 s

< < < <� 4x y y s min x y y .1 1
Ž . Ž .xgD A , ygD Bs s

Ž . Ž .Note that x , y may not be a unique pair and DD x , y does not contain1 1 1 1

Ž . Ž .the other vertices of D A and D B except for x and y . On the event thats s 1 1

A Bj l j s B, ; t - t� 4t t

Ž . Ž .for x g D A and y g D B and any s - t - t , then1 s 1 s 1

t1

² : ² :x , s l y , s cannot occur,1 1

t1

² : ² : ² : ² :where x , s l y , s is the event that x , s l y , s at some t with1 1 1 1

s - t - t . However, by Lemma 3, for given h ) 0 there exist t and C which1 1
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does not depend on x and y such that1 1

t1

² : ² :P x , s l y , s inside DD x , yŽ .1 1 1 1ž /
82Ž .

< <y2 < <G C x y y exp yh x y y .Ž .1 1 1 1

Ž . Ž . Ž .On the event Z s , consider x g D A and y g D B with2 s 2 s

< < < <� 4x y y s min x y y .2 2
Ž . � 4 Ž . � 4xgD A _ x , ygD B _ ys 1 s 1

Ž . Ž . � 4 Ž .Note that DD x , y does not contain vertices of D A _ x , x and D B _2 2 s 1 2 s
A B� 4y , y . Note also that x and y are border vertices of j and j ,1 2 2 2 s s

Ž . Ž . Ž . Ž .respectively, so that there exist N x and N y such that N x and N y2 2 2 2
A Bdo not contain particles of j and j except for x and y . It follows froms s 2 2

Ž . Ž .our definitions of x and y for i s 1, 2 that if N x l DD x , y / B, theni i 2 1 1

Ž . Ž . Ž .DD x , y ; N x . This is impossible since N x does not contain any vertex1 1 2 2

Ž . Ž . Ž .of D A j D B except for x . Similarly, we can show that N y ls s 2 2

Ž .DD x , y s B. Then1 1

83 N x j N y l DD x , y s B.Ž . Ž . Ž . Ž .2 2 1 1

Ž . Ž .On the event D A s G and D B s G for some vertex set G and G , bys 1 s 2 1 2
A BProposition 5 and the independence of j and j , there exists s ) t sucht t 1 1

x , s y , s 22 2Ž Ž .. Ž Ž ..that x g j N x and y g j N y with probability d for some2 s 2 2 s 21 1
x, sŽ Ž .. Ž .d ) 0, x g G and y g G , where j N x was defined in 44 , that is, the2 1 2 2 t

Ž . x, sŽ Ž ..contact process for t G s on N x such that j N x s x. Furthermore, bys

Ž . w Ž .xLemma 3, for h ) 0 in 82 there exist the C in 82 and t such that2

P x g j x 2 , x N x , y g j y2 , s N y ,Ž . Ž .Ž . Ž .2 s 2 2 s 2ž 1 1

t2

² : ² :x , s l y , s inside DD x , yŽ .2 1 2 1 2 2 /84Ž .

2 < <y2 < <G Cd x y y exp yh x y yŽ .Ž .2 2 2 2

Ž . Ž . Ž .for any x and y . However, on the event Z s , D A s G , D B s G and2 2 s 1 s 2
A Bj l j s B for all s - t - t , then, if t - t ,t t 2

x g j x 2 , s N x ,Ž .Ž .½ 2 s 21

t2
y , s2 ² : ² :y g j N y , x , s l y , s inside DD x , yŽ . Ž .Ž . 52 s 2 2 1 2 1 2 21

Ž . � Ž . Ž .4 Ž .cannot occur. Note that, by 83 , N x j N y l DD x , y s B and s -2 2 1 1

Ž . Ž .t - s - t so that, on the event that D A s G and D B s G ,1 1 2 s 1 s 2

t1

² : ² :x , s l y , s inside DD x , yŽ .½ 51 1 1 1

and

x , s y , s2 2x g j N x , y g j N y ,Ž . Ž .Ž . Ž .½ 2 s 2 2 s 21 1

t2

² : ² :x , s l y , s inside DD x , yŽ . 52 1 2 1 2 2
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Ž . Ž Ž . Ž ..are independent for x , y g D A , D B with i s 1, 2 since the firsti i s s

