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TRANSIENCE, RECURRENCE AND LOCAL EXTINCTION
PROPERTIES OF THE SUPPORT FOR SUPERCRITICAL
FINITE MEASURE-VALUED DIFFUSIONS'

By Ross G. PINSKY

Technion—Israel Institute of Technology

We consider the supercritical finite measure-valued diffusion, X(¢),
whose log-Laplace equation is associated with the semilinear equation
u, = Lu + Bu — au®, where o, > 0,and L = }T¢ ;_; a;; (92 /(9x; 9x;)
+ ¢ 1 b; (3/dx)). Apath X(-) is said to survive if X(t) # 0, for all ¢ > 0
Since B > 0, P(X(") survives) > 0, for all 0 # u e#(R%), where .#(R%)
denotes the space of finite measures on R? We define transience, recur-
rence and local extinction for the support of the supercritical measure-val-
ued diffusion starting from a finite measure as follows. The support is
recurrent if P,(X(t, B) > 0, for some ¢ > 0 | X(-) survives) = 1, for every
0# u<s#(R? and every open set B Cc R? For d > 2, the support is
transient if P (X(t, B) > 0, for some ¢ > 0 | X(*) survives) < 1, for every
w €#(R?) and bounded B c R? which satisfy supp(u) N B = &. A simi-
lar definition taking into account the topology of R! is given for d = 1.
The support exhibits local extinction if for each u €.#(R?) and each
bounded B c R, there exists a P,-almost surely finite random time ¢p
such that X(¢, B) = 0, for all ¢ > (3. Criteria for transience, recurrence
and local extinction are developed in this paper. Also studied is the
asymptotic behavior as t — © of E, J¢ ¢, X(s)) ds, and of E <g, X)),
for 0 < g,y € C.(R?), where (f, X(t)) = [pa f(x)X(¢,dx). A number of
examples are given to illustrate the general theory.

1. Statement of results. In this article, we investigate the transience,
recurrence and local extinction properties for the support of supercritical
A#(R%)-valued diffusions, where .#(R%) denotes the space of finite measures
on R? The .#(R%)-valued diffusion is constructed as follows. Let

d d
Z ,— on R,
Y ox;

where a(x) = {a,,(x)} is positive definite for each x € R and a;;,b; €
C*(R%), a € (0, 1] We will always assume that the solution to the martingale
problem for L is well posed; that is, we will assume that there exists a
conservative diffusion on R? corresponding to the operator L. We will also
always assume that the semigroup corresponding to the diffusion is C-pre-
serving; that is, if f€ Cy(R?), then T,f(x) = E f(Y(¢)) € Co(R?), for all
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t > 0, where Co(R?) = {f € C(R?): lim, . f(x) = 0} and where E, denotes
the expectation for the diffusion process Y(¢) corresponding to L and starting
from x € R? [The C,-preserving property can be expressed probabilistically
by the following condition: lim | P.(o, <t)=0, for all ¢> 0, where
op = inf{t > 0: Y(¢) € D} and D c R? is a bounded domain. When this
condition fails, the diffusion is said to explode inward from infinity (see [9],
Section 8.4).] For each positive integer n, consider N, particles, each of mass
1/n, starting at points x{™ € R%,i = 1,..., N, and performing independent
branching diffusions according to the operator L, with branching rate cn, ¢ >
0, and branching distribution { p{”}; _,, where

Y koW =1+1y/n, >0,
k=0
and

Y (k—1)°p=m+0(1) asn —oo,m>0.

E=0
Let N,(¢) denote the number of particles alive at time ¢ and denote their
positions by {x(¢)}}¥*{"). Define an .#(R?)-valued process X, (t) by X, (¢) =
A/m)EZNAD8 o,y I X,(0) = (1/n)EN", 8, converges weakly to a measure
w €#(R?), then X,(-) converges weakly to an .Z(R?)-valued process which
can be uniquely characterized as the solution to the following martingale
problem [1, 10, 12]. (In what follows, {f, X(¢)) = [r«f(x)X(¢, dx), a = cm,

B=cy)
MG. The process X(t) €.#(R?) satisfies:
1) X(0) = u as.
(i) For all f€ C3(R?) and for f= 1,

My(t) = (£ X(1)) — [(LF, X(s)) ds = B[ (F, X(s)) ds
(1.1) is a martingale with increasing process

(M), = 2a[0t<f2,X(s)> ds.

The probability measure corresponding to the solution of the above martin-
gale problem will be denoted by P,. (The dependence of P, on « and B has
been suppressed; we point this out because in the sequel the parameter
will be allowed to vary.) An alternative method of characterizing the mea-
sure-valued diffusion is via the following log-Laplace equation:

EMeXp(—<g,X(t)> —fot<t/f,X(8)>ds)
(1.2)
= exp(—/Rdu(x,t)M(dx)) forall0 < g, ¢ € C2(RY),
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where u € C>1(R? X [0,%)) is the unique positive solution of the evolution
equation
u,=Lu + Bu — au® + ¢, (x,t) € R? X [0,%),
(1.3) u(-,0) =g(),
u(,t) € Cy(RY).

The existence of a classical solution to (1.3) follows from [7], Chapter 6,
Theorems 1.4 and 1.5. (Actually, in [7], the results are proved for the case
& = 0, but the same proof holds with ¢ € C,(R?).) For the nonnegativity, one
can use the type of argument appearing in [5], page 115. The uniqueness
follows from the parabolic maximum principle (Proposition 4).

Let Z(t) = (1, X(¢)) denote the total mass process. Substituting f= 1 in
(1.1), it follows that under P,, Z(¢) is a one-dimensional diffusion on [0, )
corresponding to the operator (ax(d%/dx?) + Bx(d/dx)) and satisfying
Z(0) = w(R?). Standard techniques from the theory of one-dimensional dif-
fusions show that

P,(Z(t) >0, forall t > 0,and lim Z(t) = |

(1.4) - 1- e - urY),

P(Z(t) =0, for all large ¢) = exp(— SM(Rd)).

If Z(¢) > 0, for all ¢ > 0, we will say that the path X(-) survives, while, if
Z(t) = 0, for all large ¢, we will say that it becomes extinct.

REMARK. The critical measure-valued diffusion is obtained by choosing
v =0 in the above construction. In that case, 8 = ¢y = 0 and by (1.4), X(:)
dies out with probability 1.

We can now define transience, recurrence and local extinction for the
support of supercritical measure-valued diffusions.

DEFINITION. (i) The support of the process is recurrent if
P(X(t,B) > 0, for some ¢ > 0 | X(-) survives) = 1,
for every 0 # u €.#(R?) and every open set B c R%.
(ii) (a) Let d = 2. The support of the process is transient if
P(X(t,B) > 0, for some ¢ > 0 | X(-) survives) < 1,
for every u €.#(R%) and bounded B ¢ R? which satisfy supp( ) N B = .

(b) Let d = 1. The support of the process is transient if for each bounded
B CR,

P(X(t,B) > 0, for some ¢ > 0 | X(-) survives) < 1,
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either for every u €.#(R?) satisfying sup B < infsupp( u) or for every u €
#(R?) satisfying sup(supp( ) < inf B.

REMARK. By the Markov property, it follows that recurrence is equivalent
to
P (X(t,B) > 0, for arbitrarily large ¢ | X(-) survives) = 1,

for every 0 # u €.#(R?) and every open set B c R%.

DEeFINITION. The support of the process exhibits local extinction if for each
w €#(R?) and each bounded B C R?, there exists a P, -almost surely finite
random time {; such that X(¢, B) = 0, for all ¢ > 5.

We will prove that the support is necessarily either recurrent or transient
and we will give the following criterion to distinguish between these two
cases: Fix x, € R? and R > 0 and let ¢ denote the minimal positive solution
to the equation Lu + Bu — au? = 0 in R? — By(x,) and lim ., g ¢(x) = .
(The existence of ¢ is proved in Theorem 1.) Theorem 2 states that either
inf, c ga_g (2, ¢(x) = B/a or liminf . ¢(x) = 0, and that the support of
the measure-valued diffusion is recurrent in the former case and transient in
the latter case.

This result is then used to obtain criteria which depend more explicitly on
the operator L. In Theorem 3, it is proved that if the underlying diffusion
process corresponding to the operator L is recurrent, then the support of the
measure-valued process is also recurrent. In order to handle the case when
the diffusion process corresponding to L is transient, we define the general-
ized principal eigenvalue, A, < 0, and the generalized principal eigenvalue at
infinity, A, .. < A, for the operator L. Theorem 4 treats the one-dimensional
case and shows that if 8 < —A_, (resp. B> —A, .), then the support of the
measure-valued diffusion is transient (resp. recurrent). Also, if B = —A, .. =
— ., it is shown that the support of the measure-valued diffusion is tran-
sient. Theorem 5 treats the multidimensional case and shows that if 8 <
—A. . orif B= —A., = —A, then the support of the measure-valued diffu-
sion is transient. An example is given to show that in the multidimensional
case it is possible to obtain transience even if 8> —A_ ..

It may come as a surprise that local extinction is not equivalent to
transience; it is, in fact, a stronger condition. In Theorem 6, we show that
local extinction occurs if and only if B < —A.. Thus, if A, # A, .. and B €
(=A.,— A, ), then the support is transient but does not exhibit local extinc-
tion. We also investigate in this paper the behavior of E, [;{y, X(s)) ds and
E(g,X(t)), as t —» , where 0 < ¢,g € C(R?) and 0 # u €#(R) has
compact support. A number of examples are presented to illustrate the
general theory.

