The Annals of Probability
1996, Vol. 24, No. 3, 1178-1218

RANDOM FOURIER SERIES AND CONTINUOUS ADDITIVE
FUNCTIONALS OF LEVY PROCESSES ON THE TORUS

By MICHAEL B. MARCUS! AND JAY ROSEN?

City College of CUNY and College of Staten Island, CUNY

Let X be an exponentially killed Lévy process on 77, the n-
dimensional torus, that satisfies a sector condition. (This includes
symmetric Lévy processes.) Let .7, denote the extended Dirichlet space
of X. Let h € 7, and let {h,,y € T"} denote the set of translates of A.
That is, h,(-) = A(- — ¥). We consider the family of zero-energy contin-
uous additive functions { N, [y ,(y,t) € T" x R™} as defined by Fukushima.
For a very large class of random functions # we show that

J,(T") = /(1og N(T", &))"/ ds < o0

is a necessary and sufficient condition for the family {N &hy ], (y,t) e T™ x
R*} to have a continuous version almost surely. Here N ,(T", ¢) is the
minimum number of balls of radius ¢ in the metric p that covers 7", where
the metric p is the energy metric. We argue that this condition is the
natural extension of the necessary and sufficient condition for continuity
of local times of Lévy processes of Barlow and Hawkes.

Results on the bounded variation and p-variation (in ¢) of N,
fixed, are also obtained for a large class of random functions A.

y],fory

1. Introduction. Let X = {X,,t € R™} be a Markov process with state
space .7 a locally compact metric space. We are interested in the joint con-
tinuity of families of continuous (in ¢) additive functionals of X. Perhaps the
simplest example of such a continuous additive functional of X is

(1.1) Ll = /Ot f(X,)ds,

where f is a bounded real-valued continuous function on .. This definition

(1.1) of Lf can often be extended to generalized functions f, such as measures
or distributions. In the broadest context we are interested in the dependence

of Lf on f, as f varies in some space of generalized functions. In particular, we

ask: when is (f,¢) — Lf continuous? In this paper we examine this question
in considerable detail when X is a Lévy process in 7", the n-dimensional
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RANDOM SERIES AND ADDITIVE FUNCTIONALS 1179

torus, and the “family” of distributions consists of the set of translates of a
fixed distribution f on T™.

In [11], we use the traditional approach of [4], for extending the def-
inition (1.1) of Lf to a class of measures f. In [11] we assume that
X = {X,,t € R™} is a strongly symmetric Markov process with respect
to some o-finite reference measure m on the state space .. To be more
explicit, let u!(x, y) denote the 1-potential density with respect to m and let
f = u be a finite positive measure on .such that Ulu(x) = [u!(x, y)du(y),
x € ./ is bounded. Then, as is well known, we can define a continuous
additive functional L} of X which extends (1.1). Here L/ is characterized by
the relationship

E* (/0 e_tde) = Ulu(x), Vx e ./

where u is referred to as the Revuz measure of L. The basic result of [11],
Theorem 1.1, holds in a very general setting. However, it is easier to explain
and more relevent to this paper if we assume that . has a group structure.
Then, as a generalization of the problem of joint continuity of local times, we
considered, in [11], the question of the continuity of the family of continuous
additive functionals {L}”, (y,t) € ./ x R*}, where uy is the translate of u
by y, that is, u,(A) = u(A + y) for all Borel sets A C .77 As is well known,
if ul(x,y) < oo for all x, y € ./, then X has local times at all x € ./ In
the above notation we write the local time process as {Lfy, (y,t) e /x RT},
where &, = 6 is the point mass at 0 € .~ Necessary and sufficient conditions
for the continuity of {Lfy, (y,t) € #/x Rt} were obtained in [10], solely in
terms of the metric

(1.2) (%, y) = (u'(x, x) + u'(y, y) — 2u'(x, )%

When X is a Lévy process on R! or T, this result is due to Barlow and
Hawkes for sufficiency (see [1] and [3]) and to Barlow for necessity (see [2]).

They do not require that X is symmetric. They show that {Lfy, (y,t) e S/ x
R™} has a continuous version almost surely if and only if

(1.3) J.([0,1]) = /Ooo(log N.([0,1], &))2de < o0,

where N ([0, 1], ¢) is the minimum number of balls of radius ¢ in the metric
7 that covers [0, 1].

For symmetric Lévy processes we set ul(x, y) = u'(y — x) = u'(x — y) and
7(x, y) = 7(y — x). Thus, in this case,
(1.4) r(x - y) = V2 (u'(0) — ul(y - )"

To generalize this result to Markov processes without local times, it is nat-
ural to consider the “energy” metric

12
15 ) = ([ 09 dr) = 11y (1) As(5) = 1y 5D
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and ask whether there are classes of measures u for which {L}”, (y,¢) €
.#x R*} has a continuous version almost surely if and only if (1.3) holds.
We show in [11] that, at least for many smooth measures, the answer to this
question is no. (This will be discussed further below.) However, we show in
this paper that if we replace u by a random distribution, then the answer to
this question, roughly speaking, is almost always yes.

From this point on let X be an exponentially killed Lévy process in 7",
with Lévy exponent ¢, that satisfies a sector condition. That is,

(1.6) E(e*Xry = ¢~ H0(R) v} e Z7,
and
(1.7) ly(k) < CRey(k) VkeZm,

for some constant 0 < C < co. Note that it follows from (1.6) that Re ¢s(k) > 0
so that all symmetric Lévy processes trivially satisfy this sector condition,
since, in this case, Im (k) = 0. In addition, we assume throughout this paper
that ¢ satisfies the following mild regularity condition:

(1.8) Re (k) < CRe ¥(jk) Vk e Z" and integers j > 1.

If (k) is never purely imaginary and lim;_, |¢(%k)| = oo, then (1.7) is equiv-
alent to

(1.9) lW(k)| < C(1+Rey(k)) VEkeZ"

In what follows, for £ € Z" and x € T, we write kx for (%-x). The notation
|k| < K is an abbreviation for the set {k € Z": |k| < K} for some positive
number K.

When f is the trigonometric polynomial

(1.10) f(x)= Y ae*, a, € Ct,
|k|<K

the initial formulation of a continuous additive functional of X, (1.1), can be
written as

(1.11) Ll = Y api(k),
|k|<K
where
t . .
(1.12) b,(k) =/ et X, ds:/ e dv,(y), ke Zm,
0 Tn

are the Fourier coefficients of the occupation measure v, of X. We set
f t
(1.13) Ly = [ f(X,=y)ds, yeT",
0

where f is as in (1.10) and f,(x) = f(x — y). This gives us a simple example
of a family of continuous additive functionals of X. Analogous to (1.11), we
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have

(1.14) L

= > app(k)e ™.
|k|<K

We only consider f real and hence assume that @, = a_, both here and in all
the extensions that follow. Thus, clearly, L,’:y (and all its extensions) are real.

We employ two methods for extending Lf to generalized functions. One
approach is that of Fukushima using the theory of Dirichlet spaces. In the
other, we use results and techniques from the theory of random Fourier series.
Both approaches give rise to the same extension. Indeed, the interplay between
these two approaches is one of the interesting aspects of this paper. It is
because our proofs ultimately employ techniques from the theory of random
Fourier series, that we work with the state space T".

We begin with the Fourier series approach which is easier to explain. As
long as {a,?,(k)}rezn € I%, we can extend (1.14) and consider

(1.15) L(y,t)= Y ap(k)e ™,
keZnr

where the equality sign denotes the standard identification of a function in
L%(T") with its Fourier series. Define

1/2
116 i1 = ([, rooP )
By Plancherel’s theorem
1/2
(1.17) ILC-, Dl = (277)"< > Iaklzlﬁt(kﬂz) :
keZn
Consequently, by Corollary 3.1,
1/2 |a|” 2
(1.18) E|L(-,t)ll; < Ct (kXZj 1+Re¢(k)) :
Thus we can extend (1.13) to distributions
(1.19) f(x)= Y a,e™*
kezr
as long as
(1.20) > 24

— < Q.

Under condition (1.20) we want to determine when the family {L(y, -), ¥ €
T™}, defined in (1.15), constitutes a continuous family of continuous additive
functionals. By this we mean that not only is L(y, t) a continuous additive
functional in ¢ for each fixed y but it is also almost surely jointly continuous
in (y, t). (Whenever we write almost surely without qualification, we mean
almost surely with respect to P* for each x € T".)
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Since 7,(%) is a continuous additive functional for each £, it is clear that
{L(y, "), y € T"} will be a continuous family of continuous additive functionals
whenever the Fourier series (1.15) converges locally uniformly almost surely
in (y, t). That is, whenever (1.15) converges uniformly almost surely on 7" x
[0, ¢*] for all ¢* > 0.

Let (P°, Q) be the probability space of X. For each fixed t € R*, L(, t)
is a random Fourier series with respect to (P°, ’). In order to show that
L(y,t) is almost surely jointly continuous in (y,t), we must be able to
show that L(-,¢) is almost surely continuous in y. However, continuity
properties of random Fourier series are well understood only when the co-
efficients are sign invariant. With respect to (1.15), this means only when
{a10/(k)}hezr =g {arer?y(R)}rezn, where {g,} is an independent identi-
cally distributed sequence of random variables, independent of X, defined
on the probability space (P,()), with P(e;y = 1) = P(ey = —-1) = 1/2.
We cannot expect this condition to hold in general but it will if we re-
place the original sequence {a.}..z» by the random sequence {a,&.}rczn-
Clearly, if {a;},cz» satisfies (1.20), then so does {a e, (w); k € Z"} for each
w € . Thus we can define the family of continuous additive functionals
{L(y,t, ), (y,t, ) € T" x R™ x O}, given by

(1.21) Ly, t,0)= Y ap(k)ep(w)e ™.
keZr

We now ask: when will {L(y, ¢, w), (y,t) € T" x R*} converge locally uni-
formly almost surely in (y, t) for almost all € Q? (Whenever {L(y, t, w),
(y,t) € T" x R*} converges locally uniformly for any w € (), it constitutes a
continuous [in (y, £)] family of continuous additive functionals of X.) A defini-
tive answer to this question is given in Theorem 1.1. [Note that this question
is actually a special case of the one posed in the paragraph following (1.20).
Rather than asking whether {L(y, '), y € T"} constitutes a continuous family
of continuous additive functionals for a specific sequence {a,} for which (1.20)
holds, we ask if it constitutes a continuous family of continuous additive func-
tionals for almost all sequences {a,e,(w)} for which (1.20) holds.]

