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We study a pair of populations in R? which undergo diffusion and
branching. The system is interactive in that the branching rate of each type
is proportional to the local density of the other type. For a diffusion rate
sufficiently large compared with the branching rate, the model is constructed
as the unique pair of finite measure-valued processes which satisfy a
martingale problem involving the collision local time of the solutions. The
processes are shown to have densities at fixed times which live on disjoint
sets and explode as they approach the interface of the two populations. In
the long-term limit, global extinction of one type is shown. The process
constructed is a rescaled limit of the corresponding Z2-lattice model studied
by D. A. Dawson and E. A. Perkins [Ann. Probab. 26 (1998) 1088—1138] and
resolves the large scale mass—time—space behavior of that model.
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1. Introduction and statement of results.

1.1. Background and motivation. In [14] solutions to the following system of
stochastic partial differential equations (SPDEs) were studied:

(1) L xi = AX' () + 1y X! (1) X2(0) W (x),

(t,x) e Ry xR, i=1,2. Here A is the one-dimensional Laplacian, o,y are
(strictly) positive constants (the migration and collision rate, respectively) and
W', W2 are independent standard time—space white noises on R x R. Our goal is
to study the same system of equations for x € R%. As we explain below, from one
point of view, existence in two dimensions appears to be counterintuitive. This was
one reason six different people were attracted to this question and finally combined
their efforts.

Recall that
0 o2 .
) EX;(X):TAXt(x)‘f‘\/Pt(x)Xt(x)Wt(x) on Ry xR

is the stochastic partial differential equation for the density of a one-dimensional
super-Brownian motion (SBM) [31, 38] with branching rate at time ¢ at x equal to
p:(x) (bounded in ¢ and x). As a measure-valued process it arises as the large
population (N particles), small mass (N ) per particle limit of a system of
critical binary branching Brownian motions with diffusion rate o> which branch
at rate Np;(x) at site x at time ¢. Equivalently each Brownian particle with path
s — &sbranches according to the additive functional ¢ — N fé ds ps(&s). Although
the limit exists in higher dimensions as the unique solution of an appropriate
martingale problem, the resulting process takes values in the space of singular
measures and it is easy to use this fact to see that (2) has no solutions in higher
dimensions (see [15], Remark 1.4). The problem is that in higher dimensions the
critical branching (which tends to cluster the population on a small set) overpowers
the diffusion. This situation is typical of parabolic SPDEs driven by white noise:
solutions seem to only exist in one spatial dimension (see [45]).

One way to rectify this situation in the branching context is to replace
[p:(x)dx, t = 0] by a collection of singular measures, that is, have the branching
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only take place on singular sets. Delmas [16] showed if the branching takes place
on a Lebesgue null set (the catalyst) independent of time and satisfies a mild
regularity condition guaranteeing that the null set is not polar for Brownian motion
(more precisely, particles branch according to an additive functional with Revuz
measure supported by this null set), then the associated super-Brownian motion
(reactant) has a density at all times with probability 1.

A particular time-dependent case was introduced by Dawson and Fleis-
chmann [10] and different aspects of this model were investigated in [11, 17, 21,
26, 27]. In this model the catalyst itself is a super-Brownian motion p and the re-
sulting reactant model X” exists and has a nice density in three dimensions and
less. In higher dimensions an intrinsic Brownian reactant particle’s path will not
hit the support of an independent super-Brownian catalyst and hence the reac-
tant process degenerates into heat flow as there can be no branching. The con-
struction of such a model poses no difficulties in principle as one first constructs
the super-Brownian catalyst and then builds a super-Brownian motion (reactant)
whose branching rate is governed by this catalyst.

The situation in (1) is quite different as one has a truly interacting system
consisting of two types in which the branching rate of one type is given by the
local density of mass of the other; that is, each type catalyzes the branching of
the other. It is a natural question as to whether such an interacting system exists
in R? for d > 1 (recall for instance that the super-Brownian reactant [10] exists
nontrivially only in dimensions d < 3, and that the continuum stepping stone [41]
existsonly ind = 1).

Let S(u) denote the closed support of a measure p. Assume for the moment
that X = (X', X?) is a solution to (1) for (z,x) € R4 x R2, where the W', W2
are independent white noises on R, x R?. Then the singularity of ordinary (two-
dimensional) SBM (or of SBM with a strictly positive branching rate) suggests
that S(X tl) NSX tz) is Lebesgue null, and the requirement in (1) that X’ solves the
heat equation away from this null set shows that X! should have a density away
from this null set. In fact this would suggest that X ll )X lz (x) =0 for almost all x
and so (1) degenerates into a pair of heat flows which of course do not solve (1).

To circumvent this nonexistence argument, we will work with the following
martingale problem formulation of (1) in two dimensions. We write (i, ¢) to
denote the integral of a function ¢ with respect to a measure . For fixed constants
o,y>0letX=(X 1 X%)bea pair of continuous measure-valued processes such
that, for an appropriate class of test functions ¢; ,

. . . t . 0'2
3) M;((Pi)3:<X;’(Pi>—<Ml,(ﬁi>—/0 dS<X;’7A(Pi>,

t >0, i =1,2, are orthogonal continuous square integrable martingales starting
from O at time ¢ = 0 and with continuous square function

) ' @i=y [ Lxs 0.
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Here Ly is the collision local time of X! and X2, loosely described by

5) Lx(d(s. ) =ds X)) [ | X2y,

(a precise description is given in Definition 1 below via a smoothing procedure). It
is not hard to see that if a solution to (1) (for two dimensions) is locally bounded
(in both space and time) and has the appropriate square integrability properties
then the associated measure-valued processes will satisfy (3) and (4), and so
the above martingale problem is a natural generalization of (1). We will show
(see Theorems 11 and 17) that, under appropriate conditions on the finite initial
measures and for y /o2 sufficiently small, solutions to this martingale problem
exist and satisfy the intuitive description given in the paragraph prior to (3): each
population X ; has a density denoted by the same symbol X i, and X tl )X t2 x)=0
for Lebesgue-a.a. x. Indeed we will give an explicit expression for the joint law
of these densities for fixed values of ¢ and x (see Theorem 17). Evidently these
densities cannot be locally bounded since in that case we can easily show that

(6) Lx([0, oo)x]Rz):/Ooods /destl(x)st(x)zo as.,

and again our solutions become a pair of solutions to the heat equation; hence
Lx([0, 00) x R?) > 0, contradicting (6). In fact, we will show that each of these
densities becomes unbounded near any point in the interface of the two types given
by the support of the collision local time (Corollary 19). This bad behavior of the
densities near the interface is borne out by simulations of Achim Klenke which
you can find on his web page http://www.aklenke.de/™ klenke.

There are a number of reasons to study mutually catalytic, or symbiotic,
branching models such as (1), (3) or their discrete counterparts. Diploid organisms
require the presence of two types for reproduction. There are of course a number of
features of these models which are biologically inaccurate (e.g., males and females
do not, we believe, live forever if they avoid contact with the other sex). The
deterministic analogue of mutually catalytic branching was introduced in the work
of Eigen [19, 20] to describe the catalytic growth of self-reproducing molecules.
He considered a closed chain of K equations (called a catalytic hypercycle):

(7) Vi =kiyiyi-1, i=0,...,K—1,

where the arithmetic is done mod K. The special case K = 2 is a deterministic
growth model analogue of mutually catalytic branching. Work on the generaliza-
tion of our model to K types has already been carried out by Fleischmann and
Xiong [28]. Mutually catalytic branching is a fixed point under a renormalization
scheme as is the case for the Fisher—Wright and continuous state branching diffu-
sions. This suggests that it might also be the attracting element of a universality
class for two component systems on the lattice. However, the question of iden-
tification and domains of attraction of universality classes of two component sys-
tems including mutually catalytic branching is considerably more involved (see [6]
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for a discussion of this question). In the general context of interactive branch-
ing measure-valued diffusions the study of interactive branching mechanisms has
proved to be a difficult problem. Singular interactions such as those considered
here have proved to be particularly challenging and it is perhaps rather surprising
that we can say so much about the mutually catalytic branching processes on the
plane in light of the difficulties encountered in the study of branching diffusions
with singular interactions in the spatial motion or growth rates (e.g., [23]).

The basic uniqueness questions for interactive branching models in which the
branching rate depends on the current state of the system remain unresolved
in general in spite of recent progress on uniqueness for a variety of interactive
branching models (e.g., [1, 4, 13, 18, 36]). In the one-dimensional case (1),
Mytnik [35] obtained uniqueness by an exponential self-duality argument. It
will be more difficult to implement this approach here due to the bad behavior
of the densities. Nevertheless, the problem of uniqueness will be resolved in a
companion paper [12] under an additional integrability condition (IntC) involving
the trajectories of X, introduced in Definition 7 below. In the latter paper this
condition will be verified for the solutions constructed in Theorem 11 by means of
the moment calculations in Section 3 which are carried out in terms of a function-
valued dual. We state the uniqueness result and associated Markov property as
Theorem 11(b) as it will play an important role in our study of the longtime
behavior of the solutions (Theorem 21) and the proof of segregation of the two
populations [Theorem 17(b)].

The existence of our solutions will be established by means of rescaling the
lattice versions of (1), constructed in [14] (in any number of dimensions). We
will use the moment bounds in Sections 3 and 4 (for finite initial conditions
satisfying a suitable energy condition) to establish tightness of these rescaled
processes providing y /o2 is small enough. This restriction on the parameters is
needed to ensure that the higher (specifically fourth) moments used in the tightness
arguments are finite. It is not hard to show that the approximating fourth moments
blow up for y /o2 large enough, but we have not tried to find the best value of this
ratio here. We conjecture that solutions to (3) and (4) should exist for any positive
values of y and o . This is because 2 + § moments should suffice and as § — 0, this
should allow any values of these parameters. The situation in higher dimensions is
intriguing and unresolved.

Many of the results of this paper had been obtained independently and at the
same time by two subgroups of the present authors and others were obtained after
we coalesced.

The present paper is completely restricted to the finite measure-valued case. For
the infinite measure case, we refer to our forthcoming paper [8].

1.2. A martingale problem for mutually catalytic branching. We start by
formulating our martingale problem for finite measures. Let My = M¢(R?) denote
the space of finite measures on the Borel subsets B(R?) of R?, with the topology
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of weak convergence. Cy, (R?) is the space of bounded continuous functions on R?2
with the supnorm || - || topology, and Cy (R?) is the subspace consisting of those
functions whose partial derivatives of order n or less are also in Cy, (r could be a
natural number or 0o). We let Ceom = Ceom(R?) denote the space of continuous
function on R? with compact support. y and o are fixed positive constants. Write

(€, T, x € R?) for the Brownian motion in R? with variance parameter o2,

3) pr(x,y) = eXp[—|y_x|2], t>0, x,yeR?,
2ot 202t
for its transition density (| - | denotes the Euclidean norm), and {S;:¢ > 0}

for the corresponding semigroup. If p is a measure on R?, set S;u (x) :=
Jduy)pi(x, y).

DEFINITION 1 (Collision local time). Let X = (X!, X?) denote an M%-Valued
continuous process, where Mfz = Ms x Ms. The collision local time of X (if it
exists) is a continuous nondecreasing M¢-valued stochastic process t — Lx () =
Lx(t, -) such that

) (L2 (1), 9) = (Lx(1),¢)  as | 0 in probability,
forallt >0and ¢ € Gcom(Rz), where

1 9 t
(10)  LE(1,dx) := g/ dr/ ds S, X (x)S, X3(x)dx,  t>0,5>0.
0 0

The collision local time Lx will also be considered as a (locally finite) measure
Lx(ds,dx)on R} x R2.

Note that we used an additional smoothing in time in defining the collision
local time, compared with other sources as, for example, [2]. Clearly if it exists
as in [2], it will exist in the above sense and the processes will coincide. It is
also easy to see that the above definition is independent of the choice of o2 > 0.
If Xf (dx) = Xf (x)dx for some bounded densities Xf (x), then it is easy to see
that Lx(#)(dx) = fé Xs1 (x)st(x) dsdx. At the end of the next section we give
a simple deterministic example of a pair of unbounded densities for which this
equality fails as the product of the densities vanishes but the collision local time of
the corresponding measures is nonzero.

All filtrations will be assumed to be right-continuous and contain the null sets
at time 0.

DEFINITION 2 [Martingale problem (MP);(Z/]. A continuous ¥.-adapted and
M%(Rz)—valued process X = (X 1. X?) on some probability space (2, ¥, ., P)
is said to satisfy the martingale problem (MP)y ", if for all ¢; € CI(R?),i=1,2,

. . . t . 0'2
(11) M;<<oi>=<X;,<p,->—<X5,<o,->—/Ods<x;,7A<pi>, 150 i=1.2.
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are orthogonal continuous L? F.-martingales such that Mé(goi) =0 and
(12) (M) =y (Lx(),¢]),  t=0,i=12.

Note that in this definition the initial state Xo may be random. To construct
solutions to this martingale problem we will need to impose a bivariate regularity
condition on the initial state.

NOTATION 3 (Energy function). Introduce the energy function

(13) g(x1,x2) :=1+log" x1, x3 € R?,

X2 — x|’

(recall that | - | denotes the Euclidean norm).

DEFINITION 4 (State space versions).

(a) Energy condition—Write u = (Ml, MZ) € M, and say u satisfies the energy
condition, iff u € erz(Rz) and

(14) lullg == (1! x u?, g) < co.

(b) Strong energy condition—Write yu = (ul, n?) e Mt se and say p satisfies
the strong energy condition, iff u € M%(Rz) and for any p € (0, 1), there is a
constant ¢ = ¢(p, ) such that

(15) max (' x wl,p,) <cr P, r>0.
1<i,j<2

REMARK 5. (a) Inequality (15) is trivially fulfilled for » > 1, and so we only
need to consider 0 < r < 1. By an elementary interpolation argument it actually
suffices to consider only r = 27" and so Ms ¢ is clearly a Borel subset of eMtz.

(b) An elementary calculation shows that for all T > O there are constants cr
and Cr such that

T
(16) crg=1+ [ drp =Crg.
0
In particular, by (15),
(17) Mf,se c Mf,e-

Next we introduce a lattice system of approximating processes we will use to
construct solutions to (MP);’(’V.
Fix a deterministic Xy € M¢e and € € (0, 1]. Set

(18)  X§°(x) =& 2Xi(ex +10,8)?), x=(x1,x2)€Z? i=1,2.
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Let {Wi(x):x € Z?, i = 1,2} be a collection of independent standard one-
dimensional Brownian motions on (€2, ¥, ¥., P), and consider the unique (in law)
solution of

. . t 2 ) t i
(19) X;’8<x)=xgg(x)+/0 ds%lAX;’g(x)-i-/O dWS‘(x)\/stl’g(x)st’g(x),

i=1,2,t>0, x € Z> Here 'A is the discrete Laplacian on 72 defined in (21)
below. See ([14], Theorems 2.2 and 2.4) for the existence and uniqueness of these
solutions.

Via scaling we pass to processes indexed by ¢Z? (instead of Z?):

(20) Xi) =X, i=1,2,120, x €672,

Write x ~ €y if x and y are neighbors in £Z2, and introduce the discrete Laplacian
on e7?:

(1) Ap(x) =Y

ywsx

o(y) —@(x)

3 x € eZ?.
£

If 6% =3 yeem2 ¢%8y and d®x denotes integration with respect to £¢, let “M ¢ (R?)

denote the subspaqe of Ms(R?) of measures with densities with respect to £%. Also
denote by 7 > *X! the  M(R?)-valued process with densities *X! (x), that is,

(22) (XLp) = [ dXiwem = ¥ Kiwee

¢Z xeeZ?
Then ng)({x}) = Xf)(x + [0, £)?) for x € ¢Z? and so clearly these initial states
satisfy 8X6 — Xf) in M;(R?) as ¢ | 0. The following lemma can easily be derived.

LEMMA 6 [Martingale problem (MP);’(’Oy’g]. The process X on (2, F, ., P)
defined via (22), (20), (19) and (18), based on Xg € Ms ., satisfies the following

approximate martingale problem (MP);’(’Oy’g.

For each pair of bounded functions ¢; e7P >R, i=1,2,

. . t . 0’2 .
(23) EXE i) = (°Xb, @i) + /0 ds <8X;, 7%@,-} LM (),

where

. te72 .
Q) M= dxe@ [ awiee )y xE e e,
1Y/ 0
i =1,2, are orthogonal continuous L? = (F.)-martingales such that
) t
05) (M =y [ ds [ a0 X 0XEm =y (Lx@. ¢,
&

i=1,2.
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Existence of solutions to (MP);’OV will later follow by taking a weak limit point
of X as ¢ | 0. Our proof of uniqueness will require an additional integrability
condition:

DEFINITION 7 (Integrability conditions on path space). For ¢ > 0 and a pair
w= (', n?) of measures in Mp(R?), we write

1
(26) Hao(w):= / dx / dy[1+ ]Sgul(x)Sg/ﬁ(x)Sgul(y)Sgui(yy
R2 R2 |x — y]

Integrability condition (IntC)—A continuous Mfz—valued process X = (X!, X?)
on a probability space (2, ¥, ., P) is said to satisfy the integrability condi-
tion (IntC) if, forall0 <6 < T < o0,

T
E{ / ds H.(X) 355} is bounded in probability as € |, 0;
8
that is, for all n > 0, there is an M such that
T
227) limsupP<E{/ ds H.(Xy) 5{3}>M)<n.
el0 )

Strong integrability condition (SIntC)—X is said to satisfy the stronger (and
simpler) integrability condition (SIntC) if

T
(28) limsup £ ds H.(X;) < 00, T > 0.
£l0 0

To describe the restriction on y /o2, let (°¢, ¢, x e £7?) denote the continuous
time simple symmetric random walk on £Z? with generator "72€A. That is,
£€ jumps to a nearest neighbor site at rate 2¢ 2o 2. Introduce the corresponding
transition density ®p; (x, y) = e 2I1,(°%; = y), x, y € 72, with respect to £, and
{2S; : t > 0} the related semigroup.

The following elementary result is proved in Appendix A for the sake of
completeness.

LEMMA 8 (Random walk kernel estimates). (a) Local central limit theorem—
For all s > 0, with the heat kernel p from (8),

(29) lim sup [*ps(x,y) —ps(x,y)|=0.

€2V, yeez?
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(b) Uniform bound—There is a universal constant cy (independent of o2) such
that

(30) sup  “ps(x, y)sa2 = sup °ps (0, 0)s02% = Crw,

5s>0,x,yesZ? 5s>0

forall e > 0.

REMARK 9 (Size of ¢;y). Statement (a) is of course a standard local central
limit theorem. The value of the constant ¢y, of (b) enters in Theorem 11 below. To
estimate its value, write p instead of °p in the case ¢ = o = 1. Then

31D crw = supt p; (0, 0).
t>0

Now a direct calculation and exploiting Stirling’s formula (see [24], page 52)
gives ¢y < e!/12/2 < 0.55. On the other hand, ¢y > p; (0, 0)to2, and it follows
from (a) that

(32) erw > 1pr(0,0) = 27) " > 0.15.
Consequently, ¢y € (0.15, 0.55).

NOTATION 10 (Path space). Let 2, := C(Ry, M%(Rz)) with the usual
topology of uniform convergence on compact subsets of R .

Recall the spaces M+ and M; g introduced in Definition 4.

THEOREM 11 (Mutually catalytic SBM in R?). Assume
(33) y/o? < (3v6mcr)™!
and Xo € M e:

(a) Existence—There is a process X on some (2, ¥, F., P) satisfying the
martingale problem (MP);’OV and the integrability condition (IntC), and such that
X; € Mse forall t >0 a.s. If moreover X € M e, then X will satisfy (SIntC).

