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POTENTIAL THEORY FOR ELLIPTIC SYSTEMS

By Z. Q. CHEN AND Z. ZHAO

Cornell University and University of Missouri

The existence and uniqueness theorem is proved for solutions of the
Dirichlet boundary value problems for weakly coupled elliptic systems on
bounded domains. The elliptic systems are only assumed to have measur-
able coefficients and have singular coefficients for the lower-order terms. A
probabilistic representation theorem for solutions of the Dirichlet bound-
ary value problems is obtained by using the switched diffusion process
associated with the system. A strong positivity result for solutions of the
Dirichlet boundary value problems is proved. Formulas expressing resol-
vents and kernel functions for the system by those of the component
elliptic operators are also obtained.

1. Introduction. Let D be a d-dimensional Euclidean domain and N a
positive integer. For

Uy
u=|:|:D—->RY,
Uy

consider the following weakly coupled elliptic operator:

L, 0 - 0
0 L, - 0

(1.1) Su=|. [ . Clu + Qu.
0 0 - Ly

Here, for each k, L, = 2V -(a*V) + b" - V is a strictly elliptic operator with
measurable coefficients, that is,

_ 1 S <
(1.2) L, = Ei,jZ_Ia_xi(aij&_xj + l-:zlbiﬁ_xi’
with afj = aj'?i, and there exists a constant A > 1 such that, for almost every x
in D,
d
(1.3) AU < X a(x)§& < M8, Ee R

i,j=1
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and @ = (g,;) is an N X N matrix-valued measurable function on D such
that

(14) q,;, >0 ae.onDfork #1

and, for each fixed %,

N

(1.5) > g, <0 ae.onD.
-1

The assumptions on the coefficients b* and @ are quite general and can be
singular:

(1.6) 1,6*? € K, and 1,q, €K,

for k,1 =1,2,..., N. Here a function f defined on R? is said to be in class
K, if

lim [sup lf(—yzl_zdyl =0 whend > 3,
alo| o Jy—xl<aly —
li%[sup - |f(y)|1n{|y—x|1}dy] =0 whend =2
« X y— X«
and
sup| ‘ 1|f(y)|dy<Oo when d = 1.
x y—xl=<

In [2], we showed by using Dirichlet space theory that there exists a strong
Markov process Y = (X, A) on D X {1,2,..., N}, which is called the switched
diffusion process, whose infinitesimal generator is S with Dirichlet boundary
condition. This process Y is defined for all starting points in D X {1,2,..., N}
except possibly for a set of zero capacity. This exceptional set can be taken of
the form .#"X {1,2,..., N}, where .#"c D has zero logarithmic or Newtonian
capacity depending on whether d = 2 or d > 3 (cf. [2]). Recall that a set of
zero capacity will not be hit by the process Y with starting point in its
complement. In order to study the sample path behavior of Y by using the
nonsymmetric Dirichlet space theory (especially its additive functional the-
01]°€y), we assumed in [2] the following regularity condition on coefficients a*,
b* and q,;:

a* € Wh2(D)4, ¥4 (9bf/ox,) is bounded
(L.7) from below for each k, and Y¥_,q,, is
bounded from above for each .

The above condition amounts to saying that the dual operator of the a-
resolvent of Y is sub-Markovian when « is sufficiently large (see [2].
Condition (1.7) is dropped in this paper. Therefore, the approach in [2] is not
applicable in this paper and a new approach will be developed.

In this paper, we will use the switched diffusion process Y to study the
potential theory for the elliptic system S, including weak solutions for the



POTENTIAL THEORY FOR ELLIPTIC SYSTEMS 295

Dirichlet boundary value problems for the system

Su=0 inD,

1.8
(1.8) u=¢ ondiDX{1,2,...,N}

and their probabilistic representations, where ¢ is a continuous function
defined on ¢D X {1,2,..., N}.

DEFINITION 1.1. A function u defined on D X {1,2,..., N} such that, for
each &, u(-, k) and its distributional derivatives (du/dx;)(-, k), 1 <i < d, are
locally square integrable on D is said to be a weak solution of Su = 0 if

1 4 du
-y faf-—
2i,j=1 p Y dx;

dd d , o
("k)a_xjdx - Elbei a—%(',k)tﬁdx
(1.9) N

=¥ [ quu(l)¢dx =0
1=1"D

for ¢ € C(D) and %k €({1,2,..., N}, where C;(D) is the space of smooth
functions with compact support in D.

Protter and Weinberger [14] proved a maximum principle for solutions of
the Dirichlet boundary value problems for a class of weakly coupled elliptic
operator S whose L, in (1.1) is of the form 3(a*V)-V + b*-V and whose
coefficients a”, b* and g,, are all assumed to be bounded. Therefore, the
solution of the Dirichlet boundary value problem for S of this type is unique.
Eizenberg and Freidlin [5] studied the Dirichlet boundary value problems for
elliptic operators S with L, = 3(a*V)-V + b* -V and with strict inequality
in (1.4) and equality in (1.5). Under the smoothness assumption that D is a
bounded C'! smooth domain, a* € C%(D) and b*, q,, € C*(D), they proved a
probabilistic representation theorem for solutions of the Dirichlet problem as
well as an existence and uniqueness theorem in the Appendix of [5].

Let

(1.10) T=inf(t > 0: A, # A,}

be the first switching time of Y. In this paper, we first identify the preswitch-
ing process {Y,, 0 <t < 7} of Y and derive the switching distribution of Y at
its first switching time 7. Clearly, for 0 <¢ < 7, Y, = (X,, A,). Let X? =X,
for 0 <t < 7and X? =4 for ¢t > 7, where J is a cemetery point added to D
as a one-point compactification. We show in Proposition 2.1 that there exists
a subset .#" of D having zero capacity such that for x € D \.#" (in the sequel
we abbreviate it as “for q.e. x € D,” where q.e. stands for quasi-every) and
ke{1,2,...,N}, (X° P®®)is a strong Markov process on D starting from
x whose infinitesimal generator is L, + g,, with zero Dirichlet boundary
condition. Let % _ denote the o-field of events (of Y') strictly prior to the first
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switching time 7; that is, & _ is the o-field generated by %, and the sets
ANn[r>t] for A€ and ¢t > 0, where {#},., is the minimum completed
admissible o-field generated by Y. We show in Theorem 2.5 below that, for
ge.xe€D,ke{l,2,...,N}and [ €{1,2,..., N}\ {k},

E@P[§(X,), A, =117 ] = E=P[$(X,), A, = 1IX,_]

—Z—Z)(X,_)

- o(x, )|
for any bounded continuous functions ¢ on D. Therefore, we can identify the
switched diffusion process Y = (X, A) with the following strong Markov
process obtained through a patching procedure of Ikeda, Nagasawa
Watanabe [9] from diffusion processes associated with L, + q,,, k=
1,2,..., N. Suppose that we start from the point (x, £). Let X* be the strong
Markov process in D which is continuous up to its lifetime 1 whose infinites-
imal generator is L, + q,, with zero Dirichlet boundary condition and denote
by d, the cemetery point for X* added to D as a one-point compactification.
Let

(1.11) Y, = (X,,A,) = (X}, k) fort<n.