Before stating Theorem 1.1 let us recall Fukushima’s method, using Dirich-
let spaces, for extending (1.1) [and hence (1.13)] to generalized functions. Let

7= [h e LA, a0 | 60, 1) = 5 (1 Re w8 < <]

keZr
be the (extended) Dirichlet space of X. Let f be the distribution

(1.22) f(x)= Y a,e*

keZn

in the dual space

(1.23) T = {v e S (T")|&*(v,v) =g Y. 0P < oo}.
wezn 1+ Re (k)

We call the metric induced by the norm &* the energy metric.
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We define Lf to be the zero-energy continuous additive functional, N £h],

which arises in Fukushima’s decomposition of 4(X,), where

ap, ikx
(1.24) h(x)= Y % ks,
2 Tr e

[Note that by the sector condition, (1.7), h € Z,.] Details will be given in
Section 2.
The condition that f € % is precisely the condition that {a,, 2 € Z"}

satisfies (1.20). Of course, if f is in .%,*, the same will be true of

(1.25) fyo@) = apep(w)e™
keZn

for each (y, w). Let

p(x’ y) = (g*(fx - fya fx - fy))1/2

(1.26) B |ak|2 . (x _ y)k)1/2
- <kZZ T+Rey(k) 2 '

We now give the main result of this paper.

THEOREM 1.1. For almost every w € ), the family of continuous additive

functionals {L{y"", (y,t) € T" x Rt} has a version with continuous sample
paths almost surely if and only if

(1.27) J(T") = /Oo(log N (T", £))"* ds < oo,
0

where N ,(T", &) is the minimum number of balls of radius & in the metric p
that covers T".
Furthermore, if (1.27) holds, then, for almost every w € (),

(1.28) Ly, t,0)= Y app,(k)ey(w)e
keZn

converges almost surely locally uniformly in (y,t) € T" x R* and is a contin-
uous version of {L,”",(y,t) € T" x R*}.

As mentioned above, by “almost surely” we mean almost surely with re-
spect to P* for each x € T". We point out in Section 2 that N Eh] is defined
up to equivalence, that is, P* almost surely for q.e. x. When we say that
L =4 L(y,t, ») is a continuous version of L’ =4 Lf”“’, we mean that L is
continuous P* almost surely for each x € 7" and L = L/, P* almost surely
for q.e. x.

Before commenting further on Theorem 1.1, it is useful to state the next
theorem which describes an important property of the continuous additive
functionals which appear in Theorem 1.1.
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’}IC‘HEOREM 1.2. Foreach y € T", for almost all w € (), the stochastic process
{L,”", t € [0,1]} is of bounded variation in t almost surely, if and only if

{ar} €l

1.2.1. The continuous additive functionals that we are considering are dif-
ferent from those usually studied. It is traditional to study continuous additive
functionals, say A,, which are positive and hence increasing. This corresponds
to taking A, = L,’; with f a smooth measure, the Revuz measure of A,. More
generally, one studies continuous additive functionals A, which are the dif-
ference of two positive continuous additive functionals and hence of bounded
variation. This corresponds, to taking f to be the difference of smooth mea-
sures. (See [5], Chapter 5. The class of smooth measures is quite large. It
contains all bounded Borel measures not charging polar sets. Since smooth
measures may be infinite, the difference of two smooth measures must be
defined with some care.) Theorem 1.2 shows that even if we start with f
a bounded smooth measure, in general, for almost all w € (), Lf © will not
be of bounded variation in ¢, where f, =4 fo .- Therefore, f, will not be
the difference of smooth measures. Thus we see that the natural framework
for Theorem 1.1 is Fukushima’s approach to the study of continuous additive
functionals via Dirichlet spaces since this approach encompasses distributions
which are not necessarily differences of smooth measures.

1.2.2. We began this presentation by posing the problem of the joint con-
tinuity of the family of continuous additive functionals {L,”, y € T"} for a
fixed f of the form (1.22) for which the coefficients {a,} satisfy (1.20), and
proceeded to solve a natural modification of this problem to that of the joint
continuity of the family of continuous additive functionals {L,”", y € T"}
for almost all w € Q. As we remarked in Section 1.2.1, this allows us to
show how the Dirichlet space approach to the study of continuous additive
functionals, based on distributions, enters naturally, even when the original
problem concerned the more traditional case in which f is a bounded smooth
measure. However, from the perspective of Dirichlet spaces, we can look upon
Theorem 1.1 differently. In a certain heuristic sense, it gives necessary and
sufficient conditions for the continuity of the family of continuous additive

functionals {Ltfy, y € T"} for “almost every” f in the (dual) Dirichlet space Z,*.

1.2.3. Theorem 1.1 shows that under (1.27) both {L(y, ¢, ), (y,¢) € T"x
R*} and {Ltfy’“, (y,t) € T" x R} constitute a continuous family of continu-
ous additive functionals, and, furthermore, they are equivalent as stochastic
processes. We show, in the proof of Theorem 1.1, that even when (1.27) does
not hold, we can still identify L(y, ¢, w) with L{y’”’ for each fixed y € T". Thus
we can consider these two processes as interchangeable.

1.2.4. It is interesting to note, as pointed out in [5], that the metric p,
which arises so naturally in the study of L(y,¢) and Lfy, is related to the
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“energy integral” of classical potential theory. Suppose that f is actually a
signed measure, that is, that (1.19) is the Fourier series of a signed measure,
say p on T". Then f, is the Fourier series of a signed measure, u, on 7", with
py(A) = u(A+y) for all measurable sets A C T". In this case p is equivalent
to the metric 7 given in (1.5). [The sum in (1.26) is the Fourier series of the
integral in (1.5).] Thus Theorem 1.1 does address the question raised in the
paragraph containing (1.5) and extends it. Recall that when {a,} € 2 f v o
is the difference of two positive finite measures. Furthermore, f, , can be a
positive finite measure. This is discussed in Section 6.

For an important class of Lévy processes and distributions, condition (1.27)
can be made much more explicit. First,

< (Y llar2/(1 + Re g(1))]) 2
(29 N TN =

j=2
always implies (1.27). Also, if (k) and |a;| depend only on |&|, for all £ € Z"
and are regularly varying in |k|, then (1.29) and (1.27) are equivalent. (See
Remark 6.1.) This condition on ¢ is satisfied by symmetric stable processes.
Radially symmetric Fourier coefficients can be obtained as the Fourier coeffi-
cients of the 1-potential density of any radially symmetric Lévy process.

Let us return now to the problem posed initially: what can be said about
the continuity of L,” on (7" x R™") for a fixed sequence {a;}? As we remarked
above, this seems to be a very difficult question. However, a reinterpretation
of the necessary and sufficient condition of Barlow and Hawkes for the joint
continuity of local times gives the following result.

THEOREM 1.3. Let X ={X,,t € Rt} be a Lévy process in T". Assume that
{?:(R)}rezn, the Fourier coefficients of the occupation measure v, of X, up to
time ¢, is contained in 12. This is a necessary and sufficient condition for the
local time L} =4.¢ Lf" of X to exist, and we can write

(1.30) LY =Y p,(k)et*
keZ

in the sense of convergence in L?(T"). Furthermore, the following are equiva-
lent:

(1) {L}, (x,t) € T™ x R*} has a continuous version almost surely;

Gi) Y epp,(k)e ™,  xeTm,
keZ
converges uniformly almost surely, where {¢;} is independent of X

(iii) (1.27) holds (with a, = 1in (1.26), for all k € Z™).

1.3.1. Fixt¢ =ty > 0. Theorem 1.3 implies that, almost surely with respect
to (M, {L; , x € T"} is in the Pisier algebra if and only if {L}, (x,¢) € T" x R*}
has a continuous version. See [7], page 213.
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Theorem 1.3 shows that when the local time exists the continuity of the
randomized and nonrandomized versions of (1.15) are essentially equivalent.
However, this is not the case in general. To see this, we describe some results
from [11] which show that (1.27) is neither a necessary nor a sufficient condi-
tion for the continuity almost surely of {Lfy, (y,¢) € T" x R} for all f of the
form (1.22).

Let f be a finite positive measure w; that is, suppose that (1.19) is the
Fourier series of a finite positive measure w on 7. We show in [11], under the
assumption that X is symmetric, that {Lfy, (y,t) € T" x Rt} has a version
with continuous sample paths if

(1.31) /log N (T, &)de < o,
where
2 . 2 lx—y) 12
(1.32) d(x,y) = ( > B()|a)* sin )
leZn 2
and
(1.33) Bl =Y 1

rezn (L 9k =D)A+ ¢(k))

It is easier to see the relationship between d and 7 if we note that, in analogy
with (1.5), we have

12
139 d(x,9) = ([0 dnar) = 1y (D) dlins) = 1y (&) )

Clearly, (1.31) is a more restrictive condition than (1.27) (recall that when
f is a finite positive measure 7 and p are equivalent). In fact, d is only de-
fined for dimension n < 3, since otherwise B(0) = oco. Furthermore, under
certain smoothness conditions on {a;},cz» and {¢¥(&)},cz», Which include sta-
ble processes in T° of index greater than 3/2, Theorem 1.5 of [11] states that

{Lf‘”, (y,t) € T" x R} is continuous almost surely if and only if
(1.35) / (log N4(T™", £))"2 de < 0.

