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ON THE CONVEX HULL OF PLANAR BROWNIAN SNAKE!

BY JOHN VERZANI

York University

The planar Brownian snake is a continuous, strong Markov process
taking values in the space of continuous functions in R? that are stopped at
some time. For a fixed time the snake is distributed like a planar Brownian
motion with a random lifetime. This paper characterizes the convex hull
of the trace of the snake paths that exit the half-plane at the origin. It is
shown that the convex hull at 0 is roughly a factor of x smoother than the
convex hull of a piece of planar Brownian motion at its minimum y-value.

The Brownian snake process of Le Gall is a continuous, strong Markov
process taking its values in the space of paths with a random lifetime. For a
fixed time ¢ the process is distributed as a Brownian path stopped at a random
time, and at a future time s the snake is generated by tracing back on the
path at time ¢ until some random point determined by the lifetime process
where an independent piece of stopped Brownian path is added on.

For a smooth domain D in dimension 2, it is shown in Abraham and
Le Gall [1] that the Brownian snake will, with positive measure, be a path
that exits the domain at a given point; that is, it hits points on the boundary
of D as it exits D. In particular, for the upper half-plane, H, the origin is a
point of exit. Let C denote the convex hull of the trace of those snake paths
which exit H at 0 up until the time of exiting H, let f be a function such
that (x, f(x)) parameterizes JC locally near the origin and let 7" denote the
first time that the Brownian snake is a path which exits H at 0. We establish
the following two theorems for the convex hull. Here N, denotes the excursion
measure, to be defined later, under which all paths start at z

THEOREM 0.1. Let g(x) = x2h(x) be an even, convex, €2 function satisfying
h(e~*)/h(e *"1) — 1. Then, No, 1y-almost surely on the event {T < oo},
0, if Y h(e™) =00,
k

liminf f(x) =
=0 g(x) 0o, if Y h(e™*) < o0.
k

THEOREM 0.2. Let g(x) = x2h(x) be an even, convex function satisfying
R(27%)/h(27¥1) — 1. Then, N(o 1y-almost surely on the event {T < oo},

. f(x) oo, if h(x) — 0,
lim sup = .
0 &(x) 0, if h(x)— oco.
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REMARK 0.3. It is shown for all finite ¢ that limsup, ., f(x)/x? > ¢ with
positive N, ;) measure, but not almost surely.

REMARK 0.4. The family of functions, for n > 1, |¢| < 2,

By, o(x) =log(1/x)logy(1/x) - - - (log,(1/x))",

satisfy the growth conditions of the theorems.

The convex hull of the two-dimensional Brownian path over [0, 1] at its
minimum value has been studied. In Cranston, Hsu and March [4], lim inf
results are established which yield an integral test similar to our summation
test (cf. [3]). Let f be a function locally giving the convex hull satisfying f(0) =
0, and let g be an even, convex function. Then liminf f/g = 0(oc0) if and only
if [y, g(x)x™% = oo(< o).

A sharp characterization of the lim sup of the convex hull is given by Mount-
ford [11] improving upon the work of Burdzy and San Martin [3]. Mountford
establishes that (1/7)x logs(1/x)/log(1/x) is an upper function for f(x).

This paper shows that the convex hull in question is a factor of x smoother
than that studied for the Brownian motion.

The paper begins with a preliminary section where facts about the Brown-
ian snake and some general results are presented. The proofs of the theorems
follow, starting with the lim inf result. The proofs for all four bounds are sim-
ilar. A geometric criterion, as in [3], is used to bound the probability of a point
being in C by the probability that a ray is hit by one of the paths.

To describe this, fix z = (x, y) with x, ¥ > 0. Let A be the ray emanating
from z on the line connecting z and 0. Fix 0 < x’ < x. Let B be the ray from
(«’, 0) that intersects z. If a path from (0, 1) to O crosses A, then the point z
will be in the convex hull generated by this path, since a point on A and the
origin will be in the convex hull. Similarly, if no snake path from (0, 1) exiting
the half-plane at the origin crosses B, then the point z cannot possibly be in
the convex hull generated by such paths. Hence, to characterize if a point z
is in the convex hull, we need to understand if these rays are hit by snake
paths that exit the half-plane at the origin. This can be done using a known
excursion decomposition of the snake process. (See Figure 1).

To make almost sure statements, a type of 0—1 law is proved that makes use
of a Poisson description of the process started from an initial starting path.

