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INTEGRATION BY PARTS ON §-BESSEL BRIDGES, § >3
AND RELATED SPDEs

BY LORENZO ZAMBOTTI
Scuola Normale Superiore, Pisa

We study a white-noise driven semilinear partial differential equation
on the spatial interval [0, 1] with Dirichlet boundary condition and with a
singular drift of the form cu=3,¢>0. We prove existence and uniqueness
of a non-negative continuous adapted solution u on [0, co) x [0, 1] for every
nonnegative continuous initial datum x, satisfying x(0) = x (1) = 0. We prove
that the law g5 of the Bessel bridge on [0, 1] of dimension § > 3 is the unique
invariant probability measure of the process x — u, withc = (6 —1)(6 —3)/8
and, if § € N, that u is the radial part in the sense of Dirichlet forms of the
R9-valued solution of a linear stochastic heat equation. An explicit integration
by parts formula w.r.t. 7t is given for all 6 > 3.

1. Introduction. We are concerned with the following white-noise driven
stochastic partial differential equation (SPDE) on the spatial interval [0, 1]:
dus _ 19%us  (S—1)(@E—3)  0°W
at 2 0602 8(us)? 3t 30’
M us(t,0) =us(t, 1) =0, 120,
us(0,0) =x(9), 0 €10, 1],

where x:[0, 1] — [0, o0) is continuous and satisfies x(0) = x(1) =0, W is a
Brownian sheet and § > 3.

In this paper we prove first that, for all § > 3, there exists a unique continuous
nonnegative solution us of (1) on [0, co0) x [0, 1] such that (us)3 e Llloc([O, 00)
x (0, 1)), and that us is adapted. Notice that the nonlinearity in (1) is singular
enough to make the standard techniques noneffective.

Secondly, we study the ergodicity of the solution of (1): we prove that the
process x — us is symmetric w.r.t. the law s of the §-dimensional Bessel bridge
on [0, 1] and that 75 is the unique invariant probability measure of x > us.

One of the main tools is the following integration by parts formula w.r.t. the

probability measure s, 6 > 3:

(6 -D(E=3)

e, h))ﬂa(dx),

@ [ opdn=-[ w(x)<<x,h”)+
Ko Ko
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324 L. ZAMBOTTI

where ¢: L%0,1)—~ R is Fréchet differentiable with bounded gradient,
h:[0, 1] — R is twice continuously differentiable with compact support in (0, 1)
and h” is the second derivative of h, d;¢ is the directional derivative of ¢ along
h e L?(0, 1) and (-, -) is the canonical scalar product in L2(0, 1). This result allows
us to prove that x — ugs is a gradient system, that is, it is the diffusion associated
with the symmetric Dirichlet form with state space Ko := {x € L?(0, 1), x > 0}):

W'2(5) 3 0. > DO (. ) 1= 4 / (Yo, V) drs
Ko

where V denotes the gradient in the Hilbert space H := L%(0, 1).

Finally, if § € NN [4, 00), we prove that the process x + u; is the radial part in
the sense of Dirichlet forms of the Gaussian process Zs, solution of the R%-valued
linear SPDE:

0Zs 10°Zs = 0°W
ot 2002 T ar00°
©) 25t H)0) = Zst. H(1) =0, 120,

Zs(0,x) =%,

where X € L2(0, 1;R%), W := (W, Wy, ..., Ws) > R, and {W;}i—1. .
independent copies of W. By this we mean the following: it is well known that
Zs is associated with the Dirichlet form (A%, W2(us)) on H® = L2(0, 1; R®):

W'2(us) > F, G AN(F,G) = %/ B(VF, VG) ysds
H
where 1 is the law on L?(0, 1) of a Brownian bridge of dimension § over [0, 1],
F,G:H® Rand VF: H® — H? is the gradient of F in H®. We set
®s: H® > Ko, @5(y) (1) = |y(T)|gs, T [0, 1].

Then we prove that D? is the image of A? under the map ®j, that is, 75 is the
image of us under &5 and

Wh2(ms) = {p € L*(715) 19 0 D5 € W2 (up)),
D@, ) =A(poDs, Yy ods) Yo, e WH(rs).

In [12], Nualart and Pardoux proved existence and uniqueness of a pair (13, n),
where u3 is a continuous function of (¢,0) € @ := [0, +00) x [0, 1] and 5 is
a measure on O, solving the SPDE with reflection:

dus  10%u3  *W
o 2962 aroe "
“4) u3(0,)=x, wu3(,0)=us3(,1)=0,

u3 >0, dn>0, / uzdn =0.
)
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[See Section 3.] In [16] and [17], we proved that the process x + u3 is symmetric
w.r.t. the law 3 of the three-dimensional Bessel bridge on [0, 1], 3 is the unique
invariant probability measure of x +— u3, and x > u3 is the diffusion associated
with the Dirichlet form (D3, W12 (13)),

W) 3 0.y = Do) =4 [ (Vo Vedms,
0
where V denotes the gradient in H. One of the key tools was the following
integration by parts formula w.r.t. the probability measure 73 on L2(0, 1):

1
5) /K oppds = — /K 0 (0) (x, 1"y i3 — /0 dr h(r) /K ()00 (r, dx),

where the measure og(r, -) is explicitly defined in terms of two independent three-
dimensional Bessel bridges, respectively on [0, 7] and on [0, 1 — r], glued at
r € (0, 1); see (15) below. The last term of (5) was interpreted as a boundary term
and applied to characterize n as a family of additive functionals of u#3. Finally, we
proved that x +— us is the radial part in the sense of Dirichlet forms of the Gaussian
process Z3, solution of the R3-valued SPDE (3) above with § = 3.

Mueller in [10] and Mueller and Pardoux in [11] considered the following SPDE
with periodic boundary condition:

190 3% PSS 2w
——=—+1i i ,
29t 902 8590

u(,)=x,

t>0,0eS :=R/Z,

where @ > 0, £:S! — R is continuous, inf% > 0 and g satisfies suitable growth
conditions, and proved that « = 3 is the critical exponent for # to hit zero in finite
time. More precisely, the following was proved:

1. If @ > 3, then a.s. ii(t,0) > O forall t > 0,6 € SL.
2. If @ < 3, then with positive probability, there exist > 0, § € S!, such that
u(t,0)=0.

It seems that the critical case o = 3 is treated here for the first time. Our result
says that the solution of (1) can possibly hit O in (0, 1) in a finite time, but in a
way that the nonlinearity u—3 does not blow up in Llloc([O, o0) x (0, 1)), so that
we have existence for all times. Notice that we do not require any strict positivity
of the initial datum: our result cover even the case of x =0.