Let us now consider the differe}pt results obtained applied to Brownian
motion on 7. By Theorem 1.1, {L,”", (y,t) € T" x R*} has a version with
continuous sample paths, for almost all o € Q, if

1
(1.36) lag| = O(|k|1/2(log |k|)l+a) for some ¢ > 0.
However, this assertion is false when & = 0. By Theorem 1.5 of [11], if f
is a finite positive measure with smooth Fourier coefficients {L,”, (y,¢) €
T™ x R™} has a version with continuous sample paths if

1
(1.37) a,| = O() for some ¢ > 0
24l = O\ {ilog [RDT
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and in this case this assertion is also false if ¢ = 0. Thus we have two differ-
ent sets of necessary and sufficient conditions for the continuity of continuous
additive functionals of Lévy processes according to whether the Fourier coeffi-
cients of the distribution f are smooth or highly oscillatory. Finally, note that
neither of these results is trivial, since {a,p,(k)} € I* if

1
1. =0l —+——— f
(1.38) |zl 0<|k|2(log |k|)1+€) or some ¢ > 0

and not necessarily when & = 0.

. [y o . .
As mentioned above, L,”” has zero energy and hence, in a certain sense,
zero quadratic variation (see Theorem 5.2). On the other hand, we saw in

Theorem 1.2 that, in general, Lf“’ is not of bounded variation in ¢. It is
therefore of interest to study the p-variation in ¢ of Lfy"". For any function
N,, we define the dyadic p-variation by

2”
(139) hm Z |Ni/2n — N(i_l)/2n|p.
i=1

n—oo

In order to say something about this we impose some conditions on X and
fy, [ON

We assume that {#/(k)} and the sequence {a,}, in the definition of f, ,, sat-
isfy the conditions that for every ¢ > 0 there exists a constant C,, independent
of &, such that

(1.40) C;1 kP~ < Rey(k) < C,|k|F*®
and
(1.41) C.HE|™*7% < |ag| < C,|k|7*T*

for all k£ € T", k # 0. We also require that 2a < n, and 2« + 8 > n, which im-
plies that {a;},cz» ¢ [y and that (1.20) is satisfied. Therefore, by Theorem 3.1,

for fixed y € T", {Lf”“’, t € [0, 1]} is continuous almost surely for almost all

o € Q. [Actually under these conditions {L{y’“’, (y,t) € T" x R*} is continuous
almost surely for almost all w € .]

THEOREM 1.4. Let f, , be a distribution for which {{(k)} and {a;} satisfy
the conditions given in (1.40) and (1.41). Let
2B
1.42 -k
( ) Po 2B+ 2a—n

(So that 1 < py < 2.)
(1) If p < py, then, for almost every w € (,

2m
(1.43) limsup Y L] — L) 0]” = 00 ass.
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(i) If p > py, then, for almost every o € (Q,

(1.44) lim Z L5 — L7 00" =0 as.

m%oo

Functions satisfying (1.40) and (1.41) include sequences {¢/(%k)} and {a,}
which are regularly varying functions of |k| at co with index B and —a, re-
spectively.

For a more concrete example, let X be the projection onto 7" of the expo-
nentially killed symmetric stable process of order 8 in R" and let f be the
probability measure v(x) dx, where v(x) is the 1-potential density of the Lévy
process which is the projection onto 7™ of the symmetric stable process of
order n — @ in R". In this case we can take (k) = |k|? and |a;| = |k|7*.

Certainly Lévy processes on R" seem more natural than Lévy processes
on T". Theorems 1.1-1.3 have versions in R" and probably Theorem 1.4
does as well. However, on R" the randomized distributions f', , are replaced
by generalized stationary Gaussian processes. Although the mathematics re-
mains the same, the continuous additive functionals that we get for Lévy pro-
cesses on R" seem so specialized that we do not pursue this line at this time
except to point out in Remark 4.1 what the continuous additive functionals
on R" look like.

The outline of this paper is as follows. In Section 2 we describe more care-

fully the family of continuous additive functionals Ltfy’” and its relation to the
random Fourier series L(y, ¢, w) and, assuming Theorems 2.1 and 2.2, which
are results on the uniform convergence of random Fourier series, prove Theo-
rem 1.1. In Section 3 we obtain many interesting properties of the Fourier co-
efficients of the occupation measure of X. These are used in Section 4 to prove
Theorems 2.1 and 2.2. Section 5 deals with the p-variation in ¢ of the zero-

. . . fro o . . .
energy continuous additive functionals L, ””. Finally, in Section 6 we briefly
consider the case when f, , is a measure or signed measure.

2. Continuous additive functionals of zero energy. In this section we
give a more complete description of the zero-energy continuous additive func-
tionals defined by Fukushima which we denoted by Lf in the Introduction,
and go on to prove Theorem 1.1. Fukushima’s monograph, [5], only considers
symmetric Dirichlet spaces. Consequently, the results in [5] can only be ap-
plied to symmetric Markov processes. In [12] many of the results from [5] are
extended to more general Dirichlet spaces. It is these results that we actually
use in this paper since we only require that X satisfy the sector condition.
Nevertheless, we only give references to [5] and leave it to the reader to check
the details in [12].

By Theorem 5.2.2 of [5] to each h € 7, there 1s naturally associated, up to
equivalence, a continuous additive functional N : € 4. Here .#; denotes the
class of continuous additive functionals (in the sense of [5], page 124) N, such
that E*(|N,|) < oo q.e. for each ¢ > 0 and such that e(N) = 0. (Here q.e. for
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“quasi-everywhere” means for all x € T" except for a set of capacity zero; see
[5]. The energy e(A) of an additive functional A, is defined by

: 1 m 2
@.1) e(A) = lim o E"(A?),

whenever the limit exists. Here E™ =, [ E* m(dx), where m is Lebesgue
measure on 7. Two continuous additive functionals A, and B, are said to be
equivalent if A, = B,, P* almost surely for g.e. x.)

The association of N ,Eh] with % in [5] is made as follows. Choose a version A
of A which is quasi-continuous. There is a unique way (up to equivalence) to
decompose A(X,) — A(X,) as a sum

2.2) h(X,) - h(Xo) = MM — N,

where N Eh] € A4, and M £h] € #°. Here .#° denotes the class of additive
functionals M, of finite energy such that, for each ¢t > 0, E*(M?) < oo and
E*(M,) =0 qg.e. (In this paper N Eh] in this paper is the negative of that used in
[5].) Recall that for any [ € %,* we defined Lf to be N Eh]. [See the paragraph
containing (1.22)—(1.24).]

The proof of Theorem 1.1 depends very strongly on the fact that the random
Fourier series L(y, ¢, w), defined in (1.21), converges locally uniformly almost
surely on (P x P° Q x (V). Let us elaborate on this. Consider

(2.3) L(y,t) =ger Y. appy(k, o)ep(w)e ™.

keZn
Of course, fl(y, t) is also equal to L(y, ¢, ). We write L(y, t, w) to emphasize
that for each w € ) we have a stochastic process on (P°, ()'). When we write

L(y, t) we emphasize that we have a stochastic process on (P x P%, Q x ().
We shall also use the following notation:

Ly(y.t)= > apb,(k)e e ™,
|k|<N

Ly, t) = Y apb(k)ere ™.
k=N

(2.4)

The next two theorems give the continuity properties of L(y, t). We state
them here and use them in the proof of Theorem 1.1. They are proved in
Section 4 using several lemmas proved in Section 3.

THEOREM 2.1. If (1.27) holds the stochastic process {L(y,t), (y,t) € T" x
R"} has a version with continuous sample paths almost surely. If (1.27) does
not hold, then, for almost all o € (),

(2.5) supsup| Y. a,b,(k, 0 )eze | = 0o
N yeTn» |k|<N

on a set of measure greater than 0 in ).
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The following theorem is the key to identifying L(y, ¢, w) with the family

of continuous additive functionals Lf“’.

THEOREM 2.2. Let | - || denote supycpn scf0,4+1| - | for some t* > 0, and

(2.6) Lyc=Ly(y,t)= Y. app,(k)eye ™
|k|>N

and assume that (1.27) holds. Then
2.7 Alfli%o E(| L y-

oo):()’

which implies, in particular, that, for almost all w € Q, Ly(y, ¢, w) converges
uniformly in the sup-norm on € (T" x [0, t*]), the space of continuous functions
on T™ x [0, ¢*].

PROOF OF THEOREM 1.1. We will first show that (1.27) implies that, for

almost all w € Q, {L;”", (y,t) € (T™ x RT)} has a version with continuous
sample paths. Set

a .
(2.8) By o(®)= Y —  _gp(w)e=Y),
Y rezn L+ (k)
It is easy to see that A, , € &,. [When (1.27) holds we have that, for almost all
w €, h, ,(x) is actually continuous almost surely with respect to (P°, ().]
Furthermore, defining

(2.9) hy on(@)= 3 — 2k
o =n 1+ (k)

we see that limy_, &, , v = &, , in 7, with respect to the Dirichlet norm &
[Convergence also holds in C(7™) with sup-norm for almost all w € €.]
It is clear that &, , y = U°f, , n, where

(2.10) fron(@)= 3 apep(w)e™).
[k|<N

gk(w)eik(xfy),

(Note that U° denotes the zero-resolvent operator with respect to the killed
process, which corresponds to the one-resolvent operator with respect to the
unkilled process.) Therefore, by (5.2.22) of [5] (more precisely, by the analog
for transient processes) or, alternatively, by (5.3.10) of [5] [see, in particular,
the last equation on page 144), we have that

t
(2.11) Nlvon] fo fyon(X,)ds.

Obviously, fot fyon(X)ds = Ly(y,t) =gt Ln(y,t, o). Therefore, for all
w € Q, N£h”‘N] = Ly(y,t, ). We see from Theorems 2.1 and 2.2 that, for

almost all w € O, N f“’N — L(y, t, ») uniformly almost surely on every finite
interval of ¢ as N — oo. By Corollary 1(ii) to Theorem 5.2.2 of [5], we also see
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n h .
that, for some subsequence N, — oo, N ,E rotal N ,E vl uniformly on every
finite interval of ¢ as N,  — oo, P* almost surely for q.e. x € T". (In fact, this
last convergence holds for any choice of the ¢,’s.) These two observations show

that when (1.27) holds, for almost all w € Q, {L(y, ¢, w), (¥,t) € T" x R} is

. . hy . o
a continuous version of N E vl or, equivalently, of L,™".