Ž . Ž .event only depends on the Poisson processes on DD x , y = s, t and the1 1 1

Ž . Ž .second event only depends on the Poisson processes on N x j N y =2 2

Ž . Ž . Ž . Ž .s, s and DD x , y = s , t . Continuing, on the event Z s , we can con-1 2 2 1 2

struct k pairs as follows:

x , y ; . . . ; x , y ; D A , D B� 4Ž . Ž . Ž . Ž .Ž .3 3 k k s s

Ž . Ž .for an integer k with exp c s y 1 F k F exp c s . Then, by the same argu-l l

Ž . Ž . Ž .ment on the event Z s , D A s G and D B s G , we have the followings 1 s 2

independent events:

t1

² : ² :x , s l y , s inside DD x , y ,Ž .½ 51 1 1 1

x , s y , s2 2x g j N x , y g j N y ,Ž . Ž .Ž . Ž .½ 2 s 2 2 s 21 1

t2

² : ² :x , s l y , s inside DD x , y ,4Ž .2 1 2 1 2 2

85Ž .
.

.

.

x , s y , sk kx g j N x , y g j N y ,Ž . Ž .Ž . Ž .� k s k k s kky 1 ky1

tk

² : ² :x , s l y , s inside DD x , y 4Ž .k ky1 k ky1 k k

A Bfor s - t - s - t - ??? - s - t . By the independence of j and j ,1 1 2 ky1 k t t

Ž . wProposition 5 and Lemma 3 again for the h ) 0 in 82 , there exist the C in
Ž .x82 and t such thati

P x g j x i , s N x ,Ž .Ž .i s iž iy 1

ti
y , si ² : ² :y g j N y , x , s l y , s inside DD x , yŽ . Ž .Ž .i s i i iy1 i iy1 i i /iy 1

86Ž .

2 < <y2 < <G Cd x y y exp yh x y yŽ .i i i i

Ž . Ž .for any x and y . On the other hand, on the event Z s , D A s G ,i i s 1
A BŽ .D B s G and j l j s B for all s - t - t , then, if t - t ,s 2 t t k

t1

² : ² :x , s l y , s inside DD x , yŽ .½ 51 1 1 1

x , s y , s2 2j x g j N x , y g j N y ,Ž . Ž .Ž . Ž .½ 2 s 2 2 s 21 1

t2

² : ² :x , s l y , s inside DD x , yŽ . 52 1 2 1 2 2

.

.

.

87Ž .

x , s x , sk kj x g j N x , y g j N y ,Ž . Ž .Ž . Ž .½ k s k k s kky 1 ky1

tk

² : ² :x , s l y , s inside DD x , yŽ . 5k ky1 k ky1 k k
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cannot occur. Therefore, if we take t large such that t - t ,k

A B A BP ; t - t with j l j s B, j / B, j / BŽ .t t t t

A BF P Z s , ; t - t with j l j s B for s - t - t q 2«Ž .Ž .t t

by 80 and 81Ž . Ž .

F P Z s , D A s G , D B s G ,Ž . Ž . Ž .ŽÝ s 1 s 2

G , G1 2

G , s G , s1 2; t - t with j l j s B for s - t - t q 2«.t t

w �the sum is taken over all G and G for G ; D v:1 2 1 ug A

< < 4 � < < 4v y u F bs and G ; D v: v y u F bs with G l G2 ug B 1 2

< < Ž . < < Ž .xs B and G G exp c s and G ) exp c s1 l 2 l

F P Z s , D A s G , D B s G ,Ž . Ž . Ž .ŽÝ s 1 s 2

G , G1 2

' x , y , . . . , x , y ; G , GŽ . Ž . Ž .1 1 k k 1 2

Ct1

² : ² :with k s exp c s such that x , s l y , s inside DD x , y ,Ž . Ž .½ 5l 1 1 1 1

t2
x , s y , s2 2 ² : ² :x g j N x , y g j N y , x , s l y , sŽ . Ž .Ž . Ž .½ 2 s 2 2 s 2 2 1 2 11 1

C

inside DD x , yŽ . 52 2

.