We now state the results in full.

THEOREM 1. Fix R > 0 and x, € R? and let Bxp(x,) = {x € R%: |x — x,| <
R}). Let {¢,};_, be a nondecreasing sequence of functions satisfying ¥, €
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C.(RY, ¢ (x) =n, for |x —xol <R — 1/n,¢,(x) =0, for |x —x,l = R, and
0 < ¢, <n. Let u,(x,t) denote the solution to (1.3) with g = 0 and = ¢,.
Then

¢,(x) = lim u,(x,t) exists, forx € R?,
t—
¢, € C>“(R?Y) and ¢, is the minimal positive solution of
(1.5) Lu+ Bu —au®+ ¢y, =0 in R
Furthermore,

¢(x) = lim ¢,(x) exists on the extended real line, for x € R?,

and satisfies

(1.6) ¢(x) = for|x —x, <R,
and
(1.7) ¢(x)£C+/\(|x—x0|—R)_2 for |x —x,/ >R,

where C, \ are positive constants. Moreover, ¢ € C*“(R% — Bp(x,)) and is
the minimal positive solution of

Lu + Bu — au? =0 inRY— Bg(x,),

lim wu(x) = .
lx—xo|> R

(1.8)

Substituting g =0,y = ¢, and u = u, in (1.2), letting ¢ - © and then
n — o, and using Theorem 1, we obtain the following corollary.

COROLLARY 1. For each u €.#(R%),

(1.9) P (X(t,Bg(xy)) =0, forallt = 0) = exp(—fRdd)(x),u(dx)),
where ¢ satisfies (1.6) and is the minimal positive solution to (1.8).

REMARK. The fact that ¢,(x) = lim, ., u,(x, ¢) exists and satisfies (1.5)
has been proved in [5] via semigroup techniques in the case that L = $A and
B = 0. The proof does not extend to more general operators or to the super-
critical case. The proof given in this article for the general case is rather
probabilistic.

The next theorem gives necessary and sufficient conditions for transience
or recurrence in terms of the behavior of the solution ¢(x) for large |x|.

THEOREM 2. Let R > 0. The minimal positive solution ¢ to (1.8) satisfies
one of the following conditions:

() inf, c ga_p,r,) ¢(%) = B/a, and thus, liminf, _, . $(x) = B/«.
(1) inf, c pa_g,(x,) ¢(x) = liminf . é(x) = 0.
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If () holds, then the support of the supercritical measure-valued diffusion is
recurrent; if (i1) holds, then the support of the supercritical measure-valued
diffusion is transient.

The proof that the support of the measure-valued diffusion is transient if
(i1) holds above in Theorem 2 utilizes the following useful strong transitivity
result which we will prove.

PrOPOSITION 1. (i) Assume that d > 2 and let Bg(x) denote the ball of
radius R centered at x € R%. Let 0# u €#(R?), let Ry,R, >0 and let
X9, x; € R% If By (x0) N Bp(x,) = & and supp(u) N By (x,) = O, then for
allt > 0,

P,(X(t, Bp(x1)) > 0, X(t,R? = By(x,)) = 0,
X(s, Bg(x,)) = 0,¥se[0,¢]) >0.

(i) Assume that d =1 and let I, = (c;,d,),i = 0,1, where —» <c, <
dy<cy <dy <o Let 0# pes(R) satisfy supp(w) N I, = & and supp( w)
N (d,,*) # . Then, forall t > 0,

P(X(t,1,) > 0,X(t,R —I,) = 0,X(s,1)) =0,¥s € [0,¢]) > 0.

We now use Theorem 2 to obtain more concrete criteria for transience,
recurrence and local extinction. The next theorem shows that if the underly-
ing diffusion process corresponding to L is recurrent, then the support of the
supercritical measure-valued diffusion is also recurrent.

THEOREM 3. Let ¢ be as in Theorem 2. If L corresponds to a recurrent
diffusion process, then inf ¢(x) > B/a. Thus, by Theorem 2, the support of
the supercritical measure-valued diffusion is recurrent.

In order to state the rest of the results in this paper, we need several
definitions and results concerning criticality theory for second order elliptic
operators (see [9], Chapter 4). Let D € R¢ be a domain and for A € R define

C,_.(D)={ueC*D): (L-MNu=0andu > 0in D}.

The operator L — A on D is called subcritical if it possesses a positive
Green’s function; in this case C; _,(D) = J. If L — A on D does not possess a
positive Green’s function, but C,_,(D) # &, then L — A on D is called
critical. If C,_,(RY) = &, then L — X on RY is called supercritical. There
exists a number A (D) € (—,0] such that L — A on D is subcritical for
A > A(D), supercritical for A < A (D) and either subcritical or critical for
A = A/(D). The number A (D) is called the generalized principal eigenvalue
for L on D; it is monotone nondecreasing as a function of D. When D = R¢,
we will write A, = A, (R?). Note that A, (D) = inf{A € R: C,_ (D) # &J}. We
mention that if D is bounded with a smooth boundary and the coefficients of
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L are smooth up to 9D, then A/(D) is the classical principal eigenvalue.
Alternatively, if L is symmetric with respect to a reference density p, then
A/(D) equals the supremum of the spectrum of the self-adjoint operator on
L*(D, p dx) obtained from L via the Friedrichs extension theorem.

If d=>2, let {D,);_; be an increasing sequence of bounded domains
satisfying R? = U%_,D, and define the generalized principal eigenvalue at »
by

A .= lim )\(R?~D,).
n— o

Since A (D) is monotone nondecreasing in D, it follows that A, .. is indepen-

dent of {D,};_,. If d = 1, define the generalized principal eigenvalue at +x

by

Aerow= lim A ((n,»®)) and A, .= lim A ((—%,—n)).

If L is symmetric with respect to a reference density p, then A, . is equal to
the supremum of the essential spectrum of the self-adjoint operator on
L?(R?, p dx) obtained from L via the Friedrichs extension theorem [8]. If
d = 1, then L is always symmetric with respect to an appropriate reference
density p and A, . (A,_.) is the supremum of the essential spectrum of the
self-adjoint operator on L2((0,%), p dx) [ L*((—,0), p dx)] obtained from L
via the Friedrichs extension theorem.

For use in the proofs of the theorems, we note that the above theory holds
just as well if the operator L is replaced by L + V, where V € C*(D) and is
bounded from above. The only difference is that now A (D) may take positive
values.

With the above definitions in place, we now turn to the case in which the
underlying diffusion process is transient. The next theorem treats the one-
dimensional case.

THEOREM 4. Let d = 1 and assume that L = ta(d?/dx?) + b(d /dx) cor-
responds to a transient diffusion; that is, assume either that

I'= f:exp(—f()xi—b(y)dy

dx <

or that
0 «2b
I = - — dy | dx < .
f_weXp( ]Oa(y) y) x <o

Let ¢ be as in Theorem 2, let A, ., denote the generalized principal eigenvalue
at + for L and let A, denote the generalized principal eigenvalue for L on R.
Then lim, ., ¢(x) and lim, , . ¢(x) exists. Furthermore, the following
results hold:

@ If I"T=» or if "<~ and B> —A,, ., then lim . ¢(x) = B/a.
Similarly, if I"= o, or if I <> and B> —A,_., then lim_,_, , ¢(x) > B/a.
Thus, by Theorem 2, the support of the supercritical measure-valued diffusion
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is recurrent if both of the following conditions hold:

(@ I'=wor B> —A

(b) I =wor B> P

(i) If I"< > and either B < —A,,,. or B= —A,.= —A, then
lim, . ¢(x) =0. Similarly, if I <o and either B< —A,_, or B=
—Aow = —A,, then lim . ¢(x) = 0. Thus, by Theorem 2, the support of
the supercritical measure-valued diffusion is transient if at least one of the
following two conditions holds:

(a) I"< > and either B< —A, ,0r B= —A. .= —A;

(b) I"< > and either B< —A,_,or B=—A,_.= —A.

c,+

REMARK. Theorem 4 completely characterizes transience or recurrence
except in the case that ["< and B= —A,,. < —)\c, or that I < » and
B= —XA.—» < —A.. The condition A, . = A, will hold, in particular, if L has
constant coefficients.

The method used in the proof of Theorem 4 carries over immediately to the
radially symmetric multidimensional case and gives the following corollary.

COROLLARY 2. Let L be radially symmetric on R?,d > 2, and correspond
to a transient diffusion. Let ¢ be as in Theorem 2, let A, . denote the
generalized principal eigenvalue at © for L and let A, denote the generalized
principal eigenvalue for L on R?.

G If B> —A, ., then lim . ¢(x) = B/a. Thus, by Theorem 2, the
support of the supercritical measure-valued diffusion is recurrent.

G) If B< —A . orif B= —A..= —A, then lim, . ¢(x)=0. Thus,
by Theorem 2, the support of the supercritical measure-valued diffusion is
transient.

The theorem and proposition which follow show that only one direction of
Theorem 4 carries over to the multidimensional case.

THEOREM 5. Let L correspond to a transient diffusion on R?, d > 2. Let ¢
be as in Theorem 2, let A, ,, denote the generalized principal eigenvalue at «
for L and let A, denote the generalzzed principal eigenvalue for L on R?.