We now show that when (1.27) does not hold there exiits a countable dense
set D C T" so that, for almost all @ € Q, sup,.p N£ »ol or, equivalently,
Sup,cp Lf““ is unbounded with probability greater than 0. Fix y and ¢. Since

(2.12) Ly, t,0)= Y ap,(k)ey(w)e
keZn

converges in L2(T"), there exists a subsequence N, such that L ~,(¥,t) con-
verges to L(y,t) almost surely. As in the first part of this proof, this shows

that, for almost all w € Q, L(y, t, ) is a version of N,Ehy""] for fixed y and ¢.
Let D C T" be a countable dense set. Then, for almost all w € (,

(7, 0]

(2.13) L(y,t,w)= N, Vye D P* as. q.e. x.

It follows from (2.13) that, for almost all w € Q,

(2.14) sup Ny”'“] =sup L(y, t, ), P* as. qg.e. x.
yeD yeD

Let x € T" be a point at which (2.14) holds P* almost surely and fix o’ € (V.
Consider L(y, t) defined in (2.3) which we now write as L(y, ¢, ') to empha-
size the fact that ' is held fixed. Since L(y, ¢, ') is a separable process with
respect to (), sup,.p L(y,t,0') = SUp,cpn L(y,t, »') almost surely with re-
spect to (). Assume that sup,cr L(y,t, ') < 0o on a set of positive measure

in . Then, since this is a tail event, sup,c» L(y,t, »') < oo almost surely
with respect to (). It follows from Billard’s theorem (see [5], Chapter 5, The-
orem 3) that the series L(y,t, ') converges uniformly almost surely with
respect to ). Therefore,

(2.15) supsup| Y. a,b,(k, 0 )eze | < oo
N yeTn» |k|<N

almost surely with respect to (). However, (2.15) cannot occur for o’ in a subset
of () of measure 1 because that would contradict (2.5). Therefore, for almost
all w € Q, sup,.p L(y,t, w) = o0 on a set of P* measure greater than 0. [In
fact, it is the set for which (2.5) holds.] Note that if (2.5) holds on a subset
of () with P* measure c greater that 0, then it also holds on a subset of ()
with P measure ¢ for all y € T". This is because the effect on L(y, ¢, w') of
shifting a path by some z € T" is simply to multiply the 7,(k) in (2.5) by e*?
and, clearly, this does not change the value of the left-hand side of (2.5). Thus

]

h
we see that, for almost all w € Q, sup,p N£ ”*" = oo on a set of P* measure

greater than 0, q.e. x. O
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3. Fourier coefficients of occupation measures. The proofs of Theo-
rems 2.1 and 2.2 will follow from fairly standard techniques in the theory of
random Fourier series once we have a good understanding of {7;(%)},cz~, the
Fourier coefficients of the occupation measure of X, defined in (1.12). Let Y
be a real- or complex-valued random variable. As usual, we denote (E|Y|9)'/4
by [Y1],-

LEMMA 3.1. For any fixed T < oo, there exists a constant 0 < Cp < o0
independent of t € [0, T], k € Z" and integers m > 1 such that

3.1 i B)llom < Cov/mlpy(R)lls Ve Z"

Eurthermore, for any p > 0, there exist finite positive constants A, r, B, r
independent of t € [0, T'| and k € Z" such that

(3.2) Ap PRz < 19:(R)p < By rlloe(R)llz  VEE Z™.

A result of this nature is obtained for Brownian motion in [7], Chapter 17,
Section 3.

PROOF.
E(|p,(k)I*™)

- E(/Ot /Ot exp(ik(X, — X,))dr ds)m

= E(exp(ik(ZXS))exp(—ik(ZXr_))) [] dr;ds;
[0, ¢]2m = = j=1

2m 2m
-y E(exp(ik(st_Xt ))) M dt;
o J0<t, <-<t. <t =1 ST j=1

= = T2m—

@9 - Z/ogﬂ <<t

T = =lag,, <t

X E(exp(ik %(jﬁzsﬂ)(X% - th1 ))) jl_[ml dt;

v=1

2m
= Z/ I1 exp(—(twv —t. )
o Jost, <<t <

«(1+ w((%";)k))) ﬁ" t,,

where 7 runs over all permutations of {1,2,...,2m}, En, = +1 depending
on whether ¢, € {sy,...,s,} or t, € {ry,...,r,} and we set ¢, = 0. In
particular, if v is even, then %’ﬁv En F 0, so that using (1.7) and (1.8), we see
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that for v even

(3.4) ieXp<_(t”” - t”“)(Hlp(CZm,,g”f)k)))i

< exp(=C(ty, —tr, A+ [P(R))).
For v odd we simply use the fact that Re ¢s(k) > 0 so that

B, (k") < (2m)! | Mes(-Ce,, ~t2,,)
=1

0<ty <<ty < Jj

2m
< (1+ [w(R))) [T dt;

J=1

(3.5) < (2m)!</0 ﬁ dtzjl)

<t1<tg<-=<lg;_1=t j=1

x (/Ot exp(—Cs(1 + |«//(k)|))ds)m

< (2m)zZ!</0t exp(—Cs(1 + |¢(k)|))ds) .

Therefore,

19k = Come( [ exp(~Cas(1+ i) ds)

1
< 2 - ).
= Cmi (“ t<1+|w(k>|))

(3.6)

On the other hand,
t t .
E(p(R)?) = [ [ E(**%))drds
070

t t .
—2Re / ( / E(e‘k(X-*‘Xf))ds> dr
0 r

=2Re /t e_r (/t e_(s_r)(H‘[’(k)) ds) dr
0 r

t 1 — e~ t=r)(A+¢ (k)
=2R - d
3D )y ( T+ y (k) ) ’
t (e~ — o~ t(1+y(k))oris(k)
=2
ke [ ( )

1—et et — eft(lﬂlx(k))
= 2Re(1 TR et w(k)))

) e tA+0() _ 1 4 (1= e~t)(1+ (k)
= 2Re( W(k)(1+ (k) )
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Let S denote the region in the complex plane defined by
Se={2=x+1iy[x=0,8[y| < x}
and let h,(2z) be the analytic function defined on {Re z > 0} by
e 142 14 (1—e)(1+2)
z(1+2)

for z # 0 and A(0) = 0. In view of the above, (3.1) will follow from the next
lemma. Then (3.2) follows easily from (3.1) via Hélder’s inequality (see, e.g.,
[8], the proof of Lemma 4.1). O

hy(z) =

LEMMA 3.2. For any 6 > 0 we can find some Cz > 0 such that

1
2 —t
(3.8) Re h,(z) > Cst®e <1 A i1 z|>

forall z € S;.
PROOF. Let D denote the region in the complex plane defined by
D={z=x+1y|x>0and |y| <1+ x}.
We prove this lemma by first establishing (3.8) for z € D and then for z €

Ss N D-.
Note that on D, for all a > 0,
(3.9) Re( / e“<1+2>du> > 0.
0

Therefore, comparing the third line of (3.7) with the last, which is 2 Re h,(2),
we see that

/t e—(s—r)(1+z) dS) dr

t
0 r

Re h,(z) > e! Re/ (
(3.10)

i Re(et<1+2> — 141+ 2)>

(((1+2))?
Let D denote the sector in the complex plane defined by
D={n=u+ivllv| <u}
and let g(n) be the entire analytic function defined by

e"—1+n7
g(”fl)=T

for n # 0 and g(0) = 0. In order to obtain (3.8) for z € D, we need only show
that there exists a constant C > 0 such that

(3.11) Re g(n) > c<1 A |1|> vn e D.
n
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To obtain (3.11), we begin by noting that for |n| < 1 we have
2

1 1 ]
_ =~ lem_1 _
e ==l =103
_ 1 E
(3.12) =T 23 .
* 1
— <0.3.
< ES =
Thus we see that
(3.13) Re g(n) > 0.2 Vin| < 1.
Next we note that, for n € D, Ren > 0, which implies that
e " —1 2
(3.14) I < —.
n? In|?
Also n € D implies that
(3.15) In? = u? + v? < 2u?,
so that
1 u 1
(3.16) Re - = — > ——.
n n2 T V2|
Therefore, since
1 n—1
(3.17) Re g(n) = Re — — | *— |,
n n
we see that (3.11) holds for all n € D such that Im| > 42.
Consider

D'={neD|l<nl <4v2}.
To complete the proof of (3.11), we need only show that
(3.18) Reg(n)>0 VneD.

Since g is an entire analytic function on D', Re g(m) is harmonic. Therefore,
the restriction of Re g(n) to D’ takes its minimum value on the boundary of
D'. Since we already know that Re g(n) > 0 on

(3.19) D'n({Inl=1}U{|nl = 4v2}),

in order to obtain (3.18) it suffices to show that Re g(n) > 0 on D'N{n||v| = u},
that is, for {n||v] = u, 1/v/2 < |v| < 4}. We have

Re g(|o] + iv) = Re<e|”(cos v—isinv) -1+ |v| + iv>

(3.20) 2ivjv

= (v — e P'sinv)/(2|v|v).
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This last term is an even function of v and is clearly strictly positive for
1/«/§ < v < 4. Thus we obtain (3.11) and consequently (3.8) for z € D.
Let us now consider the case z € S; N D°. We write out explicitly

Re h,(x + iy)

B Re<et(1+x)(cos ty+isin(—ty)—1+(1—-e )1 +x+ iy)>
N (x2+x—y2+i(2x+1)y)

21
(3.21) 1

pECEET
+ (e7" M+ sin(—ty) + (1 — e™*) y)(2x + 1))
and note that
(e costy — 1+ (1 — e ) (1 + x))(x% + x — ¥?)
+ (e sin(—ty) + (1 —e ') y)(2x + 1)y

= (e7t — e %) cos ty)(y% — x% — x)

(e ™MD costy — 14 (1 —e )1+ x))(x? + x — »?)