If lim, , , Xk =0,,setY,=A for t > n, where A is a cemetery point added to
D x{1,2,...,N} as a one-point compactification. If lim,,, X} =X} €D,
while setting Y, = A for ¢ > n with probability (X)_,q;,/q,,XX, ), put
X, =X, with probability (1 —(X}L,q;,/q;,)(X, ) and let A, jump to
1€{1,2,..., N}\ {k} with probability (—q,,/q;,)(X,_). Then iterating the
above procedure with the starting point (X_, A_), we get a strong Markov
process Y =(X,A) on D x{1,2,..., N} (cf. [9] and [13]). This process Y is
the switched diffusion process associated with the operator S in (1.1). It
follows from this patching-together construction that the diffusion component
X of Y = (X, A) has continuous sample path up to the lifetime ¢ of Y. Since
the diffusion process X* of L, + g, can be chosen to start from any point in
D (see [3]), by the above patching-together construction, the switched diffu-
sion process Y = (X, A) can be modified to start from any point in D X
{1,2,..., N}.

Using the switched diffusion process Y described above, we will prove in
this paper the existence and uniqueness theorem for weak solutions of (1.8)
for the elliptic system S of (1.1) on a bounded domain D under our general
condition (1.6). For the existence part, we show directly that the function u
given by

(1.12) u(x, k) = E(x’k)[(b(Xf(D),AT(D))]

is a weak solution for (1.8), where 7(D) = inf{¢ > 0: (X,,A,) € D X
{1,2,..., N}}. Here, by extending a* = I, b* = 0 and q,, = 0 off D, we may
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assume the switched diffusion process Y = (X, A) is on R¢ x {1,2,..., N}.
Denote by u,(:, £) the unique weak solution of
(L, +qpr)ue(-, k) =0 in D,
uo(-, k) = ¢(-,k) on dD.
We show that the weak solution u of (1.8) satisfies the equation

(1.13)

N
(1.14) u(x, k) =ug(x, k) + ZZIGk(qklu('7l))(x)
1k

for k = 1,2,..., N, where G* is the Green operator of the operator L, + gq,,
on D with zero Dirichlet boundary condition. A consequence of this is that
any locally bounded weak solution of Su = 0 has a continuous version. We
mention here that a probabilistic representation theorem for solutions (not
their existence) of (1.8) was obtained in [2] using a Dirichlet space approach
under the extra condition (1.7).

Under the mild condition that the system S is irreducible (see Definition
4.1), we prove the following strong positivity result for solution u of (1.8).
Suppose that ¢ > 0 and Y2_,¢(-, k) # 0 on dD. Then u(-, k) > 0 in D for
k=1,2,..., N. We remark here that any weakly coupled elliptic system can
be decomposed into several independent irreducible elliptic subsystems. Let
G, be the a-resolvent for S and G* be the a-resolvent for L, + g, on D with
zero Dirichlet boundary condition. We show that, for large « > 0 and L*-inte-
grable function fon D X {1,2,..., N},

N
(1.15) G f(, k) = GI(f(-, k) + L Gi(auG.f(,1)).
B

Using this, we can show that G, maps bounded Borel measurable functions
into bounded continuous functions on D X {1,2,..., N}. Let

G, 0 0 0 gy qin

0 Gf q 0 q

GY=| . ) and Q° = 2 . . 2N
0o 0 - GY qgvi 0 - 0

Equation (1.15) can be rewritten as
(1.16) G, = G° + G°(Q°G,).

We prove that there exists a constant «, > 0 such that, for a > «,
(1.17) G.= L G)(QGY)",
n=0

where the series is convergent in W 2(D)<. If we denote by p(¢,(x, k), (y, 1))
the fundamental solution for S with zero Dirichlet boundary condition [or,
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equivalently, the transition density function of Y = (X, A)] and by p,(¢, x, )
the fundamental solution for L, + g,, on D with zero Dirichlet boundary
condition, then

p(t,(x,k),(y,r))
= O, p(t, x, )

+ 2 f/ )y / "'/Pk(tpx,h)%zl(h)
(1.18) n=10<t;<ty< - <t,<t 1<ly,ly,...,l,<N"D D
Li#liy
lo=k, l,=r

Xpll(tQ - tl’ Y1 yg) ql,ﬁlr(yn)
X p.(t—t,,v,,y)dt,dty -+ dt, dy, dy, - dy

Here §,, is the Kronecker symbol in k%, r, which equals 1 if £ = r and is 0 if
k#r.

As we indicated above, this paper is quite independent of [2], but it uses
several probabilistic potential theory results proved in [3] for operators
L,+q,,k=12,...,N.

The rest of this paper is organized as follows. In Section 2, we study the
switching distribution of the switched diffusion process Y = (X, A) associated
with S, and we derive the resolvent identity (1.15). We also show that
Y = (X, A) can only switch finitely many times within a finite time interval.
In Section 3, existence, uniqueness and probabilistic representation theorems
for solutions of (1.8) are proved. The strong positivity result mentioned above
is proved in Section 4. Finally, resolvent and kernel identities (1.17) and
(1.18) are established in Section 5.

2. Switched diffusion processes and their resolvents. Let D be a
d-dimensional Euclidean domain, let dx be the Lebesgue measure in D and
let Wy-2%(D) be the Sobolev space on D of order (1,2) with zero boundary
condition; that is,

(2.1) W2(D) = C7(D) e,
where

1/2
(2.2) I fll1,2 = (fD|Vf|2 dx + /D|f|2 dx) .

Let W=D x{1,2,..., N} and dm(x, k) = dxdn(k), where dn is the count-
ing measure on {1,2,..., N}. A cemetery point A is added to W as a one-point
compactification, and a function f defined on W is extended to W, = W U {A}
by setting f(A) = 0 unless otherwise specified. We associate the elliptic
system S of (1.1) with a bilinear form (%, &) on L*(W, m), where

(23) F={ueL*(W,m):u(-,k) € WQ*(D) fork=1,2,..., N}
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and, for u,v € .7,

1 X d Ju v
&(u,v) = 3 Y fD ; afj(x)&—x(x,k)a—x(x,k)dx

k=1
1 N d
. - — bkx—xkvxkdx
(2:4) g L[, Lei(x) (. kol k)
N
klzlqul(x)u(x k)v(x,l)dx.