The results presented above allow also to prove that for all continuous

x:[0, 1] — [0, o0) with x(0) = x(1) =0, for all @ > 3 and C > 0 the following
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SPDE admits a unique continuous nonnegative adapted solution i,, being well
defined for all ¢ > O:

g 19%, C N W

ot 2302 (lGg)¥  9td6’

© 1a(1,0) = (1. 1) =0, 120,

g (0, ) =x,
while for all 0 < @ < 3 and C > 0 the following SPDE of Nualart-Pardoux type
admits a unique solution (i, 7y ):

aﬁa_18212a+ C +82W+A
ot 2002 " G)e " arae e

(7) 1201(0’ '):-x’ ﬁa(tvo):ﬁa(t’ 1)=Oa tZOa

12(120, dﬁa ZOa / ﬁadﬁa:Oa
[¢]

and 74 #0.
The family (us)5>3, defined by (1) and (4), reveal several analogies with the
family of Bessel processes (ps)s>1. Indeed, recall that:

1. If (B;)s>0 is a linear BM and x > 0, then, for all § > 1, there exists a unique
continuous nonnegative solution (ps(z, x));>0 of the SDE:

§—1
) dps = 3 dt +dB, t>0, ps(0,x)=x,

Ps

and, for § = 1, there exists a unique pair (p1, L), with ¢ — p; (¢, x) continuous
and nonnegative and ¢ — L(¢,x) continuous and monotone nondecreasing,
satisfying

) dp1=dL +dB, p1(0,x)=x, L(0,x)=0, /,old,Lzo.

Forall § > 1, ps = (ps5(t, x))r>0,x>0 is called the §-dimensional Bessel process.
2. The process p; is the diffusion associated with the Dirichlet form:

W2(10,00),x° ' dx) 3 f,g > v*(f.8) == % /Ooo f'x)g (0xldx,

where ws := %2/ T (1 +68/2).

3. If § e NN[1, 00) and (Bs(?))s>0 1s a 5-dimensional Brownian motion, then ps
is characterized as the radial part in the sense of Dirichlet forms of Bjs; that is,
the Dirichlet form y?, generating pj, is the image of

W'2@RY s F,G %/B(VF, VG)dx
R

under the map RS 5 v |y| € [0, 00). Notice that, in this case, it is even true
that the law of p;s is equal to the law of | Bs|.
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4. For all & > 1 and ¢ > 0 there exists a unique continuous nonnegative solution
p of the following SDE:

(10) dop=——di+dB, >0, p(0)=>0,
(p)*
while for all 0 < @ < 1 and ¢ > 0 there exists a unique pair (p, L) such that:
p(+) is continuous nonnegative, L(-) is continuous and monotone nondecreas-
ing,

(11) dp=ﬁdt+dL+dB, 0(0) =x, L(0)=0, /pdtL=0
0

and moreover, L #~ 0.
5. The following integration by parts formulae hold for the invariant measure

110,00) (0)x%~Vdx of ps:

(12) /Ooo Floxldx = —/Ooof(x)(sx;lx‘s_ldx, §>1,

(13) /Ooo fldx=—f0) V feC§(0,00)).

In particular, in the critical case § = 1 a boundary term appears, while for § > 1
only a logarithmic-derivative term appears.

Notice that the exponent in the nonlinear term of (8) is equal to —1, that is, to
minus the critical dimension for (10)—(11) and (12)—(13): the same happens for the
exponent in the nonlinear term of (1), which is equal to —3, that is, to minus the
critical dimension for (6)—(7) and (2)—(5). Moreover, the maps

(6 — 1)8(5 —3 (0. 00)

5§—1
(1,00)98|—>Te(0,oo), 3,00)26 >

are both increasing and bijective.

For a general theory of integration by parts formulae in infinite dimension,
see [9]. For integration by parts formulae and infinite-dimensional Dirichlet forms
on stationary Bessel processes, see [7]. Part of the results of this paper has been
announced in [18].

The paper is organized as follows. In Section 2 we prove the integration by parts
formula (2). Section 3 is devoted to the study of equation (1). In Section 4 we study
equations (6) and (7).

We fix some notation: We set H := L2(0, 1) and we denote the canonical scalar
product in H by (-,-) and the associated norm by || - ||. We set Ko :={x € H,
x>0}, 0 :=]0,400) x [0, 1] and

Cq:=C4(0,1) :={c:[0, 1]+ R continuous, ¢(0) =c(1) =a}, a>0,



328 L. ZAMBOTTI

2,2 1.2 102
A:D(A)CHw— H, D(A):= W= N W, (0, 1), A::EW.
We also denote by CS(O, 1) the set of all 2:[0, 1] — R, being twice continuously
differentiable and with compact support in (0, 1). By W = {W(t,0):(z,60) € O}
we denote a two-parameter Wiener process defined on a complete probability
space (2, £, P); that is, W is a Gaussian process with zero mean and covariance
function

E[W (@, W', 0)] =@ At')O AN, (1,0),(',0) € 0.
We denote by F; the o-field generated by the random variables {W (s, 0) : (s, 0) €

[0, 7] x [0, 1]}. Moreover we set:

b

° xg’r ,fora,b> 0,6 >2andr €]0, 1], is a §-Bessel bridge between a and b over

[0: r], defined on (€2, &, P) and independent of W: see Chapter XI of [13].
o m,8>2,a>0,is the law on L%(0, 1) of x§ = xg”la. Moreover, g ;= 7'[(9.
e Letre (0,1).Forye C([0,7]) and z € C([0, 1 — r]) we set

y@zeH,  [y@z](@):=y@1pn(®) +2@ - Nien).

Then we define for all ¢ € C,(H),a > 0,r € (0, 1):
V2a2e—a/C@r(=r) 0
I:(p<x3’r

E
e = (1 — %)

(14) / 0 ()0 (. dx) =

) 1 0,0 20,0
(15 [ oot dx) = Al (et )]
where {xé”’f , )?gz}l’_r} are independent, and {xé”’f , )?;’f } are identically distributed,
r € (0,1), b, c > 0. We introduce the following function spaces:

e Cy(H) is the space of all ¢ : H — R being bounded and uniformly continuous
in the norm of H. The space Cé (H) is that of Fréchet differentiable ¢ € Cy,(H)
with bounded and continuous gradient Vg : H — H.

e Exp(H) is the linear span of {1, cos({-, h)), sin({-, h)):h € CCZ(O, D}.

e Lip(H) is the space of all ¢ : H — R such that

lp(x) — ()]
llollLip :==sup @ (x)| + sup ———— < o0
X X#y |)C - y|

Lip(Ky) is the set of ¢ : Ko — R such that H 3 x — ¢(xT) is in Lip(H ), where
xT(7) :=sup{x(1),0}, T € [0, 1].

° Cé (Kp) is the set of all ¢ € Lip(K() such that there exists a bounded continuous
vector field Vg : Ko — H, which we call the gradient of ¢, satisfying

lliLr(r)lé(go(x +th) — ¢(x)) = (Ve(x), h) Y x,h € K.
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2. Integration by parts on the §-Bessel bridge. The aim of this section is to
prove the following.