+ (1 —e ) (xy? + y? + 22 + &%) + eI sin(—ty)(2x + 1)y
= e 491 — costy)(y? — 22 —x) + e /(1 — e ¥)(y% — x? — x)
+(1—e ) (xy? + ¥ + 2® + 2%) + e sin(~ty)(2xy + ¥)
= e {49 (1 — costy)(y? — 2% — x)
+{l—e'—et(1—e)/xf(x® + &)+ (1 —e ") (xy” + ¥?)
+e7i(1— e ®)y? + e+ sin(—ty)(2xy + y)
> e+ 9(1 — cos ty)(y? — x% — x)

+(1—et—te ) (a® +23) + (1 — et — te7 "1 (xy? + y?)
/2
> e I+ 9(1 — cos ty)(y? — x% — x) + Ee*"‘(ac2 + x3)
+te (1 —e ™) (xy® + 5%

Hence, since y? > x? 4+ x on D¢, we have that

tet(1 — e ™*)xy?
|2(1 + 2)|?

—t _ p—ix
- Cte (1—e7)
- |1+ 2|

Re h,(2) >
(3.22)

>

where we also use the fact that x + iy € S;. This gives the lower bound
te™!

|1+ z|




RANDOM SERIES AND ADDITIVE FUNCTIONALS 1197
whenever e™* < 1/2, while if e™* > 1/2 we get the lower bound
¢ X _
Ct?e te ™~ > Ct?e!
1+x
since, on DNS;, (1/8)x > y > 14+ x. This completes the proof of the lemma. O
It is useful to state the following simple corollary of the proof of Lemma 3.1.

COROLLARY 3.1. For any fixed T < oo, there exists a constant 0 < Cp inde-

pendent of t € [0, T], k € Z" and all integers m > 1 and an absolute constant
C such that, for all k € Z™,

1 <113 9
t(1+Re¢(k))> < IZ.(R)l3

< Ctz(l/\ M)

PrROOF. The upper bound follows from (3.6). For the lower bound we use
(8.7), Lemma 3.2 and the fact that, by (1.7),

CTt2<1 A

(3.23) 1+ (k)| < C(1+Rep(k)),

where C is a constant independent of k. O

LEMMA 3.3.

|(1 + Re y(k)2(5,(k) — p,(k))|?
T B e

for some A > 0 sufficiently small, which can be chosen independently of k, t
and s.

PrROOF. We recall two properties of the Fourier coefficients {7,(£)} which
follow immediately from their definition (1.12): the additivity property

(3.25) v,(k) —v(k)=1v,_4(k)o 0, fort>s
and the transformation property
(3.26) p(R)(x 4 w) = e**p(k)(w) VxeT?,

where x + » denotes the uniform shift of the path w by x € T¢, that is,
X, (x+w)=x+ X,(w) for all u € R". Using these and the Markov property,
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we see that
E°(|5,(k) — Dy(R)[P™) = E°(|,_s(R)[*™ o 6,)
= E°(E*(|,_s(k)*™))

(3.27) = /Td Ps()E*(|9,_o(R)(w)|*") dx
= de Po()E°(|7,_o(R)(x + w)|*") dux
= e E%(|p,o(k)*™),

where p,(x) denotes the density of the exponentially killed Lévy process X.
Therefore, by (3.6), we have that

|+ Re g ()2 (00(k) =2, ()

I =, FE
m —def I |t— S|1/2 |
(3.28) s 1+ Rey(k)™ . m
= oL RV sy
=
< C™m™,

It is now easy to see that for A sufficiently small A1 /q! < §9 for some 6 < 1,
which gives (3.24). O

LEMMA 3.4. Let t* > 0. Then

(3.29) E sup (14 Rey(k))"*|i(k) < Ct*<1 Vlog ;)

O<t<t*

where C is a constant independent of k, and

(3.30)  E sup (1+Reu(k))p,(k)— (k) < ct*a<1 v log ;)

|[s—t|<8
0<s, t<t*

where C,. > 0 is a constant independent of k but, in general, dependent on t*.

PROOF. Set Y (¢) = (1+Re y(k))/20,(k). Since ¢(0) = 0 and #,(0) = ¢, both
(3.29) and (3.30) are trivially true when & = 0. Otherwise, by Lemma 3.3,

V2AY () - Y (s)]

|t — s|1/2

(3.31) P( > v>§ Ce V"2,

It follows from [9], Chapter 2, Theorem 3.1, applied separately to the real and
imaginary parts of Y (¢), that

(3.32) (E sup |Y(t)|2)1/2 < C(sup(E|Y(t)|2)1/2 ()2 ¢ Jq(T”)),
t<t*

t<t*
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where q(s, t) = |t—s|/?/+/2). Note that, given (3.31), we get (3.14) of Theorem
3.1, Chapter 2 of [9]. Now, since EY (¢) is not constant here, we get (3.32) rather
than (3.5) in [9]. [Of course, by (3.6), sup,_,. E|Y (¢)|? < ¢*.] Equation (3.29) now
follows from a simple estimate of /(7). Note that although Theorem 3.1,
Chapter 2 of [9] refers to a version of Y (¢), since Y (¢) is continuous in ¢, we
can take the version to be Y (¢) itself.

In an even more direct fashion (3.31) implies (3.4) of Theorem 3.1, Chapter 2
of [9] which implies (3.30) by a simple calculation. O

Recall that we defined (P°, (V') as the probability space of X and (P, Q) as
the probability space of {¢,}, where the two probability spaces are indepen-
dent. In addition to {¢,}, we also consider {&},} .z, independent Rademacher
random variables, and {g;}cz» and {g}},cz», independent normal random
variables with mean 0 and variance 1, all defined on (P, 1), with all four se-
quences being independent of each other and of X. We define {&,},.., where
&, = e, +1¢€), and {g,}, where g, = g;, + ig),. Let E° denote expectation with
respect to the probability space (P?, ()') and let E denote expectation with
respect to the probability space (P, (2). Let E denote expectation with respect
to the product space  x (.

LEMMA 3.5. Let {a,} be complex numbers and assume that

s 12
Then

(3.34) E exp</\ Re(Yrezr “k’fz;(ig — iy(k)) &) i) e
and
s

for some A > 0 sufficiently small.

PrOOF. We first prove (3.34). Note that for ' fixed, Re(}>_pcz» o (D,(k, ') —
vy(k, »'))g;,) is a normal random variable with mean 0 and variance
S peze [P,k ') = 5,(k, o')[2. Hence

Re( > o, (Dy(k, ') — Dy(k, w/))ék)

keZn

1/2
-, ( S JapPlo (ks o) — b4k, w/)P) g

keZn
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from which we get

EE, exp(u Re( S oy (iy(k) — ﬁs<k>>gk) )
keZn
_ 1720 u? 25 - 2
(3.36) _E exp( S Jap 2l (k) — 5y(B) )

2 keZn
2

- EOexp(“ 3 |ak|2|ﬁt_s<k>|2)
2 keZn

for some u > 0 sufficiently small. In the last step we used the additivity and
transformation properties, (3.25) and (3.26), as well as the Markov property,
as in the proof of Lemma 3.3.

It now follows from the multiple Holder inequality and (3.6) that

0 u® 21 2 J
E°\ & Y laglp_s(R)|

keZn

”Z)k§z (H |aki|2)E(ir:[1 ko)
TS e PIGe BRI,

ky,...k;jeZm i=1
(3.37)

(

(%)

3 (f)jk = 1j1 217, (RIE,
(%)
(%)

/ I Clay, ]t — s|

2 1

brskeznio 1T Re (k)

J 2 J
(¢4 2 1¥Reem)
keZn

It is easy to see that, for u = A'/2/k(s, t) for some A > 0 sufficiently small, we
have (3.34). (The argument is similar to the one in the last sentence of the
proof of Lemma 3.3.)

Since we can take g, = ¢,|g;| + ig)|g)| for all £ € Z" in (3.34) without
changing its value, we get (3.35) by Jensen’s inequality. O

THEOREM 3.1. If (1.20) holds, then, for each fixed y € T", the stochastic
process {L(y, t),t € RT} [see (2.3)] has a continuous version almost surely.

PrROOF. It follows immediately from Lemma 3.5 and Theorem 11.6 of [8]
(see the remark on the bottom of page 300 of [8]) that, for each fixed y € T",
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the stochastic process

(3.38) Re( 3 akﬁt(k)éke‘iky>, teTm,
keZn

has a version with continuous sample paths almost surely. This clearly implies

that {L(y,t),¢t € R"} does also. O

4. Random Fourier series. We are concerned with the sample path
properties of the random Fourier series E( y,t) defined in (2.3). Recall that
the sequences {7;(k)},cz» and {e,},.z» are independent of each other. How-
ever, the {7,(k)} are not independent of each other and so L(y, ) is not a
sum of independent Banach space—valued random variables. This makes the
proofs of Theorems 2.1 and 2.2 a little more delicate.

Rather than studying L(y, t) it is often easier to analyze

(4.1) H(y, t)= Re( 3 akﬁt(k)gkeiky>, (y,t) e T" x R,
keZn

since, for fixed o’ € V,

(4.2) H(y,t, o) = Re( 3 ayvy(k, w/)gke—i’w>, (y,t) e T" x R,
keZn

is a stationary Gaussian process. [Recall that (P?, (') is the probability space

of X.] It is not difficult to pass from results about H(y, ¢, »’) to results about

ﬂ(y, t).