(b) Strong Markov and uniqueness—There is a (time-homogeneous) Borel
Markov transition kernel P = {P;(u,dv):t > 0, u € Mg} on Mg such that any
process satisfying (MP);’(’OV and (IntC) on (2, ¥, F., P) is (¥.)-strong Markov
with transition kernel P. In particular, the law Px, on Qq of the solution in (a) is
unique.

(¢) Lattice approximation—Let X denote the lattice system of approximating
processes given by (19), (20), with initial conditions (18) and let ¢ Lex be as defined
in Lemma 6. As ¢ | 0,

(34) P((°X,°Lx) €)= P(X, Lx) € )

weakly on C(R, M? (R?)), where X satisfies (IntC) and is a solution to the
martingale problem (MP);’(’(T with Lx as its collision local time.
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(d) Scaling property—Assume that X satisfies (MP);’OV and (IntC), ¢,6 > 0,
z€R?and XI(A) :=0X', (z+£A),t =0, Ae BR?),i=1,2.Then (X', X?)
satisfies (MP)%’OV and (IntC) and so has law Pgo.

The proof of (b) will be completed in a companion paper [12], but much of the
groundwork is laid in Section 3. The verification of the integrability conditions
(IntC) and (SIntC) is also deferred to [12] as its main use is the proof of (b)
[although (SIntC) is also used in our description of the long-term behavior
(Theorem 21)]. The main ingredient in the proof of (IntC) is a bound on its
conditional fourth moments in terms of a function-valued dual (Theorem 53).

REMARK 12. (i) Part (c) remains true for a wider class of lattice approxima-
tions of the initial measure. It suffices that *Xq approaches X weakly and satisfies
the conclusions of Lemmas 35 and 45(a) below.

(i) Part (a) of Theorem 11 is valid if we only assume y /(72 < 2/«/8. To
allow for this weaker condition, solutions may be constructed as limits as ¢ |, 0 of
smoothed models in R? in which the branching rate of type i at time 7 at site x
is dx [p2 XIJ (dy)pe(x,y) (where j # i), instead of X,j (dx). The proof in fact is
simpler than that for our lattice approximation but the latter is in many ways more
natural and is used in [8] to shed some light on the large mass—time—space behavior
of the lattice systems studied in [14]. Part (b) remains valid for y/ o<1 / V6.

(iii) The space My s seems to be needed to get unconditional fourth moment
bounds (see, e.g., Theorem 54) and a simple second moment argument shows that
X; € Mg a.s. Vit > 0 [see Proposition 25(a) below]. We have not, however, been
able to show X; € Ms g Vi > 0 a.s. and this leads to an additional conditioning
argument in our construction and the use of the larger My ¢ as our state space.

(iv) It is easy to extend all our results to populations X!, X2 with distinct
branching rates y; and y,, respectively, since (,/y2X I JX 2) will then satisfy
(MP)%” with y = ,/yry2. The situation for distinct diffusion rates 012 and 022
is not as straightforward. If (33) holds with o= min(alz, (722), then the proof
of (a) and (c) given below is readily modified to show that the approximating
lattice systems are tight and all limit points provide solutions to the corresponding
martingale problem in (a). The proof of (b), however, is no longer valid as the
underlying exponential duality breaks down. This also invalidates the proof of
Theorem 17 (existence of densities and segregation of types). (See also the end
of this section for more on this setting.)

We now state the key self-duality result, Proposition 1.14 from [12], both
because it is used below in the proof of Theorem 17(b) in Section 6 and because
its proof uses our existence results Theorem 11(a).
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PROPOSITION 13.  Assume (33), Xo € My and Xo = (¥} (x), 3 (x)), where
)26 is bounded, nonnegative, integrable and continuous. Then
Px, (exp{—(X; + X7, %o + 55) + (X} — X} %) — 53)})
=lim Pg, (exp{—(Xg + XG. S:X; +S:X;) +1(X = X5, 5. X; = S:XD)}).

In [12] this proposition plays a major role in the proof of uniqueness in
Theorem 11(b), which is assumed implicitly in our notation. The result is therefore
stated there for any solution X of (MP);(Z/ and for a particular limit point, X from

Theorem 11(c). In fact, ié need not be integrable in that setting.
We now introduce an integrability hypothesis on a possibly random initial state.
Recall the norm || - ||, introduced in (14).

DEFINITION 14 [Random energy condition (EnC)]. We say a possibly
random initial state Xo € My ¢ satisfies the random energy condition (EnC) if

(35) > E(X{, 1)* + E|Xollg < 0.
i=1,2

[If Xp € M; e is deterministic, then (EnC) clearly holds.]

Although we will need either a dual process calculation or some explicit
differential equation calculations to handle some higher moments, the covariance
structure of the solutions to (MP);’(’OV only requires some integrability conditions
and (IntC) is more than enough.

PROPOSITION 15 (First two moments). Let X satisfy (MP);’(? on some
filtered space (2, ¥, F., P) for a possibly random Xq satisfying (EnC):

(a) Expectation—Let ¢ :R* — R be a bounded Borel map. Then
(36) E(X!, ¢) = E(X}, Si¢) < 00, t>0,i=1,2.

(b) Correlation—For bounded measurable - (R?)? - Ry,t>0andi,j=
1,2,

EQx X[ ) < E [ dv i) [ dosx)eawn.x)
t
+5,~ij/ ds/de Ss X4 (x)Ss X5 (x)
0 R

X/ dmpf—s(x,m)/ dxo pr—s(x, x2)¥ (x1, x2),
R2 R2

where all expressions are finite. Moreover, equality holds if i # j.
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(c) Expected collision local time—For measurable ¥ :R; x R2 — R,
bounded on each [0, T] x R%, T > 0,

T
(37) E/ dLXwgf ds/ dx (s, x)ESy X} (x) Sy X3 (x) < 00.
[0,T]xR? 0 R?2

(d) Identities under (IntC)—If, in addition, X satisfies the integrability
condition (IntC), then equality holds in both (b) and (c).

Note that it follows from (a) that the solution to (MP);(Z/ constructed in

Theorem 11 is not deterministic since (X f, Q) = (Xf), Stp) will not satisfy
(MP);’;/. Alternatively we can see from (d) that the covariance structure of this
solution is not trivial.

We will now be able to state some more interesting properties of the solutions
to (MP);’(’OV. We begin by stating the absolute continuity and segregation-of-types
results mentioned in the Introduction.

1.3. Segregated densities.

NOTATION 16 (Brownian exit time). Consider the (planar) Brownian motion
£ = (&', &%) withlaw I, x € Ri, and introduce its exit time
(38) Tex (= inf{r: &} €2 =0},

from the first quadrant.

Let £(dx) = dx denote Lebesgue measure. Here and elsewhere we will identify
integrable functions X (x) in Cgr with the finite absolutely continuous measure
X(x)dx.

Here is our segregation result.

THEOREM 17 (Segregated densities). Fixt > 0:

(a) Absolute continuity—If X is a solution to (MP);’(’OV on (Q,F,F.,P)
with a possibly random initial condition Xq € M%(Rz), then X ; <t a.s. and so
Xf (dx) = X; (x)dx a.s., where

(39) X () lim Sy X{(x),  ifit exists,
X) =
t 0, otherwise.

(b) Local segregation—Let Xo € Mt be fixed and let X; = (X ! th) be the
functions from (39), and set S;Xo(x) := (StX(l)(x), StX(z)(x)). Then the following
two statements hold:
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(bl) Forl-a.a. x,

(40) Px, (Xl(x) € ) = I, X (x) (§rex € -
(b2) With Px,-probability 1, th (x)th(x) =0 for {-a.a. x, and so

(41) /R dx X)X =0, Pyas.

REMARK 18 (Infinite variance). (i) Note that (b1) implies
Ex, (X! (x))2 =00 for ¢-a.a.x e R andi = 1,2,

for any X € M with X6 #0,i=1,2.

(i1) It follows from (b) that the two populations segregate at each fixed time. The
“interface” between the two types, although Lebesgue null must be rather active to
generate a nontrivial collision local time and we show below (Corollary 19) that the
densities typically explode near it. The particular distribution arising in (b1) also
gave the large time limit for the lattice system (19) starting in constant initial states.
In fact, the counterpart of this latter result for solutions to (MP);’(’OV (Theorem 21
below) plays a central role in the proof. Basically a scaling argument shows that
locally the joint densities x — X, (x) relax to an equilibrium state instantaneously.
In fact, when both types are present, the infinitely large branching rate will
immediately drive one type to local extinction. The type to die is determined by
the exit distribution of planar Brownian motion from the first quadrant.

Let (39) define our canonical and jointly measurable densities
(42) X' Ry x R? x ©, — [0, 00), i=1,2.
Let || X'||y denote the essential supremum of X’ (with respect to Lebesgue
measure) on the open set U C R, x R?.

COROLLARY 19 (Explosion at the interface). If Xog € Mg, then Px,-a.s. for
any open set U C R X R2,
(43) Lx(U) >0 implies | X[y =00 =[X*|ly-.

This corollary is proved in Section 6.

EXAMPLE 20. Here is a simple example of two measure-valued paths,
constant in time, involving measures on R with unbounded densities with disjoint
supports, which nonetheless have a nonzero collision local time. Let «; € (0, 1)
and set

X! dx) =u'(x)dx = x"""1(x > 0)dx,
X2(dx) = u’(x) dx = |x| *21(x < 0)dx.



MUTUALLY CATALYTIC BRANCHING 1695
Then clearly u! (x)u?(x) =0 but if oy + o = 1, then for XS Ceom(R?),

lim / S X! (0) S X2 (x)g(x) dx
€

= E{g/f/@(\/gw)m(w —z)p1(w — 22)z; “z2| ™%
X 1(zp <0< z1)dz1dzpdw
=¢(0) // p2(z1 — 22)z; 22| T 1(z2 < 0 < z1) dz1 dz2,

where we have used dominated convergence in the last line. Therefore the collision
local time, Lx(¢) of X is a (nonzero) constant multiple of #§.

1.4. Global extinction of one type. The one-dimensional version of the
following theorem is proved in [14], Theorem 6.6.

THEOREM 21 (Global extinction of one type). Let Xo € Mte. Then

(44) (X1 1, (X2 1) proed (X, x2),  Px,as.,
1Too
where
1 2
(45) P((Xoo, X5) €)= H((Xg,l), <X§,1))(5rex €).

The a.s. convergence is immediate from the martingale convergence theorem,
ast— (X ; 1) are nonnegative martingales by (MP);’(’OV. The fact that X éOX go =0
a.s. will require a refinement of the proof for the lattice case given in [14],
Theorem 1.2(b). In particular, we need to consider the rate of convergence
in that result. The proof of Theorem 21 relies on the properties established
in Theorem 11(a), the strong Markov property and a third moment bound
(Lemma 56) which is verified for the solutions constructed in Theorem 11. If the
populations have distinct diffusion rates (and so uniqueness remains open), the
argument is readily modified to establish Theorem 21 for strong Markov solutions
as in Theorem 11(a) satisfying the above third moment bound.

2. Preliminaries. In this section we prove Proposition 15 and identify the
natural state space for X.

2.1. Green function representation. Assume X is a solution of (MP);’(T on
(2, F, F., P), where Xy is an Fp-measurable M%(Rz)—valued initial state. Let
Mj,. denote the space of continuous (&.)-local martingales such that My =0
and, for T > 0 fixed, let M[0, 7] be the space of continuous square integrable
(#.)-martingales on [0, T'], where processes which agree off an evanescent set are
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identified. Let M? be the space of continuous square integrable (F;)-martingales
onR;.

Let & denote the o-field of (¥.)-predictable sets in R} x €2 and define
L2 = {w Ry x Q@ xR?— R:yris £ x B(R?)-measurable

loc

(46)

and Ly (d(s, x))¥%(s, w, x) < 00, YVt >0, a.s.}.
[0,1]xR?
By starting with functions i of the form
k
(47) V(s @, X) =Y Ym-1(@)0m ()11, .1,1(5)
m=1

for some ¢, € Cg(Rz), Ym—1 € bF;, | (the space of bounded ¥; ,-measurable

maps) and 0 =1ty < --- < fy < oo, and defining [with M from the martingale
problem (MP)y ], fori =1,2,

miw) = |

[0,¢]x

dMi (s, x)¥ (s, x)
R2
(48) k . |
= Z lﬂm_l(M;Mm (om) — M;A;n171(¢m)),
m=1

we may uniquely extend M’ to linear maps M’ : £120C

— Mjqoc, such that

@) (M (). MUl =y | Lx (@l Wi 005, ),

1x

t >0,a.s. forall ¥; € £120C. This may be done as in [37], Proposition I1.5.4, or [45],

Chapter 2. The M’ are orthogonal martingale measures. If, in addition,

(50) Ve L2 ::{1//e£120C:E/ dLxy* < oo, Vt>0},
[0

t1xR2
then M i(lﬁ) € M2. The martingale problem (MP);’OV shows that M’ (1) belongs
to M2, hence the constant function 1 is in £2 and so

(51) every bounded and P x £(R2)—measurable Y is in £2 and M' W) € M?>.

We need to extend (MP);(Z/ to time-dependent test functions.

NOTATION 22 (Time-space test functions). If T > 0, let Dr denote the set of
all bounded Borel maps ¥ : [0, T] x R? — R satisfying the following:

(a) For any x € R2, the map ¢ — Y(t,x) is absolutely continuous and
&(t, x) = %—‘l”(t, x) is uniformly bounded in (¢, x) and continuous in x for each
tel0,T].
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(b) For each ¢ in [0, T'], the mapping x +— ¥ (¢, x) belongs to Cg(Rz), and
A (¢, -)(x) is uniformly bounded in (¢, x).

LEMMA 23 [Extension of the martingale problem (MP);Z/]. If ¥; € D,
i=1,2, then

. . l . . 2 .
(52) (X, i(t)) = (X, i (0)) + /0 ds <X;, i)+ 2 Av <s>> + M),
t €0, T], where M"(w,-) belongs to M2, and

63 (MW M =0y [ L@ ) Y0 5.0)

PROOF. This may be done just as for ordinary superprocesses; see, for
example, [37], Proposition II.5.7. The argument proceeds by approximating
¥ (s, x) by an appropriate sequence of step functions in . [

COROLLARY 24 (Green function representation). Leti =1,2. If ¢; ‘R? >R
is bounded and measurable, then, for any fixed T > 0,

(54) (X!, Sr_oi) = (X}, Srei) + NPT (), 0<t<T, as,

where

(55) t> N'T(g) = / 2dM"(r,x) Sr_y@i(x)  belongs to M?[0, T],
[0,/ ]xR

and

(56) ((Ni’T((pi),Nj’T(goj)));=8ij)//[.0 | RzLX(d(S,x))ST—S‘Pi(x)ST—s(Pj(x)-
In particular,

(57) (X5, @) = (X5, Sroi) + N (@) as. VT >0.

PROOF. Let ¢ € CZ(R?) and ¥ (s,x) = Sr_sp(x) for (s,x) € [0, T] x R?.
Then ¥ € Dr because ¥ (s, x) = (—02/2) ASt_s0(x) = (—02/2)S7_s Ap(x).
The result follows for such ¢ € Cﬁ (R?) by Lemma 23. Now pass to the bounded
pointwise closure to get the result for all bounded measurable ¢. [l

2.2. First and second moments: Proof of Proposition 15. We proceed in
several steps.

STEP 1 [Proof of (a)]. The equality in (a) is immediate upon taking
expectations in Corollary 24 and using Definition 14 of (EnC) for the finiteness of
the mean.
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STEP 2. Assume that ¥ = ¢ ® ¢ with ¢1, ¢, € bB(R?). Corollary 24 shows
that

E(X[, @i)(X{,0;) = E(X{, Si0i)(X{. Si97)

(58)
+ 8,V E / Lx(d(5, %)) S50 ()15} ().
[0,1]xR2

since by conditioning on X¢ the cross terms vanish.

STEP 3 [Proof of (c)]. Before completing the proof of (b) we will consider (c).
Assume ¥ (s, x) = ¢(x) with ¢ € CF. (R?). By Definition 1 and Fatou’s lemma,

com

(59) E(Lx(T),¢) < nrgiionme;S(T), @)

1 6 T
(60) — liminfE~ f dr / ds / dx S, X! ()8, X2 () (x)
810 6 Jo 0 R2 ) )
T 1 2
61) _hr(sn&)nfE/ﬂ;2 Xo(dyl)%l;{z Xy(dy?)
1 6 T
62) x5 [ dr [ ds [ dxpes(eyDpes (e o).
0 0 R2

where we used (58) to continue after (60). The term in (62) is bounded by

1 ) T
63) [@lloos /0 dr /0 ds Pairt 01, 32) < clplloog (1. ¥2),

where in the last step we used (16). However, by (EnC) the bound in (63) is
integrable with respect to £ X, (1) x X (2). Hence, the limit inferior can be taken through
the three integrals in (61). It is then easy to let 6 — 0 in the resulting integrand as
we only need to consider y; # y» by (EnC). This gives

T
(64) E(LX(T).9) < E [ ds [ dxs.X}08 X300

(65) = crllelloo EllXollg < 0.

By an obvious monotone class argument, claim (c) follows for bounded measur-
able v on [0, ] x R2.

STEP 4 [Proof of (b)]. We may apply (c) to (58) to get the claim (b) for the
special functions i used in Step 2. A monotone class argument then gives the
desired extension.

STEP 5 [Proof of (d)]. Assume (IntC). First consider again the case ¥ (s, x) =

@(x) with a function ¢ € G:{,m(Rz). Fix 0 < & < T. Suppose we can show

T—¢
©6)  E{LXT) = Lx@.9)| 7] = [ ds [ dro@sxinsxie).
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Then, by (58),

T
67)  EULx(T)=Lx@).9)= [ ds [ dxpES X083

Now let ¢ | 0. By (c), the left-hand side of (67) converges to E(Lx(T), ¢),
whereas by monotone convergence on the right-hand side we obtain the required
expression. Provided we have (66), this proves equality in (c¢) under (IntC) for the
considered special 1, hence for all required 1 by dominated convergence and (c).

By (58), we then also get the equality in (b) under (IntC) for functions v of the
form ¢1 ® @ with @1, @2 € bB(R?), thus for all required .

STEP 6. To finish the proof, it remains to show (66). First, (57) and (54) in
Corollary 24 give

68) (X, @) — (X, Ss_ep) = N"S(p) — N5 (p)  as., s>e i=1,2.

Therefore,

69)  E{(X!, o) (X2, 0) | Fo) = (X}, Ss_e0) (X2, Ss_c0)  as., s >e&.
On the other hand, for § > 0, by the definition (Definition 1) of L;k("s,

(70) (L;‘S(T) X (8) go / dr/ ds/ dx o(x)S, X (x)S, Xz(x)
Thus, by (69),
E{(LY (1) — LY (@), )| 7o}

1 6 T
an =5 [ar [ as [ avoeos - xlos -]

B 1 1o r+T—¢ | )
_ 5/0 dr[/r ds /Rz dx (p(x)Sng(x)Sng(x)].

Since r € [0, €], the term in square brackets in the last line of (71) can be bounded
above by

T

(72) / ds / Ldx 9(0) 8, X, ()8, X (x).
0 R

However, by (58), the expectation of this can be computed and equals
T+He¢

(73) / ds/ dx ¢(x)S; Xo(x)S Xo(x)

which is finite by (37). Hence, (72) is finite a.s. Therefore we may let § | 0 in (71)
and conclude that, for any sequence g, | O,
lim E{{LE™ (1) — L™ (0). ¢) | 72}
(74) -
=/ ds/zdx go(x)SsX;(x)Sng(x) a.s.
0 R
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Thus, to prove (66) it suffices to show that in probability

(75)  E{LE™(T) = L (e), ¢)| F= ) 2 E{lLx(T) - Lx(e). ¢) | 7).