If B< —/\M: orif B= —A. .= —A., then liminf . ¢(x) = 0. Thus, by
Theorem 2, the support of the supercritical measure-valued diffusion is tran-
sient.

PROPOSITION 2. Let L = 5A + b(x) -V, where b(x) = 0, for j # 1,b,(x) =
0, for x <0, and b,(x) = y> 0, for x > 1. Then )\ = 0, but the support of
the supercritical measure-valued diffusion is transzent if B€(0,y%/2).

The next theorem gives necessary and sufficient conditions for local
extinction.
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THEOREM 6. Let A, denote the generalized principal eigenvalue for L on
R?. The support of the supercritical measure-valued diffusion exhibits local
extinction if and only if B < —A,.

REMARK 1. The measure-valued diffusion may also be defined in the case
that « and B are positive functions instead of constants. In this case,
especially if @« and B are not bounded away from zero, most of the results and
proofs in this paper must be modified considerably. However, Theorem 6 and
its proof go through directly after an appropriate reformulation. Let A(#
denote the generalized principal eigenvalue for L + 8 on R¢. (If B is con-
stant, then A(®) = A, + B.) Then the proof of Theorem 6 shows that local
extinction occurs if and only if A(#) < 0.

REMARK 2. From Theorems 4-6, it follows that if the support exhibits
local extinction, then it is transient. Here is an alternative way to see this
without appealing to any of these theorems. For any bounded set B, it follows
from the Markov property and the definition of local extinction that there
exists a measure 0 # u €.#(R?) such that P(X(¢,B) = 0, for all £ > 0) > 0.
Thus the support cannot be recurrent. Since by Theorem 2 the support must
be either recurrent or transient, we conclude that it is transient.

Theorems 4-6 show that the support can be transient and yet not exhibit
local extinction. Indeed, for d > 2, this will occur if the diffusion correspond-
ing to L is transient and —A, < 8 < —A_ ., and, for d = 1, this will occur if
I"< o and — /\C<,8<—c,+wor1f1 < and — —A, < B < —A,_.. See Exam-
ple 2 at the end of this section.

In order to state the next theorem, we need the following additional facts
concerning criticality theory (see [9], Chapter 4). Let 0 5 ¢ € C.(RY. If
L — A is subcritical, then there exists a minimal positive solution f, to
(1.10) (L-ANf=—¢ inR%

The solution is given by f,(x) = [r«G\(x, y)§(y) dy, where G\(x, y) is the
Green’s function for L — A on R If L — X is not subcritical, then (1.10) has
no positive solution. In fact then, a fortiori, there is no positive function f
satisfying Lf <0 and Lf# 0. If L — A, is critical, then C;_ A(R ) is one
dimensional and its unique element up to constant multiples will be denoted
by ¢, and is called the ground state. Let L denote the formal adjoint of L.

Then A, is also the generalized principal eigenvalue of Lon R% and L — A,

is cr1t1cal if and only if L — A, is critical. In the critical case, the ground state
of L — A, will be denoted by d) If [radp. db dx < o, then L — A, is called
product Ll-crltwal (The definitions and results above hold even if L1 # 0;

however, in this article, L corresponds to a diffusion process and satisfies
L1 = 0. If such an L corresponds to a recurrent diffusion, then A, = 0. If such
an L satisfies A, = 0, then subcriticality, criticality and product L'-criticality
for L — A, = L are equivalent to transience, recurrence and positive recur-
rence.)
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THEOREM 7. Let 0 s 4,8 € C.(R?) and let 0 # u €.#(R?) have compact
support.

(a) ) Assume that A, = 0. Then for all B> 0,
EM[O (p, X(8)) dt = oo

(ii) Assume that A, < 0. If B€(0,—A) orif B= —A, and L — A, is
subcritical, then

EMfOOOw/,X(t))dt = [ fudn,

where f, is the minimal positive solution to (L + B)f = —y in R4,
If Be (=X, @ orif B= —A, and L — A, is critical, then

E,[ (4, X(1))dt ==
0

(b) Let p € R.
@) lim, ,.e”E g, X(#)) =0, if p<(=A, — B), and lim, . e”E g,
X(t)) =, if p>(=A, — B).
() If L — A, is subcritical or if L — A, is critical, but not product
L'-critical, then

lim exp((—A, — B)t)ELg, X(t)) = 0.

If L — ), is product L*-critical, then
tlini exp((—A. — B)t)E g, X(t)) = (fRdcbc du)(fRdcﬁcgdx),

where ¢, and $,, normalized by [rid,b, dx = 1, are the ground states of
L—- A andL — A,

REMARK. Note thatif 8 = — A, and L — A, is critical, then by Theorem 7,
Eﬂff;(w, X(¢)) dt = =, yet by Theorem 6, [5{¢, X(¢)) dt < a.s.-P,.

We now give several examples to illustrate the theorems. The claims made
in the examples concerning criticality and generalized principal eigenvalues
are elaborated upon in the Appendix at the end of the paper. In the examples,
it is assumed that 0 < ¢, g € C,(R%) and that 0 # u €.#(R?) has compact
support.

ExampLE 1. Let L = 3(d?/dx?) + by(d/dx) on R, where b, # 0 is a
constant. Then L corresponds to a transient diffusion, A, = A, . = A._.
—b2/2 and L — A, is critical, but not product L'-critical. If 8 < b2/2, then
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the Green’s function for L + 8 = L — (— ) is given by
21 1/2
G ,(x,y) = ————exp|— (b2 - 28 ly — x| —by(x —y)).
o(5,9) = s (— (b5 —28) o(x =)

Therefore, by (1.10) and Theorems 4, 6 and 7, it follows that:

G) If B €(0,b%/2), then the support of X(-) is transient and exhibits
local extinction. Also,

) 2
By 0o Xy dt= [ pld) [ p(9)-pr—ers

Xexp(—(b% - 2,8)1/2|y — x| —by(x —y)) dy.

(i) If B =b2/2, then the support of X() is transient and exhibits local
extinction. Also, E, [¢(#, X(¢)) d¢t = = (however, by the local extinction prop-
erty, [o{¢, X(¢)) dt < = a.s.-PM).

(i) If B> b2/2, then the support of X(-) is recurrent and we have
E,[5 <y, X(t)) dt = .

Furthermore,

. 2
lime”'E, (g, X(t)) = 0 Tfp < bo/2 = B,
t—o w, if p>b2/2 — B.

ExampPLE 2. Let L =%A + kx-V on R?% d > 1, where k > 0. Then L
corresponds to a transient diffusion, A, . = —,if d > 2,and A, ,,. = —,if
d=1,,= —kd and L — A, is product L'-critical. The ground states ¢, for
L — A, and ¢, for L — A,, normalized by [z« ¢, ¢, dx = 1, are given by ¢,(x)
= (k/m)?/? exp(—k|x|*) and $,(x) = 1. Thus, it follows from Theorems 4-7
that:

(1) If B € (0, kd), then the support of X(-) is transient and exhibits local
extinction. Also,

E, [, X(0)ydt = [ p(dx) [ G y(x,3)0(y) dy,

where G_,(x, y) is the Green’s function for ;A + kx - V + B on R“.

(ii) If B = kd, then the support of X(-) is transient and exhibits local
extinction. Also E, [¢ (¢, X(¢)) dt = = (however, by the local extinction prop-
erty, g (¢, X(¢)) dt < o« a.s.-P#).

(iii)) If B > kd, then the support of X(-) is transient but does not exhibit
local extinction. Also E, [ (i, X(8)) dit = o,

Furthermore,
2flim exp((kd — B)t)Eﬂ<g,X(t)>

- (fRd(%)d/"’ exp(_k|x|2),k(dx))([Rdg(x) dx).
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ExamMPLE 8. Let L= 1A —kx-V on R% d > 1, where £ > 0. Then L
corresponds to a recurrent diffusion A, = 0 and L — A, is product L'-critical.
The ground states ¢, for L — A, and ¢, for L — _, normalized by [r«¢, ¢, dx
=1, are given by ¢, =1 and ¢, (x) = (k/m)?/? exp(—k|x|*). Thus, from
Theorems 3 and 7, it follows that for all 8> 0, the support of X(-) is
recurrent and Eﬂfff(lp, X(t)) dt = «. Furthermore,

d/2
lim exp(-pt)ELg, X(1)) = M(Rd)fRdg(y)(q—T) exp(—klyl*) dy.

EXAMPLE 4 (Supercritical super-Brownian motion). Let L = 1A on R% If
d =1 or 2, then L corresponds to a recurrent diffusion, while if d > 3, then
L corresponds to a transient diffusion and A, ., = 0. Also, A\, = 0 and L — A,
is critical, but not product L!-critical, if d < 2, and subcritical if d > 3. Thus,
by Theorem 3, Corollary 2 and Theorem 7, it follows that for all 8 > 0, the
support of X(-) is recurrent and E, [;<, X(¢)) dt = «. Furthermore,

0, ifp<—-pB
3 pt — ’ ’
fm e"ELe, X() =\ ifp> —p.

NOTE ON THE NOTATION. In the sequel, the notation P, and X(¢) will
always refer to the supercritical measure-valued diffusion, while the nota-
tion P, and Y(¢) will refer to the diffusion process corresponding to the

X

operator L.

2. Proof of Theorem 1. For the proof of Theorem 1, we will need the
following elliptic maximum principle for the semilinear equation.