It is known (cf. [4] and [10)]) that if g € K, then for any & > 0 there exists
a constant C, > 0 such that, for f € W %(D),

(2.5) f|g|f2 dx < gf IVFI? dx + cgf IF1? dx.

Since 1,|6** € K, 1,,q,, € K, and (a* ") is uniformly elliptic and bounded, it
is easy to see that there exist constants ay > 0 and A > 1 such that

N N

(2:6) A7 Y NuC, k)i, <& (u,u) <AL Ju(, k)i, forues
k=1 k=1

and

(2.7) |g(u,v)|sA\/é”ao(u,u) \/é”ao(v,v) for u,v €.7,

where &, =& + ay(, )2y, ) For u €, u"A 1 €5 and

(2.8) Eu'Al,u—u"Al)>0

[see [2] for detailed computations for (2.6) to (2.8)]. Thus (7, &) is a nonsym-
metric regular Dirichlet space on L?>(W, m). Therefore, by a fundamental
theorem from [1], there exists a Hunt process Y = (X, A)on D X {1,2,..., N}

associated with (Z, &) such that the infinitesimal generator of Y is S whose
domain of definition is

(2.9) 2(8S) = {u €5 Su € LX(W, m)}.

Here the derivatives are understood in the distributional sense. The state-
ment Su € L2 (W, m) means that there exists f € L?(W, m) such that, for
v €T,

(2.10) &(u,v) = —(f,v) 2w, m

and Su =f. The process Y is defined for all starting points in D X
{1,2,..., N} except possibly for a set of zero capacity. Later in this section we
will show that this exceptional set can be dropped.

For o > 0, let

(2.11) G, f(x, k) =E(x’k)[fwe“‘f(Xt,At) dt
0

for a Borel measurable function f defined on D X {1,2,..., N} whenever the
right-hand side of (2.11) makes sense, with the convention that f(A) = 0. It is
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known that, for @ > «,, G, is a bounded operator in L*(W, m) with

1

2.12 Gl < ,
(2.12) 16,1l < o
and, for f € L*(W, m), G, f €. with

(213) ga(Gaf’ u) = (f’ u)LZ(W,m)’ uEs.
Let

(2.14) 7=1inf{t > 0: A, # A,}
and

X t<r7

2.15 X0 = ¢ ’

( ) ! a, t>r,

where J is a cemetery point added to D.

PROPOSITION 2.1. For gq.e. x €D and k €{1,2,..., N}, {X°, P*"} js a
realization of the strong Markov process that is continuous up to its lifetime
and has infinitesimal generator

whose domain of definition is
(2.17) 2, ={fe Wg2(D): (L, + q,,) f € L*(D, dx)}.

Proor. Let .7 C D be the exceptional set having zero capacity such that
the switched diffusion process Y is well defined for each starting point in
(D\) x{1,2,...,N}. Let Y, =Y, when0 <t < 7and ¥, = A when ¢ > 7,
where A is a cemetery point. That is, when starting from (x, k), Y° is the
part process of Y on the open set D X {k}. By Corollary 2 on page 149 of [1],
{Y°, PR} for x € D\// is a strong Markov process on D X {k} whose
associated Dirichlet space is (7, &), where

F={uecF:u=00ff DX {k}}
={u:u(-, k) € W*(D) and u(-,1) = 0 for I # k},
and where # and & are defined in (2.3) and (2.4). Note that for u,v €%,

u(-, k) dv(-,k :
g(u,v)——zf [7( ”;x‘) Zfbk )(k)dx

i,j=1 J

(2.18)

_quku(‘, k)U(',k) dx.

Therefore, (,, &) can be identified with the Dirichlet space (W, %(D), £*) on
L3(D, dx), where

d of dg
g - P2 g
(f.8) = Zf 7x, 73, &
(2.19) ’

; bkﬁ—f dx — d
- /D i (9xig X /qkkfg X

i=1
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for f, g € W-2(D). Note that if we identify (d, k) with A, then Y° = (X°, k).
Therefore, {X°, P(*:®) x € D\#} is a realization of the Hunt process associ-
ated with the regular Dirichlet space (W %(D),&*) on L*(D,dx) that is
continuous up to its lifetime 7. Or, equivalently, {X°, P**®), x € D \.#'} is the
Hunt process which is continuous up to its lifetime and has infinitesimal
generator L, + q,, with domain of definition &,. O

Let G* be the a-resolvent of {X°, P*:%)} for q.e. x € D; that is,

Gf(x) = E("’k)[/:oe”f(Xto) dt}
(2.20)
= E”’k)[/:e”f(Xt) dt].

By enlarging the constant «, in (2.6) and (2.7) if necessary, we may assume
that

(2.21) AR <&E(F, f) <Allflf.,  fe W)2(D).
Thus, for a > «,, we have |G*|l; < 1/(a — a,) and G'f € W;-2(D) for f €
L2(D, dx).

ProPOSITION 2.2. Let ¢ > 0 on D and a = 0. Then
(2.22) E(x’k)[eimd’(Xr)] = G¥(—qud)(x).

Proor. Let (Q,Z,¢,Q", x € D) be the strong Markov process having
infinitesimal generator L, with

(2.23) (L) ={fe W3(D): L, f € L*(D, dx)}.
Let P* be the probability measure on ) determined by

¢
(2.24) B(£(2)] - By ewo  [[aun(2) a5 2|

where E; denotes the integration with respect to the probability measure @~.
Then (Q, Z, {, P*, x € D) is a strong Markov process which is continuous up
to its lifetime and has infinitesimal generator L, + q,, whose domain of
definition is 2, in (2.17) (cf. [3]). Thus

E=Rle$(X, )] = B [e”"b(Z, )],

which by page 286 in Sharpe [15] [putting m, = exp([§q;,(Z,) ds)1;, ., there
and noting that @*-a.e. Z, = 7]

- Eé[j:e_“d)(zt)(—qkk(Zt))exp(fthkk(Zs) ds) dt}

- | [ (—ano)(2)

= G (— @) (). O
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THEOREM 2.3. For a > a, and f € L*(W, m),

(2.25)  G,f(x,k) = Gi(f(-, k))(x) + G

N
ZZIleGaf(‘J))(x)-
I+k
PrOOF. For1l <k <N and x € D, let
bu(x) = B D[e G, (X, A,)].
By the strong Markov property of Y = (X, A),
G,f(x,k)

(2.26) = E(x’k’[fTe‘“tf(Xt, k) dt] + E“"k)[fwe‘“f(Xt,At) dt
0

= Gi(f(, k) (%) + ().