Note that by the definition (Definition 1) of the collision local time, there is
convergence in probability of the corresponding expressions inside the conditional
expectations. On the other hand, by (70) and Jensen’s inequality, we have

(LE(T) — L% (e), o)

T on T
<oy [ar [ s [ dx [ dysx!osx3ms X108, X2
n &

) T Sn T
<Ml s [ ar [ dsHX)
5n 0 e
[recall notation (26)]. Therefore,

E((LE™(T) — L™ (0). o) | 72)

) T Sn T
< ||<o||oo—/0 dr/ ds E{H,(X,) | %),
£

8n
which is bounded in probability as §, | 0 by our assumption (IntC) (recall Def-
inition 7). A standard uniform integrability argument for conditional expectations
(Lemma 63 in Appendix B) now gives (75) and completes the proof of (d). [

(76)

2.3. State spaces for X. Recall the state space versions Mg and My e from
Definition 4.

PROPOSITION 25 (State spaces). Assume X is a random initial state in Mg e
satisfying the random energy condition (EnC) from Definition 14, and X satisfies
(MP);’(T. Then the following hold.:

(@) X; € Msge a.s. for eacht > 0.
(b) X; e Mie forallt >0 a.s.

PROOF. (a) Fix ¢ > 0. By Remark 5, for the verification of (15) it suffices to
consider 0 < r < 1. By Proposition 15(b),

B X/ p < B [ dxi i) [ dxaS,xj o (o)
t
+5,-ij/ ds/zdx Sy X4 ()8, X2 (x)
0 R

X/ dxlpt—s(x’xl)/ dxo pr—s(x, x2)pr(x1, X2).
R2 R2
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The right-hand side of this inequality can be written as

. : t
(77)  E(X{ x Xg, P2rtr) +5ijVE/O ds pri2(—s)(0, 0)E (X x X5, pas)-

For the first term in (77), use p2r+r(¥1, ¥2) < p2:4-(0,0) < c(¢) to get the bound

c(t)E(Xf), 1)(X(]), 1). In the second term of (77), break the integral at 7/2. For
the lower part, apply p,42(1—5)(0,0) < c(¢), whereas for the second part, use
pP2s(v1, ¥2) < c(t). This gives the bound

t/2
(78) c) | dsE(Xx Xg,pas)
0

t
(79) +e) / D2 O OE XS, 1. 1)
t

for the second term in (77). For (78) use (16) to bound it by c(¢) ||Xo||, , whereas
in (79) the ds-integral can be bounded by c(¢)[1 + log(1/r)]. Alltogether,

E(X! x X],p,) < e + log<1/r>]E[ Y (Xh. 12+ ||Xo||g}
(80) i=1,2
=c[1+1log(1/r)],

where in the last step we used our assumption (EnC), and the constant c is
independent of r.

Next we want to apply this estimate for special values of r. In fact, if  belongs
to [27"~1,27"), n > 0, then pr < 2py-n, and if p € (0, 1), then from (80),

o0
E sup rP(X! x X/, p;) <2c ) 27"P[1 +log2"] < cc.
O<r<l1 n—0

This proves X; € My g a.s.
(b) We will use a Tanaka formula approach from [2]. To prepare for this,
for o, € > 0, set

8ae (X1, X2) 1= 27/ /oodu e " p,(x1,x),  x1,x2 €RZ
€
Note that
(81) Sae <€8a0,  0=<e=<1 ax=0,
and we have pointwise convergence

(82) limga,e = 8,0, a>0.
el0

It is easy to see ([2], (5.6)) that to each o > O there are positive constants ¢, and
C,, such that

(83) ce8 <1+ 80,0 = Cug

[with the energy function g from (13)].
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Let X, =X tl X Xlz. It follows from (MP);’J and a bit of stochastic calculus,
just as in the derivation of (7;) in Section 5 of [2], that

(Xf’got,8> = <X(), gtx,8>
t
+/0//ga,e(xl,xz)[Xsl(d)q)MZ(ds,dxz)

(84)
+ X2(dx) M (ds, dxy)]

t ~
+a / / / Que (X1, x2) X (dx1) X2 (dx2) ds — L (X),
0

where I:f(X) =f(§ I pe(x1 — x2) X (dx1)X?(dx2) ds. As gue is bounded the
above stochastic integral in (84), I°(¢), is a continuous local martingale and we
may choose stopping times 7, 1 0o a.s. such that sup,_y 1°(t) < n. Then (84)
implies -

E((Xin1, . 8us))
t
@5  =E(Xoge)+a [ B, gaehds

t
= CeE({Xo, 8)) +0!/0 E((XsaT,> 8ae))ds  [by (81) and (83)].

Note also that (MP)y”" implies that (X;, 1) = (X/, 1)(X7, 1) is a martingale (we
also use (EnC) here) and so

E(<Xl/\T,,, ga,s>) =< ”ga,s”ooE((Xl/\Tn’ 1) = ”ga,s”ooE((XO’ 1)) < o0.
It therefore follows from (85) that
(86) E((X/AT,» 8ae)) < c(@) E((Xo, 8))e* V>0, neN.

Note also, by Proposition 15(b),

. '
E(L:(X) = E( fo f eyt — y2)Ss XA () Ss X3 (v2) dyy dyzdS)

t
87) = E(/O// Pevas(y1 — yz)X(l)(dﬂ)X(%(dYI)dS)

< ()E((Xo, g)).
It follows from (84) and the integrability implied by (86) and (87) that
Y= (Xingy 8aone) + Li g, (X)

is a nonnegative submartingale. Therefore by the weak maximal inequality for
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any t, K > 0 fixed

P( sup (Xs,ga,s>>K) §P<Squs”>K)

s<tAT, sS<t
<K 'E"
< K~ e(@)e® 4 ¢' ()] E((Xo, &))-

First let n — o0 and then ¢ — 0 in the above and use Fatou’s lemma and (82) to
see that

P(sup<xs, ga0) > K) < K e(@)e® + ¢ (] E((Xo, 8)).

s<t

In view of the lower bound in (83), the required result is immediate. [

3. Dual processes for higher moments. In this section function-valued and
measure-valued duals are presented which are used to compute higher moments.

3.1. Lattice approximation moment dual V¢ and self-duality. Since it has
not been explicitly mentioned in [14], we start by pointing out that our lattice
approximations have finite moments of all orders:

LEMMA 26 (Moments of all orders). Let ¢ > 0. Assume ¢X satisfies the
martingale problem (MP);’(Z/’S of Lemma 6 with deterministic initial condition,

Xy € erZ(]Rz). Then for any integer m > 1 and T > 0 there is a constant C =
C(e, T,m, {Xgp, 1)) such that

(88) > E<sup<fx;‘, 1)'”) <C.
1,2

i=1, t<T

PROOF. Clearly we may assume m > 2 and ¢ = 1, and we will suppress the
index & =1 in our notation. Then, for i € {1,2} fixed, t = (X;,1) — (X;, 1) =
M,i (1) is a continuous Lz—martingale such that, for 7 > 0 fixedand t < T,

' ; m/2
(M) = (y / ds ) Xi(x)X?(x))
0 xeZ?
t m/2 t
<c | ds Xg(x)xf(x)) <c | ds Y (xi, 1"
[«(z fex,

(where ¢ = ¢, 7). For the moment fix K > 1, and consider the stopping time
tx ;=T Ainf{z: Ziz:l (Xf, 1) > K}. Burkholder’s inequality then shows that, for
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any r € [0, T],
E( Z sup (Xf, 1)’")
i:LZZSr/\‘L’K

<c > (X}, l)m—l—c/(;rdsE( > (Xipees 1)’”),

i=1,2 i=1,2

(89)

with the constant ¢ independent of r (and K). Since the expectation in the
integrand on the right-hand side of this inequality can further be bounded from
above by E(3_;—1 2 Sup,<saz4 (X}, 1)™), Gronwall’s lemma implies

(90) E( > sup (X, 1)’”) <cC,

. <
i=1,2 1=K

where C = C(T, m, (Xo, 1)) is independent of K. Letting K 1 oo completes the
proof since tx 11 7. 0

Although in this paper we only use fourth order moments, we now introduce a
Sfunction-valued dual process V¢ = V& which will describe moments of arbitrary
but fixed order m > 1 for solutions X of (MP);’(?"?, with a fixed ¢ € (0, 1]. The
state space of the dual is 4% = 85" := C;((sZz)m) x 2Mmb (wigh 2{1-m}
denoting the power set of {1, ..., m}), and elements in 4° are denoted by (¢, I).
It is convenient to think of the argument of ¢ as the spatial positions of a system
of m particles. Particles take two types: those corresponding to a coordinate whose
index is in [ are of type 1; those corresponding to indices in /¢ are of type 2.
These m particles have positions described by x € (eZ*)™. We give Cl‘f ((eZ2H)™)
the topology of pointwise convergence, to make §° a separable metric space.

Let gSt(m) denote the semigroup on Cp((¢Z>)™) obtained by running m
independent copies of our simple random walk #£ (each with generator %ZEA),

and let %ng(’”) denote the associated generator.
For 1 < j,j' <m with j # j/, define maps 7, j: (R*)™ — (R*)™ and
Fi.jr: Gy (€ZH)™) — Cyf ((¢Z*)™) by

xi,  ifi# ],

Ol (mj %)= o ey x=(x1,...,%n) € (RH™,
and

(@) (x) 1= ¢ jx)e 2 1) = xj7)
©2) i (@) (x ¢ jrx)e Xj=Xx;

= ¢(x) po(xj, x;1).
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DEFINITION 27 (Dual process V¥). For fixed m > 1, denote by V¢ = V& =
{V{:t > 0} the Markov process which has sample paths in the Skorohod space
D(R,, 4%), and evolves as follows:

(a) Jumps—If V¢ is in the state (¢, I), for each (ordered) pair (j, j’) in I?
satisfying j # j', the process V® jumps to (f; j/(¢), I\{;j'}) with rate y/2, and
for each (j, j') € (I)* with j  j’, it jumps to (fj,j7 (@), 1 U{j'}), also with rate
y/2. (In particular, a jumping particle changes its type.) In these cases we say
J' switches via j.

Let {T;: j > 1} denote the successive jump times, and set Ty = 0.

(b) Between jumps—Between jump times, the component ¢ of V? evolves
according to the semigroup S, whereas the component 7 is frozen. That is

(93) if Ty <t < T,p1, then ¢ (x) =S") ¢r,(x), and I, = I7,.
Let A® = A®™ denote the (weak) infinitesimal generator of V¢, and let

13\8,8 denote the law of V* if V* starts in V{ (deterministic).

Define a duality function F : 8% x M%(sZz) — Ry by

[ ], r@xpew.

jel¢

O F@Lulad =[] [ ul@w
iel €77
Then, for (¢, I, k) € 85 x MZ(eZ?),
O_2
AF (- w) (@, 1) = F<78A<m>¢, 1, u)

(95) +3 X (F(F @1 I\ w) = F@.1.w)
(. jher?
J#J’

FLOY (U@L IO )~ F@. 1)

(j.jhee)?
i#i
Hence, for u € erZ(SZz),
!
(96) FOViow) = FV, ) = [ ds A°F(VE o)
0

isa ﬁgg—martingale. [See (98) below for the integrability of F(V¢, u) with respect
to 13{35.]
0
Let X be our solution to (MP)%/"9 from Lemma 6 and denote the underlying
probability by P§0. As usual Xy is a fixed element in My . If (¢, ) € §°, then
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It6’s lemma and the system of stochastic equations (19) defining the process ¢X
show that

F(¢71’((XI)ZF(¢’I78XO)

o [Lafarosoe | (1) (5 o rx0)

+ M

where M?:! is a continuous L2-martingale which can be explicitly written in terms
of the Brownian motions arising in (19). [Note that the integrals in the duality
function (94) are actually sums.]

On the other hand, if A® is the weak generator of ¢X, then we have

o aF@ 1w =4 FC e D+rf(5)+ () re .
(¢, 1, ) € 82 x M2(R?).

PROPOSITION 28 (Moment duality for X®).  For any V§ € 8¢, X € My (R?),
ee€(0,1]andt >0,

ES F(V5,°X,) = 38<F<V8,%)exp[y/0 ds{(”z”) + ('12 ')”) < cc.

PROOF. In view of (97) we only need to check the hypotheses (4.50)
and (4.51) of [22], Theorem 4.11, with & = 0 and B(¢, 1) = (1) + (). Note
that B(¢, I) < 2(73), so that (4.51) is obvious. Let Ny be the number of jumps
of V¢ up to time s. Note that

Eg: x Efxo( sup F (d)Ac,I‘g,ng))
0 0<s,1<T

(98) 00
< By 2V ||¢0||OO)E§X0<SUP(8X;1» 1)™ 4 sup(*X?, 1)m> < oo,
t<T t<T

by Lemma 26. Then (4.50) in Theorem 4.11 of [22] is a simple consequence of
this. [

It is not hard to see that the above moments grow too quickly for the moment
problem to be well posed and hence do not characterize the law of #X. An
exponential self-duality [35] is required for this.
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3.2. Limiting moment dual V. To let ¢ | 0 in Proposition 28 we specialize to
m = 4 and introduce the natural candidate for a limiting dual process V. To define
the state space we introduce some notation.

NOTATION 29. If ¢ is a (real-valued) function on R4, put
lply == sup |p(x)|/Pn(x), L ER,

xeRd

where
pr(x):=e M xeRY

For 1 € R, let G, denote the set of all continuous functions such that |p], is finite.
Introduce the space

eexp = Gexp (Rd) = U Cs.
A>0

of exponentially decreasing continuous functions. Let Miem = Miem(R?) denote
the subset of all measures « on R? such that (i, ¢) < oo for all A > 0. We
topologize the set of tempered measures M e by the metric

o0
diem (i, v) :=do(u, v) + D 27" (I —vliw AD, v € Miem.

n=1

Here dj is a complete metric on the space of Radon measures on R? inducing
the vague topology, and | — v|, is an abbreviation for |{u, ¢;) — (v, ¢a)|. Note
that (Miem, diem) is a Polish space and that u, — @ in My if and only if

(tns @) = (1, @) for all @ € Cexp.

The state space for this dual V will be § = Miem (RHH) x 214} although
our starting point Vo will be in
(99) Cif (RHH) x 2th4 = 5.

As before, we will identify functions ¢g in C ; with the measure ¢g(x) dx in M.
We abuse our earlier notation slightly and define F: § x M%(Rz) — R4 by

o(x1,...,xq) [ [wldx) [ w?dx;),  if (@, 1) € So,
F<¢,1,m=/ l_; JE[I ’

0, otherwise,

and define 77; j: (RH)* > (R?)* for 1 < j, j' <4 as before. If 1 < j, j' <4, then
fi.i G (R > Miem(R2)*) is given by

(100) Fi.i(@)(A) = /A dxy -+ dxa (), jx)8o(xj — X 1),

It is easy to check this measure is in M.
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DEFINITION 30 (Dual process V). Let S; be the eight-dimensional Brownian

. . . 2 .
semigroup with variance parameter o2, let % denote its generator and p;(x, y)

the associated transition function. The dynamics of the dual process V = (¢., I.) €
DR, &) are as follows:

(a) Foreach (j, j") € I, j # j’, withrate y /2, (¢;—, I;~) jumps to (f; j»(¢—).
I,_\{j'}), and for each (j, j') € (I°)?, j # j’, with rate ¥ /2, (¢;_, I,_) jumps to
(fj,j (=), - U{j"}).

Let0=Ty < T1 < T» < - -- be the successive jump times.
(b) For T, <t < Ty+1, Vi = (Si—1, 971, IT,).

REMARK 31. To ensure that this does define a process V; we need to check
that ¢, € CJ((RZ)A') for all n > 1 a.s. so that f; ;/(¢r,—) is well defined. For
this we will use induction to show if 7,, < 7,41 for all n > 0. Then

on [Ty, T,,+1), ¢.1s a continuous Mpn-valued process taking values in
CF R®) for t € (Ty, Tuy1), and b7, ,— =St,, 1,671, € Cif (R®).
For n = 0 this is clear as ¢g € C;. Assume (101) for n — 1 and consider n. Then

¢Ty, = fj,j/(¢Tn—) € Miem and, for ¢ € [T;,, Tn—i—l)a

(1) = S_1, 7, (x) = f Pr_7, (X, V)1, (dY).

Itis easy to see that if f € Cexp, then (S,_7,¢7,, f) = (¢7,, S/ —7;, f) 1S continuous
in ¢t (e.g., use dominated convergence and Lemma 6.2(ii) of [42]) and so
¢; is continuous on [T, Ty41) and ¢7,,,— = St,,,-71,,¢7,. For t > T, use the
bound p;_7, (x,y) < ce**le™! [¢, A may depend on (¢, T,)] and dominated
convergence to conclude that ¢,(-) is continuous for all ¢ € (7, T,,+1) and the
same is true for ¢7, ,—(-). For boundedness use the induction hypothesis to see
that

&1, <167, ~llooBx;—x ;s dx
and so (take j = 1 and j" = 2 for definiteness)
o1 (x) < ||¢E,—||w/pt—Tn (X, y1, Y1, y3, ya) dy1dy3 dys
< o1, ~lloo P2 —T;) (X1, X2)

<c(t—T) Mot < 00.

The same reasoning shows that ¢7,
proof of (101).

41— 1s bounded. This completes the inductive

It is clear from (101) that V. has sample paths in D(R, §) a.s. Let ﬁVO denote
the law of Von D(R,, 4).
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THEOREM 32 (Limiting moment dual process V). Assume y/o? <
(crwmV/6) L, Xp € Mse where cry is given by (31) and *X is the solution
to (MP)%/"9 of Lemma 6. Let  : M%(Rz) — Ry be a bounded continuous map
and let {e;,}m>1 be a sequence of positive numbers with e, |, 0. Assume either of
the following holds:

(a) 0=46 <t and Xp € M ge;
b) 0<8 <1, {v#0} S {(n!, u?): ' R? + n?2(R?) < K} for some K, and
the law of ®n X converges weakly in M%(Rz) asm — oo to a law Px,(X; € -).

Then, for any ¢qg € CJ(RS), Iy C{1,...,4},
mli—>moo Esm Xo F(VQ, ng;)l//(g’"X(g)

= By x Exy (F(Vis. Xs) 0 (Xo)

confr [ () ()] <=

REMARK 33. The proof (given below) is independent of the uniqueness
results in Theorem 11 and will in fact be used in the derivation of uniqueness
in [12]. By (101), ¢;_5 € Cgr (R®) a.s. and so, on the right-hand side of the above,

F(pi—s, I;—s,X5)

=/¢,_3(x1,...,x4) [T Xs@x) J] X5@dx;)  as.

i€l JEli—s

(102)

The proof requires the following bound on ¢p which is proved in Appendix A.

LEMMA 34. Ifr €(0,1), then

(103)  sup{’ps(x,y):0<s, O<e, |y —x|> s’/2+8r} =: (34 < 00.

If p,e > 0, define

(104) Ec.p(“X,) :=sup s”(°X} x °X7, °py)
s>0
and
(105) €,(X,) = sugs”(th x X2, ps) + (X}, 1)(X2 1),
S>>

The proof of case (a) also uses the following result, which is a simple consequence
of the previous lemma.
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LEMMA 35. If Xo € Ms e, then for any 0 < p’ < p < 1 there is a ¢35 =
c3s(p, p', o) so that

(106) sup 85717(&)(0) < C358p/(X0) < 0.