PROPOSITION 3. Let D C R? be a bounded C* “-domain and let vy, v, €
C>*(D) N C(D) satisfy vy,v,>0 in D, Lv, + Bv; — avi < min(0, Lo, +
Bv, — @v3) in D and v, > v, on dD. Then v, > v, in D.

Proor. Let w = v, — v,. Then w satisfies
(2.1) (L+B—avy—avy)w <0 inD, w=>=0 ondD.
Also, the function v, satisfies
(2.2) (L+B—av, —avy)v; < —avvy < 0.

Now, if v, were strictly positive on D, then (2.2) would allow one to invoke
the generalized maximum principle ([9], Theorem 3.2.2) and conclude from
(2.1 that w = 0 in D. However, we only know that v; > 0 on D. Thus, we
proceed as follows. Since v,v, > 0 and v,v, # 0, it follows from (2.2) that the
operator L + 8 — av; — av, on D is subcritical ([9], Theorem 4.3.9; recall
the two sentences following (1.10)). It then follows from [9], Theorem 4.3.2,
that the principal eigenvalue of the operator L + 8 — av; — av, on D with
the Dirichlet boundary condition is negative. However, then, by [9], Theorem
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3.6.6, it follows that

< oo,

(2.3) E, exp(/:D( B — avy — avy)(Y(t)) dt

where 7, = inf{¢t > 0: Y(¢) ¢ D}. By the Feynman—Kac formula and (2.1), we
have

(2.4) w(x) > E, exp(fOtMD( B— av; — avy)(Y(s)) ds)w(Y(t ATp)),
x €D.

Letting ¢ — « in (2.4) and using (2.3) to invoke the dominated convergence
theorem, we obtain

w(x) > E, exp(fOTD( B— av; — avy)(Y(s)) dS)LU(Y(TD)).
Thus, from (2.1) it follows that w > 0in D. O

We will also need the following parabolic maximum principle for the
semilinear equation, which is easier to prove than its elliptic counterpart,
since the zeroth order term need only be bounded from above in order to
invoke the classical parabolic maximum principle.

PRroOPOSITION 4. (i) Let D € R? be a bounded region and let 0 < v,,v, €
C*>YD x (0,2) N C(D X [0,%)) satisfy Lv, + Bv, — av? — (v,), < Lv, +
By, — avy — (vy), in D X (0,%),v4(x,0) > vy(x,0), for x € D, and vy(x,t) >
vy(x,t), forx € dD and ¢ > 0. Then v, = v, in D X [0, ).

(i) Let 0 <v,, vy € C2YR? X (0,%)) N C(RY X [0,2)) satisfy Lv, + Bv,
—av? —(v)), < Lv, + Bvy, — avi — (vy), in R X (0,%),v,(x,0) > vy(x,0),
for x € R, and lim . vy(x,¢) =0, for t > 0. Then v, > v, in R x [0, ).

Proor. We will prove (i); the proof of (ii) is similar. Let w = v; — v,. Then
(L+B—av; —avy)w —w, <0 in D X (0,°),w(x,0) >0, for x € D, and
w(x,t) >0, for x € dD and ¢t > 0. Since B — a(v; + v,) is bounded from
above, we can invoke the classical parabolic maximum principle [11] and
conclude that w > 0 in D X [0, ). O

We will now prove the various claims of Theorem 1 in the following order.
We will first prove the existence of a minimal positive solution ¢ to (1.8)
which satisfies the bounds in (1.7). Then we will prove the existence of a
minimal positive solution ¢, to (1.5). After that, we will prove that ¢(x) =
lim, . ¢,(x), for all x € R? where ¢ has been extended to all of R? by
(1.6). Finally, we will prove that ¢,(x) =lim, ., u,(x,t), for x € R% For
convenience, we will assume that x, = 0 and we will write B, = B,(0).
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Fix m > R and consider the semilinear elliptic problem
Lv + Bv —av?=0 in B, — By,
(2.5) v

v

m on JdBy,
0 on JdB,,.

Recall that a function v* satisfying Lv*+ Bv"— a(v*)? <0 in B,, — By,
v'>m on 9By and v'>0 on dB,, is called an upper solution to (2.5).
Similarly, a function v~ satisfying the reverse inequalities is called a lower
solution to (2.5). By the theory of upper and lower solutions [13], if v* and v~
are upper and lower solutions satisfying v~ < v*, then there exists a solution
v,, to (2.5) satisfying v~ < v,, < v™. Clearly, the function v ™= 0 is a lower
solution to (2.5). We now construct an upper solution to (2.5) which is
independent of m. Let g be a smooth function on R?¢ — B, which satisfies
gx)=(R—|x)2,for R<|x|<R+1,0<g(x)<(R—1|xD 2, forR+1c<
x| <R + 2,and g(x) = 0, for |x| = R + 2. One can check that if C, A > 0 are
chosen sufficiently large, then the function v*(x) = C + Ag(x), for x € R? —
Bg, is indeed an upper solution to (2.5) for all m > R. Thus, there exists a
solution v,, to (2.5) which satisfies

(2.6) 0=v(x)<v,(x) <v*(x) <C+ Azl -R)°.
By Proposition 3, v,, is monotone nondecreasing in m. Define
(2.7) ¢(x) = lim v, (x) for x € R? — By.

By standard arguments (Sobelev embedding and Schauder estimates [3]) it
follows that ¢ satisfies Lo + Bd — adp? =0 in R? — B,. From the mono-
tonicity of v, and the fact that v,, =m on JBy, we conclude that
lim , _, p ¢(x) = . This proves that ¢ is a nonnegative solution to (1.8). The
strict positivity of ¢ follows from the strong maximum principle and the
minimality of ¢ follows from the construction and Proposition 3. The esti-
mate (1.7) follows from (2.6) and (2.7).

We now turn to the proof of the existence of a minimal positive solution ¢,
to (1.5). Fix m > 0 and consider the elliptic problem

Lv+ Bv —av?i+4,=0 inB,,

2.8
(28) v=0 ondB,.

Then v = 0 is a lower solution for (2.8) and, for C sufficiently large and
independent of m,v*= C is an upper solution to (2.8). Thus, by the method of
upper and lower solutions, there exists a solution v,, to (2.8) which satisfies
0 <v,, < C. By Proposition 3, v,, is monotone nondecreasing in m. Define

¢, (x) = lim v,(x), x € R<.
By standard arguments (Sobelev embedding and Schauder estimates), ¢,

satisfies Lo, + Bp, — adp? + ¢, = 0in R% This proves that ¢, is a nonnega-
tive solution to (1.5). The strict positivity of ¢, follows from the strong
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maximum principle, and the minimality of ¢, follows from the construction
and Proposition 3.

We now prove that ¢(x) =1lim, , ¢,(x), for all x € R? where ¢ has
been extended by (1.6). By Proposition 3, ¢, is monotone nondecreasing in n.
Define

w(x) = lim ¢,(x), x € RY.

By Proposition 3, it also follows that ¢, < ¢, for all n. Thus, by standard

arguments again, w satisfies Lw + Bw — aw? =0 in R? — By. Clearly,
w = 0. We now show that lim ,,_, p w(x) = . Let ¢, §, A > 0 and define

z(x) = AMlx| =R + 26‘)72 forR —e<|x|<R + 6.
One can check that there exists a p > 0 such that if ¢, §, A € (0, p), then
(2.9) Lz + Bz —az?>0 forR—e<|x|<R+35.
Choose A even smaller, if necessary, so that
(2.10) z(x) < ¢(x) forlx|=R + 3,

where ¢; is the minimal positive solution to (1.5) with n = 1. Extend z in a
smooth way to |x| < R — &. Since ¢,(x) =n, for |[x| <R — 1/n, it is clear
that for sufficiently large n,

(2.11) Lz + Bz —az®+ ¢, >0 for |x| <R — e.

From (2.9) and (2.11), it follows that for sufficiently large n, Lz + Bz —
az? + ¢, > 0, for |x| <R + §, and from (2.10), we have z(x) < ¢,(x), for
|x| =R 4+ & and n > 1. Therefore, by Proposition 3, z(x) < ¢,(x), for |x| <
R + & and n sufficiently large. Thus z(x) < w(x), for |x| < R + 8. Conse-
quently, liminf, _, » w(x) > A/4&?. Since & may be chosen arbitrarily small,
we conclude that lim |, r w(x) = <. We have now proved that w is a positive
solution to (1.8). By the construction of ¢, and w, and by Proposition 3, it
follows that w is the minimal positive solution of (1.8). Thus, w = ¢ on
R? — ER. A proof similar to but simpler than the proof above that
lim, _ x w(x) = » can be made to show that w(x) = « for |x| < R; this is left
to the reader.

We now prove that ¢,(x) = lim, _,, u,(x, ¢). From (1.2) and (1.3), it follows
that u, is monotone nondecreasing in ¢. Define

(2.12) w,(x) = lim u,(x,¢) for x € R%.
t—
Applying Proposition 4(i) with v,(x,?) = ¢,(x) and vy(x,?) = u,(x, ), it
follows that u,(x,¢) < ¢,(x). Thus,
(2.13) w,(x) < ¢,(x) for x € RY.