Hence, ¢, = G, (-, k) — G*(f(-, k)) is in WL 2(D). Since (a — S)G, f = f and
(a - Lk - qkk)Gf(f(', k)) = f(, k)’

N

(2.27) (@=L, —qup) b = ZZ G (5 1).
-1
I+k

Thus

(2.28) -

N
Z leGaf("l))

1=
1+

Bl

by the following lemma. O

LEMMA 2.4. Suppose q is a function defined on D such that 1,q € K; and
u € W2(D). Then, fork €{1,2,..., N} and a > a,, G*¥(qu) € W%(D) and
G*(qu) is the unique weak solution of (a — L, — q,,)¢ = qu.

Proor. It suffices to prove the lemma for ¢ > 0 and u > 0. Note that the
resolvent of the Dirichlet space (Wy"2, &F) is (G}, ;)5 o. For f, g € L*(D, dx),
set

(2.29) g(ﬁ)(f,g)=3(f—BGf+ﬁf,g)-
Let g, = ¢ A n. Then ¢, = G*(q,u) € W%(D). By the resolvent identity,
g(ﬁ)((bna d)n) = B(Gf+5(an), d)n)LZ(D,dx)

= (qnu7 Béa}f+ﬁ¢n)’

where (ﬁfw is the adjoint of GY, ;, in L*(D, dx). Since 1,,q € K, by (2.5) and
(2.6) there exists a constant B which is independent of n such that

(qnu’ Bsz+ﬁ¢n) < B\/gak(u’u) Vgak(BGAf+B¢n’ Bélf+ﬁ¢n) >

(2.30)
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which, by Lemma 3.1 in [12], is less than or equal to
BY&! (u,u) VEP(4,, 4,) -

Thus

(2.31) &P (¢, b,) <B &r u,u).

Let n — . By the monotone convergence theorem and (2.31),

g(ﬁ)(Gf(qu), Gc]ve(qu)) = B(GerB(qu)’ Gc]:(qu))LZ(D,dx)
<B2&k(u,u).

Since G}, ;(qu) < GX(qu), G}, ;(qu) € L*(D, dx) and therefore Gf(qu) =
Gf+ﬁ(qu) — BGf(Gf+B(qu)) is also in L2(D, dx). Thus, by Lemma 3.2 in [12],
G*(qu) € W} 2(D). For f € W2(D),

£(Gt(qu). f) = lim &Gl (qu), f)

(2.32)

(2.33) = ,lii‘}c(q”’ BGE, 4f)

= (qu, f),

since Béfwf converges to f in (W>2(D), || -|l1,2). Thus G*(qu) is the unique
weak solution of (« — L, — q;,,)¢ = qu. O

Recall that {7}, . , is the minimum completed admissible o-field generated
by Y (cf. [1] and [6]) and 7 is the first switching time for Y as defined in
(2.14). Also, 7 _ is the o-field of events strictly prior to the stopping time 7;
that is, & _ is the o-field generated by %, and the sets A N [t > ¢] for A € 7,
and ¢ > 0. Since Y_= {Y,_, ¢ > 0} is left-continuous, it is a predictable process
with respect to the filtrations {Z},.,. Thus, by Corollary 3.23(2) of [8],
Y, 1, .. =(X,_,A)], .. is F_-measurable. The following theorem gives
the switching distribution of Y at its first switching time 7. In particular, it
implies that X is continuous up to the lifetime ¢ of Y.

THEOREM 2.5. Forg.e.x €D,k <{1,2,..., N}and!l €{1,2,..., N}\ {k},
we have

qri

kk

@38 BeY[a(X). A, - 115 = o(X0(- 2 x)

for any bounded continuous function ¢ on D.
ProoF. For such fixed [, let f(x,j) = ¢(x)1,(j), which is a bounded
continuous function on D X {1,2,..., N}. We see from (2.29) that

N
E*Pe” G f(X,,A)] = G| ¥ a1,Gu (1)) (%),

Jj=1
Jj*k
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which, by Proposition 2.2,

(2.35) _BER e Y (X, ,J')(—&)(XT_) ,
Jj=1 qrr
ek

where the convention 0/0 = 0 is used. By the resolvent identity G;f = G, f —
(B — )G, (G, ), it follows from (2.35) that, for g > a,
E(Lk)[e_arBGﬁf(XT’ AT)]
2.36 .

( ) = B, k) efaTZBG f( ,])( qu)(XT) )

j=1 Qrk

J*k
Since BG,f converges to f on D X {1,2,..., N} as B — = except possibly for

a set of zero capacity, by the bounded convergence theorem it follows from
(2.36) that

E®Pe *p(X,), A, =]

oo 2o ]

For any ¢t > 0 and A .7, by the strong Markov property of Y and (2.37), we
have

(2.37)

E(x’k)[lAn[Tw]eiwd’(X ), A= l]
=E(x,k) e—a ]'Aﬁ 7>t]E(X At)[ _aT(l)(XT)?AT:l]]

=E(x’k)[eaTlAm[wtlE(X“At)[ e )(_&)(X )H

=E™ k)[lAn[r>t]eaT¢(X )(_Z_:l)(X )}

Therefore, since 7 is %._-measurable,

T

(238) e "ESP[(X,), A, =15 | = e (X, )(—@)wf ).

This proves (2.34). O

By the strong Markov property of Y, process Y is uniquely determined by
its preswitching part {Y, = (X,, Ay), 0 < ¢ < 7} and its switching distribution
(2.34) at the switching time 7. Recall that for quasi-every starting point (x, &)
in Dx{1,2,...,N}, {X,, 0 <¢ < 7} is a Hunt process having infinitesimal
generator L, + g,, with domain of definition defined by (2.17). Therefore, the
switched diffusion process Y = (X, A) can also be constructed via the patch-
ing procedure from diffusion processes X* of L,+q.,, R=1,2,...,N, as
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described in the Introduction. Clearly, the diffusion component X of Y =
(X, A) has a continuous sample path up to the lifetime / of Y. Since the
diffusion process X* of L, + g, can be chosen to start from any point in D
(see [3]), by the patching-together construction, the switched diffusion process
Y = (X, A) is refined to start from any point in D X {1,2,..., N}. From now
on, we always assume that Y takes this refined version.
Let
7, =1inf{t > 0: A, # Ay},

Ty =1inf{t > 71 A, # ATl},
T, =inf{t > 7, 1A, # AT’H},

with the convention that inf (J = +oo; that is, let 7, be the nth switching
time of the process Y = (X, A).