1. Preliminaries. In this paper a measure with an extra bar, such as N,
will denote a measure for the path-valued process. Measures without the extra
bar will represent a Brownian motion which will be denoted generically by a
B. As it is convenient, complex variable notation will be used to describe the
plane RZ%. In particular, re’’ will denote the point (7 cos 6, r sin ), where we
will always assume r > 0 and 0 € [0, 27), and if z = (x, y), then Re(2) = «.
Finite, positive constants whose values are unimportant will be generically
denoted by c; for some i. For a domain D we denote the Poisson kernel by



1282 J. VERZANI

FiG. 1.

pp(z, ¥) and the Green function by G (x, y). Let cone(y) = {re’®: r > 0, a ¢
(m/2 — vy, m/2+ vy)} denote a cone with opening 2y, vy < 7/2.

The path-valued process, or Brownian snake, is a continuous, strong Markov
process on the space of stopped paths from R, to R? (cf. [7] and [6] for a
construction). The process has as a state space the set of stopped paths. Let
7, denote those starting from z e R%:

Y, ={(w, ): we ([0, ), RY), w(0) = 2, w({) = w(¢ +¢) V¢ > O}

Let 7 = U”,. We designate the tip or end of the path by w = w({) and
notationally we identify w with W, so that W,(¢) is the value of the path w,
evaluated at ¢. The notation for the lifetime is usually suppressed.

The path-valued process evolves under the measure E,, ), where the sub-
script denotes the starting path. The evolution of the process is controlled in
some sense by the lifetime process ¢. The process { under E,, ;) is distributed
like a one-dimensional reflecting Brownian motion. The path W (-) at s’ > sis
distributed under E,, . like a Brownian path in R? stopped at /. It agrees
up until n =inf{{,: s < u < '} with the path W(-), and its distribution after
7 is independent of W _.

Let IP(,,,. ;) be the distribution for W killed when the lifetime process first
hits 0. Excursion theory is used to decompose the process into easier-to-
understand pieces. The symbol I = {(«;, B;)} will be used for the collection
of excursion intervals; the lifetime of an excursion will be denoted by a o.
The excursion measure for excursions of the path-valued process away from
the recurrent state {{ = 0} will be denoted by N,, where the point z € R? is
identified with the trivial stopped path in 7., (w, 0), where w(0) = z.

As an example, let {; > 0, and set m, = inf{{,: u < s}. By the well-known
theorem of Lévy, the process {, — m, up until inf{s: {; = 0} is distributed
under IP”(ka’ %) like a reflecting Brownian motion started from 0 up until the
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time when its local time at the origin becomes 2¢,. Let I denote the excursion
intervals of { — m from 0, and for each excursion interval (¢;, B;) define

W;(t) = W(aiJrs)/\Bi(gai + t)

Notice Wi(¢) € Yy, . The key tool to understand the process started from a
fixed path is the following result (cf. [10], Proposition 2.5).

PROPOSITION 1.1.  The random measure 3 ;c; &,  w: under P(,, . isa Pois-
son random measure with intensity 2dt1,_; Ny, (-)-

That is, the trace of the process has a backbone, wy(-), and branching off
this backbone at a rate 2 d¢ are independent excursions of the process W.

To study the boundary behavior, we use the exit measure, as defined in [10].
Let D be a domain in R%. For a path f we define the exit time from D by

mp = 1p(f) = inf{t: f(¢) ¢ D},

with the agreement that 7 = co in the event the set in the infimum is empty.
Let I denote the excursion intervals from 0 of the process ({, — 7p(W,)),,
that is, the excursions of the path-valued process away from the boundary of
D. (These excursions may enter back into the domain; they are simply the
excursions relating to the times that the path process, W, is a path that has
left D for some duration.) There is a local time on this set denoted by L?, which
may be derived in terms of the local time from O of an associated reflecting
Brownian motion. The exit measure is a random measure supported on the
boundary of D. As defined here, it is a random measure under N,, z € D,
given by its action on measurable functions ¢ on ¢D as

(X2, ¢)= [ dLP 4(W,).
0

We will use the following facts about the Brownian snake. Let E? be the dis-
tribution of {B.,, , 7p < oo}, where B is a Brownian motion in R2. From [10],
Proposition 3.3, we have the following formula relating the measures N, and
ED.

PROPOSITION 1.2. For every nonnegative, measurable function F on %,

N, (/ dLP F(WS)) — EP(F).
0

In particular, for nonnegative, measurable functions ¢ on dD, N,((XP, ¢)) =

E.(¢(B:,))

The exit measure enjoys the following special Markov property (cf. [8], The-
orem 2.3). Let

n, = inf{t: /Ot dul(, < 1p(W,)) > s},
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and let &P be the N,-completion of the o-field generated by W, , atime change
of the path-valued process corresponding to the times when the paths have
not left D.

THEOREM 1.3 (Special Markov property). For every nonnegative, measur-
able function ® on Co(R_, ),

Nz<exp— > (W) | §D> = exp—/XD(dy)Ny(l —exp —d).

ielp
Using the special Markov property, we state the following simple corollary.