We will prove that w, = ¢,. Since Lu, — (u,), = au? — Bu, — ,, it follows
that for each ¢ >0, u,(Y(s),t—s)— [§(au? — Bu, — )Y (r),t —r)dr
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is a local martingale up to time ¢ under P,. Let m > 0 and define 7, =
inf(¢ > 0:1Y(¢)| = m). Then

u,(x,t) =E.u,(Y(tAT,),t—tAT,)
— Exftm'"(aui - Bu, — wn)(Y(r),t —r)dr.
0

Let t — « above. Since E, 7, < o, it follows from (2.12), (2.13) and the
dominated convergence theorem that

(2.14) w,(x) = E.w,(Y(1,)) + Ex/(:’”(ﬁw,, — aw? + 4,)(Y(r)) dr.

Let f,(x) = E w,(Y(7,)) and let g,(x) =E, [;"(Bw, — aw? + 4 )NY(r)) dr,
for |x| < m. Then, as is well known, f, is the unique solution to Lf, = 0 in
|x| <m and f, = w, on |x| = m, while g, is the unique solution to Lg, =
—(Bw, — aw? + ¢,) in |x| <m and g, = 0 on |x| = m. Since m is arbitrary,
it follows from this and (2.14) that w, satisfies Lw, + Bw, — aw? + , = 0
in R? and, by construction, w, > 0 on R? It then follows by the strong
maximum principle that w, > 0 on R Thus, w, is a positive solution to
(1.5). Since ¢, is the minimal positive solution to (1.5), it follows from (2.13)
that w, = ¢,. O

3. Proofs of Proposition 1, Theorem 2 and Theorem 3.

PRrROOF OF PROPOSITION 1. We will prove (i); the proof of (ii) is similar. Let
w, Ry, Ry, x5, and x; be as in the statement of the proposition. Choose & > 0

such that §R0+5(x0) N ERl(xl) =(J and §R0+5(x0) N supp(u) = &. The
proposition hinges on the following three claims:

3.0) P,(X(t, By, 5(x,)) > 0,X(s, Bg,.5(x,)) = 0,Vs €[0,£)) >0
for all ¢ > 0;
Hy(t,v) =P,(X(t,R%) = 0,X(s, By (%)) = 0,
(3.2)
Vse[0,)) >0,
for all £ > 0 and all v €.#( R?) satisfying supp(») c R? — Bp, .+ s(%0);
H,(t,v) = P,(X(t, Bp(x,)) >0, X(s, R = By(xy)) = 0,
(3.3) Vse[0,t)) >0,
for all t > 0 and all 0 # v €.#( R?) satisfying supp(v) C ERl/z(x1)-

Recall that X(¢) is a multiplicative process; that is, for w,, u, €2(R?), X(-)

under P, ., is equal in distribution to the independent sum of X(-) under

P, and X() under P, . This follows from (1.2). Using this fact and the

My
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Markov property, we have for ¢ > 0,
PM(X(t, Bg(x,)) >0, X(t,R? — Bg(x,)) =0
X(s, B (%)) = 0,¥s € [0,t))

%X(% n(R¢ _BRl/Z(xl))))

¢ ¢
R FRUL e |

> EM(H1

X H,

t t
X(E’ Bg ,o(x1)| >0, X(s, BROJra(xO)) =0,Vs e [0, 5})
The proposition follows from (3.1)—(3.4).

We will prove (3.1) and (3.2); the proof of (3.3) is similar to that of (3.1) and
is left to the reader. [The proof of (3.1) involves the function ¢ defined in
Theorem 1. To prove (3.3) one must use instead the minimal positive solution
d) to Ld) + B¢ - ad)Q =0in BR(xl) hm\x x| Ry d)(x) - oo]

Proor oF (3.1). Let ¢,, ¢, and ¢ be as in Theorem 1 with R = R, + §.
Let 0 <g; € C(R?Y,j=1,2, satisfy 0 <g, <B/a,g, =8, on R? -
Bg ,»(x;)and g, < g, on Bp ,(x,). Let u, ; denote the solution to (1.3) with
=1, and g = g;. Let v(¢) = 22 — ¢ #*)"" and note that

(3.5) Bv — Bv? =
Let f,(x) = ¢,(x) + B/« and note that, from (1.5), it follows that
(3.6) Lf, + Bf, — af? + ¢, < 0.

Define w,(x,t) = v(¢)f,(x). Using (3.5) and (3.6) for the first inequality below
and using the fact that f, > B/« and v > 1 for the second one, we have

(3.7) Lw, + Bw, — aw; — (w,), < (v —v*)(af? = Bf,) — v, < —i,.

Since w,(x,0) > 2(B/a) and u, (x,0) < B/a, it follows from (3.7) and
Proposition 4 that u, (x,?) <w,(x,t) = v(t)¢,(x) + B/a). Since ¢, con-
verges monotonically to ¢, we conclude that

(3.8) u, (x,t) 52(2—eﬁt)‘1(¢(x) +§).

Applying (1.2) and (1.3) with u =u, ;,y=¢, and g=g;, and letting
n — o, we obtain for ¢ > 0,

E,(exp(—(g;, X(1))); X(s,Bg,,5(x,)) = 0,Vs €[0,¢])

= lim exp(—f u, (x,t) du).
Re

n— o

(3.9)
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We will now prove that

liminf(u, (x,t) —u, ,(x,t)) >0
(3.10) e _
forall ¢ > 0and x € R? — Bp, . 5(xg)-

Then (3.1) follows from (3.9) and (3.10), since g, = g, on R? — B, ,5(x,) and
82> &1 on By ,5(x).
To prove (3.10), let z, = u, , — u, ;. By Proposition 4,

(3.11) z, = 0.
We have
(312) LG_(zn)t=(aun,l+aun,Z_B)Zn'

Let 8, > o satisfy §R0+51(x0) N ERl(xl) = J and ER0+31(9€0) N supp( p) = .
Define 7=inf{t > 0: Y(¢) € §R0+31(x0)}. By (3.12) and the Feynman-Kac
formula ([2], Theorem 2.2) we have

z,(x,t) = Ex[exp(f:M( B—au, , —au, ,)(Y(r),t—r) dr)

(3.13) Xz,(Y(s AT),t =5 AT)

for0 <s <t.

Substituting s = ¢ in (3.13), using (3.11) and using the fact that z,(x,0) =
(g, — g1)(x), we obtain

z,(x,t) > Ex(exp(/:AT( B—au, , —au, ,)(Y(r),t—r) dr)

(3.14)

X(g, —8)(Y(2));7>1

for x € R — B ,;(x,) and ¢ > 0.

Recall that g,>g, on R’ and g,>g, on By (x,). Also, P(Y(t) €
B, 5(xy), 7> 1) >0, for all x € R — By ,;(x,) and ¢ > 0. By (3.8) and
(1.7, u,, and u, , are bounded on R — By . ;(x,), independently of n.
These facts along with (3.14) prove that liminf, , z,(x,¢) > 0, forall £ > 0

and all x € R¢ — Bpg . 5(xy). Since §; may be chosen arbitrarily close to 3,
this proves (3.10).

Proor OF (3.2). Let ¢,, ¢, and ¢ be as in Theorem 1 with R = R,. Let
v,(t) =(n/(n — DXn/(n — 1) —e P")"! and note that v,(0) = n,v, > 1 and
Bv, — Bv2 = (v,),. Let f,(x) = ¢,(x) + B/« and define w,(x,t) = v, () f,(x).
Analogous to (3.7), we have

Lwn + Bwn - awr% - (wn)t =< (Un - Ur%)(afnz - len) - Unwn

(3.15) -y
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Let 0 <h, € C/(RY) satisfy h (x)=(B/a)n for |x|<n,h,(x)=0, for
x| >n +1,and 0 < h, < (B/a)n. Let u,(x,t) denote the solution to (1.3)
with ¢ = ¢, and g = h,. By Proposition 4, u,(x, ) < w,(x,t). As n = ©,v,(t)
increases to (1 — e #%)"! and f,(x) increases to ¢(x) + 8/a. Thus,

(3.16) u,(x,t) < (1- e_Bt)(qﬁ(x) + g)

Applying (1.2) and (1.3) with v = u,, y = ¢, and g = h,, and letting n — o,
we obtain for ¢ > 0,

P(X(t,R?) =0, X(s,Bg(x,)) =0,Vs €[0,t])
(3.17)

n— o

= lim exp(—f un(x,t)/u(dx)).
Rd
Now (8.2) follows from (3.16) and (3.17). O

PrROOF OF THEOREM 2. By the strong maximum principle, it follows that if
inf, ¢ gpa_g (2, $(x) = 0, then liminf , . ¢(x) = 0. Thus, to prove the first
part of the theorem, we will assume that [ = inf, _ pa_5_ ¢(x) € (0, B/a) and
come to a contradiction. Let x, € R? satisfy ¢(x,) <l + 3(B/a — 1) and let
A denote the connected component of {x € R? — By: ¢(x) <1 + 3(B/a — 1)}
which contains x,. Let 7, = inf{t > 0: Y(¢) € JA}. Note that ¢(x) =
I+ 2(B/a—1),for x € JA. Since Lp = ap? — B in A, we have

(318) 9(x0) = B, d(Y(t A7) + B, [ (B = ad?)(¥(s)) ds.

Since I € (0, B/a), Bp — ad? is positive and bounded away from zero on A.
Therefore, since (3.18) holds for all ¢ > 0, it follows that P.(7, < ) = 1.
Thus, letting ¢ — o in (3.18), we obtain

z+ﬂ§—ﬁ=aywm»swmwﬂ+ﬂg—¢

which is a contradiction.