THEOREM 2.6. P ®[lim 7, =] =1 for (x,k) €D x{1,2,..., N}.

n—>x 'n

Proor. Let (X*, ¢,, P¥, x € D) be the diffusion process of L, + g, on D
with zero Dirichlet boundary condition and let ¢, be its lifetime. By Theorem
5.12 of [3] there exists a constant « > 0 such that

(2.39) jggE,g[e—ﬂﬁle(Xg;_)] <l k=1,2,...,N.
Thus, for (x,2) € D X {1,2,..., N}, by the strong Markov property of Y,
E=Mexp(—ar,)]
= E(x’k)[E(Xfl’Afl)[eXp(—a(Tz — 7))
XEXe v Dexp(—a(r, — 7,_1))] ”

(2.40) "
< ( sup supE,f[exp(—a{k)lp(Xg’z,)])
1<k<N x€D
1
< —.
2n
Hence
(2.41) E(x’k)[exp(—alim Tn)] = lim E*®[exp(—ar,)] =0

and the theorem is proved. O

Theorem 2.6 tells us that the process Y = (X, A) can only have finitely
many switches during a finite time interval.

3. Dirichlet boundary value problems for elliptic systems. In this
section, we prove an existence and uniqueness theorem for the Dirichlet
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boundary value problems as well as a probabilistic representation theorem
for the weakly coupled elliptic system S. Recall that we only assume that S
has measurable coefficients which may be singular for lower-order terms.
Throughout this section, D is a bounded domain in R¢ such that its
Euclidean boundary dD has zero Lebesgue measure unless otherwise speci-
fied. By extending a* = I, b* = 0 and q,, = 0 off D, there exists a switched
diffusion process Y = (X, A) on R? x {1,2,..., N} associated with the ex-
tended system S on R% Let

(3.1) 7(D) =inf{t > 0:Y, ¢ D x {1,2,..., N}}.

Then (Y,, t < 7(D), P**®, (x,k) € D X {1,2,..., N}) is the switched diffu-
sion process on D X {1,2,..., N} with infinitesimal generator (S, 2(S)) of
(29) on D.

For a bounded Borel measurable function ¢ defined on dD X {1,2,..., N},
let

(3:2) u(x, k) = E©P[d( Xy, Arip)]
(3-3) ug(x,k) =E(x'k)[d’(Xr(D)vk)l[r(D)<T]],

where 7 = inf{z > 0: A, # A} is the first switching time for the process Y.

LEMMA 3.1. Fork {1,2,..., N} and x € D,

N
(3.4) u(x, k) =ug(x, k) + lzle(kau(‘,l))(x)’
1+

where G* is the Green operator of L, + q,, on D with zero Dirichlet boundary
condition.

PRrOOF.
u(x, k) = E“P[ (X py k)i <o]
+ ECP[ (X, ) Aripy) Lrny> 1)

+ E(x’k’[d)(Xf(D)’ AT(D))l[f(DFT]]
= uo(x,k) + 1+ 1II.

(3.5)

By the strong Markov property of Y,
I= E(xYk)[1[7'<T(D)]u’(XT’ AT)] ’
which, by (2.34), equals
N qr:
Y ER L, <.onpu( X, Z)(_ _)(Xr)}>

=1 Qrr
I+k
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which, by Proposition 2.2, is equal to

N T

L 2| [ (X u(X, 1) ds|
i ’

Gk(leu("l))(x)~

ek

l
l

Since 7D has zero Lebesgue measure,

b 1ot ] -o
0
(cf. [3]). Therefore,
Il < B P[1,,(X,) (X, A,)],
which, by (2.34) and Proposition 2.2, is equal to

N T

L 5| [ (XD 9(X,, Dan(X,) ds| = 0. .

1=k
THEOREM 3.2. Suppose ¢ is a bounded Borel measurable function on

R¢ x {1,2,..., N} such that ¢(-, k) € WH2(R?) for each k. Then

(3-6) u(x, k) = E(x’k)[d’(XT(D)’AT(D))]

is the unique weak solution on D X {1,2,..., N} of Su = 0 such that u(-, k) —
¢(-, k) € W;2(D). Furthermore, u is continuous in D.

Proor. Without loss of generality, we may assume ¢ > 0. Clearly, u is a
bounded functionon D X {1,2,..., N} and, by Lemma 3.1for & € {1,2,..., N},
N

(3'7) u(x’k) = uo(x’k) + ZZ Gk(qklu("l))'
o

It is known from Lemma 5.6 in [3] that, for each fixed £,
ug(x,k) = E“P[¢(X,, k)]

is the unique weak solution on D of (L, + q,,)u = 0 such that u,(-, k) —
¢(-, k) € Wi2(D). Let G* be the a-resolvent of the elliptic operator L, + g,
on D with Dirichlet boundary condition or, equivalently, G* is the a-
resolvent of the regular Dirichlet space (Wl %(D), £") given by (2.20). Set
& = G"(q,,u(-, D). Since D is a bounded domain and ¢, is bounded, we have
& € LX(D, dx) and

BIT}C B(& - BGlffl’ gl)Lz(D,dx) B AEI}C'B(G;(%I”(" 1), él)L2<D,dx)

- élj‘; (qklu(" D, Bééagl)Lz(D,dx)’
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where ég is the adjoint of G§ on L*(D, dx). Since g;; € L'(D, dx) and Béé"gl
converges to & in L*(D,dx) as B — », by the Lebesgue dominant conver-
gence theorem

éiiriﬁ(@ B BGK%I’ §l)LZ(D,sz) = (qklu("l)’ )
< oo,
Thus, by Lemma 8.2 in [12], £, = G"*(q,,u(-,1)) € W}2(D) and, for s € C:(D),

gr( &, ) = Bli_lgﬁ(fz - BGéefl’ w)LZ(D,dx)

(3.8)

(3.9)

lim (g, 1), BGFY)

(leu("l)af)'

Hence ¢, is the weak solution in Wy 2(D) for (L, + q,,)& = —qp,u(:, D).
Therefore,

N
u(- k) — (k) =uo(- k) —¢(- k) + IZ &()
7k

is in W;-2(D) and, by (3.7),
N

(3.10) Lyu(-, k) + Y qnu(-,0)=0.
=1

Hence u is the weak solution for Su =0 in D with u(-, k) — ¢(-, k) €
W, 2(D). The uniqueness follows from Lemma 3.3.