THEOREM 1. Foralld >3,a>0,¢ € Ctl)(H) and h € CCZ(O, 1), we have

S§—1D(6 -3
16 [ anpani=— [ 90(X)<(x,h”) + %u—%m)nm»
0 0

We set

-1 -3)

—

We recall the following result, proved in (1)—(2) and Remark 2 of [17]:

k() :=

THEOREM 2. Forall ¢ € Cé (Kog),a>0andh € CCZ(O, 1), we have
1
(17) / e dns =—/ @(x)(x,h"ydn§ —/ dr h(r)/go(x)aa(r, dx).
Ko Ko 0

LEMMA 1. Let (B(t)):e[0,1] @ Brownian motion. For all a > 0 and § > 2 there
exists a unique continuous (x§ (t)):c[0,1], adapted to the filtration of B, such that
forallt €(0,1): x§(t) > 0 and
§—1 x5 (s)

2x§(s) 1—s

t
(18) xg’(t)za—f—B(t)—F/(;[ +y(1—s,x§’(s),a)]ds,

where fort >0, y,b >0,

0 7 b
y(t.y.b):= F log'/2 (sinqﬁ)‘s_2 cosh(yT cos¢> do.
y 0

Moreover, x§ is a Bessel bridge of dimension § between a and a over [0, 1],

(19) O<a<d = x{)<x{@) Viel0,1], as.

and a > x§ is continuous in the sup-norm topology. If § € N, then xg is equal in
law to the modulus of a Brownian bridge of dimension § between 0 and 0 over
[0, 1].

PROOF. Recall that the transition semigroup (ps(t,a,b));>0.4.6>0 of the
Bessel process of dimension § > 2 is

20) .. b) 1<b>“b < a2+b2>1 (ab)
,a,b):=—| - exp| — 1l —,
ps t \a P 2t 5/2-1 t
where I, is the modified Bessel function of index v > 0:
2(52)"

1,(z) = /()7 (sin)?’ cosh(z cosp) d, 7>0;

O+
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see Chapter XI of [13]. By Girsanov’s theorem, a Bessel bridge of dimension § > 2
between a and a over [0, 1] is a weak solution of (18); see XI1.3.11 in [13]. Suppose
that ¢ > 0 and that (x, é) is a weak solution of (18), where B is a Brownian
motion. By Theorem IX.3.5 of [13], there exists a unique continuous process
(q(t))re10,17, adapted to the filtration of B such that

N 139)
1) q(r)=[8]t+f02 |q<s>|st—f0 lq()

where [§] € N and [§] < § < [8] + 1. By Itd’s formula, the square of the modulus
of a Brownian bridge of dimension [§] between O and O over [0, 1] is a weak
solution of (21). By pathwise uniqueness we have uniqueness in law, so that ¢ is
equal in law to the square of the modulus of a Brownian bridge of dimension [4]
between 0 and 0 over [0, 1]. In particular, ¢g(¢) > O for all ¢ € (0, 1); see Chapter
XTI of [13]. Then, setting X := /g, we have X > 0 for all 7 € (0, 1) and by It6’s

formula,
51— 1
x(t)—B(t)-i-/ <[2x(s) f(_s)s)ds, tef0,11.

Since x(0) = a > 0, by continuity 7y := inf{r € (0, 1]:x(t) = 0} > 0 almost
surely. Then for all ¢ € [0, Tp), since y >0,

ds, t €[0,1],
-5

L@ - x)' P

2dt
(A1 1N 88 k@ —x()
_< 2 ()E(l‘) x(t)) 2x(1) 1—¢ )/(1 f,x(t),a))
x (&) —x(0)"
<0.

Since x(0) > 0 = x(0), we obtain x(¢) > x(¢) for all ¢ € [0, Tp); since X > 0 on
(0, 1), then x(¢) > 0 on [0, 1]. Then, we have proved that every weak solution
(x, I§) of (18) with a > 0, satisfies x(¢) > O for all ¢ € [0, 1].

Therefore, we can prove pathwise uniqueness for (18) if @ > 0. Indeed, let
(x!, é) qnd (x2, é) be two weak solutions of (18) with the same driving Brownian
motion B. An explicit computation yields

lay(t Yy, b)‘ dy(t,y,b)
2’

(22) o

>0 Vt>0,b>0, y>0.

Then, since x! > 0 and x2 > 0 on (0, 1), we have, for all ¢ € (0, 1),

1d
Sl — 220’

2di
_(5—1( 1 )_xl(t)—xz(t)
U2 k) 220 1—1
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+y(l— t,x @), a)—y(l— 1, x2(1), a)) (xl(t) — xz(t))
2

a
(1—1)?

2

< (') —x*)

so that x! = x2. By Yamada—Watanabe’s theorem, every weak solution is a strong
solution, and for all a > 0, § > 2, we have existence of a solution x§ of (18),
adapted to the filtration of the fixed Brownian motion (B(?)):c[0,1]; see [15].
Consider now @’ > a > 0. By (22), arguing as in (23), we can prove that a.s. for all
te(0,1),

a2

(1—1)?

1d / /
5l —x )T < (x5 0) = )T

and since (@ — a’)™ =0, then x§ < xgl/. If now a, | 0, then we set x((s) =

lim,, xf;” > 0. By the above considerations, xg is a strong solution of (18) with

a =0 and xg > 0 on (0, 1). In particular, x(? is continuous and by Dini’s theorem
xgl” N x((s) uniformly on [0, 1]. Arguing like in (23) we obtain pathwise uniqueness
for a = 0 in the class of continuous (x(f));c[0,1] such that x > 0 on (0, I).
Continuity of a — x§ follows analogously. If § € N, by It6’s formula (xg)2 is a
weak solution of (21). Since uniqueness in law holds for (21), then x(? is equal in
law to the modulus of a Brownian bridge of dimension § between 0 and 0 over
[0,1]. O

REMARK 1. In the proof of Lemma 1, we proved pathwise uniqueness for (18)
with a = 0 in the class of continuous nonnegative (x(#));c[o,1]- Notice that if we
omit the requirement of the nonnegativity, then pathwise uniqueness does not hold
for (18) with @ = 0. Indeed, notice that y (-, -,0) = 0. Let B := —B and call )?g the
nonnegative strong solution of

t . 20
f?(z):é(z)+/0<5 ! x‘*(s))ds, t 0, 1],

280(s) 1

obtained by Lemma 1. Then, (xg, B) and (—)?g, B) are different solutions of (18),
since xg > 0 and —)Eg < 0 on (0,1). This shows that also the uniqueness in
law fails for (18) if a = 0. Nevertheless, every weak solution of (18) is a strong
solution. Indeed, if (x, B) is a solution of (18) with a = 0, then either x = xg or
x= —)?g.