COROLLARY 1.4. For ® as above, by Proposition 1.2,

(2 o)) = S (exp-a T o))l

ielp ielp

d
— 3e(exp = [ X2, (1 - exp-a0) ) 1

=11, [ X, (@)
— B,(Np, ().

We quote the following relationships between the Brownian snake and the
partial differential equation Au = 4u2. Let D be a bounded, Lipschitz domain
in R%. Let O c 9D be open and K C 9D be compact. Define the stopping times
for W:

Tp=inf{s: {;,=1p(W,)},
Ty p=inf{s: {, =p(W,), W, € K}.

When K = {0} we write Tx , = T, p. The range of the path-valued process
killed on 4D is

#P ={W(t): & =1a(W,), 0=t < ATp(Wo)}

One has {Tx p < oo} = {#PNK # @}. Thatis, Tk p is finite when the range
of the Brownian snake paths killed on ¢D intersects K. From [1], Proposition
1.2, and [9], Proposition 4.4, we have the following result.

PROPOSITION 1.5. Let u1(z) = N,(XP(0) > 0) and uy(z) = N(Tk p <
o). Then uy, uy satisfy Au = 4u? in D. The minimal solution satisfying the
boundary condition lim,_, , u(z) = oo for all y € O is uy. The maximal solution
satisfying the boundary condition lim,_, , u(z) =0 for all y € K is u,.
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1.1. Calculations.

LEMMA 1.6 (Scaling). Let D be some domain such that 0 € D. The dilation
of D is defined by ¢eD = {ex: x € D}. Let K be a compact subset of the boundary
of D. Then

No(Tk,p < 00) = &No(T ok, op < 00).
PROOF. Set W' (£) = & 'W i (£2t). Then, as remarked in Le Gall [10],

Proposition 2.3, due to the scaling properties of Brownian motion and the Ito
measure of excursions the distribution of W{" (t) under N, is e72N,. Thus

e®No(T .k, .p < ) = *No(3 s > 0: W, € eK, {, =1.p)
= No@s>0: W e K, {7 =1p)
=Ny3s20: Wye K, {,=1p)
=No(Tg,p < ). O

By scaling we can calculate N,(7T" < o0).

LEMMA 1.7. Let z = re'?. We have
u(z) =N, (T < 0) = w(B)r_z,

where w(0) is the unique positive solution on (0, m) to the one-dimensional
boundary value problem

(1.1) w”(0) = 4w(6)(1 — w(h)), w(0) = w(7) =0.

Furthermore, there exist positive, nontrivial constants ¢ < C such that, for
0<0=<m/2,

(1.2) ch <w(0) =w(m—0)<Co.

PRrROOF. First, we show that scaling yields u(z) = w(0)r—2 for some . Set
H(z, &) ={pe'”: p>e, ye(0, m)}+2, and let B(x, ¢) denote the closed ball
of radius & centered at x. By monotonicity,

N.(T < 00) = No(T . < 0)

= 1}3(1) No(T g(—reit, s), H(-reit, s) < O°)
(1.3) = 161_1}(1) "_ZNO(T(ur)B(reiﬂ,s),(1/r)H(rei6,s) < 00)
(1.4) = r_QNO(T{feie},eris < 00)

=r2N,(T < o0).
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In line (1.3), for a fixed r and 6, the dilation of the sets (1/r)B(re!’, &) and
(1/r)H(re'?, €) is not degenerate and so the limit in (1.4) follows. Setting
w(0) = N,is(T < 00) gives the first result. By symmetry, (6) = w(w — 0).

The proofs in [9], Proposition 4.4, show that u(z) satisfies Au = 4u? in H,
with boundary condition u(z) — 0 as z — JH \ 0. Thus w(#) solves (1.1).

In [1]it is shown for D C R%, D smooth, that points on the boundary of
D are hit by the path-valued process as it exits the boundary. Thus w(0) is
positive on (0, ).

Solutions to Au = u“ are studied in Gmira and Veron [5]. The uniqueness
of a positive solution to (1.1) under these boundary conditions is classical and
is assured by Proposition 6.5 therein. Hence w = w.

By a simple calculus trick one has the equivalent differential equation for w:

2

(] - (-, w0

where w'(0) is the one-sided derivative. If w'(0) were 0, then the solution
would be trivial and it is not; hence lim,_ o w(6)/0 = c¢; # 0. Since u(e'?) is
bounded, for 0 < 6 < 7/2 there exist constants ¢ and C for which

co <w(0) < Co. O

The next lemma will be used to calculate a lower bound on the event that
there exists a path exiting H at 0 that exits a domain through a specified
subset of the boundary.

LEMMA 1.8. For a Greenian domain D, set A =} g, O(W?), where ® =
@2, Let v(z) = N,(A). Then

mA = 0= (4 Gtz (2 ﬁyi) +v<z>—1)_1.