Next we show u is continuous in D. It is known from Lemma 5.8 in [3]
that u,(-, k) is continuous in D. Let (X*, PF, x € D) by the diffusion of
L, + qj, with zero Dirichlet boundary condition on D. Then

&(x) = G*(gu()u(-,1))(x)

(3.1) - 52| (Xt (Xt ) s+ B ).

Since (cf. Lemmas 5.7 and 5.8 in [3])

¢
3.12 lim sup E;} XMu(XE, 1 ds} =0
(3.12) i sup | 1o (X u(X!.1)
and x — EJ[ §(X,)] is continuous in D, ¢, is a continuous function on D.
Therefore, u is continuous on D. O

LEMMA 3.3. Let D be a domain in R? having finite Lebesgue measure.
Suppose u is a function defined on D X {1,2,..., N} such that u(-, k) €
Wy %(D) for each k and Su = 0 on D. Then u = 0 m-a.e. on D X {1,2,..., N}.
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REMARK. Protter and Weinberger [14] proved a maximum principle for
solutions of Su > 0 for an elliptic system S whose L, in (1.1) are of the form
2(a"V)-V + b* -V and all the coefficients a*, b* and q,, are assumed to be
bounded. Since our system S has L, = 1V - (a*V) + b*V with measurable a*
and singular coefficients b* and g¢,,, we cannot apply Protter and
Weinberger’s method using the Hopf lemma. We prove this lemma by using a
technique from Trudinger [19] together with a probabilistic characterization
of S-harmonic functions.

ProoF oF LEMMA 3.3. Suppose m({(x, k): u(x, k) # 0}) > 0. Without loss
of generality, we assume

(3.13) 6= esssup u>0.
Dx{1,2,...,N}

Let B<(0,0) and v = (v — B)*. Then v(, k) is in W 2(D) for each & by
Theorem 7.8 in [7]. Since Su = 0, &(u,v) = 0, where & is the Dirichlet form
on D given by (2.4). For y = (x, k), set a(y) = a*(x) and b(y) = b*(x). From
&(u,v) = 0, one has

1 d v v
3 T a5 ()m(dy)
d av
(3.14) - L [ bi3) 5 (9)e(y)m(dy)
N
+ ¥ [ au(x)u(a, k)o(a,l) dx,
k,1=1"D

where W=D x {1,2,..., N}. By (2.5),

d Jv
L [ 55 ()v()m(dy)

IA

d
\/fIVvI2(y)m(dy) \/; Jo2(y)v*(y)m(dy)

(3.15)

IA

£ ed
5 [IVol(9)m(dy) + — [IVol*(y)m(dy)

dC .,
+§7fv (y)m(dy)

d+1)e d
D 5o ymdy) + o

&2

Cg o (xym(dy).
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Note that q,,; satisfies (1.4) and (1.5):

N
k’l:IfDka(x)u(x’k)v(xal) dx
al +
, N
+ ) qkl(x)v(x,k)v(x,l)}dx
koi=1
N
< fklz;lqkl(x)v(x,k)v(x,l) dx
1 N , ,
< 5,321[[0(1“(36)0 (x,k)dx + fDqkl(x)v (x,7) dx},

which, by (2.5),

< 8Nf|VU|2(y)m(dy) + NCsfvz(y)m(dy).

Thus, by (3.14) and the ellipticity (1.3),

-1
%flvvlz(y)m(dy)
d+1 ) d
5 +N)af|Vv| (y)m(dy) + (E
Hence, by selecting & sufficiently small, we have
(3.16) IVollz < yllvlle

for some constant y > 0, where || - |5 is the L? norm in L2(W, m). By Sobolev’s
inequality (see, e.g., Theorem 7.10 in [7]) for d > 3,

IA

Cot +NCg)fv2(y)m(dy).

&

lvllga a-2) < ClIVolls
(3.17) n
< Cyllvlle < Cy(m(suppv))’ llvllza a-2),

where C = C(d) > 0, supp v is the smallest relatively closed subset in D X

{1,2,..., N} outside of which v vanishes and the last inequality comes from
Hélder’s inequality. Therefore,
(3.18) m(supp v) > (Cy) ".

In the case of d = 2, the inequality of the same form with the constant C
depending on d and the volume of D also follows from the Sobolev inequality
by replacing 2d/(d — 2) by any number greater than 2. Since inequality
(3.18) is independent of 8 € (0, §), u must attain its essential supremum 6 in
D x{1,2,..., N} on a set of positive measure. Thus u is bounded from above
and therefore u is bounded since —u satisfies S(—u) = 0.
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Let G, be the a-resolvent of the Dirichlet space (7, &) given by (2.3) and
(2.4) on L*(W, m) and let G, be the adjoint of G,. Then, for « > «, and
fe L*(W,m), G,f €% and therefore

(u7 f)LZ(W,m) = ga(u,éaf)

a(u’Gaf)Lz(W,m)

= (aGau’ f)LZ(W,m)‘
Thus u = aG,u for a > a, and therefore u = P,u m-a.e.on D X {1,2,..., N}
for ¢ > 0, where P, is the semigroup of (7, &). Since u attains its essential

(3.19)

supremum a in D X {1,2,..., N} on a set of positive measure, there exists a
point (x, k) € D X {1,2,..., N} such that

(3.20) E®Pu(X,,Ay); 7(D) > 1] = Pyu(x, k) = a.

Let A ={(x,1) u(x, 1) = a}. By (3.20),

(3.21) P("’k)[(Xl,Al) €Al =1

We know from Remark 3 for Theorem 5.11 in [3] that the diffusion process
X* on D of L, + q,, with zero Dirichlet boundary condition has transition
density function p”*(¢, x, - ) which is strictly positive almost everywhere in D
for each fixed (¢, x) € R* X D. Since

PER[(X,A)) € (dz,k);1 <7< 7(D)] =p*(1,x,2) dz,

where 7= inf{¢ > 0: A, # A,}, we have m(D X {k} \ A) = 0. Hence u(-, k) =
a > 0 a.e. on D, which contradicts the hypothesis that u(-, k) € W}%(D). O

PrROPOSITION 3.4.  Any locally bounded weak solution of Su = 0 on D has a
continuous version.