Assume now that (i) holds. We will prove that the support of the supercriti-
cal measure-valued diffusion is recurrent. Let x, € R? and R > 0. Recall the
notation Z(¢) = X(¢, R%) and recall that

PM(}LII}C Z(t) = = | X(-) survives) = 1.

Let T, = inf{¢ > 0: Z(¢) = n}. Then P/(T, <« |X()) survives) = 1, for n =
1,2,.... Using this along with (1.4), (1.9), the strong Markov property applied
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at time T, and the fact that ¢ > 8/«, we have for any n,
P (X(t,Bg(x,)) =0,forall ¢t > 0|X() survives)
1
1 — exp((—B/a)n(R?))
XP,(X(t, Bg(xy)) =0, forall £ > 0and X(-) survives)

1
- P(X(¢, B =0,forall £ >0
= 1= exp((—B/a)u(RY) S (X (¢, Br(x,)) orall £ > 0)

w(RH=n

- exp(—(B/a)n)
~ 1 —exp((—B/a)u(R?))’

Since n is arbitrary, this proves recurrence.

Assume now that (ii) holds. We will prove that the support of the supercrit-
ical measure-valued diffusion is transient. For simplicity of notation, we will
assume that d > 2. The proof for d = 1 is similar. Let x, € R%, let R, > 0
and let 0 # u €.#(R?) satisfy supp(u) N E,O(xo) = (. Choose x, € R? and
R, > 0 such that Bg(x,) N Bp(x,) = & and such that ¢(x) < ;(B/a), for
x € Bp(x,). Let

A = {X(1, Bg(x,)) > 0, X(1, R = Bg(x,)) = 0,

X(s, Bg(%0)) = 0,¥s € [0,1]}.
By Proposition 1,
(3.19) P,(A) > 0.

By the Markov property, (1.9) and the fact that ¢(x) < 3(8/a) on Bg (x,),
we have

P ({X(t, BRO(xo)) =0, forall t > 0} AA |71)

1B )

(3.20)
>1, exp(— ——X(1,R%)
2«

where 7, = 0(X(s),0 <s < 1).
By the Markov property and (1.4), we have
(3.21) P,({X(¢) survives} NA |7;) = 1A(1 - exp(—EX(l,Rd))).
o
From (3.19)-(3.21), it follows that

B,({X(t, Bg,(x0)) = 0, forall t > 0} N A)
+ P,({X(-) survives} N A) > P (A).
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Thus,
PM(X(t, By (%)) = 0,forall t > 0] X(-) survives) > 0.

which proves transience. O

Proor oF THEOREM 3. We will assume that inf, _za_5, ¢(x) =0 and
come to a contradiction. The theorem will then follow from Theorem 2. Let
A={xeR% ¢$(x)<B/a} and let 7, = inf{t > 0: Y(¢) ¢ A}. By assump-
tion, A is not empty. Since L = ap? — B < 0 on A, we have for x, € A,
E, ¢(Y(t A 7)) < ¢(x) < B/a. Since Y(¢) is recurrent, P, (1, <) =1
Thus, letting ¢ — o above gives B/a = E, ¢(Y(7,)) < B/a, which is a contra-
diction. O

4. Proofs of Theorems 4 and 5 and Proposition 2.

PrOOF OF THEOREM 4. In the one-dimensional case, we have Bg(x,) =
(xy — R, x, + R) and the solution ¢ to (1.8) satisfies Lo + Bp — adp? =0
in(x, + R,),lim, , . g ¢(x) =*, Lp + B — a¢® = 0in (-, x, — R) and
lim, . g P(x) = oo Without loss of generality, we will con51der ¢ on the
right half line and let %9 + R = 0. Thus ¢(x) is the minimal positive solution
of

30" +bdp’' + B — adp?=0 in(0,%),
lim ¢(x) = .

x—>0"

(4.1)

By considering the supercritical measure-valued diffusion as the limit of
rescaled branching diffusions, as outlined at the beginning of the article, and
by applying the Ikeda—Watanabe comparison theorem ([4], Chapter 6, Theo-
rem 1.1) to the individual diffusions in the approximating particle system, it
follows that for any ¢ > 0, P; (X(s,(—,0]) = 0, for all s € [0, ¢]) is a nonde-
creasing function of x € (0,), where 6, denotes the delta measure at «x.
Letting ¢ — o, it follows that P; (X(¢,(—,0]) = 0 for all ¢ > 0) is a nonde-
creasing function of x € (0,%). By (1.9) and the topology of R!, we have
P; (X(¢,(==,0D) = 0, for all ¢ > 0) = e *®. This proves that q,‘)(x) is nonin-
creasing for x €(0,). Thus lim,_ ., ¢(x) exists. By Theorem 2, either
lim, ,, ¢(x) =0orlim,_  ¢(x)=>B/a.

If I"=o, then P, (7, <®)=1, for x; <x,, where 7= inf{t > 0:
Y(&) = x,} ([9] Theorem 5.1, 1). Using this, the proof that 1f I"= =, then
lim, ., ¢(x) > B/« is essentially identical to the proof of Theorem 3; we
leave this to the reader.

For the rest of the proof, we will assume that 1™ < « and we will utilize the
comments and results introduced between Theorems 3 and 4. To prove (1), it
suffices to show that if lim, ,, ¢(x) =0, then B < —A, .. Iflim_ . ¢(x) =
0, then for each ¢ > 0, there exists an n, such that

(L+B—-¢6)¢p<0 and (L+B—e)p#0 forx>n,.



258 R. G. PINSKY

It then follows from the discussion between Theorems 3 and 4 that L —
(=B + &) is subcritical on (n_, ©). Thus, the generalized principal eigenvalue,
A ((n,, ), of L on (n_,») satisfies

(4.2) A((n,,®)) < =B+ &.

Recalling the definition of A, ., it follows from (4.2) that A, . < —B + ¢;
since £ > 0 is arbitrary, we conclude that g < — A, ...

We now turn to the proof of (ii). First assume that B < —A_, .. Choose
n, > 0 such that

(4.3) B < =x((ng,%)).

Then Cy, z;((ny,*) # ¢. Let u > 0 satisfy

(4.4) Lu + Bu =0 in(ny,»).

Let 7, = inf{¢ > 0: Y(¢) = m}. Since Lu = — Bu in (n,, »), we have

(45) 0< Exu(Y(t A Tn0+1)) =u(x) — ,BEx/O (Y (s)) ds

for x > n, + 1.
Letting ¢t — « in (4.5), it follows that

(4.6) Ex(j;)wu(Y(s)) dS,Tn0+1=°°) <o for x >n,+ 1.
Since I* < =, it follows from [9], Theorem 5.1.1, that

(4.7) Px(Tn0+1 = o and th_)n; Y(¢t) = 00) >0 forx>n,+ 1.
From (4.6) and (4.7), we conclude that

(4.8) h}}li;lf u(x) =0.

Since ¢ is a minimal positive solution, it follows that ¢(x) = lim, _, . w,(x),
for x > ny,+ 1, where w, solves Lw, + Bw, — aw? =0 in (ny+ 1,n, +
n+1Dw,(n,+1=d¢n,+ 1 and w,(n, + n + 1) = 0. The proof of this is
similar to the existence proof for ¢ appearing in the proof of Theo-
rem 1. Normalize the function u above by u(n, + 1) = ¢(n, + 1). Note that

(4.9) Lu + Bu — au® = —au? <0 in(ny+ 1,2).

From (4.9) and Proposition 3, it follows that u(x) > w,(x), for x € [n, + 1,
ny +n + 1]. Thus u(x) > ¢(x), for x > ny + 1. Since lim, ,, ¢(x) exists, it
follows from (4.8) that lim, ., ¢(x) = 0.

We now assume that 8= —A, ., = —A,. Then g = —A.((ny,), for any
ny > 0. Thus, (4.3) holds and the proof that lim , _, ., ¢(x) = 0 follows from the
proof in the case 8 < — A, .. O

Proor oF THEOREM 5. If B< —A, . or if B= —A., = —A,, then for
sufficiently large n,, B < —A(RY — Eno)), where B, ={lx| <n,}. Thus
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CpL, p(R? — Eno) # 0. Let u > 0 satisfy

(4.10) Lu+Bu=0 inR?-B,.
Note that (4.10) is analogous to (4.4). The proof is now like the proof
of Theorem 4(ii) starting from (4.4), except that, in this case, we do
not know that lim, . ¢(x) exists. Thus we can only conclude that
liminf, . ¢(x) =0. O

PrOOF OF PROPOSITION 2. Let A, (D) denote the generalized principal
eigenvalue of L on D. Let H, = {x € R?: x, < —n}, for n > 0. Since L = 1A
on H, , A(H,) coincides with the generalized principal eigenvalue of A on
H,. This latter quantity is zero because a positive Green’s function does not
exist for 3A + & on H,, if ¢ > 0. Thus, A(H,) =0, for all n > 0. It then
follows from the definition of A, . that A, . > 0. On the other hand, since
1 € C,(D), for any domain D, we have A /(D) < 0, for any domain D, and
thus A, .. < 0. We conclude that A, . = 0.