PROOF OF THEOREM 1. We fix§ > 3 andweletv > Osuchthatd =2(v+1).
Fix a > 0: then 7§ is absolutely continuous w.r.t. 75,

B _m(,a,a) _v_2 1 dr 4
na(dx)_ips(l,a’a)exp< 2/(; 7@({))2)7[2((1)6),
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where (pg(t,a,b)); qap>0 is the transition semigroup of the Bessel process of
dimension d > 2 defined in (20); see XI1.1.22 in [13]. Then we have

as . P3(1,a,a) Vi —1/4 pl de .
@m0 e ™ ( 2 /0 (x<r>>2>”3 (@0
Notice that v? — 1/4 =« (5). We define

p3(l,a,a) k(&) 1 dt
@) yel)= meXp(_ 2 Jo (e +x(r))2>’ x € Ko.

Then y; is in Cé(Ko) and for all x, h € Ky,

(Vlog ye(x), h) := hm (logyg(x+th) log ye(x))

=k (8) h(t)dr.

1
0 (e+x(0))?
Leth e CCZ(O, 1) N Ko. By (17) in Theorem 2, we obtain

fKO ey dms = —fKow(X)[(x,h”) + (Viog ye (x), 1) Jye (x)75 (dx)

1
— [ dr 1) [ oy routr. .
For all x € K and ¢ > 0, we have

p3(l,a,a) <_K(8) I dt )(x_3,h)

Ye(x)(Vlogye(x), h) < k()

exp
ps(l,a,a) 2 Jo (x(1))?
and by (19),
p3(1,a,a) k(&) L dr 3 B
ko ps(La,a) ( 2 Jo (X(T))2><x ki3 (dx)

1
—/ [(x4(2))~ h(t)dt</0 E[(x0(r)) " Jh(r)dT

! h(t) o Cyyt! y?
_/o dr[r(l—r)]‘”z/o 4y ¥ eXp{_2r(1—f)}<oo

since § > 3 and & has compact support in (0, 1). By the dominated convergence
theorem, we obtain, for a > 0,

lim [ o(x)[(x,h") + (Viogye(x), h)]ye (x)75 (dx)
el0JK,

_ /K o) ((x, B") + 1 (8) (x =3, h))mf (dx).
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Now we turn to the last term in (25). Notice that by (14),

(25) P(X)ye(x)og(r,dx)| < _ta lolloots Oyt
V3 —=r)3 el
where

8) [T dt
be._ (—“ )} 1, b.c>0,
vfgm |:6Xp 2 (e + x3 ‘ (‘L’))2 c=

since k (§) > 0. By monotone convergence, for all » € (0, 1),

8) l-r d
(26) 111111//81 _r —E{exp(—%) A m>i| =0,
3,1—-r

since by the law of the iterated logarithm, a.s.,

r/
/dif too Vi e1—r]
0 (x31 r(f))z

and by the dominated convergence theorem we have that the last term in (25) tends
to 0 as ¢ | 0. Then, (16) is proved for a > 0. Since

1
27) E[[()73, h)] = /O E[(x(0)) *Jh(r) dr < oo,
and since (16) can be written in the form

(28) E[8hp ()] = —E[o) ((h", x§) + k @)k, xH 7)),

by (19) and by the dominated convergence theorem we can let a | 0 in (28) and
obtain (16) foralla > 0. [

COROLLARY 1. Let a > 0. For all € Lip(H) there exists a field Vi €
L>* (Ko, m§; H) such that for all h € CCZ(O, 1),

hm (W( +th) — ) =: 0y = (VY, h) weakly in L*(c§).

We call Vlﬂ the gradient of . Then, (16) holds for all ¢ € Lip(H). Moreover, for
all y € Lip(H) and ¢ € Exp(H), we have

L v Verdn =— [ wLipdng
Ky Ko
where L € Ll(rtgz) is defined as
1 k(@) _
§9(0) = STD ()] + (x, AV () + —=(x 7, Vo ()

m§-a.e., x € Ko.
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PROOF. The family {(¢/ (- 4+ th) — ¥))/t};=0 is bounded in Lz(ngl). For all
¢ € Exp(H):
1
li —(¥(-+1th) — dmf
ot X I(W( +th) — ¥)pdn§

= [ (Ve hydnf - / oUr ) (e, 1)+ 1e(8) (x>, 1)) (d).
Ko Ko

(29)

Indeed, by (16), (29) holds for all i € Cé (H); moreover, the family of functionals
1
ClH) >y /K (Ve = P)pdri, 120,
0

is uniformly bounded in the sup-norm, by (16). By the density of Ctl) (H) in Cy(H)
in the sup-norm, we obtain (29) for all Y € Cy,(H). Then, (29) allows us to identify
all limit points of (Y (- + th) — 1))/t in the weak topology of Lz(ngl) ast | 0.
The last formula follows from (16). [

3. SPDE generated by the §-Bessel bridge. This section is devoted to the
proof of the following:
THEOREM 3. Letdé >3 anda > 0.

(1) Forall x € KogN Cy, there exists a unique random continuous nonnegative
ué 1[0, 00) x [0, 1]+ [0, 00), such that )= € L} ([0, 00) x (0, 1)), solving

loc
the SPDE
duj _10%u§ (0—-D@-3) W
at 2 362 8(u)? 3130’
(30) a a
ub(t,0)=ul(t,1)=a, >0,
ug(0, ) =x.

Moreover, u§ is (¥;)-adapted. We set X§ (t,x) :==u§(t,-) € KoNCq,t > 0.

(ii) The process X§ is symmetric with respect to its unique invariant proba-
bility measure g, law of the §-dimensional Bessel bridge between a and a over
[0, 1]. Moreover, X§ is strong Feller: indeed, for all bounded and Borel ¢ : H — R
we have, for all x,x' € KoNC,,t >0,

@B [E[p(X§ ¢, x)] = Elp(X5 0, x))] < llelloa A D™ [x — x|l
(i) X§ is the diffusion associated with the Dirichlet form (Do, Wl’z(rtg‘)),
closure in LZ(JT(SQ) of the symmetric bilinear form (D%, Lip(H))

Lip(H) 3 ¢ ¥ = D*“(p. ) =} [ (Yo, V9 dy.

0
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(iv) Let § e NN [4,00) and a = 0. We set: ds: H® — Ko, Ds(y)(7) =
|y(t)|gs, T €0, 1]. Then DY = D0 s the image ofA‘S under the map ®s; that
is, s is the image of ws under ®5 and

W2 (ms) = {p € L*(715) 190 0 @5 € W2 (up)),
DY@, ) =A(pods, Y ods) Vo, eW(ms).