PROOF. Suppose that u is a weak solution of Su = 0 in D which is locally
bounded. For an arbitrary point z € D, let r > 0 such that B(z,r)C D,
where B(z,r) = {x € R%: |x — z| < r}. By Theorem 3.2,

(x,k) — E(x’k)[u(XT(B(z,r»’ AT(B(z,r»)]

is a continuous version of u on B(z,r) X {1,2,..., N}, where
7(B(z,r)) =inf{t > 0: X, & B(z,r)}.
Therefore, © has a continuous version on D X {1,2,..., N} by using the

partition of unity. O

By a similar argument as that for Lemma 4.4 in [3], we have the following
result.

LEMMA 3.5. For any weak solution u of Su=0 on D, the following
inequality holds:

N N
(3.22) [ Xvu(,k)fde<c| Y |u(-, k)| dx,
B( B(z,R)p=1

z,r k=1
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with 0 <r <R such that B(z, R)C D, where C > 0 is a constant which
depends only on the ellipticity constant A in (1.3), the coefficients in (2.5) for
16%? and qy; and on the value of R — r. Here B(z,r) denotes the Euclidean
ball in R? centered at z with radius r.

THEOREM 3.6. Let D be a bounded domain in R? and ¢(-, k) € C(dD) for
k=1,2,...,N. Then

u(x, k) = E(x’k)[d’(Xf(D)’AT(D))]
is the unique weak solution of Su = 0 on D such that
(3.23) limu(x,k) = ¢(z,k)

xeb

for any boundary point z € 9D which is regular for (3A, D). Moreover u is
continuous on D X {1,2,..., N}.

ProOF. Let ¢, be such that ¢ (-, k) € C%(9D) and ¢, converges to ¢
uniformly on éD X {1,2,..., N}. Let

(3.24) u(x, k) = E(x’k)[¢n(X,(D),AT(D))]
and
(3.25) up(x,k) = E<P[,(X, ), k) rpy< )

where 7 = inf{t > 0: A, # Ay}. By Theorem 5.11 in [3], u}(-, k) is the unique
weak solution of (L, + q,,)u(-, k) = 0 such that

(3.26) limuf(x,k) =¢,(z,k)
x<b

for z € 9D which is regular for (A, D). It follows from (3.11), (3.12) and
Lemma 5.7 of [3] that

(3.27) jlci_)ank(qklu"(-,l))(x) =0
x€D

for z € 9D which is regular for (3A, D). Thus, by Lemma 3.1 and Theorem
3.2, u” is the unique weak solution of Su = 0 satisfying (3.23) with ¢, in
place of ¢. Since u" converges uniformly to v on D X {1,2,..., N} as n > o,
it follows from Lemma 3.5 that u is the unique weak solution of Su = 0 such
that (3.23) holds. O

4. Strong positivity result for solutions of Dirichlet boundary value
problems. In this section, we prove that if the elliptic system S is irre-
ducible, a strong positivity result holds for solutions of the Dirichlet boundary
value problem for S.

Recall that @ = (q,,)y«x 1S an N X N matrix-valued, measurable function
on D in (1.1) which satisfies conditions (1.4) and (1.5).
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DEeFINITION 4.1. The weakly coupled elliptic system S or the matrix @ is
said to be irreducible on D if for any distinct k2,1 € {1,2,..., N}, there exist
ko, Ryy..., k, in {1,2,..., N} with ., # k,,,, ko =%k and k, =1 such that
{x € D: g, , (%) # 0} has positive Lebesgue measure for i =0,1,...,r — 1.

PROPOSITION 4.1. The matrix @ is irreducible on D if and only if Q is fully
coupled on D in the sense of [18]; that is, {1,2, ..., N} cannot be split into two

disjoint nonempty sets T' and 3 such that q,; = 0 a.e. on D for k €T and
lex.

Proor. If @ is irreducible on D, then @ is fully coupled on D since
otherwise {1,2,..., N} can be split into two disjoint nonempty sets I' and X
such that gq,;, =0 a.e.on D forany k €T andl € 3. Let £ €T and [ € 3. By
the irreducibility of @ on D, there exists {k,}]_, € {1,2,..., N} with &, # &, |,
k,=Fk and k, =1 such that {x: qj 4, (%) # 0} has posrclve Lebesgue mea-
sure. This 1mp11es that {£;}/_, cT. In partlcular ! €T, a contradiction.

Conversely, suppose that Q is fully coupled on D. For each fixed %k
{1,2,..., N}, let

T'(k) = {I: there exists {k,}_, ©{1,2,..., N} with &k, # k&, ;, by =k,
k,=1 such that {x: g, , (x)+# 0} has positive Lebesgue
measure}.

The set I'(k) is not empty since @ is fully coupled on D. Indeed, I'(k) =
{1,2,..., N}, since otherwise 2(k) = {1,2,..., N} \ I'(k) is nonempty. Hence,
there exist r € T'(k) and [ € 2(k) such that {x € D: ¢,,(x) #+ 0} has positive
Lebesgue measure. This implies that I € I'(k), a contradiction. O

It is clear that any weakly coupled elliptic system of (1.1) can be decom-
posed into several independent irreducible elliptic subsystems.

THEOREM 4.2 (Strong positivity result). Let D be a bounded domain in R?
and let u be the unique weak solution of

Su=0 inDXx{1,2,...,N},
u=¢ ondDXx{1,2,...,N}

for a continuous function ¢. If the elliptic system is irreducible on D and
¢ > 0 is such that ¥Y_,¢(-, k) # 0 on dD, thenu > 0 in D X {1,2,..., N}.

(4.1)

ProoF. Let uy(-, ) be the unique solution of
(Lk+qkk)u0(',k)=0 il’l D,
uog(-, k) =¢(,k) on dD.
Since ¢ >0, uy(-,k) >0 for each k. Without loss of generality, we may
assume that ¢(-,1) # 0 on dD. Then, by Remark 2 for Theorem 5.11 in [3],
uy(-, 1) > 0 and therefore u(-,1) > 0 in D. For any fixed 2 € {2,3,..., N}, by

the irreducibility of the system S on D, there exists {k,}]_, with &, # &, 1,
ko =k and k, =1 such that {x € D: g, , (x)+# 0} has positive Lebesgue



314 Z. Q. CHEN AND Z. ZHAO

measure. It follows from (3.4) that

u(x, k)
N
=uo(x, k) + 2 G*(qyu(-,1))
B
=uy(x, k)
r N
+ Z )y Gk(kal(GllqMZ( (Gli’IQZi,lziuo(" li)) )))
e 1
N
+ b Gk(lel(GllthZ( (Glr’lqh,ll,u('a lr)) )))
R S S
Thus

u(x,k) > Gk(Qkkl(leqklkz( (Gk”l%,,guo('a 1)) )))
> 0.