O<e

PROOF. By Lemma 8 and the definition of p,(x) we have
(107) s (x) < co(o) (s AT

If ¢ > 0and p’ € (0, 1), then

(108) /IRZXé(dxl)/RZX(Z)(dXZ) 1(Jx1 —x2] <¢)

<c1(0)e2(X} x X2, pp2) < 182170, (Xo).

If p,r € (0, 1), then (107) and (108) show that
7 [ 1000 = xal =572 467y (o102 X (e X @)
P —1 -2 r/2 r 1 2
<sPco(o)(s™ Ae )// 1(|x; —x2] < 4”77 4+ €") Xo(dx1) X (dx2)

<sPco(o)s™ e // 1(|x1 — x2| < 8(s™/% Vv M) X (dx1) X3 (dx2)
< 026y (Xp)sP (s v e2yr 177071
<2028, (Xp)(s v 2P 7A=Y,

Let 0 < p’ < p <1 and choose r = r(p’, p) sufficiently close to 1 so that
the exponent of s in the above is positive. Use the above to bound s < 1 and
Lemma 8(b) to handle s > 1 and conclude that

sup s” / / 1lx1 = xa] < 872 + 7Y py (et x2) XA (dox) ) X2 (dxa)
O<e,s

(109)
<2028, (X0) + crwo (X4, 1)(X, 1).

Combine this with Lemma 34 and (108) to see that

(110)  sup&, ,(*Xp) <2¢28,/(Xo) + (34 + crwo ~H)(X(, 1) (X3, 1).

O<e

The result follows. [

The proof of case (b) of Theorem 32 will use the following lemma.
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LEMMA 36. LetO<p<1landd >0:

(a) Thereis a c3¢ = c36(0, p) so that for any € > 0, n € (0, 1] there is a random
variable Z (g, n, p, §) satisfying

€. p(X5) < 3oL (XL 1) (X2, 1) + Z(e, n, p, 6),
and E(Z (e, n, p, 8)) < c368 " 'nP/2(X}, (X3, 1),
(b) supg_, E(8e »(°Xs)) < c36(1 +8~)(X), 1)(X3, 1).
PROOF. (a) Lemma 8 implies that ps < ¢1(s~! A £72). This, together with
Lemma 34, implies, for e > 0andr =1 — g,

88,]7(&X3)

<c1 (X}, 1) (X3, 1) + sups? / “ps (x1, x2)°X 3 (dx1)°X 3 (dx2)

s<l1
(111) eyl ev2
<(c1+c3a) (X5, 1) (" X5, 1)

+supcysP (s A 8_2)/1(|x1 — x2| < ("% + €M) X} (dx1) X3 (dxy).

s<l1

The second term on the far right-hand side is bounded by

supci(s vV e2)P(sveH)! / 1(jx1 — x2| < 2(s v e2)7?)EX N (dx1)*X3 (dx2)

s<l1

(112)  <em? 1EXg, 1) ¢X3,1)

+c1 sup s”_I/l(lxl—le§2sr/2)8X§(dx1)8X§(dx2),

e2<s<n
where the second term is defined to be 0 if £2 > n.Ifse [27%k=1 27K] then
sp—lfl(m o] < 252X N(dx)EX 2 (do)
< 21_”2_k(”_1)/1(|x1 — xp| < 21Rex N dx e X R (d ).
Use this in (112) and then (111) to see that
(113)  &p(Xs) <ca(o )0~ (X5, 1) (X5, 1) + Z(e, . p. 8),
where

Zepy = Y 2070 [1(lx —aal <2 RN Ax) X ().
2-k<2p
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Proposition 15(b) shows that
E(Z(e,n, p,9d))

—ep 3 2K //// 1(jx1 — xo] <21 7472)

2-k<2p
x ps(x1, y1)°ps(x2, y2) dx1 d¥x2 * X (dy1) * X3 (dy2)
<crerwo 2871 Y0 2K RxE ) (XG, 1)
2-k<2p
<cs(p,o)s X 1) (X5, 1) > 27ke2
2-k<2p
< c4(p, )8 XS, 1)(X2, 1)nP/2.

Therefore, (113) implies (a). To derive (b), take n = 1 in (a) and note that
E((°X}, 1) (¢X3, 1)) = (X}, 1)(X2. 1) by Proposition 15(b). O

NOTATION 37. Let ¢37(02) = ¢rwo 2. Then Lemma 8 implies
(114) pr(x)<eczt”! Ve>0,1>0, x €eZ
LetU, =T, — T,—1 (n > 1) be the interjump times for the dual process V7.

The next result is the key technical bound on our lattice dual process. It will
be used in Corollary 40 and Lemma 43 below to get a uniform (in & and x)
bound on ¢, (x) and will provide the uniform integrability required in the proof of
Theorem 32. Finally it will play a critical role in the derivation of the L? bounds
on the increments of the approximate collision local times of the rescaled lattice
processes which underly the tightness needed in Theorem 11(c) (see the proof of
Proposition 46 at the end of Section 4).

LEMMA 38. Let ¢g € CJ(RS), Iy C{1,2,3,4} and ng € Z. Assume there
are distinct random indices {i1,i2} C {1,2,3,4} and a measurable map
[ Ry Q — Ry such that t — f(t, w) is continuous P;O’Io-a.s. and

a15) &7 (1, Y2, ¥3, ¥4) = f(t, @) P2(e—T,,0) (Viy = Vin)

i1 €ly,in & Iy, for Tpy <t < Tpyt1, P£<),I<)'a's'
Let

n
Cc37 Cc37
T 9
A ”°“)< [1 (Uk_1+Uk>)U,,+s—Tn

Forn k=no+2
Ping (8) = :
"o ifTy <s <Tyy1, n>no,

fs), if Ty <5 < Thy+1-
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Then there are random indices {i , i} :n > no} C {1,2, 3, 4} such that

$5 () < oy (5) gPZ(s—T,,)()’iI’ - yi§>,
ifeliyell, Ty <s <Ty1, Yn > ny, }A’qfo’lo-a.s.
PROOF. We proceed by induction on n > ng. If n = ng, the required result

is our hypothesis (115). Assume the result holds for n — 1 (n — 1 > ng) and
consider n. Then

95— ) = o (1) 20, (3t = ygm1 ). i el 57 g0

We consider several cases in analyzing the jump at 7,,. We will write (i, i) for
(ii’_l, i;’_l) and use i3, i4 to denote the distinct indices in {1, 2, 3, 4} — {i1, i2}).
Case 1. iy switches via i3 € I, _.

05 () < il (Tu=) pau, Oiy — Yin) P0Gy — ). I, D {is}, If, D {i1. in}.
Case 2. ir switches via i3 € Icn_.
05 () < il (Tu=) pau, Oiy — Yi) PoOiy — ). I, D {in. i}, If, D {is).
Case 3. i3 € I, switches via 7.
o5 () < pilo(Tu=) pau, Oiy — Yin) PoOis — yir)» I, D {in}, I, D {ia. is}.
Case 4. i3 € I;n_ switches via iy.
o5 () < pily (Tu=) pau, Oiy — Yin) PoOis — ¥i)» I, D {in. i3}, If, D {in).
Case 5. i3 € I, switches via i4 € I, _.
o5 () < il (Ti=) pau, Oiy — ¥i) o —vi)s I, =l ia}, I, ={in. iz},
Case 6. i3 € Icn_ switches via ig € I%n_.
o5 (V) < pf (Tn=) pau, iy — Yi) PoGis = i), I, ={ir. iz}, 1§, ={io, ia}.

We can now introduce new random indices {i;:j <4} = {1,2, 3,4} and reduce
these six cases to essentially two cases.

Case A.
o5 () < ol (Tu=) pau, Oy, — ¥i) POy — Yin)-
1] € I, {1r,13} C I;n orij € I;n, {in,13} C It,.
Case B.

o5 () < il (Tu=) pau, Oy — ¥2,) Po (i, — ¥, I, = {i1, i3}, Iy, = {i2, i4}.
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For Case A use (114) to see that, for 7, <t < Ty, 41,
oF () < o (Th—)
X / P20, 11, 23, — Viy) Pi—1, (@5, — Viy) Pe—1, (5, — ¥i)) d° 25,
< py{O(Tn_)C37(2Un +1 =T pa—1) iy — 1)

< P,{;,(f) P2i—1) i, — Vi)

where i1 € I;, 15 € If or conversely.
For Case B we use (114) to see that, for 7}, <t < Tp,41,

&F < o (Ti=)P2u,+1-1, Vi = Y1) P2—1) Vi — V1)
<l (Ti=)e37Un +1 = T) ™ pag—1,) iy — ¥iy)
< p,{O(I) P21, Vi, — Vi)

where 7 € I; and 15 € If.

In either case it is clear how to define i;’ so that the required result holds on

T, <t <T,41, ﬁ;O’TO-a.S. This completes the inductive proof. [

NOTATION 39.  Write p,,(s) for p,{()(s) when f = 1.
COROLLARY 40. Letgg € C;((]RZ)“) and Iy C {1, 2, 3, 4}. There are random
indices (i}, iy :n > 1} C {1, 2, 3, 4} such that, ﬁ;{)’l()—a.s. Vn>1,
ifely, iyelf ifT, <s <Tyt

and

b5 (y) < ||¢0||oo|:1(s <T)
(116) -
+ Y UTy <5 < T ) p1(s) pas—1,) (Vi — yi;)}

n=1

(117) < ||¢0||oo|:1(s <T)+ > WTp <5 < Thp)p1(s)czr(s — Tn)_1:|

n=1

= P(s).

PROOF. We check (115) of the previous lemma for ng =1 and f = ||¢ol|co-
Clearly ¢§1 = limy 7, © S,(4)¢0 < |l¢0llc- Therefore the definition of ¢; shows that
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¢§1 ) < llgolleo °Po(yi;, — i) for some iy € I, i ¢ Ir,. It follows that, for
T <t<T, i1€l;,ip ¢ I;, and

¢ﬂwswﬂwfwﬁmmﬂm%kn@—mm%

= [l¢olloo ‘P2(s—17) (Vi) — Yiy)-

This verifies (115), and (116) follows from Lemma 38, as this inequality is trivial
for s < T7. The second inequality is then clear by (114). U

LEMMA 41. Let®S; denote the semigroup of the nearest neighbor continuous
time random walk &} on eZ® which jumps to a nearest neighbor at rate de o>
and let S; denote the semigroup of the d-dimensional Brownian motion with
variance parameter o*. Let f¢: eZ? — R, let f:R? — R satisfy supe—o I f€lloo
< o0 and let limg o f¥(x;) = f(x) whenever limgox, = x(x; € EZd). Then
[ flloo < 00 and

g{)lgSzfg(xg) =S f(x).

PROOF. The first assertion is obvious. Let €, | 0. By Skorohod’s theorem we
may assume " — By a.s. where §" = By =0. Then x,, + & — x + B; a.s. and
the result follows by dominated convergence. [J

NOTATION 42. If x € R, let [x], = [ 'x]e for each ¢ > 0. If x =
(1,00 xa), let [x]e = ([xile, ..., [xale) € (62)°.

LEMMA 43. If ¢o € Cf (R®) and Iy C {1,2,3, 4}, then, for each t > 0, the
following hold:

(a) SUP,-(SUPycpzs 5 (X) < 00, Py 1p-a.s. )
(b) limg o Supycpzs |y <k |#f (X) — @ (x)| =0, VK >0, Py 1,-a.s.

PROOF. Statement (a) follows from Corollary 40 since ¢(t) < oo for ¢ ¢
{T, :n > 1} which holds Py, j,-a.s.
For (b), it suffices to show that, for a fixed sequence &; |, 0,

klim ¢,8 Fx) = ¢ (x) Py, 1,-a.s. whenever x; € SkZS, x € R® are
—> 00

(118) .
random points satisfying lim x; = x Py, 1,-a.s.
k—00

This in turn will follow by establishing
(118,) (a) (118) holds a.s. on {w:T,, <t < T,,4+1} for {x¢}, x as above, and
(119)
(118,) (b) klim ¢§"+l_(xk) = ¢1,,,—(x) for {x;}, x as above, foralln € Z.
—>o0 N
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Clearly (118,,)(a) Y n > 0 suffices but (b) helps in our inductive proof. On {t < T},

o (k) =S¥ po(xr),  Br(x) = Sipo(x)

and so Lemma 41 implies (118p)(a). Since ¢?’l‘_(xk) = *S7,¢o(xx) and
o1, —(xk) = St,(xk), the same result also gives (118¢)(b). Assume (118,,) for
m < n. Consider

{T, <t < T,y 1}N{j switches via j’ at T,}.

On this event

0 = [ @5 (031e0) i, (D1 = () )

(120)
x [ *pi—1, ([yile, — (x)i) d§”
i#j
and
(120 ¢ = [ g1,y 0o,y = ) T] proa, i — x5

i#j

where d )A)j/ is the three-dimensional Lebesgue integral with the y; variable
omitted and we write (xi) ; for the jth component of x; € (ex Z2)*. By (118,-1)(b)
and Lemma 8 if (y¥);2j — (31 as k — oo when (y);2;r € (exZ?)* and
(y)ixjr € (R?)?, then

klggo ¢?:l_([nj,j/yk]ek) “pi_t, ([)’§]8k — (1) j) = 1,— (T V) pr—1, (Vj — X 7).
Moreover (a) and Lemma 8(a) show that
supdit ([} j1¥le) “piot, (Iyj] — (x)jr) <00, Py ppas.
&,y

Now apply Lemma 41 to the six-dimensional random walks with transition
function

[T %p— (ilee — (i)
i#j

to see that limy_, o d)f" (xx) = ¢ (x) on {T,, <t < T, 41} N{j switches via j’ at T, }.
The same reasoning also proves (118,,)(b). This completes the induction and hence
the proof of (b). [

PROOF OF THEOREM 32. Use the Markov property of ®»X at t = § > 0 and
Proposition 28 to see that it suffices to prove
lim E " 10 X oy (F (@75, Ir—s, " Xs) ¥ (" X5)&—s)

m— 00

(122)
= Epy 1o X Exo(F(@1—s, Ir—s, X5) ¥ (X5)E—s),
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ool [ (4) ()]

By Skorohod’s theorem we may assume {*#X;} and X are defined on a common
(2, F, ) such that X5 — X5, P-a.s. and replace the expectations Eenx, and
Ex, in (122) with E. We now claim that

im F ("5, I—s, ™" X5) ¥ (" Xs)

m—00

= F(¢i—s, Ii—s, X5) ¥ (X5) 13¢0,10 x P-a.s.
As i is continuous we only need focus on the “F terms.” Since X5 — Xs in
M%(R)z a.s., {¥»Xs:m € N} are a.s. tight. This together with Lemma 43(b), the

fact that ¢, _s € Cl‘f (Rg) 13(,50, Ip-a.s. [recall (101)] and *» X5 — X a.s. allow one to
prove (123) by an elementary weak convergence argument.
To prove (122) it now suffices to show

{F(p"s, Ii—s, “"X5)¥ (“"X;) :m € N} is uniformly integrable

where

(123)

(124) .
with respect to Eg, j, X E.

Bound ¢g by ||¢ || and hence verify (115) with ng =1 and f = ||¢g||co through
a short calculation. Lemma 38 shows (recall p,, = ,o,llo) that if M = M"™%(w) =

enX L(R?) + “nX2(R?) and p € (0, 1), then, Py, 1, x P-as.,
F(¢fﬁ87 Il—(S, ng(S)

< ||¢o||oo[1<z =5 < T ("X} RY)" + ("xF(RY)")

+ D WT <t =8 < Tp)p1(t —8) (20 =8 —Ty) ™"

n=1
(125) X €, p ("X5) (X} (RD)? + (X3 GRZ)V)}
< llgolloc(M* + M?)

X {1(z—8<Tl)+ (1(T1 <t—-8<h)(t—-8—-T)) 7

o0 n
+ Y NIy <t —8<Thy1)cly ! ( [k + Ukrl)

n=2 k=3

X (Up+1—8—T) 't 86— Tn)_p> 8em,p(€’"X8)]
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Now for n > 2, either U, is exponential with rate 2y and U, is exponential with
rate 3y or conversely. Therefore if ¢, is the rate of U,, we have

n
E¢(),I() (1(Tn <s< Tn—i—l)( l_[(Uk—l + Uk)_1>(Un +5— Tn)_l(s - T}’l)_p>
k=3

0 o0 1 n n
:/ dl/tl / dl/tnl Z”i <s e—an-#l(s—zluj)e—zlajuj
0 0 1

n n n—1 -1 n -P
(126) X H“J(l_[(”k—l +uk)_1) (s— Z”l) (S—Zul)
k=3 1 1

1

0 0 n
50{16"/2)/"_1/ dul---/ dunl(Zui <s
0 0
1

n—1 n—1 -1 n -P
X (l_[(uk+1 +uk)_1) (s— Zu,) (s—Zu,) .
k=2 1 1
Now change variables and set vy = uxy1, 1 <k <n—1, v, =Y} u;. Note also

oy < 6y as the largest jump rate occurs when Io =@ or I = . If J, (s, T) is as
in Corollary 61 in Appendix B, then the far right-hand side of (126) is at most

)
J/}161-%-}’!/2'/(; (S _ vn)—p

R

n—2
X H(vi +0i41) NS = vy +vam) oy - dvn—1:| dvy

i=1

)
< Vn61+n/2/0 (S - Un)_p-]n—l(s — Uy, Un)dvn
N
< co1y"6! T/ 22 /0 (5 — v) P (W) 2(s — va) "2 g,

where we have used Corollary 61 with p = % in the last line. A simple change of
variables shows that if we use the above to bound (126) we arrive at

Ego. 1y <1<Tn <s< Tnm( [ W1 + Ukrl)(Un +s—T) (s — Tn)—l’)
k=3

1
(127) gc61(1/2)y"61+"/2n”—2/ w21 —w) V2P gys' =P
0

< c127(p) (yv6m)"s' 7P
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We first establish (124) in case (a). As 6§ =0, M = X(l)(Rz) + X(Z)(Rz) is a
constant. Lemma 35 and (125) imply that if p’ € (0, p), and
W(S) =1+ l(Tl <s<TT)(s— Tl)_p

[e.e]
+ > Ty <5 < Tyg)chy
n=2

n
X [TWk=1 + U™ x Up+s—T) ' (s = T) 77,

k=3
then

(128)  F(¢;". 11, “"Xo) < llgolloo(M* + M?)(1 + 356, (X)) W ().
Our assumption on yo ~2 implies c377 /61 < 1 and (127) easily implies
(129) Egyry(W(s)) <00 Vs>0.

As the upper bound in (128) is 13¢0, J,-integrable and independent of m, and
¥ is bounded, the required uniform integrability in (124) follows and the proof
is complete in case (a). )

Consider the case (b) and write (@, w) for our sample points under Py, 7, X P.
Note that W (t —8) = W (¢t — 8, @). Our hypothesis on ¥ and (125) imply, for some
0<c(y) < oo,

(130) Y (" X5)F (" s1i—5,""X5) < c(Y)W (1 — 8, &) (1 + &, p (" X5())).

Fix n > 0. By Lemma 36 there are random variables Z (e, 1, p, §) = Z,, (w) such

that
13 &, p(""Xs(@)) < c36n” T X5 R XF R (@) + Zin (o),
E(Zw) < 368" P2 XL (RP) X (R?).