The individual components of the diffusion corresponding to L are inde-
pendent. From this and the derivation of the supercritical measure-valued
diffusion as the weak limit of rescaled branching L-diffusions, it follows that
the d marginal measures obtained from X(¢) constitute independent mea-
sure-valued diffusions. In particular, the first component corresponds to the
one-dimensional supercritical measure-valued diffusion associated with the
operator +(d?/dx?) + b,(x)d/dx) and the constants a and B. Since b,(x) =
v for x > 1, it follows from Example 1 that the support of this one-dimen-
sional supercritical measure-valued diffusion is transient if g < (0, y2/2).
Thus, clearly, the support of the original supercritical measure-valued diffu-
sion is also transient. O

5. Proof of Theorem 6. We first prove that if B < —A\,, then the
support of the measure-valued diffusion exhibits local extinction. Let Bpg
denote the ball of radius R centered at the origin. The argument given in [6],
page 207, shows that

(5.1) PM(f X(s,Bg)ds = O) = lim exp(—/ v,(x,t)u(dx)],
¢ n—» R¢
where v, is the unique positive solution in Cy(R?) to the evolution equation

u,=Lu + Bu — au?, R x [0,),

5.2
(5.2) u(x,0) = ¢,(x), x € R,

and ¢, is the minimal positive solution to (1.5) with x, = 0. Thus, to
demonstrate local extinction, we must show that lim, ,, lim,_, v, (x,¢) = 0.
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For & > 0, the function ks(x,t) = (B/a)1 + 6 — e P?)"! satisfies (k;), =
Lk + Bks — ak? and ks(x,0) = B/ad. Thus, it follows by Proposition 4 that

(5.3) v,(x,t) < E(1 —e )" forx € RY,t > 0and all n.
o

By Proposition 4, v, is monotone nondecreasing in n. Let v(x,?) =
lim, ., v,(x,t). By (5.3), v(x,t) < o, for x € R? and ¢ > 0.

We will now show that v satlsﬁes (5.2) with ¢, replaced by ¢, where
¢ =1lim,  , ¢, is asin (1.6) and (1.8) with x, = 0. Since L¢, + Bo, — ap? =
— ¢, <0, it follows that (v,),(x,0) < 0. Using this along with Proposition 4
and the uniqueness of the solution to (5.1), it follows directly that v,(x, ¢) is
nonincreasing in ¢ for all ¢ > 0. From this, it follows that lim, _, , v(x,¢) =
¢(x). Let & € (0, t). Equating expectations at time s = 0O and at time s = ¢ — &
for the local martingale v, (Y(s),t — s) — [§(av? — Bv NY(r),t —r)dr, s €
[0, t], and letting n — «, gives

v(x,t) =Ev(Y(t—¢),&) — Ex‘/(‘)t_a(cw2 - Bu)(Y(r),t —r)dr.

This shows that v satisfies v, = Lv + Bv — av? We conclude that v satisfies
(5.2) with ¢, replaced by ¢.

By (5.1), v(x, t) is monotone nonincreasing in ¢. Let w(x) = lim, _,,, v(x, ¢).
Since v(x,0) = ¢, we have

(5.4) w < .

The same proof as the one given to show that ¢,(x) =1lim,_ v, (x,¢) in
Theorem 1, shows that w satisfies

Lw + Bw — aw? =0 in R4

By the strong maximum principle, either w > 0 or w = 0. We will show that
w = 0.

To prove that w = 0, we utilize several results concerning subcritical
operators. The reader should recall the basic facts noted following the state-
ment of Theorem 3. Fix n, >R + 1. If B < —A, orif 8= —A,, but A (R? —
B, ) <\, then clearly, L + 8 on R - _no is subcritical. If B = —A,
3 [{R%—B, ), then L + B on R? — B, is subcritical by Theorem 4.4. 1(111)
or Corollary 4 4.2 in [9]. Thus, the assumptlon that B < — A, guarantees that
L + B is subcritical on R? — ,- From the subcriticality of L+ Bon R?—
Bn , it follows that

(5.5) Ex(exp( Ba,); 0y, < 00) <o forall x € RY -

where o, = inf{¢ > 0: |Y(#)| < n,} (see [9], Lemma 7.3.4(1)). Since L + B is
also subcritical on the smaller domain B,, — B, , for m > n,, it follows from
[9], Theorems 3.6.6 and 4.3.2, that

(5.6) E, exp(ﬁ(o-n0 A Tm)) < forxe€B, —B,,m>n,.
where 7, = inf{t > 0:|Y(¢)| = m}.

ﬂo’
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Recall from the proof of Theorem 1 that ¢,(x) = lim,, . v,,(x), where v,,
satisfies (2.8). Applying the Feynman—Kac formula to the operator L + g —
av,, and using (5.6) and the fact that ¢, in (2.8) is supported in By, it follows

that

on(x) = B [exp( [ (8~ av,)(Y(0) dt 0, (¥(5,): 7, < 7,
x€B, -B,.

b

Letting m — « and using (5.5) we obtain from the dominated convergence
theorem that

b,(2) = Bufexo [(8 - a0) (V1) dt),(¥(a,))s 5, < =

forx € R — B

ﬂo'

Letting n — « and again appealing to (5.5) and the dominated convergence
theorem gives

b(x) = Ex(exp(fo%( B — ad)(Y(t)) dt)cb(Y( )3 Gy < °°)

forx e R¢Y— B

(5.7)

The same argument that showed that L + 8 on R? — Eno is subcritical, of
course, also shows that L + B is subcritical on R¢ — Eno,l. Let Gg_ ,4(x, y)
denote the Green’s function for L + 8 — a¢ on R¢ — B, 1. The representa-
tion for ¢ given in (5.7) shows that ¢ is a so-called positive solution of
minimal growth at infinity for the operator L + 8 — a¢ (see [9], Theorems
7.3.5 and 7.3.6). For each fixed y, the Green’s function Gg_,,(:, y) is also a
positive solution of minimal growth at infinity for the operator L + 8 — a¢
([9], Theorem 7.3.7) and thus, by the maximum principle for such solutions
([9], Theorem 7.3.6), it follows that for any fixed y, € B, — B, _;, there
exists a constant ¢ > 0 such that

(5.8) d(x) <cGy_,4(x,y,) forxeR?—-B

I’Lo'

We now assume that w > 0 and come to a contradiction. Since B8 < —A_,
the operator L + B on R¢ is either critical or subcritical. It then follows from
Theorem 4.6.3 in [9] that L + B — aw on R? is subcritical. Let G;_,,,(x, y)

denote its Green’s function. Since 8 — a¢ < B — aw and R? — B, _:c R% it
follows that

(5.9) Gy ap(%,y) <Gy ,(x,y) forx,yceR‘-B,
(see [9], pages 129-130). From (5.4), (5.8) and (5.9), we conclude that
(5.10) w(x) <cGy_,,(x,y,) forxeR?—B, .

Note that w € C;, ;_,,,,(R?), the cone of positive harmonic functions on R?
for the operator L + 8 — aw. By [9], Theorem 7.3.9, a function u €
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CLi s anw(R?) cannot satisfy u(x) < ¢G,_,,(x, y,), for all x in a neighbor-
hood of infinity. Thus, (5.10) constitutes a contradiction and we conclude that
w = 0.

We now assume that 8 > —\,. Choose a bounded domain D c R¢ with a
smooth boundary such that 8 > —A.(D). This is possible because if {D,};_; is
an increasing sequence of domains such that U%_,D, = R% then A, =
A (R?) =1lim, .. A(D,) (9], Theorem 4.4.1G)). Let Y(¢) denote the diffusion
process on D which corresponds to the operator L and which is killed upon
exiting D. Let X(¢#) denote the measure-valued diffusion with values in
#(D), constructed from the diffusion process Y(¢) and with the same branch-
ing parameters « and B as for the original measure-valued process X(¢).
Denote the measures corresponding to X(t) by P , u €.#(D). Note, of course,
that a path X(-) becomes extinct if and only if X(t D) = 0, for some ¢ > 0.
Let 7' denote the extinction time for X(¢). By considering P, and P as the
weak limits of rescaled branching diffusions, and running those branchulg
diffusions with processes Y(¢) and Y(¢) which coincide until reaching R? — D,
it is clear that, for 0 < ¢; < ¢, < © and p €.#(D),

P(X(t,D) =0,forall ¢t € [t,,t,]) < B,(X(t,,D) = 0) = B(T < t,).
Thus,
(5.11) lim lim P(X(¢,D) =0,t€ [t,t,]) <P(T < ).

t1>® ty—>®©
If the left-hand side of (5.11) is not equal to 1, then local extinction does not
occur. Thus, to complete the proof, it suffices to show that P (T <o) < 1.
Since D is bounded with a smooth boundary, it follows that A(D) is the
classical principal eigenvalue for the operator L on D with the Dirichlet
boundary condition ([9], Theorem 4.3.2). Let ¢, > 0 denote the corresponding
principal eigenfunction. Let

> 0.

A+ B
M = sup ¢yo(x) and g, =
x€D all

Then the function v~ (x) = ¢,¢,(x) satisfies
Lv +Bv —a(v)’>0 inD.
Now define v*(x) = N¢y/?(x), where N > 0 will be fixed later. We have
Lvt+ But— a(vt)? = (L = A(D))v*+(B+ A(D))v"~ a(v*)’
= Nog/*(L = A(D)) o = 1Ny */*(Vya Veby)
+ N(B+ A(D))dy’? — aN%,
= N[=360°2(Vboa Vo) + (B + A(D))$i/* — aNeso].