Here we use the fact that G*/ > 0 in D whenever ¢ > 0 in D such that
{x € D: y(x) > 0} has positive Lebesgue measure (see Remark 3 for Theorem
5.11in [3]). O

REMARK. Under the irreducibility condition, Sweers [18] proved a strong
positivity result for solutions of

Su=—-¢ in D,

4.2
(42) u=20 on dD,

using an analytic method. It can also be proved by using the following
identity:

Go(x, k) = G*(-, k)(x) + G*

N
ZZ leG(f’("l))(x)’
7k

which follows from (2.34) and the strong Markov property of the switched
diffusion process Y = (X, A) on D.

5. Resolvent and kernel identities. Let D be a Euclidean domain in
RY W=D x{1,2,..., N} and let S be a weakly coupled elliptic system (1.1)
on D. In this section, we derive formulas which express the resolvent and
(transition density) kernels of S in terms of those for the component elliptic
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operators L, + q,,, B = 1,2,..., N. First, we present a continuity result for
the a-resolvent G, of the system.

THEOREM 5.1. Let o > 0 and let f be a bounded Borel measurable function
on D %X {1,2,...,N}. Then G,f is continuous in D X {1,2,..., N} and

(5.1) lim G, f(x, k) = 0

xeD

for z € dD which is regular for (3A, D).

Proor. By the strong Markov property of the switched diffusion process
Y = (X, A) associated with S on D and (2.34),

N
(5.2) G,f(x, k) = Gif(-, k)(x) + lile(qszaf(',l))(x),
l;k

where G* is the a-resolvent of L, + q,, on D with Dirichlet boundary

condition. By Lemma 5.7 in [3], Go'f f is continuous in D and

(5.3) lim G*f(-,k)(x) =0
xeh
for z € 9D which is regular for (3A, D). Let (X*, P, x € D) be the diffusion

process of L, + g,, on D with Dirichlet boundary condition and set g, =
G*(g,,G, (-, ). Then

(59 &) = B[ ['e 0 (X6, (XL 1) ds | + e By g (x2)].
Since

(5.5) lim supE,ff[fte“qul(Xsk)Gaf(Xsk, ) ds] -0
0

tl0 xep

(see the proof of Lemma 5.8 in [3]) and x — Ef[g,(X})] is continuous in D
such that

(5.6) lim E [ g,(X!)] = 0
xeD

for z € 9D which is regular for (A, D), g, is continuous in D with the same
limit behavior at the boundary as the function x — E}[ g,(X,)] has. Thus, by
(5.2), G f(-, k) is continuous in D and (5.1) holds for each k. O
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Let
G; 0 0 q1 0 0
Gy = 0 G3 0 and Q" =@Q — 0 T 0
0 0 - G 0 0 - g

o

THEOREM 5.2. There exists a constant a; > 0 such that, for a > a; and
feL* (W, m),

(5.7) G.f=G)f + L GIQGY)"F.
n=1
This vector-valued series is convergent in (W 2(D)?, || [l1,2).

Proor. Without loss of generality, we assume f > 0. Let (W,>%(D), £*) be
as in (2.20). Since 1,|b*|* € K, and 1,q,, € K,, there exists a constant
ay > a, (a, is the constant in Section 2) such that, for a > «a,, 2 = 1,2,..., N
and ¢ € W24(D),

1 o
HfD|v¢>|2 dx + EfD|¢>|2 dx <& (p, ¢) < )\fDIV¢>|2 dx + 2af|q>|2 dx,

where A > 1 is the ellipticity constant in (1.3). If we let

1/2
(5.8) |||<l'>|||ad=ef(f|V¢|2dx + 202 [ [4P dx) :
D D
then
1 2 k 2
(5.9) ool <&k(e,¢) <Al

for p € W-2(D)and k = 1,2,..., N. By (2.26), for any fixed &k € {1,2,..., N},

Gaf(x’k) = G(f’f(,k)(x) + Go]f

N
kaGaf(',l))(x)
k

= Gif (-, k)(x) + G

N
quzGif(',l))(x)
(5.10) -k

N N
+GEH X auGll X q,u,G.f(, ll))
12k Y

of (x) + Ry(x),

~.

I
i17-
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where
= GH( k)
N

(5.11) <l" Z kaG f(-,1) Z ka¢0

fi% 5;%

N
(5.12) d)ik = Gf Z le¢il—1

-1

1+k

Since 1,q,, € K; for k,1 €{1,2,..., N}, by (2.5) there exists a constant
@, > a, such that, for « > ay, k,1 €{1,2,..., N} and ¢, » € W-2(D),

(5.13) [ lawdvldz < 8y&L (6, 6) VL (0, 1),

where § = 1/(4AN). By the same idea employed in the proof of Lemma 2.4, it
can be shown that ¢/ € W2(D) and, for a > «a;,

N
Er(of, ¢F) = ( qul¢é,¢f)

7k
N
< 8| X Ve (b, ¢b) |VEL(SE, 1) -
ik
Thus
N
(5.14) gh(ot, pt) < 82 L £(h, db).

=1
L#k

Hence, by (5.9),

N
Ik Mla<228), l dIl..
=1
l+k

Therefore,

N N
Ykl <208(N-1) X okl
(5.15) k=1 k=1

1 N
5 Z 15 1Ml -
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A similar argument yields that

1 N
mem <5 X llek .
k=1
(5.16) N
;gm%m
and
N 1 N
(5.17) YR ). < 57 X NG FC R .-
k=1 2 k=1

Therefore, by (5.10), G, f(-, k) = ¥7_,$F, which is convergent in (W} 2(D),
| 1l1,2). The theorem is thus proved. O

Let p,(t, x, y) be the transition density function for the diffusion process of
L, +q,, on D with zero Dirichlet boundary condition (see Remark 5 for
Theorem 5.11 in [3] for its existence).

THEOREM 5.3. Forx,y €Dandk,l €{1,2,..., N},
p(t,(x,k),(y,0))
= O pp(t, x,y)
+ 2 )y ff f "'pok(tl’x’yl)lel(yl)

n=1 1<ly,1,5,..., 1, <N 0<t;<ty< - <t,<t
Lk, 1, #1,1;#1;,,

Xpi(ts =t 915 ¥2) = @,u( V)
X p(t—t,,y,,y)dt, dty - dt, dy, dy, - dy,

converges and is the transition density function for Y =(X,A) on D X
{1,2,...,N}.

(5.18)

PROOF. This follows from Theorem 5.2 and the fact that, for f € L% (W, m),
GﬂxH—f “ip(t, (x, k), (9, 1))f(5,1) dm(y, 1)

for « > o,. O
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