By (129) and Proposition 15(b) we may choose ¢ > 0 so that }A’qbo,[o x P(A) <e¢
implies Eg, 1, x EAaW(t —8)(1 + X} (R X2(R?))) < n(1 4+ c36n”~ 1)~ Then
(130) and (131) imply, for A as above,

Egy 1o % E(LAF($75, I3, " X5) ¥ (" X5))
< e (1 +eson” D Eg 1o x E(LaWG = 8)(1+ X, B XIR))
+ W) Ego.1y (Wt = 8)E(Zi)

< c@)n+ W) Egy.1,(W(t — 8))c3ed " XS R XZ(R>)nP/2.

This goes to zero as 1 |, 0, independently of m, and so (124) holds and the proof is
complete in case (b).
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4. Construction of a solution. In this section we prove Theorem 11(a),
(c). Recall that [x]e = (y1, y2) € eZ? iff x € [T [vi, yi + &) = Ce((y1, 2)). In
Section 1.2 we fixed Xo € Ms . and constructed a solution *X to the approximate
martingale problem (MP);(Z/’S starting at

X5 () = X (Ce(x)), x € eZ2.

We assume (33) throughout this section. We use this stronger condition in the proof
of a key L? estimate in Proposition 46. The following elementary bound is proved
in Appendix A.

LEMMA 44. There is a constant cas = caa(c?) such that

é ) )
/ em(x)dsfu{(ﬁ) Al +log" (ﬁ)} VxeeZ? V8,6 0.
0 X X

LEMMA 45.

)
(a) %iinsup [/ pi(x1 — x2) ds]gX(l)(dxl)gX%(dxz) =0.
0

e>0

T 1 2
Gy sup [ | [ e = ds [ X dx) K dxa) = cas(T) < o0

e>0

VT > 0.

PROOF. Define
G.+(Xo) = / 1(x1 — xa]l < V26)g(x1 — x2) X (dx1) X3 (dxa).

Note that if [x]s # [x2]e, then ||[x1]e — [x2]¢]| > € and so

Ilx1le — [x2lell < lx1le — [e2lell
Ixi —x2ll 7 i) — [2lell + 2426

We have °p,(0) < ¢ (s~1Ae™?) by Lemma 8, and so, by Lemma 44,

././ [/5 Ps(x _XZ)ds] X (dx1)* X3 (dx2)

(132) > (14+2v2) ' =

-/ [ / ps (D1 — [xz]e)dS]X(l)(dxl)X(Z)(dxz)

= // [/0 c1(s™! /\8—2)ds}1([x1]8 = [x2]8)X(1)(dX1)X(2)(dx2)

NG NG
133 + +1 +(—>]
(133) // C““[ <||[x1]g [xz]a||> %% \Ixtle — ol
x 1([x1]e # [x2]e) X (dx1) X3 (dx2)
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-1

V8 + Vo 1 2
veu [0 (e =)+ 1o (s =i ) b g

We have used (132) in the last line. The second term approaches 0 as § | O by
dominated convergence since X € M . This also implies lim, o G- (Xo) = 0 and
so the first term in (133) clearly approaches O uniformly in § € (0, 1] as ¢ | O.
As G.(Xp) is uniformly bounded in ¢, it then follows easily that the first term
in (133) approaches 0 uniformly in & > 0 as é | 0. This proves (a). Relation (b) is
immediate from (a). O

Tightness of X will be proved using bounds on its moments. First and
second moments for ¢ = 1 are easy to derive from (19) and were given in
Theorem 2.2(b)(iii) of [14]. Using our definition of °X}, we then easily get, for
¢ 7> —>Ry,i=1,2,

i) E*X], ¢i)) = (°X(, Seépi),
(i) E(X/, 1) (X7, $2) = (X, S:01)(°XG, “Si2).

Our key L>-bound is on the increments of

(134)

t
(LE(1), §) = (Lix (1), ¢) = /0 [ xloxiwasas.

Recall that d®x denotes integration with respect to £ =3\ ..7» g28y. Recall the
notation &, ,(*Xo) from Lemma 34 and let

€. p(Xo) = €., (X)[(XS®RD) + (X2RH))?].

PROPOSITION 46. There is an g9 = go(y, 02) >0, and for any T > 0 there is
a ca6 = ca6(T, y, %) > 0 such that for any bounded Borel ¢ :R> — R and any
0<e<e,

E(((L° (), ) — (L*(11), $))7) < cas€e.1 2(*X0) |12 — 11177215 11 %
forall0 <ty <t <T.

REMARK 47. The power 3/2 is by no means sharp and can easily be improved
to 2— & for any & > 0, at the cost of a stronger assumption on y o ~2. The factor iy !
will not pose any problems as #, is the greater of the two times.

The proof will be given at the end of this section and uses the following bound
on a family of iterated integrals for p = 4. We include the more general case here
because it will be used in [12] to verify (IntC).
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NOTATION 48. IfneN=>2,pe(0,1) and 59 > s1 > 0, let
K (s0,51)

S1 Sn—1 n 1 -1 — _
=/0 dSz---fO dsn [ [Cr—2 =507 s, 15, P (14 [(Sn—1 — 50) /521 77).
k=2
LEMMA 49. Let p € (0,1) and cq9(p) =37/ sin(zw (1 — p)):

@ If¢p,(x) =x(1+@x - ffx—w) " (w P+ (1 —w)P)dw,x > 1,
then sup, . ¢p(x) < cq9(p).

®) Ki” 0,50 = cao(p)' s Psg (1 + (so/s1 — DTP), Yn e N7,
so > s1 > 0.

See Appendix B for the proof.

LEMMA 50. If¢ € Cp(R?), then,VT > 0,
(135) hmE((L (7), ¢ / /S Xo(x)S Xo(x)¢(x)dxds e R.

PROOF. By (134),

(136) E(°X! (0)°X2(x)) = © 85X (x)%Ss X 5 (x),
and therefore

£ T eo eyl eq ey2 £
137)  E((L5(T).)) = /0 [ sexbersxdwe o dixds.

Lemma 45(a) shows that

hmsup/ /SS SXO(x)gS SXO(x)|¢(x)|d€xds

(138) 0¢>0
< ioltimsun [ [ [ pastn = sras | xbamxgiar =o
If § > O, then
T
. eo eyl g ey 2 &
E?(}/a / Ss Xo(x) S Xg(x)p(x)dxds
T
= lim /3 / [ [ pattnle = 1P D21, - [x]gw([x]g)dx]
(139) x X (dy1)X3(dyy) ds

=/8T/[/ps(y1 —x)ps(y2 —x)¢(x)dX}Xé<dy1>X3(dyz) ds

T
_ /3 / S X} () S, X2 (1) (x) dx dis,
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where in the next to last line we used Lemma 8 and dominated convergence.
Note that the finiteness of the right-hand side of (135) is clear since Xp € Mse.
Relations (137), (138) and (139) now easily give (135). O

PROPOSITION 51. If &, | 0, then {(*X', X% Loy):n € N} is a tight
sequence in C(R, Me(R?)3).

PROOF. Write ("X, L") for (X, LEZX). It suffices to show tightness of each
of the three coordinates separately ([29], page 317) and to this end we specialize
a result of Jakubowski [30] (see [37], Theorem I1.4.1). To show a sequence of
processes {¥"}, with sample paths in C (R, M¢(R?)), is tight, it suffices to show
the following:

(1) Ye, T > 0, there is a compact set, K7 ¢, in R? such that
sup P(sup Y (K7 ,.) > 8) <e.
n t<T
(i) Vo € CZ(R?), {(Y", ¢) :n € N} is tight in C(Ry, R).

We start by proving (i) for Y" = L". Fix ¢ ‘R?2 — [0, 1] in Cﬁ(Rz) such that
[—1, 1P c{y =0} C {¢ <1} C [-2,2]? and define ¥ (x) = ¥ (xk~'). Lem-
ma 50 implies

(140 lim E(L"(T), ) = [ T/ S, Xo(0) S, X3 ()Y (x) dx ds < 0o,

The right-hand side of (140) approaches 0 as k — oo and so it follows from (140)
that for any n > O there is a kg such that

(141) SIJPE((L”(T), Viky)) <1

This proves (i) for Y = L" by the monotonicity of L"(¢) in ¢.

Statement (ii) for Y = L" would be a simple consequence of Proposition 46
and Lemma 35 if Xy € Mg . To handle Xg € M¢ we will condition on ¥y =
0 (°Xy : s <) and use the elementary equivalence between (ii) and the following:

(ii)a V8 >0, Vo € CZ(R?), {(Y", $) :n € N} is tight in C([8, 00, R);
(i)p V¢ € CZ(R?), {(YY, ¢):n €N} is tightin Rand, V7 > 0,

limsupP(supl(Y,n,¢) — (Y. o) > 71) =0.
840 n t<é

To verify (ii); we may choose § = ko270 for some kg, my € N. For ¢ € Cg(Rz)
and m > my, use the Markov property of "X and Proposition 46 to see that
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P( max  (L"(k27™) — L"((k — 1)27™), ¢) > 27"/8 | 3?5”)
koszm()<k§N2m

N2Wl
< Y 2N, 1 2("Xs) 2T (R2T — ko2 7™) T Ig 12,
k:koznl—"l()+1

N2"l

< ¢(N, [lloc) €y 1/2("Xs)274 S k!
k=1

<c(N, [¢lloc)€ep.1/2("X5)27 4 m,

which is summable over m. The standard binary expansion argument of Lévy
shows that, for some ¢y > 0 and any n, M > 0,

p( s 10,00 - w0l s > )

< P(&,.12("X3) > M) + P("X}(R*) +"X3 (R?) > M)
+ (N, 118 lloo) M381 (),

where lim,) o 61 (7) = 0. Lemma 36(b) and (134)(i) allow us to choose M so that
the first two terms are small, uniformly in n. Then choose 1 small enough to make
the last term small. This proves (ii)a; (i) is immediate from (137) and (133),
which imply

(142) limsup E((L"(8), |¢])) = 0.
840 n
This proves the tightness of {L"(-) :n € N} in C(R.., M¢(R?)).

Next consider (i) for Y" ="X i Y is as above, then a second-order Taylor
expansion shows that

(143) AP ()] < cyk 2.
Let n > 0. The definition of "X6 shows we may choose kg so that

(144) sup("Xh, V) =<n Yk > ko,
n

and (141) holds but with n> in place of n. Let k > k. Then (MP);’(T’E" implies

. T [ j
sup"X} (Yi) <1+ (cyo?/2)k™2 fo "X (R ds + sup M ()|
t<

t<T
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Therefore, for k > ko,

2 T
. c O" . .
P(sup”X;(wk) > 37;) < 2‘” 5 / E("X'(R?))ds + n_2E<sup \S"Mi(wk)\z)
1<T nk< Jo 1<T
27 vi (22
- cyo T X (R%)
2nk?
where in the last line we have used (134)(i), Burkholder’s inequality and (141)
(with 7 in place of 7). Take k larger still to ensure the above bound is at most ',
thus verifying (i) for Y ="X". ‘
Let ¢ € C%(Rz) and consider (ii); for Y" = "X'. A second order Taylor
approximation shows that

+cyn,

(145)

2¢
nA
‘in <cp all x, n.

2

Use the Markov property of #»X together with (MP);’(?’S” and Burkholder’s
inequality to see thatfor § <s < T,

E(("X®)Y) | ") (@)
= E(("Xi(R*)*) "X ="X5())
< c['X5RY)(@)* + y2E((L"(s — 8), 1)* | "X = "X ()]
< ["X5RY) (@)* + y*cas(T)Ee,.1/2("X5 (@) T?],

(146)

where Proposition 46 is used in the last line. Now use (145) and (146) in
(MP);(Z/’S” to conclude that, for0 <§ <t; <1, <T,

E(((XL, ¢) — ("Xi o))t | F)

t . o2enA 4
sele(( (275 )as] )
151 ’ 2

IEADERTATNER]

) .
< c[cj},(zz —n)’ /; E("XLRY)* | £5) ds
1

+ ey E(({L" (1), §) — (L"(11). ) | 3’5”)]

<c(T, ¢, y, 0 ) [ X5R) (12 — 11)* + €6, 1 2("Xs) (12 — 11)Y 2 (12 — 8) 7],

by Proposition 46. Lemma 36(b) and the fact that E ("X Q(RZ)) = Xf) (R2?)
[from (134)(@i)] show that "X fs (R>)* + Egn,l ("X f;) remains bounded in probability
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as n — 00. We can therefore argue just as for L", using the above conditional L*
bound, to see that (ii)a holds for Y" ="X"*.
To check (ii)y, let 8 € (0, 1] and use (MP);’(?’S” to see

E(sup((”Xf, o) — ("X}, ¢))2)

1<é

<2u(( {0 75)as) )+ 26 s

) .
sch%afo E("X{, 1)*)ds + cy [9lI3E((L"(5), 1))

<2c58[2(X0, 1)+ 28E((L"(8), 1))+ cv 1913 E((L" (), 1)).
The above bound converges to zero uniformly in n as § | 0 by (142). Since

(”Xé, ¢) — (Xé, @) as n — 00, (ii)y, follows for Y ="X" and we are done. [J

To show the limit points obtained from Proposition 51 solve (MP);’(? we first
introduce some notation:

Qx.1 = C(Ry, My(R*)?) with its Borel sigma-field Fy 1
and canonical right-continuous filtration (JL}X L ).

Let (X, L) = (X!, X2, L) denote the coordinate maps on Q2yx .

PROPOSITION 52. Let P be a weak limit point of the laws of
{("X, Lf,’,’X):n e N} on (Qx.1,Fx.1), as €, 4 0. Let F and F; be the

2
P-completions of Fx.1 and JU,X’L, respectively. Then X solves (MP);’(O’y on
(Qx.1, F, F:, P)and L = Lx is the collision local time of X P-a.s. Moreover,

(147) (LY’ (0).¢) = (Lx(1).¢)  in L'(P)ass |0, V¢ € Cp(R?),

where L;B was defined in (10).

PROOF. By Skorohod’s theorem we may assume that, on some (', ¥/, P’),
(148) ("X, L") = (*X, Liy) —5 (X, L) inQx.1, & 4 0.

Let F/ (respectively, ;") be the right-continuous P’-complete filtration generated
by (X, L) (respectively, "X) and let ¢ € Cg (R?). An elementary argument shows
that

(149)  “"A¢([x]s,) = A¢(x) boundedly and uniformly on compacts.
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From (MP);’OV’E" we have

o2 1A

. . t . .
X1, ) = ("X}, ) + /0 <"x;, >ds M), 120,

150 ;
(150) “M(¢) is a continuous Lz(};”)—martingale, i=1,2, and

EM (), M (¢)) = 81y (L™ (1), 9.

As each of the first three terms in (150) converges a.s. in C(Ry,R), we
see that M i(q&) — Mf (¢) as. in C(R4,R) for some F/-adapted continuous
process M;(¢). Lemma 50, (150) and Burkholder’s inequality imply that
{sup, <7 "M i(d))l :n € N} is L%-bounded for each T > 0. It follows easily that
M,i (¢) is a continuous Lz(}“,’ )-martingale. Theorem VI.6.1(b) of [29] implies
that (M'(¢), MI($)), = y8ij(L(t),¢*) YVt >0 as. We may now let n — 0o
in (150) to see that, for ¢ € CZ(R?),

o2Ap
2

. . t . .
<X;,¢>=<X5,¢>>+/O <x;, >ds+M;<¢>, =12,

151 :
(15D M; (¢) is a continuous Lz(}“l’)—martingale such that

(M (¢), M7 ($)): =8ijy(L(1),¢%)  Vi=Oas.

By polarization the last equality implies (M (¢1), M?(¢2)) =0 a.s. forall ¢, ¢ €
CL(R?).

To show X satisfies (MP);’(’OV it remains to prove L = Lx, P’-a.s. The Markov
property of ?X and (137) imply, for 0 < s < ¢ and ¢ € Cp,(R?),

E((L"(t) — L"(s), ¢) | /")
(152) t—s ) 5
_ / [ / eng, X L ()78, "X 2 (x)¢b (x) de"x] dr  as.
0

For each r > 0, it is straightforward to use Lemma 8, (148) and a dominated
convergence argument to see that

(153) Jim / 15, X § (x)1S,"X 5 (x) (x) d"x = / S, X1 (x) S, X2 (x)¢ (x) dx

< 00 a.s.Vr > 0.

To take an L! limit on the right-hand side of (152) we first show

Fu(r) = / eng, x| ()51, X % (x) d®" x
(154)
is a uniformly integrable sequence on ([0, — s] x ', dr x P').
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If s =0, this is an easy consequence of Lemma 45(a), so assume s > 0. We see
from (153) that

(155) nl_i)ngofn(r):/S,Xg(x)SrXf(x)dxEf(r) as. Vr>0.

Now use (151) just as in the proof of Proposition 15(b) [more specifically, (58)] to
conclude that

(156)  E'(S:X!(x)S, X2(x)) = S, s X{(0) S5 X5(x)  Vr>0, x eR%.

From (134) we have

t—s t—s
lim E( fn(r)dr) — lim_ f f 1S, 43 X () 4y X2 () P x dr
0 n— 0

n—oo

1—s
= [ [ S XS X3 drdr
0

by dominated convergence and s > 0, as for (139). This with (155) and (156)
shows that lim,_, s E’(fé_s fu(rydry = E'(f§~° f(r)dr), which, together
with (155), gives (154). Therefore the same uniform integrability holds for

{/ensr"xi ()8, X2 (x)p(x)d®"x :1n € N}.
Use this and (153) to let n — oo in the right-hand side of (152) and conclude
E'((L"(1) = L"(s), ) | ")

(157) i/t_s S XN S, X2(x)p(x)dxdr  (asn — o0)
0

= P (Xp).

Now let ¥ :Qx., — R be bounded continuous and F,X-L-measurable and
satisfy ¥ (X, L) = 0 if X!(R?) + X2(R?) > K for some K > 0. If J > 0, then
(157) implies

E'(@X)¥ (X, L))
= lim E'(E'((L"(1) — L"(5). ¢)
(158) x L(|(L"(t) — L"(s), )| > J)|F )y ("X, L")
+ E'(E'((L"(t) — L"(s), p)L((L" (t) — L"(5), $)| < ))IF") v ("X, L")

— 1 &) 2
= Jim 10+ 7,2
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Choose J sothat P'(|(L" (1) — L"(s), ¢)| = J) = 0. By Proposition 46, the Markov
property of "X and our assumption on the support of v, if s > 0, then

TV < JVE(E'((L"(t) — L™ (s), ) | F1)w ("X, L))
(159) < J a0t 2 QN2 K2 E (86,1 2" X)) 1Y Il oo
<c(t, ¢, ¥)cae(l +s HK* T

the last by Lemma 36(b). Next use (148), our choice of J and dominated
convergence to see that

lim T, = E'((L(1) = L(s). )1({L (@) — L(s). §)| < J)¥ (X, L)

(160)
—E'((L(t) — L(s), p)¥(X, L))  asJ — oo.

The last line is clear from E’({L(z), 1)) < oo [by (151)]. Use (159) and (160)
in (158) and then let J — oo to conclude

E'(®Xs)¥ (X, L)) = E'((L(t) — L(s), )W (X, L)), t>s>0.
It follows that, for ¢ € Cp,(R?),

t—s
E'((L(t) — L(s), ) | F/) =/ /S,X}(x)srxf(x)qs(x)dx dr  as.Vs>0,
0
and therefore, by the definition of L’;{S(t), that

* tl / / /
(161) (LX"S(t),qﬁ):/O SE(LGs+8)~L(s).9) | F)ds.  Plas.