PrROOF OF THEOREM 2.1. We say that a stochastic process is continuous
almost surely if it has a version with continuous sample paths almost surely.
Assume that (1.27) is satisfied. We first show that, for P° almost all o’ €
and any t* > 0, {H(y, t, '), (y, t) € (T% x [0, t*])} is continuous almost surely
with respect to (P, Q). (See the paragraph preceding Lemma 3.5 for notation.)
We have

Eqg(H(y,s, o) — H(x,t, »'))?
= 2(EG(E[(y7 S, w/) - ﬂ(y’ ta w/))Q + EG(I:I(y7 t’ w,) - E[(x> t’ w,))2)

@3 =2 % aPio,(b) B +8 ¥ laPli (k) sin? 0
keZn keZn 2
(x— )k

<2 Y lagPlpg(k) — 0,(k)[* +8 3 |ay|* sup |5,(k)|* sin® 5

kezn kezn t<tx

It follows from [7], Chapter 15, Section 3, Theorem 2, that {H(y, ¢, ®'), (¥, t) €
(T™ x [0, ¢*])} is continuous almost surely for o’ in a set of measure 1, if the
two Gaussian processes

(4.4) U(t, o) =Re< S ayii(k, w/)gk), t e [0, t],

keZn
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and
(4.5) V(y, o) = Re( 3" aysup |9, (k, w’)|§ke_iky>, yeTn,
keZn =tx

are continuous almost surely for o’ in a set of measure 1. We shall do this
by showing that both U = {U(¢),t € [0,t*]} and V = {V(y),y € T} are
continuous almost surely on () x ). For U this follows from Lemma 3.5
using precisely the same proof that showed that for fixed y € T" the process
in (3.38) is continuous almost surely. For V it follows from (3.29) and [9],
Chapter 1, Theorem 1.1, along with [9], Chapter 2, Lemma 3.6, since we can
write

(4.6) V(y)= Re( 3

keZn

ar

(1+Rey(k))1/?

sup(1 +Rew<k>>1/2|ﬁt<k>|g~keiky).
t<t*

This shows that, for almost all o’ € ', {H(y, t, '), (y,t) € (T? x [0, t*])} is
continuous almost surely and hence so is

4.7 3 ai(k, o')gre ™, (y,t) € T" x [0, t*].
keZn

Using a comparison theorem (Theorem 5.1 of [6]), we see that, for P° almost
all ' € (Y,

(4.8) 3 app(k, o)ee™™®,  (y,t) e T" x [0, ¢*],
keZn

is continuous almost surely and so, by Fubini’s theorem, we see that {I~,( ¥, t),
(y,t) € T x[0, t*]} is continuous almost surely. Since this is true for all ¢* > 0,
it is true for ¢ € R*. Furthermore, since 7,(k, o’ + x) = 7,(k, ')e’**, we also
have that this holds for P* almost all o’ € ()’ for each x € T".

Suppose that (1.27) does not hold. Write

~ a ~ —i
49 Ly, t= kgn i+ Re (’;(k))m(l +Re g(k)) 2[5, (k)| spe

and note that, by (3.2) and Corollary 3.1,

(4.10) E((1+Rey(k)?|p,(k)|) = C1(¢ At?)
and
(4.11) E((1+Rey(k))|p,(k)?) < Cyt

for constants 0 < C; < Cy < oo, which are independent of ¢ € [0, ¢*] and
k. Thus, if we consider L(y,t) for fixed ¢ > 0, we see from [9], Chapter 1,
Theorem 1.1, along with [9], Chapter 2, Lemma 3.6, that, for ¢ > 0,

(4.12) supsup| > a,p,(k)ee ™| =00
N yeTr |k|<N
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on a set of measure greater than 0 in (Q x ()'). However, the event in (4.12) is
a tail event with respect to {¢;}. Thus we get (2.5). This completes the proof
of Theorem 2.1. O

PROOF OF THEOREM 2.2. Let

(4.13) Hy.(y, t):Re< 3 akﬁt(k)gke‘iky>, (y,t) e T" x [0, t*],
|k|>N

and, for fixed o’ € (V,

(4.14) Hye(y,t, w’):Re( 3 apv(k, w')g«keiky), (y,t) e T" x [0, t*].
|k|=N

By the contraction principle (see, e.g., [9], Chapter 2, Theorem 4.9) and simple
manipulations between real- and complex-valued processes, it is sufficient to
obtain (2.7) with L y. replaced by H y.(y, t).

Consider the stationary Gaussian process H y.(y, t, '), given in (4.14), and
the metric

d((3,9), (x,8)) = dn:((y, 5), (%, 1); ')

(4.15) - -
= (Eg(Hy(y, s, 0') = Hye(x, t, @)Y

Then, similar to (4.3), we have

(4.16) d((y, ), (x, 1)) < di(s, t) + do(, %),
where
1/2
(417 da(s, 1) = (2 )3 |ak|2|ﬁs<k>—ﬁt(k>|2)
|k|>N
and
. 1/2

@18 0= (8 Tl suplihPsin 00

|k|>N t<tx* 2

We have d < d; + d,, where d, d; and dy are metrics on T =4, T" x [0, ¢*],
[0, t*] and T™, respectively. As usual, for any metric space (S, x), we set
B, (x,e) = {y € S| x(x,y) < &}. Let A be the normalized Lebesgue mea-
sure on [0, t*] (i.e., A([0, ¢*]) = 1), and let 6 be the Haar measure on 7" and
let m = A x 6 be the product measure on 7. It is easy to see that

(4.19) By((, ), ) D Bg,(s,8/2) x Bg,(y, £/2)
and, consequently, that

(4.20) m(By((, ). £)) = A(By, (5. £/2))6( By, (¥. £/2)).
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We then have by Theorem 11.18 of [8] (applied to H . and —H y.) that

Eg(lHy:(y,t, o)) < C( Sup ]/(log )\(Bdl(s,s))>I/2 o

s€l0, ¢+
(4.21) (1 1 )1/2d )
+ sup 0g ———< e
e I\ % 0B, (v, 2)

=I+1II
We define a new homogeneous metric 8 on [0, t*] by

B(u) =Bt +u,1)

1/2
=(2 Y Jag? sup |ﬁs(k>—ﬁt(k)|2)
(4.22) |k|>N |s—#|<ul

_ |ak|2 b —$ 2 1z
= (2 Xt Reumy 00, (0 RHENED 0P

It is clear that dy(s, ) < B(|s — t|) = B(0, |s — ¢|), which implies that Bg(0, ¢)
C By, (s, ). Therefore,

1 1/2
(4.23) 1=c| (log )WM) ae

Recall that B is a random variable on (). Using [9], Chapter 2, Lemma 2.4,
we see that

i . 1 i
(4.24) El=C /0 (log A{x | E°B(x) < e})) @

By Lemma 3.4,

0 la|® < 1>>1/2
(4.25) E°B(x) < <Ct* ‘ng —(1 T Re l!f(k))x 1vlog . .

Note that the upper limit in (4.24) can be taken to be E°B(¢#*). Doing this and
substituting the right-hand side of (4.25) for E°B(x) in (4.24), we see that

9 12 (¢(1viog 1/¢%))12 1\Y2
E’I<C ( |ak|) <10g ) @
t \k|2>:N (1+Rey(k)) /0 ¢

< |0t1e|2 1z
JAP> (1+Re¢<k>)> ‘

E>N

(4.26)

We treat II in a similar fashion. The metric dy is homogeneous on 7". We
set y(u) = dy(t, t + u). Similarly to how we obtained (4.24), we have

0 . 1 .
(4.27) EIl < C/O <1°g 0({u | E%(u) < 8})> de
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Let
12
ow() = ¥ (au/(1+ Rew(k)sin®(ul2))
|k|>N
By Lemma 3.4,
11\ /2
(4.28) Ey(u) < C(t*(l v log t)) Sn(u).

Thus, similarly to how we obtained (4.26), we have

1\ /2
E°II < C(t*(l v log t))

(4.29)
f(Z\k|>N(|ak|2/(1+Re ¢(k))))1/2<
X
0

1 1/2
log ) de.
0({u | d5(u) < &})
By (1.26), 65(u) < p(a + u, a) =go¢ p(v). Therefore,
E :
»€) =
0({u | p(u) < &})
1
> .
0({u | dn(u) < &})
[For the first inequality in (4.30) we simply note that the Haar measure of

N ,(T", &) balls must be greater than the Haar measure of 7", which is 1.]
Substituting (4.30) in (4.29), we get

1\ 12
E°II < C<t* (1 v log t*>>

/(Z\kbN(‘ak 2/(14+Re y(k))))"/2
X
0

N (T
(4.30)

(4.31)
(log N ,(T", e))2de.
Since J ,(T", &) < oo, the integral in (4.31) goes to 0 as N goes to co. Combin-

ing (4.26) and (4.31), we get (2.7).
By Lévy’s inequality (see, e.g., [9], Chapter 2, Lemma 4.1), we actually have

)=0

which verifies the statement about uniform convergence. O

(4.32) lim E(;uj}; | H xe
=Ny

Ny—o00

REMARK 4.1. The continuity properties of the random Fourier series in
(1.21) remain the same if the {¢,} are replaced by an independent identically
distributed sequence of normal random variables. The resulting Gaussian ran-
dom Fourier series can readily be extended to R"; the series in (1.21) cannot.
This is one way in which the results of this section can be extended to R"-
valued Lévy processes X = {X,, t € Rt} for which

(4.33) Ee€X: — o~ t(+4(8)
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Let F be a o-finite positive measure on R" and let B be rescaled complex-
valued white noise on R"; that is, for measurable sets A, D C R",

(4.34) EexpRe(2B(A)) =exp—F(A)z]2, zeC,

and if AN D = ¢, B(A) and B(D) are independent. Let Q be the probability
space of B. We define the generalized Gaussian process

(4.35) £y o(x) =Re / D B(dE ),  we.
As long as

1
4.36 —— _F(d
(4.36) | T Revp F@0) <
we can define the continuous additive functional (in %)
(4.37) LI —Re / 5,(£)e Y B(dE, w),

where 7,(§) is the Fourier transform of the occupation measure of X up to
time ¢. We can then show that, for almost all w € Q, {Lf“’, (v,t) e R" x R*}
is continuous almost surely with respect to the probability space of X, under
conditions that are completely analogous to those obtained for processes in 7.