In (iv), for all § € N, § > 4, we denote by (A%, W!2(us)) the Dirichlet form
with state space H® = L0, 1; R%):

W' (us) > F,G— A (F,G) == %/Ha (VF,VG)ysdus

where s is the law on L2(0, 1; R?) of a §-dimensional Brownian bridge between 0
and 0 over [0, 1], F, G:H®+— Rand VF: H% — H? is the gradient of F in HS.
It is well known that (A°, Wl’z(ug)) generates the process Zs, solution of the
R®-valued linear SPDE (3); see [16] and Chapter 8 of [5].

REMARK 2. A solution of (30) is defined as a continuous process « : [0, 00) X
[0, 1] — [0, 00), such that for all & € CCZ(O, 1) and r > 0,

1 t
<I/£(t, ')’ h) = <x7 h) + _/ <M(S, ')’ hN) ds — <W(t7 ')7 hl)

5
L )/ /0 e 9))3h(9)d0ds

so that the requirement (ug)_3 € LIOC([O, o0) x (0, 1)) is necessary for (32) to
be meaningful. Let now hg(0) :=60(1 — 0), 6 € [0, 1]. We can find a sequence
(hy) in C?(O, 1) such that h,(60) 1 ho(0) for all 6 € [0,1] and h)(0)dO —
hg(@) d6 +60(d6) — 81(d6) in the dual space of C ([0, 1]) asn — oco. Then by (32)
and the continuity we obtain the a priori estimate

(32)

1 o(1-0)
(33) / /0 (ua(s 5 —————dfds <00 VYT>0,Va=>0,
(34) / /0 (ua(s @607 dfds < oo YT>0, Va=>0.

REMARK 3. By Theorem 3(iv), we can say that ug is the radial part of Z;s.
This result can not be extended to the case a > 0, since a Bessel bridge of integer
dimension § > 2 between a; and a; has the law of the modulus of a Brownian
bridge of dimension § between a; and a;, for some a; € R, |aij|=a;,i=1,2,if
and only if aja; =0.
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We recall now the definition given by Nualart and Pardoux in [12] of a solution
of the SPDE with reflection:

du  10%u Zw

— = — f(0,u@,0 — 1,0),

5~z /O u@.0)+ omp 4, 0)
(35) u,)=x, u(,0)=u(,1)=a, t>0,

u=>0, dn=0, / udn=0,
O

with x:[0, 1] — [0, +00) continuous, a > 0, x(0) = x(1) =a and f:[0, 1] x
[0, 00) > R measurable. We suppose that:

(H1) f(8, ) is continuously differentiable for all 6 € [0, 1] and for some ¢ > 0,
|f|§ca |ayf(9a)’)|§C, VQE[O’ 1]7 ye[ovoo)
(H2) There exists C > 0 such that for all 8 € [0, 1]:

<C Vi>0.

’/()lf(e,u)du

Following [12], we set:

DEFINITION 1. A pair (4,n) is said to be a solution of the SPDE with
reflection (35), also called the Nualart—Pardoux equation, if:

o {u(t,0):(t,0) € O} is a continuous and adapted process; that is, u(z,0) is
F;-measurable for all (z,0) € O, and a.s. u(-, -) is continuous on O, u(t,-) €
KoNCyu(0,1)forallt>0,a>0and u(0, ) =x.

e n is a random positive measure on [0,00) x (0,1) such that n([0, T]
x [8,1 —68]) < 4oo for all 7,6 > 0, and 7 is adapted, that is, n(B) is
F:-measurable for every Borel set B C [0, ] x (0, 1).

e Forallt >0and h € C2(0, 1),

1 t t
<M(t7 )7h> - E/O‘ <M(S7 ')7h//> dS +/0‘ <f(7 M(S7 ))7h> dS
t ol
={x,h)—(W(,-),h") —i—/(; /0 h(@)n(ds, do).
e [oudn=0.
In [12], the following theorem is proved.

THEOREM 4. Assume that f satisfies (H1) and (H2). Then for all x € Ko N
C,(0, 1), there exists a unique solution (u, n) of (35).
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We set

1 x(0)
F:Ko— R, F(x) :2/ d@/ f@,s)ds,
0 0
1 a
75 o(dx) := T exp(—2F (x))m§ (dx).

The following theorem has been proved in [16] and [17].

THEOREM 5. If u is the solution of the Nualart—Pardoux SPDE (35), then
the process x — u is the diffusion associated with the symmetric Dirichlet form
(&, lez(nfa)), closure in Lz(n3Fa) of the symmetric bilinear form

Exp(H) 5 ¢, ¥ > %/K (Vo Vi) dnl,.
0

In particular, x +— u is symmetric with respect to n3F 4> and moreover, n3F o IS the
unique invariant probability measure of x +— u. Finally, Lip(Ko) C W1’2(n3Fa).

REMARK 4. Let us be the unique solution to (30), for all 6 > 3. For all
(t,0) € O, (3,00) 8 — us(t, 0) is nondecreasing, and as § | 3: us | u uniformly
on[0,T] x[0,1], T >0, and

5§—3
4(us)’
where (u, n) is the solution of the SPDE with reflection (35), with f = 0.

dtdf — n(dt,do) distributionally on 0,

In the proof of Theorem 3 we consider solutions to SPDEs of the form

du _ 10%u ()+82W
ar 2002 ST 580

u(t,0)=u(,1)=>nb, t>0,
u(,)=x(-)+beL?*0,1),

(36)

where g:[0, 1] x R+ R is measurable, g(u) := g(-, u(-,-)), b € R and x € Cy.

LEMMA 2. Let g,:[0,1] x R+ R be measurable, p > 0, such that R > y
gp(0,y) is monotone nondecreasing, Lipschitz-continuous uniformly in 6 € [0, 1]
and satisfies

lgp (@, M| <c(1+[y] VyeR, p>0,

for some ¢ > 0. For all b € R, let ui’) be the unique solution of the SPDE (36) with
g :=gp- Then, a.s. we have:
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(a) forall p1, p2 > 0, we have a.s. for all t > 0,

b b +2 ! b by (b bt
|| (upl (t’ ) - upz(t’ )) H = _2/0‘ <g/01 (upz) - ng(upz)’ (Mpl - upz) >dS
In particular, if p > g,(-,-) is monotone nondecreasing (nonincreasing), then

o ull’)(-, -) is monotone nonincreasing (nondecreasing) for all b € R.
(b) b+— ui’,(-, -) is monotone nondecreasing for all p > 0.