PROOF. The proof follows that of Proposition 2.2 and Theorem 2.3 in [1].
We have by the Cauchy—Schwarz inequality that

N.(A > 0) = N,(A)?/N(A?).
It suffices to show that
N.(A%) =4 [ Gp(z, y)o(y)* + v(2),
First, as in Corollary 1.4,
d2
N((Z0)) = SN (ep-A T oW)) |1

2

= 5N, <eXp 2 / XP(dy)N,(1 - exp —A(I))) Lz
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_ N, (2/XD(dy)Ny(‘I’2)> + Nz(<2/XD(dy)Ny(¢))2>

=v(2) + 4NZ<( / XD(dy)Ny(<D)>2).

Next, with 7 = 7p,
((f XD<dy>Ny(<b>)2)
=N, ( [ / dLPdL? NWS(q))NWS,(cD))

= 2N, ( [ [ dLPdL2Ng (@)Ny, (qn))

(15) = 2N, ( [ dLP Ny (@), ( [ aL? NWS,(<I>)>>

a6 = ( [ LDy @) [ 2deniy o [ dLP g, @)
— 4N, < / dLP Ny, (®) /0 N dt Ny (XD, N- (®)) ))

an  =4B(Ny (@) [ de By, 0i,0)

a8 =482([ dtEymn @)

= [ Gp(z. y)o(y)*.

Line (1.5) follows from the strong Markov property of the process W, (1.6)
follows from Proposition 1.1, (1.7) is an application of Proposition 1.2 and
(1.8) follows by the Markov property of Brownian motion. O

The following lemma will allow us to make almost sure statements. It states
that when an event has a positive probability conditioned on 7" < oo for all
starting points in a cone, then one of the excursions in the Poisson point
process of Proposition 1.1 will have the event happen for it almost surely.

LEMMA 1.9. Suppose B is an event satisfying:

(i) There exists a constant ¢ > 0 depending on vy but not on z such that,
when z € cone(y), N,(B, T < 00) = N,(B) > cu(z).

(i) If A is a subinterval of [0, o], then 1x(W) > 15(W(A)), where W(A) is
the path process {W,: t € A}.
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Then N,(B, T < o0) = u(z) for all z. That is, B happens almost surely on
{T < oo}.

PROOF. Let A, = [(3/4)27%, 27%] and Q, = {z: |z| < A27%2, d(z, H) >
a2k},

We employ Lemmas 4.2 and 4.3 of [1] as utilized in Theorem 7.1. These
assure us that we can find two constants, « < 1 and A > 1, for which, N,-
almost surely on {T' < oo}, the following event happens infinitely often (let

lp— Ay =14 —27%, 4, — (3/4)27"]:
{Vtelir—A,, Wop(t) e Q)

Let k be the set of & for which this happens [#(x) = oo]. Then, for £ € «,
t € {p — Ay, we have Wy (t) = re!? e cone(cos '(a/A)) and r > «27%2, By
Lemma 1.7 and line (1.2) we have, with ¢, = c4(y),

(1.9) Ny, (B, T < 00) > cau(Wr(t)) = cs2".

Considering the excursions from the minimum of {7, we have, from Propo-
sition 1.1,

NZ<E;VT<213(Wi) = 0), T < oo)

iel
= )\ll)n;o N, (IE’{,VT (exp—x\ZlB(Wi)), T < oo)

iel

14
— lim N, <exp —2/ " dt Ny, (1 — exp —A1g(W)), T < oo>
A—00 0

{r
= Nz (exp —2/ dtNWT(t)(B)’ T < OO)
0

{r—(3/4)27*
<N, <exp -2y /g -
K T—

< N,(exp —cs#(x)) = 0.

dt NWT(t)(B), T < OO)

This gives
u(z) =N, (T < o0)

=Nz(1—]E’{,VT<ZIB(Wi) = o), T < oo)

iel
= NZ(E’;VT<E2113(WI') > 0), T < oo)
=N, (13(W) >0, T < o0)
= N,(B). |
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We use the following formulas for the Poisson kernel and Green function in
the half-plane (cf. [2], Chapter 2):

; 1siné6

pu(z, 0) = py(re ‘ 0) = - 7
(1.10) 1 %= o]
G 5 = *1 )
n(e y)= - log 1 —

where % is the reflection of x through the y-axis.