5. p-variation. In this section we prove Theorems 1.2 and 1.4 and also
briefly consider the quadratic variation of {Lf“’, (y,t) € T" x [0, 1]} in The-
orem 5.2. We precede the proofs of these theorems with a series of auxiliary
results. Recall that the probability space of {¢,} is denoted by (P, ) with
expectation operator E, and the probability space of X is denoted by (P%, ')
with expectation operator EY. Here y denotes the starting point of the Lévy
process. Unless otherwise stated, we assume that the process starts at 0, so
that the expectation operator on the product space Q x (V' is E = E°E,. (In
what follows || - ||, is with respect to E.)

In this section we will take ¢ € [0, 1]. Actually the inequalities obtained are
valid for ¢ in any bounded interval, but, in general, the constants depend on
the size of the interval.

LEMMA 5.1. For all p, q > 0, there exist constants A and B, , such

P, q
that
(5.1) Slaplo. (R < A, |3 lag?p. (k)
ElIVe = 4pq kI 1%

k p k g

and
fyo fyo

(5.2) |Ze™], < By | Le ],
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PROOF. It follows from the first four lines of (3.37) followed by (3.1) that,
for any p > 0, there exist finite positive constants A’,, B’ independent of
t € [0, 1] such that
(56.3) A <
1

< B
< B,
p

> lag Pl (R)
k

> lag I (R)
k

> lag 1o (R)P
k

1
[For the left-hand side of (5.3), when p < 1, one also needs Hoélder’s inequality.]

Clearly, (5.1) follows from (5.3).
To obtain (5.2), we recall that, by definition,

(5.4) LI = Y ayei(R)e ™.

k
Furthermore, by the Khintchine inequalities (see, e.g., Lemma 4.1 of [8]) for
any p > 0, there exist finite positive constants A; , and B; , such that

p/2
<E,

p
/
A2, p

PARAGTE
k

Y aperi (k)
(5.5) k

p/2
<B,

X lanl? 1o (k)2
k

It follows from (5.4) and (5.5) that

p/2

A, < B,|Ly"|”

> lagPlo(R)?

k

(5.6) \p/2

| p
= Bé,piz |ak|2|ﬁt(k)|2i :
k

Consequently, taking expectation with respect to E° and using first (5.1) and
then (5.6), we get

p/2
fyo ~
|Ze |7 < By, | 3 lanl*2:(R)?

k p/2

/2
(5.7) ) R p
= B2,pAp/2,q/2 Z |ak|2|Vt(k)|2

k q/2

= B/2,pAp/2, q/Z(Aé,q)_luLf%wH;"

This gives us (5.2). O

LEMMA 5.2. There exist finite positive constants C
[0, 1], such that

p» independent of r, t €

5.8 CLEILP" | < BILLz - LI P <, E|LP |
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PROOF. We repeat the argument from (5.4)—(5.6) of the previous proof but
with (5.4) replaced by

(5.9) LIy — L = Y apey (i (k) — 5, (R))e ™
k

to obtain
9 p/2 ; oo
o p| 2 larl*1Prp(R) — D <E, L. — Ly

k

(5.10) o2

<B, by () — 5, (R)[2

Consequently, using the additivity and transformation properties, (3.25) and
(3.26), as well as the Markov property, as in the proof of Lemma 3.3, we see
that

p/2
E|LLy; — LI |7 < By ,E°|Y layl?lo,(R) P
(5.11) k
B’ fro
< SrELLP

This gives us the upper bound in (5.8). A similar analysis gives the lower
bound. m|

LEMMA 5.3. Let

f 2" f f p
(5.12) Vooom(L1"") = 3" |Lijsn — L") jon
i=1
and
2" f f p
(5.13) D, =) E0(|Li/y2’2 - L(iyﬁ)/zm | 7(;'—1)/2»1)-

i=1

There exist constants 0 < C'}, C, < oo, independent of m, such that

(5.14) E(V, n(Ly"") = D,)* < Cy2" |Lys |2
and
(5.15) E,D;, < Cy(E,D,,)".
Proor. We write
Vp,m(Lfy"”) -D,
(5.16)

fyo fyw
- EO(iLi/yzm - L(iyf1)/zm g | 'Zi—l)/zm))

fyo f o
= Z |Lz/y2m - (ly 1)/2m P
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and note that the summands are orthogonal. Therefore, by Lemma 5.2, we
have that

Foo
E((Vp,m(Ll ) - DM)Z)
zm
fyo fyo fyo fyw o
=% E((|Li/2'" = Ly " = EO(|Lijsn = L5 |7 | '/<i—1)/zm))2)

i=1
517 2 fro 7fve
=< Xi E(|Ljjsn — Lii" 520

Fyo
<Gy mHLlﬁv'zm ;z

fo0
< Cop B3y 52" | Lujin ;"

This gives us (5.14).
We now obtain (5.15). Note that

2m
R
(5.18) Dm=§EX<H)/2 |Lysm|”.

We use X, X® to denote two independent coples of X. We use v, p3
to denote the corresponding versions of » and (1)L Jom and (Z)Ll/yz‘,l to denote
the corresponding versions of L’lc om. We use E(l), E(z) to distinguish between
expectations with respect to X and X®. We can thus write

Xy pXiayam (1 o (D)2 v
(5.19) D? = Z E(1() 12 (2;J 12 |( )L{;V’gm p|( )Lil”/yém p

i, j=1

Thus

Xi_1yom =X (j—1)2m ), fyo 2) sy
E (D ): Z E(l() 1)/2 (231 1)/2 E8(|( )Ll/y2m|p‘( )Lljlzm p)
i, j=1

X i_1)om X m fy o 1/2
5.20) Zl E(l() 1)/2 (J 1)/2 E8(|(1)L1/y2m|2p)
. i, J

< B,( Ly )"

2m 2
o om fyo
(Z E‘X(L—l)/2 (E€|(L1/2m) 2p)1/2> .

i=1

I/\

IA

It follows from (5.6) that

fy.0(2P\1/2 , , _ fy 0
(5.21) (E| Ly [P)? < (By, )% (A ) V2E,|Lysm|”
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Thus
9 B/Zp 2 X fyo\|P ?
(522) Eg(Dm)S A,, (ZE (L—l)/zm(Eai(LI;/Zm)I ))
2,p \i=1
. E (D,))?
.23 = G BD,)F,

which is (5.15). This completes the proof of Lemma 5.3. O

Let ¢ be an exponential random variable with mean 1 that denotes the
lifetime of X.

LEMMA 5.4. There exist constants 0 < C7, Cy < oo, independent of m, such
that

(5.24) P,(D, > Ci2"|L s

SAAL))=Cy>0

uniformly in X.

PROOF. We use the Paley—Zygmund inequality

(E.(Dy,))

(5.25) P.D,, > \E(D,,)) > (1 — N> 272 B.(D2)

(See, e.g., [7], Inequality 2, page 8.)
Note that, by (5.6),
2”1 f
E.(D,)= Z EXi-nen lf]'g(‘Ll/y’zf,l p)
i=1

(5.26) "

m | |
z%mZE%WﬂZﬁmmei
=1 k

Using (3.26), we see that the distribution of {|7,(k)|?}32, is the same for all
starting points of the Lévy process. Hence, by (5.6),

p/2

2m
E.(D,) = Ay ;> Loy B lali|9r)on (k)
i=1 k

(5.27) , , N—lom| 7 Fre
> Ay (B, )12 ||L1/ém||p(1A§)

= A/Z,p(B »B2,»)” tom HLl/zm ” ang
uniformly in X. This and (5.15) give us the lemma. O
THEOREM 5.1. Let p > 1 and assume that

(5.28) lim 2m/27| LI;Q‘;; I, =0

m— 00 l2 =
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and
(5.29) lim 277 |L750 |, = oo
Then
S f i
(5.30) limsup Y |L;j5m — L") 9n|” =00 as.

m— 00 i=1

PrOOF. By (5.14)and (5.28),V,, ,,(L;"")—D,, converges to 0 in probability
as m — oo. Hence there exists a subsequence {m ;}, such that

(5.31) lim (V,, , (L+*)=D,, )=0 as.

Thus, in order to prove this theorem, it suffices to show that

(5.32) limsupD,, =oco as.
Let
(5.33) A, ={D,, >Ci2m|Llm |Pnp).

It follows from Lemma 5.4 and (5.29) that
(5.34) lim sup ij =00

on limsup,, ., A, and

(5.35) P, (lim sup Amj> > C,

m;—o0

uniformly in X.
It is useful to write out the statements contained in (5.34) and (5.35) in
greater detail. They say that, for almost all paths of the Lévy process X,

-

on a set @ C Q with P.(Q) > C5 > 0. However, it is easy to see that (5.36) is
a tail event in (0, P,), since, by (1.12),

2™
(5.36) limsup 3 EXee2" (

Zakgkﬁl/sz(k)
k

2" | |P | |P
(5.37) ZEXUD/Z'"J'(I X aperdyzi(B) )52”%'(“’)) 2 lail) =C
i=1 | k| <k || <ko

for some finite constant C independent of m ;. Thus (5.34) holds almost surely
with respect to P, uniformly in X, which gives us (5.30). O
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Let A, ={0 =ty <t; <--- < t, = 1} be a partition of [0, 1] and let
|Am| = maxlgigm(ti - ti—l)' Define

fro e fro
(5.38) Voa, (L) =2 | Ly = Ly |
i=1

PROOF OF THEOREM 1.2. Assume that {a,} ¢ I>. We will show that in this
case both (5.28) and (5.29) are satisfied when p = 1. We first consider (5.28).
Let M > 0. We have, by Corollary 3.1, that

L2 = 1Y |agPEOo ()P
k

2
< Ct_l(t2 a2+ 2t B L7 )
(5.39) ‘EM @l lkgM 1+Rey(k)
|0Lk|2
cofe Sz y )
H=b1 w=ar 1+ Re ¢r(k)

where C is a constant independent of ¢ € [0, 1] and M. This shows that, for
all ¢t < tq(M) for some ty(M) sufficiently small,

|ak|2

1y Fre 2 e
(5.40) Ly, =C X 1+ Rey(k)

|k|>M

Since this holds for all M, we get (5.28). Also, by Corollary 3.1, we have

_ yow||2
(5.41) e 1A I SR L
tRe y(k)<1

which gives us (5.29). Therefore, by Theorem 5.1, {L,”",t € R*} is not of
bounded variation.