PROOF. We prove the first assertion; the second one follows analogously. Let
p1 > p2 > 0and set ¢ := (ufg1 — u22)+. Then by Lemma 6.1, page 147 in [1],

d
o1 =2(¢. A(ui’,l —ub))) = 2(p. gp, (uh)) — gy (1))

== 22 = 200 00 ) — 80, )] — 200 8 ) — g )

= _2<¢’ gpl (upz) - gp2 (uf)z)) O

PROOF OF THEOREM 3. We divide the proof into several steps. In steps 1-4
we prove (i) and (ii). The idea is to approximate u§ from below, by means of
solutions v, € > 0, of Nualart—Pardoux-type equations. We choose v, so that its
invariant measure converges to g as ¢ | 0. In step 5 we prove (iii) and in step 6
we prove (iv). We choose the realization of x§ given in Lemma 1 with a Brownian
motion B on (2, ¥, P) independent of W.

Step 1. Uniqueness of solutions of (30) follows from the dissipativity of the
coefficients: indeed, let u! and u2 be two nonnegative continuous solutions of (30),
and set fore >0, hy(9) :==[0(1 —0)/e]A 1,0 €[0,1]and ¢ :=u' — u>. By (33),
he u_ e L'([0, T] x [0,1]), forall T > 0,i =1, 2, and by Theorem 6.4, page 131
in [1] ¢(t,-) e Cc'([0,1]) for all r > 0 and d¢ /00 isin LY (O). Then

kel = /()[-(11(%” (120, 22)

+ K(5)<hg(u1 —u?), ﬁ — ﬁﬂ ds
<= [ (e 55

Ase |0, (h;qb, g—g) — O since ¢p(t,0) =¢(t,1) =0, ¢t >0, so that ¢ = 0.
Step 2. Notice that [0, 00) 5 y > —k (§)/2(e + y)3 satisfy (H1) and (H2) above.
Let x € Ko N C,. We define for all ¢ > 0 and ¢ > O:
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e v, . as the solution of the SPDE (36) with b = 0 and

K (8) 1 V-
0, y)=——F—— - — ——, 0,y)el0,1] xR,
g(6,y) > Giy e 0,y)€l0,1]
e (ve, n®) as the solution of the SPDE with reflection (35) with
K (8) 1

f(97y):_ (9,)’)6[071]X[0,00)'

2 (e+y)¥
By the proof of Theorem 4 given in [12], we obtain in particular that for all ¢ > 0,
Ve.c T Ve uniformly on bounded sets of O, as ¢ | 0. By Lemma 2(a) we obtain
that &€ — vg . is nonincreasing for all ¢ > 0 and, letting ¢ | O, that ¢ > v, is
nonincreasing. Notice that wg . := & + v,  is solution of

Jwee 107w, K (8) (We.c —8)~ W

a2 902 T 2(eVwg) c 39196
ws,c(t70)=ws,c(ta 1)=a+e¢, t>0,

We c(0,) =x +e.

By Lemma 2, we have, for all &2 > ¢1 > 0,

2
||(w81,c - w82,6)+(ta )”

t rl 1 1
S 8 / / ( - ) c c +d9d .
Kk(8) o Jo \(g1 v wsz,c)3 (82 V wsz,c)3 (wé‘], We,, ) s

Letting ¢ | 0, we obtain

(&1 + ve, — (€2 4 ve,)) T (2, -)||2

t pl 1 1
SS//( - >8+ — 62— vy dOds =0.
K@) 0 Jo \(e2+v5)3  (e2+10g)3 (e1+ g, 2 = Ug,) s

We obtain that ¢ — ¢ + v, is nondecreasing and therefore v, converges uniformly
on O as ¢ | 0 to a continuous function which we denote by u§. We set for all
g,¢>0: Y o(t,x) :=vec(t, ), Yelt,x) =02, -), X§(t,x) :=ug(t,-),t>0.

We shall prove that the process X§ enjoys the desired properties. The proof
will be based only on monotonicity arguments, on the integration by parts formula
w.r.t. r§' (16) and on the explicit knowledge of the invariant measure of Y, given
by Theorem 5.

Step 3. We have for all t > 0, x,x" € Ko N Cy:

2
1Ye,e (2, ) = Ye o, x) % < el — ',
and, letting ¢ — 0 and then ¢ — 0, we obtain

37) 1X9(t, x) — Xe(t, X2 < e x — x|
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Since Y, (t,-) and X§ (¢, -) are a.s. 1-Lipschitz continuous in the norm of H, they
can be continuously extended to processes in Kg. We still denote the extensions,
respectively, by Y, and X§.

Let @ > 0. By Theorem 5, the process Y. is symmetric with respect to the
probability measure y, dn§/Ze; that is,

1 1
fw(X)E[w(Ys (t, x))] Ve ()75 (dx) = fE [V (Ye(t, x))] (P(X)Z—Vs ()75 (dx),

where y, is defined in (24) and Z, > 0 is a normalization constant. By the
dominated convergence theorem and (23) we obtain

(38) B[y e (X5 (7, x5))] = E[v (X5 (7, x5)) o (x5)],

that is, X§ is symmetric w.r.t. r§' for a > 0. By Lemma 2(b), a — X§ is monotone,
and by the uniqueness of solutions of (30), a.s. X§(z,x) | Xg(t, x) uniformly as
a | 0. By (37) and the continuity of a — x§, we can let a | 0 in (38) and obtain
that X g is symmetric w.r.t. 71'(9.

Now let @ > 0 and m and m be invariant probability measures for X§. If g;
and ¢, are random variable with law, respectively, m; and m,, and independent
of W, by (37) we have, for all ¢ € Cy(H),

Imi(p) —ma(e)| = |E[e(X§ (., q1)) —o(X§(t,q2))]| >0  ast— oo.

Therefore, 7' is the unique invariant probability measure of X§. Finally, we
notice that v, . satisfies a white-noise driven SPDE with dissipative nonlinearity
of Nemytskii type. By Proposition 4.4.4 of [2], we have, for all bounded and Borel
o H—R x,ye KgNC,,t >0,

IE[p(Ye.c(t, )] — E[o(Ye.c(t, Y)]|d < @lloo(1 A )2 |x — v,

and (31) follows letting c, € | 0.
Step 4. Fix t > 0. By dominated convergence, we obtain, for / € Cg (0, 1) N Ky,

(Ye(t,x) —x,h) — %/t(h”, Ye(s,x))ds + (', W(t,-))

// 2(:13);1)3 Ods.

Since, by step 2, € — & + v, is nondecreasing, we can let ¢ | 0, and obtain by
Beppo-Levi’s theorem:

(X§(t,x) —x,h) — %/Ot(h”, X§(s,x))yds+ (0, W(z,))

k@ (1 h
ZT/O/O (X§)3d9ds.
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Since ¢ is invariant for X, we obtain
) 8

1 t
B[ (3 . x) —xf )= 5 [ X5 xp)ds + (0 We. ) | == TE[ 5]

K<8> _ k® h
U/o (X“(s (X§(s,x§)3 Qd} 2 E[/O (xg)’ de]

By (16) with ¢ = 1, we obtain that for all # > O there exists a measurable set
G; € Cy x Q, with [§ ® PI(G;) = 1, such that, for all (x, w) € G,

a 1 ! " a
(Xs(t,x),h)=(x,h)+5/ (h", X5 (s, x))ds

— (W, W, ) +K(8)//O i 40 ds.
)

By continuity and by the Fubini—Tonelli theorem, there exists a set G C C, with
7§ (G) =1, such that for all x € G, a.s. (39) holds for all # > 0.