.

.

x , s y , sk k88 x g j N x , y g j N y ,Ž . Ž . Ž .Ž . Ž .½ k s k k s kky 1 ky1

Ctk

² : ² :x , s l y , s inside DD x , y q 2« by 87Ž . Ž .5k ky1 k ky1 k k /
F P Z s , D A s G , D B s GŽ . Ž . Ž .Ž .Ý s 1 s 2

G , G1 2

= 1 y P ' x , y g G , GŽ . Ž .1 1 1 2ž
t1

² : ² :such that x , s l y , s inside DD x , yŽ .1 1 1 1 /
x , s2= 1 y P ' x , y g G , G , x g j N x ,Ž . Ž . Ž .Ž .2 2 1 2 2 s 2ž 1

t2
y , s2 ² : ² :y g j N y , x , s l y , s inside DD x , yŽ . Ž .Ž .2 s 2 2 1 2 1 2 2 /1

.

.

.
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x , sk= 1 y P ' x , y g G , G , x g j N x ,Ž . Ž . Ž .Ž .k k 1 2 k s kž ky 1

y g j yk , s N y ,Ž .Ž .k s kky 1

tk

² : ² :l x , s l y , s inside DD x , y q 2«Ž .k ky1 k ky1 k k /
by the Markov property and 85Ž .

k
y22 < < < <F 1 y Cd max x y y exp yh max x y y q 2« by 86Ž .ž /i i i i

1FiFk 1FiFk

Ž .exp c s y1ly22F 1 y Cd bs exp yhbs q 2« .Ž . Ž .

Note that b and c depend only on l so that we may take h small such thatl

hb - c . On the other hand, d only depends on l and C does not depend on xl i

Ž .and y so does not s. Hence, by taking h small, s large then t large in 88 , iti

follows that, for any finite A and B,

A T A B89 P ; t F t , j l j s B, j / B, j / B ª 0 as t ª `.Ž . Ž .t b t t

Ž . Ž . Ž .Therefore, 79 is proved. With 79 , we next show 78 . By the Markov
Ž .property and 79 , for any m,

P ' t - t - ??? - t - t with t q 1 - t , i s 1, . . . , m y 1, such that1 2 m i iq1ž
A B A B A B A B90 j l j / B, j l j / B, . . . , j l j / B N j / B, j / BŽ . t t t t t t t t /1 1 2 2 m m

ª 1 as t ª `.

For any N, let

A B A B< < <P j l j G N j l j / B s r N .Ž .Ž .tq1 tq1 t t

Ž .By the Markov property again, 90 and the same proof as in Proposition 2,

for any integer N,

A B A tŽ . < < <91 P ' t - t such that j l j G N j / B, j / B ª 1 as t ª `.Ž .t t t t

A B< < Ž .If j l j G N, then, by 62 ,s s

d y 1
A B

BB j l j G N.Ž .s s
d

A B AŽ .For each x g BB j l j , by Proposition 5 and the independence of j andt t t
Bj for all s and t with s - t, there exists d ) 0:t

A B A B<P x g j N x l j N x x g j l jŽ . Ž .Ž . Ž .Ž .t t s s

A B A B<G P x g j N x , x g j N x x g j l jŽ . Ž .Ž . Ž .Ž .t t s s

x xG P x g j N x , x g j N xŽ . Ž .Ž . Ž .Ž .tys tys

by the Markov property and translation invarianceŽ .
x xG P x g j N x P x g j N xŽ . Ž .Ž . Ž .Ž . Ž .tys tys

G d 2
.
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A BNote that, on the event that y, z g j l j if t ) s and y / z,s s

A B A Bz g j N z l j N z and y g j N y l j N yŽ . Ž . Ž . Ž .Ž . Ž . Ž . Ž .� 4 � 4t t t t

are independent so that, given « ) 0, by the law of large numbers we can find

N such that, for any s and t with s - t,

A B A BŽP ' x g j l j such that x g j N x l j N xŽ . Ž .Ž . Ž .s s t t92Ž .
A B< < .j l j ) N ) 1 y « .s s

Finally,

A B A BP j l j s B, j / B, j / BŽ .t t t t

A B A B A B< <s P j l j s B, j / B, j / B, ' s - t such that j l j ) Nž /t t t t s s

A B A Bq P j l j s B, j / B, j / B,Ž t t t t

A B< <; s - t such that j l j F N .s s

ª 0 as t ª ` by 91 and 92 .Ž . Ž .