Theorem 37 on page 126 of [32] and the continuity and integrability of (L(¢), ¢)
yield that the right-hand side of (161) converges in L'(P') to (L(1), ) as 8 30
foreacht >0 and ¢ € Cp(R?). Therefore Lx exists and equals L a.s., and (147)
holds on (', £/, P’). It is now trivial to transfer these results over to the canonical
space in Proposition 52. [

PROOF OF THEOREM 11. Parts (a) and (c) are immediate from Proposi-
tions 51, 52 and 25(b), except for the verification of (IntC) and (SIntC), the latter
for Xo € Ms . These are derived in [12] using the moment dual process from
Section 3 and, more specifically, Theorems 53, 54 and Remark 55 below.

Part (b) is proved in [12].

The first assertion of (d) follows by a direct change of variables calculation in
(MP);’(? and the second assertion then follows from (b). [

Let Px, denote the law on , = C(Ry, M%(Rz)) of the process X constructed
in Proposition 52.
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THEOREM 53. Assume (33) and Xog € Mse. For any 0 < § < t, any
bounded continuous ¢0:(R2)4 — R4, Iyc{l,...,4}, and any Borel map
¥ MR — Ry,

Ex()( / do(x1,....xa) [| X} (@dx) [] X?(dxija))

iely Jjé¢lo

(162) sé¢o,10xExo< / b—s(x1. ..., x) [] X5dx) [] X3(dxj)w(Xs)

iel_s JEL—s
=0 |1s|> <|16|)
X ex + s ds}.

(163) {y 20} C {(u', 1*): ! ®) + u*R*) <K} forsome K >0,

If, in addition,  is bounded and

then the above expressions are both finite.

PROOF. If § > 0, ¢ is bounded, continuous, and satisfies (163), then both
the above results are immediate from Theorems 32(b) and 11(c) and Fatou’s
lemma. By taking bounded pointwise limits in v, these results extend to bounded
nonnegative Borel ¢ satisfying (163). Next, use monotone convergence to get the
first inequality for all nonnegative Borel ¢ and § > 0. [

THEOREM 54. Assume (33) and Xo € Msse. For any t > 0, any bounded
continuous ¢ (R?)* — Ry, any Iy C {1,...,4} and any Borel map
VMR - Ry,

EXO( / do(x1,....xa) [| X} (@dx) [] X?(dxﬂwoco))

i€l J¢lo

< E%,Io(f«pt(xl, x) [ Xodxn) [T XGdx v (Xo)

i€l Jé¢l
! |1s|> (IIC|> }
X ex S+ S )dst ) < o0
In particular,

Exo<sup le (}Rz)4 + X?(R2)4) <0 forall T > 0.

t<T
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PROOF. The first two inequalities are proved as in Theorem 53 but using
Theorem 32(a) instead of Theorem 32(b) [the proof is simpler as the ¥ (Xg) term
is deterministic and hence trivial to include]. The last result is obtained by taking
¢o =1, Io = or Ij = &, and using the L* maximal inequality for martin-
gales. [

REMARK 55. We will use Theorem 53 in [12] to show the solution con-
structed in Theorem 11(a),(c) satisfies (IntC). Note that, without any uniqueness
result, the above proof and Propositions 51 and 52 show that any weak limit point
of {¥2X} satisfies (MP);’(T and the conclusions of Theorems 53 and 54.

We complete this section with the proof of our key L? estimate.

PROOF OF PROPOSITION 46. Clearly it suffices to consider the case ¢ = 1.
Let (¥,°) denote the right continuous filtration generated by *X. Use the Markov
property of X and (134)(ii) to see that, for T fixedand 0 <1, <1, < T,

E((Lf(n) — L*(11),1)?)

15) r
=2 t dr/z dt/dgy/dexE(E(SXrl(x)esz(xﬂ?f) gX}(y)gX,Z(y))
1 1
4 r
:2\/;2dr\/[. dt/dgy/dng(SSr_t €Xt1(x)€ .t SXZZ(X)SXll(y)Sth(y))
1 1
15) r
=2/I dr /[ th(/EPZ(r—I)()’I = ¥2)Po(y3 — y4)
1 1

« X (dy) X2 (dy2)°X] (dy3>8X,2<dy4>).

Let ¢ (y) = “pu(y1 — ¥2)°po(y3 — y4) (v = 0) and let (¢;"", I;) denote the
moment dual process in Proposition 28 starting at (¢, ", Io = {1,3}). Then a
simple change of variables in the above, together with Proposition 28, implies

E((Lf(r) — L¥(11), 1)?)

ty 2(ty—t)
(164) :/ dt/ dvE(F(¢y", 10,°Xs))
51 0

<e3yT/-t2 ” /-2(l2—l)dv EA'Sev (F((ﬁs,v’ Iz,SXO))-
- 51 0 ¢0’ ’10 '

To bound the expectation on the right-hand side of (164) we will use Lemma 38.
Note first that

(165) 67" (V) = Porar 1 — y2)pu(ys —ya)  forTo <t <Ty,

¢§’1U—(3’) = porar, (V1 — ¥2)°Par; (V3 — y4).
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We now will verify (115) for ng = 1. Suppose i1 switches via i, where {i1, 2} =
{2, 4} are distinct random indices. Then I7, = {1, 3, i} and

o7 () = poyar; 1 — i) Pary (V3 — Yi)) P (i, — Yin)-
It follows that, for 71 <t < T»,
¢ () = / Poraty+1-1 (V1 — 2)° P21y 411, (V3 — Ziy)

X Spl‘—Tl (Zi2 - }’il)gpz—Tl (Ziz - yiz)dgziz

€37 €37 \e
< B oy
= (U T Tl +t)<T1 +[) P2t T])(yll ylz)

and iy € I;,i> ¢ I;. A similar result holds if 1 switches via 3, or conversely, at 7.
This establishes (115) with

(166) ft,o)=cw+n""

Then, according to the definition in Lemma 38, after some algebra

n—1

A T Wk + Ui+ T s = T ™,
N N k=1
ps)=pi () =
! T, <s<Ty41, n>2,
c§7(v +s)_1s_1, T <s<T,
n—1
= W+ U)o as) s = T ™
k=1

T, <s<Ty41, n>1.
Extend p(s) to [0, T1] by defining
p(S):C37(U+S)_1 if0<s<T.

Then Lemma 38, (114) and (165) imply there are random indices{i},i}} C
{1,2, 3,4}, such that

=V (y) < p(s) sz(s—Tn)(yi'f - yiﬁl)’

N -1 c D
ifely,iyel,, T, <s <Tyy1, n>0, P¢S,v’10-a.s.

Therefore, if E¢ denotes E(‘;g,v I and N(¢t) =n iff T, <t < Ty41, then
0 >
ES(F ()", I, *X0))
(167) <E® (p(t) [ P2 01 = 32 Kb ) Ky 8X5<R2>8X3<R2>)

< &1 (X E (p(1)(t — Twi)™1?).
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Let o, be the rate of the exponential time U,. Then ay, = 3y, a2,+1 = 2y. The
definition of p(¢) gives

Ef(p(t)(t — Tn)~'?)
= E°(1(t €10, T)ess (v + 1717172

o
+y Ee(l(Tn <t <T1)ci!

n=1

n—1
x [TWe+ U)o+ oA ™ ¢ = Tm) 7 - Tn>—“2)
k=1

<cy+n~1m2

(168)

o n n

+ Z Cgl;‘l 1_[ o / 1(2’“ < Z«)e—anﬂ(l—Z'f ui) p= X1 itti
: R"
n=1 i=1 +

1

n—1

X l_[(ui +ui) " w4 w4 u2) A f)_l
i=1

(-5

o
<ex+07 T2 4 o378 (e37v6y) I (2, ),

n=1

-1 —1/2

n
(t—Zu,) duy---duy,

1

where
n n—1 4
I(t,v) =/Rn 1<Zu,- §t) [T +uis) ™ (v + 1 +u2) At)
+ 1 i=1
-1 -1/2

n—1
x(t—Zu,) (t—Zu,) duy---duy.
1
Let s; =1 — Zij:l uj, j =0,1,...,n, and recall the notation K,(,p)(so,s) in

Lemma 49. Then, for n > 1,

n
- 1
< [TGicz = s v+ (so—s0) s, s, 2dsy - dsy
i=1
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1/2
< K,Efl)(v + 50, 50)
<GB0t 2w+ 1+ /)73,

the last by Lemma 49(b). Our hypothesis (33) on yo ~2 implies ¢3737 /6y < 1 so
we may use the above bound in (168) to conclude that, forr < T,

E* (o)t — Ty ™?)
<cy+n~'tY
+e37¢™ (1= e33n/6y) " w02 (14 0/ 712)
<ci(y, o, YW+ 21+ v/n)~13).
Employing this bound in (167) and (164), we get (for 0 <#; <, <T)
E({L°(t2) — L*(11),1)?)

2

_ %) 2(tp—t)
(169) < ca(y, 0% T)Ee1 2 Xo) / di /0 dv(+n~ @12 412
I

= 26¢,12(°X0) I (11, 12).

Substitute u = v/t for v to see that

1 2(tr/t—1) 1 =172
I(t1, ) = dtt_l/Z/ du <L>
151 0

1+u

t ; 172

< 03/ t_1/2(<72 — 1) A 1) dt
I
th nv(2/2)

=C3/ t_l(tz—t)l/zdt+03/ =12 ar
Hv(t2/2) 1

2c3

=

15}
t / (tr — D2 dt + e31(rr > 211)2(12/2) /2
2 Jn

C4q 3/2
< E((Iz — 1) + 1t > 211)f2/ )

Cs
< 2 —n)Y?,
15}

where we use 1, — ] > tp/2 if t; > 2¢; in the last line. Use this in (169) to complete
the proof. [J

5. Long-term behavior. In this section we prove Theorem 21. Recall this
gives the limiting law of (X ll (R?), X tz (R?)) as t — oco. We will adapt the proof of
the corresponding result for the lattice case (Theorem 1.2(b) from [14]). Assume
Xo is a fixed initial state in Mt and (33) holds throughout this section. The
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following third moment bound is simpler than the fourth moment bounds in
Section 4 but we include a proof for completeness.
Recall the notation &, (X) introduced prior to Lemma 35. We set

&€,(Xo) = &,(Xo)[(X, 1) + (X3, 1)].

For those keeping track, in this particular argument (33) could be weakened
to )//(72 < (crwn)_l.

LEMMA 56. Assume Xo € Msse. For any p' € (0,1/2) there is a cs6 =
cse(y, 0, p') so that the law Px, in Theorem 11 satisfies

T _
Ex, /0 / ps (1, 1) X (dx) Ly (dlr, 12]) < 568y (Xo)s ™2 <00 VT 0.

PROOFE. Fix s > 0. Let X’ and Lf = ¢L:x denote our usual rescalings of
the process and its collision local time on £Z?. An application of Fatou’s lemma,
Theorem 11(c), Skorohod’s a.s. representation and Lemma 8 show that it suffices
to prove that, for all ¢ > 0 sufficiently small,

T _
E / / €y (x1, 12)° X (dx) LE[d (1. x2)] < 56 &y (Xo)s™ 2.
0

We calculate the left-hand side using the moment dual process in Proposition 28
with p =3.

LetT,=U;+---+ U, (Ty = 0) be the jump times of the moment dual process
(¢ (x1, x2, x3), I;) for third order moments with

¢0(x17x2’x3) :Sps(xl’-XZ)ng(xL x3) and IO = {172}'

Then {U;} are i.i.d. exponential with rate y and Proposition 28 gives

E(/d)o(m,Xz,m)sX} (dx1)X]} (dxz)Ssz(dx3))
(170)
= EA‘%S (eyr/¢r(x1’ -x2’ -x3) 1_[ SX(l)(dxi) l_[ EX(Z)(d_xJ)>
i€l JeIt

2

Recall from Lemma 8 that °p, < cywo ™ r~! = cr~'. We claim that, setting

Up=sforallneZ,,
(171) T, <r <T,4+1 implies

¢r(x1, X2, x3)
n—1
(170,) < ()" []We + Ues) " WUn+r—T) " pog—1,)(xi, x;) and
£=0

I, ={i,k} or I,=1{i} (i, j, k distinct random indices).
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Assume (170,) with, say, I7,,,— = {i,k} (a similar argument goes through if
I1,.,— = {i}). Then, if k changes type at T;,11,

&1, (X1, X2, X3)

n
<" ] We + Up) ™ *pau,,, (i X))o xi, x0), I, ., ={i}.
=0

Therefore if 7,41 <r < T,42,

or(x1, X2, x3)

n
<" []We+ U™
=0

X/8P2U,,+l+(r—T,,+1)(xj, Vi) Pr =T ks Y Pr T, (Xis yi) d¥ i
L -1
<P We+ Upe) ™ (Ungt + = Tus1)) ™ P21 (51 X0).

£=0

If i changes type at 7,41, then

&1, (X1, X2, X3)

n
<M TTWe + Uern)™ pav, i xj) poxi, x), I, =1k},
=0

andsoif 7,41 <r < T, 49,

¢r(x1, X2, X3)

n
< We+ Ues)™
=0

X / P20+ =T ) Xy YO Pr—Tps Ky YK Pr—T,y (K> Yi)A® Yk

n
N -1
<P TWe + U )™ (Unsr + = Tus )™ pacr—1, 1) (it X0,
=0

which gives (170,,4.1). Finally if To <r < T1, I, ={1,2} and
¢r(x1,x2,x3) = / Ps+r (X1, ¥2) Pr(v2, x3) *pr(x2, ¥2) d¥y2

<c1(s +7r)" oy (x2, x3)

and so (170p) holds. This completes the inductive proof of (170,) forn € Z..
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It follows from (170) and (170,,) that

Eex, [ 60X} dxn) X} ) X (dxa)

00 n—1
<> E(l(Tn <r<Tp)e” M [JWe+ U™
n=0 =0

X (Uy+7 =Ty / Par—T,) (X1, x2) X (dx1) 8X3<dxz>)

x ((Xg, 1)+ (X3, 1))

< Z(CN/)"“/R” 1( Ui §r>e”e><p<—y<r— Zm))
n=0 1 1

+

n n—1
X exP(-V Zm)(s +un) ' [ e +uern)™
1

=1
—1/2

n -1 n
X (u,, +r— Z”l) C35ép/(Xo) (r - Zu,-) du,
1 1

where 0 < p’ < 1/2 and we have used Lemma 35 in the last inequality.
Therefore

T
E /0 / ps (1, 32) X (dxy) LE (d[F, x2])

T
—E / dr / fps (x1. x2) “po(x2. x3) X1 (d1) °X ! (doxa) X 2(dxs)
0

- n+1 T - —1
Sg(cn/) fodr/ml<21:ui§r>(s+u1)

-1

n—1

n

X l_[(ug +upyy) ! (u,, +r— Zu,)

=1 1
—1/2

n
X (r— Zul) dll-0358_p/(X())
1

o0
<358y (Xo) Y (cry)" !

n=0
(S - 1/2
x /R”“ I(Z”i = T)(s +u)” [T +ue+1)_1un+/1 du
* 1 =1

o0
<358y (Xo) Y (crym)*HsT12,
n=0
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the last by Lemma 60 in Appendix B below. Our choice of ¥ /o2 in (33) ensures
the series is summable and so the above expected value is bounded by the required
quantity. [J

PROOF OF THEOREM 21. The a.s. convergence of X, (R?) is immediate
from the martingale convergence theorem as Xf (R?) is a nonnegative (hence
L!-bounded) martingale. Since X; (R?) is a conformal martingale [Xi (R?) are
orthogonal martingales with the same square function] X; (R2) = B(A,) for some
planar Brownian motion B starting at XO(RZ), where A, = L X(t)(]RZ). Clearly
Xoo(R?) = B(Aw), where Aoo < Tex because X.(R2) stays in the first quadrant.
To complete the proof we need only prove

(172) xXLxi =0 as,

as this clearly implies Ay = Tex a.8.

To prove (172) we may assume X € Ms ¢ by applying the Markov property at
a fixed time § > 0 and using Proposition 25(a). Let S; denote the four-dimensional
Brownian semigroup, let M’ denote the martingale measures associated with
X' (i=1,2) and let I, = X} X X,2 denote the product measure on R*. We
claim that if ¢ is bounded and Borel measurable on R?, then for each s > 0, with
probability 1,

I,(¢) = (o, Ss¢) + /0 [ Se-rd i [ X (@x) M2r. dxo)
173
(173) + X2(dxo) M (dr, dxy)].

If ¢(x1,x2) = P1(x1)P2(x2) for bounded measurable ¢;, then this is immediate
from Corollary 24 and an integration by parts. The general result follows by
passing to the bounded pointwise closure of the linear span of this class. Let ¢ > 0
and define

)
M, = /0 / Pesatsr (1. x2)[X) (doxy) M2(dr, dxa) + X2 (dxa) M (dr, dxy)].
Now let ¢ (x1, x2) = pe(x1, x2) in (173) to get
(174) f peGrt x2) s (doxy, dxa) = / Pectas (1, x2) o (dxt, dxz) + M.

Integrate s over [0, T'] and use a stochastic Fubini theorem ([45], Theorem 2.6) to
conclude

T
/O/ps(m,xz)l'ls(dm,dm)ds

T T
(175) - fo / Peaas (1, x2) o (dx1, dxa) ds + /0 M, ds
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| e+2T
:/[E/ pr(xl,xz)dr]l'lo(dxl,dxz)
&

T | e+2(T—r)
+/0/[§/ Pu(xl,xz)du}
€

x [ X (dx))M?(dr, dxy) + X2 (dx2) M (dr, dxy)].

To check the integrability condition required for the stochastic Fubini theorem,
note first that the expression on the left-hand side of (174) is L?-bounded in s
(by Theorem 54 and our assumption that the initial measure is in Ms ¢) and the
first term on the right-hand side of (174) is bounded. This shows that M; is also
L?-bounded in s and so E( fOT(M )sds) < oo, which is the required condition
in [45].

Let hs 7:Ry — [0, 1] be the piecewise linear function satisfying /s 7(0) =
hs 7(x) =0 for all x >2T + 6 and hs 7(r) =1 for r € [8,2T]. Let gs(x,y) =
§1 fg pr(x, ¥) dr. The left-hand side of (175) equals

T
(176) / / Se2 X1 (x)Se 2 X2 (x) dx ds
0

by Chapman—Kolmogorov. By Theorem 11(a) (SIntC) holds, and this [we do not
require the factor |x — y|~! in the definition of H, in this application of (SIntC)],
together with the Cauchy—Schwarz inequality, shows that (176), and so the left-
hand side of (175), remains L2-bounded as & J 0. The first term on the right-hand
side of (175) approaches

%/GzT(xl,m)Ho(dxh dxz) < 00,
where Gor(x,y) = fOZT pr(x, y)dr and the above is finite since Xg € Ms ge. This
means the stochastic integral on the far right-hand side of (175) is also L?-bounded

as ¢ | 0. This allows us to integrate (175) with respect to ¢ € (0, §] and again use
the stochastic Fubini theorem to see that

T
/0 / g5 (1, x) T (dxy, dxa) ds

LT
:/5/0 pr(x1, x2)hs 7 (r)dr To(dxy, dx2)

T | 8+2(T—r)
+/O / [5/0 Pu(xl,xz)hs,T—r(u)du]

x [X}(dx1)M?(dr, dx2) + X2 (dx2) M (dr, dx))].

a77)

As § | 0, the first term on the right-hand side approaches

%/GZT(xl’yZ)HO(dxl,dxz) <00
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by dominated convergence (recall that Xg € Mt ). The left-hand side converges
in L' to Lx(T)(R?) by (147), and is L*>-bounded as & | 0, by (SIntC) and the
Cauchy—Schwarz inequality (as above), respectively. It follows that the square
function of the stochastic integral remains L'-bounded as § | 0 and so by Fatou’s

lemma
r 2
([T orr s e

T 2
+'/0/[/GQ(T_r)(xl,xZ)XrZ(dXQ)} Lx(dr, dxl)) < Q.