By (31), the law of X§(z,x) is absolutely continuous w.r.t. r§' for all > 0
and x € Ko N C,. Therefore, for all n € N, X{(1/n,x) € G almost surely. Since
(W(+1/n,-) —W(1/n,-)) is a Brownian sheet independent of F7,,, we obtain
that a.s.,

(39)

1 rt+l/n
(X§(+1/n,x),h)=(X5(1/n,x), h) + —/ (h", X§(s,x))ds
2 J1/n
- (W(t + l/l’l, ) - W(l/l’l, ')7h/>
k(8) [r+1/n

——dbds.
2 Jim /O(Xg(S,x))3 ’

By continuity, we obtain that for all x € Ko N Cy, u§ solves a.s. (30).
Step 5. We prove (iii). Let § > 3, a > 0. We set, for all ¢ € Lip(H), A > 0,
e >0,

Re ()Y (x) = fo T e MEW (Yo x)]di, x € Ko,
R§ (W)Y (x) :=/0 e ME[y(X4(t, x))]dt = !Ei?& Re (W)Y (x), x € K.

By (37) and Theorem 5, {R.(AM)¥, R§(A)¥} C Lip(Kp) C W1’2(y€dn3”). By
Theorem 5 and by (17) we have, for all ¢ € Exp(H),
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/ (¥ — AR (V)W) gye drt
Ko
_ %/KONRS(A)w, V)y: dns

—_ /K Re )W (ATH D] + (x. AVg) + L(Vlog e, Vo)) ye d’
0

1
_1
! /0 dr fKO ROV (Y9, 8,)ys0a(r, dx),

where §, is the Dirac mass at r € (0,1) and (Ve(x), §,) is well defined since
Vo(x) € D(A) for all x € Kg. For a > 0, letting ¢ | 0, by (25)—(26) and
Corollary 1,

/K (¥ — AREG)Y)gdnf = — /K REGILip dry

0
=1 [ (VREGv. Vo) dr.
Ko
Then, by (19), (27) and (37), we can let a | 0 and obtain, by Corollary 1,

/ (¥ — ARV V) pdr) = — /K RY YL dr)

Ko
=1 /K (VRO Y, Vo) dn).
0

By a standard approximation procedure, for all ¥ € Lip(H) there exists a sequence
(¢i)ieny C Exp(H) such that

sup [lgillLip <00, lim g;(x) =y (x)  VxeH.
i —
By Corollary 1, v admits a generalized gradient Vi € L°°(Ko, mry'; H). We claim

that (Vg;); converges to Vi weakly in L?(Ko, my'; H). Indeed, let X be a weak
limit of (V¢;);. By Corollary 1 we have, for all ¢ € Exp(H) and & € CS O, 1),

/ (JC, h)(pdn’g
Ko

=—[ ¥(Vo,h)dn§ —/ Yo (x, ") + k(8) (x>, h))mf (dx)
Ko Ko

= [ (vw.npdng
Ko
and this proves the claim. We obtain, for all i1, ¥, € Lip(H),

(40) /K AR (Yo drf + ) /K (VREG)Y1, Vi) drf = /K Y1y drl
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Therefore, (D‘S’“,Lip(H)) is closable in Lz(ngl), and the unique continuous
extension of (R§ (A))y>0 to L2(7r§’) is the strongly continuous resolvent associated
with the closure (D%¢, WI’Z(Jrg‘)): see the proof of Theorem 5 in [17] for details.

Step 6. We prove (iv). Let § € NN [4,00) and a = 0. By the last assertion
in Lemma 1, the image measure of us under @5 is 5. Therefore there exists
a measurable set Q9 € H® with us(Q0) = 1, such that for all y e Qo, [y >0
on (0, 1), so that for all 2 € C(0, 1) the following map is well defined:

Q0> y h|—y| e C([0, 11; R?).
y

Since Z; is a strong Feller Gaussian process (see [5]), for all G € Lip(H %Y there
exists a sequence {G,} C Ctl,(H‘S), such that

I1GullLipasy < IGllLipasy.  Gn— G in Wh2(us).

Then by a density argument, for all G € Lip(H?),

lim l [G (y + thl> — G(y)] = <VG(y), hl> in Lz(ug).
t}0 ¢t [yl [y s

Then, for & € Cy(0, 1) and G := ¢ o 5 with ¢ € Lip(H),

1
(Vo(lyD, h) = llif(};(w(lyl +th) — o(|y))

o1 y
= lzlfg - [[(p ° <I>s](y + th|y—|> —[po <I>3](y)}
_ <V[<p 0 B51(), hl> in L2(us).

[y e

For all ¢, ¥ € Lip(H), it follows that

(41) D@, ) = A’ (p o D5, Y 0 Dy),
and by the density of Lip(H) in W2(7s), we have that for every ¢ € W2y,
pod; € W1’2(M5) and (41) holds for all ¢, V¥ € W12 (75). It remains to prove that
ifpe L2 (7r5) satisfies podg e Wl’z(,ug), then ¢ € W2(s). Tt is enough to prove
that {[RY(1)¥] o ®5: 4 € Lip(H)} is dense in {p o ®s:¢ € L2(7r5)} N W2 (1us)
W.I.L. A‘f.

By 41), Y5 :={p o Ps:¢ € Wh2(ms)} is a closed subspace of Wl’z(,ug).
Therefore, setting A? = (-, ')Lz(ua) + A%, for all G € Wl’z(ug) there exists a
unique I'sG € W-2(7rs), such that for all RS W2y,

AS(G, 9o ®s) = AS([TsG] o s, 9 0 ds) = D(TsG, @),

where i)iS = (, -)Lz(ﬂa) + DIJ. Moreover, I's is Markovian; that is, G > 0 implies
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I'sG >0and I's1 = 1. Therefore

ITsGll Lo (rs) < IGILo%(1ug)s VG e W2 (us) N L®(us).