Ž . Ž .Then 78 is proved for finite A and B. Now we show that 78 holds for any

sets A and B. Consider only A and B are infinite. The other cases can be

shown by the same argument. Since A and B are both infinite sets, the

borders of A and B are both infinite. Note that l ) l and recall Lemma 1 sos

that by the law of large numbers we can find finite A ; A and B ; B such1 1

that, for any « ) 0,

93 P j A1 / B G 1 y « and P j B1 / B G 1 y « .Ž . Ž . Ž .t t

Therefore,

A B A BP j l j s B, j / B, j / BŽ .t t t t

A B A B1 1F P j l j s B, j / B, j / B q 2« by 93Ž .Ž .t t t t

A B A B1 1 1 194 F P j l j s B, j s B, j / B q 2eŽ . Ž .t t t t

ª 2« as t ª ` by 78 and note that A and B are finite .Ž . 1 1

Then, by Griffeath’s lemma, Theorem 1 is proved. I

PROOF OF THEOREM 2. We assume that

95 P o g j o i.o G d ) 0 at l .Ž . Ž .t c

Ž .Then we will find a contradiction later. With assumption 95 we first show

that there exists k such that

96 P o g j o H yk , k i.o ) 0 at l ,Ž . Ž .Ž .Ž .t c

Ž .where H yk, k was defined in the proof of Proposition 1. The proof can be

adapted directly from the proof of Proposition 1. Indeed, in the proof of
Ž . Ž .Proposition 1, we only assumed that 14 holds, which is 95 . Next we will
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prove that for any « ) 0 and large integer f there exist N and K such that

< <� 497 P J f s 1 inside H o , N l v F K ) 1 y « at l ,Ž . Ž . Ž .Ž .N c

Ž .where J f is defined in the corollary. This can be proved by checking theN

Ž .proof of Fact 2 and the corollary directly. In fact, we only need to use 96 and
Ž . Ž .a standard ergodic theorem to show 97 . Note that the event that J f s 1N

Ž . � < < 4inside H o, N l v F K only depends on the Poisson processes in a finite
Ž .set in T. By 2 we may take l - l close to l , but less than l such thats 0 c c

< <� 498 P J f s 1 inside H o , N l v F K ) 1 y 2« at l .Ž . Ž . Ž .Ž .N 0

Ž .With a small « in 98 and a large f , we will prove that for any h ) 0 there

exist M and G such that, at l ,0

< < ² : ² : < <99 P ' t F M x such that o , 0 ª x , t in H o , x G exp yh xŽ . Ž . Ž .Ž .

< < Ž .for any x ) G. The proof of 99 is the same as the proof of Proposition 4. In
Ž . Ž .fact, we only need 98 to show 99 in Proposition 4. Finally, we show that,

at l ,0

100 lim sup P o g j o U G b ) 0.Ž . Ž .Ž .t

Ž .To prove 100 , we just need to check the proof of Proposition 5 directly. The
Žfirst part of the proof of Proposition 5, part A, depends only on l ) l see thes

.proof of Proposition 5, part A . Certainly, it holds for l since l ) l . The0 0 s

second part of the proof of Proposition 5, part B, depends on Proposition 4.

Ž . Ž .Clearly, it also works for l since 99 holds. Then 100 is proved. However,0

Ž .100 will imply that

101 P o g j o i.o. G b at lŽ . Ž .t 0

Ž .which would contradict 95 since l - l . Theorem 2 is proved. I0 c

ŽPROOF OF THEOREM 3. To show Theorem 3, we only need to show that see
Ž . w x.2.4 in 4

< <102 P v is ever occupied by a particle ª 0 as v ª ` at l .Ž . Ž . c

Ž . w xHowever, 102 is implied by Theorem 2 and the proof of Lemma 6.4 in 10 .

I
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