By the Hopf maximum principle, V¢,(x) # 0, for x € ¢D. Thus
lim, , ,p(VooaVp,/ds/?*)Nx) = . From this it follows that the right-hand
side of (5.12) is negative for all x € D, if N is chosen sufficiently large.

(5.12)
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Choose N sufficiently large so that the right-hand side of (5.12) is negative
and so that v*(x) > v (x), for x € D.

By the method of upper and lower solutions, it now follows that there
exists a function v which satisfies v < v < v™ and solves Lv + Bv — av? =0
in D. Since v > v, it follows that v # 0, and since v < v¥, it follows that
v =0 on dD. Thus, by the theory of evolution equations [7], v(x) is the
unique positive solution to

u, =Lu + Bu — au® in D X (0,%),
u(x,t) =0, x€dD,t >0,
u(x,0) =v(x), x e D.
By the log-Laplace equation for X(¢) analogous to (1.2) and (1.3) for X(¢), we
then have for 0 # u €.#(D),

(5.13) EAMeXp(—(v, X(t))) = exp(—/Rdv(x)M(dx)).

Now, if ISM(fIA1 < o) = 1, then the left-hand side of (5.13) converges to 1 as
¢t — . This is impossible since the right-hand side of £5.13) is independent of
t and is smaller than 1. Thus, we conclude that PM(T <w)<1,for0# pue
#(D). O

6. Proof of Theorem 7. Throughout the proof, it is assumed that 4 and
g satisfy 0 s ¢, g € C.(R%), as in the statement of the theorem.
Let u,(x, t) denote the unique positive solution in C,(R%) to

u, = Lu + Bu — au® + Ay, (x,t) € R X (0,),
u(x,0) =0, x € RY.

The proof of existence for u, in [7], Chapter 6, Theorems 1.4 and 1.5, shows
that u, may be obtained by the method of successive iterations. This method
shows easily that u,(x, ¢) is continuous in A, for each x € R? and ¢ € [0, »).
Define #,, =1/h)u,,;, —u,), for h > 0. Then &, , satisfies the linear
equation

u,=Lu+ (B —au, —au,,,)u+ =0 in R? X (0,=),
u(x,0) =0, x € R?,
u(-,t) € Co(RY).
Let &, denote the solution to the linear equation
u,=Lu+ (B—2au)u+ =0 in R? X (0,%),
u(x,0) =0, x € R?,
u(-,t) € Co(RY).
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By the Feynman—Kac formula,
Uy 5(x,t)
OV B furenes| [[(8 - au — aun )7t -y dr ds

and

(6.2) ,(x,t) = Ex/ttp(Y(s))exp(ft( B—2au,)(Y(r),t—r) dr) ds.
0 0
Since u,(x, ¢) is continuous in A, it follows from (6.1) and (6.2) that
(6.3) lim @, ,(x,t) =a,(x,t).
hs0
Applying (1.2) and (1.3) with u, ¢ and g replaced by u,, Ay and 0, then

differentiating (1.2) in A and using (6.3) and then setting A = 0 and noting
that u, = 0, we obtain

(6.4) EM/(:Qp,X(s)}ds - [Rdao(x,t)u(dx),

where I, satisfies

u,=Lu + Bu + ¢ in R x (0,%),

6.5
(6.5) u(x,0) = 0.
The solution to (6.5) is given by
R t
(6.6) Uo(x,t) = [Rddy/;p_ﬁ(s,x,y)d/(y) ds,

where p_g(t, x, y) is the transition density for L + B; that is, p_,(¢, x, y) is
the density of the measure p_,(¢, x,+) = e?"P(Y(¢) € ).

The facts used in the sequel can be found in [9], Chapter 4. If L + 8 on R
is subcritical, then [7p_,z(¢, x,y)dt = G_z(x,y), where G_z(x,y) is the
Green’s function for L + 8 on R In this case then,

f(x) = lim o(x,1) = [ G_y(x,5)0(y) dy.

Thus f is the minimal positive solution to (L + B)f= —¢ in R< On the
other hand, if L + 8 on R? is not subcritical, then lim, Jop_p(s, x,y)ds
= o, for all x,y € R In this case then, lim, . 2,(x,¢) = ©. Part (a) now
follows using these facts and (6.4) and recalling that L + B is subcritical if
B < A, and supercritical if B > —A,.

For part (b), let v, denote the solution to

v,=Lv+ Bv —av?=0 in R¢ X (0,),
v(x,0) = Ag(x), x € RY,
v(-,t) € Cy(RY).
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Define 0, , = (1/h)v,,; — v)), for & > 0. Then 9, , satisfies the linear equa-
tion

v,=Lv+ (B—av, —av,,,)v=0 in R? X (0,x)

v(x,0) =g, xR
Let 0, denote the solution to the linear equation
v,=Lv+ (B—2av)v=0 in R? X (0,x),
v(x,0) =g, «x€R

A proof similar to the proof of (6.3) shows that
(6.7) O,(x,t) = }11_)1110 O, n(x,2).

Applying (1.2) and (1.3) with u,  and g replaced by v,, 0 and Ag, then
differentiating (1.2) in A and using (6.7) and then setting A = 0 and noting
that v, = 0, we obtain

(6.8) ESg, X(1)) = [ Bo(x,t)u(dx),

where 0, satisfies

(6.9) v,=Lv+ Bv in RY X (0,x), v(x,0) =g(x), x € R4,
The solution to (6.9) is given by

(6.10) bo(x,8) = [ p_p(t,x,7)8(y)dy.

Rd
Note that the transition density p, (¢, x, y) for L — A, satisfies
(6.11) p(t,x,y) =exp((—A, — B)t)p_g(t, x, ).

Part (b) now follows from (6.8), (6.10), (6.11) and the following result ([9],
Theorem 4.9.9):

G If L — A, on R? is subecritical or if it is critical but not product
L'-critical, then lim, .. [p, (¢, x, y)g(y)dy = 0.
(i) If L — A, on R? is product L-critical, then

lim [ py(t%,)8(2) dy = ¢() [ &()8(5) dy,

t—> o

where ¢, and (50 are the ground states for L — A, and L- A,, normalized by
,[Rdd)cd)c dx=1.0

APPENDIX

We elaborate concerning the claims made in the four examples appearing
at the end of Section 1. Recall that if A > 0, then the A-transform of an
operator L is defined by L"f = (1/h)L( fh). Equivalently,

L"=L +a(Vh/h)-V + L"/h.
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Subcriticality, criticality, A,, A% and product L'-criticality are all invariant
under A-transforms. Also, in the subcritical case, the Green’s functions
G(x,y) and G"(x,y) for L and L" are related by G"(x, y) =
(1 /(h(x))G(x, y)h(y) (see [9], Chapter 4).

ExamPLE 1. Let L = 3(d%/dx?) + b,(d/dx), b, # 0. Let h(x) =
exp(—b,x). Then L" = 1(d?/dx?) — b2/2. The operator +(d?/dx?) on R is
critical since it corresponds to a recurrent diffusion. Thus, by A-transform
invariance, it follows that A, = —b2/2 for L and that L — A, is critical. One
can check that the ground state for L — A, is given by ¢.(x) = h(x) and that
the ground state for L — A, is given by &, (x) = exp(b,x). Thus L — A, is not
product L!-critical.

The Green’s function for 2(d2 /dx?) + & on (m,») exists if and only if
e < 0. Thus, by h-transform invariance, A, ., = —b¢/2 and, by symmetry,
A, .= —bi/2.

For A > 0, the Green’s function G, for +(d?/dx?) — A is given by

exp(—lx — yI*/2¢)
(277'1?)1/2

Gi(x.7) = [ exp(~M)

By applying a Fourier transform before integration and an inverse Fourier
transform after integration, one can calculate that G(x,y) = 27/ V21)
Xexp(— V2Aly — x)). Since (L + B)" = L(d?/dx?) — (b3/2 — B), it follows
that the Green’s function G_,(x, y), for L + B, is given by G_g(x,y) =
1 /(MyNG,(x, y)h(x), with A =b2/2 — B; that is

G 4(x,y) = W——Lﬂ?exp(_‘/bg — 2Bly — xl — bo(x —y))-
0

ExamMPLE 2. Let L =2A+kx-V on R% d=>1,k>0. Let h(x)=
exp(—k|x|2). Then L" = A — kx -V — kd. The operator 1A — kx - V is critical
since it corresponds to a recurrent diffusion. Thus, by A-transform invariance,

= —kd for L, and L — A, is critical. One can check that the ground state of
L — A, is given by ¢,(x) = h(x). Since L — A, = 1A — kx -V, it follows that
$,(x) = 1. Thus, L — A, is product L'-critical.

We now show that A, , = —oo, if d > 2. (The same proof with slightly
different notation shows that )\c +o = /\c ,= —oo, if d=1) Let h(x)=
exp(— k|x|? /2). Then L" = 1A — k2 | x|? /2—kd/2 Fix Ay €R. Let B,

{x € R%: |x| < n}). Choose n, so that k2| x| /2 +kd/2+ Ay =0o0n R¢ — E
Since the Green’s function for 1A — A on R? — B, exists for all A > 0,
follows by comparison and the definition of the Green’s function that the
Green’s function for L' — A, exists on R? — B, . Thus, by h-transform invari-
ance, A(R? — B, ) < A, for the operator L. Since A, is arbitrary, it follows
that A, . = —o.

The claims in Examples 3 and 4 are easy to verify.
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