This and the above L2-boundedness readily allow us to see that the above integrals
are still finite if Go(7—)(x1, x2) is replaced with

8+2(T—r) B
/0 Pu(x1, x2)hs 17— () du,

where ﬁg,T_,(u) =1 for 0 <u <2(T —r) and agrees with hs 7_, elsewhere.
Therefore we may apply dominated convergence to see that the stochastic integral
in (177) converges in L? and conclude that

Ar = Lx(T)(R?)

= %/GZT(XIaXZ)HO(dXI»dXZ)

T
(178) + | | [5Gar—r(x1,52)]
0
x [X}(dx1))M?(dr, dx2) + X2 (dx2) M (dr, dx1)]

= A} + Ny,

where Ny is in L2. ' .
Choose M = M(X) € N so that X(B(0, M/2)) > 3 X{(R?). If T > M* and
Gor (M) = infjy,—x,|<m Gar(x1, x2), then

(179) Ar = §Gar (M) Xp(DX5(1) = c1(log T) Xg(1) X5(1)

for some universal constant c; (M) by an elementary calculation. Let p > 1 and
set
2

= T/ { / [ [ o ps<x1,xz>ds]xi'<dx1>} Lx(dr. dxy).

. T=r T .
87 =/0 log(T_”/s)[/O /ps(xl,xz)XL(dxl)LX(dr, dxz)] ds.

If X% (1) = sup, .7 X’(1), then (for T > 2)
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% T ; 2
<N>T:Z Z /0/[/Gz(T—r)(xl,xz)Xi(dxl)} Lx(dr,dx>)
i=1.2

14 T 2T ‘ ) |
=2 [/ / [/ ps<x1’x2>din<dX1>] Lx(dr, dxz)+77'7]
21‘ 12470 T-p

<c(p, y,o><logT>2( > Xi <1>2)LX<T><R2>

i=1,2

s o [ [[[[ pucae [ 1T_p s

i=1,2

(180)

x X' (dx}) X (dx1) Lx(dr, dx>)
< ca(log T)Z[ 3 xi <1>2}AT +er Y X ()8,
1=1,2 i=1,2
recalling Ay = Lx(T)(R?).
Lemma 56 shows that if 0 < p’ < 1/2,
. B} TP
E(8F) < cs56€ (Xo) / (log(T =7 /s))s~V/? ds
0

1
(181) ZC56E§I,/(X0)[/(; (log 1/14)u_1/2du}T_”/2

< 038_],/(X0)T_p/2.

Assume Xé(l)X(z)(l) > 0 and T7(Xg) is chosen large enough so that, for
T > T1(Xo),

(182) cilog X (HX3(1)=2 and T >2v M*.
Then (178) and (179) imply that, for T > T1(Xp),
P(Ar < 1)
< P(c1(log T)X{(HX3(1) + Nr < 1, A7 < 1)

< P(NT <=L og HXHHXF(D), A7 = 1.

XY (1) v xE 1) <R, 8k v < R(log T)2>

(183) + > P(XF()> R, Ar <1)+ P(8y > R(logT)?)  [by (182)]

i=1,2
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< P(NT <~ log TIXH(HXF(D), (N} 7 = dex(log T)sz)

-1 -2 & —p/2
+ <.21:2P 6(1)<§ng B> R)) +2R™ (logT) “c3&, (Xo)T P2
=1, =

where in the last line B is a linear Brownian motion starting at x under Py, and
we have used (180), (181) and the Dubins—Schwarz theorem to write X} (R?)
as B(A;). Assume

R >max (2((X, 1) + (X3, 1)), (X}, 1)(X3, 1)).

Then an elementary calculation with Brownian motion, again using Dubins—
Schwarz (see [14], (3.12) and (3.13)) shows that the first term on the right-hand
side of (183) is at most

1 —ca{Xg, 1)(X5, HR™!

(¢4 > 0 universal) and the second term is at most
8 < R2>
—exp|l —— ).
R\ 78

R=R((X}. 1), (X3, 1))

Now set

= max(2((X}, 1) + (X3, 1)), (X§, (X3, 1),

[8[1og[32(ca(X. 1) (x3. 1) ]11'?)

and then assume 7' € N, in addition to (182), also satisfies T > T>(Xg) to ensure
the last term on the right-hand side of (183) is at most %X(l)(l)X(Z)(l)R_l. In
fact, define T (Xp) to be the smallest such 7 in N. Set T = oo if Xo ¢ Mt s Or
X(l)(l)X(z)(l) = 0. Combining the above bounds and using them in (183), we get

8
P(Ar > 1) > ca X RHXZRHR™! — Ee—Rz/g - %Xé(Rz)Xg(Rz)R_l

(184) > %Xé RHX2RHR(X)®RY), X2(R?)™" (b the choice of R)
= q (X} (R?), X3(R?)).

Set ¢(0,x) = g(x,0) =0 so that (184) remains valid if (X}, 1)(X3, 1) = 0.
Note that

(185) inf{g(u,v):u>68,v>8=¢(8)>0 Vs> 0.
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Inductively define N-valued stopping times by 7,41 = T (X IT,, , X %n) + T, < 00.By
the Markov property for X if FX = o (X, :r <1),

PX()(ATn+1 — A, = 1| ?Tif)
= Px;, (A(T1(X0)) = 1) (T, < 00) > q(X7,(1))I(T, <o0)  [by (184)].

Now use the conditional version of the Borel—Cantel}i lemma and the fact that
lim; o0 Ay = Ao < 00 a.s. [because X;(Rz)gX(’)O(Rz) < o0] as in (3.18)
of [14] to conclude that

(186) > (X, RH)I(T, <o0) <00 as.

n=1

If T, < oo for all n, then (185) and (186) imply lim,, . oo X7. (R*) X7, (R*) =0 a.s.
and so lim;_, th (RZ)XZZ(RZ) = 0 a.s. by martingale convergence. If 7, = oo
for some n, then let no be the first such n. Since Xy € M for all k € Z4
a.s. by Proposition 25(a), this implies X IT,,O,I (R X %no (R?) = 0 and therefore,

-1
le (RZ)XZZ(RZ) =0 for all # > T,,—1. The required result is established in either
case. [

6. Existence of densities and segregation of types. We start with a general
result giving the existence of densities for a class of measure-valued martingale
problems based on a conformal martingale argument. Write M = M(R?) for
the space of all Radon measures on R? equipped with the topology of vague
convergence and let @é’g’m(Rd) be the space of infinitely differentiable functions
on R¢ with compact support.

THEOREM 57. Let Q, denote a Feller semigroup on R?, let T > 0 and assume
X, = (X}, X,z), 0<t<T,is an adapted continuous MZ—valugd process on
(2, F, F:, P). Suppose that for some ¢ > 0, for all nonnegative ¢’ € @é’gm(Rd),
J=12,

(187) N = (X!, 0r¢’), 12T j=12,
are orthogonal ¥;-martingales whose predictable square functions satisfy
(N' @) =c((N* @),  0<1<T.
Then X% &KX, P-as. for j =1,2 if and only ifQTXé <X, P-as.for j=1,2.
PROOF. By working with the regular conditional probability for X given Xy

we may assume that Xg is deterministic (it suffices to assume the above for a
countable supnorm dense set of ¢/ ’s).
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STEP 1. First we assume that ¢ = 1.Fix a nonnegative ¢ € €% (RY). Set
X := X' 4+iX? and N(p) := Nl(go) + iNz(go). Then N(¢) is a conformal
martingale (see, e.g., [39], Section V.2), and Itd’s lemma shows that the bounded

process t — e~ V1) is a continuous F.-martingale. We therefore have

(188) E(XT1,¢)=ENr(p) = No(p) = (X0, OQ1¢)
and
(189) Ee X1:0) — Fo=N1(9) — ,—No(@) _ ,—(X0,01¢)

Let {¢,:n > 1} denote a (nonnegative) radially symmetric approximate identity
(which is approximating the §p-function) in G&‘)’m(Rd). Set ¢ (¥) == @u(y — x),
X,y € R4, Since B (X0, Or(Ape)) =: n(B) is a finite complex measure,
we may apply standard differentiation theory of measures (see, e.g., [40],

Theorem 8.6). From the identity (188) we conclude that
EN7(p,0) = (X0, Q1 (@50)) — f(x)
ntoo
(190) Lo
= f (x)+if“(x) for £-a.a. x,

where f is the density of the absolutely continuous part of u:
(191) u(-):/(‘)ﬁ(dx)f(x)+v(-), vt
Note that f/ >0, j =1,2 and

(192) [ @ £ < (x4, 01l = Nj(p) < o0

hence f/(x) < oo for £-almost all x. Applying the same argument to the random
finite complex measure B — (X7, 15¢), we see that
(193) (X1 ¢y0) ——=n() =in' (@) +in’(x)  forx P-aa. (x,e),

n|Too

where 7 is the density of the absolutely continuous part of (X7, 1(.)p). Fatou’s
lemma gives

En/ (x) <liminf E (X}, ¢ ¢) =liminf (X}, Or (¢ )
ntoo ntoo
(194) :
= f/(x) <00 for £-a.a. x.
Now (190) shows that, for £-a.a. x and for 6 > 0,

e 07 = lim exp[—6(Xo, O (¢} )],
ntoo

which by (189), (193) and bounded convergence, equals
lim Eexp[—0(X1, ¢ )] = Ee 1%,
ntoo
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We use the finiteness in (194) to differentiate Pe 7™ with respectto 6 at 0 = 0+
and conclude

(195) Enx)=f(x) <o for £-a.a. x.

STEP 2. Assume now that Xg * Qr < (¢, £). Then, by (188) and since v =0
in the decomposition (191),

E(X},0)= (X}, 0r¢) = [ ¢@x) /0= [ e@xn’ (o),

where in the last step we used (195). This shows the singular part of B
(X%, 1pp) is a.s. 0 and as ¢ is an arbitrary smooth nonnegative function with
compact support, we may conclude that X % &t P-as.

STEP 3. Conversely, assume that X% &, P-as., j=1,2. Then, if B is a
Lebesgue null set in R2, we get X%(B) =0, P-a.s., and so

(X}, Orlp) = E(X4, 1) =0.

In fact, in the first equality we have extended (188) from ¢ € CJ,, to bounded
measurable ¢ by a standard monotone class argument.

STEP 4. The result for general ¢ now follows by applying the above to
(12X, x%». O

Although the above result may appear to be fairly general, a bit of thought will
convince the reader that these hypotheses are not readily satisfied. Of course we
have just worked rather hard to find at least one case where they are satisfied.

PROOF OF THEOREM 17(a). Corollary 24 shows that the hypothesis of
Theorem 57 holds with Q; = S, the Brownian semigroup, and ¢ = 1. The absolute
continuity of the Brownian semigroup and Theorem 57 completes the proof. [

REMARK 58. Note that the proof of Theorem 17(a) only relied on a result
(Corollary 24) which was established for any solution of (MP);Z/ independently

of our uniqueness results, and on the general Theorem 57, which is independent
of the other results in this paper. This will allow us to use the above existence of
densities in the derivation of uniqueness in law and the strong Markov property
in [12].

The proof of the segregation-of-types result, Theorem 17(b), will be an
adaptation of the method of Cox, Klenke and Perkins [7], which was designed
to prove convergence to equilibria from more general initial conditions once it
is established from uniform initial measures, and will be used for precisely this
purpose in [8]. Given the close links between the local and longtime behaviors
(cf. [8]), this connection is not surprising.
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PROOF OF THEOREM 17(b). Statement (b2) is clearly immediate from (bl1).

(1) Assume first that X € Ms se. Write p; x(y) = pr(x, ), let aj, ap > 0 and
seta=aj +ap, b=a; —ap. We let x; =x,1 +xt2, Vi =xt1 —xtz, X; =th +X;2’
Y, =X — X2, X, =X} + X? and ¥, = X — X?, where X! are the exponential
dual processes in Proposition 13. By this latter result and standard differentiation
theory, for £-a.a. x,

E —aX; () +ibYi (X)) — lim E (e— X1 Ps.x)+ib(Yt,ps x)
(e )=lim E(e )
(196)

=limlim E,

(e~ Yo Se X +iYo.SeT2))
510 &l0

ayps.x.a2ps.x

where the subscript now denotes the initial densities.
Let k =81, fix x so that (196) holds, let # > 0 and note that

(X ) = (X1 0(C — V), =12,

also defines a solution to (MP)?(’,f . with initial conditions Xé’k’x = a; Lo, Where
0

o is the normal law on R? with mean zero and covariance matrix o%1. Now use
(S & = [| [ e =y 40y |3 @

= (X4 Se X k2 4 )
in (196) to see

EXO (e_axt(x)+ihyt(x))

(157 = Jim 1m Eq, .00 (exp{~(Xir. Se Xo (k™" 4 1)

k—o00 ¢
+i(Yir, Se Yo (k™12 4+ 0)))).
Let
Af o () = Se XG (k™12 + x) — 8, X(y(x)

and note by Corollary 24, under Py, 10,4510
o . . kt . ..
(198) (Xf AL =ajlio, Susi )+ [ [ Susrdl )i (y) s

Fix n € (0, ¢/2) and consider r € [0, kt). Then
Ski—r A (2)

(199) = f / Prtr (v — D pe (kY2 + x — w) X (dw) dy — 8, X (x)

= / [Prgerit (W —x — 2k~ 1/2) = py(w — X)X} (dw).
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As ¢ | 0 and k — oo, the integrand converges pointwise to 0, and for r €
[0, k(¢ — n)) is uniformly bounded by c¢/7n. Therefore

200) 1(r <kt)Si—, Afw — 0 pointwise as ¢ - 0, k — oo and
Sup{ Sk Ap ,(2):r <k(t —n),z € R% ke N, e > 0} < —Xj(R).
' n

By dominated convergence, the first term on the right-hand side of (198)
approaches 0 as € | 0 and k — oo. Turning to the second term, let

Nye(s) =f0 /Rz Ski—r M (N AMI (r,y), s <kt.
Then
i,j k(@—n) ; )
(N (k@ —m) =y fo /R L (Ski—r Ak (1) Ly (dr. dy).

which approaches 0 a.s. as ¢ | 0 and kK — oo by (200), dominated convergence,
and the fact that L (z, R2) — L (o0, R2) < 00 a.s. as t — oo. The latter is true

because y L(7, RR?) is the square function of the nonnegative martingale X ; (R?)
which therefore must converge a.s. Now use Proposition 15(c) to see that

Ealuo,azuo«N/i’,g)(kf) - (N/ié)(k(t -n))
kt i
=Y / >/ (Skr—r A} () a1a28, 1o (y)> dy dr
(t—nyR?

<c(t,Xo)

kt ' 2
X I:'/k ./R2 |:/pt+8—rk1(w —X _)’k_l/z)XE)(dw)iI Pr+1(y)2dydr

(t—n)
kt )
w0 [ pGrdy dr],
k(t—n)JR2

where we have used (199) in the last line. This in turn is bounded by

kt
ct, XO)[ [ e
k(t—mn)

X Priepi-t Wy —x — yk ™2y dy(r +1)72

. . kt
< XjdwpXpdwdr+ [ prein(©) ar|
I—n

kt . .
<, XO)[/H, )/kpz(t+€_rk_1)(w1 —w) X (dw) X (dwa) (r + 1) 2 dr
-n

(i)
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kt t
5c(z,XO)U (t+e—rk D V20 + 1)_2kdr+log<—)}
k@—mn) r—n

(since Xg € Ms )
<, X)n'"*+n1—0  asn 0.
It follows from the above results that

;7 P, ,a
(NpDY(kt) =220 as., e | 0and k — oo,
and so by a standard martingale inequality, the second term on the right-hand side
of (198) [i.e., N,ié (kt)] also converges to 0 in Py, ;14 a,,-Probability as & | 0 and

Pa 110-92140

k — 0o0. We have proved ()?,{l, A;;,Q Oase | Oand k — oo and so (197)

now gives

EXO (e—dXt(X)-HbYt(X))

=g&awwmw—@mn&murwﬁmn&m@m

(201) . i 1 " 1 )
— Eal,az (e— t X0(X) (Byoy +Broy )i ,Yo(x)(Btex—Brex)) (by Theorem 21)
— g0 _a(BTlex_'_B?ex)_Hb(Bgex_Bzex
= Estx(l)(xxstx(%(x)("’ )-

The last equality is an easy exercise on harmonic functions which may be
found in the proof of Theorem 1.5 in [14]. An easy application of the Stone—
Weierstrass theorem, as in the proof of Lemma 2.3(b) in [14], shows that the
above joint Laplace—Fourier transforms for aj, a; > 0 uniquely determine the law
of (x;(x), y:(x)) and the result follows for Xo € M g.

Assume now that Xg € M; .. Let §, € (0, ¢) decrease to 0. By Proposition 25(a),
X, € Mg s a.s. and so the Markov property and (201) imply

Exo(e—aXz(x)Hsz(x)) — EXO(EX5 (e—ax[_gn(x)—kibyt_b\”(x)))

1 2y | 2
= Fx, (Ec?] - (e—St—a,, Xy (X) (Brg, +Br, ) +iSi—5, ¥, (X) (Br —Brex)))

1 2 : 1 2
— Egl a (e_stX()(x)(BTex+Bfex)+lSt Y()(x)(BTex_BTex)) as n — oQ.

In the last line we have used dominated convergence, the a.s. continuity of X; and
the uniform convergence of p;_s, (-) to p;(-). This establishes (201) for Xy € My
and the proof may be completed just as in the previous case. [

PROOF OF COROLLARY 19. Let {By:k € N} be the set of open balls in R2
with rational centers and radii. Choose nonnegative {¢;} C Ceom(R?) such that
{¢r > 0} = By. We may fix ¢, | 0 such that

(202) (LY (1), ¢y — (Lx (1), k) VteQy, Yk, as.
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By Theorem 17 we may fix w outside a null set such that (202) holds,

(203) Xé (dx) = Xé (x)dx for Lebesgue a.a. s > 0
and
o
(204) / / X! (x)X2(x)dxds =0.
0 Jre p

It clearly suffices to show that, for this fixed choice of w, the desired conclusion
holds for U = (r1,r2) x By for a fixed k and fixed rationals 0 < r{ < rp. Assume

Lx(r2)(Br) — Lx(r1)(Br) >0

and, say, ||x!|l; < oco. Clearly 3By C By C By such that (Lx(r2), ) —
(Lx(r1), ¢r’) > 0. Then by (202)

= (Lx(r2), ¢} — (Lx(r1), ¢x') > O,

which by Fubini implies

lim 8;1/05" dr /r2 ds[/¢k/(y)SrX§(y)SrXf(y)dy}
8

2

. 1 &n
im [ [ [ sxios Gorar|eemyas
R2 L&, JO

— 00 o]

(205)
= (Lx(r2), ¢x) — (Lx(r1), ¢x) > 0.

On the other hand (203) implies
(206) S,Xf; y) — Xﬁ ) for Lebesgue a.a. (s, y) a.s., r | 0.