By (i)-(ii), Déisa quasiregular symmetric Dirichlet form; see [8]. Then, for all
heCZ0,1), o € Wh2(rs) N L (),

/ (V. h) dmy = — f o* () (e A"y + K (8) 3, )y (dox),
Ko Ko

where ¢* is a D°®-quasicontinuous 7s-version of ¢. For all v € Lip(H) we have,
by (40),

A (G, [RY()Y] 0 @) = DTG, [RIY) = /K (T5G)*y dry

forall G € WLZ(M) N L°°(us). Then there exists Cy, > 0 such that
A} (G, IRY(D Y10 ®s)| < CyllGllae VG € W2 (us) N L (1),

and by Theorem 4.2 in [6], there exists a finite signed measure X, on H 3, charging
no A‘S—exceptional set, such that, for all G € W12(us) N L®(us),

N (G IR)1W1 0 0s) == [ G dzy.
where G* is a A5—quasicontinuous us-version of G, and for all ¢ € Wl’z(ms),
/ [po q)g]*dEw =/ o Ds- o Dsdus.
H? HS
Suppose now that ¢ € L2(7s), podse Wl’z(ug) and
A‘f(gooCID(g,[Rg(l)w]od)(g):O Y ¢ € Lip(H).
We set G, := ([p o ®s]* Am) VvV (—m), m € N and

Gum() :i=E[Gpno®5(Zs(1/n,y)],  yeH’,

where Z;s is the solution of (3). By the strong Feller property of Zs, (G, ) C
Lip(H(S), |Gnm| <m, Gy — om0 Ps A‘S—quasi everywhere as n — 0o and
in W2(us). Moreover,

A3 (G, IRSDW1 0 @) = = [ G d Sy,
and passing to the limit in n — oo and m — oo, we obtain, for all Y € Lip(H),

0= Af(p o ®s, [R§(1)Y] o s)

—/[fpoq>a]*d2w=—/K [0 ®51* - o B3 dpss,
0

which implies ¢ =0 in L?(ws). O
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COROLLARY 2. Forallé >3,a>0,(t,0) € (0,00)x(0,1)andx € KoNC,,
the law of u§(t,0) is absolutely continuous w.r.t. the Lebesgue measure dy
on [0, 00).

PROOF. The proof follows from Theorem 3(ii). [

COROLLARY 3. Forall § > 3, the log-Sobolev and the Poincaré inequalities
hold for (1); that is, for all ¢ € W'2(z{),

1
—rd 2d7‘r”<—/ Vo|?dr?,
fKOIso S <5 [ Vel

2 2 a 2 a 2 2
fKOw log(¢?) dfl < fKO IV 12 dg + 1913 2 e 102 (101132 )

272
For the proof see, for example, [14], [4] and [3].

REMARK 5. The construction of solutions of (30) in the proof of Theorem 3
uses pathwise methods, and the identification of X§ as the Markov process
associated with the Dirichlet form £?%¢ is obtained a posteriori. One can follow
another approach, constructing a Markov process properly associated with D%,
and then proving, by the integration by parts formula (16) and by Fukushima’s
decomposition, that the process solves (30). However this approach gives only
weak solutions and requires the proof of quasiregularity of D%¢; see [8]. On
the other hand, the pathwise approach followed here gives existence of strong
solutions of (30), that is, adapted to the filtration of the driving noise, and gives
also the quasiregularity of D¢ by Theorem IV.5.1 in [8].

4. SPDEs with positive unbounded drift. In this section we apply the results
of the previous sections, to prove the following.

THEOREM 6. Leta > 0.

(1) Let« >3, C > 0. For all x € Ko N C,, there exists a unique nonnegative
continuous adapted ti on O, such that (1)~% € Llloc([O, 00) x (0, 1)), solution of

aﬁ_182ﬁ+ C +82W
ar 2902 (@)~ 910’
u(,0)=u(,1)=0, t>0,

12(07 ) =X,

(42)

(i) Let 0 <@ <3, C > 0. Then for all x € Ko N C,, there exists a unique
(u, n), such that (u)™% € LIIOC([O, 00) x (0, 1)), solution of the following SPDE of
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the Nualart—Pardoux type:
aa_182ﬁ+ C +82W+A
or 20962 " @ arae
(43) 40,)=x, a(r,0)=da(,1)=0, >0,

>0, di >0, / idf =0.
0]

<>

Moreover, () xek,nc, is not identically equal to 0.

PROOF. Let f :(0, 00) — R, smooth and monotone nondecreasing, possibly
unbounded in a neighbourhood of 0. We claim that there exists a unique pair (iz, 1),
solution of the Nualart-Pardoux equation (35) with f = f , such that h f () €
L'([0,T] x [0, 1]) for all 2 € C2(0,1) and T > 0. Indeed, if we set, for & > 0,
(u®, %) as the solution of the Nualart-Pardoux (35) with f = f (- + &), then,
arguing as in step 2 of Proof of Theorem 3, we have that ¢ — #° is monotone
nonincreasing and ¢ — ¢ + #° is monotone nondecreasing. Moreover, & > 1° is
monotone nondecreasing. Therefore, #° converges uniformly on bounded subsets
of O to a continuous function # and 7° converges distributionally to a measure 7,
and by Beppo-Levi’s theorem, (i, 7)) is the wanted solution. Uniqueness follows
from Proof of Theorem 4, given in [12].

Therefore, for all @ > 0 and C > 0, there exists a unique pair (&, 77), solution of
the SPDE with reflection (35) with f(0,y) =—-Cy™*,y>0.Ifa=3and C > 0,
then we proved in Theorem 3 that 7 = 0.

Leta > 3, C > 0and x € Ky N C,. Notice that we can write

1 1 1
y—a_y—avl—i-y—a/\l—l, y > 0.

Consider for all & > 0, the solution (0°, ;C &) of the SPDE with reflection (35) with

f(@,y):—C( \/1—1), @,y) €[0,1] x [0, c0).

(e +y)?

By Lemma 2(a), 4° > 0¢ and 7° < ¢, & > 0. Arguing as in steps 2-4 Proof of
Theorem 3, we can prove that, letting ¢ | 0, 0° converges, uniformly on bounded
sets of @, to a continuous v, such that, for all 4 € C?(O, 1),t>0,

1 t
(ﬁ(t’ ')v h) = <xv h) + _/ <h//’ ﬁ(S, )) ds — (h/’ W(tv ))

+C// ((v)3 1)’
18%/(;/01;10125:0 sothat/()/ohdﬁ—hm//hd
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Therefore, 7 = 0 and 1 satisfies (6).
Let o € (0,3). By Theorem 10 in [17] we have, for all i € C?(O, 1) and
¢ € Cp(H),

1 [ele) i 4
/KOE[/O h(@)/o e n(dt,d@)}pexp(—ZFa)d@

1
=4 [Carho) [ geFedon o,
0 Ky

where
C 1 1
do, l <a <3,
a—1Jo [x(0)]«!
1 1
Fu(x) = C/I [—]d@, _1,
a(x) A og ) o
C 1
——/ [(x(0))'* do, 0O<a<l.
1—alJo

For all @ € (0, 3), e~ %f« is in Ll(n3“) and not identically equal to 0. Therefore
(Mxekonc, is not identically 0. [
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