2. Convex hull. Let D, denote the domain given by the epigraph of the
function g, and let I, denote the excursion intervals from a domain D. Make
the following definitions:

R, .= {z+re“ r >0},
I,.=Hn{w:w =z+re: r>0, a €(a, 7+ a)},

Aa,a = Z lRaeiava(Wé)1T<a(Wi)7

iEIraeia .
Ba,a = Z lR(a,O)va(W(i))lT<0'(Wi)7
iEIF(a,o),a
C/ =Y 1(Re(Wp) € (e, e DLy (W)
IDg

and

cr=>c, n > k (including o).
[

For z = ae’® = (b, 0) + €'’ we have A, , is the number of excursions from
the ray emanating from z on the line connecting z to the origin that exit H
at the origin at some time, and B, 4 is the number of excursions from a ray
emanating from (b, 0) which intersects the point z that exit H at the origin
at some time. As in the Introduction, if A, , > 0, then z is in the convex hull;
if B, 4 = 0, then z is not in the convex hull. Thus

(2.1) {Ay >0y c{zeC}C{By, >0}

Here C7, is the number of excursions that exit D, with the tip in the interval
(e7*, e7"] that at some time exit the half-plane at the origin.

Because of the monotone nature of the problem, we may assume (and do)
without loss of generality that for fixed @ > 0 we have

(2.2) x% < h(x) <x7°.

We need the following two lemmas about B and A.
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LEMMA 2.1. Let z € H, and let ¢ be the conformal map ¢(z) = ((z —
(a, 0))e )P with B = m/(7 — a) which maps a wedge to the half-plane. There
exists a constant ¢, independent of z for which

N.(B,,q) < crw(a)a? 2 d(¢(2), H)™.

PROOF. Let 7 be the hitting time of I', ) ,- We use the basic facts about
the Brownian snake from the preliminary section to establish

Nz(Ba,a) = EZ(BT € R(a,O),a; u(BT))
-/ " P*((B, - (a, 0))e'® € dr)u((a, 0) + re'®)

<o [ dr pu(d(2), Ot wiayr
x ((a + r cos a)? + (r sin a)?)73/2
= cow(@)a?? [ dr pu(d(2). (ar))rP
x (14 r cos @)? 4 (r sin a)?)~3/2
< csw(w)a? 2 d(¢(2), H) ™. O
LEMMA 2.2. Let z € H, akei?‘k = (e7*, g(e™*)) and A, = Ay, o, Let ¢ be
the conformal map ¢(z2) = (ze~'%)? with B = w/(7m — a) which maps a wedge

to the half-plane.
There exist nontrivial constants independent of z for which

Coh(e’k)[ill}gf]p(¢(2), (av)?) < N.(Ay) < crh(e )d(d(2), H)".

PROOF. As in the proof of Lemma 2.1, we have
N.AY) = [ pr($(2), v)w(a)rP~? dv

= w(e)af ™ [~ pa(#(2), (a0)P)uh do.
1

A simple consequence of (1.2) and the assumption (2.2) is that there exist
constants c¢3, ¢4 for which

(2.3) csh(e™) < w(ay)al ™ < ¢uh(e™®).

With this and the bound pg(z, x) < d(z, H)™!, part (i) follows.
Similarly,

(2.4) N.(A)) = eshy fnf p(#(2), (av)®),
since

[ pa(#(2). (@)% dv = inf p(#(2). (@) [ v"dv. O
1 [1,2] 1
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2.1. Proof of Theorem 0.1.

REMARK 2.3. We first note that it is enough to show that the one-sided
limit satisfies the bound almost surely. Because g is assumed to be even, the
limit from the left and the limit from the right will share the same bound
almost surely.

REMARK 2.4. The assumption that g is ¢2 is made for convenience, but is
not essential. One can show that, given g for which ", 2(e*) < oo, there will
exist a €2 function g, satisfying the same condition on the sum and for which
g9 > g1. Similarly, if the sum is infinite, one can find a ¢2 function bounding
g from below for which the sum is still infinite. The proof of this is to show
that the problem is monotone with respect to the domains D,, and from here

notice that any convex function g(x) = x2h(x) with A(x) — oo has a second
derivative of 0 at the origin.

2.1.1. Case ¥, h(e *) <oc. Define a, and a;, by a;, + b e’ = (e *, g(e *)) =
zy, and set B, = B, , . We show first that {z, ¢ C eventually} happens
almost surely. To do this, we show that

N((), 1)(2k € é 10) =0.

This will follow by the Borel-Cantelli argument by showing 3, Ny 1)(2; €
C) < o0. By (2.1) and Lemma 2.1, we have

> N, 1y(25 € €) < YN, 1y(By > 0)
k k
<Y eww(e)ap' " d(f(2), H)™
k
= ZCQh(e_k) < 00.
k

To finish, we need to interpolate between the points z,. Suppose z; ¢ C.
Then, by convexity, we must have that the point (x, xg(e *)e*) ¢ C for x > e~ .
If we can find a c; independent of % for which xg(e *)e* > c3g(x) for x €
[e*, e 1) then on [e %, e **1) we have f(x) > c;g(x). By the first part, z, ¢
C happens eventually, so we would conclude that f (x) > c3g(x) eventually
or liminf f(x)/g(x) > c3, N, 1)-almost surely. Since cg(x) will satisfy the
assumptions for any constant ¢, we conclude that liminf f(x)/g(x) = oc.