Assume now that {a,} € /2. We provide two different proofs in this case.
The first one is a direct calculation. Using (3.25), (3.26) and Corollary 3.1, we
see that

m 1/2
E“&%@?ﬂ502<ZMﬁEWAM—%AM@
i=1 k
5.42 m 1/2
( : = C( >t — ti—l))(Z |ak|2)
i=1 k

=C

for some constant C’ independent of m. Let {A,,} be a sequence of partitions
of [0, 1], such that lim,, , |A,,| = 0. We will show that for this sequence

(5.43) sup Vi o (L") < oc.
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It follows from the triangle inequality that adding terms to A,, increases

(5.38). Therefore, we can assume that A,, C A,, ;. In this case V; Am(L{“) is
increasing in m. By the monotone convergence theorem and (5.42),

(5.44) EsupV,, (L") =supEV,, (L") <C"
Thus
(5.45) sup Vi o (L{“) <00 as.

Finally, it follows from Theorem 3.1 that, for each y € T" for almost all w,

the stochastic process {Ltf“ “,t € R*} is a continuous function of ¢. This and
(5.45) show that it is also of bounded variation.

The second proof of bounded variation when {a,} € [? is more abstract.
Consider the distribution

(5.46) fyo= aree ™.
k
By the Schwarz inequality,
1/2
(5.47) Bof, \oldy =@y (Ta?)
, 2wt A

This shows that f, , € L;(T") almost surely. Thus, almost surely, f, , =

ft(®) — f(w), where f*(w) and f~(w) are positive functions on 7". Let
u1(w) be the measure on 7™ with density /" (w) and let uy(w®) be the measure
on T" with density f~(w). One can check by looking at the potentials of the
corresponding continuous additive functionals that

(5.48) Ll = ga(@) _ pp@)

where we use £ to denote the classical continuous additive functionals with
respect to a positive measure. Since both continuous additive functionals on

the right-hand side of (5.48) are increasing, it follows that L,”" is of bounded
variation in ¢. This completes the proof of Theorem 1.2. O

The following estimates are used in the proof of Theorem 1.4.

LEMMA 5.5. Let X be a symmetric Lévy process and let f, , be a distri-
bution for which {¢(k)} and {a,} satisfy the conditions given in (1.40) and
(1.41). Then, for each € > 0, there exist positive constants C, and t, such that,
forall t <t,,

(5.49) collen <L) < o

and

(5.50) VP L2 < cuen,
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where

v1 = (2B(p/po — 1) + 10&)/(p(B + &),
ve = (2B(p/po — 1) — 10&)/(p(B — €)),
vs = (B(2p/po — 1) — 10&)/(p(B — ¢)).

PrROOF. To get (5.49), we note that

(5.51) EUPILY E = 6P Y |y PR (R)[2,
k

By Corollary 3.1 there exist constants C and C’ such that

Ct* Y el < X lanPE D (R)P
tRe y(k)<1 kezn

/[ 42 2 |a/?

tRey(k)<1 tRey(k)>1

(5.52)

The rest follows by simple estimates using (1.40) and (1.41). [The two terms in
the last expression in (5.52) are comparable.] The proof of (5.50) is similar. O

PROOF OF THEOREM 1.4. We first prove (1.44). By Chebyshev’s inequality,
Lemma 5.2 and Lemma 5.1, in that order, we have

E(V o (L1"))

L) > 5,) < .

P(V p.m(

12
=5 Z ElLl/Z"‘ - L(z 1)/2m|p
(5.53) Om 21

fro
Cp*||L1}”zmHﬁ

C »B». 2(22m/p||L v.o || )P/Z_
5, 1727 o

We see from Lemma 5.5, since p > p,, that, for any admissible «, 8, p and
Po, we can find an & > 0 such that

(5.54) 22m/p| L |2 < C,27m

for all m sufficiently large, where n > 0. Let §,, = 2774, It follows from
(5.53) and (5.54) that

(5.55) P(V, (L17") > 27menity < ¢, 9-mpmi4,

p,m

We get (1.44) by the Borel-Cantelli lemma.
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The proof of (1.43) follows easily from Theorem 5.1 and Lemma 5.5. In this
case, p < po. Therefore, by the left-hand side of (5.49), we can find an ¢ > 0
such that

(5.56) 22m/p | LI;Z“,; |2 = (C,)temm

for all m sufficiently large, where n > 0. This gives (5.29). On the other hand,
since 1 < py < 2,2p/py—1 > 0for all p > 1 and hence for all 1 < p < p,. This
shows that (5.28) is satisfied and we get (5.30) for all 1 < p < p,. However,
since, for almost all w, {L;”“,t € Rt} is continuous, it is easy to see that it
is also true for all p < p,. Thus we get (1.43). This completes the proof of
Theorem 1.4. O

Under (1.20) we know by Theorem 5.2.2 of [5] that, for all € ) and any

yeT", Ltfy’ “ is a continuous additive functional of zero energy almost surely
and hence has zero quadratic variation in the sense of (5.2.20) of [5]. It is
rather simple to show this, and a bit more, directly.

THEOREM 5.2. If (1.20) holds, then, for almost all o € (),

(5.57) lAli‘mOEiVl A (L) =0

for all g > 0. That is, the quadratic variation of L’lcy’“ is 0, in the sense of
convergence in LI(T") for all q > 0.

Proor. We have

fyw| fyw fyw| ?

tio1

(5.58) E|Vy, (L

By Lemmas 5.1 and 5.2 all the moments of |Lfy i fy | are equivalent. It

then follows from the proofs of Lemmas 3.5 and 3.1 [see in particular, (3.37)
and (3.1)] that this property can be extended to linear combinations of these
variables. Thus the last line in (5.58) is less than or equal to

)

The rest of the proof is straightforward. We have

i1

(5.59) Cq<E S Ll - Ll
i=1

m f fyol2
Y E|L," — Ly < Y E[L |
i=1 i=1

(5.60)
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Choose a sequence §; | 0 and then choose m ; such that

|le|2
< 8J-.

(5.61) > TT Reg(h) =

18, (1+Re (k)3

We can assume that |A,, | is decreasing. Thus, with m = m, the last term
in (5.60) '

<c Z((ti PR > aal?
=1

(t;—t;_1)(1+Re y(k))<5;

|0tk|2
+ (tl - ti—l) Z PRS2 AY
(bt ) (Lt Re p(yzs, L T Re (k)

(5.62)
S s
= C;((ti —1i_1)9; kEXZ:n T+ Reg(k) +(t; — til)ﬁj)
|a|? >
=< Cy; — 5 +1).
- J<k§n 1+ Re (k)

Since this inequality holds for all [A, | < |A,, |, the proof follows. O

6. Continuous additive functionals of signed measures. When
{ap}rezn € lg, it follows from Theorem 1.2 that, for each y € 7" and w € (,
{L;”",t €0, 1]} is a function of bounded variation. The results in this paper
also apply in this case and give some insight into the behavior of these more
classical continuous additive functionals. Let f, , be as defined in (1.25) and
consider

_ 1/2
(6.1) b(x, y)=< 3" |ay? sin® (xy)k) :

keZn 2

Assume that J,(T") < oo [see (1.27)]. This is a necessary and sufficient con-
dition for the continuity almost surely of {f, ,(x),x € T"} for each y € T".
(Although since the f, ,, as y varies, are all translates of each other, it is
enough to know this for y = 0.) Let M(w) = sup,.7 |, ,(x)| and consider

(6.2) q(x, w) = 2M(@) + fo,,(%)

so that, obviously, q(x, w) > 0 for w in a subset # C ) of measure 1. Let w € &
and consider

t
(6.3) Li = /O o(X, — y, w)ds.

Since o 4(T") < oo implies that (™) < oo, Theorem 1.1 shows that {L;"*,
(y,t) € T" x R*} is continuous almost surely for all Lévy processes satisfying
(1.7) and (1.8). Of course, we do not need Theorem 1.1 to tell us this since
oJ ( T¢) < oo implies that {q(x, ), x € T"} is continuous almost surely. Still it
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is interesting to see how (1.27) operates for these positive continuous additive
functionals which are quite different from local times.

Now let us consider that {a;}czn € Iy but that J,(7") is not necessarily
finite. In this case [, , need not have continuous sample paths, nevertheless,
it is in LY(7T™"). Thus it is the distribution of a signed measure. By Theorems
3.1 and 1.1 the family of continuous (in ¢) additive functionals

t
(6.4) L= [ f(X,~y, w)ds,  (y.6)eT" xR,
0

is continuous in (y, ¢t) almost surely for almost all w € Q if and only if (1.27)
holds. This shows that Theorem 1.1 is applicable and nontrivial for these more
classical types of continuous additive functionals.

REMARK 6.1. That (1.29) implies (1.27), without any conditions on {a,} or
{¢(k)}, is well known and follows from [9], Chapter 7, Lemma 1.1. The reverse
implication, when Re (%) and |a,| depend only on || for all £ € Z" and are
regularly varying in |k|, is proved by an argument similar to the one used in
the second half of Lemma 6.3 in [11].

REMARK 6.2. Clearly, if (1.15) has a continuous version almost surely, then
Y =>4z a0,(k) must exist as a random variable. What we must show is
that if Y < oo almost surely, then EY < co. We can do this, using the Paley—
Zygmund lemma (see, e.g., [7], Inequality 2, page 8), by showing that (E|Y|)? >
E(]Y|)?, but only with some regularity conditions on {a,} and {(%)}, such
as the ones in the previous remark.
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