Let d(By, BY) = nx > 0. Recall || -]y denotes the essential supremum with
respect to Lebesgue measure on the space—time open set U. We abuse this notation
slightly and let || - || g, denote the essential sup with respect to Lebesgue measure

on By. We may fix s € (r, rp) outside a Lebesgue null set so that (203) holds and
Ixg 118, < lx' |y < 00.If y € By, then

X! (y) < / pr(z — nxl @) dz + / Pz — WX (d2)
By By,
<|lx g, + pro) X} (R?)

<|lx'y + X (R

providing r < r(k), where r (k) > 0. This implies that, for ¢, < r(k), y € By and
Lebesgue a.a. s € (r1, rp), we have

1 &n 1 &n
con — [ erg<y>srxz<y>drs[||x1||U+supX§<R2>]— [ sx2ar
En JO En JO

S=<r
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Assume for the moment that

1 [é&n
His.=— [ sX0dr  @ew)
(208) En 70 )
is a uniformly integrable family on ((r1, r2) x R?, ¢ () ds dy).
Then (207) allows us to take the limit in (205) through the first two integrals and
conclude that the limit on the left-hand side of (205) equals

ry 2
/rl /R[ fin _f SrX; ()8, X <y>dr}¢kf<y>dyds

n—oo g,

= [ [ xioxogemayds by 206)
=0 [by (204)].

This contradicts (205) and so shows that for w as above Lx(U) > 0 implies
Ix'ly; = oo. By symmetry the proof is complete except for the verification
of (208). To this end note that, by (206), lim,_, 5 H, (s, y) = xSZ(y) for Lebesgue
a.a. (s,y) and

lim / [ Hats gy dyds

n—oo

= Jim [" | f - /0 Sr(v) dr x2(y) dyds

)
= / / Or (y)xs2 (y)dyds (by dominated convergence).
r
Since H, > 0 (208) follows, and the proof is complete. [J

7. Some open questions. An intriguing feature of this process is the volatile
nature of its densities. There are a number of interesting open problems about
the qualitative nature of the densities but, after spending three papers just to get
existence, uniqueness and the basic features of the process straight, we will leave
these for another day and perhaps another bunch of authors. Throughout this
section (X;, X?) denotes the unique solution of (MP);’(’OV starting at Xg € M.

We know from Theorem 17 that at a fixed time the densities segregate and the
measures are mutually singular. This does not, however, say anything about their
closed supports. Let S(X?) denote the closed support of X! and let

G(XH)= c{(t,x):x e S(Xl), t >0}
(cl denotes closure in R x R?) be the closed graph of X’ fori =1, 2.

CONJECTURE 1. The interface I = G(X') N G(X?) is a.s. Lebesgue null in

Ry x R? and there are versions of the densities x’ (-, -) which are smooth on I¢

. i 2 A i
and satisfy % =< ?x on [€.
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CONJECTURE 2. For ¢t > 0, the fixed time interface S(Xll) N S(th) is a.s.
Lebesgue null.

Assuming the second conjecture is correct we have the following question.
QUESTION 3. What is the Hausdorff dimension of S(X}) N S(X?)?

Uniform-in-time behavior leads to an even more difficult set of problems. Even
the simplest kind of uniform-in-# nonsingularity (membership in My . forall # > 0
a.s.) led to some nontrivial arguments in Proposition 25(b) and we were never able
to decide if in fact Xf € Ms e for all £ > 0 a.s. The fact that the existence of the
densities at a fixed time is rather delicate means the existence for all ¢ is uncertain.

QUESTION 4. Is Xf (dx) <dx forallt > 0a.s.?1Is S(th) N S(X,z) Lebesgue
null for all # > 0 a.s.?

We showed in Corollary 19 that the densities blow up at typical points in the
interface.

QUESTION 5. Can one find a canonical rate of explosion of xi(t,x) as x
approaches xg for Lx a.a. (¢, xg)?

As mentioned near the end of Section 1.1 we feel that the results of this paper
should hold for any (y, o?).

PROBLEM 6. Prove this.

Having done this, the reader may then want to turn to higher dimensions. Recall
for super-Brownian motion branching in a super-Brownian medium, the process
will only exist in three or fewer dimensions as it is critical that a typical Brownian
path collides with the time-dependent catalyst [10]. The situation for mutually
catalytic branching is less clear and, depending on the time of day, you may be
able to convince yourself that it should exist in any dimension, or only for d < 3,
or only for d < 2.

PROBLEM 7. Construct a solution to (MP);’OV in higher dimensions or prove
they cannot exist for sufficiently high dimensions.

APPENDIX A: RANDOM WALK KERNELS

In this Appendix we gather together the results we need for the transition
kernel of our continuous time random walk £ on £Z? which jumps to a randomly
chosen nearest neighbor with rate 2¢ ~2¢2. One would have thought that references
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containing proofs of Lemma 8 are commonplace but we could not locate one.
Recall that
Pi(x)=e NG =x), xeel’
and
pi(x) = Qmta?) e P2

Let %, (x) and g,;(x) be the one-dimensional counterparts of °p;(x) and p,(x),

respectively, so that ®p,(x1, x2) = % (x1) g:(x2) and p;(x1,x2) = g/ (x1)q; (x2).
Lemma 8 then is immediate from its one-dimensional version which we now
prove.

LEMMA 59. (a) Vs >0, limg—0sup, e,z 1q,(x) —gs(x)| =0.
(b) There is a universal constant ca.1 < o0 such that, for all € > 0,

sup g, (x)+/so =supq,(0)/so =ca.1.

s>0,xeeZ s>0

PROOF. The characteristic function of %, (x) is given by

_ _ (0%s/e?)"
£ S 0) = st/gz
gs(0) =e Zn:in

!
( 2[l—cos@s])
=exp| —07s| ——>—| )
€

Then by Fourier inversion (see [25], page 511) we have

£ o [T , [1—cosbe
(209) gs(x) = 2m) / cosx6 exp(—a s[iz}) do
&

—m/e

(cosBe)"

and

(210) gs(x) = Q2n)~! f ” cosxd exp(—o2s62/2) d6.

Let K > 1 and assume ¢ < %SI/Z. Then
| gq‘v(x) —Ys (x)]

Ks~!72 —0256? 1 —cos(d
< 7T_1/ exp( o7 ) —exp(—ozs[wb‘d@
0 2 &
00 2.02
_1 —o°sb )
dao
SR TARCS
m/e 1— 0
—i—/ exp(—azs[ico;( 8)]> d@}

Ks—1/2 &

=L+ 5L
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Let n > 0 and define co = infjy|<; (1 — cosx)x 2 e (0, %]. Then

o0
I, < 27! / exp(—azsc002) do
Ks—1/2

5271_1/00 Es—l/Ze—azscosze
211) Es'/2 K
_ (no_ZCO)—ls—l/Ze—azcoKz
<ns~'/2,
where the last line is valid provided K > Kg(o, ). For I} use a second order
Taylor expansion to write
1 —cosbe 62

5 = —cos Xy for some Xy € (0, f¢),
e 2

and conclude that

Ks™1/2 —o2502 — 2502
I = 7'[_1/ exp( st >|:1 — exp( G; (cos Xg — 1))in9
0

Ks~1/? —0256? o2s0%e?
< 7r_1/ exp( ) exp(7> — 1‘019.
0 2 4

The elementary inequality 1 — cosx < x?/2 is used in the last line.
For 0 <6 < Ks~!/2, our assumed bound on ¢ gives

o2s0%? < o2s 1K%? < 7r202K2,

and so
exp(02s9482/4) —-1< exp(n202K2/4)02s0482/4.
This gives
2 252 Ks—1/2 2.02
K —o“s6
5L Sn_lexp(L>/ exp( o >02S9482/4d9
4 0 2
2 252 2
K £ o0
| (77 o ) / —u,3/2 4
<m”exp 1 Tro2s7 Jo e 'u u

<c(K, 0’)825_3/2.
Combine this with (211) and set K = K((o, 1) to see that

T
(212)  sup [*gs(x) — g5 (x)| < ns ™% + (Ko, 0)e%s /> fore<Fs”2.

x€Z 0

Statement (a) is immediate from the above.
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The first equality in (b) is clear from (209). For the second, note that by (209)

/e _
qs(0)/so = \/_ / exp(—azs[ﬂ})dQ

/e &2

\/_G/_ exp(—o 2scof )d9+—/ﬂ/8 ( )d@

w/2e
1 1
= + = sup Vso exp(—a—;>

7TCO ﬁ0/8>0 & &
=CA.L

CO§ u

where ¢g = info<y, <z /2 and ca 1 is a constant independent of o and e. [J

PROOF OF LEMMA 44. We may consider x = (x1, x2) € €Z? such that x| =
|x1] > |x2]. By scaling, Lemma 59(b) and (209),

s
/ngs(m,m)ds
se72
=f Ipuxie™, x0e™ ) du
0
se72
213)  <ci(o) / (i~ =2 du
0
se2 prr
:CI(U)T[_l/ / cos(x19/8)exp(—<72(1 — cosO)u)do u 2 du
o Jo
T
=Cz(6)/ cos(x10/€)gs.c(0)d0,

where gs5.:(0) = (;Sg exp(—62(1 —cos®)u)u~Y2du. Note that 8s.¢ 1s a decreas-

ing function on [0, ] and if c(f) = o+/1 — cos 8, then

c(0)%8¢72 5
(214)  g5.(0) =/ e Vv 2 qve@)7! < es {c(@)_1 A i}
0 &
This implies
(e/xD)AT x10
/ cos( )g(g 8(9)’410
0
(&/x1)A(e//8) f £/x) X
§C3/ 9+C3/ c(@)" 10 <m)do
(215) 0 ) (/DA x1)
X1
<C4(O’)[1/\— / e—lde]
(e/N/O)N(e/x1)

504(0*)|: A ﬁ +log (ﬁ):|

X1
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An integration by parts shows that if x| > ¢/, then

7 0
/ cos(ﬂ)g&g(e) do
S/Xl &

0 i T 0
alld — / a sin(ﬂ)gé .(0)do
& e/x1 g/x1 X1 & ’

£ £ £ £ I3
< _gé,s(n) + _(g(S,s — | = 88,8(7[)> = —&5,¢ _>
X1 X1 X1 X1 X1
In the last line we bounded the integrand in absolute value by ;—1(— g(’s’ £(0)). Now
use (214) in (216) to conclude that, for x| > ¢/,

b4 0
/ cos(i)gs,gw)d@ < iga,e(i)
S/Xl & 'xl xl
€ |: (8 >_1 \/§:|
=—alc\l— )] AN—
X1 X1 €

8)61/\\/5

<cs(0)—
X1 &

(216) = £ sin(
)

)83,5(9)

= C5(0)<1 A ﬁ)

X1
Combine this with (215) in (213) to see that
NG

8 s
/ ‘ps(x1, x2) ds < %(6)[1 A £ +log™ —}
0 X1 X

Recalling our assumption that x; = |x1| > |x2|, we see that the result follows. [

PROOF OF LEMMA 34. By Lemma 59(b) and the fact that |(x1,x2)| >

. . r/24 or .
s"/% 4+ & implies |x;| > * 2+€ for i =1 or 2, the result follows from

sr/2 4

217) sup s_l/zgqs(x):o <s,¢, |x|> , X € SZ} < 00.

Another application of Lemma 59(b) shows that we need only consider s < 1. If
71 is the first jump time of the one-dimensional random walk £ then, for x # 0,

Gs(x) <& 'P(r1 <s)=¢" (1 —exp(—a’ss %)) <o’se™>
and so
sup{s /2% (x):s'/0 < e, x £0} <o

These observations show that it now suffices to prove

sr/2 +&"

(218) sup{s—l/”qs(x):|x| > ,0<e<s!/b< 1} < o0.
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To get bounds for larger values of s we first use some exponential bounds. Let
S, be a simple symmetric random walk on ¢Z and let N¢(s) be a Poisson process
with rate o2¢~2 which is independent of {S,}. Then we may take ¢£(s) = § Ne(s)
and a simple calculation shows that if 0 < A < &~!, then

E(e* @) = exp(o2e2s(coshre — 1)) < 1
for some ¢c; =c¢1(02) > 0. If A=e~ ! As™1/2and x > (¢" +5'/%)/2, then
qs(x) < s_lP(e)‘gg(s) > ™) < e lexp(—ix +c1sA?)
<eg! exp(—(s_1 AsTV) (" 4+ 5% 2 + c1)
<e texp(—(e Vs 7124 ¢1).
By symmetry in x this gives

r r/2
e +s"/ 9

SHP{S_I/MCIS(X)IIXI > T,O <s?<e<s'0<1

< sup{s_l/za_1 exp(—(e v sl/z)r_1/2+c1):0 <s?<e<sl/o< 1}
<sup[s ™12 exp(—s"V/®)2 £ ¢1):0<s <1} =) < 00,
To obtain (218) it therefore now suffices to show

e &+ Sr/2)

219) sup{s_l/uqs(x) dx| > ,0<e< 50 < 1} < 00.

For this use (209) to see that

m/e 1 —cos6
s (x) =7 ! / cosxf exp(—a%[#}) do
0 e

1 s 5 [1—cosbe —0250?
= / cosxt| exp| —o 75| ——5—— —exp( deo
0 € 2

oy [T 22 1 [ —0°56°
+ 7 /1 exp(—& o s[1 — cosbel)db — /lexp< 3 >d9
N

N

00 _ 2 92
+7T_1/ cos@xexp( o )d@
0 2
-1 2.02
s 1— 0 —o°s6
./0 cosx@[exp(—ozs[%b —exp( O; )}d@‘
/e 00 —o2562
+n_1/_1 exp(—e_zo*zs[l — cosfe]) do +7r_1/_lexp< o3 )d@

2
0 —o2562
/ cosbx exp( )d@’
0 2

=l+0+0I+1V.

(220)

< 77:_1

+7T_1
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By Fourier inversion we see that, for |x| > s” /2 and s € (0, 1],
(221) IV = py(x) < c(0D)s ™2 exp(—s""1/206%) < c(c?)s'/2.

Use the fact that (1 — cosfe)e 2 > 62 for all |9] < /e and some ¢ € (0, 1/2],

to see that
o0

1141 5/ 1 exp(—62c2s02) do

N

o0
22 < /-1 exp(—azczst92)9s do
= (2(72c2)_1 exp(—azczs_l) < c(az)sl/2

To bound 1, use Taylor’s formula to write 1 — cosfe = % % for some
|X| < e and note that, for 0 <0 < s~lande <s% <1,
(223) o’s0%e? <o

Therefore, for ¢ < s° <1,
-1

I< / exp(—o2562/2)|exp((cos X)0%0 562 /24) — 1] d6
0

—1

(224) < / o c(0Y)se204d0 [by (223)]
0

< 0(02)51/2.

We use the condition on ¢ and s in the last line. Now use (221), (222) and (224)
in (220) to derive (219) and complete the proof. [J
APPENDIX B: INTEGRATION LEMMAS

LEMMA 60. Let p €(0,1) and
l’l—l 1

I, d --duy,.
p(s) = /RnHm]:[ uy---du

Ui +uijt1 Mn

Then

T n
_ —-p
L p(s) = <sin((1 — p)n)) s foralln e N.

PROOF. Letz= (un/un_l)l_p to see that (u,, = u, _ 111/(1_1’))

00 1 1 00 1 1ZP/(l p)
/ 776114” :/ /(1= Z
0 Up—1+Uyuy 0 up—1(1+z /( p)) I/i Zp/(l p)(l—P)
u,”

_n I/OO dz = 7 u,”
T—plo 142709 ~ Sin(e(1— py) "~
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by a standard residue calculation. This shows

00 1
I (s / [/ 1y, }du dityy
n,p() R" 1S+I/t1 1:[Ml+ul+1 0 Up— l+unun o 1 "l

= sinGr( = py) n1p®)

and I1 ,(s) = s—P. The obvious induction completes the proof. [

T
sin(w (1—p))

COROLLARY 61. LetO0< p <1and, fors,T > 0, define

Ju(s, T 1u, <T ——duy - -duy,.
15, T) = fRnH (< )Hu,+u,+1 uy---duy

Then there is a constant ce|(p) such that

P n—1 T p
Jn(S’T)f%l(p)(m) <;) foralln e N.

PROOF.

T 1 T T \?
/ 7dun=10g(1+ ) S%l(P)( )
0 Up—1+Uy Up—1 Up—1

because log(1 + x) < cg1x? for all x > 0. Therefore, by Lemma 60,

_ To\P
Ju(s, T) < dut---du._
n(s, T) = ce1 /Rn Us 4 uy l:[ u; +ul+1 (Mn—1) “ =t

B o (5) < - n—1 T\P

=ce1 T " I—1(s) < ce1 s — ) ) <) 0

COROLLARY 62. Assume h:(0,00) — [0, 00) satisfies h(u) < c(1 +u=P)
foru €10, T] and some p € (0, 1). Then

n—1
J,,(s,h)z/n 1(””5T)<]‘[ : )h(un)dul...dun
+ 1

s+ uj Ui + Uiy

T "o
< CC62(P)(m> s (TP +1).

PROOF. Immediate from the previous two results. [J
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PROOF OF LEMMA 49.  (a) Letu = (1 —w)/(x — 1) in the integral defining ¢,
to see that

B X 1/(x=1) x—1 —p

e e el A e e R A
1/(x=1) x—1

— 1 Py P

(225) +/ x-Da+ )( bu du]
x Ve=D (x =D~ —u)=?
- —l du
x—=1Dr+1 14+u

1/(x=1) )
+/ A+uw) tu? du].
0

If x > 2, then
2% e
B —
¢>p(x>_(x_1)p+1f0 Lo

L
T \l=-p/x—14+Gx-DI"? " 1-p

Assume now that x € (1,2). If R=(x — 1)~! > 1 and we set w = R — u, then

(226)

R
/ (R—w) " +u) " du
0
R/2 R
5/ u—P(1+u)—1du+/ (R—u)PA+R—u)""du
0 R/2
R/2 R/2
=/ u P 4+u)"du +/ w1 +w) ldw
0 0
o0
52/ WP+ )" du.
0

Use this together with the fact (x — 1)? +1>x — 1+ 1 =x for x < 2, to see that
(225) implies

o 1 3
(227) (l)p(x)f?)/ uPd+uw)" du= ————,
0 sin(1 — p)rt
the last by a standard contour integration. As ﬁ > —=— the result follows

from (226) and (227).
(b) If w = i—f, then

51 _ _
Kz(p)(SO,S1)=/0 (50— s2) "5y sy P(1 4 ((s1 = 52)/52) ") dsa

1
:s1—1—p/0 (Gso/s1) —w) ™ (w™? + (1 —w) ") dw

< C4951_pso_1(1 + ((S()/Sl) — 1)—17)‘
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In the last line we used (a). This gives the result for n = 2. Assume the result for
n > 2. Then

s1
K,(,TI(SO,SD =/ Ky (s1,52)(s0 — 52) "' dso
0

S _ _
< czg_lsl_l/o (so — sz)_ls2 P14 ((s1 — 52)/52) p)dsz

=I5 K (s0, 51).

Use the result derived for n = 2 to obtain the required bound for n» + 1 and hence
complete the induction. [J

LEMMA 63. Let {X,} be a sequence of nonnegative random variables
on (2,F,P) and let G be a sub-o-field of F. Assume, for some p > 1,
{E(X)19):n € N} is bounded in probability and X, converges in probability
to Xoo. Then

E(X,14) converges in probability to E(Xx|$) < 00 a.s.

PROOF. This may be shown by making the obvious changes in the standard
proof of the unconditional version of this result. [

Acknowledgments. Thanks go to Carl Mueller who suggested studying this
model several years ago, and to an anonymous referee for a number of suggestions
for improving the exposition.
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