To find ¢3, notice

sttt = gle™) ekﬂ) gle™)

g(e—k+1) e~k e—k+1
gle™®) \ 8(x)
= (500

8(x)
X

>c3
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for some nontrivial constant cs. This follows since g(x)x~! is monotone by
convexity and

g(e™®)

2
7g(e*k+1) — 1/e

by our assumptions on g.

2.1.2. Case Y, h(e™*) = co. Fix y € (0, w/2). We show that, for & large
enough, we have C3’ > 0 happens infinitely often N,-almost surely on T' < oo
for z in cone(y) and, in particular, for z = (0, 1). Thus there is a sequence of
points on the curve y(x) = (x, g(x)) that converge to 0 corresponding to ex-
cursions leaving from ¢ D, that exit the half-plane at the origin. It is clear that
each of these points is in the convex hull of W as it exits 0 and so we conclude
that liminf f(x)/g(x) < 1. Again, the assumptions on g are also satisfied by
cg for any nontrivial constant ¢ and so we conclude that liminf f(x)/g(x) = 0.

Let h; = h(e™/)and A; = (e7/7!, e7/]. The assumption that g is £? assures
us that the Poisson kernel, p Dg(x, ¥), is continuous in y € dD, and satisfies
the following conditions:

1. There exist nontrivial constants for which
¢1d(z, 9D )|z — y|* < pp, (2, ¥) < cpd(z, dD,)|z - yI%.

We remark that when z € cone(y) there exist two nontrivial constants for
which

(2.5) cslz| ™t < pp, (2, ¥) < calz| .

2. For all ¢ > 0 there exists ky = ky(z) such that, for all £ > ky(2),

8,71 P(B,, € ¥(8))
ng(Z> O)

(2.6) 1-e<

<1l+e.

This is because p is continuous and |y(A,)| A, — 1.

We first calculate
N(CT) = [ P(Re(B,, ) < dryu(y(r)

(2.7) < 05/ P*(Re(B,, ) € dr)g(e 7)el e 20+1)
A; g

= CGhj|Aj|71PZ(BTDg € y(4;)).
Fix &€ > 0 and z. Find &, = ky(2) as above. Then we have by Lemma 1.8
that

2.8) N,(CY) zlimninf( / dy Gp (z, y)(EyEg;;i;;f—}—(Nz(CZ))l)l.
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For k > k, by (2.6),

N.(C}) = Y N,(C)
k
= Zc7hj|Aj|71PZ(B’TDg € v(4;))
k

> cg(1—¢e)pp, (2, 0))_h; — oo.
k

Thus we need only worry about the first term in (2.8):

Ny(C;;))2
N,(C})

limsup/ dy GDg(z, y)(

= limsup/ dyGp, (2, ¥)

) ((kg)Ny(Cj)f +2<k§)Ny(Cj))<k2’::)Ny(Cj)>
o
(Ero))
2

x (09 po, (2, 0)% hj)‘

=14 II+III.

Since >} h; — oo and the numerator of I does not depend on n, I — 0.
Using

> Ny(Cj) = C10PDg(ya 0) > h; < Clong(y, O)Zhj
ko() ko() k

yields IT — 0 and III < (1 — a)_zpfi(z, 0)(1+e)* [ dyGp (=, y)pQDg(y, 0).

To show III < oo, we remark that the monotonicity of the Green function in
the domain yields Gp (x, ¥) < Gy(x, y) on D, and the bound ng(z, 0) <
pr(z, 0) shows that it is enough to show

[ &y Gz, y)P4(y. 0) < oo.

This follows readily from the formula of (1.10).
Using the bound in (2.5) for z € cone(7/4), we have shown that

N,(CY > 0) = cpyu(2).

By Lemma 1.9 we conclude that N,(C7” > 0) > u(z). Thus N,(C}” > 0 i.0.) =
u(z). That is, C3’ > 0 happens infinitely often almost surely on 7' < co. O
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2.2. Proof of Theorem 0.2.

2.2.1. Case h(x) — 0. Let g(x) = x%h(x) with h(x) — 0. For ¢, a nontriv-
ial constant, define z, = (e %, cog(e*)). Set a), = e %/2, and define b, and «;,
by z; = (ay, 0) + b,ei*. Let B, = B We have {z;, € C} c {B;, > 0}.

By Lemma 2.1,

QAp, X °

N(O, 1)(Zk & C’ io0., T < OO) > 11}2111\1(07 1)(Zk ¢C~, T < OO)

=u((0, 1)) — im N, 1)(2; € C, T <)

> u((0, 1)) — im N 1)(B,, o, > 0, T < 00)
(2.9) k

> u((0, 1)) — 1i,§nN<o, 1)(Ba,, a,)

> u((0, 1)) —li,glclh(e‘k)d(f(Z), H)!

= u((0, 1)) = Ngo, (T < 00).

We note that if the event z;, ¢ C 1i.o. happens N(o, 1y-almost surely on {T' <
oo}, then limsup f(x)/g(x) > ¢, happens N, ;)-almost surely. Since ¢, is
arbitrary we conclude that limsup f(x)/g(x) = oo, N ;)-almost surely on
{T < o0}.

REMARK 2.5. From (2.9) one sees that if h(e’k) < ¢y, then we have for
z = re'’ € cone(7r/4) that there exists a constant for which

o 1
N,(z, €C 1.0, T <o0) > ﬁ(03 —cic9T).

Thus we have that for r sufficiently small a lower bound of cu(z) applies. If
we could use Lemma 1.9, then we could conclude that limsup f(x)/x? > cs,
N,-almost surely on T' < co. From here we would let ¢, — 0o along a countable
subsequence to see that limsup f(x)/x? = co. However, Lemma 1.9 does not
apply as it is stated, although one thinks that some such lemma should exist.

2.2.2. Case h(x) — oo. Let z, = (27%, g(27F)) = ape'™, A, = A, ,,»
Iy, =T ,,,andlet X k be the exit measure from I',. We show first that, No, 1)-
almost surely on the event {T < oo}, we have z;, € C eventually. This will
follow from the Borel-Cantelli lemma if

ZN(O, 1)(Zk ¢ é) < 0.
k

By (2.1) we have {2z, ¢ C} c {A, = 0} on {T < oo}; hence it is enough
to estimate the latter set. For an excursion from JI';, let W, (W) =
1, (Wolr_,(W). Let YV, = f2Xk(dy)Ny(\Ifk). By the special Markov

2p, ap
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property,

N,(A,=0, T <o) = Alim Nz(exp—<AZ\Pk(Wi)>, T < oo)

Iy,
_N, <exp —( / 2X*(dy)N, (¥, > 0)), T < oo)
=N,(exp—-Y;, T < 0)
<N,(exp—Y,00p, T < o0)
= NZ(E;VT(BXP _Yk)’ T < OO)

14
(2.10) - Nz<exp—(/0 " dt Ny, (1 - exp—Yk)>, T < oo).

Line (2.10) follows from the Poisson property of the measure }° 6, w: under
Ejy, given by Proposition 1.1.

Let A; and () be as defined in Lemma 1.9. Following [1], define H, = {z €
H: dist(z, dH) < v} and

A B 1 n—1 B B i
Fih () = > 1( sup fw(¢—8) - w(0)] > A2797),

n—"no ;_,, “0<t<2-i

n—-1
Py = 1,40
0. n(W0) 7o jgo A%(w)

CA  ={ipel2™, 2™], FA (W) > 1},

ng, n

D, = {dr e [4-27m, 2], @ (Wp) > ).

Choose A large enough so that the sequence {2V"4"exp—A(n — /n)} is
summable. Then, by [1], Lemmas 4.2 and 4.3, there exist 0 < @« < A and a
constant ¢, for which

Nio, 1)(Cfo,n) <N pn(As=0, {e[27™, 2™], Ffo,n(Ws) > 7)
< ¢g2™4" exp —A(n — ny)
and
N, 1)(D';':0’ n) < co2"4™ exp —A(n — ng).

Let n > 4, ny = +/n, and fix A > « so that the above holds. We remark that
when {7 € [4-27™, 2™] holds we have F,‘;‘O’n(WT) < % and ®7 (Wyp) < % and
thus

(2.11) )y ={j<n: Wp({p—A;)CQ;} > 1(n—+n) > in.
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We will use the following lemma whose proof is postponed.

LEMMA 2.6. Under the assumptions on g (h — oo) for j < k, the following
bound holds:

i(rllf N,(1 —exp—-2Y,) > ¢ igf u(z) > cy27.

Assuming this lemma, it follows from (2.10) that
N(O, 1)(Ak = 0, T < OO)

14
< N(O’ 1) <exp—<2/0 ! dt NWT(t)(l — exp —2Yk)>, T < OO)

< Nio.1)(Cl5., Y D50)

+ Neo,1)({r = 2ﬂ) + Neo,1)({r < 4- 2_‘/%)
i
+ No, 1 (exp—(Z/O dt Ny, (1 —exp —2Yk)>, {rel4- ok, 2‘/;],

Fh (Wp)<g, @2 (Wp) <3, T < oo>
=I+II+1III+1IV.
By a union bound we have
1< 2002‘@4’“ exp —A(k — VE).

By the fact that { is distributed under N, ;) as a Brownian excursion from 0,
we have

IT < N, 1)( [soup] > 2~/%) — 9~ (VE+1)

Let #, ={W,(t): 0<s<o, 0<t=<u}, Z={W,(t): 0<s=<o, 0<t<
{s} Set 6 = dist(z, H). In order for {; to be small, it must be that %, hits
B(z, 6)¢ with a small u. This event can be bounded by the probability that
the path process exits distant balls which is given by solving the equation in
Proposition 1.5 with an infinite boundary condition, yielding Ny(#NB(0, &)° #
@) = 262, Thus

_VE
IIT < N(O, 1)(T(B(z, 8)e) < 4.2 k)
< N, 1)(#45-v N B((0, 1), 8)° # &)

2.12) = (4-27Y*)No(#, N B(0, j52*%) £ @)
< (4-27VF)Ny(2 N B(0, 1622V%) £ &)
_ 128, 55
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Line (2.12) follows from the scaling property of the Brownian snake used in
the proof of Lemma 1.6.
For IV we have by (2.11) that #(«;) > ck. Thus

IV <N -2 dt inf N_(1 — -2Y,) ),
< (0,1)<eXP (%}ng—A, Zlefhj (1 —exp k))

gT € [42_ﬂ’ 2@]’ F;?O,n(WT) = %’ (Dgo,n(WT) = %a T < OO)

< N, 1y(exp —csk, T < 00)
< u((0, 1))exp —csk.

Since all these sum in &, we have by the Borel-Cantelli lemma that, N, 1)-
almost surely on {T' < oo}, {A; > 0} eventually.

To finish, we need to extrapolate between the points z,. Following [3], we
let g,(x) = c4g(x) with ¢4 > 9. Choose k, = ky(w) so that for £ > &k, one has
£1(27%) = g(27%) = f(27%) and g(27*7")/g(27*) = 1/3. Let @ be the point

and P the point (27%71, ¢,g(27%°1)). If the line segment from @ to 0, which
goes through P, is contained in C, then (x, c,g(x)) € C for 27%1 < x < 2%,
This will happen if @ lies above (2%, g(27%)) or

_rca8(2”*Y) .
2 2 82,

This is true by the choice of £y and ¢,. O
Finally, we establish Lemma 2.6.

PROOF OF LEMMA 2.6. Fixz € Q;, j < k. Then z = re'’ € cone(cos™!(a/A))
with |z| > a,. For fixed ¢; > 0,

N,(1 —exp—-2Y,) > N,(1—e 2, Y, > ¢;).
By the Cauchy—Schwarz inequality,

(N.(¥3) — e)?

N,(Y, > ¢cp) >
z( k> 1)— NZ(Yk2)

We need bounds on N,(Y},) and N,(Y?).
By Lemma 2.2,
N,(Y}) = el [1{12f] pu(rfe’, (av)P)
> cohyr P (pr(e’, aP) A py(e, 2°))

> c3h,rP.
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By Proposition 2.2 of [1] and scaling, we have, with z = re’?,

N.(Y2) =4 [ Gr, (2, y)N.(Y,)?
<4 [ Gu(z, YN(Y)?

00 o 2

=4[ pdpdrGutre®, pe)( [~ puloPern, oF)ofPuia)

= 4r2 2 ((w(ay)ah 2 / pdpdyGy(e'’, pe')p~?F

B 2
00 s a
A2 el B),B-3
(e () )
We show first that there exists a constant ¢, independent of x and +y for which

(2.13) / pr(e?, (xv)P)vP~2 < ¢,.
1
For x < 1/2 we have the left-hand side of (2.13) is equal by a change of

variables to

00 .
x—(B—Z)/ dv py(e?, 03)05_3

X

12 2 i~ .
= x (A2 ([ + —i—/ ) dv pg(e”, vP)vP=3
x 12 J2

1/2 2 .
< c5x_(3_2)</ dvvP=3 4 ¢4 /1/2 dv pg(e”, vP)vP!
X

o0
+ 07/ dv v_ﬂ_3>
2

< Cs.

Similarly, for x > 1/2 we get the necessary bounds. _ _
Next, by the bounds Gy(e'?, pe??) < cgp for small p and Gy(e'?, pe'?) <
c19(p)~! for large p, it follows that

/pdp dyGy(e'’, pe)p™? < cq.

These combined with (2.3) yield the bound
N,(Y}) < epphyr® 2P,
Thus, for z in cone(cos 1(a/A)),
(crshar P —c1)?
c14h3r2-28

_ (c13 — ¢1/(hyr™F))?
0147'_2

Nz(Yk > cl) =

> ci5u(2).
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The last inequality follows since A, — 0 by the assumption on g. This implies
Lemma 2.6. O
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